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1 Introduction and summary

The statistical explanation of thermodynamic entropy of black holes is one of the remark-

able achievements of string theory [1, 2]. The emerging picture is that a black hole is a

bound state of an ensemble of fluctuating strings, branes, and other fundamental excitations

of string or M theory. This picture has been checked to great precision for supersymmetric

black holes in superstring theory. The microscopic degeneracy in this case is captured by

a supersymmetric index that counts all micro-states carrying the same charges as that of

the black hole in a weakly coupled regime. This index is robust under small changes of

moduli, which allows us to extrapolate the weak coupling result to strong coupling. The

leading order result for the logarithm of the index at large charges is then found to match
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the thermodynamic black hole entropy, with no adjustable parameter. This match can be

pushed to higher order by computing and comparing the subleading corrections to both

the macroscopic and microscopic results (see the review [3]).

One can go even further and try to compute the exact macroscopic quantum entropy of

supersymmetric black holes using the formulation of quantum entropy in [4], and compare

it with the logarithm of the microscopic degeneracy of states. For four-dimensional black

holes preserving four supercharges in N = 8 string theory in asymptotic flat space (Type

II string theory compactified on T 6), one can actually sum up all the macroscopic quantum

corrections using localization and recover the exact microscopic integer degeneracy [5, 6].

This result prompts us to look for such exact agreement in other systems and, in particular,

in theories with less supersymmetry.

A crucial guide in this successful comparison of the exact microscopic and macroscopic

entropy is the modular symmetry of the generating function of the degeneracies of BPS

states [7]. The microscopic degeneracies1 of 1
8 -BPS states in N = 8 string theory are

Fourier coefficients of the ratio of powers of the Jacobi theta function and of the Dedekind

eta function [10–13] ZN=8
micro(τ, z) = ϑ1(τ, z)2/η(τ)6. The function ZN=8

micro is a weak Jacobi

form [14] and, in particular, transforms covariantly under the modular group SL2(Z).

This modular transformation property leads to an analytic formula for the microscopic

degeneracy, known as the Hardy-Ramanujan-Rademacher expansion, which expresses the

integer coefficient of a modular form as an infinite series of Bessel functions of exponentially

decreasing magnitude. This series can be interpreted on the macroscopic side as an infinite

sum over orbifold geometries with the same AdS2 asymptotics [15, 16], and each term in

the sum can be recovered, using localization, as the functional integral of bulk supergravity

fluctuations around the corresponding saddle point [5, 6, 17].

For the next-to-simplest case of 1
4 -BPS black holes in N = 4 string theories, it turns

out, however, that the modular symmetry is not manifest. The microscopic degeneracy is

again a Fourier coefficient of a certain automorphic form, namely the inverse of the Igusa

cusp form discussed below, but it includes contributions both from a single, spherically

symmetric BPS black hole as well as contributions from two-centered black hole bound

states [18].2 In order to single out the single-centered black hole microstates, we need to

remove part of the spectrum, thereby spoiling some of the symmetries. The observation

of [20] was that the modular symmetry is not broken, but has an anomaly: the degenera-

cies of microstates of 1
4 -BPS black holes are coefficients of mock Jacobi forms, which are

holomorphic but not modular. They can, however, be made modular at the cost of adding

a correction term which is non-holomorphic in τ (but still holomorphic in z) [21]. This

characterization allows one to generalize the Rademacher expansion and enables complete

control over the growth of the Fourier coefficients [22–24]. It has also been used to make

progress on the bulk interpretation of the microscopic degeneracies of black holes [25, 26].

1In this paper the word ‘degeneracy’ refers to a suitable helicity supertrace that counts the net number

of short multiplets with given charges. Under favorable circumstances, this may coincide with the actual

number of states [8, 9].
2In N = 8 string vacua, multi-centered configurations have too many fermionic zero-modes to contribute

to the relevant spacetime helicity supertrace [19].
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We note that a similar phenomenon arises in the context of N = 2 black holes [27, 28],

but in that context mock modular forms of higher depth are expected to arise due to the

occurrence of BPS bound states involving an arbitrary number of constituents [29, 30].

In this paper, inspired by earlier work [31, 32] in the context of N = 2 black holes,

we attempt to give a physical justification of this non-holomorphic correction from the

macroscopic point of view in the N = 4 context, by computing the contribution of the

continuum of scattering states in the quantum mechanics of two-centered BPS black holes.

The rest of the introduction contains a summary of the details of our problem and its

proposed solution.

1.1 Dyon degeneracy function in N = 4 string theory and its decomposition

Consider Type II string theory on K3 × T 2, a theory with four-dimensional N = 4

supersymmetry. The U -duality group of the theory is SO(22, 6,Z) × SL(2,Z) [33, 34].

There are 28 gauge fields with respect to which we have electric charges N i and mag-

netic charges M i, i = 1, · · · , 28. These charges transform as a vector under the T-duality

group SO(22, 6,Z), and the electric and magnetic charges transform as a doublet under

the S-duality group SL(2,Z). The T-duality invariants are (N2/2,M ·N,M2/2) ≡ (n, `,m),

where the inner product is with respect to the SO(22, 6,Z)-invariant metric. The degen-

eracy of 1
4 -BPS dyons in this theory depends on these T-duality invariants as well as the

point φ in moduli space. The degeneracy is given as the Fourier coefficient [35–37]:

ddyon(n, `,m;φ) =

∫
C(φ)

e−2πi(nτ+`z+mσ)

Φ10(τ, z, σ)
dτ dz dσ , (1.1)

where Φ10 is the Igusa cusp form, the unique Siegel modular form of weight 10. Here

the contour C depends on the moduli φ as well as the charge invariants (which we have

suppressed in the above formula) [38, 39] (see [40] for a recent new perspective on this

formula).

Above we have used the terminology of “dyon degeneracy” as is common, but it should

be understood that the left-hand side of the formula (1.1) refers to the index of states

that preserve a quarter of the spacetime supersymmetry. In the near-horizon region of

attractor black holes, it turns out that all the states that contribute to this index are

bosonic and therefore this index is really a degeneracy [8, 9], but more generally there can

be cancellations between bosons and fermions. In particular one can show that the only

gravitational configurations that have non-zero contributions to the supersymmetric index

in this situation are 1) single-centered 1
4 -BPS dyonic black holes and 2) two-centered black

holes, each of which is individually 1
2 -BPS [18]. This suggests that the generating function

can itself be decomposed as a sum of single-centered black holes and two-centered black

hole bound states. This intuition was made precise in the M-theory limit in [20], in which

we must first expand the generating function in the region σ → i∞:3

1

Φ10(σ, τ, z)
=

∞∑
m=−1

ψm(τ, z) e2πimσ . (1.2)

3In the M-theory limit, following the contour C in (1.1) leads to Im(τ) = cτ
R

, Im(z) = cz
R

, Im(σ) = cσR,

with R → ∞, where cτ , cz, cσ are functions of charges and other moduli that are held fixed in the limit,

such that Imz = − `
2m

Imτ .
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The Fourier-Jacobi coefficients ψm(τ, z) are meromorphic Jacobi forms of weight −10 and

index m with a double pole at z = 0 and no others (up to translation by the period

lattice Zτ + Z). The meromorphy is a hallmark of a phenomenon known as wall-crossing:

as we vary Im(z) space, the Fourier coefficients of the Jacobi form ψm(τ, z) with respect to

Re(z) jump when Im(z) crosses an integer multiple of Im(τ). This corresponds precisely

to the appearance or disappearance of the bound state of two 1
2 -BPS black holes across a

real codimension-one wall in the space of moduli φ, and the jump in the right-hand side

of (1.1) is precisely the degeneracy carried by that bound state [18, 41].

Focussing on the case m > 0 relevant for genuine black holes, the contributions of

two-centered bound states are captured by the function ψP
m(τ, z), called the polar part

of ψm constructed to have the same poles and residues as ψm as well as the same elliptic

transformations under shifts of z by Zτ + Z. Its explicit form is given by

ψP
m(τ, z) =

d(m)

η(τ)24
A2,m(τ, z) , (1.3)

where d(m) is the mth Fourier coefficient of 1
η(τ)24

, which gives the degeneracy of half-BPS

black holes with gcd(N2/2,M ·N,M2/2) = m [42], and A2,m(τ, z) is the Appell-Lerch sum

A2,m(τ, z) =
∑
s∈Z

qms
2+s ζ2ms+1

(1− qsζ)2
, q = e2πiτ , ζ = e2πiz . (1.4)

The contribution of single-centered black holes can be computed by evaluating (1.1) at the

attractor point φ∗. Following the contour C(φ∗) in the M-theory limit (see Footnote 3), we

are led to the generating function ψF
m(τ, z), called the finite part of ψm, defined as:

ψF
m(τ, z) =

∑
` mod2m

fattrm,` (τ)ϑm,`(τ, z) , (1.5)

where

fattrm,` (τ) = e−πi`
2τ/2m

∫ −`τ/2m+1

−`τ/2m
ψm(τ, z) e−2πi`z dz , (1.6)

and the weight-12 index-m theta function is defined as:

ϑm,`(τ, z) =
∑
λ∈Z

λ≡ ` (mod 2m)

qλ
2/4m ζλ . (1.7)

With these definitions, one can now check that the meromorphic Jacobi form ψm(τ, z)

is the sum of its finite and polar parts [20]:

ψm(τ, z) = ψF
m(τ, z) + ψP

m(τ, z) . (1.8)

Since the function ψP
m(τ, z) has the same poles and residues as ψm, the function ψF

m(τ, z) is

holomorphic in z, consistently with its interpretation as the generating function of single-

centered black holes degeneracies, which cannot exhibit any wall-crossing phenomena.

