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Abstract. We give a positive answer for the special case of the Generalized Baues Problem
which asks whether the complex of triangulations of a point setA in general position in
the plane has the homotopy type of a sphere. In the process, we are led to define the
visibility complexfor a simplicial complexP whose vertices lie inA, and prove that this
visibility complex has the same homotopy type asP. The main technique is a variant of
deletion-contractionfrom matroid theory, along with a new method for proving homotopy
equivalence of posets which we call thenerve-flag paradigm.

1. Introduction

The subject of triangulations of a point setA in Rd has undergone a recent surge of
interest, partly due to the theory ofsecondary polytopesandA-discriminants and resul-
tantsdefined by Gelfandet al. [GKZ], and also due to a problem raised by Baues [B] in
homotopy theory. These two developments were unified by Billera and Sturmfels in their
work onfiber polytopes[BS], and led Billeraet al. [BKS], to formulate the Generalized
Baues Problem (GBP) associated to a surjection of convex polytopesP → Q. Given
two polytopesP and Q and an affine surjectionP → Q, the problem asks whether a
certain complex of polygonal decompositions ofQ induced by the faces ofP has the
same homotopy type as the subcomplex ofcoherent decompositions, which are defined
geometrically. This subcomplex is known to be isomorphic to the boundary complex of
a convex polytope (thefiber polytope6(P, Q)) and hence is spherical.

The answer to the GBP is known to be positive when dim(Q) = 1 [B1], [BKS],
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Fig. 1

and when dim(P) − dim(Q) ≤ 2 [RZ], however counterexamples were given recently
by Rambau and Ziegler [RZ] with dim(Q) ≥ 2 and dim(P) − dim(Q) ≥ 3 (see this
reference for a more complete discussion of the GBP). The most interesting cases of the
GBP are those whereP is either ann-cube or ann-simplex, since a positive answer in
these instances would resolve the weaker question of whether all cubical subdivisions of a
zonotope Zare connected bymutations, or all triangulations of a point setAare connected
by bistellar operations, respectively. See [BS] for a discussion of this connection. ForP
ann-cube the answer to the GBP is known to be positive for dim(Q) ≤ 2 [SZ]. For P
ann-simplex, it follows from the work of Lawson [L] that all triangulations ofA in R2

are connected by bistellar operations, which shows that the complex considered in this
case of the GBP is at least connected. For vertices in general position inR2 the bistellar
operations are of two types, a diagonal flip or the insertion/removal of a vertex from the
interior of a triangle. These are illustrated in Fig. 1. We note that Lawson considered
only triangulations which use all vertices inA so that only diagonal flips were relevant.

In this paper, we will give a positive answer to the GBP for triangulations ofA in
general position inR2. In fact, we prove something stronger. For an arbitrary simpli-
cial complexP embedded inR2 and using only vertices inA, we will show that there
is a complex generalizing the complex considered by the GBP, and that whenA is in
general position inR2, this complex is contractible (Theorems 2 and 3). Our method
is a variant of thedeletion-contractiontechnique from matroid theory, in combination
with a topological analysis. An interesting by-product of the analysis is that it requires
us to understand the homotopy type of a simplicial complex which we call thevisibility
complexfor the pair(P,A), an extension of the visibility graph considered in the com-
putational geometry literature [OR1]. We prove that this visibility complex has the same
homotopy type asP (Theorem 1).

Perhaps a further word or two is in order about the motivation for these results. The
work of [GKZ] shows that there is a large and well-behaved subset of triangulations ofA
called theregular triangulations. The graph whose vertices are these triangulations and
whose edges correspond to bistellar operations forms the 1-skeleton of the(|A| − 3)-
dimensionalsecondary polytope. It follows from Balinski’s theorem [Z, §3.5] that this
graph is(|A| − 3)-connected. The question asked by the Baues problem is a question of
connectivity forall triangulations, not in the graph-theoretic but in the topological sense,
and so may be viewed as the topological analogue of results about graph connectivity.

The paper is organized as follows. Section 2 gives the basic definitions and states the
main results (Theorems 1, 2, and 3). Section 3 reduces Theorems 1 and 2 to the case
whereP is a manifold with boundary. Section 4 completes the proof of Theorem 1, and
Section 5 uses this to complete the proof of Theorem 2. Theorem 3 is then deduced as a
corollary to the proof of Theorem 2.
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2. Definitions and Statement of Results

Let A be a finite set of points inRd. A set P in Rd will be calledA-triangulable if,
roughly speaking, it has a triangulation as a simplicial complex whose vertices are a
subset ofA. To be more precise, letA = {v1, . . . , vn} ⊆ Rd and say thatP ⊆ Rd

is A-triangulable ifA ⊆ P and there exists an abstract simplicial complex1 on the
vertex set{1, 2, . . . ,n} (not necessarily using every index as a vertex) whosegeometric
realization‖1‖maps homeomorphically ontoP (endowed with the subspace topology)
under the map from‖1‖ intoRd which sends an abstract vertexi to the pointvi and is
extended piecewise linearly over the simplices of1. In what follows, we will often abuse
notation by drawing no distinction among the topological spaceP, the homeomorphic
space‖1‖, and the simplicial complex1, so that we can refer to vertices, edges inP,
and so on.

For a setA ⊆ A, let conv(A) denote the convex hull of the points ofA. Given anA-
triangulable setP, define thevisibility complex1vis(P,A) to be the abstract simplicial
complex on vertex setA whose simplices are the subsetsA ⊂ A with conv(A) ⊆ P.
Thevisibility graph Gvis(P,A) is the 1-skeleton (vertices and edges) of1vis(P,A) (see
[OR2]).

A polytopal decompositionδ of the pair(P,A) is a set of pairs{(Pi ,Ai )}ki=1 satisfying
the following conditions:

(1) For eachi , we haveAi ⊆ A andPi = conv(Ai ).
(2) P =⋃k

i=1 Pi .
(3) For eachi 6= j , the polytopesPi , Pj intersect in a common proper faceF of each

(possibly the empty face, but notPi or Pj itself), andAi ∩ F = Aj ∩ F .

Note that anA-triangulable spaceP always has at least one polytopal decomposition
coming from itsA-triangulation1, namelyδ = {(Pi ,Ai )} where{Pi } are themaximal
facesof1, andAi is the set of vertices ofPi . Furthermore, whenA is in general position
andδ = {(Pi ,Ai )} is a polytopal decomposition of(P,A), then any union

⋃
α Piα is

an(
⋃
α Piα ∩A)-triangulable space: simply refine eachPi in δ to a triangulation which

introduces no new vertices and restrict this simplicial complex to its faces lying in
⋃
α Piα .

We will often abuse notation and refer toδ as a polytopal decomposition ofP when the
vertex setA is implicit.

