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1 Introduction

Quantum Field Theories (QFTs) in higher dimensions (d > 4) have been the object of
intensive studies in the very recent past. In particular, the case of six-dimensional (6d)
theories stands alone, specially after the seminal work of [1]. Upon compactification on
Riemann surfaces, possibly with punctures, infinite new classes of lower dimensional QFT's
have been constructed, and many of their properties — including dualities — have been
understood.

Despite such an enormous progress, very little is known about 6d theories themselves,
in particular owing to the lack of a Lagrangian description. The little we know about them
comes either from string/M-theory arguments or from inferring from particular limits where
other methods are available. Clearly, it would be highly desirable to provide a definition
of 6d theories by themselves in purely field-theoretic terms.

The situation is simpler for maximally supersymmetric (SUSY) theories, which come
in an A — D — E classification [2]. Concentrating on the case of type A and type D, it has
been argued that they can be defined as the UV fixed point of the maximally SUSY theory



(MSYM) in 5d with gauge algebra A and D respectively [3, 4]. To explain how this can be
possible at all, one notes that 5d Yang-Mills theories contain instanton particles in their
spectrum. In the particular case of the maximally SUSY theory it turns out that there is
precisely one bound state at threshold at each instanton level. This structure is exactly
that of a Kaluza-Klein (KK) tower where the radius of the growing dimension is essentially
given by the square of the 5d Yang-Mills coupling constant g2. For instance, this can be
nicely seen in the instanton contribution to the index in [5]. Moreover, relying on this
connection, in [6] it was argued using localization that indeed the maximally SUSY theory
with unitary gauge group SU(k) can host the expected k3 behavior of the free energy.

Another definition of the 6d type A (2,0) theory is provided by the deconstruction
mechanism introduced in [7, 8]. Interestingly, deconstruction offers the possibility to define
the 6d theory through an a priori much better controlled 4d theory. The key idea is that,
upon going to the equal vacuum expectation value (VEV) Higgs branch in a circular quiver
with bifundamental links, the bifundamentals provide a mass to the gauge fields which, in
the large number of nodes limit, becomes identical to a KK tower. Thus, an effective extra
dimension opens up, and below the scale set by the emergent lattice spacing, the theory
enjoys a higher-dimensional Lorentz symmetry. While this mechanism is expected to be
generic, it applies in particular to the case of 4d N' = 2 U(k) circular quivers with N nodes.
In this case, in the deconstruction limit, the 4d theory becomes essentially the 5d MSYM
theory. In turn, the latter, and because of the arguments reviewed above, is expected to
contain its own UV completion in the instanton sector and hence flow in the UV to the 6d
(2,0) theory.

A similar conclusion can be obtained by embedding the system in string/M-theory.
The 4d quiver theory can be regarded as the world-volume theory on a stack of k£ D3
branes on top of a C2/Zy singularity. By going to the Higgs branch, we are putting the
D3s away from the singularity. Moreover, in the large N limit, the orbifold locally looks
like a very thin cylinder. A better description can be found by T-dualizing to ITA, where
we find a stack of k£ D4 branes in flat space, which lift to a stack of & M5 branes whose
world-volume hosts the (2,0) type A theory, thus confirming the expectation.

Hence, from both perspectives the 4d necklace quiver is expected to deconstruct the 6d
(2,0) type A theory. Note that strictly speaking we have both the M-theory circle as well
as the one arising from deconstruction, and therefore the 6d theory is living on R* x T2.

While deconstruction is a very appealing framework, since it relies on the a priori
much better controlled 4d quiver theory, very few quantitative tests have been performed.
Very recently, relying on supersymmetric localization, two very refined tests of the decon-
struction proposal were performed in [9]. First, the so-called half-BPS index of the 6d
theory was reproduced from a computation in the 4d theory. While this is a non-trivial
test of deconstruction, the states counted by the half-BPS index are too simple, in that no
state feeling the T? —such as self-dual strings— is counted. In order to be sensitive to those
states, as a further check of deconstruction the S* x T? partition function was compared
between 4d and 6d in [9], obtaining a spectacular match in the deconstruction limit. Thus,
these two tests provide very non-trivial evidence of the deconstruction proposal for the
A-type 6d theory.



In view of these developments for the type A 6d theory, it is natural to wonder about
the extension of deconstruction to the D-type case. In this paper we will take the first
steps in this direction, using the half-BPS index as a sanity check for our proposal. As
argued in [9], the half-BPS index of the 6d theory is captured by the counting of chiral
operators in the Higgs branch of the 4d quiver. Since the Higgs branch does not change
upon dimensional reduction, we can compute it in the 3d version of the deconstructing
theory. The key observation is that one can now use mirror symmetry and count Coulomb
branch operators in the “magnetic” theory. As we will describe below, it turns out that
this computation is much simpler and provides a direct inspiration for a theory mirror to
a candidate to deconstruct the D-type theory. By construction this theory is designed
to reproduce the correct half-BPS index. Moreover, it turns out that this theory can be
engineered in string/M-theory on the world-volume of a stack of branes which corresponds
to what one would have naively guessed a priori to deconstruct D-type theories, namely,
the same set-up as for type A only with the extra addition of an orientifold plane. Thus,
we find consistency among the string/M-theory picture and the localization test of the
matching of the half-BPS index.

The rest of the paper is organized as follows. In section 2 we briefly review some of
the salient aspects of the deconstruction proposal of [7, 8], with special emphasis on the
string/M-theory embedding. Following [9], we introduce the half-BPS index as the simplest
diagnostics tool of deconstruction, and review its computation in the 4d deconstructing
theory through the so-called Higgs branch Hilbert series. In section 3 we turn to the
computation of the half-BPS index through mirror symmetry upon reduction to 3d. Very
generically we can argue that the 3d theory mirror to a candidate to deconstruct the
6d theory should be a O(2k) theory with an adjoint hypermultiplet and 2N vector half-
hypermultiplets. Regarding this theory as a particular element in the class of theories
based on a classical gauge group G of B, C and D type, we investigate the mirror for each
of these. One subtle point is whether one should consider full orthogonal O(n) or special
orthogonal SO(n) groups, a question we solve using precise Hilbert series techniques. As
a by-product, we develop a strategy to compute the Higgs branch Hilbert series for non-
complete intersections efficiently by using letter-counting in an auxiliary theory with an
extended matter sector. In particular, we find that the candidate to deconstruct the D-
type 6d theory is a circular quiver with [O(2k) x Sp(k)]"V gauge groups connected by
half-hypermultiplets. In section 4 we argue that this theory is indeed the one which one
would most naively have guessed, in view of a string/M-theory construction, as candidate
to deconstruct the D-type 6d theory and comment on some open questions raised by
this conjecture. Finally, we end with some conclusions in section 5. We compile in the
appendices A and B several technical results which play a role in the computation of the
mirror pairs of section 3.

2 Deconstruction of the type A theory

In [8] (interestingly, a precursor idea already appeared in [10]) it was proposed that the 4d
N = 2 circular quiver theory with N U(k) nodes joined by bifundamental hypermultiplets



— in the fol lowing we will denote this theory %’{}f(k), see table 1 — deconstructs, upon
going to the (equal VEV v) Higgs branch and upon taking large N, the type Ay 6d (2,0)
theory on R* x T2.

