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Abstract. Infinite sphere packings give information about the structure but not about the
shape of large dense sphere packings. For periodic sphere packings a new method was
introduced in [W2], [W3], [Sc], and [BB], which gave a direct relation between dense
periodic sphere packings and the Wulff-shape, which describes the shape of ideal crystals.
In this paper we show for the classical Penrose tiling that dense finite quasiperiodic circle
packings also lead to a Wulff-shape. This indicates that the shape of quasicrystals might be
explained in terms of a finite packing density. Here we prove an isoperimetric inequality
for unions of Penrose rhombs, which shows that the regular decagon is, in a sense, optimal
among these sets. Motivated by the analysis of linear densities in the Penrose plane we
introduce a surface energy for a class of polygons, which is analogous to the Gibbs–Curie
surface energy for periodic crystals. This energy is minimized by the Wulff-shape, which
is always a polygon and in certain cases it is the regular decagon, in accordance with the
fivefold symmetry of quasicrystals.

1. Introduction and Results

Atomic dense packing is a fundamental property of crystals and quasicrystals and has
been investigated for a long time (see [Se1]). In the last decade remarkable progress was
made in the aperiodic case by various authors (see [Se2] and [VG]). These investigations
consider infinite (space-filling) sphere packings without boundary effects. However, all
packings in the real world are finite, and so there is the question whether the boundary
and hence the shape of crystals and quasicrystals can also be described via dense sphere
packings.

The theory of crystal growth is based on various energy principles. All these principles
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have in common that their minima of energy generate dense packings of spheres (atoms,
ions). In particular the Gibbs–Curie surface energy plays an important role. For a crystal,
whosek faces f1, . . . , fk have given normal directions, the Gibbs–Curie surface energy
is (see p. 124 of [L] or p. 304 of [Di]).

8 =
k∑

i=1

σi fi , (1)

whereσi denotes the free surface energy per unit of the corresponding face. The crystal-
lographer Wulff derived the equilibrium form, which minimizes8 for all crystals with
given volume and given facet normals. This form is given by the following construction
(see [L] and [Di]). From a point inside the crystal, draw vectors in all normal directions,
with length proportional to the correspondingσi . At the tip of each vector, construct
an orthogonal plane. The equilibrium form, the so-called Wulff-shape, is the smallest
convex region bounded by these planes. The construction shows that faces appear in
the directions of greatest density. Later, more general minimization problems have been
considered [T], [Wn].

The following packing density, introduced in [W1] and investigated in [BHW] and
other papers, is flexible enough to model the Wulff-shape of crystals [W2], [W3], [Sc],
[BB] and extremal crystals like whiskers and needles [W4]. We state the basic definitions
and results. LetBd denote the unit ball in euclideand–spaceEd (d ≥ 2). Let V denote
the volume andV(Bd) = κd. For X ⊂ Ed let conv(X) be its convex hull. Further,
for a convex body (compact convex set with nonempty interior)K and % ≥ 0 let
K + %Bd = {x + %u : x ∈ K ,u ∈ Bd} be the parallel body ofK at the distance
%. In the following letLd denote the set of latticesL ⊂ Ed with detL 6= 0 and for
L ∈ Ld letP(L) be the set of polytopesP with nonempty interior and facets orthogonal
to suitable vectors of the polar latticeL∗ (see, e.g., [GL]).

If Cn = {c1, . . . , cn} ⊂ Ed is a discrete set, such thatCn + Bd is a packing, then its
parametric density is defined (see [W1] or [BHW]) by

δ%(B
d,Cn) = nκd/V(conv(Cn + %Bd)), (2)

where% > 0 is a parameter. For a convex bodyK and a packing latticeL for K we write
δ%(Bd, K ) = δ%(Bd, L , K ) instead ofδ%(Bd, K ∩ L). In the case of lattice packings for
any sequencePn ∈ P(L), whose inradii tend to infinity, we have (see, e.g., p. 219 of
[GL])

lim sup
n→∞

δ%(B
d, Pn) = κd/detL =: δL , (3)

whereδL is the lattice packing density forBd and L. So no particular information is
obtained and a refinement is needed. For this purpose the density deviation forP ∈ P(L)
has been defined [W3] as

1L(P, %) = lim
λ→∞

(V(λP))1/d{δL − δ%(Bd, λP)}. (4)