Define theBaues posetBaues(P,A) to be the set of all polytopal decompositionsδ
of (P,A) ordered byrefinement, i.e., if

δ = {(Pi ,Ai )}ki=1,

δ′ = {(P′j ,A′j )}k
′

j=1,

thenδ ≤ δ′ means for eachi = 1, 2, . . . , k there exists somej so thatPi ⊆ P′j and
Ai ⊆ A′j .

We will prove the following results about the homotopy type of1vis(P,A) and
Baues(P,A) (when referring to the homotopy type of a posetQ, we mean the homotopy
type of itsorder complex1(Q); see [B2, (9.3)]). All of our results will assume thatA is
in general position inR2, i.e., no three points ofA are collinear. It is not clear whether
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this assumption is necessary for any of these results, but it will greatly simplify some of
the proofs.

Theorem 1. AssumeA is in general position inR2, and P is anA-triangulable space.
Then1vis(P,A) is homotopy equivalent to P.

We note that Theorem 1 does not hold inR3 as shown by the following example. Let
1, 2, 3, and 4 be vertices of a tetrahedron inR3. Let x andy be two points outside the
tetrahedron such that the line segment joiningx to y intersects the interior of the two
edges 12 and 34 as shown in Fig. 2. If we let the spaceP be the union of the tetrahedron
1234 and the two triangles 12x and 34y, thenP is a contractibleA-triangulable space
whereA = {1, 2, 3, 4, x, y}. The visibility complex1vis(P,A) is the complex with
maximal simplices{1234, 12x, 34y, xy}which is easily seen to be homotopy equivalent
to a circle. Although this example does not haveA in general position, by thickening the
edges 12 and 34 into triangles 122′ and 344′ so that the edgexy punctures both of these
new triangles in their interiors, we obtain a general position example.

Theorem 2. AssumeA is in general position inR2 and P is anA-triangulable space.
ThenBaues(P,A) is contractible.

It is easy to see that Baues(P,A) has a unique maximal element1̂ exactly when
P = conv(A). In this case Baues(P,A) is trivially contractible and the interesting
problem is to describe the homotopy type of Baues(P,A)− 1̂.

Theorem 3. AssumeA is in general position inR2. If P = conv(A), and 1̂ is the
unique top element ofBaues(P,A), thenBaues(P,A)− 1̂ is homotopy equivalent to a
sphere of dimension|A| − 4.

Under the hypotheses of Theorem 3, the poset Baues(P,A)− 1̂ is isomorphic to the
posetS(1n−1, P) considered in the Generalized Baues Problem [BKS, p. 554], where
here1n−1 is a simplex withn = |A| vertices mapping ontoP by the canonical surjection.
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Therefore Theorem 3 resolves the instance of the GBP whereA is in general position
in R2. The case of the GBP for arbitrary point configurationsA in R2, along with the
generalizations of Theorems 2 and 3 to higher dimensions are still open.

We record here the following well-known lemma [OR1, Theorem 1.2] which is the
essence of many of our later proofs:

Lemma 4. Let C be anA-triangulable Jordan curve in the plane, i.e.,C is a polygonal
embedding of the circleS1 → R2 using only vertices inA. Then the closureC of the
interior of C has anA-triangulation.

It is important to note that Lemma 4 does not generalize to three dimensions. That
is, there exists a nonconvex polyhedron in three dimensions whose interior cannot be
partitioned into tetrahedra with vertices chosen from those of the polyhedron. See [OR1,
§10.2.1] for a discussion of some examples.

Before closing this section, we recall a few definitions from combinatorial topology,
and state a consequence of Lemma 4, which will be used frequently later.

For P anA-triangulable space, say thatv inA is aninterior vertexof P if it lies in the
topological interior ofP, i.e., there is an open neighborhoodU of v in Rd with U ⊂ P.
Recall [B2, (9.9)] thelink, star, anddeletionof a faceF in a simplicial complex1 are
the subcomplexes defined by

link1(F) = {G ∈ 1,G ∪ F ∈ 1,G ∩ F = ∅},
star1(F) = {G ∈ 1,G ∪ F ∈ 1},
del1(F) = {G ∈ 1,G ∩ F = ∅}.

Note that these definitions satisfy

1 = star1(F) ∪ del1(F),

link1(F) = star1(F) ∩ del1(F),

star1(F) = F ∗ link1(F).

where hereF means the simplicial subcomplex generated byF , and∗ denotes the
operation ofsimplicial join [B2, (9.5)]. Recall that the union of two subsets of vertices
in an abstract simplicial complex corresponds to the convex hull of the union of those
subsets in the geometric realization.

Lemma 5. AssumeA is in general position inR2. Let P be anA-triangulable space,
E ⊆ P a one-dimensionalA′-triangulated subspace for someA′ ⊆ A, andI ⊆ A a
subset of interior vertices of P which contains all the interior vertices of P that lie in
E. Then P has anA-triangulation which restricts to anA′-triangulation of E, and uses
only interior vertices of P which lie inI.

Proof. Start with anyA-triangulation1 of P, and convert it to one which satisfies the
conclusions of the lemma in a sequence of steps.
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Step1. If 1 uses any internal vertexv of P which is not inI, then removev and all
triangles containing it from1. Asv is interior toP, the subcomplex star1(v) triangulates
a 2-ball, and link1(v) triangulates a circle which is the boundary of this 2-ball. Re-
triangulate the interior of this 2-ball using only the vertices from link1(v) via Lemma 4.
Repeat this step until all internal vertices ofP used in1 lie in I.

Step2. If there is a vertex ofE which is not used in1, then by our assumption of general
position,vmust lie in the interior of some trianglet of1. If t has verticesv1, v2, v3, then
removet from1 and replace it with the three triangles{v, v1, v2}, {v, v1, v3}, {v, v2, v3}.
Repeat this step until1 uses all vertices ofE.

Step3. If there is an edgee of E which is not used in1, let its endpoints bev, v′.
Consider the set of triangles in1 which we pass through while traversing the edgee
from v to v′. By our assumption of general position, the edgee crosses each of these
triangles through the interiors of two of its edges, and the union of all such triangles
generates a subcomplex of1 whose boundary consists of two pathsL1, L2 from v to v′,
with the two paths separated by the edgee (see Fig. 3).

Therefore if we remove all triangles and edges of1 crossed bye, thenL1 ∪ e and
L2∪ e form two polygonal Jordan curves whose interiors we can triangulate by Lemma
4 using only the vertices on the curves, and nowewill be used in this new triangulation.
Repeat this step until all edges ofE are used in1.

Fig. 3
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3. Reduction to Manifold with Boundary

In this section we simultaneously reducevia a sequence of lemmas both Theorems 1 and
2 to the case whereP is anA-triangulable manifold with boundary.

The first lemma allows us to assume thatP (and hence1vis(P,A)) is connected.

