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1 Introduction

Semilinear elliptic problems on all of R" of the form
— Au+ qg(x)u=du+ g(x)h(u)u, xeRY, (P)

have been widely investigated under various assumptions on ¢,g and 4, see,
for example, [6, 7, 13] and references therein.

In particular, the results of [7] deal with the case in which g€ L*>, g >0,
h(0)=0, A(s) is strictly decreasing and A(s) — —oo as s — +oo and yield the
existence of a bifurcation branch of positive solutions of (P) that, roughly,
blows up (in a suitable Lebesgue norm) as 1 tends to a, the infimum of the
essential spectrum of the linear Schrodinger operator —A4 + g.

The main purpose of the present paper is to consider that case in which 4
has, roughly, the same asymptotic behaviour but is not necessarily decreasing
and ¢g(x) can possibly vanish in a bounded domain Q,C IR,

These specific features of 4 and g are motivated also by some problems
arising in Nonlinear Optics.! Actually, the study of nonlinear modes in a layered
structure leads to a Schrodinger equation of the form (see [2,8,9 and 13])

W+ e(x, i’ u=k*u, xelR, (1.1)
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where, whenever the material out of the layer is assumed to be defocusing,

5 o for |x| <d
e(x,u”)= )

op —u*  for |x| >d.
Setting A= — k2,

()_{(xl for x| £d (){0 for |x| =d
7= —oy for |x|>d 1 for x| >d

and A(u)=—u?, (1.1) becomes of the form (P) with a nonlinear term like that
discussed in the present paper.

In order to find bifurcation branches of positive solutions of (P) we
approximate (P) with Dirichlet boundary value problems on balls. Actually,
we deal in Sect. 2 with an elliptic eigenvalue problem such as

—Au+q(x)u = Au+ gx)h(u)u, x€Q, P
u(x) =0, x€0Q, (Fe)
where Q is a general bounded domain in RY. When ¢ vanishes on a subset
Qo of Q, problem (P;) has been studied by Alama and Tarantello in [1] by
variational methods, see also [10]. Unlike [1] we use here bifurcation theory
and improve those results by showing that the branch of positive solutions
of (Pp) bifurcating from the trivial solution at A= Ag (the first eigenvalue of
—44¢g on WOI’Z(Q)), blows up in L?, p = 1, as 41— lg,; moreover (FPq) has
no positive solutions for 1 = Aq,, see Theorem 2.6.

In Sect. 3 we turn to problem (P) and prove a general global bifurcation
result, see Theorem 3.4, under an uniform a-priori estimate on the branches
of the approximated problems. Taking Q= By and letting R — oo, this a-priori
estimate allows us to show that the branches of the approximated problems
converge, in an appropriate sense, to a branch of positive solutions of (P). As
a first application, we handle a problem studied by Brézis and Kamin in [5],
see Theorem 3.6.

In Sect. 4 we still deal with (P) and show that the bound above can be
actually found provided that, roughly, the principal eigenvalue A of —4 + ¢
on WL2(IRV) is smaller than ¢, see Theorem 4.4 for the precise statement. In
particular this result applies when g(x) >0 on IRY yielding an improvement of
the existence results of Edelson and Stuart [7].

Finally, in Sect.5 we assume that Qg =+ () and, roughly, i, < a, and show,
by an appropriate comparison with problems with decreasing nonlinearities,
that the branch of positive solutions of (P) blows up in L?, p = 1, iff 11 /q,,
see Theorem 5.2. Such a result is in striking contrast with that in [7], see
Remark 5.3.

Notation. In the sequel Q denotes a bounded domain of RY with (smooth)
boundary 0Q.

Wol’z(Q) or Wol’z(]RN) denote Sobolev spaces and L?=LP(Q) or LP =
LP(RY) denote Lebesgue spaces. For brevity and whenever unambiguous, the
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indication of © or IR will be omitted. The standard norm in L” will be denoted
by |u|,.

In the rest of the paper we will often extend a function z outside its sup-
port by setting z(x) =0 therein. To keep the notation as light as possible, this
extended function will still be denoted by z.

