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Introduction. The Standard Model (SM) [1], though highly successful, does not address

the origin of neutrino mass and lepton mixing [2, 3]. One attractive possibility is the type I

seesaw mechanism, which can account for the smallness of neutrino masses by introducing

three right-handed neutrinos with very large Majorana masses [4–9]. Such right-handed

neutrinos arise very naturally from SO(10) Grand Unified Theories (GUTs) [10] in which a

single family of quarks and leptons, together with a right-handed neutrino, is unified into

a single 16-plet. Supersymmetry (SUSY) is then naturally suggested for gauge coupling

unification and to ameliorate the gauge hierarchy problem. However the origin of the three

families, and their hierarchical masses are not explained by traditional SO(10) SUSY GUTs.

The almost tri-bimaximal lepton mixing observed over recent years [11], combined with

a reactor angle of order 8.5◦ [12], suggests that some sort of non-Abelian family symmetry

may be at work in the lepton sector [13–16]. The first models to consider a non-Abelian

– 1 –



J
H
E
P
1
2
(
2
0
1
7
)
0
7
5

SU(3) symmetry as an explanation of bi-large lepton mixing were put forward in [17–19].

Models based on SO(10) with a non-Abelian discrete symmetry were first proposed in [19–

30], and further flavoured GUTs were considered in [31–56]. A more general study of

flavour symmetries in SO(10) can be found in [57–59]. Here we shall be interested in a

SUSY GUT theory of flavour in which all quarks and leptons are fitted into a single (3, 16)

representation of S4 × SO(10) [60–67]. While the former model predicted a zero reactor

angle [60–66], the latter model [67] was based on CSD31 flavon vacuum alignment [69–73],

leading to approximate tri-bimaximal mixing with the correct value of the reactor angle.

However the latter model is so far incomplete since it did not include any explicit discussion

of the flavon vacuum alignment, or GUT breaking potential, and also did not include any

discussion of leptogenesis.

In the present paper we consider a more complete S4× SO(10) SUSY GUT of flavour,

which also involves a further discrete group ZR4 × Z3
4 which controls the Higgs and flavon

symmetry breaking sectors. In the model here, we prefer the simpler CSD2 [75, 76] vacuum

alignment, which, in conjunction with small charged lepton corrections arising from the

SO(10) structure of Yukawa matrices, is capable of yielding the desired reactor angle. It

also allows successful leptogenesis, as discussed below. Here the flavon vacuum alignment

potential is discussed, along with the GUT breaking potential and the doublet-triplet

splitting, and proton decay are shown to be under control. The Yukawa matrices are

derived in detail, from renormalisable diagrams, and neutrino masses emerge from the

type I seesaw mechanism. A full numerical fit is performed with 15 input parameters

describing 19 observables, taking into account supersymmetry threshold corrections. The

model predicts a normal neutrino mass ordering with a CP oscillation phase of 260◦, an

atmospheric angle in the first octant and neutrinoless double beta decay with mββ = 11

meV. We also discuss N2 leptogenesis [77–83], which fixes the second right-handed neutrino

mass M2 ' 2× 1011 GeV, in the natural range predicted by the model.2

The layout of the remainder of the paper is as follows. In section 1 we describe the

symmetries of the model and the superfields related to the low energy fields. In section 2

we list the complete set of fields together with the effective Yukawa terms they generate.

Section 3 shows how the flavon VEVs are aligned in the CSD2 direction. In section 4 we

show the symmetry breaking superpotential that produces a hierarchy between the flavon

VEVs and drives them, together with the GUT breaking fields. Section 5 shows how

doublet-triplet splitting is achieved. In section 6, proton decay is discussed. In section 7 we

give the complete Yukawa superpotential and the fermion mass matrices structure arising

from it. In section 8 we give a numerical fit of model parameters to data, as well as the

parametrization of SUSY threshold corrections and the parameter counting of the model.

In section 9 we show how the model can achieve successful N2 leptogenesis. Section 10 lists

our conclusions.