Since for small% a (d − 1)-dimensionalP may be%-denser than all polytopes in
P(L), only

% > %L = max{(2‖u‖)−1 : u ∈ L∗\{0}}
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is considered. In [W3] it was proved that, forP, Q ∈ P(L)with1L(P, %) < 1L(Q, %),
P is, in a natural sense, asymptotically%-denser thanQ. Further, the density deviation
can be determined (see formula (2.3) of [W3]) in terms of the(d−1)-dimensional facet
volumes f1, . . . , fk of P corresponding to the normalsui ∈ L∗:

1L(P, %) = δL(V(P))
(1−d)/d

k∑
i=1

ci fi , with ci = % − (2‖ui ‖)−1. (5)

It follows that the density deviation has the same form as the Gibbs–Curie surface
energy in (1). Hence, minimizing the density deviation (i.e., maximizing the density) is
equivalent to minimizing the free surface energy. Analogously to Wulff’s construction,
the minimum of1L(P, %) is attained for the Wulff-shape

W(L , %) = {x ∈ Ed : ux ≤ %‖u‖ − 1
2, u ∈ L∗ primitive}. (6)

Only finitely many directionsu ∈ L∗ contribute toW(L , %). SoW(L , %) is a polytope,
which depends only onL and%.

Since only few crystals are 1-atomic lattice packings (e.g., metals and rare gases),
the density deviation has been generalized in [Sc] to arbitrary periodic structures with
different sizes of spheres (atoms, ions). For the general periodic case analogous results
have been shown and for certain crystal types (NaCl-type, ZnS-type, in particular the
diamond) the Wulff-shape has been determined; according to reality.

The main goal of this paper is to apply the above concepts to nonperiodic sets in order
to explain and also to model the growth and the shape of quasicrystals in terms of a
finite packing density. Penrose tilings and their analogues have several properties of real
quasicrystals. So they have been used as mathematical models explaining the structure
of quasicrystals [N], [H], [OK]. In this paper we restrict ourselves to the classical two-
dimensional Penrose tiling (see [P1], [P2], and [GS]). Of course, a more general approach
is desirable. However, this would be beyond the scope of this paper. Nevertheless, the
concepts introduced here can be applied to other nonperiodic tilings. In particular in
a forthcoming paper [BS] the three-dimensional Penrose tiling will be considered. In
certain cases we obtain as Wulff-shapes a dodecahedron and a rhombic triacontahedron;
according to the shapes of single grains of certain real quasicrystals.

The Penrose tiling is obtained as a tiling of two rhombs, a large one with angles 2π/5
and 3π/5, and a small one with anglesπ/5 and 4π/5, with certain matching rules (see
[GS] and [DB3]). Further, it can be produced by the process of inflation (see [DB3]). In
one step of inflation the rhomb halves (see Fig. 1) are subdivided into smaller ones, which
are rearranged according to certain rules (indicated by the arrows in Fig. 1) to obtain new
rhombs. These are enlarged by the factor of the golden ratioτ = 1/2(

√
5+1) = 1.618. . .

and have the original size again. Iteration of this step leads to a sequence of space-filling
patches of the same shape. Another important method to produce quasiperiodic tilings is
the projection method (see [DB1] and [OA]). A detailed description is given in Section
2. We use the inflation method as well as the projection method. In principle our concepts
can be applied to any tiling, which is described by these methods.

In the following we let5 be the Penrose plane and byP we denote the family of
vertices of the Penrose rhombs. For a subsetR ⊂ 5 we denote byA(R) andP(R) the
area and the perimeter ofR. In Section 2 we consider the properties of the following
family of subsets of5.
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Fig. 1. Dissection of the Penrose rhombs.

Definition 1. A union R of Penrose rhombs is called aP-set.

Furthermore, for aP-setR, we letRn be the resulting set aftern steps of inflation.
The two-dimensional infinite packing density of circles placed in theP-points has

been determined (see, e.g., formula (1) of [OK]). By reasons of compatibility with the

projection method we assume that the edge length of the rhombs is
√

2
5. It follows that

the infinite (point-) density ofP-points in5 is δ = 2(τ+1) sinπ/5∼ 3.077. In analogy
to (4) we introduce the following limit.

