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1 Introduction

Topological entanglement entropy (TEE), first introduced in condensed matter physics [1,

2], has been widely used to characterize topological phases. It is the constant sublead-

ing term (relative to the area-law term) in the entanglement entropy, only dependent on

universal data of the corresponding topological phase.

At low energy, a large class of topological phases can be effectively described using

Chern-Simons gauge theory with a compact, simple, simply-connected gauge group. When

this is the case, TEE can be found using surgery [3] and replica trick [4] by computing the

partition function on certain 3-manifolds. For compact gauge groups, TEE is expressed [3]

in terms of modular S matrices of Wess-Zumino-Witten rational conformal field theory

(RCFT) on a 2d compact Riemann surface, following the CS/WZW correspondence first

described in geometric quantization by [5].
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Figure 1. Bipartition of constant time slice of thermal AdS3.

In three-dimensional spacetime, gravity can be classically described by Chern-Simons

gauge theory with a non-compact, possibly complex gauge group [6]. Specifically, in Eu-

clidean picture with a negative cosmological constant Λ = −1/l2 < 0, in the first-order

formulation of general relativity, the spin connection ω combines with the “vierbein” e to

make the holomorphic Chern-Simons gauge field ω + e/l and anti-holomorphic gauge field

ω− e/l of gauge group SL(2,C), where l is the AdS3 curvature radius. The following ques-

tions thus arise naturally: is there a similar notion of TEE in 3d gravity? If so, can one

compute the TEE for 3d gravity using surgery? Is the TEE related to modular S matrices

of a CFT living on the conformal boundary? In ref. [7], the authors proposed that the

Bekenstein-Hawking entropy of a BTZ black hole [8, 9] in AdS3 can be interpreted as TEE.

The argument is supported by calculations in the dual Liouville CFT. Unfortunately it

is still not clear what is the meaning of this entanglement entropy, i.e. what are the two

subregions or components that are entangled together.

We are motivated by these questions to calculate TEE via 3d surgery in an Euclidean

spacetime that is asymptotically AdS3. In the case of thermal AdS3, the constant time slice

is a disk. We first bipartite this disk into two disks as shown in figure 1, where a denotes the

ratio between the interval length on the boundary circle that is contained in subregion A

and the circumference of the full circle. After applying the replica trick, the glued manifold

is a genus-n handlebody. Using one-loop partition function on this handlebody [10–15],

we derive an explicit expression for TEE, which vanishes in the low-temperature limit.

Then we consider two disjoint thermal AdS3’s and calculate the TEE between them, which

turns out to be the thermal entropy of one thermal AdS3. However, this does not mean

any nontrivial entanglement between the two solid tori, and we support this argument by

calculating the mutual information between them, which gives zero.

We also compute TEEs in an eternal BTZ background. In the Euclidean picture

there is only one asymptotic region for the eternal BTZ black hole [17], which corresponds

to the gluing of the two asymptotic regions of the two single-sided black holes in the

Lorentzian picture. We show that TEE between the two single-sided black holes is equal

to the Bekenstein-Hawking entropy of one single-sided black hole. The mutual information

between them does not vanish and again equals to the Bekenstein-Hawking entropy, which

guarantees the explanation of the result as supporting the ER=EPR conjecture in 3d bulk

to be true [18–20].

Focusing on one single-sided black hole, we then derive an Entangling-Thermal relation,

stating

lim
Area(Ā)→0

[S(A)− S(Ā)] = Sthermal
BTZ , (1.1)

– 2 –
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where A and Ā denotes the two complementary subregions. Quantities on both sides of

this equation are intrinsically three-dimensional. The underlying physical reason of this

relation is that, subregion A wraps the non-contractible loop of the constant time slice,

while its complement Ā does not. The difference between SA and SĀ thus detects the effect

of the non-contractible loop, which is exactly the outer horizon of the BTZ black hole. This

relation is similar to but different from the thermal entropy relation [24] derived from the

Ryu-Takayanagi formula [25], in that our result is topological and does not depend on

geometrical details.

The full modular-invariant genus one partition function of three-dimensional pure grav-

ity is a summation of classical geometries or gravitational instantons, which includes both

thermal AdS3 and the BTZ black hole. At high temperatures, the full partition function is

dominated by the SL(2,Z) family of black hole solutions, whereas the low-temperature so-

lution is dominated by the thermal AdS3. We compute TEE for the full partition function

with a bipartition between the two single-sided black holes in the high temperature regime

and again observe ER=EPR explicitly. When Chern-Simons level kR = kL = l/16G = 1,

after defining the quantum dimension data on the boundary Monster CFT with orbifolding,

we see from the TEE calculation that the black hole geometries correspond to a topolog-

ical phase in the bulk which contains a maximally-entangled superposition of 194 types

of “anyons”, labeled by the irreducible representations of the Monster group. This state,

dubbed as Moonshine double state, has the similar property as the thermofield double

state on the asymptotic boundary in that TEE between the anyon pairs is equal to the

Bekenstein-Hawking entropy. The rest of the paper is organized as follows. In section 2 we

give a minimal introduction to the knowledge that facilitates the TEE calculation, includ-

ing replica trick and Schottky uniformization. In section 3 we show the calculation of TEE

in thermal AdS3, which amounts to the computation of the partition function on a genus n-

handlebody. We also compute the TEE between two disjoint thermal AdS3 and show their

mutual information vanishes. Section 4 illustrates the TEE calculation for BTZ black holes

for several different bipartitions. We discuss the relations with ER=EPR and show that

mutual information between the two single-sided black holes is equal to the Bekenstein-

Hawking entropy. We further propose an Entangling-Thermal relation for single-sided black

holes. Then in section 5 we demonstrate the TEE of the full modular-invariant partition

function after summing over geometries and present the quantum dimension interpretation.

The system is mapped to a superposition of 194 types of “anyons”. Comments on the im-

plication of TEE on the Hawking-Page transition and the outlook can be found in section 6.

2 Review of relevant components

In this section we will introduce basic concepts that are essential to understanding the rest

of the paper.

2.1 “Surgery” and replica trick

Surgery was originally invented by Milnor [28] to study and classify manifolds of dimension

greater than three. In this work we use this concept in a broader sense, i.e. as a collection

– 3 –
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Figure 2. Left: sketch of ρ3
A. Right: sketch of trρ3

A.

of techniques used to produce a new finite-dimensional manifold from an existing one in a

controlled way. Specifically, it refers to cutting out parts of a manifold and replacing it by

a part of another manifold, matching up along the cut.

As a warm-up, we review the usage of surgery in the entanglement calculation of

2d CFT for a single interval at finite temperature T = 1/β [4]. The interval A lies on

an infinitely long line whose thermal density matrix is denoted as ρ. The reduced density

matrix of subregion A is then defined as ρA = trĀρ, where the trace trĀ over the complement

of A only glues together points that are not in A, while an open cut is left along A.

Entanglement entropy between A and its complement Ā is then SA = −trρA ln ρA. The

matrix logarithm is generally hard to compute, so alternatively one applies the replica

trick to obtain an equivalent expression, with proper normalization (so that the resultant

quantity is 1 when being analytically continued to n = 1):

S(A) = − d

dn

(
tr(ρnA)

(trρA)n

) ∣∣∣∣∣
n=1

. (2.1)

Now the problem reduces to the computation of tr(ρnA). Using surgery, one can interpret

it as the path integral on the glued 2-manifold [29]. An example for n = 3 is shown in

figure 2, where the left panel sketches ρ3
A, and the right panel is tr(ρ3

A). In this case with

a finite temperature, SA is not necessarily equal to SĀ.

This operation can be extended to 3-manifolds in a straightforward way, as shown in

ref. [3]. The authors calculated examples where the constant time slices are closed surfaces

and restricted to ground states, so that the β cycle is infinitely long.

The constant time slices that we are interested in for Euclidean AdS3 are all open

surfaces with asymptotic conformal boundaries, and the quantum states do not necessarily

belong to the ground state Hilbert subspace. Details will be presented in sections 3 and 4.

2.2 Conformal boundary and H3/Γ

We now introduces the hyperbolic three-space H3 that describes the Euclidean AdS3. It is

the 3d analogue of hyperbolic plane, with the standard Poincare-like metric

ds2 =
dy2 + dzdz̄

y2
, (2.2)

where y > 0 and z is a complex coordinate.

Any 3-manifold M having a genus n Riemann surface Σn as its conformal boundary

that permits a complete metric of constant negative curvature can be constructed using

– 4 –
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Schottky uniformization. The idea is to represent the 3-manifold M as the quotient of H3

by a Kleinian group Γ [30], which is a discrete subgroup of SL(2,C) as well as a discrete

group of conformal automorphisms of Σn.

The conformal boundary of H3 is a sphere at infinity, S2
∞, on which Γ acts discretely,

except for a limit set of accumulation points of Γ denoted by Λ(Γ). The complement

Ω(Γ) = S2
∞ − Λ(Γ) is called the domain of discontinuity. Then the 3-manifold M has

boundary Ω(Γ)/Γ, a well-defined quotient.

In particular, when M is a handlebody, Γ reduces to a Schottky group, which is freely

finitely generated by the loxodromic elements γ1, . . . , γn ∈ SL(2,C), that acts on S2
∞ as a

fractional linear transformation. Among these generators, there are 3n − 3 independent

complex parameters, which are coordinates on the Schottky space, a covering space of the

complex moduli of the Riemann surface.