1CSD refers to “constrained sequential dominance” first introduced in [68]. In this paper CSD is simply

used as a label which refers to a particular flavon vacuum alignment as discussed later. Such vacuum

alignments motivates the choice of S4 as the family symmetry, as discussed by Luhn et al. [69–73].
2Interestingly we find that N2 leptogenesis is not consistent with the earlier model based on CSD3

vacuum alignment [67], which is a significant motivation for considering the new model based on CSD2.
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Field
Representation

S4 SO(10) ZR4 Z4 Z4 Z4

ψ 3′ 16 1 0 0 0

Hu
10 1 10 0 0 0 0

Hd
10 1 10 0 0 2 0

H16 1 16 0 0 0 0

H16 1 16 0 0 1 0

HX,Y
45 1 45 0 0 1 0

HW,Z
45 1 45 0 2 0 0

HB−L
45 1 45 2 0 2 0

ζ 1 1 0 0 2 0

(a) Matter, and Higgs superfields.

Field
Representation

S4 SO(10) ZR4 Z4 Z4 Z4

φ1 3′ 1 0 2 2 0

φ2 3′ 1 0 2 0 0

φ3 3′ 1 0 0 2 0

φS,U 3′ 1 0 0 0 1

φT 3 1 0 1 0 1

ξ 1 1 0 3 0 2

φt 3 1 0 0 1 3

(b) Flavon superfields.

Table 1. Field content of the model that relates directly to the low energy fields.

1 Overview of the model

The symmetry of the model is SO(10)× S4 × ZR4 × Z3
4. The model has a gauge symmetry

SO(10) which is the GUT symmetry. The symmetry S4 is the flavour symmetry which

gives the specific CSD2 structure to the fermion mass matrices. The ZR4 is an R symmetry

while the other three Z4’s are shaping symmetries. Furthermore, we assume that the

GUT theory is invariant under trivial CP symmetry, which is spontaneously broken by the

complex VEVs of the flavons.

In the table 1 we present the fields that contain the Higgs, flavons and matter fields,

which are relevant to Yukawa sector. The field ψ contains the full SM fermion content.

The fields Hu,d
10 contain the MSSM Higgs doublets hu,d respectively. The H16 breaks

SO(10)→ SU(5) and gives masses to the right handed neutrinos (RHN). The H45’s break

SU(5)→ SM and introduce the necessary Clebsch-Gordan (CG) relations to generate cor-

rect charged lepton and down quark masses. The flavon fields φi, with i = 1, 2, 3 break S4
completely with the CSD2 vacuum alignment [75, 76],

〈φ1〉 = v1

 1

0

2

 , 〈φ2〉 = v2

 0

1

−1

 , 〈φ3〉 = v3

 0

1

0

 , (1.1)

with |v1| � |v2| � |v3|. This CSD2 flavon alignment is fixed by a superpotential as

discussed in section 3.

With these fields, a very specific mass structure for the SM fermion fields is generated.

For the up-type quark and the neutrino sectors, the Yukawa terms look like

Hu
10(ψφ1)(ψφ1) +Hu

10(ψφ2)(ψφ2) +Hu
10(ψφ3)(ψφ3), (1.2)

where the brackets denote S4 singlet contractions. Each of these terms generates a rank-

1 matrix. The hierarchy between the flavon VEVs, shown in section 4, gives a natural

– 3 –



J
H
E
P
1
2
(
2
0
1
7
)
0
7
5

explanation of the hierarchical Yukawa couplings yu ∼ v21/M
2
GUT, yc ∼ v22/M

2
GUT, yt ∼

v23/M
2
GUT. The RHN Majorana masses are similar to eq. (1.2) replacing Hu

10 by H16H16.

The fact that the RHN masses have the same structure as the Dirac neutrino masses

generate exactly the same structure for the left handed neutrino Majorana masses, as

shown in section 7.3, after the seesaw mechanism.

For the down-type quark and the charged lepton sectors, the Yukawa terms look like

Hd
10(ψφ1)(ψφ2) +Hd

10(ψφ2)(ψφ2) +Hd
10(ψφ3)(ψφ3) +Hd

10(ψψ)3′(φ3), (1.3)

where the brackets denote S4 singlet contractions apart from the 3′ contraction which is

necessary to combine with φ3 ∼ 3′ into a singlet. They have a different structure compared

to the up sector, due to a mixing term between the flavons φ1 and φ2, which explains why

there is a milder hierarchy in the down and charged lepton sectors compared to the up

one. It also introduces a texture zero in the (1,1) element of the down Yukawa matrix,

reproducing the GST relation [84], i.e. the Cabibbo angle is predicted to be θq12 '
√
yd/ys.

With this setup the full SM fermion masses are generated in a very specific and predictive

way, this being the main aim of the paper.