Let us briefly review how this comes about (we refer to [7, 8] for a detailed account).
The T? spans the 2° and 2% directions. The z® direction of the torus is generated by the
deconstruction mechanism, and its radius is given by

2m Ry = Gﬁ’ (2.1)
v

being v the Higgs VEV and G the 4d gauge coupling — equal to all nodes. Moreover, it
comes with a lattice spacing a = (Gv)~!, so that at distances large compared to a, the
theory behaves as an approximately Lorentz invariant discretized 5d gauge theory with
gauge coupling

G

2
= —. 2.2
g5 v ( )

Then, assuming that the theory does not generate an IR scale, and that there is no phase
transition as G — oo, we can consider the large N, G, v limit where g5 and Rs are kept
fixed while ¢ — 0. In this limit, the 4d quiver becomes equivalent at all scales to the
maximally SUSY Yang-Mills theory in 5d (see [11] for a detailed description).

But there remains another scale in the theory set by the 5d YM coupling g5 2. For
energies < g5 2 the resultant theory reproduces 5d MSYM on a circle of radius Rs and
bare gauge coupling gs. However, the 5d MSYM can be interpreted as the low-energy
description for 6d N' = (2,0) theory on a circle of radius Rg

27 Rs = g2 . (2.3)

The KK modes of the reduction correspond to the instantons of the 5d theory, which hence
contains its UV completion. At strong coupling, the KK modes become light and the
theory becomes effectively the 6d (2,0) type A theory.

The discussion of deconstruction can be embedded in string/M-theory. The decon-
structing theory ‘%}lj}f(k) can be regarded as the world-volume theory on a stack of & D3
branes transverse to C x C?/Zy. Going to the Higgs branch amounts to locating the
branes somewhere in the C2/Zy far away from its tip. In turn, the large N limit makes
the orbifold to look locally like a very thin cylinder. A better description is then found by
T-dualizing, thus finding £ D4 branes in flat space — whose world-volume theory is the
emerging 5d MSYM. Then, at strong coupling, the D4 branes uplift to £ M5 branes, which
host the 6d (2,0) theory.

Reverse-engineering the set-up, we can start with an M-theory configuration with k
M5 branes along (2!, 22, 23, 2%, 2'%) and N M5 branes along (z!, 22, 23, 2%, 2%). Reducing
on z'Y gives a type IIA configuration with & D4 branes along (z!,22, 23, 2%) and N NS5
branes along (z!,z2, 23, 2%, 2%), from which the %{}f(k) is easily read-off. Further T-duality
along 2% gives the original picture in terms of k D3 branes probing a C?/Zy singularity
along (29, z, x8, 29). Then, deconstruction proceeds just as described above.

As we will discuss in the next subsection, a first probe of deconstruction is the com-

putation of the half-BPS index of the 6d theory through the deconstructing 4d theory
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Figure 1. Summary of the dualities. The top node is the M-theory node, the second line contains
the 4d theories (plus the D4/D4) and the third line the 3d theories. The symbol ® means that we
shrink the associated circle to zero size.

B

the Higgs branch. The Higgs branch of theories with eight supercharges is independent of

) In the latter, the relevant objects to count are chiral gauge invariant operators in

the dimension of the theory (4d or 3d) [12], so we can as well compute it for the theory

3

obtained from the IIA set-up by reducing along x°. This is implemented by T-duality,

obtaining a IIB configuration with k D3 branes along (z!, 22, 2°) and N NS5 branes along
(', 22, 23, 2% 2°). It is clear that the quiver is just the same %{}f(k), and that the Higgs
branch is identical to the 4d case.

The further reduction to 3d might look trivial, but on the contrary it allows us for
a new possibility. Namely, we can now use mirror symmetry and claim that the Hilbert
series of the Coulomb branch of the mirror also reproduces the 6d 1/2 BPS index. Such
mirror is a U(k) gauge theory with N flavors. To see this we can start from the M-
theory configuration and reduce along dimension 3 — note that the 10d coordinates are

then(01245678910)

x’ x,xt,xt x”, x°, x' 2%, x”, ™) —, and then perform Tjg-duality, to obtain & D3

branes along (z',22,2%) and N D5 branes along (z!, 22, 23, 2%, 2°), which, as expected, is
nothing but the S-dual of the IIB 3d configuration. One further T-duality to ITA along x°

gives k D2 branes along (z', 22) and N D6 branes along (2!, 22, 2%, 2°, 25, 210)

, from which
we can easily read off the mirror theory in terms of a U(k) theory with N hypermultiplets.

For concreteness, we summarize the chains of dualities in figure 1.

In the following we will be mostly concentrated on the 3d avatar. As described above,
the “electric theory” is generically a necklace quiver. In the type A case described above
such necklace is the familiar quiver theory with N U(k) nodes (more generically we could
write a generic group ) connected by bifundamentals which we dubbed %g . However, in
the following a necklace with N copies of G1 X G4 joined for some groups G; will be relevant.

G; will be either a symplectic or an (special) orthogonal group, and the basic structure



Name Quiver

N
N

Table 1. Definition of theories used in the article.

G1 X G will alternate those. Therefore, the links are in this case half-hypermultiplets.
We will refer to such theory %’gl,%. In addition we will need the “magnetic theories” to
those. These are generically a 3d theory with gauge group G, one adjoint hypermultiplet
and N matter fields. Note that in the case when G is symplectic/(special) orthogonal, the
matter fields will be half-hypermultiplets.

2.1 The Half BPS Index

A natural way to quantitatively test the deconstruction proposal is to identify a subsector
of operators with nice properties affording a counting in both the 6d and 4d deconstruct-
ing theory. Then, the matching of such partition functions can then be interpreted as a
consistency check for the deconstruction proposal [9].

The maximal compact subalgebra of the 6d superconformal algebra osp(8*|4) is s0(6) ®
50(2) @ so0(5) g, whose Cartan operators will be denoted respectively as (hi, ha, hs) for the
Lorentz symmetry and (Ji, J2) for the R-symmetry —we follow the conventions in [13]. In
addition, the fermionic generators are Qa, and Sa4, where a, @ are the Lorentz spinor
indices and A the R-symmetry (spinor) index.



In turn, the 4d superconformal algebra su(2,2|2) has as maximal compact subalgebra
s50(4) @ s0(2) @ su(2)r © u(l),, whose Cartan subalgebras will be denoted as (mq, mg) for
the Lorentz part and (R, r) for the R-symmetry part. In addition, the supercharges will be
denoted as Q!, @ 1&, where now I is the su(2)g index and «, & the Lorentz spinor index.

Relying on [14], the 4d superconformal algebra can be embedded into the 6d one in
such a way that

Q11, Q12 < QL; Q23, D24 Qa2 - (2.4)

As shown in e.g. [13, 14], the primaries annihilated by Q1,, Q2, in addition to the Sa,
give rise to the D[0,0,0;J; — J2,0] multiplets. Their primaries are counted by the so-
called half-BPS index. In turn, owing to (2.4), these translate to states in 4d annihilated
by Q}, @2@. Such shortening condition, corresponding to the so-called Br multiplets in
the notation of [15], defines Higgs branch operators. The counting of these can be done
through the so-called Higgs branch Hilbert series [16]. Thus, all in all, we conclude that
the 6d half-BPS index should be captured by the 4d Higgs branch Hilbert series. Note
that such expectation is based solely on algebraic reasons, and hence is expected to hold
not only for A-type theories as in [9], but in general.

The spectrum of half-BPS operators, at least for type A theories, has been thoroughly
studied in the literature (see e.g. [17-19], or for a more recent account [14]. The localization
derivation appears in [20]). In particular, it turns out that the half-BPS operators are in
one-to-one correspondence with the Casimir operators of the corresponding group. For the
A type with group U(k), this leads to the well-known result

k
> u] . (2.5)

=1

AR(2,0) . _ 7UK)
I%BPS T I%BPS = PE

Note that dividing by the k = 1 case gives the counting of Casimirs of the SU(k) case, which
can be interpreted as removing the free tensor multiplet associated to the center of mass.
This interpretation does not extend to the D-type case. Hence, it is natural to assume the
D-type theory to have gauge group O(2k), so that the half-BPS index should be!

k
> u2i] : (2.7)

i=1

Dy(2,0) . 70(2k) _
I%BPS T I%BPS =PE

This expression, arising from assuming O(2k) gauge group, has the very interesting prop-

Dy (2,0)
erty that Z;*
y 1BPS

More explicitly

can be interpreted as the k-fold symmetrized product of the k = 1 case.