– 4 –



J
H
E
P
1
2
(
2
0
1
8
)
1
1
9

1.2 Mock Jacobi forms and the holomorphic anomaly

The nontrivial part of the above decomposition theorem is of course its implication for

modularity. The additive decomposition of ψm breaks modularity of the individual pieces

and, in particular, ψF
m(τ, z) is not a Jacobi form any more. The theorem states that

by adding a specific non-holomorphic correction term that we will discuss in section 2

(see Equation (2.14)), to ψF
m(τ, z), one can obtain a non-holomorphic completion ψ̂F

m(τ, z)

which is modular and transforms as a Jacobi form of weight −10 and index m. As the left-

hand side of (1.8) is a Jacobi form, it is clear that subtracting the same non-holomorphic

correction term from ψP
m(τ, z) also gives a function ψ̂P

m(τ, z) that transforms as a Jacobi

form of the same weight and index. In other words:

ψm(τ, z) = ψ̂F
m(τ, z) + ψ̂P

m(τ, z) , (1.9)

where both summands are non-holomorphic but modular.

The failure of holomorphy of the completions ψ̂F
m(τ, z) and ψ̂P

m(τ, z) is captured by the

following equation (with τ2 = Im(τ)):

τ
3/2
2

∂

∂τ
ψ̂F
m(τ, z) = −τ3/22

∂

∂τ
ψ̂P
m(τ, z) =

√
m

8πi

d(m)

η(τ)24

∑
` (mod 2m)

ϑm,`(τ, 0)ϑm,`(τ, z) .

(1.10)

The fact that the completed partition function ψ̂F
m transforms like a holomorphic Jacobi

form suggests that it should be identified with the elliptic genus of the five-dimensional

black string that descends to the black hole upon compactification on a circle. It was specu-

lated in [20] that the non-holomorphic dependence on τ is caused by the non-compactness

of the target space of the SCFT2, similar to the phenomenon studied in [43–45]. Un-

fortunately, a detailed implementation of this idea has remained elusive. In this paper

we focus instead on the two-centered piece ψ̂P
m, and investigate the physical origin of its

non-holomorphic dependence.

1.3 Moduli space of two-centered black holes and continuum contribution

Consider the (n, `)th Fourier coefficient dP(n, `,m) of the function ψP
m(τ, z) (1.3) with

respect to the potentials (Re(τ),Re(z)). This coefficient depends on the value of Im(z) be-

cause of the meromorphy of ψP
m. For a given value of Im(z), determined by the values of the

moduli at spatial infinity, it is expected to compute the Witten index of the supersymmetric

quantum mechanics of two-centered BPS black holes with total charge invariants (n, `,m).

This interpretation has been checked very precisely: for fixed magnetic charge invariant m,

the walls of marginal stability of two-centered bound states in the M-theory limit precisely

correspond to the poles in z of the Appell-Lerch sum (1.4). All these walls can be mapped,

by S-duality, to the wall at Im(z) = 0 across which a basic two-centered bound state con-

sisting of a purely electric 1
2 -BPS black hole with charge invariant n and a purely magnetic

1
2 -BPS black hole of charge invariant m is created. The generating function of BPS states

of this basic two-centered bound state is given by

ψbasic
m (τ, z) = d(m)

1

η24(τ)

ζ

(1− ζ)2
=:

∑
n,`

dbasicm (n, `;u2) q
n ζ` , (1.11)
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where we have explicitly shown the dependence, discussed above, of the Fourier coefficient

on Im(z), through the variable u2 := Im(z)/τ2. The invariant ` corresponds to the field

angular momentum in this bound state configuration, and the pole in z corresponds to the

(dis)appearance of this bound state across a wall of marginal stablity.

As we describe in section 2, the full generating function ψP
m(τ, z) is given by the sum

over all S-duality images of this basic two-centered function ψbasic
m (τ, z), and for this reason

it is enough to focus our attention on the latter. Its Fourier coefficient is computed by the

supersymmetric index

dbasicm (n, `;u2) = Trbasic, bound(n,`,m) (−1)F , (1.12)

where the trace is taken over the bound state spectrum of the quantum mechanics describ-

ing the basic two-centered black hole configuration at the given value of u2. Since these

bound states are normalizable and discrete, the trace reduces to a sum over the supersym-

metric ground states. The idea that we pursue in this paper is that the completed polar

part ψ̂P
m(τ, z) should similarly arise from a supersymmetric partition function

d̂basicm (n, `;β, u2) = Trbasic, all(n,`,m) (−1)F e−βH (1.13)

which includes contributions of the full spectrum in this same quantum mechanics. Here β

is the inverse temperature and H is the quantum Hamiltonian of the two-centered configu-

rations. The contributions of the bound state spectrum is of course independent of β and

equal to (1.12), since only supersymmetric ground states with H = 0 contribute, but now

there can be an additional contribution from the continuum spectrum, since the densities

of bosonic and fermionic states need not be equal. We define the corresponding generat-

ing function ψ̂basic
m (τ, z), where β is identified with 4πτ2. Averaging as before over all the

S-duality images, we should recover the completed function ψ̂P
m(τ, z) in (1.9).

The quantum dynamics of the two-centered black hole bound state is not completely

understood. In the context of black holes in N = 2 string vacua, it is well-described by

the quiver quantum mechanics with 4 supercharges introduced in [46], or more simply by

the supersymmetric quantum mechanics on R3 which arises on its Coulomb branch [32, 46,

47]. In that case, 1
2 -BPS bound states arise from supersymmetric vacua in the quantum

mechanics on R3 describing the relative motion, while the 4 fermionic zero-modes come

the center-of-motion degrees of freedom. Similarly, in the N = 4 context relevant for this

paper, one would like to construct an analogue of the supersymmetric quantum mechanics

on R3 with 8 supercharges, such that 8 of the 12 fermionic zero-modes carried by 1
4 -BPS

bound states arise from the center-of-motion degrees of freedom, while the remaining 4

correspond to the unbroken supersymmetries in the quantum mechanics describing the

relative motion.

While such a model does not appear to be documented in the literature, we shall

obtain it by reducing a supersymmetric sigma model with 8 supercharges on Taub-NUT

space, which is known to describe dyonic bound states in weakly coupled supersymmetric

gauge theories [48–50]. One considers the dynamics of two 1
2 -BPS dyons of charge (Q1, P1)

and (Q2, P2) on a sublocus of the Coulomb branch where the corresponding central charge

– 6 –
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vectors are parallel, so that there are no static forces between the two dyons. Factoring out

the center of motion, the dynamics captured by geodesic motion on the reduced monopole

moduli space. When P1, P2 are associated to two consecutive nodes on the Dynkin diagram

associated to the gauge group G, this moduli space turns out to be the Taub-NUT manifold

MTN, with metric

ds2 =
H

2
(d~r)2 +

1

2H

(
dψ + ~A · d~r

)2
, H(r) =

1

R
+

1

|~r|
. (1.14)

Here, ~r ∈ R3 is the relative position of the two dyons, ψ ∈ [0, 4π] is the relative angle

associated to large gauge transformations, and ~A is a connection along the circle fiber

parametrized by ψ such that ∂iH = εijk∂jAk. The parameter R controls the radius of the

circle fiber at infinity, and is proportional to the square of the magnetic charges, while the

momentum along the circle fiber is identified with the Dirac-Schwinger-Zwanziger pairing

Q1P2 − Q2P1. Away from the locus where the corresponding central charge vectors are

parallel, the dynamics is still given by geodesic motion on MTN, but now subject to a

potential proportional to the squared norm of the (tri-holomorphic) Killing vector ∂ψ, with

a coefficient that we denote by λ2.

We find that the function ψ̂basic
m (τ, z) is indeed encoded in this quantum mechanical

system, but in a subtle manner. We need to introduce a third parameter ũ2, which cor-

responds to a three-variable generalization [21, 51] of the two-variable Appell-Lerch sum

in (1.4). Upon identifying this third parameter with the coupling constant λ introduced

above as ũ2 = −λR, we find that the Fourier coefficients of the three-variable function are

reproduced by a suitable index in the above quantum mechanical system, but only in the

attractor chamber where sign(u2) = −sign(`). In particular, this index, which we introduce

in section 3.3, and compute by localization methods in section 4, precisely reproduces the

non-holomorphic completion term that is required for modularity.

The plan of this paper is as follows. In section 2 we discuss the microscopic partition

function of the black hole bound states, and how it can be understood as a sum of S-duality

images of the basic bound state partition function. We then discuss the appearance of the

Appell-Lerch sums and their non-holomorphic modular completions, and introduce a three-

variable generalization. In section 3 we discuss the supersymmetric quantum mechanical

system which we use to model the dynamics of the basic black hole bound state and discuss

a set of refined indices which get only contributions from short multiplets. In section 4 we

compute the refined index using localization, and discuss the relation of this result to the

microscopic partition functions for the black hole bound states. In section 5 we summarize

and discuss some puzzles and open questions. Appendix A contains a suggestive attempt

to compute the spectral asymmetry directly by Hamiltonian methods, eschewing a full

analysis of the quantum mechanical model.

2 Black hole bound states and Appell-Lerch sums

In this section we explain the physics and the mathematics of the two-centered black hole

bound state partition function ψP
m(τ, z). Then we present some Fourier expansions of the

– 7 –
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Appell-Lerch sums. Finally we discuss the mathematics of the non-holomorphic parts in

some detail.

2.1 Basic two-centered black hole bound state and its decay

We first consider a system of two 1
2 -BPS black holes where one center has purely electric

charge ( ~N, 0) and the other purely magnetic charge (0, ~M). The degeneracy of the internal

states carried by the first center is d(n) ≡ p24(n + 1), which is the Fourier coefficient of

the generating function [42]

1

η(τ)24
=

∞∑
n=−1

d(n) qn . (2.1)

By S-duality, the degeneracy of the internal states carried by the second center is d(m).

Depending on the values of the moduli at infinity, the quantum mechanics of the relative

degrees of freedom has either no supersymmetric ground states, or |`| of them, where

` = ~M · ~N is the Dirac-Schwinger-Zwanziger product of the charges of the constituents,

transforming as a multiplet of spin (`−1)/2 under spatial SO(3) rotations [52]. The tensor

product of the configurational and internal degrees gives |`| d(n) d(m) BPS bound states

of total charge (M,N).