Lemma 6. Let P be anA-triangulable set inRd, with connected components{Pi }ci=1.
Then:

(1) Each Pi is (A ∩ Pi )-triangulable.
(2) 1vis(P,A) has connected components{1vis(Pi ,A ∩ Pi )}ci=1.
(3) Baues(P,A) is isomorphic as a poset to the Cartesian product

c∏
i=1

Baues(Pi ,A ∩ Pi ).

Proof. Let1 be anA-triangulation ofP. Since the connected components of1 are
identified with those ofP, the first assertion is obvious.

To prove the second assertion, we must show thatv, v′ ∈ A lie in the same connected
component ofP if and only if they lie in the same connected component of1vis(P,A).
But this is clear, sincev, v′ being connected inP implies that there is a path in the
1-skeleton of1 between them, which corresponds to a path in1vis(P,A), and likewise
if there is a path in1vis(P,A) between them it leads to a path inP between them.

To prove the third assertion, note that any decompositionδ of (P,A) is uniquely
defined by its restriction to each connected component ofP.

The next lemma allows us to assume that the visibility graphGvis(P,A) is bicon-
nected. Recall that for a graphG, a vertexv is anarticulation point if G − v is dis-
connected, and a graph isbiconnectedif it has no articulation points. Equivalently,G is
biconnected if any two verticesv, v′ have two vertex-disjoint paths inG between them.
Recall also that theone-point wedgeof two topological spacesX andY is defined to
be the quotient of their disjoint union in which a pointx ∈ X and y ∈ Y have been
identified. That is, the two spaces have been glued together at a single point from each.

Lemma 7. Let P be a connectedA-triangulable set inRd. Assumev ∈ A is an
articulation point of Gvis(P,A). Let {Ai }ci=1 be the sets of vertices of the different
connected components of Gvis(P,A)− v, and let

Pi =
⋃

A⊆Ai ∪{v}
conv(A)⊆P

conv(A).

Then:

(1) Each{Pi } isAi ∪ {v}-triangulable.
(2) P is homeomorphic to the one-point wedge

∨c
i=1 Pi , with wedge pointv.
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(3) 1vis(P,A) is homeomorphic to the one-point wedge

c∨
i=1

1vis(Pi ,Ai ∪ v),

with wedge pointv.
(4) Baues(P,A) is isomorphic as a poset to

∏c
i=1 Baues(Pi ,Ai ∪ v).

Proof. All four assertions follow immediately from the following observation: ifA ⊆ A
has conv(A) ⊆ P, then all the points ofA lie in the same biconnected component of
Gvis(P,A), so A ⊆ Ai ∪ v for somei .

The next lemma allows us to assume thatP has nomaximal edges, i.e., every edgee
in the triangulation ofP is contained in some higher-dimensional face.

Lemma 8. Let P be a connectedA-triangulable set inR2. AssumeA is in general
position(no three points collinear) Gvis(P,A) is biconnected, and let e be a maximal
edge in the triangulation1 of P. Then:

(1) P − e isA-triangulable.
(2) P is homotopy equivalent to the one-point wedge of the spaces P− e and a

circle S1.
(3) 1vis(P,A) is homotopy equivalent to the one-point wedge of the spaces

1vis(P − e,A) and a circleS1.
(4) Baues(P,A) is isomorphic as a poset toBaues(P − e,A).

Proof. The first assertion is obvious.
The second assertion follows from the following observation: ife is a maximal edge

in a finite simplicial complex1 and1− e is connected, then1 is homotopy equivalent
to the one-point wedge of1 − e andS1. To see this fix one endpointv of the edgee,
and let the other endpointv′ slide along a path connectingv to v′ in 1 − e. This gives
the homotopy between the two spaces. Note that in the situation of the lemma,1− e is
connected sinceGvis(P,A) is biconnected.

The third assertion will also follow from the same observation, if we can show that
the edgêe in 1vis(P,A) spanned by the endpointsv, v′ of e is maximal in1vis(P,A),
since then we would have1vis(P,A) − ê = 1vis(P − e,A) by our general position
assumption. If̂ewere not maximal, then there exists somev′′ so that conv(v, v′, v′′) ⊆ P.
Again by our general position assumption,v, v′, v′′ are not collinear, so conv(v, v′, v′′)
is a triangle insideP which contains the edgee= conv(v, v′). But this implies that some
2-simplex in1 must containe, contradicting maximality ofe in 1.

The fourth assertion follows from the following claim: every polytopal decomposition
δ = {Pi ,Ai } of P must use the edgee as one of thePi . The reason is that the union of
thePi must coverP and hence containe, bute is not contained in any triangle, and there
are no verticesv′′ collinear withv, v′ (by our general position assumption) which could
be used to subdividee or to produce a larger edge coveringe.
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The next lemma allows us to assume that every vertex used in the triangulation1 of
P has connected link.

Lemma 9. Let P be a connectedA-triangulable set inR2. AssumeA is in general
position (no three points collinear) Gvis(P,A) is biconnected, and no edge of P is
maximal. Let v be a vertex in the triangulation1 of P which has disconnected link.
Then there exists a point setA′ and anA′-triangulable space P′ such that:

(1) P is homotopy equivalent to the one-point wedge of the spaces P′ and a
circle S1.

(2) 1vis(P,A) is homotopy equivalent to the one-point wedge of the spaces
1vis(P′,A′) and a circleS1.

(3) Baues(P,A) is isomorphic as a poset toBaues(P′,A′).
(4) The quantity ∑

vertices w

β̂0(link1(w))

is smaller for(P′,A′) than for(P,A), whereβ̂0 denotes the rank of the reduced
0-homology, which is simply one less than the number of connected components.

Proof. ConstructA′ fromA andP′ from P as in Fig. 4. To be precise, pick a connected
componentC in link1(v), and double the vertexv to create a “twin” vertexv′ very near
to v at a small but generic distance in a generic direction toward the middle of an edge
of C. Note that we can create such a twin by our general position assumption onA. The
connected componentC must contain an edge, for ifC were a single vertex{w}, then the
edgevw would be maximal inP. LetA′ = A∪{v′}, and obtainP′ from P by replacing
the subcomplexv ∗ C in 1 with v′ ∗ C.

It is clear thatP′ is A′-triangulated. It will be helpful in proving the rest of the
assertions of the theorem to imagine an intermediate step in this process

P Ã P′′ Ã P′,

whereP′′ is obtained fromP′ by adding an edge fromv to v′ as shown in Fig. 4.

Fig. 4. The processPÃ P′′Ã P′.
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To prove the first assertion, note thatP, P′′ are obviously homotopy equivalent (shrink
v′ towardv along the edge between them), and sinceGvis(P′′,A′) is still biconnected,
we can apply the second assertion of the previous lemma to show thatP′ is homotopy
equivalent to the one-point wedge ofP′′ with a circle.