Definition 2. For aP-setR let

1(R, %) = lim
n→∞(A(τ

n R))1/2 · (δ − #(P ∩ τ n R)/A(τ n R+ %B2)) (7)

be the density deviation forR and the parameter%.

Note that the integer multiplies are exchanged by the exponential factorτ n. In Sec-
tion 2 we prove the following formula for the number #(P ∩ Rn) of P-points inRn for
a P-set R. It is analogous to the Ehrhart formula for the number of lattice points (see
p. 136 of [GL]). The change of the definition of1(R, %) comes from the difference of
these two formulas.

Theorem 1. Let R be a P-set. Then

#(P ∩ Rn) = #(P ∩ τ n R) = δA(τ n R)+ δ′/2P(τ n R)+ O(1),

whereδ′ = ((2τ + 1)/5)
√

5
2 ∼ 1.339.

δ′ is a certain linear density, which is considered in Section 3.
The Penrose tiling contains a regular decagonT which is the union of five rhombs of

each of both types (see Fig. 2).
In [RS] another nonperiodic tiling, the so-called pinwheel tiling, is considered and it

is proved that there are unions of tiles arbitrarily close to a circle and so optimal with
respect to the isoperimetric coefficient. It is mentioned there that for the Penrose tilings
the regular decagon has the optimal isoperimetric coefficient. Since we did not find a
reference, in Section 2 we give a proof for completeness.
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Fig. 2. The regular decagon is aP-set.

Theorem 2. Let R be a P-set. Then

A(R) ≤ sin(π/5)((τ + 1)/20)P(R)2,

with equality if and only if R is the regular decagon.

As a consequence of Theorem 1 and the Steiner formula for the parallel body (see
p. 276 of [GL]) we can determine the density deviation for aP-setR:

1(R, %) = δ(% − δ′/2δ)P(R)(A(R))−1/2.

From Theorem 2 it follows that the regular decagon has minimal density deviation.

Theorem 3. Let R be a P-set and% > δ′/(2δ). Then

1(R, %) ≥ 1(T, %),
with equality if and only if R is the regular decagon T.

We have seen that the densities of 2-planes play an important role for the surface
energy of crystals. Hence we consider in our case linear (point-) densities of lines. These
are defined as the limit of the ratio of the number ofP-points in a line segment and
its length. A look at the Penrose tiling shows that parallel lines do not necessarily have
the same densities. We say that a directionu ∈ 5 is good if there is a line in directionu
with positive density ofP-points. We prove in Section 3 that set of good directions is
given by

G = {u = αv4+ (β + γ τ)v6 : α, β, γ ∈ Z, (α, β, γ ) = 1}, (8)

where{v4, v6} is a certain basis of5 and their angle is 2π/5. Note thatG is countable
and so has the same cardinality as lattices.

Generalizing theP-sets, we introduce the following notion.

Definition 3. A polygon R ⊂ 5 is called aG-polygon if its edges are in directions
u ∈ G.
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Using the projection method, described in Section 2, we can determine foru ∈ G the
maximal densityδ1(u) of lines in directionu. Based on Diophantine approximation we
can prove that there is a sequence of parallel lines in directionu, whose densities tend
to δ1(u) (see Section 3). Because of the distribution of the linear densities it is natural to
introduce the Gibbs–Curie surface energy forG-polygons in analogy to (1) and (5).

Definition 4. Let R be aG-polygon in5 with edges in directionsu1, . . . ,uk ∈ G
and lengthsf1, . . . , fk, then the Gibbs–Curie surface energy for the parameter% is
defined as

E(R, %) =
k∑

i=1

(% − δ1(ui )/(2δ)) fi .

The density deviation1(R, %) can also be defined forG-polygonsRas in (7). Conse-
quently we conjecture that a formula analogous to Theorem 1 also holds forG-polygons.

Conjecture. If R is a G-polygon with sidelengths fi in directions ui ∈ G, then

#(P ∩ τ n R) = δA(τ n R)+ 1
2τ

n
k∑

i=1

δ1(ui ) fi + O(1).

Again, using the Steiner formula, it follows that:

Proposition. If the conjecture is true, then it holds for any G-polytope R that

1(R, %) = A(R)−1/2δ

k∑
i=1

(% − δ1(ui )/(2δ)) fi . (9)

Hence, the density deviation, which is related to packing densities, and the surface energy
are equivalent.