We now consider a generating function of degeneracies with fixed magnetic charge

invariant m and arbitrary electric charge invariants n and `, with chemical potentials τ

and z, respectively. In the chamber where only bound states with ` > 0 are allowed, the

contribution of the above bound states is then

d(m) · 1

η24(τ)
·
∑
`>0

` ζ` , (2.2)

where ζ = e2πiz. In contrast, in the chamber where only bound states with ` < 0 are

allowed, the contribution of the bound states is

d(m) · 1

η24(τ)
·
∑
`<0

(−`) ζ` . (2.3)

The first and second factors are the internal degeneracies of the half-BPS magnetic and

electric centers, respectively, as explained above. The third factor in (2.2) and (2.3),

taking into account configurational degrees of freedom, is the Fourier expansion of the

meromorphic function

ζ

(1− ζ)2
=


∑

`>0 ` ζ
` if |ζ| < 1,

−
∑

`<0 ` ζ
` if |ζ| > 1,

=
1

2

∑
`∈Z

(sign(Im(z)) + sign(`)) ` ζ` . (2.4)

The basic wall-crossing of the theory is clear from the above two equations: for a fixed value

of `, the degeneracy jumps across the wall Im(z) = 0, which is the image in complex z-space

of the wall in moduli space across which the two-centered bound state with the given value

of ` decays or is created.

– 8 –
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2.2 S-duality and the sum over all wall-crossings

In N = 4 string theory, one can map all the codimension-one walls of marginal stability

in moduli space [18]. The possible decays of a dyonic state with charge vector ( ~N, ~M) are

related by S-duality to the basic decay ( ~N, ~M)→ ( ~N, 0) + (0, ~M) discussed in the previous

subsection. The image of this basic decay under a S-duality transformation γ =
(
a b
c d

)
∈

SL2(Z) is

( ~N, ~M)→ (ad ~N − ab ~M, cd ~N − cb ~M) + (−bc ~N + ab ~M,−cd ~N + ad ~M) , (2.5)

where the two constituents have collinear electric and magnetic charges, as appropriate

for 1
2 -BPS states. The matrix γ simultaneously acts linearly on the chemical potentials

(ρ, v, σ), mapping the wall Im(z) = 0 to Im(cdτ + (ad+ bc)z + abσ) = 0.

These walls can be mapped to the plane of the four-dimensional complex modulus4

S = S1 + iS2 ∈ H. In the upper-half S-plane, the walls are either straight lines intersecting

the S1-axis at the integers, or minor circular arcs intersecting the S1-axis at consecutive

integers. The analysis of [20] is performed in the M-theory limit, in which the radius R of

the M-theory circle is taken to be large keeping other scales in the problem fixed. In this

limit, the modulus scales as S2 ∼ R, and as a consequence, the only relevant walls in this

limit are the straight lines. The basic wall at z = 0 maps to the vertical line at S1 = 0. The

other straight lines are images of this line under the S-duality transformation γ =
(
1 s
0 1

)
,

s ∈ Z, and are therefore associated to the decay

( ~N, ~M)→ ( ~N − s ~M, 0) + (s ~M, ~M) at Im(z) = s Im(τ) . (2.6)

The number of configurational BPS ground states on a suitable side of this wall is ~N1 · ~M2−
~N2 · ~M1 = ` − 2ms, while the electric charge invariant for the purely electric constituent

is ~N1
2
/2 = n+ s2m− s`. The S-duality transformation parameterized by the integer s can

thus be identified with the elliptic transformation z → z + sτ acting on Jacobi forms of

index m.

The full generating function that captures all bound states relevant in the M-theory

limit is therefore obtained by summing over the elliptic transformation images of (2.4).

This is achieved by the operator:

Av(m)
[
F (y)

]
:=
∑
s∈Z

qms
2
ζ2ms F (qsζ) (2.7)

which sends any function of ζ of polynomial growth in ζ to a function of ζ transforming

like an index m Jacobi form under translations by the full lattice Zτ + Z [20]. Applying

this to the function (2.4) leads to the Appell-Lerch sum:

A2,m(τ, z) = Av(m)

[
ζ

(ζ − 1)2

]
=
∑
s∈Z

qms
2+s ζ2ms+1

(1− qsζ)2
. (2.8)

4In terms of the string compactification, this is given by S = a+ e−2φ, where a and φ are the heterotic

axion and dilaton, respectively.
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The moduli dependence of the Fourier coefficients of Appell-Lerch sum A2,m is apparent

in the following Fourier expansion, valid when u2 ≡ Im(z)/Im(τ) is not an integer:

A2,m(τ, z) =
1

2

∑
s∈Z

∑
`∈Z

(
sign(s+ u2) + sign(`)

)
` qms

2+`s ζ2ms+` . (2.9)

Note that the ambiguity of sign(`) at ` = 0 is irrelevant since this term does not contribute

to the sum.

Thus the final answer for the full generating function of two-centered black hole bound

state degeneracies is precisely the polar part of meromorphic Jacobi form ψm discussed in

the introduction:

ψP
m(τ, z) =

d(m)

η(τ)24
A2,m(τ, z) . (2.10)

2.3 Non-holomorphic modular completion

The completion Â2,m of A2,m is defined as:

Â2,m(τ, z) = A2,m(τ, z) + A?2,m(τ, z) , (2.11)

where

A?2,m(τ, z) := m
∑

` (mod 2m)

ϑ∗m,`(τ)ϑm,`(τ, z) , (2.12)

with ϑ∗m,` given by the non-holomorphic Eichler integral of ϑm,` [20]:

ϑ∗m,`(τ) :=
ϑm,`(τ)

2π
√
mτ2

−
∑

λ∈Z+`/2m

|λ| erfc
(
2|λ|
√
πmτ2

)
q−mλ

2
. (2.13)

The completion Â2,m transforms as a Jacobi form of weight 2 and index m [20, 21]. Given

that 1/η(τ)24 is a modular form of weight −12, we have that completion of the two-centered

generating function

ψ̂P
m(τ, z) :=

d(m)

η(τ)24
Â2,m(τ, z) . (2.14)

Putting together the above defining equations of A?2,m(τ, z), we can rewrite it as:

A?2,m(τ, z) = m
∑

` (mod 2m)

∑
r∈Z

r≡ ` (mod 2m)

qr
2/4m ζr

×
∑

λ∈Z+`/2m

[
1

2π
√
mτ2

qmλ
2 − |λ| erfc

(
2|λ|
√
πmτ2

)
q−mλ

2

]
.

(2.15)

In this summation, `′ = 2mλ runs over all integers, while the constraint r ≡ ` (mod 2m)

is equivalent to r ≡ `′ (mod 2m). We solve this constraint by setting r = 2ms + `′ with

s ∈ Z. Dropping the prime on `′, we obtain

A?2,m(τ, z) =
∑
s,`∈Z

[
1

2π

√
m

τ2
e−π`

2τ2/m − |`|
2

erfc

(
|`|
√
πτ2
m

)]
qms

2+`s ζ2ms+` . (2.16)
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Combining Equations (2.9) and (2.16), the full completed Appell-Lerch sum is given by

Â2,m(τ, z) =
∑
s,`∈Z

[
1

2π

√
m

τ2
e−π`

2τ2/m+
`

2

(
erf

(
`

√
πτ2
m

)
+sign(u2 + s)

)]
qms

2+`s ζ2ms+` .

(2.17)

In this form, the modular invariance of (2.17) is a straightforward consequence of Vignéras’s

criterion for the modularity of indefinite theta series [53].

2.4 Three-variable Appell-Lerch sum

The two-variable completed Appell-Lerch sum (2.17) can in fact be obtained by acting with

a suitable derivative operator on the weight-one indefinite theta series with two elliptic

parameters

Â1,m(τ, z, z̃) :=
1

2

∑
s∈Z

∑
`∈Z

[
sign(s+ u2) + erf

(
(`+ ũ2)

√
πτ2
m

)]
qms

2+`s ζ2ms+` ζ̃s ,

(2.18)

where ζ̃ = e2πiz̃ and ũ2 = Im(z̃)/τ2. The theta series (2.18) is closely related to Zwegers’s

Appell-Lerch sum µ(τ, u, v) as explained, for example, in [54, §3.3]. Indeed, a simple

computation shows that

Â′1,m(τ, z, z̃) :=
1

2πi

(
∂z − 2m∂z̃

)
Â1,m(τ, z, z̃)

=
∑
s∈Z

∑
`∈Z

â`(τ2, u2 + s, ũ2) q
ms2+`s ζ2ms+` ζ̃s (2.19)

where

â`(τ2, u2, ũ2) :=
1

2
`

(
sign(u2) + erf

(
(`+ ũ2)

√
πτ2
m

))
+

1

2π

√
m

τ2
e−πτ2(`+ũ2)

2/m . (2.20)

Thus, the derivative Â′1,m(τ, z, z̃) reduces to Â2,m(τ, z) at z̃ = 0.

The quantity â`(τ2, u2, ũ2) defined in (2.20), which appears as the Fourier coefficient

of the term in (2.19) with s = 0, is the one which we shall be able to obtain from an index

computation in the supersymmetric quantum mechanics of the basic black hole bound

state. More precisely, we shall identify its value

âattr` (τ2, ũ2) :=
1

2
`

(
−sign(`) + erf

(
(`+ ũ2)

√
πτ2
m

))
+

1

2π

√
m

τ2
e−πτ2(`+ũ2)

2/m (2.21)

at the attractor point u2 = −`/2m with a suitable index (4.20) receiving contributions

both from discrete states and from the continuum of scattering states.

We do not know yet how to recover (2.20) away from the attractor chamber, since we

have not been able to identify the effect of the variable u2 = Imz/τ2 on the supersymmetric

quantum mechanics. We note, however, that the Fourier coefficient in the non-holomorphic

correction term (2.16) is independent of u2, and is entirely reproduced by the limit of (2.21)

as ũ2 → 0,

âattr` (τ2, ũ2 = 0) = −|`|
2

erfc

(
|`|
√
πτ2
m

)
+

1

2π

√
m

τ2
e−πτ2 `

2/m . (2.22)
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Moreover, the Fourier coefficient of the holomorphic two-variable Appell-Lerch sum (2.9)

agrees with the limit

lim
|ũ2|→∞

âattr` (τ2, ũ2) = `
(
sign(`)− sign(ũ2)

)
, (2.23)

upon formally identifying ũ2 with −u2. Thus, at a mathematical level the full completed

Appell-Lerch sum (2.17) can be recovered from the quantum mechanics computation.