To prove the second assertion, by the third assertion of the previous lemma,1vis(P′′,A′)
is homotopy equivalent to the one-point wedge of1vis(P′,A′)with a circle. However, it
is not quite as obvious that1vis(P,A),1vis(P′′,A′) are homotopy equivalent. However
this is still true, since we showed in the proof of the previous lemma that the edgeê
spanned byv, v′ in1vis(P′′,A′) is maximal, because the edge fromv to v′ was maximal
in P′′. Hence we can still “shrink down”v′ towardv in1vis(P′′,A′) along the maximal
edgeê, and the result is1vis(P,A).

The third assertion is obvious.
The fourth assertion is easy, since the number of connected components of link1(w)

is unchanged for most vertices in going fromP to P′, is one smaller forv, while v′

contributes 0 to the sum forP′ since its link is connected.

Corollary 10. In proving Theorems1 and2, it suffices to consider the case where P
is a connectedA-triangulable2-manifold with boundary inR2.

Proof. By Lemmas 6–9, we may assume (using induction on various quantities) that
P is connected, has no maximal edges, and has the link of every vertex connected. We
claim that this impliesP is a manifold with boundary.

To see this, choose some pointp ∈ P, and we will show that it has a neighborhood
homeomorphic to eitherR2 or the upper half-planeR2

+. If p lies in the interior of a
2-simplex in theA-triangulation1 of P, then it has a neighborhood in this 2-simplex
homeomorphic toR2. If p lies in the interior of a 1-simplex of1, then this 1-simplex lies
either in one or two 2-simplices, sinceP has no maximal edges. But this then impliesphas
a neighborhood inside these 2-simplices homeomorphic to eitherR2

+ orR2, respectively.
Lastly, if p is a 0-simplex of1, then link1(v) is a connected one-dimensional simplicial
complex, in which every vertex has degree at most 2 (else1 would not embed inR2).
Therefore the link is either a path or a circle, sop has a neighborhood homeomorphic
to eitherR2

+ orR2, respectively, inside star1(v) = v ∗ link1(v).

In preparation for the following two sections, we establish some notation and termi-
nology about(P,A) whenP is a connected 2-manifold with boundary inR2, andA is
in general position.

SinceP is a 2-manifold with boundary embedded inR2, it follows that its boundary is a
collection{Ci }ki=1 ofA-triangulable polygonal Jordan curves (which in the computational
geometry literature are referred to simply as polygons), and there will be one such curve
C containing all the rest inside it. A vertexv in A ∩ C is calledconvexif its interior
angle is less thanπ . It is well known that every polygonal Jordan curve has at least three
convex vertices.
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4. Proof of Theorem 1

We recall here the statement of Theorem 1.

Theorem 1. LetA be a finite set of points in general position inR2. Then1vis(P,A)
is homotopy equivalent to P.

The proof of Theorem 1 is essentially a deletion-contraction argument, using induction
on the cardinality|A|. By Corollary 10, we may assumeP is a 2-manifold with boundary,
and we letv be a convex vertex of the curveC (defined at the end of the previous section)
with neighborsv′ andv′′. We define three other pairs of spaces and vertex sets

(Pdel,Adel), (Pstar,Astar), (Plink,Alink)

as follows:

Pdel =
⋃

A⊆A−v
conv(A)⊆P

conv(A),

Pstar =
⋃
v∈A⊆A

conv(A)⊆P

conv(A),

Plink =
⋃
v∈A⊆A

conv(A)⊆P

conv(A− v),

Adel = A− v,
Astar = {v′ ∈ A : conv(v, v′) ⊆ P},
Alink = Astar− v.

Figure 5 illustrates these constructions.
Theorem 1 will follow from these two lemmas.

Lemma 11.

(1) Pdel is anAdel-triangulable space.
(2) del1vis(P,A)(v)

∼= 1vis(Pdel,Adel).
(3) Pdel is homotopy equivalent to P.

Lemma 12.

(1) Plink is anAlink-triangulable space.
(2) link1vis(P,A)(v)

∼= 1vis(Plink,Alink).
(3) Plink is contractible.

To see why Theorem 1 follows from these lemmas (and for other purposes) we will
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Fig. 5

make use of the following well-known fact about simplicial complexes (see, e.g., [B2,
Lemma 10.3]):

Lemma 13. In a simplicial complex1, if the link of a face F is contractible, then the
deletiondel1(F) is a deformation retract of1.

Using Lemma 12, assertion (2), we have that link1vis(P,A)(v)
∼= 1vis(Plink,Alink), and

1vis(Plink,Alink) is homotopy equivalent to the spacePlink by induction on|A|, so it
is contractible by Lemma 12, assertion (3). Hence1vis(P,A) is homotopy equivalent
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Fig. 6. The pathE.

to del1vis(P,A)(v) by Lemma 13, and by Lemma 11, assertion 2, this is isomorphic to
1vis(Pdel,Adel). But this is homotopy equivalent toPdel by induction, and hence toP by
Lemma 11, assertion (3).

Therefore it only remains to prove Lemmas 11 and 12.

Proof of Lemma11. We first establish some terminology. Say thatx in P isvisible from
v if conv(x, v) ⊆ P. For x ∈ Pdel, say thatv has an obstructed view of xif x is visible
from v, but{x} 6= conv(v, x)∩ Pdel, and similarly definev having anunobstructed view
of x.

Let E ⊆ Pdel be the set

E = {x ∈ Pdel : v has an unobstructed view ofx}.

We claim thatE is a union of line segmentsw1w2, w2w3, . . . , wn−1wn in P which form a
pathv′ = w1, w2, . . . , wn−1, wn = v′′ fromv′ tov′′ (see Fig. 6). This claim follows from
the following alternate description of the setE: Let1 be anyA-triangulation ofP. The
pathE is the set of pointsx on the boundary of the polygon conv(A∩‖star1(v)‖)which
lie on the sides visible fromv, i.e., such that conv(v, x) ∩ conv(A ∩ ‖star1(v)‖) = x.
The truth of this alternate description should be geometrically clear from Fig. 6, and we
will not supply a proof, which would be tedious.

SinceE is a one-dimensional subspace ofP, by Lemma 5 we can find a triangulation
1 of P which restricts to a triangulation ofE. We now claim that del1(v) triangulates
Pdel. To see this note that every simplex of del1(v) lies in Pdel since it lies inP and does
not involve the vertexv. Conversely, we need to show every pointx of Pdel lies in some
simplex of del1(v). Such a pointx lies in some simplexF of 1, and ifv is not a vertex
of F , thenF is still a simplex of del1(v). If v is a vertex ofF , then conv(v, x) lies in
F , so conv(v, x) must contain a pointy in E, i.e., y is the closest point ofPdel to v on
conv(v, x). If y = x, thenx ∈ E ⊆ Pdel, and if y 6= x, then the simplexF crosses an
edge ofE, contradicting the fact that1 restricts to a triangulation ofE.