PE[ _uz] 2 kz?ézp’“s (2.8)

Thus, just like the type A case [9], the D-type 6d theory index with gauge group O(2k)

“abelianizes”.

1Recall for comparison that

ISO(2k) — PE
$BPS

k—1
s u} | 26)
i=1



Note that, as discussed in [9], the half-BPS index is a rough observable in that it is
only sensible to perturbative local operators and not to states which feel the T? — such
as wrapped self-dual strings. However, in the following we will use the half-BPS index
as a guide towards the deconstruction of the 6d theory, as it is the simplest non-trivial
quantitative check of any such proposal.

2.2 Computation of the Higgs branch Hilbert series

In this section, we will explain how to compute the Higgs branch Hilbert series for the quiver
theory %g(k). The standard computation of the Higgs branch Hilbert series proceeds just
as in [16]. However, special care has to be taken when the Higgs branch is not a complete
intersection, which is typically the case for the quivers of the form of %g (see [9, 21] for
the type A). In the case of the type A one can use brute force methods and compute, with
the help of computer packages, the relevant Hilbert series. However, it turns out that it is
possible to devise an algorithm allowing to compute analytically the desired result. To be
precise, we will proceed in three steps:

1. We define an auxiliary theory '@[J}[(k) by the quiver of figure 2, and show that it has

the same Higgs branch Hilbert series as the original theory;

2. We prove that the F-terms variety of @{}f(k) is a complete intersection;

3. We use step 2 to compute the Higgs branch Hilbert series of ,@{}f(k), and there-
fore %’I]}f(k).

Let us now go into more detail for each step.

1. The Higgs branch Hilbert series counts chiral gauge-invariant operators on the Higgs
branch, graded by their conformal dimension. For theory ,%’{}[(k), these operators are
built from the hypermultiplets. Let us denote by ®; the vector multiplet in the node
1 of the quiver, for ¢ € Zy. Then the superpotential reads

W=Tr| Y Xi®Vi-Yi®X; | =Tr | > X;1®,Y;1 - Y;®X; | . (2.9)

I€ELN 1E€ELN
Here the X; and Y; are the hypermultiplets that transform in the representations
fund; x fund;4+; and fund;y; X fund; respectively. The relevant F-terms are

Y, 1 Xio1—-X;Y;=0, 1 €Ly . (210)

Now in the @{}f(k) theory, we have an additional pair of hypermultiplets Z and Z’
that transform in the fundamental and antifundamental of the node number 1. The
superpotential then has an additional contribution Z’®;Z, and the relevant F-term
for ¢ = 1 is modified:

Y, 1 X, 1 —-X;Y; =0, 1 E€ELN — {1}, (211)
YoXo—- X114+ 27 =0.
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Figure 2. Quiver defining the @g(k) theory.

Using this, we can construct a bijection between gauge invariant operators of the two
theories. We can focus on the single trace operators. There is an obvious identity map

GIO™ |2y | — G0 |20, . (2.12)

where GIO® stands for gauge-invariant operators that can be written as a single
trace. This map is surjective, since any operator in GIO® {ﬁg(k)} that involves the
fields Z and Z’ need to be of the form Z’OZ where O is a product of X; and Y; fields.
But then

7'0Z =Tr (02Z') = Tt (0X1Y1) — Tr (OYXo) - (2.13)

Moreover, the map is an injection, because the process (2.13) of Z and Z’ elimination
is unique. Therefore, we have proved that the single-trace operators of the two
theories can be put in bijection, and the same holds for any operators. We deduce
that the Hilbert series of the two theories are equal.

. Having argued for the equality of the Higgs branches of the original and the extended
theory, we can now concentrate on the extended theory. As usual, the computation of
the Higgs branch Hilbert series proceeds by first enumerating all possible monomials
modulo F-terms and then projecting onto gauge invariants. Let us focus on the
first problem. To that matter, we have to analyze the F-terms (2.11) of the extended
theory forgetting for the time being the gauge integration — which is, of course, to be
performed as the last step. It turns out out that they define a complete intersection.
To see that, we can solve the equations formally. First we start with

1
7 i—1
vi=]][x;| wn|[][Xi]. iezy-{1}. (2.14)
=2 =1

In particular, we have

-1
N N

-1
Yo=yv=|][X] ™ X;|. (2.15)
j=2 j=1



N
The last equation becomes, denoting X = [[ X; and Z = XX lzz
j=1

Vi1X - XY, +Z=0. (2.16)

This equation defines a complete intersection by the result of section A.3, and this

completes the proof. Note that for the theory %{}f(k) the last equation would read

Y1 X — XY; = 0, and this equation does not define a complete intersection, by the
result of section A.2.

3. Now we make the projection onto gauge invariants. For k£ = 1, we have to evaluate

d . .
ng & {—Nt2+t<'zl+u>+tz<zl +Z”1>],
iein J17il=1 271'221 U 21 iz Zit1 Z;

(2.17)
where the z; are the fugacities for the different U(1) gauge nodes and u is the fugacity

the integral

for the flavour U(1) node. One can show (see appendix B for the details of the
calculation) that
H[B 1)) = PE [t + 26N — V] . (2.18)

Then for higher values of k, we use the “abelianization” trick, namely

E [VH[%’g(l)]} =14+ S HBY ) (2.19)
k=1

We can offer a physical argument in support of the procedure which we have just
described [9, 21]. Upon adding F; flavors to node i to the %’[J}f(k), the Higgs branch of
the resulting theory constructs the moduli space of k instantons of the unitary group of
rank > F; on C?/Zy (see [21] and references therein for details). The case we are really
interested in is F; = 0, which would correspond k “rank zero” instantons. Each of them
can be thought as a point particle, with no other degree of freedom than those purely
geometric. This heuristically explains why the Higgs branch is the k-fold symmetrized
product of C?/Zy. In turn, @{}[(k) corresponds to, say, F1 = 1 while all others vanishing.
This case corresponds to U(1) instantons, which also behave as a point particles as they
cannot have internal degrees of freedom. Hence, both the %’U(k) and the %’U(k) have the
same Higgs branch equal to the k-fold symmetrized product of C?/Zy.

3 Mirror symmetry and Hilbert series

In section 2, we have reviewed how the theory %’{}f(k) deconstructs the six-dimensional
N = (2,0) theory of type Ai. One exact check of this statement is the comparison of the
Higgs branch Hilbert series of the four-dimensional theory with the six-dimensional half-
BPS index in the large N limit. As the Higgs branch is not modified upon dimensional
reduction, we may as well consider, for this matter, the 3d version of the %{}f(k) theory. In

~10 -



turn, using mirror symmetry, we can likewise compute it through the Coulomb branch of
the magnetic theory. Therefore let’s consider the %&k) theory introduced in section 2.