3 Moduli space dynamics of two-centered black holes

In this section we review the supersymmetric quantum mechanics that captures the relative

low-energy dynamics of the dyonic bound states. The bosonic part corresponds to geodesic

motion on Taub-NUT space, subject to a suitable potential. We briefly review the known

spectrum of BPS bound states and the relevant indices which are sensitive to them.

3.1 Classical dynamics of mutually non-local dyons

As mentioned in the introduction, the relevant properties of 1
4 -BPS black hole bound states

in N = 4 string vacua are captured by the supersymmetric quantum mechanics describing

the dynamics of two 1
2 -BPS dyons in weakly coupled four-dimensional N = 4 Super Yang-

Mills theories with gauge group SU(3), carrying magnetic charges associated to the two

simple roots of SU(3). This problem has been intensively studied in the literature [48–

50, 55] using a two-step procedure: first by considering a point on the Coulomb branch

where the six adjoint Higgs fields in the Cartan algebra of SU(3) are aligned, and then

perturbing away from this locus. When the Higgs fields are aligned, the classical theory

reduces to SU(3) Yang-Mills theory with a single adjoint Higgs field. In this case, the two

dyons do not experience any static forces, and their relative motion of two dyons with is

governed by geodesic motion on Taub-NUT spaceMTN with metric (1.14). In units where

the reduced mass is set to 1, the Lagrangian is simply

LTN =
H

2

(
d~r

dt

)2

+
1

2H

(
dψ

dt
+ ~A · d~r

dt

)2

. (3.1)

where H(r) = 1
R+ 1

|~r| and ψ ∈ [0, 4π] parametrizes the circle fiber at infinity. Denoting by

~p and5 q ∈ Z/2 the canonical momenta conjugate to ~r and ψ, the Hamiltonian describing

this geodesic motion is then

HTN =
1

2H
(~p− q ~A)2 +

H

2
q2 , (3.2)

where ~A is the potential for a unit-charge Dirac monopole sitting at ~r = 0. The momentum

q is equal to half the Dirac-Schwinger-Zwanziger pairing of the two dyons, and we shall

restrict our attention to q 6= 0, corresponding to the mutually non-local case. The potential

5The momentum q in this section should not be confused with the modular parameter q = e2πiτ in the

previous section.
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V = 1
2Hq

2 being monotonically decreasing towards spatial infinity, this system admits no

bound states, but only scattering states.

Upon perturbing away from the single-Higgs field locus, it has been shown that the

two dyons start experiencing static forces, such that their relative motion is described by

motion on the same Taub-NUT space with an additional potential term proportional to

the square of the Killing vector ∂ψ. This potential being invariant under translations along

the fiber, the momentum q is still conserved and the relative dynamics is now described by

the Hamiltonian

H =
1

2H
(~p− q ~A)2 +

H

2
q2 +

λ2

2H
, (3.3)

where λ measures the distance away from the single-Higgs field locus. At the classical level,

it is straightforward to see that the potential V = H
2 q

2+ λ2

2H admits bound states whenever

|λ| > |q/R| is large enough, localized around the global minimum at

r0 =


q

λ− q/R
, if λ > q/R > 0 or λ < q/R < 0 ,

− q

λ+ q/R
if λ > −q/R > 0 or λ < −q/R < 0 .

(3.4)

In either case, the ground state energy is V (r0) = |λq| (independently of R), corresponding

to a binding energy

∆E0 = Ec − V (r0) =
R

2
ϑ2± , ϑ± = λ∓ q

R
, (3.5)

where Ec = limr→∞ V (r) = 1
2

( q2
R + λ2R

)
. Note that (3.5) holds provided that bound

states exist, namely qϑ+ > 0 or qϑ− < 0, and that the sign ± is equated with the sign

of qλ. In addition, as in the case of the hydrogen atom, we expect an infinite number of

discrete bound states with energy ranging between E = |λq| and Ec. If instead |λ| < |q/R|
is too small, the potential is monotonically decreasing towards infinity, and there are no

classical bound states. Thus, as the parameter λ is varied from −∞ to +∞, bound states

disappear when λ crosses the value −|q/R| and reappear when it crosses |q/R|. In addition,

irrespective of the value of λ, the classical spectrum admits a continuum of scattering states

with energy E ≥ Ec.

3.2 Bosonic quantum mechanics

We now briefly discuss the spectrum of the quantum Hamiltonian obtained by replacing ~p

by i∂/∂~r in (3.3). The resulting operator commutes with the angular momentum operator

~J = ~r ∧ (~p− q ~A)− q~r
r
. (3.6)

In a sector with ~J2 = j(j + 1) and J3 = m, the wave function Ψ(~r) factorizes into a radial

part f(r) and a monopole harmonic Yq,j,m with

j = |q|+ ` , −j ≤ m ≤ j , m− q ∈ Z , (3.7)
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Figure 1. Top: radial potential V for Rλ < −|q|, −|q| < Rλ < |q|, and Rλ > |q|, respectively.

BPS bound states exist only for R|λ| > q. Bottom: indices I± and Î±(β) as functions of Rλ, for

a fixed value of the inverse temperature.

with ` ∈ N the orbital angular momentum. The radial part of the Schrödinger equation

HΨ = EΨ is then[
1

2H

(
−1

r
∂2r r +

j(j + 1)− q2

r2

)
+
H

2
q2 +

λ2

2H
− E

]
f(r) = 0 . (3.8)

We shall denote E = R
2 k

2 with k ≥ 0 and ϑ =
√

(q/R)2 + λ2 such that the continuum

starts at Ec = R
2 ϑ

2. Setting f(r) = W (2ir
√
k2 − ϑ2), we find that (3.8) reduces to the

Whittaker equation[
∂2z −

1

4
− R2k2 − 2q2

2Rz
√
ϑ2 − k2

− j(j + 1)

z2

]
W (z) = 0 . (3.9)

The solutions are linear combinations of Whittaker functions,

r f(r) = βMµ,ν

(
2r
√
ϑ2 − k2

)
+ γ Wµ,ν

(
2r
√
ϑ2 − k2

)
(3.10)

with

µ = − R2k2 − 2q2

2R
√
ϑ2 − k2

, ν = j +
1

2
. (3.11)

In order for the wave function to be regular at the origin, the coefficient γ must vanish.

For normalizable bound states, the parameter µ (hence the radial wave number k) can only

take discrete values in order for the wave function to decay at infinity. Using the standard

formula

Mµ,ν(z) =
Γ(2ν + 1)

Γ(ν − µ+ 1
2)
eiπµW−µ,ν(eiπz) +

Γ(2ν + 1)

Γ(ν + µ+ 1
2)
eiπ(µ−ν−

1
2
)Wµ,ν(z) , (3.12)

and W (z) ∼ zλe−z/2 as |z| → ∞, we see that this happens when Γ(µ+ ν + 1
2) has a pole,

i.e.6

R2k2n − 2q2

2R
√
ϑ2 − k2n

= j + n+ 1 , n ∈ N , (3.13)

6This result for the discrete spectrum is in agreement with [56, (E.30)] upon identifying (R, q, λ) in our

notations with (R, p/2, C/`) in their notation, and fixing the scale µ = 1/`.
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where we recall that j = |q| + `. As expected in a bosonic model, the ground state

` = n = 0, transforming as a spin |q| representation of SU(2), have energy strictly bigger

than the minimum V (r0) = |qλ| of the potential .

In contrast, for scattering states, the radial wave number can take arbitrary values

k > ϑ. The S-matrix in an angular momentum channel j is easily read off from (3.12),

Sj(k) =
Γ(ν + µ+ 1

2)

Γ(ν − µ+ 1
2)

=
Γ
(
j + 1− i(R2k2−2q2)

2R
√
k2−ϑ2

)
Γ
(
j + 1 + i(R2k2−2q2)

2R
√
k2−ϑ2

) . (3.14)

The density of states in the continuum (relative to the density of states for a free particle

in R3) is related to the phase of the S-matrix via ρ(k)dk = 1
πd[Im logS(k)]. The thermal

partition function for a spinless mode, including contributions from the continuum, is then

Tr e−βH = Θ(R|λ| − |q|)
∞∑
`=0

∞∑
n=0

(2|q|+ 2`+ 1) e−βRk
2
n/2

+

∞∑
`=0

(2|q|+ 2`+ 1)

∫ ∞
k=ϑ

dk ∂k
2πi

log
Γ
(
|q|+ `+ 1− i(R2k2−2q2)

2R
√
k2−ϑ2

)
Γ
(
|q|+ `+ 1 + i(R2k2−2q2)

2R
√
k2−ϑ2

)
 e−βRk2/2 .

(3.15)

It is worth noting that this expression is formal since the sum over the orbital angular

momentum ` diverges. We shall regulate this divergence by imposing a cut-off at ` ≤ `m.

3.3 Supersymmetric quantum mechanics

Taking into account fermionic zero-modes associated to the supersymmetries broken by the

two dyons, the classical dynamics must be described by a supersymmetric extension of the

previous model with 8 supercharges [48]. One way to find the supersymmetric extension of

the Lagrangian (3.1) is by dimensional reduction of a two-dimensional (4, 4) sigma model

on a hyperKähler manifold. As shown in [57, 58], such a model can be deformed by adding a

potential proportional to the norm squared of a tri-holomorphic vector field. Alternatively,

one may start from the undeformed model in two-dimensions but perform the dimensional

reduction with Scherk-Schwarz twist [59]. The resulting one-dimensional model admits a

supersymmetry algebra with a central term [48],

{Qµα, Qνβ} = 2δµν
(
δαβH− σ1αβ Z

)
, (3.16)

where the indices α, β run over {1, 2} while the indices µ, ν run over {1, . . . , 4}, cor-

responding to the four directions on the tangent space of the HK manifold. Defining

Qµ± = (Qµ1 ±Q
µ
2 )/
√

2, this can be rewritten as

{Qµ±, Qν±} = 2δµν (H∓Z) , {Qµ+, Qν−} = 0 . (3.17)

In view of their two-dimensional origin, we shall refer to Qµ+ and Qµ− as the right-moving

and left-moving supercharges, respectively. In addition to the usual fermionic parity (−1)F ,

– 15 –



J
H
E
P
1
2
(
2
0
1
8
)
1
1
9

which anticommutes with both Qµ+ and Qµ−, the model admits two Z2-gradings7 which

we shall denote by (−1)F± , such that (−1)F = (−1)F+(−1)F− . The operators (−1)F±

anticommute with Qµ± but commute with Qµ∓, in line with the fact that they descend from

the fermionic parities on the right-moving and left moving side in two-dimensions.