Each γ ∈ Γ is completely characterized by its fixed points and its multiplier qγ . An

eigenvalue qγ is defined through the unique conjugation of γ under SL(2,C): z 7→ qγz with

|qγ | < 1. More explicitly, denoting η, ξ as the fixed points of γ, one has

γ(z)− η
γ(z)− ξ

= qγ
z − η
z − ξ

. (2.3)

Within the Schottky group Γ, there are primitive conjugacy classes 〈γ1, . . . , γn〉 of Γ,

with “primitive” meaning that γ is not a positive power of any other element in Γ.

2.3 Solid tori classified as Mc,d

The physical spacetimes we are concerned about in this paper are all solid tori, i.e. the

n = 1 case in the previous subsection. They have toroidal conformal boundaries, so the

Schottky group actions is relatively simple.

After these topological constructions, we can further classify them into the Mc,d family

according to their geometries. This family first appeared in the discussion of classical grav-

itational instantons which dominate the path integral in ref. [31], and is further explained

in refs. [14] and [32].

In this case, Λ(Ω) composes of the north and south poles of S2
∞. Since solid tori have

boundaries T 2 ∼= Ω(Γ)/Γ, π1(Ω(Γ)) must be a subgroup of π1(T 2), so π1(Ω(Γ)) can only

be isomorphic to Z ⊕ Z, Z, or the trivial group. When π1(Ω(Γ)) = Z ⊕ Z, Ω(Γ) has to

be a Riemann surface of genus 1, which cannot be isomorphic to an open subset of S2
∞.

When π1(Ω(Γ)) is trivial, Ω(Γ) is a simply-connected universal cover of T 2, so that Γ has

to be Z⊕ Z. It is easily seen from (2.2) that if Γ ∼= Z⊕ Z, then although H3/(Z⊕ Z) has

a toroidal boundary at y = 0, there is a cusp at y → ∞, whose sub-Plackian length scale

invalidates semi-classical treatments.

The only possibility is thus π1(Ω(Γ)) = Z, where Γ can be either Z or Z ⊕ Zn. The

latter yields M to be a Zn-orbifold, indicating the existence of massive particles, which are

not allowed in pure gravity. To avoid undesirable geometries such as cusps and orbifolds

in the contributions to path integral [10, 14], we restrict our Schottky group to be Γ ∼= Z,
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generated by the matrix

W =

(
q 0

0 q−1

)
(2.4)

where |q| < 1.

The boundary torus is thus obtained by quotiening the complex z-plane without the

origin by Z. Redefine z = e2πiω, so ω is defined up to ω → ω + 1, and W acts by ω → ω +

ln q/2πi. Hence, the complex modulus of the torus is τ ≡ ln q/2πi, defined up to a PSL(2,Z)

Möbius transformation τ ∼ (aτ + b)/(cτ + d), where integers a, b, c, d satisfy ad− bc = 1.

When constructing a solid torus from its boundary torus, τ is defined only up to

τ ∼ τ + Z by a choice of solid filling, completely determined by the pair (c, d) of relatively

prime integers. This is because the flip of signs (a, b, c, d) → (−a,−b,−c,−d) does not

affect q, and once (c, d) are given, (a, b) can be uniquely determined by ad − bc = 1 up

to a shift (a, b) → (a, b) + t(c, d), t ∈ Z which leaves q unaffected. We call these solid

tori Mc,d’s, and any Mc,d can be obtained from M0,1 via a modular transformation on

τ . Physically, M0,1 is the Euclidean thermal AdS3 and M1,0 is the traditional Euclidean

BTZ black hole obtained from Wick rotating the original metric in [8]. Excluding M0,1,

Mc,d’s are collectively called the SL(2,Z) family of Euclidean black holes, to be discussed

in section 5.

3 Thermal AdS3

The Euclidean thermal AdS3 has the topology of a solid torus M0,1, whose non-contractible

loop is parametrized by the Euclidean time. The constant time slice is thus a disk D2 with

a boundary S1, perpendicular to the non-contractible loop.

3.1 Bipartition into two disks

We bipartite the disk into upper and lower subregions A and B, both having the topology

of a disk. The solid torus is then turned into a sliced bagel as in figure 3. Boundary of

each subregion contains an interval lying on the S1. In the following we will denote the

ratio between the length of one interval and the circumference of the boundary S1 to be a,

satisfying 0 ≤ a ≤ 1. Except for the symmetric case where a = 1/2 and the two subregions

are equivalent, generally SA 6= SB.

As introduced in section 2, one then glues each of n copies of subregion B separately

while gluing the n copies of subregion A together. The resultant 3-manifold is an n-

handlebody, which is a filled genus-n Riemann surface, shown in figure 3. (In the special

case of n = 1, the handlebody reduces to a solid torus.)

With a proper normalization, the entanglement entropy corresponding to subregion A

is then

STAdS = − d

dn

(
Z(n-handlebody)

Z(1-handlebody)n

) ∣∣∣∣∣
n=1

. (3.1)

– 6 –
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· · ·

Figure 3. Left: bipartition of the thermal AdS3. Right: the glued 3-manifold is a flat bouquet-like

n-handlebody.

Contribution to the path integral around a classical saddle point for an n-handlebody

takes the form

Z(n) = exp

[
kS0(n) +

∑
i

k−i+1Si(n)

]
, (3.2)

where k−i+1Si(n) is the i-loop free energy of boundary graviton excitations. At tree

level (i = 0), Ztree(n-handlebody) can be derived assuming the dual CFT is an extremal

CFT [12],1

Ztree(n) =
∏

γ prim.

∞∏
m=1

|1− qmγ |24k, (3.3)

with the product running over primitive conjugacy classes of γ, qγ being the multiplier of

γ introduced in section 2, and k = l/16G.

In general the two products are hard to evaluate. However, in the low-temperature

regime when thermal AdS3 dominates, the leading contribution to the infinite product over

m comes from m = 1. Furthermore, the product over γ is dominated by a single-letter

contribution [15, 16],
∏

γ prim.
|1− qγ | ≈ |1− q1|2n. Combining these, we obtain

Ztree(n) ≈
∏

γ prim.

|1− q1|24k = |1− q1|48nk, (3.4)

with q1 a function of n and a, having the form

q1 =
sin2(πa)

n2 sin2(πa/n)
e−2πβ . (3.5)

At one-loop (i = 1) level, the general expression for Zloop(n-handlebody) can be derived

from either the boundary extremal CFT [12, 13] or the bulk heat kernel method [10]. They

both depend on the Schottky parametrization of the boundary genus n-Riemann surface.

The result is

Zloop(n) =
∏

γ prim.

∞∏
m=2

1

|1− qmγ |
≈ 1

|1− q2
1|2n

, (3.6)

1This partition function is motivated by the Liouville action of a single free boson on a handlebody, and

is conjectured in [12] as a weight 12k modular form to avoid singularities of special functions.
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in the low-temperature regime q1 � 1. Plugging Z(n-handlebody) = Ztree(n)Zloop(n)

into (3.1), we obtain

STAdS(a) ≈
[
96ke−2πβ + (96k − 8)e−4πβ +O(e−6πβ)

]
(πa cot(πa)− 1) . (3.7)

The terms containing k come from tree-level, while others are one-loop contributions. The

entire expression approaches to zero very fast in the low-temperature regime β → ∞ for

any k. The dependence of the above result on a distinguishes itself from the original

definition [1, 2] of TEE, which is a universal constant. We note that a enters as the

boundary condition on the constant time slice, and has nothing to do with the leading

area-law term in usual expressions of entanglement entropies.

When subregion A is “nothing”, i.e. a → 0, πa cot(πa) → 1, thus the TEE between

subregions A and B vanishes. When A is instead “everything”, i.e. a → 1, πa cot(πa) →
−∞, balanced by the smaller e−2πβ � 1 at low temperatures. We observe that apart from

the a → 0 case, the TEE for thermal AdS3 is always negative. Another important case is

when a = 1/2 so that the two subregions are symmetric. In this case we have

STAdS

(
a =

1

2

)
≈ −

[
96ke−2πβ + (96k − 8)e−4πβ +O(e−6πβ)

]
. (3.8)

3.2 Two disjoint thermal AdS3

Now we take two non-interacting thermal AdS3’s as the whole system, represented by two

disjoint solid tori M0,1. There are two non-interacting, non-entangled, identical CFTs living

on their asymptotic boundaries. One would naively expect the TEE between these two

solid tori to be zero, which is not really the case. To calculate the entanglement entropy

between these two solid tori, one can simply use

STAdS = − d

dn

(
Z0,1(nτ)Z0,1(τ)n

Z0,1(τ)2n

) ∣∣∣∣∣
n=1

. (3.9)

We have used the shorthand notation Z0,1(τ) = Z0,1(τ, τ̄) to take into account both holo-

morphic and anti-holomorphic sectors. The partition function Z0,1(nτ) comes from gluing

n copies of solid torus A, which is a new solid torus with modular parameter nτ .

Meanwhile, Z0,1(τ)n comes from gluing individually the n copies of solid torus B. We

can simply multiply the contributions from A and B together because they are disjoint.