2 Problems on bounded domains

In this section we deal with problem (Py). We set E = WOI’Z(Q), endowed with
norm ||ul|? := [ |Vul*. The first eigenvalue of the linear problem

—Au+q(x)u=Ju, x€Q,
u(x) =0, x€0Q,

will be denoted by Ag[g], or simply by Ao. We also denote by ¢g, the eigen-
function corresponding to Aq, with ¢o(x) >0 and |pg|, =1. We shall use the
variational characterization of Ag, namely:

o= _inf  [[|Vu|* +qu*],

U€E, |ula=1 o)

We consider problem (Py) and assume

(@) qel=();

(A1) geL>®(Q), g=0, and there exists a (bounded) domain Qy with
smooth (say C“") boundary 0Qy such that Qy C Q and g(x)=0 iff
x € Qp;

(42) heC(R™T), H(0)=0, Ik > 0, ¢o > 0 such that h(s) < cos*, Vs > 0
and h(s) — — oo as s — + oo.

In particular, we explicitly point out that (4,) implies there exists Cy = 0
such that

h(s) £ Cy . (2.1)
In the sequel it is understood that assumptions (Q) and (4;,—4,) hold true.

a) Some preliminary Lemmas. Although the following lemma is perhaps well
known, we give an outline of the proof for the reader’s convenience.
Hereafter, by a positive solution of (P;) we mean an u € E, u > 0, which
solves (Pp) weakly. Actually, in our case, weak solutions belong to C!".
Of course, if ¢ and g are Holder continuous, u will become a classical solution.

Lemma 2.1 From (Jg,0) bifurcates an unbounded branch of positive solutions
of problem (Pp).
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Proof. Let M = 0 be such that g(x)+M = 0 in Q, and consider the problem:

{—Au +[q(x) +Mu = pu+ g(x)h(uw)u in Q,

u(x)=0 on 0Q . (2.2)

Trivially, (4,u) is a solution of problem (Pp) iff (¢, u) = (.+M,u) is a solution
of problem (2.2).
Letting K =(—A4 + [¢q + M])™', equation (2.2) can be written as

u=puKu+ K(gh(u)u) . (2.3)

It is immediate to check that problem (2.3) satisfies the hypotheses of the
Global Bifurcation Theorem of Rabinowitz (see [11]). Then a branch of posi-
tive solutions (u,u) of (2.2) bifurcates from Ag[g+M]=lo[q]+ M and yields
a branch of solutions of (Py) bifurcating from Ag. Moreover, by standard argu-
ments it can be proved that this branch remains in the interior of the cone of
positive functions of Cj(€2). Since Aq is the only eigenvalue with correspond-
ing positive eigenfunction, the branch cannot meet another eigenvalue different
from g, and thus it is unbounded.

Let Ay = ;VQO and o= d)go.

Lemma 2.2 There exists . € R such that for every positive solutions (A, u) of
(Po) one has
A<i<lg.

Proof. We set g = infg g(x) and g = sup, g(x). Let (4, u) be a positive solution
of (Pgp). Then
lull? + [ qxyu® = Auf3 + [ g@x)h(uy? .
Q Q

and one has:

S NP+ g = f ge)h?

2 2 )" = q - gCO >
Jul3

where Cy is given in (2.1).
Next, from (Pyp) it follows that

— [ Augo + [ qx)udo =1 [ugo + [ g(x)h(u)udy .
Q Q Q Q
Since g(x)=0 on €, one infers that

— [ Augo — [ q(x)uo=7 [ ugo . (2.4)
Qo Qo Q

Since u > 0 and d¢o/0n < 0 on 02 (n denotes the outer unit normal at Q),
an integration by parts yields

— [ Auo < — [uddpo = [ ulZo —q(x)]¢ho .
Qo

Q Qo

This and (2.4) imply that A < 4.
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Remark 2.3 Let us explicitely point out that the lower bound A does not de-
pend upon Q.

b) Blow up as /17 4y. We begin with the following Lemma.

Lemma 2.4 Let (J,,u,) be a sequence of positive solutions of (Pp) such that
||z — 00, Then A, — Ao, Ay < Ag.

Proof. By Lemma 2.2 we can assume that /, e [, Ao]. Setting z, = u,/|u,|2
one has

{ — Az, + q(X)2y = Iz + 9O ()20 X € Q, 25)

Zn(x):() x€d.

Hence
[IVz? + [ q(x)z2 = J [ 22+ [ g(x)h(u,)z? .
Q Q Q Q

Using (2.1) and since |z,],=1 we infer from (2.5)
lznll® = [ 1Vl < [ G = 40) + 9(0)Co)zy S -
Q Q
Thus, up to a subsequence, z, — z strongly in L?(Q2), and |z|, = 1.