Energy eigenstates which saturate the BPS bound E ≥ |Z| are either annihilated by

Qµ+, µ = 1, · · · , 4 (whenever E = Z > 0) or by Qµ−, µ = 1, · · · , 4 (whenever E = −Z > 0).

Unless |Z| = 0, some of the supersymmetries are always broken, so the Witten index

I = Tr(−1)F always vanishes. In contrast, the indices I± = Tr(−1)F± receive non-zero

contributions from short multiplets annihilated by Q± [60].

For the model (3.3) of interest, the central charge is Z = λq, which we assume to

be non-zero. The classical ground states described in (3.4) lead to BPS states annihilated

by Q+ when λq > 0, or by Q− when λq < 0. In either case, they obtain 4 fermionic zero-

modes from the broken supersymmetries of the quantum mechanics describing the relative

motion (as well as another 8 from the center-of-mass motion, reproducing the 12 fermionic

zero modes of a 1
4 -BPS bound state in the four-dimensional N = 4 theory). Moreover, the

highest weight vector in the supersymmetric multiplet carries angular momentum |q| − 1
2 ,

with |q| originating from the magnetic term in (3.6) and −1
2 from the spin degrees of

freedom. It follows that the indices are given by

I = 0 , I± = 4 [|q| ± q sign(Rλ∓ q)] . (3.18)

These indices agree with the Dirac indices computed by localization with respect to the

action of the Killing vector ∂ψ in [60].

One can refine these indices by introducing a fugacity conjugate to conserved charges

commuting with the supercharge as follows. Using the terminology of the two-dimensional

(4,4) sigma model, we first note that the algebra (3.17) is invariant under independent

SO(4) rotations of the left and right-moving charges. These are a priori outer automor-

phisms of the algebra, but it turns out that certain combinations are symmetries of the

Hamiltonian. Writing SO(4) = SU(2) × S̃U(2) on the right-moving side, we define J+
and I+ as, respectively, half the sum and half difference of the Cartan generators of SU(2)

and S̃U(2). Similarly, we define J− and I− as half the sum and difference of the two Cartan

generators on the left-moving side. The operators (−1)2J± are the Z2 gradings mentioned

previously, while J = J+ + J− is identified with the Cartan generator of the SU(2) rota-

tional isometry of the Taub-NUT space, corresponding to the physical angular momentum

of the two-centered system. In addition, there is a conserved charged q corresponding to

translations along the circle direction ψ.

The representations of the supersymmetry algebra (3.17) are obtained by tensoring

representations of the left-moving and right-moving algebras. If E > |Z|, the irreducible

representations on both sides have dimension 4, and carry the charge assignments given in

table 1. Using the fact that Tr(−1)2J±y2(J±+I±) = 0 on either of these representations, it is

immediate to see that the resulting long representations, of dimension 16, do not contribute

7Upon representing spinors on MTN as multi-forms, the usual fermionic parity is (−1)F = (−1)k where

k is the form degree, while (−1)F+ = ? is the Hodge star while (−1)F− = ?(−1)k.
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to either of the following traces,

I+(λ; y, v) = Trq (−1)2J e−β(H−qλ) y2(J+I+) e4πivI− , (3.19)

I−(λ; y, v) = Trq (−1)2J e−β(H+qλ) y2(J+I−) e4πivI+ , (3.20)

where the trace is taken over the discrete spectrum in the sector with charge q. If instead

E = qλ > 0, the right-moving representation is one-dimensional, and carries I+ = J+ =

0, while the left-moving representation is the one given in table 1. The resulting short

representations, of dimension 4, do not contribute to I−q , but it does contribute to I+q
with a term proportional to Tr(−1)2J−y2J−e4πivI− = 2 cos(2πv) − y − y−1. Similarly, if

E = −qλ > 0, the representation on the left-moving side is one-dimensional, and carries

I− = J− = 0. The resulting short representations do not contribute to I+, but it does

contribute to I−, with a term proportional to 2 cos(2πv)−y−y−1. In either case, the result

is independent of β. Using the fact that the highest weight vector in the representation

carries angular momentum |q| − 1
2 , we find

I+(λ; y, v) =
1

2

(
sign(q) sign(q −Rλ)− 1

) [
χ|q|(y)− 2 cos(2πv)χ|q|− 1

2
(y) + χ|q|−1(y)

]
,

(3.21)

where χj(y) = y2j+1−y−2j−1

y−1/y is the character of a spin j representation of SU(2) (we set

χj = 0 whenever j < 0). In this expression, the prefactor vanishes unless q(Rλ − q) > 0,

in which case it gives −1. Note that this result vanishes at y = 1, v = 0, in agreement of

the vanishing of the Witten index I = 0. However its second derivative with respect to y

I+(λ) = −2

[(
y

d

dy

)2

I+(λ; y, 0)

]
y=1

(3.22)

happens to agree with the result for I+ in (3.18). Similarly, the refined index I− is given by

I−(λ; y, v) =
1

2

(
sign(q) sign(Rλ+ q)− 1

) [
χ|q|(y)− 2 cos(2πv)χ|q|− 1

2
(y) + χ|q|−1(y)

]
,

(3.23)

whose second y−derivative at y = 1, v = 0, happens to agree with the result for I−
in (3.18). This observation suggests that the exotic indices I± = Tr(−1)F± may be

related to more standard indices, where states are counted with the physical fermionic

parity (−1)F = (−1)2J .

Rather than considering the refined indices I±(λ; y), which involve a fugacity both for

the angular momentum J and R-charge I±, one may consider the helicity partition function

I(λ; y) = Trq (−1)2J e−β(H−|qλ|) y2J (3.24)

with a fugacity y conjugate to the physical angular momentum. Unlike the refined in-

dices (3.19), (3.20), this trace receives contributions from long representations, given by∑
I,J

(−1)2Jχ|q|+J− 1
2
+`(y) = χ|q|+`+ 1

2
− 4χ|q|+` + 6χ|q|+`− 1

2
− 4χ|q|+`−1 + χ|q|+`− 3

2
(3.25)
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State J± I± (−1)2J±

| ↓↓〉 −1/2 0 −1

| ↓↑〉 0 −1/2 +1

| ↑↓〉 0 +1/2 +1

| ↑↑〉 +1/2 0 −1

Table 1. Long representation of the chiral superalgebra. In this table ± denote the right- and left-

moving sectors. The two arrows of the state denote the eigenvalues under the Cartan generators

of SU(2) and S̃U(2) (↑ has value + 1
2 and ↓ has value − 1

2 ).

where ` is the orbital angular momentum (not to be confused with the summation variable

` appearing in section 1) . Moreover, short multiplets contribute in the same way to I(λ; y)

and I+(λ; y, 0) when λq > 0, or to I(λ; y) and I−(λ; y, 0) when λq < 0, and in both cases

carry zero orbital angular momentum. It follows that the contributions of short multiplets

is given by

− 2 + sign(q)(sign(Rλ− q)− sign(Rλ+ q))

2

[
χ|q|(y)− 2χ|q|− 1

2
(y) + χ|q|−1(y)

]
, (3.26)

where the prefactor ensures that I(y) vanishes unless R|λ| > |q|, which is the range where

bound states exist. It is easy to check that (3.25) is of order (y−1)4 near y = 1, while (3.26)

is of order (y − 1)2. It follows that the second derivative at y = 1,

I2 := −1

2
(y∂y)

2 I(λ; y)|y=1 , (3.27)

also known as the helicity supertrace, receives only contributions from short multiplets,

coincides with one quarter of the sum of the indices I± in (3.18),

I2 = 2|q|+ q sign(Rλ− q)− q sign(Rλ+ q) =
1

4
(I+ + I−) . (3.28)

As we have shown, the refined indices I±(λ; y, v), defined in (3.19), (3.20) as a trace

over the discrete spectrum, get contributions only from short BPS states, and are indepen-

dent of the temperature β. Upon including the contribution of the continuum of scattering

states in the trace, then the contribution from bosons and fermions need no longer can-

cel perfectly, and the resulting indices, which we denote by Î±q (λ;β, y, v), may acquire a

dependence on β. The density of bosonic and fermionic scattering states can in principle

be calculated as in Equations (3.14), (3.15) from the knowledge of the S-matrix, but this

requires diagonalizing the action of the Hamiltonian on the 16 helicity states, which is

cumbersome.8 In the next section, we shall calculate Î+q (λ;β, y, v) using the method of su-

persymmetric localization. We shall recover the contribution of the bound states discussed

in this section, as well as the contribution from the continuum, which we compare with the

microscopic prediction.

8In appendix A, we make a tentative guess for the result of this diagonalisation and compute the resulting

helicity supertrace.
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4 Supersymmetric partition function from localization

In this section we compute the refined index (3.19) for the quantum mechanics with 8

supercharges described in the previous section, using localization in a gauged linear model

that flows in the infrared to the model of interest. We find that the result reproduces the

expected contributions of short multiplets in the discrete spectrum, plus a β-dependent

contribution which can be ascribed to a spectral asymmetry in the continuum. We compare

the result with the microscopic answer given in Equation (2.21) and find agreement for the

discrete contribution upon a suitable identification of moduli. The same identification then

leads to the correct non-holomorphic term as well.

