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Abstract. LetF be a family of pairwise disjoint compact convex sets in the plane such
that none of them is contained in the convex hull of two others, and letr be a positive integer.
We show thatF hasr disjoint bcr nc-membered subfamiliesFi (1 ≤ i ≤ r ) such that no
matter how we pick one elementFi from eachFi , they are in convex position, i.e., every
Fi appears on the boundary of the convex hull of

⋃r
i=1 Fi . (Herecr is a positive constant

depending only onr .) This generalizes and sharpens some results of Erd˝os and Szekeres,
Bisztriczky and Fejes T´oth, Bárány and Valtr, and others.

1. Introduction

In their classical paper written in 1935, Erd˝os and Szekeres [ES1], [E] proved that for
everyr ≥ 3, there exists an integerf (r ) such that any set of at leastf (r ) points in
the plane hasr elements in convex position. This result has inspired a lot of research
in combinatorial geometry and in Ramsey theory (see, e.g., [BDV], [GRS], [H], [PA],
[TV], and [V]).

It follows that ifn is much larger thanf (r ), then everyn-element point setP contains
manyr -tuples in convex position. For instance, Solymosi [S] showed that for a suitable
constantcr > 0, we can select a sequence ofcr n distinct elements fromP, whose any
r consecutive members are in convex position. In the caser = 4, Nielsen [N] and, in
general, B´arány and Valtr [BV] proved the following stronger result:

∗ The first author was supported by NSF Grant CCR-94-24398, PSC-CUNY Research Award 667339,
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Theorem A. For any fixed r≥ 4, there is a constant cr > 2−26r
satisfying the following

condition:
Every n-element point set P in general position in the plane has r pairwise disjoint

subsets Pi (1 ≤ i ≤ r ) such that|Pi | ≥ bcr nc and no matter how we pick one point
from each Pi , they are in convex position.

This result provides acanonicalway to find many convexr -gons in a sufficiently
large point set in the plane.

Bisztriczky and Fejes T´oth [BF] found the following generalization of the Erd˝os–
Szekeres theorem to families of pairwise disjoint compact convex sets in the plane. We
say that such a familyF is in general positionif none of its members is contained in the
convex hull of the union of two others.F is said to be inconvex positionif none of its
members is contained in the convex hull of the union of the others.

Theorem B. For every r ≥ 3, there exists an integer g(r ) such that any family of at
least g(r ) pairwise disjoint compact convex sets in general position in the plane has r
members in convex position.

In Section 3 of this paper, we apply a straightforward counting argument suggested
in [S] to establish the following common generalization of Theorems A and B:

Theorem 1. For every r ≥ 4, there is a positive constant cr = 2−O(r 2) with the
following property:

Every familyF of n pairwise disjoint compact convex sets in general position in the
plane has r disjointbcr nc-membered subfamiliesFi (1 ≤ i ≤ r ) such that no matter
how we pick one set from eachFi , they are always in convex position.

It is worth mentioning that in the special case when all members ofF are single points,
our proof shows that the statement of Theorem A is true with a much better constantcr

than the one given in [BV].
The proofs of the next three theorems follow the same scheme.
A polygonal path p1 p2 . . . pr in the plane or in space, is calledε-straight if

∠pi−1 pi pi+1 > π − ε, 1 < i < r (see [ES2] and [P]). Thelengthof a polygonal
path is the number of itsvertices.

Theorem 2. For every d≥ 2, r ≥ 3, and ε > 0, there exists a positive constant
c = cd

r,ε with the following property:
Every n-element point set P in general position in Euclidean d-space has r pairwise

disjoint subsets Pi (1 ≤ i ≤ r ) with at leastbcnc elements such that no matter how we
pick a point from each Pi , they always form anε-straight polygonal path.

