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Abstract. Problems and results on polynomials of two variables which take few dis-
tinct values on finite Cartesian products are considered. The methods we use come from
combinatorial geometry.

1. Introduction

Freiman [2] described the structure of subsetsA ⊂ R of n elements for which|A+A| ≤
Cn. (HereA + A denotes the set of all pairwise sums of elements ofA.) He proved
there thatAmust be contained in a “generalized” arithmetic progression. (See also [8].)

Here we initiate the study of polynomials of two real variables which, from the above
point of view, behave likex + y, i.e.,those which can take few distinct values whilex
andy (independently of each other) range over appropriate finite subsets ofR.

Definition 1. Let n be a positive integer,C > 1, and letP ∈ R[x, y] be a polynomial
in two real variables.

We say thatP is (C, n)-restrictedif there existX,Y ⊂ R such that

|X| = |Y| = n,

and

|P(X × Y)| ≤ Cn. (1)

Moreover,P is restricted, if it is (C, n)-restricted for someC ≥ 1 and for alln ∈ N.
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Two examples of restricted polynomials (withC = 2) arex + y andxy, which only
take 2n − 1 distinct values if bothx and y are from an arithmetic or geometric (also
called “exponential”) progression, respectively.

Conjecture 1. If P is restricted, then there are polynomials f, g, h ∈ R[z] such that

either P(x, y) = f (g(x)+ h(y)),
or P(x, y) = f (g(x) · h(y)).

We prove two special cases of Conjecture 1.

Definition 2. P ∈ R[x, y] is a specialrestricted polynomial if, in the definition of
restrictedness, we can always requireY to be an arithmetic progression, i.e.,∃C ∀n ∃X ∃
arithmetic progressionY which satisfy (1).

Theorem 1. Every special restricted polynomial P is of the form

P(x, y) = f (y− g(x)),

or

P(x, y) = g(x),

for some polynomials f, g ∈ R[z].

We mention without proof that if we assume that theY = Yn are all geometric
progressions forn ∈ N, thenP(x, y) = f (y · g(x)) or justg(x).

Also, Conjecture 1 holds for all restricted polynomials which arelinear in one variable,
sayy.

Theorem 2. A restricted polynomial P(x, y) = a(x) · y+b(x), (where a(x) and b(x)
are fromR[x]), can only be one of two types:

either P(x, y) = a · y+ b(x),
or P(x, y) = a(x) · (y− u)+ v,

for some real constants a, or u andv.

It may be of interest that both proofs use methods from combinatorial geometry.
We cannot resist mentioning one more related problem, where we have been unable

even to guess a precise answer.

Question 1. What is the structure of those polynomialsQ(x, y, z) which, for all n,
vanish on some 0.001n2 points of an appropriaten×n×nCartesian productXn×Yn×Zn?
(Or, perhaps, with some arbitrary fixedc > 0 in place of 0.001.)

Remark 3. A suitable answer to the above problem may imply an answer to Conjec-
ture 1, if applied toQ(x, y, z) = z− P(x, y).
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2. Proof of Theorem 1

In the course of the proof, we shall use a simple consequence (Lemma 6) of a general
theorem by Pach and Sharir. To start with, we describe this tool. Then, in the second
subsection, we turn our attention to the proof itself.

2.1. The Curve Lemma

Following Pach and Sharir [6] and [7] (see also [5]), we define regular classes of curves—
in purely combinatorial terms. (Actually, they allow slightly more general curves than
we do; however, the following will be sufficient for our purposes.)

Definition 4. A classÄ of simple—open or closed—continuous real plane curves
(where “simple” means that a curve does not intersect itself) is aregular class of curves
of k degrees of freedomif, for any k points of the plane, at most one curve ofÄ passes
through all of them.

Proposition 5 (Pach–Sharir Theorem).For every positive integer k and every regular
classÄ of curves of k degrees of freedom, there is a constant C= CÄ with the following
property:

If 0 ⊂ Ä andA ⊂ R2 is an arbitrary point set(both finite), then, for the number I
of incidences between0 andA,

I (A, 0) ≤ C max{|A|k/(2k−1) · |0|(2k−2)/(2k−1) ; |A|; |0|}.