From this claim, assertion (1) of Lemma 11 is now clear, and assertion (3) follows from
Lemma 12, since link1(v) is the contractible pathv′ = w1, w2, . . . , wn−1, wn = v′′.
Assertion (2) is obvious once we know thatPdel isAdel-triangulable.
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Proof of Lemma12. Rather than showing the assertions of Lemma 12 directly, note
that if we can showPstar is anAstar-triangulable contractible space, then Lemma 12
immediately follows from Lemma 11 applied toA = AstarandP = Pstar. Contractibility
of Pstar is obvious since it is star-shaped with respect tov.

Therefore our strategy will be to produce anA-triangulation1 of P which restricts
to a triangulation ofAstar. To do this, we proceed in two steps.

Step1. In the first step, use Lemma 5 to produce anA-triangulation1 of P which
restricts to a triangulation of the one-dimensional subspaceE ⊆ P defined by

E =
⋃
x∈A

conv(v,x)⊆P

conv(v, x).

Step2. Now let1′ be anyA-triangulation ofP satisfying these two properties:

(1) Every vertexw in A which is visible fromv in P lies inside‖star1′(v)‖.
(2) The set of vertices contained in link1′(v) is minimal under inclusion among all

triangulations satisfying (1).

We know from Step 1 that we can produce a1′ satisfying (1), and hence we can find
one that also satisfies (2).

We now claim, that such a1′ has star1′(v) triangulatingAstar. To prove this, note that
every simplex in star1′(v) lies inAstar by definition. Conversely, we need to show that
every pointx of Pstar lies in some simplex of star1′(v).

By definition such a pointx lies in some set conv(A) ⊆ P wherev ∈ A and so by
Carathéodory’s Theoremx must lie in some triangle conv(v,w,w′) wherew,w′ ∈ A.
Since bothw,w′ are visible fromv, they lie inside‖star1′(v)‖. If x also lies inside
‖star1′(v)‖ we are done, so assume not and we will reach a contradiction.

It is easy to see (Fig. 7) that ifx 6∈ ‖star1′(v)‖, there must be some triple of ver-
ticesu′, u, u′′ which are consecutive (in this order) on the path link1′(v), and for which
u ∈ conv(v, u′, u′′). But we claim then that there are no points inA ∩ conv(u, u′, u′′),
since they would be visible fromv but not contained in‖star1′(v)‖. Now define the
one-dimensional subspaceD ⊆ P to be the union of the 1-skeleton of‖star1′(v)‖
and the edge conv(u′, u′′), and letI be the set of all internal vertices ofP which lie
in the interior of some triangle of‖star1′(v)‖. By Lemma 5, there is a triangulation
of 1′′ of P which restricts to a triangulation ofD, and which uses only internal ver-
tices of P in I. The latter condition forces that link1′′(v) = link1′(v), so that1′′ also
satisfies conditions (1), (2) above. It is also true that1′′ contains the three triangles
conv(v, u, u′), conv(v, u, u′′), conv(u, u′, u′′), which we can replace by the single trian-
gle conv(v, u′, u′′), eliminatingu as a vertex in link1′′(v), and contradicting condition
(2) for1′′.

This completes the proof of Theorem 1. Before closing this section, we mention a
stronger statement which we were not able to prove. Note that for anyA-triangulable
spaceP in Rd, there is a natural surjection

ϕ: ‖1vis(P,A)‖ → P.
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Fig. 7. Step 2 of Proof of Lemma 12.

The mapϕ is defined by extending piecewise linearly over each simplex in1vis(P,A)
the map that sends an abstract vertexv ∈ A to the pointv ∈ Rd which it represents.

Conjecture 14. For A in general position inR2, the mapϕ induces the homotopy
equivalence between1vis(P,A) and P.

In the case thatP = conv(A), Billera and Sturmfels [BS] show that Baues(P,A)
is a combinatorial model for the “average” fiber ofϕ. In our more general situation,
whereP is an arbitraryA-triangulable space, we might think of Baues(P,A) as still
being the combinatorial model of the “average” fiber ofϕ. In this spirit the question of
whetherϕ induces a homotopy equivalence (Conjecture 14) and whether Baues(P,A)
is contractible (Theorem 2) seem intimately related.

5. Proof of Theorem 2

In this section we prove Theorems 2 and 3, again using a variant of the deletion-
contraction method along with a topological analysis. We should mention that the relation
between deletion and contraction andregular triangulations ofA (whenP = conv(A))
was studied by Billeraet al. [BGS] in the context of secondary polytopes. Our argu-
ments bear a strong resemblance to the proof of Theorem 1.2 in [SZ], and to the proof
of Theorem 1.2 in [BKS].

We recall here the statement of Theorem 2.

Theorem 2. LetA be a finite set of points in general position inR2. ThenBaues(P,A)
is contractible.
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The proof of Theorem 2 uses two order-preserving maps which we will show induce
homotopy equivalences

Baues(P,A) f→ Bauesvis(P,A)
g→ 1vis(P̂, Â),

where Bauesvis(P,A),1vis(P̂, Â) are posets which will be defined later. For both of
these order-preserving maps, the fact that they induce homotopy equivalences is proven
by what we call thenerve-flagparadigm and which we describe now.

Nerve-Flag Paradigm

Step1. Define an order-preservingsurjectivemaph: X→ Y between the finite posets
X,Y.

Step2. Consider the coveringC = {Cy} of X by the subposetsCy := 〈h−1(y)〉, where
for any subsetX′ ⊆ X the notation〈X′〉means the order ideal inX generated byX′. Show
that for any subsetY′ ⊆ Y, the intersection

⋂
y∈Y′ Cy is either empty or contractible.

Step3. LetN (C) be thenerveof the coverC (see [B2, p. 1849]), i.e.,N (C) is the
simplicial complex with vertex setY and a simplexY′ whenever

⋂
y∈Y′ Cy is nonempty.

Show thatN (C) is actually theclique (flag) complexclique(G) for a graphG on the
vertex setY, i.e.,Y′ ⊆ Y forms a simplex inN (C) if and only if every pair of elements
in Y′ forms an edge inG.

Step4. LetG′ be thecomparability graphof the posetY, i.e.,G′ has vertex setY, and
an edge between any two elements ofy which are comparable in the partial order onY.
Show thatG′ is an edge-subgraph ofG.

Step5. Show that we can order the edgese1, . . . ,es in G−G′ so that fori = 1, 2, . . . , s
there exists a vertexvi in G with the following properties:

(1) vi is not a vertex on the edgeej for j < i .
(2) vi lies below both endpoints of the edgeei in the partial orderY, and therefore

forms an edge inG′ with both of these endpoints.
(3) If some other vertexw 6= vi forms an edge inG with both endpoints of edgeei ,

thenvi forms an edge withw in G.

Lemma 15. If h: X → Y is a map of finite posets conforming to the nerve-flag
paradigm, then X is homotopy equivalent to Y.