Now we want to minimizeE(R, %) for fixed %. The candidate for this minimum is
the following Wulff-shape.

Definition 5. The Wulff–shape for the Penrose tiling for the parameter% > 0 is
defined as

W(%) = {z ∈ 5 : |u⊥z| ≤ % − δ1(u)/(2δ), for all u in G}, (10)

whereu⊥ ∈ 5 with ‖u⊥‖ = 1 andu⊥ orthogonal tou.

We only consider% with

% > %∗ = sup
u∈G
(δ1(u)/(2δ)) = δ′/(2δ) = 0.217. . . . (11)

This guarantees thatW(%) is nonempty.
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Remark. For% < %∗ the asymptotic packing density of linear arrangements is better
than the two-dimensional densityδ. So%∗ can be considered as a critical radius or a
sausage radius (see [W1] or [BHW]).

SinceW(%) is the intersection of infinitely many half-planes it is not necessarily a
polygon. However, with the help of Diophantine approximation we can prove that only
finitely manyu ∈ G contribute toW(%).

Lemma 1. If % > %∗, then W(%) is a polygon.

An immediate consequence of Lemma 4 in [Sc] is that for% > %∗ the Wulff–shape
minimizes the surface energy forG-polygons with fixed area.

Theorem 4. Let% > %∗ and let R be a G-polygon with area A(R) = A(W(%)). Then

E(R, %) ≥ E(W(%), %),

with equality only if R is homothetic to W(%).

Finally we prove that for a certain range of% the Wulff-shape is the regular deca-
gon, which already was the optimalP-set with respect to the density deviation (see
Theorem 3).

Theorem 5. If %∗ < % < 6%∗, then W(%) is a regular decagon.

This result is in accordance with the fivefold symmetry of quasicrystals. So we really
have a first hint that the growth and the shape of quasicrystals can be explained and
modeled in terms of a finite packing density.

2. Properties ofP-Sets

First we describe how to obtain the Penrose tiling by projection. This will be used for the
proof of Theorem 2 and to determine the linear densities in Section 3. The vertices of the
Penrose rhombs are the projections of points of the integer latticeZ5 onto a plane5, one
of the two invariant planes5 and5′ of the fivefold rotation about the diagonale of the
unit cube in the Euclidean 5-spaceC = {x ∈ E5 : 0≤ x1, . . . , x5 ≤ 1}, which cyclically
permutes the five coordinate axes. More exactly, consider the orthonormal basis

u1 = 1/
√

5 · e= 1/
√

5(1,1,1,1,1)t,

u2 =
√

2
5(1, (τ − 1)/2,−τ/2,−τ/2, (τ − 1)/2)t,

u3 =
√

2
5 sin(π/5)(0,−τ,−1,1, τ )t,

u4 =
√

2
5(1,−τ/2, (τ − 1)/2, (τ − 1)/2,−τ/2)t,

u5 =
√

2
5 sin(π/5)(0,−1, τ,−τ,1)t
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Fig. 3. A one-dimensional nonperiodic set obtained by the projection method.

of E5 (the superscript(·)t indicates the transposed vector). We identify5 = lin(u4,u5)

with the Penrose plane. Further, let5′ = lin(u2,u3) and E = lin(u1,u2,u3). For
convenience we use in the following the orthogonal basis:

v1 = e, v2 = (2, τ − 1,−τ,−τ, τ − 1)t, v3 = (0,−τ,−1,1, τ )t,

v4 = (2,−τ, τ − 1, τ − 1,−τ)t, v5 = (0,−1, τ,−τ,1)t.

Since the projection ofZ5 is dense in5, we only consider points whose projection into the
orthogonal spaceE lie in the interior of the orthogonal projectionC/E, the so-called win-
dowW (W is a rhombic icosahedron). The setP of vertices of the Penrose rhombs is then

P = ((W +5) ∩ Z5)/5. (12)

To illustrate the method we give a sketch of the projection of the two-dimensional integer
lattice into a line with irrational slope (Fig. 3). Only lattice points which are contained
in the strip determined by the square (whose projection into the orthogonal line is the
window) are considered. The projectionsei /5 of the unit vectors (and hence the edges

of the rhombs) have length
√

2
5 and form a regular pentagon. The rhombs correspond

to two different types of 2-faces ofC with areaAS = 2
5 sin(π/5) and AL = τ AS. For

k = 1,2,3,4 let

Wk = (W ∩ {x : ex= k})/5′.
W1 is a regular pentagon,W4 = −W1, andW3 = −W2 = τW1.