Let D be any domain such that D C Q\Q, and let ¢ € C3°(D). From (2.5)
it follows

7]2,,4‘(1) + IQ(X)ans — I fzn¢ = fg(x)h(un)zn¢ .
D D D D

If z(x) > 0 for a.e. x €D, one has u,(x) = z,(x)|uy|» — oo a.e. in D. Since
g >0 in D, (4;) implies

J o)z — o0
On the other hand
[ 1=204¢ + q(X)20 — Inzap] — [ [~24¢ + q(x)z — J2] > —o00
D D

a contradiction. This shows that z(x) = 0 a.e. in Q\Q,. Recalling that (see [4],
Proposition IX.18)
W2(Q) = {ue WA (Q): u =0 ae. in Q\Qp},

it follows that z € ,"*(2p).
Now, let ¢ € C5°(£2). Since g(x) = 0 in €y, one has

gg(x)h(u,,)znqo =0,

for all n. Then, multiplying (2.5) by ¢ and integrating by parts, one finds

—onA(P+ f‘](x)zn<P =/l fzn(p .
Q Q Qo
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Passing to the limit one has

—[zAp+ [ q()zp =7 [ 20, YoeCF(Q).
Q() Q() QQ

This shows that z satisfies
—Az+q(x)z =iz in Q.

Since z € VI/()l’z(Qo), z20in Q and |z|, = 1, it follows that 7= o and

Z:¢0.

Remarks 2.5 (i) The preceding proof shows that u, ~ |u,|2¢, for n large.

(ii) When Qy =10, or else when Qy has zero Lebesgue measure, the pre-
ceding arguments prove that 4, — +oo. Actually, if not, the first part of the
proof shows that z(x)=0 a.e. in Q, which is in contradiction with the fact that
|Z |2 =1.

¢) Branches of positive solutions. We are in position to prove the main result
of this section. In the sequel we shall denote by II the canonical projection of
R < E onto IR.

Theorem 2.6 Assume (Q) and (A; — Ay) hold. Then from (Lg,0) bifurcates
an unbounded branch Sq of positive solutions of (Pg) such that:

(i) 1(S@) = [4, Aol, for some i* = Jo;
(ii) On Sq one has that, for all p =1, |u|, — 400 iff A1 4o.
Proof. 1t suffices to apply Lemmas 2.1,2.2,2.4 and Remark 2.5(i).

Remarks 2.7 (i) The preceding Theorem improves some results of [1].

(ii) If & is a decreasing function, then (Pp) has a unique positive solution
for all A€]4g,Ao[. In such a case the branch of positive solutions is a graph
and could have been found by using sub- and super-solutions.

(ii1) Completing Remark 2.5(ii), when €, has zero Lebesgue measure or
it is possibly empty, there is an unbounded branch Sq of positive solutions of
(Po) such that II(Sg)=[A*, +o0l.

(iv) According to the classical Theorem of Bifurcation from the simple
eigenvalue, the behavior of the branch S near Ap depends on the sign of 4 near
0. In particular, if 4(s) > 0 in a right neighbourhood of s=0, then 1* < Jq.

3 A general global bifurcation result

We turn to the Schrodinger equation on all of RV
— Au+ g(x)u = Ju+ g(x)h(u)u, xeRY, (P)

where, hereafter, N = 1. In the sequel ¢, g are supposed to satisfy (Q) and (4;)
with Q=R", as well as & is assumed to verify (4,). In any case, it is worth
recalling that € is still assumed to be a bounded domain. We also set

a = liminf g(x)(> —o0).

x| —o0
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We shall work in the Sobolev space H = W"2(IR") equipped with the usual
norm
lul> = [ [|Vu]* + u*]dx .
IRN
A positive solution of (P) will be an u€ H, u > 0, which satisfies (P) weakly.
Let us recall (see, for example, [3] or [12]) that if (Q) holds then the
spectrum of the linear eigenvalue problem

— Au+q(x)u = Ju, xeRY (3.1)
contains eigenvalues provided

A=Alql:== inf  [[|Vu+qitl<a. (3.2)
u€H, lu=1 RV

Moreover, if (3.2) holds then A is the principal eigenvalue of (3.1).

The existence of a branch of positive solutions for (P) will be proved by
an approximating procedure, carried out by means of the following topological
lemma (see [14], Theorem 9.1).

Lemma 3.1 Let X, be a sequence of connected subsets of a complete metric
space X. If

(i) liminf(X,)=0;
(i) UX, is precompact;

Then lim sup(X,) is not empty, compact and connected.