Proof. By Step 2 and the usual Nerve Lemma [B2, Theorem 10.6],X is homotopy
equivalent toN (C). By Steps 3 and 4, it suffices to show that ifG′ is an edge-subgraph of
G satisfying the conditions of Step 5, then their clique complexes clique(G′), clique(G)
are homotopy equivalent, since clique(G′) is the same as the order complex1(Y).

To see this, consider the sequence of graphsG0,G1, . . . ,Gs whereG0 = G,Gi =
G− {e1, . . . ,ei },Gs = G′. The conditions of Step 5 imply that fori = 1, 2, . . . , s− 1,
the vertexvi of clique(Gi ) is a cone vertex for the subcomplex linkclique(Gi )(ei ) (where
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vi , ei are both considered here as faces ofGi ). Hence by Lemma 13 we conclude that
clique(Gi ) is homotopy equivalent to delclique(Gi )(ei ), which is clearly isomorphic to
clique(Gi+1). The lemma then follows by induction.

Remark. We should note that something stronger is true, namely that ifh: X→ Y is
a map of finite posets conforming to the nerve-flag paradigm, thenh actually induces
the homotopy equivalence between them, i.e.,h has a homotopy inverse. To see this,
we use the Quillen Fiber Lemma [B2, Theorem 10.5] which says thath induces a
homotopy equivalence whenever thefibers h−1(Y≤y) are contractible for ally ∈ Y.
When h: X → Y conforms to the nerve-flag paradigm, it is easy to check that its
restrictions

h|h−1(Y≤y): h−1(Y≤y)→ Y≤y

also conform to the nerve-flag paradigm, and hence the fibersh−1(Y≤y) are homotopy
equivalent to their imagesY≤y. But Y≤y is always contractible since it has a top element
y, hence the fibers are contractible and Quillen’s Lemma applies.

As shown in Section 3 it suffices to prove Theorem 2 whenP is a 2-manifold with
boundary, and we may use induction on|A|. We let v, v′, v′′, and C have the same
meaning as in the beginning of Section 4. Our immediate goal is to define the first of the
two maps which conform to the nerve-flag paradigm.

Let v′, v′′ be points chosen close enough tov on the rays
−→
vv′,
−→
vv′′, respectively, so

that the triangle conv(v, v′, v′′) lies in P and contains no other points ofA. Define the
vertex figureP of P at v to be the line segment conv(v′, v′′). WhenP = conv(A) this
notion of vertex figure coincides with the classical notion of the vertex figure ofv on
the boundary of the polygonP (see [G, p. 49]). Also define thecontractionA to be the
collection of points{w} on the line segmentP obtained by taking each pointw ∈ A
visible fromv, and intersecting the line segment conv(v,w) with P. Note that because
of our general position assumption onA, all the points{w}w∈A are distinct. ClearlyP is
anA-triangulable space. Therefore we have the notion of its Baues poset Baues(P,A).

Define a map

f : Baues(P,A)→ Baues(P,A)
as follows: givenδ = {(Pi ,Ai )} ∈ Baues(P,A), let f (δ) = {(Pi ,Ai ) : v ∈ Pi }, where
Ai = {w : w ∈ Ai } andPi is the line segment conv(Ai ). Figure 8 shows an example of
the mapf . In this example we have

δ = {(P1, {v, v′, w2}), (P2, {v,w2, w3, w4}),
(P3, {v,w4, w5}), (P4, {v,w5, w6, v

′′}), (P5, {v′, w1, w2})},
f (δ) = {(P1, {v′, w2}), (P2, {w2, w3, w4}),

(P3, {w4, w5}), (P4, {w5, w6, v
′′})}.

Note that verticesw3 andw6 appear inA2 andA4, respectively, even though they are
not endpoints of any of thePi ’s.

We wish to verify thatf conforms to the nerve-flag paradigm, and identify its image.
It is trivial to check this map is order-preserving, so Step 1 is satisfied.
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Fig. 8. An example of the mapf .

Let Bauesvis(P,A)be the subposet of Baues(P,A) consisting of thoseδ = {(Pi ,Ai )}
in which each line segmentPi occurring satisfies

conv(Ai ∪ v) ⊆ P,

whereAi is the set{w}
w∈Ai

. It is easy to see that this subposet is an order ideal in

Baues(P,A), and it follows immediately from the definition of the mapf that its image
lies in Bauesvis(P,A). It is not quite as obvious that this isexactlythe image off .

Lemma 16. The image of f: Baues(P,A)→ Baues(P,A) is Bauesvis(P,A).

Proof. We must show that for any

δ′ = {(Pi ,Ai )}ki=1 ∈ Bauesvis(P,A),

there is someδ ∈ Baues(P,A) with f (δ) = δ′. For eachi = 1, 2, . . . , k, let Ai be
the set{w}

w∈Ai
and Pi = conv(Ai ). This yields a set{(Pi ,Ai )}ki=1, and we wish to

extend this set by more polygons{(Pi ,Ai )}li=k+1 to obtain a polytopal decomposition
δ = {(Pi ,Ai )}li=1 of P. If this can be done, then clearlyf (δ) = δ′.

To do this, we need only show thatP has anA-triangulation1 in which star1(v)
is a triangulation of

⋃k
i=1 Pi , since then the maximal simplices in del1(v) will give us

the remaining{(Pi ,Ai )}li=k+1 that are needed to make upδ. Applying Lemma 5 in the
situation whereE is the union of the boundary edges of the polygonsPi , i = 1, . . . , k,
andI is the set of all interior vertices ofP provides such a triangulation1.
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Having identified the image off , we now proceed to verify thatf satisfies Steps 2 to
5 of the nerve-flag paradigm. Consider the coveringC of Baues(P,A) by the subposets
Cy := 〈 f −1(y)〉, for y ∈ Bauesvis(P,A). Note thatCy can be described geometrically
as the set of all polytopal subdivisions ofP inducing y on the vertex figure together
with all decompositions below them in the Baues(P,A). We establish some notation
which will prove useful. An elementy ∈ Bauesvis(P,A) is a polytopal decomposition
{(Pi ,Ai )}ki=1, which gives rise to a set{(Pi ,Ai )}ki=1 of polygonsPi and vertex setsAi

in P as in the proof of Lemma 16. Associate toy:

• the one-dimensional complexEy which is the union of all boundary edges of the
Pi , i = 1, . . . , k;
• the set of verticesIy which is the union of all internal vertices ofA which lie in

someAi , i = 1, . . . , k; and
• the set of verticesSy consisting of all internal vertices ofA that share an edge with
v in the boundary of somePi , i = 1, . . . , k.

Lemma 17. The following are equivalent for a subset Y⊆ Bauesvis(P,A):
(1) ⋂

y∈Y

Cy 6= ∅.