Proof of Theorem1. To obtain a formula for the number ofP-points for a givenP-set
R aftern steps of inflation, we follow the representation by De Bruijn [DB3] and take
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Fig. 4. An edge of type 1 generates edges of type 1 and 3.

the different types of boundary edges into consideration. There are two different rhomb
halves with six types of edges, the first three belonging to the large rhomb halves and
the last three belonging to the small ones (see Fig. 1). Let type 1 and 4 be those where
diagonals of the rhombs are boundary edges. Further letxi

n, i = 1, . . . ,6, denote the
number of boundary edges of typei after n steps of inflation. Figure 4 shows that a
boundary edge of type 1 generates one edge of type 1 and one edge of type 3 in the next
step. Analogous considerations for the five other types show that

x1
n+1 = x1

n + x2
n + x5

n,

x2
n+1 = x3

n,

x3
n+1 = x1

n,

x4
n+1 = x3

n,

x5
n+1 = x4

n,

x6
n+1 = 0.

If we defineqn = x1
n, then we obtainx3

n = qn−1, x2
n = x4

n = qn−2, x5
n = qn−3, andqn

is given by the recursion

qn+1 = qn + qn−2+ qn−3. (13)

Now letan (bn) be the number of large (small) half rhombs aftern steps. Then it follows
from the inflation rules that

an+1 = 2an + bn, bn+1 = an + bn. (14)

The area and the perimeter aftern steps are given by

A(Rn) = an1/2AL + bn1/2AS = AS/2(τan + bn),

P(Rn) =
√

2
5(x

1
nτ + x2

n + x3
n + (τ − 1)x4

n + x5
n)

=
√

2
5(τ (qn + qn−2)+ qn−1+ qn−3).
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SinceRn = τ n R0 we further have

A(Rn) = τ 2n A(R0),

P(Rn) = τ n P(R0).

Let cn (dn) be the number of large (small) rhombs, which are contained inRn. Then

cn = 1/2(an − x1
n) = 1/2(an − qn),

dn = 1/2(bn − x4
n) = 1/2(an − qn−2).

According to Euler’s formula the number #(P ∩ Rn) of P-points inRn is

#(P ∩ Rn) = kn + 1− (cn + dn).

If i n and rn are the numbers of inner edges and boundary edges, respectively, then
kn = i n + rn and 4(cn + dn) = 2i n + rn and hence

#(P ∩ Rn) = rn + 2(cn + dn)− rn + 1− (cn + dn) = cn + dn + rn/2+ 1.

Together withrn = 2x1
n + x2

n + x3
n + 2x4

n + x5
n = 2qn + qn−1+ 3qn−2+ qn−3 it follows

that

#(P ∩ Rn) = 1/2(an + bn)+ qn/2+ qn−1/2qn−2+ qn−3/2kn + 1. (15)

With a standard method for Lucas sequences (see, e.g., p. 39 of [PBH]) we conclude
from (14) that there are constantsf1, f2 such that

an = {1/5(2τ − 1)(τa0+ b0)} τ 2n + f1(2− τ)n,
bn = {1/5(3− τ)(τa0+ b0)} τ 2n + f2(2− τ)n,

and so

1/2(an + bn) = 2 sin(π/5)(τ + 1)A0τ
2n + O(1). (16)

For givenq−3,q−2,q−1,q0 we obtain from (13) and the same method as used foran and
bn that there are constantsf3, f4 such that

qn = τ/5(τ (q0+ q−2)+ q−1+ q−3)τ
n + f3(1− τ)n + Re( f4i

n)

= P0/5
√

5
2τ

n+1+ O(1). (17)

Finally Theorem 1 follows from (15), (16), and (17).