4.1 Localization in the two-dimensional (4,4) sigma model on Taub-NUT

In the context of two-dimensional (4,4) sigma models, the elliptic genus of Taub-NUT

spaceMTN was computed in [59] by localization in a two-dimensional gauged linear model

which flows to the non-linear (4,4) sigma model on MTN. This gauged linear sigma model

simply involves two free hypermultiplets (q1, q2) ∈ H2 and one vector multiplet gauging

the non-compact symmetry (q1, q2) → (eitq1, q2 + νt) [61, 62]. At low energy, the model

flows to a sigma model on the hyperKähler quotient H2///R, which is well-known to be

Taub-NUT space. In particular, the triholomorphic U(1) isometry and the rotational SU(2)

isometry of MTN simply descend from the circle action (q1, q2) → (eiαq1, q2) and action

of the unit quaternions (q1, q2)→ (pq1, pq2p) with pp = 1, which commute with the gauge

symmetry [63, §3.1]. The authors of [59] considered the refined elliptic genus9

E(τ ; ξ1, ξ2, v) := TrHRR
(−1)F e2πi(τL0−τL̃0) e4πiξ1q e−2πiξ2(q1+q2) e−2πivq3 , (4.1)

where HRR is the Hilbert space on the cylinder in the Ramond-Ramond sector (including

both normalizable states and states in the continuum), L0, L̃0 are the zero-modes of the

Virasoro generators on the cylinder, q is the charge under the triholomorphic U(1) action,

and q1, q2, q3 are the charges under the Cartan generators of SU(2)1×SU(2)2×SU(2)3, where

SU(2)1 is the action of the unit quaternions above, while SU(2)2 × SU(2)3 is the standard

R-symmetry of two-dimensional (4,4) sigma models. To see that the observable (4.1)

is protected, note that supercharges transform as (2, 1, 2)− ⊕ (2, 2, 1)+ under SU(2)1 ×
SU(2)2 × SU(2)3 (where the subscript indicates the two-dimensional helicity), therefore as

(2, 2)−⊕ (1, 1)+⊕ (3, 1)+ under SU(2)L×SU(2)3 where SU(2)L is the diagonal subgroup of

SU(2)1×SU(2)2. Thus, there exists one supercharge which commutes with SU(2)L×SU(2)3,

allowing for chemical potentials conjugate to q1 + q2 and to q3. Using the localization

techniques for (0, 2) sigma models developed in [64] one finds [59, (3.16)]:

E(τ ; ξ1, ξ2, v) = R̃

∫
E(τ)

du1 du2
τ2

θ1(τ, u+ ξ1 + v) θ1(τ, u+ ξ1 − v)

θ1(τ, u+ ξ1 + ξ2) θ1(τ, u+ ξ1 − ξ2)
∑

p,w∈Z2

e
−πR̃
τ2
|u+p+τw|2

,

(4.2)

where u = u1 + iu2, which encodes the holonomies of the vector multiplet, is integrated

over the Jacobian torus E(τ) = C/(Z + τZ). The parameter R̃, denoted by g2 in [59], will

9To match notations, set (Qf , Q1, Q2, QR) = (−2q, q1,−q2, q3), z = v, and set dudu = du1du2.
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be related to the radius R of Taub-NUT shortly. In this localisation computation, it is

important to keep the parameter ξ2 non-zero, since otherwise the two simple poles in the

denominator would collide into a double pole, leading to a logarithmic divergence of the

form
∫

dudu 1
|u|2 . For ξ2 6= 0, the simple poles are integrable, and the result is manifestly

holomorphic in v, albeit not in τ, ξ1 nor ξ2.

4.2 Localization in the quantum mechanics with 8 supercharges on Taub-NUT

In principle, the localization techniques of [64] apply just as well to sigma models with

2 supercharges in one dimension [65], with several complications due to the fact that

the holonomies of the vector multiplet now live in an infinite cylinder, rather than on a

compact torus. Alternatively, one may start from the two-dimensional sigma model and

keep only the contributions from the center of mass modes and remove the contribution of

the oscillator modes [66, 67]. The observable (4.1) becomes

Î(τ2; ξ1, ξ2, v) := Tr (−1)F e−4πτ2H e4πiξ1q e−2πiξ2(q1+q2) e−2πivq3 , (4.3)

whereH = 1
2(L0+L̃0) is the Hamiltonian for the zero-modes. Setting β = 4πτ2, y = e−2πiξ2 ,

ξ1 = ξr1 + iλτ2, and identifying

(−1)F = (−1)2J , q1 = 2J , q2 = 2I+ , q3 = 2I− , (4.4)

we recognize the generating function

Î(τ2; ξ1, ξ2, v) =
∑
2q∈Z

e4πiξ
r
1q Î+q (λ;β, y, v) (4.5)

of the indices (3.19) discussed in the previous section — where the trace in (4.3) a priori

includes contributions both from normalizable states and from the continuum. The iden-

tification Im(ξ1) = τ2λ is motivated by the fact for this choice, the first two exponential

factors in (4.3) recombine into e−β(H−Z) with central charge Z = qλ, as in (4.3). The

fact that switching on an imaginary part for the chemical potential ξ1 conjugate to the

momentum along the triholomorphic isometry induces a scalar potential proportional to

the square of the Killing vector is not obvious and will be justified a posteriori.

In order to obtain the localized functional integral for our one-dimensional sigma model,

we first recall the origin of the various terms in the two-dimensional computation of [59]

leading up to (4.2). The variables u1, u2 living on the torus are the values of the Wilson

lines of the gauge fields that parameterize the localization manifold. The sum over p, w

is the classical contribution of momentum and winding modes of the worldsheet around

the compact direction in target space. The ratio of Jacobi theta functions arises from the

quadratic fluctuation determinant in the directions orthogonal to the localization manifold.

In our analogous one-dimensional computation, the variable u1 is a Wilson line of the gauge

field while the variable u2 is now interpreted as the zero mode of a scalar field which can

take values in the real line [65]. Thus the integral over the torus E(τ) reduces to an integral

over a cylinder of unit radius. In the classical contribution we only have momentum modes

and all the w 6= 0 modes are discarded. In the one-loop contribution, discarding the
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oscillator modes and keeping only the center of mass modes means that the Jacobi theta

function reduces to a trigonometric function θ1(τ, u)→ 2q1/8 sinπu. We thus arrive at

Î(τ2; ξ1, ξ2, v) =
R̃

τ2

∫
[0,1]×R

du1 du2
τ2

sinπ(u+ ξ1 + v) sinπ(u+ ξ1 − v)

sinπ(u+ ξ1 + ξ2) sinπ(u+ ξ1 − ξ2)
∑
p∈Z

e
−πR̃|u−p|

2

τ2 ,

(4.6)

where u1 ∈ [0, 1], u2 ∈ R. As in (4.2), it is important to keep ξ2 6= 0 in this computation,

since otherwise the double pole would lead to a logarithmic divergence.10 As a result, (4.6)

is manifestly holomorphic in v but not in ξ1, ξ2.

4.3 Extracting the Fourier coefficients

In order to extract the Fourier coefficients of (4.6) with respect to ξ1, we first do a Poisson

resummation over p, obtaining

Î(τ2; ξ1, ξ2, v) =√
R̃

τ2

∫
[0,1]×R

du1 du2
sinπ(u+ ξ1 + v) sinπ(u+ ξ1 − v)

sinπ(u+ ξ1 + ξ2) sinπ(u+ ξ1 − ξ2)
∑
2q∈Z

e
−πR̃u

2
2

τ2
− 4πτ2q

2

R̃
−4πiu1q .

(4.7)

where the dual summation variable is denoted by q ∈ Z/2 for later convenience. Let us

now find the Fourier expansion in u1 for the ratio of sine functions in the integrand. The

denominator can be written as:

1

sinπ(u+ ξ1 + ξ2) sinπ(u+ ξ1 − ξ2)

=
−1

sin 2πξ2

(
cosπ(u+ ξ1 + ξ2)

sinπ(u+ ξ1 + ξ2)
− cosπ(u+ ξ1 − ξ2)

sinπ(u+ ξ1 − ξ2)

)
. (4.8)

Each term can be expanded separately, in an appropriate regime, using the formula

cosπz

sinπz
= −i

1 + e2πiz

1− e2πiz
= −i

∑
n∈Z

(sign(n) + sign(Im(z))) e2πinz , Im(z) 6= 0 , (4.9)

with sign(0) = 0. The numerator can be written as:

sinπ(u+ ξ1 + v) sinπ(u+ ξ1 − v) =
1

2

(
cos 2πv − cos 2π(u+ ξ1)

)
. (4.10)

Putting these formulae together we obtain:

sinπ(u+ ξ1 + v) sinπ(u+ ξ1 − v)

sinπ(u+ ξ1 + ξ2) sinπ(u+ ξ1 − ξ2)
=
(
e2πi(u+ξ1) − 2 cos 2πv + e−2πi(u+ξ1)

)
×
∑
n∈Z

[ (
sign(n) + sign(u2 + ξi1 + ξi2)

) e2πin(u+ξ1+ξ2)
2i sin 2πξ2

]
+

,
(4.11)

10This divergence disappears if one takes both v = ξ2 = 0, in which case the elliptic genus (4.6) reduces

to the Euler number of MTN, which is equal to one.
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where ξ1 = ξr1 +iξi1, ξ2 = ξr2 +iξi2, and the notation [ · ]+ denotes the even part of a function

with respect to ξ2, namely

[f(ξ2)]+ :=
1

2
[f(ξ2) + f(−ξ2)] . (4.12)

We want to rewrite this expression as a Fourier expansion in ξr1. The effect of pulling

the three terms in the first parenthesis inside the summation symbol is to shift the value

of n in e2πin(u+ξ1) to n+ 1, n, n−1, respectively. For |n| > 1, this shift can be absorbed by

a corresponding change of the summation variable, because sign(n) = sign(n± 1) for these

values. For the remaining values n = 0,±1, this shift changes the expression, but by odd

function of ξ2 which does not contribute to the even part. We thus arrive at the expansion:

sinπ(u+ ξ1 + v) sinπ(u+ ξ1 − v)

sinπ(u+ ξ1 + ξ2) sinπ(u+ ξ1 − ξ2)
=∑

n∈Z
e2πin(u+ξ1)

[ (
sign(n)+sign(u2+ξi1+ξi2)

) (e2πi(n−1)ξ2−2 cos 2πv e2πinξ2+e2πi(n+1)ξ2

)
2i sin 2πξ2

]
+

.