Then we can plug these into the expression for the solid torus partition function, i.e. the

1-handlebody result from (3.3) and (3.5),

Z0,1(τ) = |q|2k
∞∏
m=2

|1− qm|−2. (3.10)

In the low temperatures, we can approximate q = e2πiτ = e−2πβ as a small number and

thus at leading order Z0,1(τ) ≈ q−2k(1− q2)−2.

After straightforward calculations we obtain

STAdS ≈ 2(1 + 4πβ)e−4πβ . (3.11)

– 8 –
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This contains only the loop contribution, i.e. the semi-classical result is zero. For compari-

son, we also calculate the canonical ensemble thermal entropy of a single thermal AdS3 at

temperature β−1: Sthermal
TAdS = lnZ(1-handlebody)− βZ(1-handlebody)−1 ∂Z(1-handlebody)

∂β . It

has the low-temperature form

Sthermal
TAdS ≈ 2(1 + 4πβ)e−4πβ , (3.12)

which again solely comes from loop contributions. We immediately observe that the ther-

mal entropy of a single thermal AdS3 is the same as the TEE between two independent

thermal AdS3’s.

This does not imply that there are nontrivial topological entanglement between the

two copies of thermal AdS3, but simply reveals the insufficiency of using entanglement

entropy as an entanglement measure at finite temperatures. For example, consider two

general subsystems A and B with thermal density matrices ρA and ρB and combine them

into a separable system,

ρ = ρA ⊗ ρB. (3.13)

These two subregions are thus obviously non-entangled. But if one attempts to calculate

the entanglement entropy between A and B by tracing over B, one can still get an arbitrary

result depending on the details of ρA. If we choose ρA = |ψ〉〈ψ| where |ψ〉 is some pure

state, then the entanglement entropy will be zero. If instead we choose ρA = 1
dim(HA)1 as

the proper normalized identity matrix, then the entanglement entropy will be ln(dim(HA)).

So depending on the choice of ρA, one can obtain any value of the entanglement entropy

between these minimum and maximum values. This shortcoming is due to the fact that

now the entanglement entropy calculation involves undesired classical correlations in mixed

states.

To address this issue, we look at the topological mutual information between the two

solid tori,

I(A,B) = S(A) + S(B)− S(A ∪B), (3.14)

so that the thermal correlations can be canceled. Following similar replica trick calcula-

tions, one easily obtain S(A∪B) = 2S(A) = 2S(B), thus the mutual information vanishes

and there exists no nontrivial topological entanglement between the two disjoint thermal

AdS3’s. We will observe in the next section that this statement no longer holds true for an

eternal BTZ black hole.

4 BTZ black hole

We will explore in this section the topological entanglement in the bulk of Euclidean BTZ

black hole.

4.1 BTZ geometry

It has been speculated for a long time that the 3d gravity is rather trivial because there is

no gravitational wave besides local fluctuations. However in 1992, authors of [8] proposed

– 9 –
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a new type of AdS-Schwarzschild black hole with Lorentzian metric

ds2
L = −N2

Ldt
2
L +N−2

L dr2 + r2(dφ+Nφ
Ldt)

2, (4.1)

where the lapse and shift functions have the form N2
L = −8GML + r2

l2
+

16G2J2
L

r2
, Nφ

L =

−4GJL
r2

. G is the three-dimensional Newton constant, l the curvature radius of AdS3, and

M , JL are the mass and angular momentum of the black hole, respectively. The outer and

inner horizons are defined by

r2
± = 4GMLl

2

(
1±

√
1−

J2
L

M2
Ll

2

)
. (4.2)

Let tL = it and JL = iJ , and we do the Wick rotation to get

ds2 = N2dt2 +N−2dr2 + r2(dφ+Nφdt)2, (4.3)

with N2 = −8GM + r2

l2
− 16G2J2

r2
, Nφ(r) = −4GJ

r2
. The horizons are now given by

r2
± = 4GMl2

(
1±

√
1 +

J2

M2l2

)
. (4.4)

The Euclidean BTZ black hole is locally isometric to the hyperbolic three-space H3 and is

globally described by H3/Γ with Γ ∼= Z. The topology is a solid torus, and one can make

it explicit by doing the following coordinate transformations [34]

x =

√
r2 − r2

+

r2 − r2
−

cos

(
r+

l2
t+
|r−|
l
φ

)
exp

(
r+

l
φ− |r−|

l2
t

)
,

y =

√
r2 − r2

+

r2 − r2
−

sin

(
r+

l2
t+
|r−|
l
φ

)
exp

(
r+

l
φ− |r−|

l2
t

)
,

z =

√
r2

+ − r2
−

r2 − r2
−

exp

(
r+

l
φ− |r−|

l2
t

)
> 0.

(4.5)

They bring the metric (4.3) to the upper half-space H3 with z > 0. Further changing to

the spherical coordinates (x, y, z) = (R cos θ cosχ,R sin θ cosχ,R sinχ), we finally arrive at

ds2 =
l2

sin2 χ

(
dR2

R2
+ cos2 χdθ2 + dχ2

)
. (4.6)

To ensure that the above coordinate transformation is non-singular (contains no conical

singularities) at the z axis r = r+, we must require periodicity in the arguments of the

trigonometric functions. That is, we must identify

1

2πl
(φ, t) ∼ 1

2πl
(φ+ Φ, t+ β), (4.7)

where Φ = |r−|
r2+−r2−

, β = r+l
r2+−r2−

. We recombine the real pair (Φ, β) into a single complex

variable

τ = Φ + iβ, (4.8)
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y

x

z

Figure 4. (Color online) Left: the spherical coordinates on H3, which convert the original

Schwarzschild metric (4.1) of BTZ black hole into the right picture. Right: topology of the Eu-

clidean BTZ black hole is a solid torus. Horizon is the blue dashed line threading the central cord

of the solid torus. The Euclidean time runs in the meridian direction.

which is the complex modular parameter of the boundary torus. In terms of metric (4.6),

this corresponds to the global identifications

(R, θ, χ) ∼
(
Re2πr+/l, θ +

2π|r−|
l

, χ

)
. (4.9)

A fundamental region for (4.6) is the filling of the slice between inner and outer hemi-

spheres centered at the origin having radii R = 1 and R = e2πr+/l respectively, with an

opening 2π|r−|/l or 2π (if r− = 0) in azimuthal angle, as shown by figure 4, and two

hemispheres are identified along the radial lines with a twist of angle 2π|r−|/l or 2π (if

r− = 0). Hence, the segment on z-axis between two hemispheres corresponds to the outer

horizon, and is mapped to the central cord of solid torus at χ = π/2 (the boundary torus

is at χ = 0).

For convenience, in the rest of the paper, unless stated otherwise, we only focus on

non-rotating Euclidean BTZ black hole, so that τ is pure imaginary and r− = 0.

4.2 TEE between two one-sided black holes and mutual information

Following refs. [18–20], an eternal Lorentzian AdS black hole has two asymptotic regions

and can be viewed as two black holes connected through a non-transversable wormhole. It

is also suggested from the dual CFT perspective that the entanglement entropy between the

CFTs living on the two asymptotic boundaries is equal to the thermal entropy of one CFT.

Motivated by this, we are interested in calculating the TEE between the two single-sided

black holes in the bulk.

However, for the Euclidean BTZ black hole (4.3) and (4.6), the metrics only cover

the spacetime outside the horizon of one single-sided black hole. Everything inside the

horizon is hidden, so is another single-sided black hole. In order to make the computation

of TEE between two single-sided black holes possible, we take an alternative view of the

solid torus M1,0, as in figure 5. In the left panel, we sketch the constant time slice of the

right single-sided black hole, called R. It is the constant θ slice in metric (4.6) with an

annulus topology, whose inner boundary is identified with the horizon. In the right panel,

we glue the two constant time slices for black holes L and R along the horizon. Then there

– 11 –
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Figure 5. (Color online) Left: constant time slice of each single-sided BTZ black hole is an annulus.

The inner boundary in blue denotes the horizon. Time evolution of this slice corresponds to rotating

angle π around the inner blue boundary. Right: gluing the constant time slices of single-sided black

holes R (light grey) and L (dark grey) along the horizon (blue line) in the middle.

Ã

B̃

Ã

B̃

Figure 6. The disk perpendicular to the horizon, which pierces the center of the disk. Left: here,

parts Ã and B̃ in spacetime are respectively formed by rotating both spatial subregions A and B

by ±π. Right: the graphical representation of ρA, with a wedge missing in spacetime subregion A.

comes the most important step: we fold the annulus of black hole L along the horizon, so

that it coincides with the annulus of black hole R. To obtain the full spacetime geometry,

one rotates the constant time slice of L about the horizon counterclockwise by π, while

rotating the constant time slice of R about the horizon clockwise by π. Namely, the two

annuli meet twice: once at angle 0, the other at π. The resultant manifold is a solid torus,

same as M1,0 introduced before. Hence one can view this solid torus either as one single-

sided black hole R with modular parameter τ = iβ, or as two single-sided black holes L

and R, each contributing τ ′ = iβ/2.