Proof of Theorem2. Letx1, x2 ∈ Z5 such thatyi = xi /5, i = 1,2, areP-points, and
x = x1 − x2, y = y1 − y2. We want to give a bound for the ratio of‖y1 − y2‖ and the

length` of the path fromy1 to y2 along edges of the tiling. We have` =
√

2
5

∑5
i=1 |xi | =
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2
5‖x‖1. The pointx/‖x‖1 is contained in the unit ball with respect to‖ · ‖1, which is

the crosspolytopeCr . The projectionCr/5 is the regular decagon with circumradius√
2
5. Hence

‖y‖
`
≤
√

5
2 ‖(x/‖x‖1)/5‖ =

sin(2π/5)

sin(2π/5+ α) =
cos(π/10)

cos(π/10− α),

whereα = α(y) ∈ [0, π/10] is the smallest angle betweeny and a projection of a unit
vector±ei . For anyy let β(y) = cos(π/10)/ cos(π/10− α). Then it follows that

` ≥ β(y)‖y‖. (18)

For convex polygonsK with edgesy1, . . . , yr we define

P̃(K ) =
r∑

i=1

β(yi )‖yi ‖.

To minimize P̃ we define

W =
∞⋂

i=1

{z : wi z≤ β(yi ), where‖wi ‖ = 1 andwi ⊥ yi }.

Note thatyi runs over all possible edges. The tenyi ’s with β(yi ) = 1 determine a regular
decagonT . To prove thatW = T , it suffices to show that(tan(π/10),1)t ∈ W. This
follows from (sinα, cosα)(1, tanπ/10)t = β(y). From Lemma 4 in [Sc] it follows that

A(R)

P̃(K )2
≤ A(T)

P̃(T)2
= A(T)

P(T)2
= sin

(π
5

)
· τ + 1

20
. (19)

Now let R be aP-set and letK be its convex hull. ThenA(R) ≤ A(K ) and from (18) it
follows thatP(R) ≥ P̃(K ). Together with (19) the assertion follows.

3. The Linear Densities

In this section we consider the density ofP-points of lines in5. Let V be the (5× 5)-
matrix with columnsv1, . . . , v5. SinceQ[τ ] is a field it follows that the entries ofV−1

are contained inQ[τ ]. For anyv ∈ Z5 with v = ∑5
i=1 αi v

i = V · α it follows from
α = V−1v that the coefficients are contained inQ[τ ]. Hence any line in5which contains
more than oneP-point has a direction of the form

λv4+ µv5, λ, µ ∈ Q[τ ].

Because of the fivefold symmetry instead ofv5 we use the vector

v6 = (τ − 1)/2v4+ (τ − 1
2)v

5 = (τ − 1,−τ,2,−τ, τ − 1)t,
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which has an angle of 2π/5 tov4. So, it suffices to consider directionsu with

u = (α1+ τα2)v
4+ (β1+ τβ2)v

6, α1, α2, β1, β2 ∈ Z.

Multiplication with α1+ α2− τα2 shows that only directions from the set

G = {u = αv4+ (β + γ τ)v6 : α, β, γ ∈ Z, (α, β, γ ) = 1} (20)

can have positive densities. If, foru ∈ G, u = a+ τb, with a,b ∈ Z5, then

a = (2α − β + γ,−γ,−α + 2β,−α − γ,−β + γ ),
b = (β,−α − β − γ, α + 2γ, α − β − γ,−α + β),

and

b− τa = (−ατ)v2+ (γ − βτ)v7 ∈ 5′, (21)

wherev2 = (2, τ − 1,−τ,−τ, τ − 1)t andv7 = (−τ, τ − 1,2, τ − 1,−τ)t are corre-
sponding vectors in5′ with angle 2π/5. It follows that the three-dimensional lattice

L3(u) = Z5 ∩ lin{a,b,e} (22)

is projected onto the lineRu. Note thatL3(u) = lin{u}⊥ ∩ Z5, sinceu is not a rational
direction. LetL2(u) = Z5 ∩ lin{a,b} and{a,b′} be a basis ofL2(u) andb′ = ηa+ νb.

In the following we distinguish two cases:

(A) {a,b′,e} is a basis ofL3(u),
(B) {a,b′,e} is not a basis ofL3(u).

First we consider case (B). In this case there is av ∈ L3(u) with ve 6≡ 0 mod 5. Hence
(µv)e≡ 1 mod 5, for a suitableµ ∈ Z and it follows the existence of ac ∈ L3(u) with
ce= 1. Then{a,b′, c} is a basis ofL3(u) andc = ra + sb+ 1/5e, for suitabler, s.