After GUT symmetry breaking, all the messenger fields and adjoints obtain a GUT

scale mass. Furthermore, the triplets inside the Hu,d
10 also get a GUT scale mass through

the Dimopoulos-Wiclzeck mechanism [85–87], as shown in the section 5. This way we make

sure that at low energies, only the MSSM remains.

2 Effective Yukawa structure

We now present the effective Yukawa terms in more detail than in the previous section.

With the fields in the table 1 we may write the superpotential relevant to the Yukawa

terms, including terms O(1/MP ), as

WY ∼
Hu

10(ψφ1)(ψφ1)

〈HW,Z
45 〉

2 +
Hu

10(ψφ2)(ψφ2)

〈HW,Z
45 〉

2 +
Hu

10(ψφ3)(ψφ3)

〈HW,Z
45 〉

2

+
Hd

10(ψφ1)(ψφ2)

〈HW,Z
45 〉

2 +
Hd

10(ψφ2)(ψφ2)

〈HX,Y
45 〉

2 +
Hd

10(ψφ3)(ψφ3)

〈HX,Y
45 〉

2

+
H16H16(ψφ1)(ψφ1)

MP 〈HW,Z
45 〉

2 +
H16H16(ψφ2)(ψφ2)

MP 〈HW,Z
45 〉

2 +
H16H16(ψφ3)(ψφ3)

MP 〈HW,Z
45 〉

2

+
Hd

10(ψψ)3′(φ3)

MP

(2.1)

where ( )3′ means a 3′ contraction, while ( ) without any subscript means the singlet

contraction of S4. There are plenty of terms supressed by M2
P and they are expected

to make small mass contributions of O(M2
GUT/M

2
P ) < 10−6, and therefore negligible.3

3The most important correction, of O(10−6), is made to the up-quark Yukawa coupling. From table 5,

we see that it is of comparable magnitude. We performed the fit ignoring these corrections. If they were

included, they would shift the fit parameters. The largest contribution to the electron Yukawa coupling is

of O(10−8) and therefore negligible.
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Field
Representation

S4 SO(10) ZR4 Z4 Z4 Z4

χ̄1 1 16 1 2 2 0

χ1 1 16 1 0 2 0

χ̄2 1 16 1 2 0 0

χ2 1 16 1 0 0 0

χ̄3 1 16 1 0 2 0

χ3 1 16 1 2 2 0

χd3 1 16 1 0 1 0

χd2 1 16 1 2 3 0

χ̄u 1 16 2 0 0 0

χu 1 16 0 0 2 0

χ̄d 1 16 0 0 1 0

χd 1 16 2 0 1 0

ζ1 1 45 2 0 3 0

ζ2 1 45 0 0 3 0

(a) Messenger superfields.

Field
Representation

S4 SO(10) ZR4 Z4 Z4 Z4

X3′ 3′ 1 2 0 0 2

X2 2 1 2 2 0 2

X̃2 2 1 2 0 1 1

X1 1 1 2 0 2 2

X̃1 1 1 2 3 3 0

X1′ 1′ 1 2 3 2 2

Z3′ 3′ 1 2 3 0 2

Z̃3′ 3′ 1 2 2 2 0

Z̃ 1 1 2 3 2 3

Z 1 1 2 0 0 0

(b) Alignment superfields.

Table 2. Fields that appear only at high energies. Together with the ones in table 1 they list the

complete field content of the model.

〈HW,Z
45 〉 〈HW,Z

45 〉

Hu
10φ1 φ1

ψ ψχ̄1 χ1 χ1 χ̄1

〈HW,Z
45 〉 〈HW,Z

45 〉

Hu
10φ2 φ2

ψ ψχ̄2 χ2 χ2 χ̄2

〈HW,Z
45 〉 〈HW,Z

45 〉

Hu
10φ3 φ3

ψ ψχ̄3 χ3 χ3 χ̄3

Figure 1. Diagrams coupling ψ to Hu
10. When flavons acquire VEVs, these give the up-type quark

and Dirac neutrino Yukawa matrices.

〈HW,Z
45 〉 〈HW,Z

45 〉

Hd
10φ1 φ2

ψ ψχ̄1 χ1 χ2 χ̄2

〈HX,Y
45 〉 〈HX,Y

45 〉

Hd
10φ2 φ2

ψ ψχ̄2 χ′
2 χ′

2 χ̄2

〈HX,Y
45 〉 〈HX,Y

45 〉

Hd
10φ3 φ3

ψ ψχ̄3 χ′
3 χ′

3 χ̄3

Figure 2. Diagrams coupling ψ to Hd
10. These generate the down-type quark and charged lepton

Yukawa matrices.