It might concern some readers that the CFTs living on the asymptotic boundaries

of L and R in the Lorentzian picture are now glued together. We note that this is a

feature of the Euclidean picture: due to the different direction of evolutions, we have

CFTL(t) =CFTR(−t). At t = 0, these obviously coincide. Then at t = β/2, they give

CFTL(t = β/2) =CFTR(t = −β/2). Using the fact that in the Euclidean picture we have

−β/2 = −β = 2 + β = β/2, we arrive at CFTL(t = β/2) =CFTR(t = β/2), thus they

coincide again and the two CFTs are glued together. This is consistent with the fact that

in the Euclidean signature, there should only be one asymptotic region, as shown in [17].

Now we can calculate the TEE between the constant time slices of L and R, which we

denote as A and B. Importantly, since in general the result can be time dependent, we

specify the cut to be done at t = 0. As shown in the left panel of figure 6, each subregion

contributes τ ′ to the modular parameter of the solid torus. We sketch one copy of ρA in

the right panel.
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· · ·
B̃1

Ã2

Ã1

B̃2

Figure 7. (Color online) Left: front view of the pictorial representation of ρA. Notice that the

cutaway wedge runs along the longitude (non-contractible loop) of the solid torus, with its vertex

on the horizon. Right: graphical representation of trρnA. The disk is perpendicular to the horizon.

To find S(A), we need to calculate the partition function of the 3-manifold that corre-

sponds to trρnA. We first enlarge the missing wedge in the right panel of figure 6 and shrink

the size of Ã, B̃. To add the second copy of ρA, one should glue Ã1 to B̃2, with B̃2 glued

with Ã2, as shown in figure 7. Note that this differs from the usual way of doing replica

tricks, where Ã1 is always glued to Ã2. This is again a result of the opposite directions of

time evolutions for L and R: the B spatial slice at t = β/2 should always be identified with

the A spatial slice at t = β/2. One can then follow this procedure and glue n-copies of ρA.

The resultant 3-manifold is a solid torus with modular parameter 2nτ ′, since each copy

of Ã contributes τ ′ and the same goes for B̃. Replica trick then gives

SBTZ(A) = − d

dn

(
Z1,0(2nτ ′)

Z1,0(2τ ′)n

) ∣∣∣∣∣
n=1

. (4.10)

Partition function Z1,0(τ) can be obtained from that of the thermal AdS3 by a modular

transformation τ → −1/τ ,

Z1,0(τ) = |q−|−2k
∞∏
m=2

1

|1− qm− |2
, (4.11)

where we have defined q− ≡ e−2πi/τ = e−2π/β . In the high-temperature regime β � 1, the

above reduces to Z1,0(τ) ≈ e4πk/β
(
1− e−4π/β

)−2
. Substituting it into (4.10), one obtains

at leading order

SBTZ(A) =
8πk

β
− 2e−4π/β

(
4π

β
− 1

)
+O(e−6π/β). (4.12)

where the first term comes from tree level and is identified with the Bekenstein-Hawking

entropy. The above expression matches with the thermal entropy of one single-sided black

hole at one-loop,

Sthermal
BTZ (A) = lnZ1,0(τ)− βZ1,0(τ)−1∂Z1,0(τ)

∂β
= SBTZ(A). (4.13)

Remarkably, this equation holds true regardless of Z1,0(τ)’s specific form.

It might be confusing at first that the Bekenstein-Hawking entropy, usually viewed

as an area-law term, appears in the calculation of topological entanglement entropy. To
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Ã

B̃

C̃

Figure 8. (Color online.) Left: subregion C is the small white square in the constant time slice.

Right: one copy of ρA. The picture shows the disk perpendicular to the horizon. The thin layer

surrounding the lower half circle corresponds to C̃.

make it explicit that the results above are TEEs instead of the full entanglement en-

tropy, alternatively we can use Z1,0(τ) derived from supersymmetric localization method

in Chern-Simons theory on 3-manifolds with boundaries [22]. Following the replica trick,

we find exactly the same expression.2 Since Chern-Simons theory is a topological quantum

field theory, the resulting entanglement entropy is a TEE. The horizon area r+ should be

understood as a topological quantum number of the theory. In the calculation of TEE

between two disjoint thermal AdS3’s, as stated in section 3, we have seen that a nonzero

TEE is not enough to guarantee true nontrivial entanglement between two subregions be-

cause of the possible contribution from classical correlations. So we resort to the mutual

information I(A,B) between two single-sided black holes. We then need to find S(A∪B).

Since in the Euclidean picture we are no longer at a pure state, it is not necessary that

S(A ∪B) vanishes, although A ∪B consists the entire system.

We start with bipartiting the system into A ∪B and C at t = 0, as shown in figure 8.

C is a very small region whose area will finally be taken to zero.

The glued manifold is a solid torus with modular parameter 2nτ ′, exactly the same

form as that in figure 6. The contributions from C vanish because C is still contractible in

the glued manifold and we can safely take their area to be zero. Plugging (4.11) into the

replica trick formula (4.10), we again obtain

SBTZ(A ∪B) = Sthermal
BTZ (A). (4.14)

So indeed the TEE of A ∪ B does not vanish. Combining these, we find that the mutual

information is the same as the Bekenstein-Hawking entropy for a single-sided black hole:

I(A,B) = SBTZ(A) + SBTZ(B)− SBTZ(A ∪B) = Sthermal
BTZ (A). (4.15)

Note that, had we naively taken the full partition function of the eternal BTZ black

hole to be Z1,0(τ)2, namely, the two single-sided black holes are independent and non-

entangled so that their partition functions can be multiplied together, then SBTZ(A ∪ B)

would have been twice Sthermal
BTZ (A) and the mutual information would have vanished. So

the nonzeroness of mutual information indicates nontrivial entanglement between L and R.

2The supersymmetric localization method involves boundary fermions. We need to remove the contri-

bution from the boundary fermions to match with the partition function (4.11).
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Figure 9. With the absence of black hole L, bipartitions of the constant time slice of black hole

R lead to Z1,0(nτ) after gluing. The gray area corresponds to subregion A, and the width of the

annulus B will be taken to zero.

There is still another surgery that can yield Sthermal
BTZ (A): (1) restrict to the right single-

sided black hole R as the full spacetime, which is a solid torus with modular parameter τ ,

obtained from rotating the constant time slice of it by 2π; (2) thicken the horizon S1 to a

narrow annulus inside the spatial slice of the solid torus R; (3) calculate the TEE between

the thin solid torus generated by thickened horizon, denoted by B̂, and the rest, denoted

by Â; (4) and finally take the limit that thickness of solid torus B̂ goes to zero.

The bipartition of the constant slice in this case is sketched in figure 9. In this biparti-

tion, the obtained TEE is between the exterior and the interior of horizon, rather than that

between two single-sided black holes. The glued manifold is again represented by Z1,0(nτ)

and the replica trick yields the Bekenstein-Hawking entropy.

We have thus come to a conclusion that the followings are equal:

(a) TEE between the two single-sided black holes,

(b) TEE between the exterior and the interior of the horizon for a single-sided black hole,

(c) thermal entropy of one single-sided black hole,

(d) mutual information between the two single-sided black holes.

The equivalence of (a) and (c) supports the ER=EPR conjecture [18–20] in the Euclidean

AdS3 case. The equivalence between (b) and (c) shows explicitly from the bulk perspective

that one should view the thermal entropy of a black hole as entanglement entropy (see for

example ref. [21]). In general for a rotating BTZ black hole, although there is an inner

horizon at r = r−, the z-axis still represents the outer horizon at r = r+ in the spherical

coordinates (4.5) for the upper H3. Hence, the replica trick described earlier still applies

to a rotating BTZ black hole with modular parameter τ = Φ + iβ, where Φ is the angular

potential, the conjugate variable to angular momentum. Geometrically, we just need to

put r = |r−| “inside” the inner edge of the constant time slice, so that it is not observable.3

4.3 The entangling-thermal relation

In ref. [24], the authors showed a relation (4.16) for a single-sided BTZ black hole between

the entanglement entropy of CFT on the conformal boundary and the Bekenstein-Hawking

3A similar situation will be described in appendix A.
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Figure 10. Bipartition of the constant time slice. Left and right panels are equivalent.

t = β
t = 0

Figure 11. (Color online) Left: the side view of trρA for the “ring”; the dashed line is only used

to separate t = 0 and t = β ends of the grey region. Middle: the front view of trρA for the “ring”

configuration. Right: the side view of trρ4
A inside the “ring” of the first trρA.

entropy:

lim
l→0

(SA(L− l)− SA(l)) = Sthermal, (4.16)

where SA(L− l) is the entanglement entropy of a subregion A on the boundary 1+1d CFT

with an interval length (L − l), and Sthermal is the thermal entropy in the bulk. In this

section, we propose another similar but different Entangling-Thermal relation.

We first consider the bipartition of the constant time slice as in figure 10 for a single-

sided black hole. We put the separation between two subregions away from the horizon,

so that region B generates the white contractible region in the left panel. The right panel

is equivalent to the left one, and will be convenient for visualization of the gluing. We

will call the glued manifold as the “ring”, because after time evolution, region B = A (the

complement) will glue to itself and form a ring around the solid torus, as shown in the

middle panel of figure 11, where the small white part corresponds to the unglued part in

the left panel. Hence, a single copy is the middle panel: away from the ring, the open

wedge running around the longitude is the same as that in the left panel of figure 7.