Above, liminf(X,) and limsup(X,) denote the set of all x € X such that
any neighbourhood of x intersects all but finitely many of X, infinitely many
of X, respectively. In order to use the preceding Lemma, let Br be the ball
in RY centered at the origin, of radius R > 0 and let (Pg) denote problem
(Po) with Q@ = Bgr. We will always take R sufficiently large in such a way
that Qy C Bg. We also set Ag := Ag,. According to Theorem 2.6, there exists a
branch S, of positive solutions of (Pg), that bifurcates from (4z,0), and blows
up as AT Zo.

It is well known that Ag (is decreasing with respect to R > 0 and) converges
to A as R — +oo. For future reference we add that, in particular, since 1 <
Ar < A for R large, one has that 1 < A < 4.

To carry over the limiting procedure an uniform a-priori bound is in order.
We suppose

(B) There exist be]A, io[ and ¥ €L>® NL*, ¥ >0, such that u < ¥, for all
(A, u) € Sg, uniformly in R >0 and 1€[4,b].

We set T=[A,b] and X =T x H. Let R, — 400 and denote by X, the
connected component of the set {(4,u) € Sg,: 4 € T}, such that (1,0) € X,,.
In view of the properties of Sg, discussed in the preceding section, X,+0 and
b belongs to I1(X,), for all n large.
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Lemma 3.2 |JX, is precompact in X.

Proof. Let (A4,u;) € JX, (we assume that the diameters of supp (u;) — oo,
otherwise, the result is trivial). By (B), it follows that

lukl2 < cr . (3.3)
Moreover, one has
f [Vue|” + f g =ik [ up + [ g h(u)ug . (3.4)
RN RN

Since A(u;) < Cp then (3.3) and (3.4) imply |Vui|z < ¢, and hence
lJurll < s .

Therefore, up to a subsequence, u; — u in H and in L?. It is easy to see that
u satisfies

f VuVeo + [ qx)udp =2 [ udp+ f g h(w)udp, VHeCse . (3.5)

RN RN

By density, (3.5) holds for all ¢ € H and, in particular, for ¢ = u;. To prove
that u; converges strongly to u we consider

g — ul® = Juwe||* + JJuef)* — 2 f VurVu =2 [ ugu .

IRV
From (3.4) we find
el = [ [Vl + [ i = S Eulouumt [ uj (3.6)
RN RN
where
F(e,u) = fu — q(x)u + g0o)h(u)u . (3.7)
From (3.5) with ¢ =u; and ¢=u respectively, we infer
fVukVu = fﬂ(x,u)uk s (3.8)
RN RN
[IVul* = [F(xu)u. (3.9)
RN RN

Putting together (3.6),(3.8) and (3.9) we find

lluy — u® = fﬂk(x u g+ [up+ [ F(xw)u+ [u*—2 fF(x u)uk—2fuku
RV RV RY

= f [F), (X uy ) — Fi(x, u)]ukJrfﬂ(X w)u — w] + fuk[uk —u]+ fu[u —ui] .
]RV

Since u; < ¥ we deduce

||1/lk - qu é f ‘Hk(x,uk) —EL(X,L[)|'II+ f ‘F}()@u)‘ |u - uk|
RN RN

+ [ ug —ulY + [ |u]ju—u] .
RN RN
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The last three integrals converge to zero. As for the first one, since F) is locally
Lipschitzian, one has

JIE, o) — Fi(eu)|¥ < | — A [P +eq [|ug —ul? —0.
RN RN RN

In conclusion, it follows that u; — u strongly in H.
Let S := lim sup(X,,)\{(4,0)} .
Lemma 3.3 If (L, u)€S then u is a (nontrivial) positive solution of (P).

Proof. 1t is easy to check that any (4, u)€S is a non-negative solution of (P).
We need to prove that u ==0. We shall consider separately the cases 1 > A and
A < A (obviously, when A = A the result is trivial, according to the definition
of S).

Step 1. Let 2 > A and suppose there exists a sequence (Ax,ur) €Xy,, nx — 00,
such that (A, u;) — (4,0). We can assume that all A; > A+ ¢ for some 6 > 0.
Since Ag | A, there exists R > 0 such that Az < A+ J < 4. Let m be such
that R, > R for all k > m. It is easy to check that, for such &, (/,u;) are
super-solutions of the problem

{ —Au+ q()u = (A +0)u+g)h(wu, |x| <R, (3.10)
u(x) = 0 x| =R.

Small subsolutions of type & ¢r can also be obtained, and thus we can find
a sequence of positive solutions of (3.10) that converges to 0. In other words
(A+0,0) is bifurcation of positive solutions for (Pz). Since (4g,0) is the only
possible bifurcation for positive solutions for (F), this is a contradiction.