Due to 3d mirror symmetry, the Coulomb branch Hilbert series of Mé\é k) must be equal
to the Higgs branch Hilbert series of @{]V(k). In turn, as explained in [22], the Coulomb
branch Hilbert series of Mé\([k) reads

C [gfév(k)} - 3 12807 P ) (#577) (3.1)

mi>mo>...2mpy>—00

where m = (mq,...,my) are the magnetic fluxes, while A(r) is the conformal dimension
of the monopole operator of that flux, that is a function of the matter content of the quiver
gauge theory. Finally the classical factor Py can be expressed as follow. As explained in
appendix A of [22] we can associate to m a partition A(1m) of N, such that ), X\j(m) = N
and \;(m) > X\jp1(m). This partition tells us how many of the fluxes are equal. Using this
partition the factor Py reads [22]

N
Py (t;m) =[] 28 ) (3:2)
=1
where
LI
Z,?:Hl_ti for k>1 and 2ZY=1. (3.3)

i=1
From a physical point of view the classical factor Py is counting the Casimir invariants
of the residual gauge group.
Let’s now consider the large N limit. We see that the only contribution to the Hilbert

series (3.1) comes from the configuration m = (0,...,0). Therefore we obtain
k
: N ] _ 2. _ 2j
Jim ¢ {%(k)} Py (%0, ...,0) = PE ;t : (3.4)

which is the half-BPS index of (2,0) 6d theory of type Ay in (2.5), using u = 2.
The previous computation of the Coulomb branch Hilbert series can be easily extended

also for other kinds of gauge group. In general the Coulomb branch Hilbert series for a 3d
N = 4 of the type @& reads [22]

cle]= >, pghm), (3.5)
m € F*G/Wé

where W denotes the Weyl group of the dual GNO group G [23]. The sum is taken over
a Weyl chamber of the weight lattice I‘g of @, while the classical factor reads

q
. 1
Pa(t;m) = | | 1,0 (3.6)
j=1

- 11 -



Type of O3 | Gauge algebra | S-dual | D5 splitting | NS5 splitting
03~ Dy 03~ By Cy,
03~ By 03+ D11 cy
03+ Ch 03" cy D11
03" o 03" C By

Table 2. The first column enumerates all possible orientifold O3 planes. The second column then
gives the gauge algebra of the theory with k coinciding branes on the orientifold. The third column
indicates how the orientifold planes transform under S-duality of type IIB string theory. The fourth
and fifth columns give the gauge algebra of the world-volume theory between two half D5 or half
NS5 branes after splitting on the corresponding orientifold. In particular, brane creations occur in
some cases, as can be seen by the increase in rank of the gauge algebra.

g g1, 92
Dy | Dy, Cy
By | D1, Cy
Cr | B C
C, | By Cj,

Table 3. A theory with gauge algebra g, one adjoint hypermultiplet and NV flavors is mirror to a
theory described by the circular quiver with 2N nodes with alternating gauge algebras g; and go
given by the table.

where d;(m) for j =1,...,q are the degrees of the Casimir invariants of the residual gauge
group. Also in this case let’s consider the large N limit of the Hilbert series (3.5): we
observe that only the term with m = (0,...,0) gives a contribution. Therefore we obtain

q
Jlim € (78] = Ps(t%0,...,0) = PE ;ﬂdf(ﬁ) . (3.7)
j=

On the other hand, as explained in subsection 2.1, the half-BPS index of the A — D — F
theory precisely coincides with the counting of Casimir invariants in the corresponding
group as described above. Hence, just like for the A-type, we could reproduce the D-
type half-BPS index in (2.7) by choosing G above to be O(2k) to match (2.7). Thus,
with the deconstruction of the type Dy N = (2,0) theory in mind, we explore in the rest
of this section the Coulomb branch Hilbert series of theories Mév for G an orthogonal
or a symplectic group, and use these results as a guide for finding the correct mirror
theory, which will be of type %gh% with (special)orthogonal and symplectic gauge groups.
Discussion of how this relates to deconstruction is postponed until section 4.

Theories JZ/C],V with G orthogonal or symplectic with rank k£ can be realized in type 11B
string theory as the world-volume theory of k£ D3 branes on top of an O3 orientifold plane
wrapping a circle, with N additional D5 branes to account for the flavors. The precise
group G depends on the type of orientifold plane. The gauge algebra of the theory on the
world-volume of £ D3 branes on top of various kinds of O3 orientifold plane is recalled in
table 2. In order to compute the mirror theory, we also need to keep track of brane creation

- 12 —



phenomena when the D5 branes split into half-D5 when they coincide with the orientifold,
and the relevant data are also summarized in table 2. It is then a simple exercise to
compute the S-dual configuration, and to deduce the gauge algebra of the mirror theories.
The result is presented in table 3.

In the following, we will see how mirror symmetry and consistency conditions allow to
fix the gauge groups in some of the mirror pairs.

3.1 Mirror of the O(2k) theory

The expression for the Coulomb branch Hilbert series of the first quiver can be deduced
from the monopole formula [22], using the additional property

Poar)(t;m) = Pso(ak+1)(t; 1) - (3-8)

and using for O(2k) the lattice of SO(2k + 1), as explained in an appendix A of [24].
Then the Coulomb branch Hilbert series for the theory Mé\é%) of table 1 reads

Cltvoeml = >, NPy o (Pima, -+ my). (3.9)

my 2> 2m 20

We can then evaluate, for instance,

1 1
Clvor) = —at1—p > e (3.10)
m>1
2N+2
= a 1;_;(1 729 =PE {uz 4+ ul 4N UQ(N—H)] ) (3.11)

where we have introduced u = t?. Note that this is the Hilbert series of a singularity
C2?/Dy 2, or equivalently one rank zero instanton on this singular space. This allows us
to deduce that the generic k case is obtained by considering k rank zero instantons on the
same space,

[ee]
PE [VC[evo@)]] =1+ ) v*Clovoem]- (3.12)

k=1
Note that this is the same “abelianization” as in (2.8) but at finite N. As we will
discuss in more detail below, this is analog to the A-type case, where the computation
at hand is related to an instanton moduli space for a would-be instanton of rank zero.
This formally corresponds to a pointlike instanton, whose only degrees of freedom are
geometric. Hence the moduli space of k of them is simply the k-fold symmetrized product
of one. As we will discuss below, one way to understand this, analogously to the A type
case, is to rely on the brane picture. In the appropriate duality frame, there is a brane
interpretation in terms of D2s and D6s on top of an orientifold O2 plane, and a similar
instanton interpretation is possible. It is important to stress that this interpretation — as
well as the “abelianization” property — is lost had we considered SO(2k) instead of O(2k)

(see the discussion around (3.35)).
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As an explicit check, (3.12) predicts
Cloty o))(1)? + Cley o)) (u?)

Clenow] = 5 (3.13)
We can check this by directly evaluating (3.9):
uNFL 4 NH+2 4 N+3 4 2N+1 4 2N+2 4 2N+3 | 3N+4 4
Clo/now] = 5 (3.14)
(u—1)2(u+1)2@W+1) (W —1)7 (uV +1)
Taking the large N limit, we have
: 2 1 —u?
NE)IEOOC[WN,O(%)] = Po(ar)(t%;0,--- ,0) = PE [U - } : (3.15)

As expected, this is precisely (2.7) above.

So far we have worked in the “magnetic theory”. However, for our purposes we are
more interested in the “electric theory”, which, appliying the standard rules, is ,%’(])V (26),Sp (k)"
In order to check this, one can then compute the Higgs branch Hilbert series of the theory
‘@g(Qk),Sp(k)' However, this is more easily said than done, and one could think of at least
three strategies to perform this calculation:

1. One could try to enumerate operators using the letter counting method, then keeping
only the gauge-invariant operators.

2. One could write down the superpotential of the theory, derive the F-terms and then
use tools from algebraic geometry to compute the Hilbert series of the ideal generated
by those F-terms. Then we have to integrate out the gauge degrees of freedom to
obtain the Hilbert series H[%JOV(%)’SP(,C)] that counts chiral gauge-invariant operators
on the Higgs branch.