Theorem 3. For every r, s ≥ 2, there exists a positive constant c= cr,s = (rs)−O(r )

with the following property:
LetF be a family of n compact convex sets in the plane, no s of which are pairwise

intersecting. ThenF has r disjointbcnc-membered subfamiliesFi (1 ≤ i ≤ r ) such
that no two sets belonging to distinct subfamilies have a point in common.
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Let G be a graph with vertex setV(G) and edge setE(G). For any positive integer
r , let G(r ) denote the graph obtained fromG by replacing each vertexv ∈ V(G)
by r vertices,vi (1 ≤ i ≤ r ), and connectingvi anduj by an edge if and only if
vu ∈ E(G) (1≤ i, j ≤ r ).

Theorem 4. For every c> 0, r ≥ 1, there exists a constant cr > 0 with the following
property:

Let T be any tree of at most cr n vertices. Then every graph G with n vertices and at
least cn2 edges has a subgraph isomorphic to T(r ).

The lettersc, cr , cr,ε, etc., appearing in different theorems denote unrelated positive
constants depending onr, ε, etc.

2. Proofs of Theorems 2 and 3

To establish Theorem 2, we need the following straightforward generalization of a result
from [ES2]:

Lemma 2.1. There exists a constant c> 0 such that any set of at least k(c/ε)
d−1

points
in Euclidean d-space has k elements that form anε-straight polygonal path of length k.

Proof of Theorem2. Letε, d, andr be fixed, and setk = 2r −1. By Lemma 2.1, there
exists an integerK = K (ε,d, r ) such that any set ofK points ind-space containsk
elements that form the vertex set of anε/3-straight polygonal path5. Notice that if we
skip every other vertex of5, then we obtain a polygonal path5′ with r vertices, which
is ε-straight. The sequence formed by ther −1 vertices we skipped is called thesupport
of 5.

Consider now any setP of n points in the plane. Clearly,P contains at least(
n

K

)/(
n− k

K − k

)
=
(

n

k

)/(
K

k

)
differentε/3-straight polygonal paths of lengthk, and at least(

n

k

)/(
K

k

)
n!/(n− r + 1)!

>
nr

K 2r−1

of them must share the same supportS.
Let Pi denote the set of all elements ofP that occur as the(2i − 1)st vertex in some

ε/3-straight polygonal path of lengthk, whose support isS(1≤ i ≤ r ). These sets meet
the requirements of the theorem. In particular, for everyi , we have

|Pi | > nr

K 2r−1

/∏
j 6=i

|Pj | > n

K 2r−1
.
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The proof of Theorem 3 uses the same idea. We need a little preparation.
Let F be a family ofn compact convex sets in the plane. Assume without loss of

generality that no two members ofF have a common vertical tangent line. ForC ∈ F ,
let π(C) denote the projection ofC onto thex-axis. Following [LMPT], we define four
partial orders,≺1,≺2,≺3, and≺4, onF . For any two disjoint setsA, B ∈ F :

1. A ≺1 B if π(A) ⊆ π(B) and A lies below B (“below” means in they-axis
direction).

2. A ≺2 B if π(A) ⊆ π(B) andA lies aboveB.
3. A ≺3 B if the left endpoint ofπ(B) is to the right of the left endpoint ofπ(A),

the right endpoint ofπ(B) is to the right of the right endpoint ofπ(A), and in the
part whereπ(A) andπ(B) overlap (if any),A lies aboveB.

4. A ≺4 B if the left endpoint ofπ(B) is to the right of the left endpoint ofπ(A),
the right endpoint ofπ(B) is to the right of the right endpoint ofπ(A), and in the
part whereπ(A) andπ(B) overlap (if any),A lies belowB.

Lemma 2.2[LMPT]. Any family of more than(k− 1)4(s− 1) compact convex sets in
the plane, no s of which have pairwise nonempty intersections, contains k members that
form a chain with respect to one of the relations≺1,≺2,≺3,≺4.

Proof of Theorem3. SettingK = (k− 1)4(s− 1)+ 1 andk = 2r − 1, we obtain, just
as in the previous proof, that there exists 1≤ j ≤ 4 such thatF has at least14

(n
k

)/(K
k

)
chainsC of lengthk with respect to≺j . If we skip every other element ofC, we obtain a
chainC ′ of lengthr . The chainC\C ′ is called thesupportof C. It follows that at least

1

4

(
n

k

)/(
K

k

)
(

n

r − 1

) >
nr

K 2r−1

chainsC share the same supportS.
For everyi (1 ≤ i ≤ r ), letFi denote the set of all members ofF that occur as the

(2i − 1)st smallest element of a chain in(F ,≺j ) with lengthk and supportS. It is clear
that no two sets belonging to distinctFi ’s have a point in common. The same estimation
as at the end of the proof of Theorem 2 gives that|Fi | ≥ n/K 2r−1 for everyi .