Step 2. Suppose that 4 < A and let M > 0 be such that g(x) +M =1 in RV,
It is convenient to endow the space H with the norm

lullP? = [ Vul* + [ g+ M]u?,
RN RN
which is equivalent to || - ||. By the variational expression of A, we deduce that

0<(A+M) [u* < |||ulll>, YueH.
RV

Let 0 < ¢ <k be such that /(s) < c;s® and H C L°T2(IRV).
Let (4, w) be a positive solution of some (F). Then

L VW +qw?) =2 [w? + [ g(x)h(w)w?
RN N

R RV
and hence
A+M -
Wl = M) [+ [ ghewyw? < 7 Il e [ wr
]RN ]RN ]RN

A+M

Il + sl o2
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In particular, for A < A,

’+M

c=1-
allwlir z 1=

> 0.

Then the approximating branchs are uniformly bounded away from zero.

Theorem 3.4 Suppose that (Q),(A, — A2) and (B) hold. Then there exists
a branch, S, of positive solutions of (P) bifurcating from (A,0), such that
I(S) = [A*,b], for some A* < A.

Proof. We apply Lemma 3.1 with X and X, defined before. Since /g, | 4, it
immediately follows that (A, 0) € lim inf X,,. Moreover, Lemma 3.2 shows that
the compactness property (ii) of Lemma 3.1 is satisfied. As a consequence S =
lim sup(X,,)\{4,0)} is (not empty), connected and (A4,0) € S. By Lemma 3.3
(A,u) € § is a positive solution of (P). Moreover, since 4 < b < Ay then
beIl(X,) for all n large, and the preceding compactness arguments imply that
bell(S).

Remarks 3.5 (i) Similarly as in Remark 2.5(ii), if g(x) > 0 a.e. in IR" then it
is understood that » could be any number greater than A.

(ii) We have found solutions in W2, In fact in the specific applications
discussed in the sequel the a-priori bound ¥ will have an exponential decay
at zero as |x| — oo and thus the solutions on S will have the same asymptotic
behaviour.

(iii) Assumption (B) can be slightly weakened. Actually it suffices to assume

(B) There exist b €A, ig[ and Y €L>® NL> ¥ > 0, such that u <V,
for all (1,u) € X,,, uniformly in n and 1 € [1,b].

_ If for each A€[4,b] problem (Fr) has a unique positive solution, (B) and
(B) obviously coincide. However, in the applications discussed later on, where
multiple solutions could arise, we will be able to prove (B), only.

(iv) According to Remark 2.3 one obviously has that A* = A.

Theorem 3.4 deals with the specific problem (P). But a similar result holds
true for a more general equation like

—Au = Fy(x,u), x¢€ RV,

where F' is locally Lipschitzian. It suffices that each approximated problem on
B possesses a branch of positive solutions bifurcating from some (/z,0), that
Ag converge to some A and that assumption (B), or (B), holds for some 4, b
such that 1 < A < b. The preceding arguments can be still carried out and
yield the existence of a global bifurcating branch.

This is, for example, the case of problem

— Au=Ip(x)u*, xeRY, (3.11)

where peL* and 0 < o < 1, studied in [5]. Here we can show:
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Theorem 3.6 Assume that there exists U €L>® N L?* satisfying
— AU = p(x), xeR"Y. (3.12)

Then there exists a branch S of positive, W'? solutions of (3.11) bifurcating
from (0,0) and such that T1(S) = [0, 00).

Proof. We only give an outline of the proof and leave the details to the reader.
For every R > 0 the boundary value problem

—Au = Ap(x)u*, x € Bg, u=0, x € 0By,

has a bifurcating branch S;z emanating from (0,0) such that I1(Sg) = [0, 00).
Moreover, one easily shows that assumption (B) holds true with 4 = 4 = 0,
any b > 0 and ¥(x) = CU(x), where U satisfies (3.12) and C > 0 is sufficiently
large. Then the result follows by the arguments discussed before.

Remark 3.7 In [5] it is only assumed that U€L°. On the other hand, we find
here (a branch of) solutions in W '2, not merely bounded solutions.