We have ignored all the O(1) dimensionless couplings for simplicity. The diagrams that

generate these terms are shown in figures 1–3, where they include the messengers χ, listed

in table 2. In the section 7 we present them in full detail together with the specific

messenger structure.

The full field content of the model is listed in tables 1–2. Even though the list of fields

seems large, it is substantially smaller than previous flavoured GUT models that attempt

to be complete [29, 30].
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〈HW,Z
45 〉 〈HW,Z

45 〉

H

1 1 1 1

〈HW,Z
45 〉 〈HW,Z

45 〉

H

2 222

〈HW,Z
45 〉 〈HW,Z

45 〉

H

3 3 3 3

Figure 3. Diagrams coupling ψ to H16. These give the RH neutrino mass matrix.

3 Vacuum alignment

The flavon superpotential fixes the symmetry breaking flavon VEVs in eq. (1.1). To derive

this alignment we use a set of driving fields, listed in table 2, coupled to the flavon fields

in table 1. We follow a sequence of steps using supersymmetric F-terms equations to

align all the flavons. The letter subscript in the flavons refers to the symmetry preserving

generator. The alignments depend on the S4 representation of the alignment field, denoted

by its index. The superpotential is given by

Wφ ∼ X3′(φS,U )2 +X2(φT )2 +X1(φt)
2 + X̃1φTφt +X1′φTφ3 + X̃2φtφ3

+ Z3′(φS,UφT + ξφ2) + Z̃3′ξ

(
φ2φ3
MP

− φ1
)
,

(3.1)

where we have ignored dimensionless O(1) parameters since they are not relevant. Solving

the F-term equations from the alignment fields fixes the flavon VEV alignment, while the

F-term equations from flavons forbid the alignment fields from getting a VEV.

The three S4 generators, working in the T diagonal basis, are

S =
1

3

−1 2 2

2 −1 2

2 2 −1

 , T =

1 0 0

0 ω2 0

0 0 ω

 for 3 or 3′ , (3.2)

and

U = ∓

1 0 0

0 0 1

0 1 0

 , SU = US = ∓1

3

−1 2 2

2 2 −1

2 −1 2

 , for 3,3′ respectively. (3.3)

The first 3 terms in the superpotential in eq. (3.1) fix the alignments

X3′(φS,U )2 −→

 1

ωn

ω2n

 , (3.4)

X2(φT )2 −→

1

0

0

 ,

 1

−2ωn

−2ω2n

 , (3.5)

X1(φt)
2 −→

0

0

1

 ,

0

1

0

 ,

 2

2x

−1/x

 , (3.6)
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up to an integer (n ∈ Z) or continuos (x ∈ R) parameter, with ω = e2πi/3. We may

notice that the three solutions for 〈φS,U 〉 are related one to another by a T transformation.

We may choose it to be (1, 1, 1)T without loss of generality.

The 〈φT 〉 has four different solutions. The last three solutions are related by a T

transformation. From these three, the one without any ω is related to the first solution

by an S transformation. Since they are all related, we may choose (1, 0, 0)T without loss

of generality.

The 〈φt〉 has three different solutions. The third solution is not related to the first two

by any symmetry transformations. The fourth term in the superpotential fixes the solution

to be either (0, 0, 1)T or (0, 1, 0)T , which are related by an U transformation and we choose

the former without loss of generality.

The fifth and sixth terms fix φ3 to be orthogonal to φt and φT so that it is fixed to

be (0, 1, 0)T .

The first term from the second line in eq. (3.1) involves

(〈φS,U 〉 · 〈φT 〉)3′ ∝

 0

−1

1

 , (3.7)

and together with the fifth one fixes 〈φ2〉 into this direction. The third term in the second

line involves

(〈φ2〉 · 〈φ3〉)3′ ∝

1

0

2

 , (3.8)

and together with the seventh term we fix 〈φ1〉 into this direction. Furthermore the ξ field

that does not add anything to the alignment but it plays a role in the VEV driving as

explained below.

The F-term equations from the X,Z fix the alignments to be

〈φS,U 〉 = v1

 1

1

1

 , 〈φT 〉 = v2

 1

0

0

 , 〈φt〉 = vt

 0

0

1


〈φ1〉 = v1

 1

0

2

 , 〈φ2〉 = v2

 0

1

−1

 , 〈φ3〉 = v3

 0

1

0

 ,

(3.9)

where the last three flavons couple to the matter superfield ψ and determine the fermion

mass matrix structure. The flavon VEVs vi are, in general, complex, and spontaneously

break the assumed CP symmetry of the high energy theory.