(4.13)

Now, the integral over u1 in (4.7) identifies the summation variable n with 2q. The

integral over u2 splits into two pieces — the first one, proportional to sign(n) is gaussian,

and the second part can be computed using√
R̃

τ2

∫
R

du sign(u+ x) e
−πR̃u

2

τ2
−4πqu− 4πq2τ2

R̃ = erf

(√
πR̃

τ2
x−

√
4πτ2

R̃
q

)
. (4.14)

In this way we arrive at the Fourier expansion of (4.6) with respect to ξr1:

Î(τ2; ξ1, ξ2, v) =
∑
2q∈Z

Îq(τ2; ξi1, ξ2, v) e4πi q ξ1 , (4.15)

with

Îq(τ2; ξi1, ξ2, v) =[(
sign(q)−erf

(√
4πτ2

R̃
q−

√
πR̃

τ2
(ξi1+ξi2)

))(
e2πi(2q−1)ξ2−2 cos 2πv e4πiqξ2+e2πi(2q+1)ξ2

)
e2πiξ2−e−2πiξ2

]
+

.

(4.16)

The expression (4.15) is then the result for the refined index defined in (3.19), where the

trace includes both discrete states and states in the continuum.

4.4 Interpreting the result

Performing identifications anticipated above (4.4), assuming for the moment that ξ2 is real

(i.e. ξi2 = 0) and further setting R̃ = 2R, the result (4.16) becomes

Îq(τ2, λ; ξ2, v) =

[
1− sign(q) erf

(√
β

2R
(q −Rλ)

)]
×
[
χ|q|(y)− 2 cos(2πv)χ|q|− 1

2
(y) + χ|q|−1(y)

] (4.17)
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with y = e−2πiξ2 and β = 4πτ2. In the limit β → +∞, this reduces to

Îq(λ; ξ2, v) = [1− sign (q) sign (q −Rλ)]
[
χ|q|(y)− 2 cos(2πv)χ|q|− 1

2
(y) + χ|q|−1(y)

]
,

(4.18)

in perfect agreement, up to overall sign, with the result (3.21) for the contributions of

short multiplets in the discrete spectrum (a similar observation was made in [59, Equa-

tion (5.15)]). Interestingly, the error function in (4.17) also shows up with the same argu-

ment in the result for the helicity supertrace (A.15) computed in appendix A, and it ensures

that the result is smooth as a function of λ, even at λ = 0 where the potential disappears.

It is also worth noting that (4.18) vanishes at y = 1, however this is only so if this value is

approached along the unit circle |y| = 1. If we allow ξ2 to have a non-zero imaginary part,

then the result (4.16) is in fact divergent at ξ2 = 0, reflecting the logarithmic divergence

of the integral (4.6) at that value. In fact, just as the imaginary part of ξ1 is related to

the coefficient λ of the scalar potential on Taub-NUT, one might expect that a non-zero

value of ξi2 may have a similar effect of inducing a scalar potential, and change the classical

dynamics of the system.

Let us now extract the index Î+q by taking two derivatives with respect to ξ2 before

setting ξ2 = 0 as in (3.22), i.e.

Î+q (τ2;λ) :=
1

2π2
d2

dξ22
Îq(τ2;λ, ξ2, v)

∣∣∣
ξ2=v=0

. (4.19)

If we restrict ξ2 to lie along the imaginary axis (ξ2 = iξi2), we find

Î+q (τ2;λ) = −4 |q|+ 4 q erf

(√
2πτ2
R

(q − λR)

)
+

2

π

√
2R

τ2
e−2πτ2(q−λR)2/R . (4.20)

This is precisely the function 4 âattr` (τ2, ũ2) in Equation (2.21), upon identifying m = 2R,

ũ2 = −mλ and ` = 2q. The overall factor of 4 is due to our choice of normalization, which

was tailored to match the indices I± in (3.18) in the limit where τ2 → ∞. We note that

other ways of treating the derivative d
dξ2

in (4.19) would give a different coefficient for the

Gaussian term in (4.20). At the moment we do not have a physical justification for the

prescription used above, which seems to be required for modularity.

4.5 Supersymmetric quantum mechanics with four supercharges

Here we briefly discuss the index in the supersymmetric quantum mechanics obtained

by reducing the (0,4) sigma model on Taub-NUT space, which provides an alternative

description of the quantum mechanics of two BPS black holes in N = 2 string vacua. The

elliptic genus in this model was computed using the same localization techniques in [59,

(6.11)]. Including the contribution of the left-moving fermions, we arrive at

E ′(τ ; ξ1, ξ2) = R̃

∫
E(τ)

du1du2
τ2

η6

θ1(τ, u+ ξ1 + ξ2) θ1(τ, u+ ξ1 − ξ2)
∑
p,w∈Z

e
−πR̃
τ2
|u+p+τw|2

,

(4.21)
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where ξ1 couples to the U(1) charge conjugate to the tri-holomorphic isometry, and ξ2
couples to a linear combination of Cartan generators for the rotational isometry and R-

symmetry. As before, ξ2 must be kept non-zero in order for the integral to be well-defined.

The analogous one-dimensional sigma model computation as described above leads to

Î ′(τ2; ξ1, ξ2) =
R̃

τ2

∫
[0,1]×R

du1du2

∑
p∈Z e

−πR̃|u+p|
2

τ2

4 sin(u+ ξ1 + ξ2) sin(u+ ξ1 − ξ2)
. (4.22)

The Fourier expansion with respect to ξr1 can be computed using the same methods as

in section 4.3. Upon identifying ξi1 = τ2λ as before, and taking the limit ξ2 → 0 keeping ξ2
purely imaginary we find

Î ′q(τ2;λ) = −|q|+ q erf

(√
2πτ2
R

(q − λR)

)
+

1

2π

√
2R

τ2
e−2πτ2(q−λR)2/R , (4.23)

i.e. precisely the same result (4.20) as in the model with 8 supercharges, up to an overall

factor of −1
4 . In particular, in contrast to the model studied in [32], the contribution from

the continuum produces both a term proportional to the complementary error function,

as well as a Gaussian term, which is in fact necessary for the modular invariance of the

generating function of MSW invariants [27, 28].

5 Discussion

In this paper we studied the supersymmetric quantum mechanics of a particle moving

in Taub-NUT space MTN, as a model for the relative dynamics of two-black-hole bound

states in N = 4 string theory. We analyzed this system both from a Hamiltonian viewpoint

and by using localizing the functional integral. The spectrum of the theory consists of a

discrete part, corresponding to bound states, as well as a continuum part, corresponding

to scattering states. Our main goal was to compare the contribution of the continuum

with the non-holomorphic completion required for modularity of the generating function

of black hole degeneracies in the microscopic analysis.

We mainly focussed on the supersymmetric index Î(τ2; ξ1, ξ2, v) where the parameter τ2
couples to the Hamiltonian, ξ1 couples to the U(1) charge q under the triholomorphic isom-

etry ofMTN, ξ2 to a combination of the Cartan generator of the SU(2) rotational isometry

and an R-charge q2, and v to different R-charge q3 in the supersymmetric quantum me-

chanics. The imaginary part of ξ1 is proportional to the coefficient λ of the scalar potential

which deforms the geodesic motion on MTN, while preserving all supersymmetries. Using

the Hamiltonian formulation of the model, we computed the contribution of the discrete

states to the above refined index, as well as to other indices and helicity supertraces. We re-

covered the same result using supersymmetric localization in the functional integral, along

with contributions from the continuum of scattering states. The main result is summarized

in Equations (4.15), (4.16). The discrete part of this result agrees with the Hamiltonian

computation upon identifying Im(ξ1) = τ2λ.

Upon computing the second Taylor coefficient in ξ2 at v = 0, assuming the chemical

potential ξ2 to be purely imaginary, we found that Î(τ2; ξ1, ξ2, v) precisely reproduces
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the Fourier coefficient âattr` (τ2, ũ2) in (2.21) appearing in the modular completion of the

generating function (2.18) of the microscopic degeneracies — a generalization of the usual

generating function (2.11) involving two elliptic parameters z, z̃. The parameter ũ2 =

Im(z̃)/τ2 on the microscopic side is identified with λ, whereas the parameter u2 = Im(z)/τ2
must be taken in the attractor chamber in order to match the quantum mechanics result.

The function âattr` (τ2, ũ2) encodes the modular completion of the original one-parameter

generating function Â2,m(τ, z), in a subtle manner which combines the limits ũ2 → 0 and

|ũ2| → ∞ as discussed at the end of section 2.4.

Our analysis raises several puzzles and open questions. First, it would be interesting

to have an independent computation of the continuum contribution to the refined index

using Hamiltonian methods. In an appendix, we outline such a computation for the helicity

supertrace, but it remains to extend this approach to the case of the refined index. Second,

it would be useful to justify why the imaginary part of the chemical potential ξ1 induces a

scalar potential on Taub-NUT space, and whether the imaginary part of ξ2 has a similar

effect. Third, we have observed certain relations between the indices I± = Tr(−1)F± , the

helicity supertrace I2 and the second derivatives of I±(y, v) with respect at y = 1, v = 0

at the level of the discrete state contributions, and it would be interesting to establish if

these relations continue to hold beyond the limit β →∞.

As for the comparison with the generating function of microscopic degeneracies of

N = 4 dyon bound states, it is satisfying that the quantum mechanics produces the correct

non-holomorphic completion term of the full three-variable Appell-Lerch sum (2.18), but

it is puzzling that it matches the bound state contributions only in the attractor chamber

u2 = −`/2m (albeit for all values of ũ2). This is presumably due to the fact that we

have not found a natural rôle for the chemical potential u2 = Im(z)/τ2 in the quantum

mechanics. It would be interesting to understand the physical relevance of the three-

parameter generating function defined in (2.19), and see whether a similar refinement

exists for the generating function of single-centered N = 4 black holes. Another issue

worth clarifying is the dependence of the result (4.20) on the direction of the derivative in

Equation (4.19).

Finally, it is interesting to note that the quantum mechanics on Taub-NUT with 4

supercharges provides an alternative description of the dynamics of two-centered black

holes in N = 2 string vacua, which is different from the one studied in [32, 46, 47].