4 Existence of a global branch of positive solutions of (P)

A global branch of positive solutions of problem (P) will be found through

an application of Theorem 3.4. Here we assume in addition to (Q), (41 — 42),

that

(43)  for all compact # C RV\Qy there exists go=go(#"), such that
inf{g(x): xe A} = go > 0;

(4s) A <a—gCo,

where according to the notation introduced in Sect. 2, g=supp~ g(x). We set
I = min{Ag,a — gCp},

Let us point out that (44) implies A </, because A < Jo.
Our goal is to show that assumption (B) holds for any b < .

a) Construction of ¥. We assume that Q is not emptry: if not, the first part
of this subsection can be avoided.

Let b<! < a—gCy, and let Qs denote the o-neighborhood of Q. Taking
0 > 0 sufficiently small, there results

b<ig(5<io. (4.1)

Fix a', with b 4+ gCy < d’ < a, and let f(x) denote the function defined by
setting

Bx) = (g(x) —d')" .
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Since a’ < a, it follows that the support K =supp(f8) of f is compact. Letting
p >0 be such that

KUQs CB,
we set P4(x) = p4(|x]), @ > 0, where

—o if t < p,
y“(t):{oc(tpl) if p<t<p+]1,
0 if tzp+1.
Consider the linear Schrodinger equation
— Au+y,()u=puu, xeRY, (4.2)

and let

fe = inf [ [[Vul? 4 pu(x)e?] .
u€H,\u|2:1]RN

The properties of u, are collected in the following Lemma.

Lemma 4.1 (i) p, <0 and there exists o* = 0 such that yu, < p,« =0 provided
o> o
(i) if o > a* then p, is the principal eigenvalue of (4.2) with corresponding
positive eigenfunction @, € W*>P(RN) for all p > 1.
(iil) py depends continuously on o;

Proof. Since y,(x) < 0 it follows that

t, < inf |Vul3=0.

|ul2=1

Moreover, p, < 0 provided « is large enough (for example, o« > /p [0] suf-
fices). Property (ii) is well known (see, for example, [3] or [12]) and (iii) is
standard.

From Lemma 4.1 it follows that there exists o > 0 such that for ug:= py,
one has
b—a +gCy<puy<0. (4.3)

Let y =y, : RN — R be any strictly positive C>-function such that

Po(x) x € Qspa s
lp(x) = N
@o(x) x € RY\B,,
where @o=¢,, and ¢;€ Wol’z(Q(g) satisfies
—A¢s + q(x)Ps = Ao, s, x € Q5.
Finally we define ¥ (x) = ¥p(x):= C(x).
b) A priori bounds. We first show

Lemma 4.2 There exists C >0 such that ¥ = Cy is a supersolution for (Fg)
for all R>0 and all A <b.
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Proof. Taking C large enough, one has that 2(¥(x)) < 0 for all x € Q5/,. Then,
the definition of , (4.1) and 4 < b imply

—AY + q(x)¥V = 1o,V >bY Z A¥Y + gx)(P)¥, x€Qyp .
Let

M = sup{dy — q(x)y + by: x € By 11\ Qsp} -

Since Y(x) = ¢; >0 on B,1\Qs/2,(42 — A3) allow us to take C in such a way
that

cg(xX)(CY(x)) = —M, VYxe€B,.1\Qsp,
whence

—AY + q(x)V 2 DY —MC = AV + g(x)h(P)¥, Vxe€B,1\Qs .

Finally, for |x| 2 p+ 1, 7, =0 and y = @, satisfies —Ay = uoy. Using (4.3)
and since supp(f) C B,, it follows that

—A¥Y +q()¥ = (po +q(x)¥ = (o +d)¥
= (b+9gCp)¥ = AV + g(x)h(P)Y .

Let us remark that if Qy = () one can simply define ¥(x)= Cqpo(x) and the
Lemma follows from the preceding inequality.

Lemma 4.3 For all b <[ condition (E) holds with the function ¥ defined
above.

Proof. We use the notation introduced in Sect. 3. For a fixed n, we set
B,=Bpg,. Let K > 0 be such that F;(x,s) + Ks (see (3.7) for the definition)
is strictly increasing with respect to s € [0,maxp, ¥], for all 2 €[4,b]. Let v,
denote the solution of the b.v.p.

—Av, + Kv, =F,(x, V) + KV, |x| <R,,
U,,(X):O, |x|:Rn~

Since Fp(x, V) + K¥Y = 0, the maximum principle implies that v, is strictly
positive in B,, and has negative outer normal derivative at every point on 0B,,.
This means that v, lies in the interior of the cone, 2, of positive functions of
C(By). Moreover, by Lemma 4.2 it follows that —AY¥ = Fy(x, ¥), whence

—AY =)+ K(Y —v,) = F(x, ¥)+ KY — Fy(x, ’) —K¥ =0, |x| <R,

Since, for |x| = R, one has ¥(x) — v,(x) = ¥(x) > 0, the maximum principle
again implies
0 <v,(x) < P(x), Vx|<R.