4 Symmetry breaking

The model gives a natural understanding of the SM fermion masses through the hierarchy

between the flavon VEVs |v1| � |v2| � |v3|. Here, we show the symmetry breaking

– 7 –
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superpotential that produces such hierarchy between the VEVs,

WDV ∼ Z̃3ξ

(
φ1 −

φ2φ3
MP

)
+ Z̃

φT
MP

(
φ1φ2 −

φ3
∑

i φ
2
i

MP
+O(1/M2

P )

)
+ Z

(
M2

GUT +
∑
i

φ2i + (HW,Z
45 )2 + (HB−L

45 )2 + ζ2 + Z2 +O(1/MP )

)

+HB−L
45

(
(HX,Y

45 )2+
ζ

MP

(
(HW,Z

45 )2+(HB−L
45 )2

)
+HX,Y

45

H16H16

MP
+DT+O(1/M2

P )

)
,

(4.1)

where we have ignored dimensionless couplings for simplicity.

The first term of eq. (4.1) also appears in the alignment potential in eq. (3.1) and fixes

|κ̃1v1| =
∣∣∣∣v2v3MP

∣∣∣∣ , (4.2)

where κ̃1 denotes an effective dimensionless coupling coming from the ones in the superpo-

tential. Note that we have written this equation as only fixing the modulus. This happens

due to the appearance of the field ξ; we assume there are two copies of that field, which

get a VEV with an arbitrary phase. This phase, together with the dimensionless couplings

for each term, does not allow to relate the phases of the vi.

The second term of eq. (4.1) fixes the VEVs

κ̃2 v1v2 =
v3
MP

∑
i

v2i , (4.3)

where κ̃2 denotes an effective dimensionless coupling coming from the ones in the super-

potential. This equation, together with the previous one, require a hierarchy in the vi’s.

Specifically it requires v2,3 � v1.

The field Z̃ does not obtain a VEV to comply with the F-term equations from the

flavons.

The second line of eq. (4.1) drives the linear combination

M2
GUT ∼

∑
i

v2i + 〈HW,Z
45 〉

2
+ 〈HB−L

45 〉2 + 〈ζ〉2 + 〈Z〉2 , (4.4)

where we assume that the sum of vi and the all adjoints get a GUT scale VEV. The field Z

does not get a VEV due to the F-term equations coming from the adjoints. This equation

does not fix the phases of the VEVs. We assume that the 〈HW,Z
45 〉 are real while the phase

of the sum of flavon VEVs is unconstrained (only related to the one of 〈ζ〉 which does not

appear at low energies). We assume that the flavons obtain a VEV that break the CP

symmetry with an arbitrary phase.

The third line of eq. (4.1) drives

〈ζ〉
MP

(
〈HW,Z

45 〉
2

+ 〈HB−L
45 〉2

)
∼ 〈HX,Y

45 〉
2

+ 〈HX,Y
45 〉

〈H16H16〉
MP

, (4.5)
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where we assume that the 〈HX,Y
45 〉 is real. The DT represent all the terms involved in the

D-T splitting (shown in section 5) that do not contribute to the F-term equation, but they

are there nonetheless. The F-term equations coming from the HX,Y
45 force the χu,d to also

get a VEV and does not change any low energy phenomenology.

The F-term equations previously discussed can give a VEV to the adjoint fields but do

not fix their direction. The adjoint fields can get a VEV in any SM preserving direction.

In general they can be written as a linear combination of the U(1)X,Y directions. We do

not assume any specific direction for the VEVs 〈HW,X,Y,Z
45 , ζ〉. We assume that 〈HB−L

45 〉
lies in the U(1)B−L direction.4 We assume that the 〈H16,16〉 lie in the right handed neu-

trino direction.

Using the first three equations (4.2)–4.4, we may find that the flavon VEVs

v1 =
κ̃23M

2
GUT√

κ̃1κ̃2MP
v2, v2 =

√
κ̃1κ̃3MGUT√

κ̃2
, v3 = κ̃3MGUT, (4.6)

in this way, if we assume that κ̃1 ' 0.1, κ̃2 ' 10, κ̃3 ' 1, we have

v3 'MGUT, v2 ' 0.1 MGUT, v1 ' 0.001 MGUT, (4.7)

which generates the hierarchy between the fermion families. We note that the hierachy

between v1 and v2 is given by the structure of the F-term equations. The hierarchy between

v2 and v3 is assumed and realized by a much milder hierarchy between the couplings in the

superpotential.