3. Finally one could find another theory %?g(zk) Sp(k) whose Higgs branch would be
identical to the one of z%’g(%)’sp(k), and then apply the previous methods on this
other theory.

We will now explain the instructive reasons why the first two methods are unsuccessful in
our case, and then show how the third strategy can be used to achieve our aims.

Let us first explain why the Higgs branch Hilbert series of the theory t@g@k)’sp(k)
can not be computed using the standard strategy of letter-counting followed by a gauge
integration. The argument is similar to the one outlined in section 2.2. For simplicity, let

us focus on the theory '%g(zk) Sp(k) for N = 1. The quiver is

and we call Hy and Hs the two half-hypermultiplets. We introduce the matrices
0 -1 01
J = 1, M= P (3.17)
1, 0 1, 0

— 14 —
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The superpotential reads

W = Tr (H1J by JH{ M — H{ Mo on) M HyJ (3.18)
+HyM oo MHy J — Hy JdspyJH2 M)

where ¢gp 1) and ¢o(ar) are the scalars in the vector multiplets of the gauge group Sp(k)
and O(2k) respectively. The relevant F-terms are

Fepry = H{ MHy — HyMHj | (3.19)
Foery = Hy JHy — HiJH| . (3.20)

In the ring quotiented by Fg,(x), we can then compute
HoMFooryMHJ = [HIMH,J, H,MH,J]. (3.21)
Therefore, we have the relation
Tr (M HJHyMFop)) = 0. (3.22)

This implies that the ideal defined by Fgp1) and Fo(gy) is not a complete intersection, and
therefore we can not use letter counting.

Having said that, one could envisage another method, namely compute the F? Hilbert
series using algebraic geometric tools (this is the method number 2 in the list above).
However, this is doomed as well, for another reason: it is then impossible to perform the
gauge integration over the disconnected group O(2k). Let us recall that for a class function
f defined on O(2k), we have

1
/O o dnoer (X)f(X) = 5 [ / dusoar (2) f(2) + / duspe-1y(2)f(zP)| . (3.23)

where dng is the Haar measure on the group G and dug is the Haar measure on a maximal
torus of G. Importantly, the operator P corresponds to a matrix of determinant —1 (see [25]
for a more detailed explanation), and its appearance makes it crucial for the integrand to
be written explicitly as a class function, i.e. a function that is invariant under conjugation
by all the elements of the group. For connected groups, a character determines a class
function in a unique way, but this is no longer true for disconnected groups. For instance,
in the case of O(2), it is not possible to know whether a constant should be written as the
character of the trivial representation, or as the character of the adjoint representation. But
this distinction is crucial for our purposes, since fo(2) dno(e) (X)1 can then be interpreted
in two different ways as

1 dz
/(;(2) dno(g)(X)TI‘ ®(X) = 3 [(7{2:1 27riz> + 1] =1, (3.24)

where Tr @1 (X) denotes the character of the trivial representation. Alternatively it could

also be interpreted as

1 dz
/0(2) an(Q)(X)Tl" ‘I)Adj(X) = B [(7{2:1 2772'2) + (—1)] =0. (3.25)
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Figure 3. Quiver defining the @g(%) Sp(k) theory.

We will now consider instead the quiver of figure 3, which defines a theory ,%N’g (26),Sp (k)"
We claim that

H[‘@g(Qk),Sp(k)] = H[‘@]OV(Qk),Sp(k)] : (3.26)

The argument is similar to the simpler one presented in section 2.2 for the theories with
gauge groups U(k). For simplicity, let us consider again the case N = 1. The superpotential
has an additional contribution Tr(Z7.J Gsp(k) I Z ) where Z is the half-hypermultiplet which
transforms under the global O(1). The F-terms (3.19) are modified accordingly to

Fepry = H MHy — HoMHy + ZZ7 (3.27)

and we can eliminate Z exactly like in (2.13). Note that this would not be possible if we
added an Sp(1) flavor node on an O(2k) gauge node, since then the first equality in (2.13)
can not hold (the left-hand side in now a 2 x 2 matrix).

Thus, all in all, just like in the unitary case, the O(1) global symmetry that has been
added to one of the Sp(k) is crucial, since it allows to use letter counting and performing
explicitly the O(k) integration. While we have mostly presented the auxiliary theory as a
mathematical trick to compute the Higgs branch Hilbert series, one may find a physical
argument along the lines of the unitary case, in fact putting in firmer grounds the instanton
analogy behind the “abelianization” of the Higgs branch. However, this case is much
more involved. Note first that, upon adding the O(1) symmetry, the Sp(k) node has an
odd number of flavors, and hence needs a half-integer Chern-Simons in order to cancel a
parity anomaly. The Chern-Simons term breaks half of the supersymmetry and the theory
becomes N = 2. Moreover, in addition to the fields in the quiver and the superpotential, we
also have monopole operators T, T' satisfying a quantum relation of the form T = ¢]S\; (k)"
However, since we are interested in the “instanton branch” of the theory where adjoint
scalars are set to zero, we can as well consistently set to zero the monopole operators.
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Therefore, the naive classical computation of the Higgs branch for the flavored theory
gives the correct computation for the “instanton branch” in the honest A/ = 2 theory. This
is very similar to the case of instantons on CP? [26, 27]. To gain further intution, the
extended theory can be embedded into string theory. To simplify the discussion, let us just
consider the unorbifolded case, namely the Sp(k) theory with a symmetric hypermultiplet,
which can be constructed in ITA on k D2 on top of an O27 plane. Adding one flavor to this
amounts to adding a half D6 brane. This turns the orientifold into an ONZJF, which requires
the Romans’ mass to be odd. In turn, an odd Romans’ mass induces a half-integer CS on
the D2 world-volume.? At this point, we see that, independently on the Romans’ mass,
the Higgs branch of the theory corresponding to bound states of D2 — D6 counts geometric
degrees of freedom in very much the same spirit as in the unitary case, thus providing as
well a heuristic motivation for the auxiliary theory as a tool to compute the desired Higgs
branch Hilbert series. Moreover, it also explains the “abelianization” property, since we
are considering truly pointlike instantons, in such a way that the ensemble of k of them
simply corresponds to the k-fold symmetrized product of the one-instanton case.

We now proceed to the computation of the Higgs branch Hilbert series of ?Z’g(%)’sp(k).
We note that the only difference with the Hilbert series of the ‘%g(%),sp(k) theory is the
presence of the following further term in the integrand

PE[twxsp()] (3.28)

where w is the fugacity of the O(1) global symmetry group, while Xsp(k) are the characters
of the fundamental representation of the Sp(k) gauge group. This in fact provides an
additional check on the validity of our method: the end result after gauge integration
must not depend on w. Indeed, we find in all our calculations that although the integrand
depends on w, the results after gauge integration involve only w? = 1.