Furthermore, Fj(x,-) + K increasing and Fy(x,s) = Fy(x,s) for all b = 4, yield

—Av, > Fy(x,v,) 2 Fy(x,v,), VY|x| <R.
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In particular, v, € C}(B,) is a super-solution (but not a solution) of (P,) for
every A < b. To conclude the proof it remains to show that v, > u when-
ever (/,u)€X,. Consider the set X, ={(4v, — u): (L, u)€X,}. Let us ex-
plicitely point out that X, is connected because X, is. Moreover observe that
(Ar,>Un) € 2, and therefore 2, N (T x?):t:@. We claim that X, C T xZ. If not,
the connection of X, allows us to find (4,u) € X, such that v, — u€0?. In
particular, since v, is not a solution of (P, ), one infers that v, = (£)u in B,.
Then

—A(v, —u) + K(v, — u) 2 Fy(x,v,) + Kv, — F(x,u) — Ku=0, Vx| <R,.

By the strong maximum principle, we deduce that v, —u €4, which is a con-
tradiction. Then V(4,u)€ X, one has

0 <ux) <v,(x) < P(x), Vx|<R,.
This completes the proof.

¢) Global bifurcation. We are now in position to prove:

Theorem 4.4 Suppose that (Q), (A1 — Ay — A3 — Ag) hold. Then there exist
a branch, S, of positive solutions of (P) bifurcating from (A,0), such that
II1(S)=[A*, 1], for some A" < A.

Moreover, if Qo + 0 and

(4s) 4o <a—gCy,
then II(S = [A*, Ao[.

Proof. By Lemma 4.3 (B) holds for all » < /. Then an application of
Theorem 3.4 yields the existence of a bifurcation branch S, of positive so-
lutions of (P) such that I1(S,)=[A*b]. Taking S=J,S, it follows that
oes)=14x1[.

Finally, to prove the last statement, it suffices to remark that (P) has no
positive solution for 4 = 4. Otherwise, if uy is a positive solution of (P) for
some /A = Ao, such a ug is a supersolution of (Pp), for such A, for any bounded
domain Q with Q) C Q. Since &¢y (see notation introduced in Sect. 2) is a
subsolution for any ¢ > 0 small, it follows that (P,) has a positive solution for
that A = /o, in contradiction with Lemma 2.2.

Remarks 4.5 (i) Since A < Jo (see Sect. 3), condition (A45) implies (A4).

(ii) When Q¢ = () Theorem 4.4 improves the existence results of [7], where,
in addition to (4; — Ay, — A4) and to some regularity and growth restriction
on ¢ and g, it is assumed that g(x) >0 on IR" and that A(s) is decreasing.
Of course, in this case (44) is nothing but 4 < a.

(iii) Let us point out that (44) is, in general, a necessary condition for the
existence of a positive solution of (P). For example, see [7], if g(x) > 0, A(s) is
decreasing and ¢g(x) — a as |x| — oo, then (P) has no positive solution if 1 = a.
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A case in which (44) holds is, for example, when there exists R > 0 such
that g(x) < —15,[0] +a — gCy in Bp.

(iv) Theorem 4.4 applies to the specific problem (1.1) discussed in the
Introduction. In such a case one immediately finds that (4s) holds provided
—oy + 1 /4d? < — as.

5 Blow up

In this section we will study the behaviour of S when A7 4o. Here we deal
with the case Qy =+ (), and assume that (4s) holds.
Consider 7 : R* — R, a strictly decreasing function satisfying (4») and such
that R
h(s) < h(s), Vs>0.

Let k:RT — R be a strictly decreasing function such that

k(s) > h(s), Vs=0.
§etting Z(s) =k(s) — k(0), suppose that k£ has been chosen in such a way that
h satisfies (4;).

Denote by (IAJR), resp. (P), the problem (Pz), resp. (P), with 7 instead of h,
and moreover, setting

4(x)=q(x) — g(x)k(0), VxeR",
we denote by (1~7R), resp. (}v’), the problem (PR)L resp. (P), with h and ¢ instead
of h and ¢q. We also set a= liminf ¢(x) and A = A[q].