Forz ∈ Z5 we consider the density ofP-points in the lineg(z,u) = z/5+Ru. The
set of lattice points which are projected intog(z,u) is z+ L3(u). For the density we
consider those pointsv = z+ λa+ µb′ + ξc, λ,µ, ξ ∈ Z, with

(1) ‖v/5− z/5‖ ≤ σ ,
(2) v/E ∈ W.

For (2) necessarilyze+ ξ = k ∈ {1,2,3,4}. For fixedk ∈ {1,2,3,4} it follows from
a = 1/5(3−τ)(a+τb)+1/5(1−2τ)(b−τa) andb = 1/5(2τ −1)(a+τb)+1/5(3−
τ)(b− τa) that (1) and (2) are equivalent to

(1′) ‖1/5(a+ τb) {(3− τ)(λ+ µη + ξr )+ (2τ − 1)(µν + ξs)} ‖ ≤ σ ,
(2′) z/5′ + 1/5(b− τa) {(1− 2τ)(λ+ µη + ξr )+ (3− τ)(µν + ξs)} ∈ Wk.

This is equivalent to

(1′′) λ(3− τ)+ µ((3− τ)η + (2τ − 1)ν) ∈ Iσ ,
(2′′) λ(1− 2τ)+ µ((1− 2τ)η + (3− τ)ν) ∈ Ik(z),
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whereIσ andIk(z) are intervals of the length(5/‖a+τb‖) ·2σ and(5/‖b−τa‖) ·qk(z)
andqk(z) is the length of the intersection of the linez/5′ + R(b− τa) with Wk.

Hence we count the integer points in a parallelogramRσ,k with increasing length
and irrational slope. By a standard argument of uniform distribution (see [Se2]) the
number of integer points inRσ,k is equal toA(Rσ,k)+ o(σ ). So the ratio of the number
of integer points inRσ,k and the length 2σ is ((τ + 2)/(‖a + τb‖ · ‖b− τa‖ν))qk(z).
With q(z,u) = ∑4

i=1 qk(z) it follows that the linear density in directionu ∈ G is
δ1(z,u) = ((τ + 2)/(‖a+ τb‖ · ‖b− τa‖ν))q(z,u). With ν = detL2(u)/det(a,b) and
‖a+ τb‖ · ‖b− τa‖ = det(a+ τb,b− τa) = (τ + 2)det(a,b) it follows that

δ1(z,u) = q(z,u)/detL2(u). (23)

In case (A) the projection ofv = z+ λa+ µb′ + ξe can only be contained in aWk0

with k0 ≡ zemod 5. The density can be determined in the same way as for case (B) and
it follows that

δ1(z,u) = q(z,u)/detL2(u). (24)

Hereq(z,u) is 0 if k0 = 0 and otherwiseq(z,u) is the length of the intersection of
z/5′ + R(b− τa) with Wk0.

Remark. With the help of some number theoretical arguments one can prove that
{a,b′,e} is a basis ofL3(u) if and only if

α + β + 3γ ≡ 0 mod 5 and α 6≡ 0 mod 5.

For fixedu = a+ τb ∈ G, with a,b ∈ Z5, consider

q(u) = sup
z∈Z5

q(z,u). (25)

In case (A) obviouslyq(u) is not greater than the maximal chords(u) of W2 in direction
b− τa.

In case (B) it follows fromW3 = −W2 = τW1 = −τW4 thatq(u) ≤ s(u), where
s(u) is 2(τ + 1) times the length ofW1 ∩ (R(b− τa)).

Let {a1,a2,a3} be a basis ofL3(u) anda4,a5 ∈ Z5 such that{a1, . . . ,a5} is a basis
of Z5. Further, let

3 = {λ(a4/5′)+ µ(a5/5′) : λ,µ ∈ Z}.
From3∩R(b−τa) = ∅ it follows either that3 is a two-dimensional lattice in5′, where
(b− τa) is an irrational direction with respect to3, or3 is dense in a line6= R(b− τa),
i.e., the lengths ofa4/5′ anda5/5′ are incommensurable. In both cases the optimal
intersections(u) can be approximated by a suitable sequence{zn} in Z5 and it follows
thatq(u) = s(u) (in fact, this can be done by diophantine approximation). Hence, for
u ∈ G, there is a sequence of lines parallel toRu with linear densities tending to

δ1(u) = q(u)/detL2(u).