Computation. The Higgs branch Hilbert series of the theory @g@k) Sp(k) Can be com-

puted using letter counting, followed by gauge integration:

H[‘@]OV@k),Sp(k)]:/ 1T dnoer (X dngyw(Y:) | P (X1, X, Y1, V). (3.29)
1ELN

The integrand F” is a class function, so we can use the Weyl integration formula (3.23),

H[@g(zk),sp(k)] = (3.30)

DY / IT dug o (@) duspy i) | (@1, on,g1s- - uw)

€1,...,eN==1 IELN

2 An indirect argument is to consider an 02~ with a stuck half-NS brane, which turns it into a 027 to the
other side. Turning on a Romans’ mass induces a tadpole in the NS world-volume, which has to be cancelled
by having an extra half-D6 brane ending on it. This shows that the Sp(2k) theory with a symmetric and an
odd number of flavors must have a half-integral CS. We thank Oren Bergman for insightful conversations
on this point.
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where we have introduced the notation dugék) = duso(ar) and dMC_)%Qk) = dugpk—1)- The

summand where €; = ... = ey = 1 corresponds to the Higgs branch Hilbert series of
N
the B0 2k sp(k)-
Let us illustrate this computation on an example. We take N = 4 and £ = 1. The
integrals in (3.30) then depend only on the number of plus and minus signs in (e, ..., €),

and they are evaluated to

1+ 362+ 3t1 + 6 + 1568 — 3¢10 — 3412 — ¢4
1—t2 —t8 410 ’

(++,+,+) = Iy =
(+ 4+ +-) = = (1+),

(+7+7_7_) _>I2:1_t47

(+,———) = L= (1-£)%, (3.31)
1-2)°
o 0=

One note in passing that the Higgs branch Hilbert series of the e@go(Qk) Sp(k) theory does
not have a palindromic numerator. Taking the appropriate linear combination (3.30) of
these partial results, one obtains

1
— (Iy + 413 + 612 + 411 + 1)) (3.32)

16
1— 24+ ¢4 — 5448 4,8 | 410 420
= = PE|¢t t t =t
=021+ 2 (1+2) (1 + ) "+t )

One finds perfect matching with the Coulomb branch computation (3.12).
On a large series of examples, the conclusion is that

/H['%)g@k),Sp(k)] = C[v‘?fo]\ézk)] . (3.33)

In the remainder of this section, we use our techniques to investigate other mirror
pairs involving orthogonal and symplectic gauge groups. The reader most interested in
deconstruction can go directly to section 4.

3.2 Mirror of the SO(2k) theory

For completeness, and also to have a comparison point with the previous subsection, we now
identify the mirror of the ;zfsj(\g(%) theory. This is obtained from the Jz/é\é%) by ungauging
the Zy subgroup, and as a consequence the mirror theory will similarly be obtained by
ungauging a Zs.

The Coulomb branch Hilbert series can be computed from the monopole formula. One
obtains, for instance, for k =1

(1—2)(1—2N)

Clrdde)] = (3.34)
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As expected, because of the accidental equality SO(2) = U(1), this is the moduli space
of one rank zero instanton on C2/Ayx_;. But when the gauge group is SO(2k), we don’t
expect the Hilbert series to be the moduli space of k particles on this space. Consistently
with the remark in the paragraph after (3.12), there is no obvious brane interpretation for
this theory. Indeed, for £k = 2 we have

1+2t2N+2+t2N+4+t4N+2t4N+2+t6N+4
(2 (1 NP1 1 )

JEAE : (3.35)
and we don’t have a relation analogous to (3.12).

The Higgs branch Hilbert series computation follows the logic of section 3.1. The Zo
ungauging is then performed by fixing one ¢, for instance €y, to the value 1 and summing
over the remaining €j,...,ey_; in equation (3.30). For N = 1, this clearly reduces to
taking a circular quiver with two nodes SO(2k) and Sp(k). For higher values of N, this
computes the Higgs branch of a circular quiver theory with one gauge node SO(2k), N —1
nodes O(2k) and N nodes Sp(k).

Let us take again the example N = 4 and k£ = 1 from the previous paragraph. We
obtain

1
Cleiism) = g (a+31s + 3L+ 1) (3.36)

148 2 5,8 416
= 1_t2_t8+t10:PE[t +2t° — 1] |

in agreement with (3.34).

3.3 Other theories

In this section, we comment briefly on theories Jz{év with G of type B and C.

By construction, the Coulomb branch Hilbert series for the theory "Z{SJZ *) is equal
to the Coulomb branch Hilbert series of the szfé\é%) theory (3.12). Indeed the P-factors
and the GNO lattices of magnetic charges in the summation of the monopole formula are
identical in all cases. Because of the data of table 3, we expect the mirror theory to be a
circular quiver with gauge algebras By and C%. We can check this against a Higgs branch
Hilbert series. It appears that it is not possible to determine using this method if the
gauge group of type By is SO(2k + 1) or O(2k + 1), as remarkably, both theories turn
out to have the same Higgs branch Hilbert series, which is equal to the Coulomb branch
Hilbert series of %,JZ k)"

Finally, the mirror of the theory @ with G = O(2k + 1) or G = SO(2k + 1) is
more difficult to apprehend. While the Coulomb branch of %S]g(% +1) is characterized,
for the same reasons as before, by (3.12), table 3 suggests that the mirror theory should
be described by a circular quiver with gauge algebras Dy, and C%. However, a naive
counting of the number of hypermultiplet for the Djy; gauge nodes indicates that the
theory would be bad, in the sense of [28], making the computation of the Coulomb branch
more tricky [29], and moreover, the classical analysis of the moduli space along the lines
of [30] suggests that there is no pure Higgs branch: the effective number of flavors for
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each Dy41 gauge group is ny = 2k, to be compared to n. = 2k + 2 colors. It would be
interesting to clarify the structure of the moduli space of these theories, both with O(2k+2)
and SO(2k + 2) gauge groups.

4 Towards deconstruction of the type D theory

We have argued that the half-BPS index of the type Dy (2,0) theory can be obtained by
the Higgs branch Hilbert series of the ,%’(])V(%)’Sp(k) theory. It is then natural to wonder
to what extent our 3d theory — or its 4d uplift — deconstructs the 6d (2,0) theory of
type Dy.

Recall that, as argued in [8], the Ay type 6d (2,0) theory is deconstructed by a certain
scaling limit in the Higgs branch of the 4d N' = 2 N-noded necklace quiver theory with
U(k) gauge groups, where in particular N is taken to infinity. An illuminating point of
view can be obtained by T-dualizing along the Hopf fiber-like direction of the orbifold.
One then finds a ITA configuration with k& D4 branes along (1236) and N NS5 branes along

(12345), sitting at fixed points in the circle parametrized by x°

. Then, moving into the
Higgs branch amounts to a recombination of all the D4 pieces between each pair of NS into
k D4’s, which can then be moved away from the NS in a transverse direction. This leaves
us with & D4 branes wrapping R* x S! in flat space, whose world-volume description is
in terms of the maximally SUSY theory with U(k) gauge group on R* x S'. In turn, the
instanton spectrum of this theory is expected to be precisely the KK tower which allows
to identify the theory with the 6d Aj theory on R* x T2. It is in this sense that the 4d
quiver theory, in the appropriate limit, deconstructs the 6d theory.

In view of this, it is tempting to wonder to what extent this picture can be extended
to the Dg-type 6d theory. The natural guess would be to add an O4~ parallel to the k
D4-branes in the IIA picture. More explicitly, let us consider k D4 branes on top of an
04~ plane along (2!, 22,23, 2%) and N NS5 branes along (z!, 22,23, 2%, 2°). If separated
from the NS5’s in the transverse space, one would be left with £ D4 branes plus an 04~
whose uplift is in terms of k¥ M5 branes and OM5 and whose low energy description is the
desired Dy 6d theory (on R* x T?).

Very much like in the A-type above, we would like to think of the separation as motion
along the Higgs branch of the theory arising when the NS are brought to coincide with the
k D4+ O4~. However, when that happens the situation is now much richer. To begin with,
the N NS fractionate into 2N half-NS. Then, the O4 changes from O4™ into 04~ and vice-
versa when crossing each half-NS. Thus we end up with 2N segments among the half-NS
which alternate k¥ D4+04~ with k D4+047". Reassuringly, this precisely corresponds to
the [O(2k) x Sp(k)]"¥ necklace theory ‘%JOV(Qk),Sp(k) considered above.