Naively it seems that one is unable to glue n copies of the above geometry, since the

ring blocks a portion of the wedge’s opening. However, there do exist a unique embedding

from n copies to R3 up to homotopy equivalence, as shown in the right panel of figure 11:

one first stretches the grey region in the left panel to the blue area in right panel, and glue

a second light grey copy so that its t = 0 edge are glued to the t = β edge of the blue copy;

now one repeats this process for green and yellow regions and so on, still preserving the

replica symmetry. Notice that rings from gray, green and yellow copies (color online) are

not in this piece of paper, but on parallel planes above or below. Then one puts rings from
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Figure 12. Another limit of the ring configuration.

each copy side by side on the boundary torus, which requires each ring to be infinitesimally

thin since n is arbitrarily large. The resultant manifold is again a solid torus of modular

parameter nτ . So the replica trick calculation follows the previous equation (4.10) and gives

lim
Area(Ā)→0

S(A) = Sthermal
BTZ . (4.17)

For completeness, we note that figure 11 has another limiting case, where the width

of the ring covers almost the entire longitudinal direction of the solid torus, and its depth

occupies a considerable portion of the radial direction, as shown in figure 12. Now in order

to put rings side by side upon gluing n copies, we need to stretch the non-contractible

direction for n times to accommodate them, so that the resultant manifold is approximately

a solid torus with modular parameter τ/n. Now plug Z1,0(τ/n) into (4.10):

lim
Area(A)→0

S(A) = − d

dn

(
Z1,0(τ/n)Z1,0(τ)n

Z1,0(τ)2n

) ∣∣∣∣∣
n=1

= lnZ1,0(τ) + τ
d

dτ
Z1,0(τ). (4.18)

Using Z1,0(τ) ≈ e4kπ/β(1 + 2e−4π/β) again, we obtain

lim
Area(A)→0

S(A) = 2

(
4π

β
+ 1

)
e−4π/β , (4.19)

which vanishes at high temperature. Note that here is no k-dependence, meaning we can

observe the one-loop effect directly.

Now we consider the complementary bipartition to figure 11, as shown in figure 13,

where the grey region is generated by B in figure 10. The gluing here is simple: since

the unglued cut in the grey region Ã is parallel to the longitude, n copies should be

arranged around a virtual axis tangent to the annulus. The resultant manifold is a vertical

n-handlebody.

One can calculate the corresponding TEE following a parallel procedure in the calcu-

lation of thermal AdS3 in section 3. The partition function of the glued manifold is

Z(n) =
∏

γ prim.

∞∏
m=1

|1− qmγ |24k ×
∏

γ prim.

∞∏
m=2

1

|1− qmγ |
, (4.20)

where the first and second factors come from tree level and one-loop, respectively. The

products are over primitive conjugacy classes of γ ∈ Γ. In the high-temperature regime,
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Figure 13. Left: the complementary bipartition which leads to SĀ. Right: the glued manifold is

a vertical bouquet-like handlebody.

this expression can be simplified by the single-letter word approximation
∏

γ prim.
|1− qγ | ≈

|1− q′1|2n, so that

Z(n, q′1) ≈ |1− q
′
1|48nk

|1− q′21 |2n
. (4.21)

Here q′1 can be obtained from q1 in (3.5) using a modular transformation,

q′1(n, a) =
sinh2(πa/β)

n2 sinh2(πa/nβ)
e−2π/β . (4.22)

The replica trick then gives

S(Ā) = − d

dn

[
Z(n, q′1(n))

Z(1, q′1(1))n

] ∣∣∣∣∣
n=1

. (4.23)

This is explicitly written as

S(Ā) = 96k

(
πa

β
− 2

)
e−2π/β + 8(12k − 1)

(
πa

β
− 2

)
e−4π/β +O(e−6π/β). (4.24)

We now take the limit a → 0 because this corresponds to the limit where the grey region

in figure 13 goes to zero, so that:

lim
Area(Ā)→0

S(Ā) ≡ lim
a→0

S(Ā) = −192ke−2π/β − 16(12k − 1)e−4π/β +O(e−6π/β), (4.25)

which vanishes at high temperature. The infinitesimally negative value is a quirk due to

approximation on qγ ’s.

Combining equations (4.17) and (4.25), one obtains the Entangling-Thermal relation:

lim
Area(Ā)→0

[S(A)− S(Ā)] = Sthermal
BTZ , (4.26)

We give this relation a different name from the two-dimensional thermal entropy relation

in the dual CFT calculation (4.16) because this is not merely a generalization of it in one

higher dimension. The thermal entropy relation (4.16) relates the entanglement entropy

on the dual CFT with the thermal entropy of black hole in the bulk, while the entangling-

thermal relation connects the topological entanglement entropy and thermal entropy both
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in the bulk gravitational theory. Additionally, the explanation for thermal entropy relation

relies on the geometrical detail (minimal surfaces) in the bulk [24], while the entangling-

thermal relation is of topological origin. In the first bipartition in figure 11, subregion A

sees the non-contractible loop and the nontrivial flux threading through the hole inside the

annulus. In the second bipartition in figure 13, subregion A does not completely surround

the non-contractible circle, i.e. the horizon. The difference between them thus characterizes

the non-contractible loop.

Finally we remark that there are several cases in which gluing procedures are not avail-

able. The no-gluing criterion is that, as long as the boundary of a subregion is contractible

and not anchored on the boundary S1, the spatial slice is not n-glueable. Also, a single

copy in which glued region B completely surrounds region except for the inner edge is not

n-glueable.

5 Summation over geometries

The partition functions of thermal AdS3, Z0,1(τ), and BTZ black hole, Z1,0(τ), are not

modular-invariant by themselves. To obtain the full modular-invariant partition function,

one needs to sum over the pair of parameters (c, d) for Zc,d. This can alternatively be

written as the summation over modular transformations of Z0,1 as follows:

Z(τ) =
∑

Γ∞⊂SL(2,Z)

Zc,d(τ) =
∑

Γ∞⊂SL(2,Z)

Z0,1

(
aτ + b

cτ + d

)
. (5.1)

where Γ∞ ⊂ SL(2,Z) denotes the left coset of SL(2,Z) by Γ∞ [33], the translational

subgroup generated by 2 × 2 matrices

(
1 r

0 1

)
with action τ → τ + r. Solid torus filling

and Schottky parametrization are invariant under Γ∞, and the summation over coset is to

make the full partition function invariant under both T : τ → τ + 1 and S : τ → −1/τ .

Note that in the previous sections we have used Zc,d(τ) = Zc,d(τ, τ̄) as the shorthand

for the product of holomorphic and anti-holomorphic pieces, whereas in this section we

return to the notation that Zc,d(τ) describes the holomorphic part of the partition function

only. The anti-holomorphic part can easily be found as Z̄(τ̄) and Z(τ, τ̄) = Z(τ)Z̄(τ̄).

Modular-invariant partition function of the form (5.1) is unique for the most negative

cosmological constant (k = 1) [11, 35] and was investigated in more general situations

(k > 1) in [14]. An important theorem due to [35] is that the moduli space of Riemann

surfaces of genus one is itself a Riemann surface of genus zero, parametrized by the j-

function. Consequently, any modular-invariant function can be written as a function of it.

The J-function is defined as

J(τ) ≡ 1728g2(τ)3

g2(τ)3 − 27g3(τ)2
− 744

= q−1 + 196884q + 21493760q2 + 864299970q3 + 20245856256q4 + . . .

(5.2)

where q = e2πiτ as usual, and g2(τ) ≡ 60G4(τ) and g3(τ) ≡ 140G6(τ), where G2k are holo-

morphic Eisenstein series of weight 2k, k ≥ 2, defined as G2k ≡
∑

(m,n) 6=(0,0)(m+ nτ)−2k.
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Since the pole in the full partition function Z(q) at q = 0 is of order k (due to the

holomorphic tree-level contribution of thermal AdS3, q−k), it must be a polynomial in J

of degree k,

Z(q) =
k∑
j=0

aiJ
i =

∑
n

c(k, n)qn. (5.3)

For k = 1 we simply have Z(q) = J(q). The coefficients of J(q) in front of qn was known

to be intimately related to the dimensions of irreducible representations of the monster

group M, the largest sporadic group. It has 246 · 320 · 59 · 76 · 112 · 133 · 17 · 19 · 23 · 29 ·
31 · 41 · 47 · 59 · 71 ≈ 8 × 1053 group elements and 194 conjugacy classes. Dimensions of

the irreducible representations of the monster group can be found in the first column of its

character table [36]: 1, 196883, 21296876, 842609326, 18538750076, 19360062527 . . . .

After John McKay’s observation 196884 = 1 + 196883, Thompson further noticed [37]:

21493760 = 1 + 196883 + 21296876,

864299970 = 2× 1 + 2× 196883 + 21296876 + 842609326,

20245856256 = 2× 1 + 3× 196883 + 2× 21296876 + 842609326 + 19360062527.

(5.4)

This phenomenon is dubbed “monstrous moonshine” by Conway and Norton [38], later

proved by Borcherds [39].