Note that the class of all irreducible real algebraic curves of degree not exceed-
ing d does not satisfy the above definition, since it contains curves which intersect
themselves—though, by B´ezout’s theorem [3], any two of its members intersect in not
more thand2 points. A curve from this family has at most

(d−1
2

)
singular points (see [4,

p. 265]). By deleting these, every such curve can be decomposed into at most 1+ (d−1
2

)
disjoint simple components. Such portions of the curves of the above type already form
a regular class withd2+ 1 degrees of freedom.

Also note that if an original curve contains, say,cN points of a given point set, then at
least one of its simple pieces will containcN/(d2) of them, provided thatN > n0(c, d).

This and the Pach–Sharir theorem immediately imply the following observation.

Lemma 6 (Curve Lemma). For every c> 0 and positive integer d, there is a C′ =
C′(c, d) with the following property:

LetA ⊂ R2 with |A| ≤ N2 and assume that a set0 of irreducible real algebraic
curves of degree not exceeding d has the property that everyγ ∈ 0 intersectsA in at
least

|γ ∩A| ≥ cN

points. Then|0| ≤ C′N, provided that N> n0(c, d).
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It is worth noting that the order of magnitude of the bound imposed on|0| is always
linear, whateverd is; only the coefficientC′ depends ond.

2.2. The Proof

Let P ∈ R[x, y] be a special restricted polynomial and letn ∈ N be sufficiently large
(to be specified later). Moreover, assume that (1) holds for anX = Xn ⊂ R and an
arithmetic progressionY = Yn ⊂ R.

If P does not depend ony, then there is nothing to prove. Thus, without loss of
generality, we may assume that this is not the case.

1. PutZ = Zn = P(Xn × Yn). Now our assumption is equivalent to the following:
At most Cn real algebraic curves of type

γi : P(x, y) = zi (zi ∈ Z) (2)

cover X× Y.
2. Denote the degree ofP byd. Then every curveγi can be decomposed into not more

thand irreducibleones. From each such decomposition, pick a factor with a maximum
number of points ofX × Y, and denote it bŷγi . Thus we get at mostCn curves which,
together, covern2/d or more points. Note that since we assumed thatP does depend on
y, therefore at mostd of the γ̂i are vertical lines. Deleting them, the rest will still cover
n2/d − dn> ĉn2 points. Also, using B´ezout’s theorem (see, e.g.,[3]) for such aγ̂i and∏

xi∈X(x − xi ), we infer that none of thêγi covers more thandn.
3. We claim that there are at leastĉn/(2d) of the γ̂i , which coverĉn/(2C) or more

points each. (Indeed, otherwise those with less than this many points, would together
cover less thanCn · ĉn/(2C) = ĉn2/2, as well as the rest which could cover less than
dn · ĉn/(2d) = ĉn2/2, making a total less than̂cn2, a contradiction.)

4. We define an equivalence relation.

Definition 7. We say that two of the curves, sayγ̂i andγ̂j areequivalent, if they are
shifted copies of each other in they-direction, i.e.,if there is a1, for which (using the
notation of (2)),

P(x, y−1) = zj whenever (x, y) ∈ γ̂i .

Lemma 8. Among thosêγi , which coverĉn/(2C) or more points, the number of the
equivalence classes cannot exceed a constant C∗ = C∗(C, d).

Proof. Let e be the number of these equivalence classes. From each such class, pick a
curve and shift it in they-direction, by 1, 2, . . . ,n steps, each step the difference of the
arithmetic progressionY. (Note that the points inY move to points of another arithmetic
progression of double length, which we denote by 2Y.) Put N = 2n. Thus we geten
distinct, irreducible curves, each coveringĉN/(4C) or more points of(X × 2Y) ⊂
(2X × 2Y), where the latter hasN2 elements.
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By Lemma 6,

en≤ Ĉ N = 2Ĉn,

whence, indeed,e≤ 2Ĉ
def= C∗.

Corollary 9. At leastĉn/(2C∗d) of theγ̂i are equivalent.

5. So far we have not specified how largen should be. In what follows, letn >

2C∗d2/ĉ. For such a value, the above corollary implies the existence ofd+1 equivalent
γ̂i , say γ̂0, γ̂1, . . . , γ̂d. Recall that all of these are non-vertical irreducible factors of
distinct curves of type (2).