Note that the edges during the inflation process in Section 2 determine such a sequence.
Motivated by this distribution of the linear densities, it is natural to define in analogy

to periodic crystals (see (1) and (5)) the Gibbs–Curie surface energy as in (4).
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Next we consider some examples for the linear densities.

Examples. (1) There are ten directionsZ = {±ei /5} with maximalδ1. These are
of type (B). One memberu can be represented byα = 1, β = γ = 0. Herea =
(2,0,−1,−1,0)t, b = (0,−1,1,1,−1)t, and{a,b} is a basis ofL2(u)with detL2(u) =
2
√

5. With q(u) = (4τ + 3)
√

2
5 it follows thatδ1(u) = δ′ (see Theorem 1).

(2) Let Z′ be the set of the ten directions in the middle of two members ofZ.
These are of type (A). One of them can be represented byα = β = γ = 1. Here
a = (2,−1,1,−2,0)t, b = (1,−3,3,−1,0)t, and detL2(u) = det((1,0,0,−1,0)t,

(0,1,−1,0,0)t) = 2. With q(u) =
√

2
5 · 2τ sin(2π/5) it follows that δ1(u) = δ′′ =

0.973. . . .

4. The Wulff-Shape

Proof of Lemma1. SinceW(%) is compact it suffices to prove that%z /∈ W(%), for
all z ∈ 5 with ‖z‖ = 1. Because of the symmetry we only considerz with z =
cosξu4 + sinξu5 and 0< ξ < 2π/5. By diophantine approximation (see e.g., [GL])
there are infinitely many pairs(αn, βn) ∈ Z2 with∣∣∣∣αn

βn
+ tanξ

2 sin(π/5)

∣∣∣∣ < 1√
5β2

n

. (26)

Let un = αnv
4 + βnv

5 = an + τbn ∈ G, with an,bn ∈ Z5. Then detL2(un) ≤
|det(an,bn)| ≤ ‖an‖ · ‖bn‖ and so

δ1(un) ≥ µ(αn + βn)
−2 for µ > 0. (27)

Let ηn be the angle betweenu4 andu⊥n andϕn = ηn − ξ . Then tanηn = −2 sin(π/5)
αn/βn. It follows with (26) that

(%z)u⊥n = % cosϕn ≥ % − % sin2(ηn − ξ) = % − %(tanηn − tanξ)2 cos2 ηn cos2 ξ

≥ % − (% cos2 ηn cos2 ξ)/β4
n.

With αn/βn → arctanξ andηn → ξ it follows that there is a constantγ such that, for
largen,

(%z)u⊥n ≥ % − γ /(αn + βn)
4

and with (27) it follows that there is au ∈ G with (%z)u⊥ ≥ % − δ1(u)/(2δ).

To prove Theorem 5 we first need the following upper bound for the linear densities.

Lemma 2. If u ∈ G\Z, then

δ1(u) ≤ δ′′ = 0.973. . . .
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Remark. The lemma states that the maximal linear densityδ′ is attained for elements
of Z and the second bestδ′′ is attained for elements ofZ′.

Proof. For u ∈ Z or u ∈ Z′ we have nothing to prove. Obviously it suffices to show
that forx, y ∈ Z5 with x/E, y/E ∈ W it follows that‖x/5− y/5‖ ≥ (2/5(τ +2))1/2

if x/5 − y/5 is not in Z ∪ Z′. Since‖x/E − y/E‖2 ≤ 4 it suffices to consider such
x, y with ‖x − y‖2 ≤ 6. For these finitely many vectorsx − y the assertion is easily
verified.

Proof of Theorem5. The ten directions inZ determine a regular decagon. Because of
the symmetry it suffices to prove that the vertexx0 = (% − %∗)(tanπ/10,1)t satisfies
the conditions for all otheru ∈ G. For anyu ∈ G,

u⊥x0 ≤ ‖x0‖ = (% − %∗)/cos(π/10),

and with Lemma 2 it suffices to prove that(% − %∗)/cos(π/10) ≤ % − 0.73%∗. This is
the case for%(1− 0.73 cos(π/10))/(1− cos(π/10))%∗ = 6.24. . . %∗.
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