It is possible that the following far-reaching generalization of Theorem 3 is also true.
For everys ≥ 2, there exists a constantc = cs > 0 with the property that any family ofn
compact connected sets in the plane, nosof which have pairwise nonempty intersections,
has at leastcn pairwise disjoint members. We have been unable to decide whether this
statement holds for families of straight-line segments.

3. Proof of Theorem 1

We follow the same approach as in the previous section. The proof is based on a stronger
version of Theorem B.
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Lemma 3.1[PT]. For every k≥ 3,any family of24k pairwise disjoint compact convex
sets in general position in the plane has k members in convex position.

Let F be a family ofn pairwise disjoint compact convex sets in general position in
the plane. Assume without loss of generality that no three members ofF have a common
tangent line and no two have a common vertical tangent.

Applying first Lemma 2.2 and then Lemma 3.1, we obtain that for everyk, any 216k-
membered subfamily ofF containsk sets in convex position that form a chain with
respect to one of the relations≺j (1≤ j ≤ 4).

Setk = 4r−2, K = 216k. Just as in the proof of Theorem 3, it follows that there exists
1 ≤ j ≤ 4 such thatF has at least14

(n
k

)/(K
k

)
chainsB = (B1 ≺j B2 ≺j · · · ≺j Bk),

whose members are in convex position. We distinguish two substantially different cases
according to the value ofj .

Case1: j = 1.
Let B be any chain of lengthk = 4r − 2 with respect to≺1, whose members are in
convex position. ThenB has a subchainC = (C1,C2, . . . ,C2r−1) with the following
property. EachCi contributes to the boundary of the convex hull conv

⋃2r−1
i=1 Ci at least

one point to the left ofC1, or eachCi contributes to bd conv
⋃2r−1

i=1 Ci at least one point
to the right ofC1. In the former case we callC a left-convexchain and in the latter case
a right-convexchain. Thus, there are at least

1

4

(
n

k

)/(
K

k

)
2

(
n− 2r + 1

2r − 1

)
different chainsC = (C1 ≺1 C2 ≺1 · · · ≺1 C2r−1) of the same type, say, left-convex.
Define thesupportof C as the subchainC∗ ⊆ C formed by the even-numbered elements,
i.e., let

C∗ = (C2,C4,C6, . . . ,C2r−2).

Clearly, there are at least

1

4

(
n

k

)/(
K

k

)
2

(
n− 2r + 1

2r − 1

)(
n

r − 1

) >
nr

K 4r−2

different left-convex chainsC = (C1,C2, . . . ,C2r−1) which have the same support.
These chains are calledstandard. Let

(C̄2, C̄4, C̄6, . . . , C̄2r−2)

denote the common support of the standard chains. We will refer to this sequence as the
standard support.
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Fig. 1

For anyt (1≤ t ≤ r ), letFt denote the family of all members ofF that occur as the
(2t − 1)st elementC2t−1 ∈ C for some standard chainC. We have

|Ft | > nr

K 4r−2

/∏
s6=t

|Fs| > n

K 4r−2
.

It remains to show that for every choiceDt ∈ Ft (1≤ t ≤ r ), the setsD1, D2, . . . , Dr

are in convex position (see Fig. 1). To see this, consider the left-hand side∂ of the
boundary of the union of all members of the standard support.∂ consists of nonempty
portions of the boundaries of the setsC̄2t (1 ≤ t < r ), separated by straight-line
segments. For any 1< t < r , let l t denote the common tangent line of the setsC̄2t−2 and
C̄2t with the property that every other member of the standard support is on its right-hand
side. To finish the proof in Case 1, it is sufficient to notice that everyDt ∈ Ft has at least
one point to the left ofl t , while all members of

⋃
s6=t Fs lie on the right-hand side ofl t .