We can further T-dualize this to obtain the 3d version, which is in terms of 2k half-D3
branes on top of an O3* along (z!, 22, 2%) , an 2N half-NS5 branes along (x!, 22, 23, 2%, 2°).
This configuration is nothing but the orientifold version of the type A case above. Thus,
similar arguments to those above lead to the mirror configuration with 2k half-D3 branes
on top of an O3~ along (x!, 2%, 2%) , an 2NV half-D5 branes along (2!, 22, 23, 2%, 2%). Further
T-duality along x° gives 2k D2 on top of an O2~ and 2N half-D6 branes, from which the
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Figure 4. Summary of the dualities for deconstruction of type D. Directions 3, 6 and 10 are
compact S, while the other directions are non-compact.

mirror O(2k) theory with Sp(2/N) flavor symmetry, which we dubbed 272, can be easily
read. We summarize the situation in figure 4.

Note that the converse process of the Higgsing which detaches, in the ITA set-up, the k
D4+404~ from the 2N half-NS5’s is much less clear in the D type case, since, to begin with,
being the NS fractional, it seems that they cannot be moved away from the orientifold. An
intimately related issue is that the ‘@g(Zk),Sp(k) 4d quiver theory is not conformal.® In fact,
a short computation shows that the g function for each type of node is

Bo=—-4,  PBsp=4. (4.1)

Thus, while the total 8 function vanishes, the O nodes flow to weak coupling in the IR
while the Sp nodes flow to strong coupling. Here we wish to suggest a scenario which
could dynamically provide a deconstruction of the Dy theory. The key observation is that
the Sp nodes flow to strong coupling, which, in the ITA scenario described above, implies
a bending of the NS branes in such a way that the segments bewteen half-NS bounding
D4 — O4" become of vanishing size (see figure 5). Thus, restricting to the origin of the
Coulomb branch, we may effectively think that each pair of half-NS bounding D4 — 04"
have recombined into full NS. Therefore, the remaining N D4 — O4~ segments can be
recombined and moved out of the NS (or alternatively, the NS, now physical NS, can be
moved out of the orientifold). Thus, this would provide a dynamical mechanism by which
the left-over theory, in the Higgs branch, is the maximally SUSY 5d theory on R* x S! with
orthogonal gauge group, which, on general grounds, just as before should be equivalent to
the Dy, theory on R* x T2,

3The U(k) necklace theory is non-conformal either, yet in that case in a very mild sense: the U(1) are
IR free and decouple in the IR, leaving us with the SU(k)™ theory which is conformal.
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Figure 5. The upper part of the figure shows the naive brane configuration that reproduces at low
energies the quiver theory %’g(%),sp(k), which is the type IIA configuration on the left of figure 4.
The horizontal axis is the direction 6, and the vertical axis is the direction 5. Periodic identification
between the left part and the right part is assumed. As a result of the bending described in the
text, a more realistic view is pictured in the lower part, where the half-NS5 branes recombine to
give full NS5, and the segments of 04T shrink to vanishing size.

5 Conclusion and future directions

In this paper we have studied the deconstruction of the type D 6d (2,0) theory. Our
main tool has been the half-BPS limit of the 6d index. This is a particularly simple
observable which counts operators which can be traced from 6d to 4d when we consider
the 6d theory on R* x T2. In the 4d deconstructing theory the relevant operators to count
are chiral operators in the Higgs branch. The crucial observation is that such counting can
be equally done upon reduction to 3d, which would amount to the 6d theory on R* x T2.
Using mirror symmetry we can likewise compute the half-BPS index by counting dressed
monopole operators in the Coulomb branch of the “magnetic” theory. This computation
is in a sense much simpler than the “electric” version, since while the latter involves an
integration over the gauge group projecting to gauge-singlets, the Coulomb branch formula
is simply a sum. Because of this it is very easy to take the deconstruction limit — which in
this language simply amounts to taking a large number of nodes in the “electric” theory.
On general grounds, this way one recovers a counting of the Cartans of the group, which
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is precisely the structure of the half-BPS index in 6d. This automatically ensures the
matching of the index for the type A theory and, at the same time, suggests a candidate
mirror to a theory deconstructing the type D theory. To be precise, we find that a O(2k)
theory with an adjoint hypermultiplet and 2N vector half-hypermultiplets reproduces on
its Coulomb branch, in the large N limit, the half-BPS index of the 6d theory.

The next step towards the deconstruction of the 6d type D theory is to consider
the mirror to the magnetic theory, whose Higgs branch will reproduce the 6d half-BPS
index. Such “electric” theory, uplifted to 4d, would be the natural candidate for a theory
deconstructing the 6d type D (2,0) theory on R* x T2. In the case at hand, we find that
such electric theory is a [O(2k) x Sp(k)]" circular quiver. As discussed, this not only
follows from the brane configuration engineering the system, but can also be supported by
the computation of the Higgs branch Hilbert series. In order to show this matching we
introduced an auxiliary theory with an enlarged matter sector. As argued, because of the
particular extra matter content chosen, the auxiliary theory has the same Higgs branch as
the original one, with the extra bonus that one can use the much simpler technique of letter
counting. This allowed us to explicitly show that the Higgs branch of the [O(2k) x Sp(k)]¥
circular quiver reproduces the 6d half-BPS index.

The way to arrive to the [O(2k) x Sp(k)]V circular quiver as deconstructing theory
for the 6d D-type theory did not rely on any string construction, and was only based on
the requirement that the 6d half-BPS index must be reproduced. However, the resulting
circular quiver theory can be engineered on a stack of k D4 branes on top of an O4 plane
on a circle with 2N half-NS5 branes. Amusingly, this is precisely what one would have
naively guessed as deconstructing theory for the 6d type D case, since it corresponds to
the same set-up as for the type A case only with the addition of an orientifold. Thus, the
emerging picture would seem to be consistent.

Nevertheless, an important point in the deconstruction programe is that it should be
possible to show that, upon going to the (equal VEV) Higgs branch, the theory becomes a
discretized version of the maximally SUSY 5d theory with D gauge group as in [11]. In the
case at hand this is by no means obvious. This can be easily argued in the brane picture,
where, because of having half-NS branes, detaching the k& D4’s together with the O4 seems
impossible. A related issue is that, as opposed to the usual deconstruction procedure, in
this case the deconstructing theory is not conformal. However, an observation is that the
beta-functions for each node are such that the Sp groups hit infinite coupling at a point
along the RG flow such that the O groups remain at finite coupling. While it is very hard to
analyze the gauge theory dynamics, we may turn to the brane picture, where such infinite
coupling for the Sp nodes stands for a bending of the half-NS5 branes such that they meet
at some point as in figure 5. Note that, because of the orientifold, the collision of the NS5’s
seems unavoidable. While it is not known how to describe such collision in string theory,
we may conjecture that in the end of the day the two half-NS will merge into a full NS.
Thus, when all the branes are one on top of the other and on top of the orientifold — which
amounts to the origin of the Coulomb branch —, close to the 4-branes the NS5 look like
N full NS5, so that the detaching of the stack of k D4’s plus the 04~ plane at the same
time is possible. Note as well that this dynamically chooses O4~ rather than O4* — in
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other words, the maximally SUSY 5d theory with O(2k) group rather than Sp(k) emerges
naturally from the dynamics. This is however highly conjectural, and it would be crucial to
analyze this problem in detail, some of whose aspects are in fact interesting per se in string
theory — such as what happens when the two half-NS5 collide, or alternatively, what is
the IR dynamics of the [O(2k) x Sp(k)]"V circular quiver.