(2) For all y, y′ ∈ Y, we have that

Cy ∩ Cy′ 6= ∅.
(3) For all y, y′ ∈ Y, we have that

Sy ∪ Sy′ ⊆ Iy ∩ Iy′

and Ey ∪ Ey′ contains no pair of edges with intersecting interiors.
(4) ⋃

y∈Y

Sy ⊆
⋂
y∈Y

Iy

and
⋃

y∈Y Ey contains no pair of edges with intersecting interiors.

Proof. The implications (1)⇒ (2) and (3)⇒ (4) are trivial.
For the rest, we observe that by definition ofCy, a polytopal decomposition ofP is

in Cy if and only if it restricts to a polytopal decomposition ofEy and uses only internal
vertices fromIy.

To deduce the implication (2)⇒ (3), assume there is some polytopal decomposition
in Cy ∩Cy′ , which would have to restrict to a polytopal decomposition ofEy ∪ Ey′ and
use only internal vertices inIy ∩ Iy′ . But this impliesEy ∪ Ey′ cannot have any pair of
edges with intersecting interiors, and thatSy, Sy′ must both lie inIy ∩ Iy′ since they are
internal vertices which lie on endpoints of edges inEy ∪ Ey′ .

To deduce the implication (4)⇒ (1), apply Lemma 5 withE = ⋃y∈Y Ey and I =⋂
y∈Y Iy to obtain a triangulation in∩y∈YCy.
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Lemma 18. For any subset Y⊆ Bauesvis(P,A) the intersection
⋂

y∈Y Cy is either
empty or else a finite Cartesian product of posets∏

α

Baues(Pα,Aα)

withAα ( A for eachα.

Proof. Assume thatY ⊆ Bauesvis(P,A)has
⋂

y∈Y Cy nonempty, and letE =⋃y∈Y Ey.
Let {Pα} be the topological closures of the connected components ofP − E, and let
Aα = Pα ∩ I. By the proof of the previous lemma, any polytopal decomposition in⋂

y∈Y Cy restricts to a decomposition of eachPα, and is completely determined by these
restrictions. Refine any such polytopal decomposition to a triangulation1. Then for each
α, Pα is anAα-triangulable space since1 restricts to anAα-triangulation ofPα. This
gives a poset isomorphism⋂

y∈Y

Cy →
∏
α

Baues(Pα,Aα).

Note that since Theorem 2 is true by induction on|A| for each Baues(Pα,Aα), and a
Cartesian product of contractible posets is contractible, Lemmas 17 and 18 verify thatf
satisfies Steps 2 and 3 of the nerve-flag paradigm. Lemma 17 also allows us to describe
the graphG for which the nerveN (C) is clique(G): two elementsy, y′ ∈ Bauesvis(P,A)
share an edge inG if and only if Ey ∪ Ey′ contains no pair of edges with intersecting
interiors, andSy ∪ Sy′ ⊆ Iy ∩ I ′y.

To verify Step 4, giveny < y′ in Bauesvis(P,A), note thatSy′ ⊆ Sy andIy ⊆ Iy′ so
that

Sy ∪ Sy′ = Sy ⊆ Iy = Iy ∩ Iy′ ,

and it is easy to check thatEy∪ Ey′ can have no pair of edges with intersecting interiors.
Therefore every edge of the comparability graphG′ of Bauesvis(P,A) is also an edge
in G.

To verify Step 5, we will make use of the well-known fact (see [BKS, Example 3.1])
that the poset Baues(P,A) is actually alattice, in fact the lattice of faces of an (|A|−2)-
cube. As a consequence, the order ideal Bauesvis(P,A) is a meet-semilattice, i.e., there
is a greatest lower boundy ∧ y′ for any y, y′. Now giveny, y′ forming an edgeei of
G−G′, letvi be the vertex corresponding to the poset elementy∧ y′, which clearly lies
below bothy, y′ in Bauesvis(P,A). We can check that

Sy∧y′ = Sy ∪ Sy′ ,

Iy∧y′ = Iy ∩ Iy′ ,

Ey∧y′ ⊆ Ey ∪ Ey′ .

Given any other elementw ∈ Bauesvis(P,A) that forms an edge ofG with both y, y′,
we conclude that

Sw ∪ Sy ∪ Sy′ ⊆ Iw ∩ Iy ∩ Iy′
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and hence

Sw ∪ Sy∧y′ ⊆ Iw ∩ Iy∧y′ .

Furthermore,Ey∧y′ ∪ Ew can contain no pair of edges with intersecting interiors since
Ey ∪ Ey′ ∪ Ew does not. Hencevi = y ∧ y′ forms an edge ofG with w, as desired.
Lastly, it is possible to order the edgese1, . . . ,es in G−G′ so thatvi is not an endpoint
of ej for j < i as follows: Ifei has endpoints{yi , y′i } then choose the indexing so that

y1 ∧ y′1, y2 ∧ y′2, . . .

is a linear extension of the partial order dual to Bauesvis(P,A), i.e., yi ∧ y′i > yj ∧ y′j
impliesi < j . This implies that ifvi is an endpoint ofej = {yj , y′j }, thenyi ∧ y′i = vi >

yj ∧ y′j , soi < j .
This completes the verification thatf conforms to the nerve-flag paradigm, and hence

f induces a homotopy equivalence Baues(P,A)→ Bauesvis(P,A) by Lemma 15.
Our next goal is to define the second map to which we will apply the nerve-flag

paradigm. Define a map

g: Bauesvis(P,A)→ 2A

as follows: if δ = {(Pi ,Ai )}ki=1 ∈ Bauesvis(P,A) then there is a unique line segment
P1 containing the vertexv′ ∈ P, and we set

g(δ) = {w ∈ A : w ∈ A1, w 6= v′}.
It is easy to check this map is order-preserving, if we order 2A by inclusion of sets.
Figure 9 shows an example of this map.

Let (P̃, Ã) denote the pair obtained from(P,A) by doing the(Plink,Alink) construc-
tion with respect tov. Then, let(P̂, Â) denote the pair obtained from(P̃, Ã) by doing
the(P̃link, Ãlink) construction with respect tov′ (since we can easily check thatv′ must
be a convex vertex of the boundary curve ofP̃.) Notice that the setsA which are in the
image ofg must have the property that conv(A∪ {v, v′}) ⊆ P. Therefore the image of

Fig. 9. An example of the mapg.
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the mapg lies in the visibility complex1vis(P̂, Â) (thought of as its poset of faces). In
fact, this characterizes the image:

Lemma 19. The image of g is1vis(P̂, Â).

Proof. By the previous remarks, we need to show that any setA ⊆ A − {v, v′} for
which conv(A∪{v, v′}) ⊆ P is in the image ofg. Tracing this back through the definition
of g, we need to show there is aδ′ ∈ Baues(P,A) having conv(A) as one of its line
segments, which is equivalent by Lemma 16 to showing there is aδ ∈ Baues(P,A)
having conv(A∪ {v, v′}) as one of its polygons. If we letE be the boundary complex of
conv(A∪ {v, v′}) andI the set of all internal vertices ofA, then Lemma 5 produces an
A-triangulation1 of P which restricts to a triangulation of conv(A∪{v, v′}). “Erasing”
all the vertices and edges of1 which intersect the interior of conv(A∪ {v, v′}) gives a
polytopal decompositionδ that does what we want.