Let1i be the length of the vertical shift which movesγ̂0 to γ̂i , i.e.,

P(x, y+1i ) = zi , whenever (x, y) ∈ γ̂0. (3)

6. Pick an arbitrary, nonsingular point(x0, y0) of γ̂0, with the additional requirements
that the tangent line of̂γ0 is nonvertical there (which is possible because at mostd − 1
tangent lines can be vertical) and thatP(x0, y) is not a constant (which is also possible
sinceP can be a constant on at mostd vertical lines).

Without loss of generality, assume thatx0 = y0 = 0 andγ̂0 corresponds toP(x, y) =
0 (otherwise apply a linear transform onP). In anε-neighborhood of 0, the curvêγ0 is
described by an analytic functiony = g(x); i.e.,|x| < ε implies P(x, g(x)) = 0.

7. Put

f (y)
def= P(0, y).

We show that

P(x, y) = f (y− g(x)), (4)

for all (x, y) ∈ R2.
First we claim that it holds for all|x| < ε and y ∈ R. To show this, recall that

(x, g(x)) ∈ γ̂0 which, together with (3), implies

P(x, g(x)+1i ) = zi = P(0,1i ) = f (1i ),

for eachx ∈ (−ε, ε) andd+1 distinct valuesy = 1i . HenceP(x, g(x)+ y) = f (y) as
polynomials ofy, for every fixedx with |x| < ε. Now, in order to prove (4), it suffices to
observe that there are analytic functions on both sides and they coincide on a rectangle
(actually on an infinite stripe). Therefore (4) is, indeed, an identity.

8. We are left to show thatg is a polynomial. Denote the degree off by k > 0 and
assume thatf (y) = λkyk + λk−1yk−1+ · · · + λ0. Then, in (4), the coefficient ofyk−1 is

λk · k · g(x)+ λk−1

on the right-hand side while it is a polynomial ofx on the left. Moreover, the coefficient
of g(x) in the above formula is nonzero. Therefore,g ∈ R[x].

This finishes the proof of Theorem 1.
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3. The Proof of Theorem 2

The following was proven in [1] as part (ii) of the Lattice Lemma there.

Proposition 10. For every C> 1and c> 0,there is a c∗ = c∗(C, c)with the following
property:

Let Y, Z ⊂ R with n ≤ |Y|, |Z| ≤ Cn. If some cn straight lines contain n or more
points of Y× Z each, then at least c∗n of these lines are parallel or concurrent.

Now the proof of Theorem 2 goes as follows:
1. By our assumption, there is aC > 1 such that, for alln ∈ N, there areX =

Xn,Y = Yn with |X| = |Y| = n, andP(X × Y) ≤ Cn. Put

Zn
def= P(X × Y).

Of course,|Zn| ≤ Cn here.
2. For allxi ∈ X, consider the linear functions (ofy):

pi (y)
def= P(xi , y) = a(xi ) · y+ b(xi ),

wherea (resp.,b) is the leading coefficient (resp., the constant) inP as alinearpolynomial
of just y.

Every suchpi mapsYn to a subset ofZn, whence their graphs must all contain|Yn| = n
points ofYn × Zn.

3. Putd = max{deg(a), deg(b)}. We show that the graphs of at leastd+ 1 of thepi

are parallel or concurrent, provided thatn is large enough.
If d + 1 or more of thepi are identical, we are done. Otherwise, at leastn/d of the

pi are distinct. In this case, use Proposition 10 forc = 1/d and the originalC to get a
c∗ = c∗(C, c). Now if

n >
d

c∗
,

then, again, we getd + 1 parallel or concurrent graphs.
4. We distinguish two cases:

(a) If we haved+ 1 parallelpi , thena(x) takes identical values for this many of the
xi . Hence it is a constanta.

(b) If there ared+1 concurrentpi through a point, say(u, v), thena(x)u+b(x) = v
for this many of thexi . Therefore,b(x) = −a(x)u + v is an identity, whence
P(x, y) = a(x)(y− u)+ v.
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Note added in proof. L. Ronyai and the author have settled Conjecture 1 in the affirma-
tive; see the forthcoming paper “A Combinatorial Problem on Polynomials and Rational
Functions” (submitted toJ. Combin. Theory).