It is interesting to note that, as a 3d theory, the [O(2k) x Sp(k)]V circular quiver
is a bad theory in the sense of [28]. This is likely related to the subtleties raised above.
However, as shown in [29], typically bad theories just correspond to theories for which there
is a non-trivial RG flow along which the monopole operators which would seem to have
R-symmetries below the unitary bound decouple. It would be very interesting to analyze
these aspects in this particular case. Note however that for the circular quivers we are
interested on the Higgs branch, which should be insensitive to this problem.

Deconstruction is one, particularly promising, definition of the (2,0) 6d theory. Nev-
ertheless, more generically, matrix models have been proposed in other scenarios —see in
particular [31]- to non-perturbatively define other theories. Along the lines in this paper,
it would be interesting to apply counting techniques inspired in localization to perform
exact tests of such proposals.

This work also opened a window on three-dimensional mirror symmetry for a large
k41 theory. It
would be interesting to extend some of the tools put at work in this paper, combining

class of theories, some of which are still fairly mysterious, like the JZfé\E

algebraic techniques to physical insight, to understand the full class of theories. From the
string theory point of view, this boils down in parts to determining whether the gauge
group on the world-volume of branes on top of the appropriate orientifold plane is of type
O or SO, a question that might involve non-local physics, and which has been more and
more actively investigated in recent years [32].
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A Complete intersections and Hilbert series

A.1 Complete intersections and regular sequences

Consider the polynomial ring R = C[zy,...x,] in n variables. We say that a sequence
of non-constant homogeneous polynomials P;, P»,..., P, is a regular sequence if for all
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i =1,...,7, P is not a zero divisor modulo the partial ideal (Py,...,P,_1).* Let I be
an ideal of R. Then we have the following theorem [33]: the ring R/I is a complete
intersection if and only if I is generated by a regular sequence of homogeneous polynomials
Py, Py, ..., P, of degrees dy,...,d,. In this case, the Hilbert series of R/I is given by

=

[1(1—t%)
Hp(t) = 11—7&”

In more down-to-earth physical terms, this means that we can use the “letter-counting”

(A1)

I

technique to write down the Hilbert series.

A.2 A counter example of complete intersection

Let us now give an important example of an ideal which does not define a complete inter-
section. Consider the ring in 2N? variables R = Clwij, yi5] with 4,5 = 1..., N, and the
ideal I defined by

XY -YX=0, X=(y)ij=1.N, Y =(ijij=1..nN- (A.2)

The ideal I is generated by the polynomials P;; which are the matrix elements of P =
XY —Y X. There are N?—1 independent such polynomials, because the trace of XY —Y X
vanishes, so we just redefine Py y = —P11 —---— Py_1,ny—1. But these polynomial satisfy
another relation,

Tr(XP)=0. (A.3)

Let us now consider the ideal I’ defined by

I" = (Pyj);i j=1,..,N and (i.5)£(N.NY, (i) £(N—1,N) » (A4)
and rewrite (A.3) in the ring R/I":
.CI}N7N_1PN_17N = 0 modulo I/ . (A5)

This means that Py_1 n is a zero divisor in R/ ' and the sequence of the P;; is not a
regular sequence. Hence R/I is not a complete intersection.

A.3 An example of complete intersection

Let us now consider another example. Consider the ring in 3/N? variables R = Clzij, yij, 2ij]
with 4,7 =1..., N, and the ideal I defined by
XY -YX=7,

(A.6)
X = (T4j)ij=1...N » Y = (Yij)ij=1...N Z = (%ij)ij=1...N -

The ideal is generated by the polynomials Pj; which are the matrix elements of XY —
Y X — Z. This ring is a complete intersection, because the equations P;; = 0 can be solved

4One also usually requires (P1, Ps, ..., P,)R # R, but this condition is always satisfied if the polynomials
are non constant, which is assumed here.
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one by one by variable elimination, simply solving for z;;. In other words, all the partial
ideals are just polynomial rings, in which there are no divisors of zero.
A more complex argument is needed for the ideal

XY -YX =227
(A7)
X = (T4j)ij=1...N » Y = (Yij)ij=1...N » Z = (%ij)ij=1...N -

because the right-hand side ZZ7T is now quadratic in the variables, and in addition it is
a symmetric matrix. However one can still show that it defines a complete intersection.
Instead of giving a general proof, we show in the next section how one can use a computer
program to tackle this kind of problems.

A.4 Regular Sequences with Macaulay 2

As we saw in the previous paragraphs, one can in some cases find relation between the
defining polynomials of an ideal and prove that way that the ideal is not a complete
intersection, and in some other (simple) cases prove that an ideal is a complete intersection
by solving systems of equations. However, the generic case is much more complicated, and
involved algorithms are soon required.

There is a Macaulay2 package® called Depth.m2 which contains the function
regularSequenceCheck that can be used to determine whether an ideal is a com-
plete intersection or not. Given a list of polynomials defining the ideal, the function
regularSequenceCheck returns the number of terms of the sequence which are regular.
Therefore, the ideal is a complete intersection if and only if this number is equal to the
total number of terms of the sequence.

Let us illustrate this with the examples of the previous sections, with N = 2.

e In the case of the first example, we use

R:=QQ[X11, X12, X21, X22, Y11, Y12, Y21, Y22];
print (regularSequenceCheck ({

X21xY12 - X12xY21,

X12xY11 - X11*Y12 + X22%Y12 - X12*Y22,
-(X21%Y11) + X11%Y21 - X22%Y21 + X21%Y22
},R));

and the program returns 2, saying as we noted in equation (A.3) that the last term
is a zero divisor.

e For the second example, the code becomes

R:=QQ[X11, X12, X21, X22, Y11, Y12, Y21, Y22, Z11, 712, Z21, Z22];
print (regularSequenceCheck ({-(X21*Y12) + X12*Y21 - Z11°2 - Z1272,
X11xY12 - X22%Y12 + X12x(-Y11 + Y22) - Z11%xZ21 - Z12%Z22,

°It can be downloaded at the address http://www2.macaulay?2.com/Macaulay2/doc/Macaulay2-1.10/
share/Macaulay2/Depth.m2.
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—(X11%Y21) + X22%Y21 + X21%(Y11 - Y22) - Z11%Z21 - Z12%Z22,
X21*%Y12 - X12%Y21 - Z21°2 - 72272
},R));

and now the answer is 4, showing that the sequence is regular and the ideal will define
a complete intersection.

B Proof of formula (2.18)

We want to compute the Hilbert series

v (t ) H%ﬂi?z, Nt2+t( )+tz< & ZZ“) . (B.1)

IELN
For that, we define the partially integrated functions
Hy,(t,u,21,...,2N—y) = (B.2)
dzZ 9 z1 ; zz+1
II —Nt® +1¢ +t§: ,
N1 2il=1 27TzzZ U z1 et zz+1 Zi

so that Hy(t,u) = Hyn(t,u), with r = 0,...,N. The key step is then to prove by
recursion that for 0 <r < N — 1, we have

N—r—1
Hy,(t,u, 21, ..., 2n—y) = PE [t 3 < SN Z“) — (N — 7 — 1)#2 (B.3)

Zi Zi
i—1 i+1 7

z u z ZN—
—W“+t<1+>+ﬂ“<14—Nrﬂ.
() 21 ZN—r 21

Then it suffices to evaluate at »r = N — 1 to obtain an integral with only one variable which

is straightforward to evaluate,

d
HN(t,u)—% Lpp |2V 4 (2L L) p otV | =PRI + 2tV — 12Y]. (BA)
|o1]=1 2mizq U 21

We note in passing that the fugacity for the global symmetry u disappears during the last
integration.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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