Remark that Aq,[¢]= 4o, because g(x)=gq(x), for all x € Qy. Moreover,
since k(0) can be taken sufficiently close to Cjy, it follows that

A<ig<a. (5.1)

We denote by Sk, Sk, the branches of positive solutions of (IAJR), and (Pr),
found in Theorem 2.6. By Remark 2.7(ii), for all 4€ II(Sg) N II(%), there
exists a unique u,r such that (4,%;z) €Sk, and a unique u;p such that
(A, u,r) € Sk. N

According to (5.1) Theorem 4.4 applies to problem (P) and yields a branch
of positive solutions S. N _

Roughly, we will show that S ‘lies between’ the branches S, and S in such
a way that the blow up of the latters will imply that of S.

Lemma 5.1 Fixed Ry > 0, with Bg, D €, then YR = Ry, there results

Upp, Sug, Y(Augp)E€Sp, A>Ig,, (5.2)
ug Sujp V(Aug) €Sk . (5.3)

Proof. Since 7 < hand Ry <R, it follows that ug is a super-solution for prob-
lem (Pg,). As usual, a small sub-solution of (Pg,) can be found as before, and
thus the unique solution u g, of (Pg,) satisfies u, g, < ug.
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Similarly, it is easy to check that ug is a sub-solution of (ﬁR), and ¥ =Cy
is a super-solution of (Fg) (provided that C is sufficiently large). Hence
ur SR

Theorem 5.2 Suppose (Q) and (A — Ay — A3 — As) hold. Then, on S one has
that for all p =1, |u|, — oo, iff A1 Ao

Proof. (a) Let A1 . By (h) of Theorem 2.6, |ug,|, — co. Using (5.2) it
follows that |u|, — oo as A T Ao.

(b) Since (INDR) has a unique solution for all ieH(Sg), the ¥ found in
Subsect. 4b, satisfies not merely (B) but also (B) and therefore it becomes an
a-priori bound for all the solutions of (P), with A < b. This implies that S can
only blow up in L7 as A— . Taking limits in (5.3) one finds that u <u for
all (A,u)e S and (4,u)€S. Then |u|, — oo on S implies that 21— 4.

Remark 5.3 When Q) = () the blow up of S has been studied in Sects. 6 and
7 of [7]. It is worth pointing out that Theorem 5.2 is quite different from the
results of [7]. Actually, in the latter the branch blows up at A=a in L?, for a
certain range of p, related to the dimension N and to the asymptotic properties
of ¢,g and h. We also note that such a behaviour of S remains valid also if
Qo+ 0, A <a< i and g, h satisfy the same assumptions of [7]: it suffices to
use, with minor changes, the arguments in [7].

References

1. Alama, S., Tarantello, G.: On the solvability of a semilinear elliptic equation via an
associated eigenvalue problem. To appear in Math. Z.

2. Akhmediev, N.N.: Novel class of nonlinear surface waves: asymmetric modes in
a symmetric layered structure. Sov. Phys. Jetp 56, 299-303 (1982)

3. Berezin, F.A., Shubin, M.A.: The Schrodinger Equation. Kluwer Acad. Publ., Dordrecht,
1991

4. Brézis, H.: Analyse fonctionnelle et applications. Masson, Paris, 1983

5. Brézis, H., Kamin, S.: Sublinear elliptic equations in R”. Manuscr. Math. 74, 87-106
(1992)

6. Berestycki, H., Lions, P.L.: Nonlinear scalar field equations. Arch. Rational Mech. Anal.
82, 313-345 (1983)

7. Edelson, A.L., Stuart, C.A.: The principal branch of solutions of a non linear elliptic
eigenvalue problem on IRY. Preprint 04.94, Ecole Pol. Féd. de Lausanne

8. Jones, C.K.R.T., Kiipper, T.: In preparation

9. Jones, C.K.R.T., Moloney, J.V.: Instability of standing waves in nonlinear optical wave-
guides. Phys. Lett. A 117, 175-180 (1986)

10. Ouyang, T.: On the positive solutions of semilinear equations Au + Au — huP =0 on
compact manifolds. Trans. A.M.S. 331, 503-527 (1992)

11. Rabinowitz, P.H.: Some global results for nonlinear eigenvalue problems. J. Funct. Anal.
7, 487-513 (1971)

12. Reed, M., Simon, B.: Methods of Modern Mathematical Physics, IV. Academic Press,
1978

13. Stuart, C.: Guidance properties of nonlinear planar waveguides. Arch. Rational Mech.
Anal. 125, 145-200 (1993)

14. Whyburn, G.T.: Topological Analysis. Princeton, 1955