Ref. [11] conjectures that for cosmological constant k ≡ l/16G ∈ Z, quantum 3d

Euclidean pure gravity including BTZ black holes can be completely described by a ratio-

nal CFT (RCFT) called extremal self-dual CFT (ECFT) with central charge (cL, cR) =

(24k, 24k), which is factorized into a holomorphic and an anti-holomorphic pieces. An

ECFT is a CFT whose lowest dimension of primary field is k + 1, and it has a sparsest

possible spectrum consistent with modular invariance, presenting a finite mass gap. The

only known example is the k = 1 one with a monster symmetry, constructed by Frenkel-

Lepowsky-Meurman (FLM) [40] to have partition function as J(q), but its uniqueness has

not been proved. The existence of ECFTs with k > 1 is conjectured to be true [11] and is

still an active open question [41, 42].

In this section we will mainly focus on the k = 1 case.

5.1 TEE for the full partition function

The modular-invariant partition function is still defined on a solid torus. We will again

consider the bipartition that separate the two single-sided black holes, similar to the story

in section 4.2. It is justified in appendix A that one can still cut SL(2,Z) family of BTZ

black holes along their outer horizons, which lie in the core of the solid torus. So one just

needs to plug the partition function J(q) into the replica trick formula.

At low temperatures, q = e−2πβ is small, so that the full partition function will be

dominated by the q−1 term with almost trivial thermal entropy and TEE, trivial in the

sense that there are no tree-level contributions. At high temperatures, richer physics is

allowed. Below we calculate the TEE of the full partition function in this regime.
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Generally, the coefficient in front of qn in the partition function Z(q) for any k can be

written as

c(k, n) =
193∑
i=0

mi(−k, n)di, (5.5)

where each di is the dimension of the corresponding irreducible representations Mi of M,

and mi(−k, n) is the multiplicity of the irreducible representation Mi in the decomposition

similar to (5.4) so c(k, n) is guaranteed to be a non-negative integer. At large n, mi(−k, n)

has the following asymptotic form [43],

mi(−k, n) ∼ di|k|1/4√
2|M||n|3/4

e4π
√
|kn|. (5.6)

Now we restrict to the k = 1 case and let n to be a variable. After taking care of the

anti-holomorphic part, the replica trick (4.10) gives the following TEE

Sfull(A) = Sthermal
full = 2 ln J(q)− 2βJ(q)−1∂J(q)

∂β
. (5.7)

Note that this is again the same as the expression for calculation of thermal entropy in the

canonical ensemble. (Using β = l/r+ = 1/
√
M = 1/

√
n, n is viewed as a function of β

so the second term in (5.7) is nonzero.) The computation of SA∪B for the entire SL(2,Z)

family of black holes is also similar to that of M1,0 calculated in section 4.2. The result

is again equal to the thermal entropy, based on the fact that the SL(2,Z) family of black

holes are all solid tori with horizons living in the core. This implies that the system is again

in a mixed state due to Euclideanization, as expected in [44, 45]. The mutual information

I(A,B) is also the thermal entropy, parallel to the discussion in section 4.

In the high-temperature expansion, we only take the qn term Jn(q) from the summation

in J(q) to calculate TEE because this desired term has a coefficient exponentially larger

than those at lower temperatures:4

Jn(q) =

193∑
i=0

d2
i

|M|
e4π
√
n

√
2n3/4

qn. (5.8)

Mathematically the two copies of di in d2
i are both the dimension of irreducible module

Mi of the monster group, which will be explained in detail later in section 5.2. But

physically they have different origins: one is the contribution from a single Mi as shown in

equation (5.5), while the other is probability amplitude for Mi to appear in the summation

as in equation (5.6). Namely, there is a correspondence between the partition function J(q)

and a pure state in the bulk, which is a superposition of all different Mi’s:

|Ψ〉 =

193∑
i=0

di√
|M|
|i, i∗〉. (5.9)

In analogy to topological phases, the state is a maximally-entangled state of 194 types of

“anyons” labelled by the irreducible representations of the Monster group M. The di that

4We will take into account all terms of J(q) in appendix B.
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i i∗

Figure 14. (Color online) Constant time slice of the eternal BTZ black hole as in figure 5. The

Wilson line corresponding to the quasiparticle-antiquasiparticle pair i, i∗ intersects with horizon

both on the constant time slice and in the 3d bulk.

appears explicitly in (5.9) corresponds to that in (5.6), whereas |i, i∗〉means a quasiparticle-

antiquasiparticle pair labeled by Mi and contributes another di, which correspond to the

one in (5.5). In ref. [27], the authors proposed from abstract category theory, that the

ER=EPR realization in the context of TQFT should be exactly of the form (5.9). We will

show later that this specific maximally-entangled superposition is the bulk TQFT version

of the thermofield double state on the dual CFTs.

Applying to equation (5.8) the identity for finite groups:
∑

i d
2
i = |M|, we arrive at

Jn(q) =
e4π
√
n

√
2n3/4

qn =
1√
2
β3/2e2π/β . (5.10)

Plugging it into (5.7) and taking into account the anti-holomorphic part, we again recover

the Bekenstein-Hawking entropy:

Sfull(A) =
8π

β
+ 3 lnβ − ln 2− 3. (5.11)

The first three terms agree with Witten’s asymptotic formula for Bekenstein-Hawking

entropy [11], and provides an additional term −3. Remarkably, the “anyons” become

invisible in TEE after the summation over i. This is exactly due to the appearance of the

maximally-entangled superposition in equation (5.9). Had we taken another state where

only one single Mj appears with probability amplitude 1 and all the others appear with

amplitude 0, the corresponding contribution would have been proportional to ln
(
dj/
√
|M|
)

instead of 0. The latter matches with the entanglement entropy calculations in refs. [46–48]

for an excited state labeled by j in a rational CFT.5

In our case, the creation of the quasiparticle-antiquasiparticle pair i and i∗ can be

represented by a Wilson line, as shown in figure 14. The Wilson line intersects the non-

contractible loop of the solid torus, i.e. the horizon, which is the reason why it can be

detected by a cut along the horizon.

To make full understanding of the “anyon” picture, we rewrite state (5.9) as

|Ψ〉 =
1√
J(q)

193∑
i=0

e−
β
2
Ei |i, i∗〉, (5.12)

5This disappearance of “anyons” in the TEE for a maximally-entangled superposition is also expected

in the context of topological phases, see equation (40) of ref. [3], where one takes |ψj | there to be dj/D.
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where the energy level corresponding to the “anyon” pair i, i∗ is described by the quantum

dimension of Mi:

Ei = − 1

β
ln

[
d2
i

|M|
Jn(q)

]
. (5.13)

Denoting |i, i∗〉 ≡ |i〉|i∗〉, one can trace over all the |i∗〉’s and obtain the reduced density

matrix

ρA =
∑
i

e−βEi |i〉〈i|, (5.14)

which is just the thermal density matrix for “anyons”, and different types of anyons i

form an ensemble. Using the expression for energy levels (5.13), the entanglement entropy

between the “anyon” pair can be easily calculated as

SΨ(A) = Sthermal(A) = Sfull(A), (5.15)

where we have added the anti-holomorphic contribution. Thus the state (5.12) has the

similar property as the thermofield double state does in that the entanglement entropy

between the quasiparticle-antiquasiparticle pair is equal to the thermal entropy of one

quasiparticle. We call this state in the 3d bulk as the Moonshine double state, in which the

pair of “anyons” are separated by the horizon, just like the two single-sided black holes L

and R are separated by it.

Unfortunately it has a shortcoming: as a pure state, the Moonshine double state above

cannot reproduce the result of nonzero S(A ∪ B) (4.14). To account for this, one could

modify the final total quantum state as

ρ = |Ψ̃〉〈Ψ̃| ⊗ ρth, (5.16)

where the modified moonshine double state now reads |Ψ̃〉 = 1
4
√
J(q)

∑193
i=0 e

−β
2
Ẽi |i, i∗〉 with

Ẽi = − 1
β ln

[
d2i
|M|Jn(q)1/2

]
. These energy levels lead to the partition function Z(q) =

J(q)1/2. When one bipartites the system into two single-sided black holes A and B, one can

see from straightforward computation that |Ψ̃〉 will contribute half of Bekenstein-Hawking

entropy. The newly introduced ρth is purely thermal and exhibits no non-local correlations

between A and B, so that its von Neumann entropy is extensive and scales with volume.

When one bipartites the system into the two single-sided black holes A and B, it will give

half of the Bekenstein-Hawking entropy. Combining the contribution from |Ψ̃〉, we recover

SΨ̃(A) = Sthermal(A), the Bekenstein-Hawking entropy. When considering S(A ∪ B), the

modified moonshine double state contributes nothing as a pure state, while the result for

ρth is simply Sthermal(A), matching with the calculations in (4.14).