In section 4.5 we computed the index using localization, and found that the result (4.23)

contains both a term proportional to the complementary error function, also present in [32],

as well as a Gaussian term, which is in fact necessary for the modular covariance of the

generating function of MSW invariants [27, 28]. It would be interesting to apply similar

localization techniques to the case of multi-centered black holes, where mock modular forms

of higher depth are expected to occur [30]. Interestingly, such modular objects arise in the

computation of elliptic genera of squashed toric manifolds [54], and presumably also in the

context of higher rank monopole moduli spaces, which may provide a useful model for the

dynamics of multi-centered black holes.
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A Spectral asymmetry and helicity partition function

In this section, we compute the helicity partition function

Î(λ;β, y) = Tr (−1)2J e−β(H−|qλ|) y2J (A.1)

using Hamiltonian methods. This function is not a protected quantity, since J does not

commute with any supercharge. Moreover, the explicit computation in (3.25) shows that

long multiplets in the discrete spectrum contribute. In contrast, the second derivative

at y = 1,

Î2(β) :=
1

2
(y∂y)

2 Î(λ;β, y)|y=1 (A.2)

receives only contributions from short multiplets. In the zero temperature limit β → ∞,

Î2(β) reduces to the helicity supertrace I2 in (3.28), but it may also receive contributions

from the continuum of scattering states due to a possible asymmetry between the bosonic

and fermionic densities of states. These contributions are in fact necessary in order to ensure

that Î(β) is a smooth function of the parameter λ at finite β, as required by the Fredholm

property of the Hamiltonian H. To compute the spectral asymmetry, we shall follow the

same approach as in [32], with a shortcut to eschew a full analysis of the supersymmetric

quantum mechanics. Unfortunately, applying the same shortcut to the computation of the

refined indices introduced in (3.19), (3.20) does not seem to give a sensible result, so the

results in this appendix should be viewed as heuristic.

In the case with four supercharges, relevant for dyon dynamics in N = 2 gauge theories,

the wave-function is a 4-component vector which decomposes under the rotation group

SU(2) as 2 scalars and one doublet. This model is similar to the one studied in [32], in fact

for λ = 0 it agrees with it upon rescaling the metric on R4 by the harmonic function H.

In addition to the bosonic part (3.3), the Hamiltonian also includes couplings between the

spin and the magnetic field ~B = q~r/r3 sitting at the origin. After decomposing each mode

into a radial and angular part using spin-weighted monopole harmonics and diagonalizing

the resulting radial Hamiltonian, one finds that the energy levels and density of states in

the continuum for a mode of helicity h ∈ {0, 0,±1
2} are obtained from those of the bosonic

model by replacing the relation j = |q|+ `, ν = j + 1
2 in (3.7), (3.11) by

j = |q|+ h+ ` , ν = j + h+
1

2
, (A.3)
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where ` ∈ N is still the orbital angular momentum. In particular, the ground state is

now obtained by setting n = ` = 0, h = −1
2 , and saturates the bound E ≥ |qλ|. It now

transforms as a representation of spin |q| − 1
2 under SU(2) , and is annihilated by half of

the 4 supersymmetries whenever qλ > 0.

In supersymmetric quantum mechanics with eight supercharges, the wave-function

becomes a 24-component vector, obtained by tensoring the previous one with a basic 4-

dimensional multiplet comprising two scalar modes and one spin 1/2. Thus, it decomposes

under the rotation group SU(2) as 5 scalars, 4 doublets and one triplet, corresponding

to helicities {hi, i = 1, . . . , 16} = {6[0], 4[±1
2 ],±1} which are apparent in the contribu-

tion (3.25) of the long multiplets. In principle, one should again decompose each mode

into a radial and angular part, and diagonalize the resulting radial Hamiltonian. Rather

than carrying out this cumbersome procedure, we shall assume that the resulting energy

levels and density of states are still obtained from those of the bosonic model by replacing

the relation j = |q|+ `, ν = j + 1
2 in (3.7), (3.11) by

j = |q|+ hi + ` , ν = j + h′i +
1

2
, (A.4)

where however h′i need no longer be equal to hi, due to possible mixing among the various

modes of helicity h. Moreover, we shall assume that for any i, h′i ∈ {0, 0,±1
2} is the helicity

of the mode of the model with 4 supercharges, which leads to the mode of helicity hi after

tensoring with the basic multiplet. This ensures that the BPS ground state, obtained

by tensoring the ground state n = ` = 0, h′ = −1
2 of spin |q| by the basic multiplet, now

includes one multiplet of spin |q|− 1
2 , 2 multiplets of spin |q| and one multiplet of spin |q|+ 1

2 .

Identifying the fermionc parity (−1)F with (−1)2h, we obtain, for the model with 8

supercharges,

Î(β, y) = Tr(−1)2J3y2J3e−β(H−|qλ|)

=
1

2

(
2 + sign(q)

(
sign(Rλ− q)− sign(Rλ+ q)

)) [
χ|q| − 2χ|q|− 1

2
+ χ|q|−1

]
+

16∑
i=1

(−1)2hi
∞∑
`=0

χ|q|+hi+`

∫ ∞
ϑ

dk e−
βRk2

2
+β|λq|

× ∂k
2πi

log
Γ
(
|q|+ `+ 2h′i + 1− i(R2k2−2q2)

2R
√
k2−ϑ2

)
Γ
(
|q|+ `+ 2h′i + 1 + i(R2k2−2q2)

2R
√
k2−ϑ2

)
 .

(A.5)

Under our assumptions, the contribution of the continuum in the second line, which we

denote by J (β, y), becomes

J (β, y) =
[
χ 1

2
− 2χ0

] ∞∑
`=0

∫ ∞
ϑ

dk e−
βRk2

2
+β|λq| ∂k

2πi

[
χ|q|+`− 1

2
log Γ

(
z`
z`

)
− 2χ|q|+` log Γ

(
z` + 1

z` + 1

)
+ χ|q|+`+ 1

2
log Γ

(
z` + 2

z` + 2

)]
,

(A.6)

where we denoted z` = |q|+ `− i(R2k2−2q2)
2R
√
k2−ϑ2 . By construction, the function J (β, y) vanishes

at y = 1 due to the double zero in the prefactor (χ 1
2
−2χ0). The second derivative at y = 1
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removes that zero and leaves the expression inside the integral evaluated at y = 1. In this

limit the characters χj(y) reduce to 2j + 1, and using the identity xΓ(x) = Γ(x + 1), the

three terms in the parenthesis in the second line above add up to:

− 2(|q|+ `) log(z`/z`) + 2(|q|+ `+ 1) log(z`+1/z`+1) . (A.7)

Thus, as in [32], all terms with ` > 0 cancel in the second derivative at y = 1, leaving only

the ` = 0 term J (0)(y, β). Taking two derivatives in y before setting y = 1, we arrive at

J (0)
2 (β) =

1

2
∂2yJ (0)(y, β)

∣∣∣∣
y=1

= −2|q|
∫ ∞
k=ϑ

dk ∂k
2πi

log
|q| − i(R2k2−2q2)

2R
√
k2−ϑ2

|q|+ i(R2k2−2q2)
2R
√
k2−ϑ2

 e−βRk22
+β|λq|

=
4q2R

π

∫ ∞
k=ϑ

k(k2 − 2λ2)dk

(R2k4 − 4q2λ2)
√
k2 − ϑ2

e−
βRk2

2
+β|λq| . (A.8)

The pole in the integrand at Rk2 = 2|qλ| (which does not belong to the integration range)

reflects the existence of the BPS bound state with energy |qλ|. The integral converges both

at the lower and upper bounds, but is discontinuous when λ crosses the values ±|q|/R,

cancelling the discontinuity in the bound state contribution. To expose this discontinuity,

it is expedient to decompose the rational function in the integrand according to

1

R2k4 − 4q2λ2
=

1

4qλ

[
1

Rk2 − 2qλ
− 1

Rk2 + 2qλ

]
. (A.9)

Further changing variable to v =
√

k2

ϑ2
− 1, we find

J (0)
2 (β) =

1

4

(
J+(β) + J−(β)

)
, (A.10)

with

J±(β) = ± 4
q|ϑ|
πλ

∫ ∞
0

dv
R2ϑ2(v2 − 1) + 2q2

R2ϑ2v2 + (Rλ∓ q)2
e−

βRϑ2

2
(1+v2)+β|λq|

= ± 4
q|ϑ|
πλ

∫ ∞
0

dv

[
1− 2Rλ(Rλ∓ q)

R2ϑ2v2 + (Rλ∓ q)2

]
e−

βRϑ2

2
(1+v2)+β|λq| .

(A.11)

The first term in the square bracket gives a Gaussian integral, while the second term can

be computed by rescaling v → v|Rλ∓ q|/R|ϑ| and using∫ ∞
0

e−πu
2(v2+1)

v2 + 1
dv =

π

2
erfc(|u|

√
π) . (A.12)

As a result, we find

J±(β) = ∓ 4q

sign(Rλ∓ q) erfc

(
|Rλ∓ q|

√
β

2R

)
− e−

β(Rλ∓q)2
2R

λ
√

2πβR

 e∓βλq+β|λq| . (A.13)

Note that while the Gaussian term is singular at λ = 0, it cancels in the sum J+ + J−,

and could in fact be removed by adjusting the constant term in the decomposition (A.9).
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Reinstating the contribution from the discrete states on the second line of (A.5), which

we can rewrite as

I2 = 2|q|+ q sign(Rλ− q) eβ(|λq|−λq) − q sign(Rλ+ q) eβ(|λq|+λq) , (A.14)

since both exponentials reduce to one when the respective prefactor is non-zero, we finally

arrive at

Î2(β) = 2|q|+ q erf

(
(Rλ− q)

√
β

2R

)
eβ(|λq|−λq) − q erf

(
(Rλ+ q)

√
β

2R

)
eβ(|λq|+λq) .

(A.15)

In the limit β → ∞, this reduces to the helicity supertrace (3.28), but is a continuous

function of λ for any finite value of β (albeit not differentiable at λ = 0.)

It is tempting to identify the contributions J±(β) with the indices Î±(y, β) at y = 1.

However, they differ from the localisation result (4.20), and there is no reason a priori to

expect that the helicity supertrace I(β) should be related to the sum of the indices I±(y, β),

even though this appears to be the case for the contribution of the discrete spectrum.
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