Using eq. (4.3) and knowing that v3 � v1,2, we approximately get

κ̃2 v1v2 '
v33
MP

, (4.8)

which also fixes the VEV phases to be

arg v1 + arg v2 ' 3 arg v3, (4.9)

that in terms of the physical phases is

η ' 4η′ − 2γ, (4.10)

this way there are only 2 free physical phases.

5 Doublet-Triplet splitting

The Higgs fields Hu,d
10 and H16,16 contain SU(2) doublets and SU(3) triplets. We need the

triplets to be heavy since they mediate proton decay, while two of the doublets remain light

so they can be associated to the MSSM Higgs doublets. This is known as the doublet-triplet

splitting problem and can be solved using the Dimopolous-Wilczek mechanism [85–87]. In

our case this mechanism is in place since we assume that 〈HB−L
45 〉 lies in the U(1)B−L

4It can be written as the linear combination B − L = (−X + 4Y )/5.
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direction. Furthermore, there are extra pairs of doublets, and they are required to be

heavy to preserve gauge coupling unification. Using the fields in tables 1–2, we may write

the superpotential involving the Higgs fields (ignoring dimensionless parameters)

WH = HB−L
45

(
Hu

10H
d
10 + ζ2ζ2 +H16χu +H16χd

)
+H16H

u
10χu +H16H

d
10χd +H16H16ζ1 + ζ (ζ1ζ2 + χuχu + χdχd)

+HB−L
45

(
H16H16H

d
10

MP
+
H16H16H

u
10

MP
+Hu

10H
d
10

(HX,Y,W,Z
45 )4

M4
P

)
.

(5.1)

After integrating out the messengers ζi, χj , the superpotential becomes

WH = HB−L
45

(
κ1H

u
10H

d
10 + κ2

(H16H16)
2

〈ζ〉2
+ κ7H

u
10H

d
10

(HX,Y,W,Z
45 )4

M4
P

+ κ3
H16H16H

u
10

〈ζ〉 + κ4
H16H16H

d
10

MP
+ κ5

H16H16H
u
10

MP
+ κ6

H16H16H
d
10

〈ζ〉

)
.

(5.2)

We remember that the magnitude of the VEVs is

〈H16〉 ' 〈H16〉 ' 〈H45〉 = MGUT, (5.3)

and we define

z = MGUT/ 〈ζ〉 , y = MGUT/MP . (5.4)

Denoting the up (down)-type doublet inside each H10 as 2u(d)(H
u,(d)
10 ), and similarly

for the triplets, the mass matrix for the triplets becomes

MT ∼

3u(Hu
10) 3u(Hd

10) 3u(H16)
3d(H

d
10) κ1 0 κ4y

3d(H
u
10) 0 −κ1 κ3z

3d(H16) κ5y κ6z κ2z
2

MGUT, (5.5)

that has as approximate eigenvalues

mT ∼ κ1MGUT, κ1MGUT, κ2z
2MGUT, (5.6)

so that it requires κ1 ∼ κ2z2 ∼ 1, to get the triplets at the GUT scale. The doublets mass

matrix is

MD ∼

2u(Hu
10) 2u(Hd

10) 2u(H16)
2d(H

d
10) −κ7y4 0 κ4y

2d(H
u
10) 0 κ7y

4 κ3z

2d(H16) κ5y κ6z κ2z
2

MGUT, (5.7)
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that has as eigenvalues

mD ∼ −y4MGUT, κ6κ3z
2MGUT, κ2z

2MGUT, (5.8)

so that we must have κ6κ3z
2 ∼ κ2z

2 ∼ 1, to get two doublet pairs at the GUT scale.

Furthermore, there is a µ term generated by

µ ∼ y4MGUT ∼ 1 TeV, (5.9)

which happens at the correct order.

The light MSSM doublets are

hu ' 2u(Hu
10) +

κ4y

κ3z
2u(Hd

10), hd ' 2d(H
d
10) +

κ5y

κ6z
2u(Hd

10), (5.10)

so that the second term is suppressed to be < 10−3 and we may safely assume that hu(d)

lies only inside H
u(d)
10 .

6 Proton decay

One of the characteristic features of GUTs is the prediction of proton decay. It has not

been observed and the proton lifetime is constrained to be τp > 1034 years [1].