Another caveat is that since ln J is approximately the Bekenstein-Hawking entropy,

the leading term in Ei scales with −β−2 ∼ −n. So in order to have a genuine quantum

theory, our theory has to have a UV cutoff scale at a certain n. Furthermore, apart from the

asymptotic expression (5.6) which gives rise to the tree-level Bekenstein-Hawking entropy,

there is the remainder formula [49] for coefficients of qn in the whole partition function
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J(q) which is possibly related to the one-loop contribution to TEE. For general k ∈ Z+,

the remainder formula reads

c(k,n)=
ke4π

√
kn

√
2(kn)3/4

[
1+

p−1∑
m=1

(−1)m(1,m)

(8π
√
kn)m

+
rp(kn)

(kn)p/2
+

√
2n3/4

e4π
√
n
S(k,n) (5.17)

+
1

k1/4

∑
1≤r<k

r1/4a−r(k)

e4π
√
n(
√
k−
√
r)

(
1+

p−1∑
m=1

(−1)m(1,m)

(8π
√
kn)m

+
rp(kn)

(kn)p/2
+

√
2n3/4

e4π
√
n
S(k,n)

),
where p(x) is the integer partition of x ∈ Z+, and

(1, k) ≡
k−1∏
j=0

4− (2j + 1)2

4kk!
, ar(k) ≡ p(r + k)− p(r + k − 1), (5.18)

|rp(n)| ≤ |(1, p)|√
2(4π)p

+ 62
√

2e−2π
√
nnp/2, 0 <

√
2n3/4

e4π
√
n
S(k, n) ≤ 1

4
ζ2

(
3

2

)
(rn)3/2

e4π
√
rn
.

To check this claim, one could restrict to the k = 1 monstrous case and plug this expression

into (5.7). Alternatively one may fix n and view the c(k, n) as the number of possible

microstates at fixed energy, i.e. in the micro-canonical ensemble. One then performs a

unilateral forward Laplace transform to return to canonical ensemble and then plug it

into (5.7). Computations in both methods are in general complicated, and we do not

pursue it here.

We provide another perspective towards the loop contribution in appendix B by plug-

ging in the whole J function instead of only one large n term. We observe that the loop

correction is negative, consistent with both the thermal AdS3 case in section 3 and the

BTZ case in section 4.

5.2 di as quantum dimensions

In this section we provide more mathematical details and show that di equals the quantum

dimension of the irreducible module Mi of |M|. An ECFT at k = 1 is a special vertex op-

erator algebra (VOA) V \ whose automorphism group is the Monster group M. This VOA,

also known as the moonshine module [40], is an infinite-dimensional graded representation

of M with an explicit grading:

V \ =
∞⊕

n=−1

V \
n , (5.19)

where every V \
n is an M-module, called a homogeneous subspace. It can be further decom-

posed into

V \
n '

193⊕
i=0

M
⊕mi(−1,n)
i , (5.20)

with Mi labeling the irreducible M-modules, and mi(−1, n) is the multiplicity of Mi. This

is the same multiplicity that appears in (5.5). (For ECFTs with general k, we have a

tower of moonshine modules [43] V (−k) =
⊕∞

n=−k V
(−k)
n , where V

(−k)
n ’s are all irreducible
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M-modules. For each summand, one can similarly define mi(−k, n) as the multiplicity of

the M-modules Mi in V
(−k)
n , so that V

(−k)
n '

⊕193
i=0M

⊕mi(−k,n)
i .)

Since we restrict to the holomorphic part of Z(τ, τ) in this section, the entire dual

CFT contains the ECFT above as a holomorphic piece. Furthermore, it is diagonal, i.e.

its Hilbert space is a graded sum of tensor products of holomorphic and anti-holomorphic

sectors:

H ∼=
⊕
α∈C
Mα ⊗Mα, (5.21)

whereMα andMα are indecomposable representations of right and left Virasoro algebras.

Since Virasoro action is built into the VOA axioms [50], these are also modules of the right

and left monstrous VOAs, so V \ admits induced representations from representations of the

Virasoro algebra [51]. Obviously there are infinite number of Virasoro primaries, and V \

is not an RCFT in this sense. However, V \ is a typical example of a holomorphic/self-dual

VOA, i.e. there is only one single irreducible V \-module which is itself. Knowing that there

is only one VOA-primary, one can reorganize Virasoro fields inMα andMα into irreducible

representations of V \, by introducing the graded dimension of the V \-module N , defined as

chqN ≡ trNq
L0 =

∞∑
n=0

dimNnq
n, (5.22)

where L0 is the usual Virasoro generator and Nn’s are homogeneous subspaces of N la-

belled by eigenvalues of L0. (Note that we have omitted the overall prefactor q−c/24 often

appeared in literature.) The above procedure is similar to regourpong infinite number of

Virasoro primaries in WZW models into finite number of Kac-Moody primaries.

To explain the di appearing in (5.8), it is natural to consider quantum dimensions

associated to V M consisted of fixed points of the action by M on V \. By theorem 6.1

in [52, 53], we have the following decomposition of V \

V \ '
194⊕
i=1

V M
i ⊗Mi (5.23)

as V M ×M-modules, for the 194 V M-submodules V M
i in V \ with V M = V M

1 , where Mi

denotes an irreducible module for M with character di. This V M is a sub-VOA of V \ of

CFT type [54], and is called the monster orbifold, because it is obtained from orbifolding

V \ by its automorphism group M [83], in the same sense as orbifolding the Leech lattice

VOA by Z/2Z in the FLM construction.

The standard definition of the quantum dimension of a VOA-module N with respect

to a general VOA V is [52, 53]

qdimVN = lim
q→1−

chqN

chqV
. (5.24)

The quantum dimensions of submodules of orbifold VOA V G obtained from orbifolding

V by a subgroup G ⊆ Aut(V ) only recently found their applications in quantum Galois

theory [52, 53]. In our case, the quantum dimensions of all V M
i ’s with respect to V M were
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first calculated to be qdimV MV M
i = di in [43], using the asymptotic formula for multiplicities

of M-modules Mi in Fourier coefficients of j-invariant, bypassing the knowledge of V M’s

rationality, which is still only conjectured to be true.

The remaining question is to define in parallel a quantum dimension for the M-modules

in the above pair
(
V M
i ,Mi

)
. The definition (5.24) does not directly apply to an M-module,

but one can extend the definition using the n-graded dimension of M-modules Mi’s. We

define chqMi as6

chqMi ≡
∑
σ

jσ · χi(σ). (5.25)

Here jσ ≡
∑∞

n=−1 χV \n
(σ)qn is the monstrous McKay-Thompson series for each σ as

well as the unique Hauptmodul for a genus-0 subgroup Γσ of SL(2,R) for each σ [38, 39]. σ

belongs to an index set with order 171, deduced from the 194 conjugacy classes of M. The

difference 194− 171 = 23 can be understood from the one-to-one correspondence between

conjugacy classes and irreducible representations of M: most of the 194 irreducible repre-

sentations have distinct dimensions, except for 23 coincidences. σ’s are only sensitive to the

dimensions of the corresponding irreducible representations. χi(σ) is complex conjugation

of the character of the irreducible representation Mi of the 171 “conjugacy classes” σ.7

At large n, summation in chqMi is dominated by the first Hauptmodul for the identity

element of M, which is exactly the Klein’s invariant j(q), so that

lim
q→1−

chqMi ≈ j(q)× di. (5.26)

In other words, one can view chqMi as a function chqMi(g) on group M, and when defining

the quantum dimension in (5.25), we take the value when its argument is the identity

element.

With this, we can define the quantum dimension of M-modules Mi in (5.20) relative

to V \ as

qdimV \Mi ≡ limq→1−
chqMi

chqV \
= lim

n→∞

dim(Mi)n

dimV \
n

. (5.27)

Here chqV
\ = J(q) by applying (5.24) to V \, which is a V \-module of itself. Combining

the discussions above, the quantum dimension is just

qdimV \Mi = di. (5.28)

The di’s that appeared explicitly in (5.8) of the TEE calculation are quantum dimen-

sions of Mi, while those in (5.6) are quantum dimensions of V M
i . They coincide numerically.

As we mentioned before, the rationality of V M is widely conjectured to be true,8 and by a

theorem of Huang [55], the module category of any rational, C2-cofinite VOA is modular,

i.e. it is a modular tensor category with a non-degenerate S-matrix. If one believes in

6We are deeply grateful to Richard E. Borcherds for suggesting this alternative formula. It is similar to

the generating function of multiplicity mi(−1, n) in section 8.6 of [43], but without normalization by 1/|M|.
7In literature this is often denoted by tr(σ|Mi) or tr(Mi(σ)) or chMi(σ) as well.
8Unfortunately, the conjecture has only been proved only when the subgroup of the automorphism group

is solvable [84, 85], which is not our case.
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the rationality conjecture, then qdimV MV M
i ’s have a well-defined interpretation in terms of

modular S-matrices of the orbifold CFT V M:

di = Si0/S00. (5.29)

Note that these 194 “anyons” are the pure charge exitations in the corresponding topolog-

ical ordered system described by the modular tensor category associated with the orbifold

VOA V M.

6 Discussion and outlook

In the high-temperature regime, the full modular-invariant partition function (5.1) is dom-

inated by the black hole solution Z1,0(τ), while in the low-temperature regime, it is domi-

nated by Z0,1(τ), the thermal AdS3 solution [14, 32]. It is widely believed that there exists

a Hawking-Page [56, 57] transition at the critical temperature β ∼ 1, or r+ ∼ l. However,

there is no consensus on whether this transition really exists [14, 58, 59], or if it exists,

whether it is a first-order or a continuous phase transition [60–65], or something else that

is more subtle. In this section we offer a clue from the TEE perspective.