SinceP̂ comes from applying theP Ã Plink construction, it is contractible by Lemma
11, and hence1vis(P̂, Â) is contractible by Theorem 1. Therefore the contractibility of
Bauesvis(P,A) will follow if we can show thatg satisfies Steps 2 to 5 of the nerve-flag
paradigm. As before, we make use of induction on the cardinality|A|, i.e., assume that
Bauesvis(P′,A′) is contractible for allA′-triangulated spacesP′ which have a vertexv
where the vertex-figureP′ makes sense and|A′| < |A|.

Consider the coveringC of Bauesvis(P,A) by the subposetsCA := 〈g−1(A)〉, for A
a face of1vis(P̂, Â). Linearly orderÂ by sayingw < w′ if w lies betweenv′ andw′ on
the line segmentP. For any subsetA ⊆ Â, let max(A) denote the maximum element of
A in this linear order.

Lemma 20. The following are equivalent for a collection Y of faces of1vis(P̂, Â).
(1) ⋂

A∈Y

CA 6= ∅.

(2) For all A, A′ ∈ Y, we have that

CA ∩ CA′ 6= ∅.

(3) For all A, A′ ∈ Y, we have that eithermax(A) ∈ A′ or max(A′) ∈ A.
(4) It is possible to linearly order the sets Ai in Y so that for all i< j , we have

max(Ai ) ∈ Aj .

Proof. The implications (1)⇒ (2) and (3)⇒ (4) are trivial.
For the rest, we observe that by definition ofCA, a polytopal decompositionδ =

{(Pi ,Ai ) in Bauesvis(P,A) will lie in CA if and only if max(A) occurs as the endpoint
of one of the line segmentsPi , and all the other vertices in

⋃
i Ai lying betweenv′ and

max(A) must be elements ofA.
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To deduce the implication (2)⇒ (3), assume there is some polytopal decomposition
in CA∩CA′ , and assume without loss of generality that max(A) ≤ max(A′) in the linear
order. But then the previous description ofCA implies max(A) ∈ A′.

To deduce the implication (4)⇒ (1), letδ be the triangulation ofP which uses exactly
the internal vertices{max(A)}A∈Y. This triangulation is an element of

⋂
A∈Y CA.

Lemma 21. For any collection Y of faces of1vis(P̂, Â) the intersection
⋂

A∈Y Cy is
either empty or else a finite Cartesian product of posets∏

α

Bauesvis(Pα,Aα),

where for eachα, Pα is anAα-triangulated space for which the vertex-figurePα makes
sense, andAα ( A.

Proof. Assume that
⋂

A∈Y CA is nonempty, and letE be the set of vertices{max(A)}A∈Y.
Let {Pα} be the line segments which are the topological closures of the connected com-
ponents ofP − E. For eachα let Aα be the intersection of the elements ofA as A
ranges over those sets inY for which Pα lies betweenmax(A) andv′. By the proof of the
previous lemma, any polytopal decomposition in

⋂
A∈Y CA restricts to a decomposition

of eachPα, and is completely determined by these restrictions. Furthermore, we can
check that for eachα, Pα is the vertex-figure of anAα-triangulable spacePα. This gives
a poset isomorphism ⋂

A∈Y

CA→
∏
α

Bauesvis(Pα,Aα).

Note that since each Bauesvis(Pα,Aα) is contractible by induction on|A|, Lemmas
20 and 21 verify thatg satisfies Steps 2 and 3 of the nerve-flag paradigm. Lemma 20
also allows us to describe the graphG for which the nerveN (C) is clique(G): two
elementsA, A′ in the poset of faces of1vis(P̂, Â) share an edge inG if and only if
either max(A) ∈ A′ or max(A′) ∈ A.

To verify Step 4, givenA < A′ in the poset of faces of1vis(P̂, Â), we certainly have
max(A) ∈ A′ since A ⊆ A′. Therefore every edge of the comparability graphG′ of
Bauesvis(P,A) is also an edge inG.

To verify Step 5, givenA, A′ forming an edgeei of G − G′, let vi be the vertex
corresponding to the faceA ∩ A′, so clearlyvi lies below bothA, A′ in the poset of
faces of1vis(P̂, Â). Given any other faceB of1vis(P̂, Â) that forms an edge ofG with
both A, A′, we must check thatB forms an edge ofG with A∩ A′. To do this, we may
assume without loss of generality that max(A) ∈ A′, and check two cases depending
upon whether max(B) < max(A) or max(B) ≥ max(A). In the former case, we must
have max(B) ∈ A, A′ and hence max(B) ∈ A ∩ A′, so we are done. In the latter case,
max(A) ∈ A′, B and hence max(A∩ A′) = max(A) ∈ B, so we are again done.

Lastly, it is possible to order the edgese1, . . . ,es in G−G′ so thatvi is not an endpoint
of ej for j < i as follows: Ifei has endpoints{Ai , A′i }, then choose the indexing so that

|A1 ∩ A′1| ≥ |A2 ∩ A′2| ≥ · · · .
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This implies that ifvi is an endpoint ofej = {Aj , A′j }, thenAi ∩ A′i = vi ∈ {Aj , A′j }, so
|Ai ∩ A′i | > |Aj ∩ A′j | which impliesi < j .

This completes the verification thatg conforms to the nerve-flag paradigm, and hence
induces a homotopy equivalence Bauesvis(P,A) → 1vis(P̂, Â) by Lemma 15. Since
1vis(P̂, Â) is contractible, the proof of Theorem 2 is now complete.

From the proof of Theorem 2 we now deduce Theorem 3.

Theorem 3. AssumeA is in general position inR2. If P = conv(A), thenBaues(P,A)
has a unique top element1̂, andBaues(P,A)− 1̂ is homotopy equivalent to a sphere of
dimension|A| − 4.

Proof. WhenP is convex, i.e.,P = conv(A), the mapf : Baues(P,A)→ Baues(P,A)
is a surjection since Baues(P,A) = Bauesvis(P,A). Furthermore, the top element1̂ in
Baues(P,A) is the polytopal decomposition{(P,A)}, having a single polygon, and this

is the unique pre-image of the top element1̂ of Baues(P,A) consisting of the single

pair{(P,A)}. Therefore Baues(P,A)− 1̂ surjects onto Baues(P,A)− 1̂. Furthermore,
this restricted map also conforms to the nerve-flag paradigm sincef did, and hence

induces a homotopy equivalence. But Baues(P,A)− 1̂ is the face poset of the boundary
of an(|A| − 2)-cube, and hence triangulates a(|A| − 3)-sphere. Since|A| = |A| − 1,
Theorem 3 follows.
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