Proton decay can be mediated by the extra gauge bosons of the GUT and by the

triplets accompanying the Higgs doublets. In SUSY SO(10) GUTs, the main source for

proton decay comes from the triplet Higgsinos. The decay width is dependent on SUSY

breaking and the specific coupling texture of the triplets and determining it exactly lies

beyond the scope of this paper. In general the constraints are barely met when the triplets

have a mass at the GUT scale [88–90], and in section 5 we have shown this is our case.

The existence of additional fields in the model may allow proton decay to arise from

effective terms of the type

gQQQL
〈X〉
M2
P

. (6.1)

Such terms must obey the constraint g 〈X〉 < 3 × 109 GeV [88–90]. In our model, the

largest contribution of this type comes from the term

ψψψψ
〈HB−L

45 (HX,Y
45 )2〉

M4
P

⇒ 〈X〉 =
(MGUT)3

M2
P

∼ 1010 GeV. (6.2)

The constraints are met when g < 0.3. With an O(1) g parameter, the contributions

coming from these terms are the same order as the ones coming from the Higgs triplets.

In this model, proton decay complies with experimental constraints but lies fairly close to

detection.
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7 Detailed Yukawa structure

Now that we have given VEVs to the fields in a specific direction, we may write the fully

detailed Yukawa structure.

With the fields in the table 1, together with the messenger fields in table 2 we may

write the superpotential relevant to the Yukawa terms, up to O(1/MP ),

WY =
∑

a=1,2,3

(
λφa (ψφa) χ̄a + (λWa H

W
45 + λZaH

Z
45)χaχ̄a + λuaχaχaH

u
10 + λNa χaχa

H16H16

MP

)

+
∑
b=2,3

(
χbχ

d
b(λ

X
a H

X
45 + λYa H

Y
45) + λdbχ

d
bχ

d
bH

d
10

)
+ λd12χ1χ2H

d
10 + λdt

(ψψ)3′ φ3H
d
10

MP
,

(7.1)

where ( ) , ( )3′ means an S4 singlet or 3′ contraction respectively. The λ’s are dimensionless

and real coupling constants (due to CP conservation) and are all expected to be O(1).

After integrating the messengers χ, we obtain the superpotential

WY =
∑

a=1,2,3

(
(λφa)2 (ψ 〈φa〉) (ψ 〈φa〉)

(λWa 〈HW
45 〉+ λZa 〈HZ

45〉)2
λuχH

u
10

+
(λφa)2 (ψ 〈φa〉) (ψ 〈φa〉)

(λWa 〈HW
45 〉+ λZa 〈HZ

45〉)2
λNa
MP
〈H16〉 〈H16〉

)

+

( ∑
b=2,3

λua
(λφb )2 (ψ 〈φb〉) (ψ 〈φb〉)

(λXb 〈HX
45〉+ λYb 〈HY

45〉)2

+ λd12
λφ1λ

φ
2 (ψ 〈φ1〉) (ψ 〈φ2〉)

(λW1 〈HW
45 〉+ λZ1 〈HZ

45〉)(λW2 〈HW
45 〉+ λZ2 〈HZ

45〉)
+ λdt

(ψψ)3′ 〈φ3〉
MP

)
Hd

10.

(7.2)

This superpotential generates all the SM fermion masses.

7.1 Renormalisability of the third family

In eq. (7.2), all the terms suppressed by 〈HX,Y,W,Z
45 〉 involve integrating out the messengers

by assuming MGUT � vi. This naive integration is not possible for the third flavon since

it has a much larger VEV v3 ∼MGUT. Let us single out the terms in WY involving these

fields. Ignoring O(1) couplings, and after the fields get their VEV, the relevant terms are

W
(3)
Y ∼ v3ψ3χ3 + 〈HW,Z

45 〉χ3χ3. (7.3)

Naively, one would interpret ψ3 as the set of third-family particles, but the first term in

eq. (7.3) generates mixing with χ3. To obtain the physical (massless) states, which we label

t, we rotate into a physical basis (ψ3, χ3)→ (t, χ)

ψ3 =
〈HW,Z

45 〉 t+ v3 χ

r
, χ3 =

−v3 t+ 〈HW,Z
45 〉χ

r
; r =

√
v23 + 〈HW,Z

45 〉
2
. (7.4)
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Physically, it may be interpreted as follows: inside the original superpotential WY lie

the terms

WY ⊃ χ3χ3H
u,d
10 ⊃

v23

v23 + 〈HW,Z
45 〉

2 t tH
u,d
10 , (7.5)

which generate renormalisable mass terms for the third family at the electroweak scale.