We compare the a = 1 (defined in figure 1) case in (3.7) of thermal AdS3 and the

figure 9 case of a single-sided black hole, for their subregion A’s both cover the whole

space. One then observes that even at the tree level, TEE of BTZ and thermal AdS3 have

different signs. A natural guess would thus be that, if the transition exists, it should be

topological and happen at where the TEE changes sign.

Our definition of topological entanglement entropy is the constant subleading term in

the expression for entanglement entropy, which is in general different from the tripartite

information as used in [1]. For topological phases in condensed matter physics, these two

formulations differ by a factor of two and are both negative. For gravitational theories in

the bulk, our topological entanglement entropies can be either positive (as in BTZ black

hole case) or negative (as in the thermal AdS3 case). To calculate the tripartite informa-

tion, one can use the surgery method presented in this paper and find its time-dependence,

which at late times is negative of the Bekenstein-Hawking entropy [76]. This matches with

the results in CFTs with gravitational duals, it is expected that the tripartite information

should be negative [77] and that for thermofield double state, it equals the negative of the

Bekenstein-Hawking entropy [78].

Quantum dimensions also appears in the calculation of left-right entanglement in

RCFT [86]. One might perform similar computations in the orbifold VOA V M appeared

in section 5.2, by using the Ishibashi boundary CFT states that were constructed in [87]

for open bosonic strings ending on D-branes.

Given the “anyonic” interpretation in section 5, one natural question to ask is that,

to what extent 3d pure quantum gravity can be described as a theory of topological order.

Naively one would expect the corresponding topological order to be the 3d Dijkgraaf-Witten

theory of the monster group M, which gives rise to the same modular tensor category as

the one given by orbifold CFT V M as explained in section 5.2. On the other hand, it is

also natural to expect the corresponding topological order to be the one which is effectively
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described by the double SL(2,C) Chern-Simons theory. It would be highly non-trivial to

find a mechanism that reconciles these two theories.

Another remark is that we have specified the bipartitions to be done at t = 0 in

section 4, while in general the result can be time-dependent. In the latter case one can still

use the surgery method proposed in this paper to find the TEE or Rényi entropies, which

can serve as an indicator of scrambling [79].

A final mathematically motivated direction is the following. Vaughn Jones considered

how one von Neumann algebra can be embedded in another and developed subfactor the-

ory [80]. In general, the Jones program is about how to embed one infinite object into

another, reminiscent of field extensions in abstract algebra, and quantum dimension is de-

fined exactly in this spirit. It would be interesting to see how subfactor theory in general

can help connect topological phases and pure quantum gravity [81].
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A Bipartition for the full partition function

In this appendix we justify that inputting j-invariant into the replica trick formula is a

legal operation. We need to make sure that the horizon in the SL(2,Z) family of Euclidean

BTZ black holes is still at the central cord of their solid tori, so that we can cut along

it. Although j-function contains contribution from thermal AdS3 which contains no black

holes, we will see later that this configuration contributes nothing at a high enough finite

temperature. For convenience we set l = 1.

To see how Euclidean BTZ Schwarzschild coordinates transform under the SL(2,Z)

action on τ , we need an intermediate FRW metric for the unexcited (before being quotiented

by Γ) AdS3 with cylindrical topology, similar to the one mainly used in [14]:

ds2 = cosh2 ρ dΣ2 + dρ2

= − sinh2 ρ(du− dū)2 + cosh2 ρ(du+ dū)2 + dρ2

= sinh2 ρ dφ2 + cosh2 ρ dt′2 + dρ2,

(A.1)

where 2u ≡ iφ − t and 2ū ≡ −iφ − t parametrize the domain of discontinuity Σ, and ρ

indicates the radial direction.
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To obtain a Euclidean BTZ from this, we demand 2u ≡ (t− iφ)/τ ′, with τ ′ ≡ −1/τ =

Φ+iβ the modular parameter for BTZ black hole, and τ the modular parameter of thermal

AdS3. The identification in the BTZ spatial direction is automatic due to the periodicity

in the H3 metric; Imτ ′ represents the time identification because it is the length of the

time cycle, and Reτ ′ offers a spatial twist upon that identification, inducing an angular

momentum by “tilting” the meridian.9 Define the Schwarzschild radial coordinate r:

sinh2 ρ =
r2 − (Im(1/τ ′))2

|τ ′|2
, (A.2)

we obtain the Euclidean BTZ black hole in Schwarzschild coordinates for r ≥ Im(1/τ ′):

ds2 = N2dt2 +N(r)−2dr2 + r2[dφ+Nφ(r)dt]2, (A.3)

where N2(r) = [r2 − (Im(1/τ ′))2][r2 + (Re(1/τ ′))2]/r2, and Nφ(r) =

(Re(1/τ ′))(Im(1/τ ′))/r2. Now the outer horizon is at r+ = Im(1/τ ′). When an

SL(2,Z) transformation is applied τ ′ → τ ′′ = 1/(cτ ′ + d) = τ/(dτ − c), r becomes

r′′2 → (c Reτ ′ + d)2 sinh2 ρ+ (c Imτ ′)2 cosh2 ρ

|cτ ′ + d|4
. (A.4)

It is enough to just think of 1/(cτ ′ + d) because there are only three independent

parameters in (a, b, c, d) due to the constraint ad− bc = 1. One has the freedom to choose

a = 0, which fixes −bc = 1, consequently (aτ ′ + b)/(cτ ′ + d) = −1/(c2τ ′ + cd). Redefine

−c2 = c and −cd = d, then we arrive at 1/(cτ ′ + d). The minus sign in both c and d is not

a problem, because (c, d) is equivalent to (−c,−d).

Since sinh2 ρ = r2β2 − 1, we have Imτ ′′ = −cβ/(c2β2 + d2), Reτ ′′ = d/(c2β2 + d2),

implying a rotating black hole. Now we need to see if the new r′′ is still at the horizon

in the Schwarzschild coordinates associated to τ ′, and it suffices to check that r′′+ = Imτ ′′.

This is indeed true. Hence no matter what (c, d) we change into, as long as τ and τ ′′ are

SL(2,Z)-equivalent, r′′ = r′′+ ≡ Imτ will be mapped to a segment on z-axis of spherical

coordinate system for the upper half H3, so our cut is still valid.

B TEE from the whole J(q) function

Now we plug the entire J-function as the canonical partition function into (4.10). We start

from the definition of j-invariant j(τ) = J(τ) − 744 ≡ E3
4(τ)/∆(τ), where ∆ = η24(τ) is

the normalized modular discriminant. To find the derivative of J(τ), we make use of the

Jacobi theta function ϑ(f) ≡ f ′ − m

12
E2(τ)f [73], where Ej(τ) is Eisenstein series of weight

j and m is the weight of an arbitrary modular form f . Substituting j(τ) for f , we obtain

d

dτ
j(τ) = ϑ(j(τ)) + E2(τ)j(τ). (B.1)

9Situation is almost identical in the thermal AdS3 (A.1), where Imτ specifies the time identification,

upon which Reτ indicates a spatial twist.
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We have made use of the fact that the weight of j(τ) is three times the weight of E4(τ)

by definition. One easily observes from the right hand side of above equation that the

weight of j(τ) becomes 12 + 2 = 14 after differentiation. Since the vector space of SL(2,Z)

modular forms of weight 14 is spanned by E2
4(τ)E6(τ) and has complex dimension 1, we

must have d
dτ j(τ) ∝ E6(τ)

E4(τ)j(τ), up to a constant prefactor. This factor can be found by

plugging in the first several terms of the j(τ) function and we finally arrive at10

d

dτ
j(τ) = −2πi

E6(τ)

E4(τ)
j(τ). (B.2)

Plugging into the replica trick equation (4.10) we obtain for the holomorphic part

Sfull(τ) = ln J(τ) + 2πβ
j(τ)

J(τ)

E6(τ)

E4(τ)
. (B.3)

To calculate the ration E6/E4, we use the asymptotic formula for the holomorphic

Einstein series Gs(τ) ≡ 2ζ(s)Es(τ), assuming 0 < | arg τ | < π and Re(s) > −N + 1 for any

positive integer N [74]:

Gs(τ) = (1 + τ−s)(1 + eπis)ζ(s) + 2 sin(sπ)
ζ(s− 1)

s− 1
τ−1 − (1 + cos(sπ)) ζ(s)

+

N−1∑
k=1, k odd

2 sin(sπ)

(
−s
k

)
ζ(s+ k)ζ(−k)τk +O(|τ |N ), |τ | ≤ 1.

(B.4)

For both s = 4, 6, the second term vanishes at high temperatures |τ | → 0, and sin(sπ) in

the summation over k vanishes as well. Switching to the real variable β = −iτ , we have

G4(iβ) ≈ 2β4ζ(4) and G6(iβ) ≈ −2β6ζ(6) as β → 0. And since in this limit, j(iβ) ≈ J(iβ),

we have for k = 1

Sfull(τ, τ̄) ≈ 2 ln J(τ)− 4πβ3, (B.5)

where we have taken into account the anti-holomorphic part.

Now we see that if we consider the entire SL(2,Z) family of black holes as well as

thermal AdS3 (the later contributes little at small β), the one-loop contribution to TEE is

negative, agreeing with our previous calculations.
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