Therefore,D1, D2, . . . , Dr are in convex position.

Case2: j = 3.
LetB be any chain of lengthk = 4r−2 with respect to≺3, whose members are in convex
position. ThenB has a subchainC = (C1,C2, . . . ,C2r−1) with the following property.
EachCi contributes at least one point to the upper portion of bd conv

⋃2r−1
i=1 Ci , or each

Ci contributes at least one point to the lower portion of bd conv
⋃2r−1

i=1 Ci . In the former
case,C is called aupper-convexchain, and in the latter one, alower-convexchain. Thus,



Canonical Theorems for Convex Sets 433

there are at least

1

4

(
n

k

)/(
K

k

)
2

(
n− 2r + 1

2r − 1

)
different chainsC = (C1 ≺3 C2 ≺3 · · · ≺3 C2r−1) of the same type, say, upper-convex.
The rest of the argument is exactly the same as in Case 1, with the only difference that in
place of the left-hand side∂ of the boundary of the union of all members of the standard
support, we have to consider itsupper side.

The casesj = 2 and j = 4 are symmetric counterparts of the above two cases, so
they do not have to be treated separately.

4. Proof of Theorem 4

Let G be a graph with vertex setV(G) and edge setE(G). Assume that|V(G)| = n
and|E(G)| ≥ cn2 for some constantc > 0, and letr be a fixed positive integer.

First, we would like to show thatG contains many complete bipartite subgraphsKr,r

with r vertices in its classes. The proof is based on the following simple statement,
discovered by Erd˝os, which is a weak version of a result by [KST].

Lemma 4.1. For every r ≥ 1 and everyγ > 0, there exists a positive integer n0 =
n0(r, γ ) with the following property:

Every graph G0 with n0 vertices and at leastγn2
0 edges contains a complete bipartite

subgraph Kr,r with r vertices in each of its classes.

Let x denote the number ofn0-element subsets ofV(G) which induce a subgraph of
G with at leastγn2

0 edges. Then we have

x

(
n0

2

)
+
((

n

n0

)
− x

)
γn2

0 > |E(G)|
(

n− 2

n0− 2

)
≥ cn2

(
n− 2

n0− 2

)
,

which yields

x >

(
n

n0

)
c(n0− 1)− γn0

(n0− 1)/2− γn0
.

Thus, forγ = c/2, n0 > 2, we obtainx > c
2

( n
n0

)
.

Setn0 = n0(r, γ ) = n0(r, c/2). By Lemma 4.1, every subgraph ofG with n0 vertices
and at least(c/2)n2

0 edges contains at least one copy ofKr,r . Thus, the numbery of
complete bipartite subgraphsKr,r of G satisfies

y ≥ x(
n− 2r

n0− 2r

) >

c

2

(
n

n0

)
(

n− 2r

n0− 2r

) >
cn2r

2n2r
0

.
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Suppose for simplicity thatn is divisible byr , and consider all possible partitions of
V(G) into classes of sizer . The number of these partitions is

p(n, r ) =

(
n

r

)(
n− r

r

)(
n− 2r

r

)
· · ·
(

r

r

)
(n/r )!

.

For every partitionP, construct a graphG(P) whose vertices are the classesVi (1 ≤
i ≤ n/r ) of the partition, and two verticesVi andVj are connected by an edge ofG(P) if
and only ifG contains all edges running between them. By averaging over all partitions,
we find that there exists aP such that the number of edges ofG(P) is at least

yp(n− 2r, r )

p(n, r )
>

cn2r

2n2r
0

(n

r

)(n− r

r

)
(

n

r

)(
n− r

r

) > c
(r

e

)2r
·
(n

r

)2
.

We can now finish the proof of the theorem by applying toG(P) the following simple
assertion, whose proof is left to the reader.

Lemma 4.2. For any C > 0, every graph with N vertices and at least C N2 edges
contains every tree of at most C N/2 vertices as a subgraph.

Hence, Theorem 4 is true withcr = (c/2)(r/e)2r .

References
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