7.2 Mass matrix structure

The superpotential in eq. (7.2) generates all the SM fermion mass matrices. The structure

of the mass matrices is fixed by the flavon VEV structure shown in eq. (1.1). We may

redefine the dimensionless couplings to obtain the mass structure of the SM fermions at

low energies

yua=1,2 = λua
(λφa)2|va|2

[λWa 〈HW
45 〉+ λZa 〈HZ

45〉]Q[λWa 〈HW
45 〉+ λZa 〈HZ

45〉]uc
,

yu3 =
(λφ3 )2|v3|2

(λφ3 )2v23 + [λW3 〈HW
45 〉+ λZ3 〈HZ

45〉]Q[λW3 〈HW
45 〉+ λZ3 〈HZ

45〉]uc
,

yνa=1,2 = λua
(λφa)2|va|2

[λWa 〈HW
45 〉+ λZa 〈HZ

45〉]L[λWa 〈HW
45 〉+ λZa 〈HZ

45〉]νc
,

yν3 =
(λφ3 )2|v3|2

(λφ3 )2v23 + (λχ3 )2[λW3 〈HW
45 〉+ λZ3 〈HZ

45〉]L[λW3 〈HW
45 〉+ λZ3 〈HZ

45〉]νc
,

ye2 = λd2
(λφ2 )2|v2|2

[λX2 〈HX
45〉+ λY2 〈HY

45〉]L[λX2 〈HX
45〉+ λY2 〈HY

45〉]ec
,

ye3 = λd3
(λφ3 )2|v3|2

(λφ3 )2v23 + [λX3 〈HX
45〉+ λY3 〈HY

45〉]L[λX3 〈HX
45〉+ λY3 〈HY

45〉]ec
,

yd2 = λd2
(λφ2 )2|v2|2

[λX2 〈HX
45〉+ λY2 〈HY

45〉]Q[λX2 〈HX
45〉+ λY2 〈HY

45〉]dc
,

yd3 = λd3
(λφ3 )2|v3|2

(λφ3 )2v23 + [λX3 〈HX
45〉+ λY3 〈HY

45〉]Q[λX3 〈HX
45〉+ λY3 〈HY

45〉]dc
,

ye12 = λd12
λφ1λ

φ
2 |v1v2|

[λW1 〈HW
45 〉+ λZ1 〈HZ

45〉]L+ec [λW2 〈HW
45 〉+ λZ2 〈HZ

45〉]L+ec
,

yd12 = λd12
λφ1λ

φ
2 |v1v2|

[λW1 〈HW
45 〉+ λZ1 〈HZ

45〉]Q+dc [λ
W
2 〈HW

45 〉+ λZ2 〈HZ
45〉]Q+dc

,

MR
a=1,2 =

λNa v
2
16

MP

(λφa)2|va|2
[λWa 〈HW

45 〉+ λZa 〈HZ
45〉]2νc

,

MR
3 =

λN3 v
2
16

MP

(λφ3 )2|v3|2
(λφ3 )2v23 + [λW3 〈HW

45 〉+ λZ3 〈HZ
45〉]2νc

,

yP = λdt
YP v3
MP

,

(7.6)

where 〈HX,Y,W,Z
45 〉f denotes the adjoint VEV with the corresponding CG coefficients for

each SM fermion f . This allows for each y,M parameter in eq. (7.6) to be independent.
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The VEVs 〈HX,Y 〉 obtain a VEV in an arbitrary SO(10) breaking direction. They need to

be different from one another.

For a better understanding we can show an explicit example. Let us assume that

〈HX,Y
45 〉 is aligned in the U(1)X,Y direction respectively with an MGUT magnitude. In this

case the effective Yukawa couplings ye,d2 would be

ye2 = λd2
(λφ2 )2|v2|2

[3λX2 − λY2 /2][−λX2 + λY2 ]M2
GUT

, yd2 = λd2
(λφ2 )2|v2|2

[−λX2 + λY2 /6][3λX2 + λY2 /3]M2
GUT

,

(7.7)

where the coefficients multiplying each λX,Y are the U(1)X,Y charges of the corresponding

SM field. Since the λX,Y2 appear with different coefficients in ye,d2 , we can use them to obtain

a arbitrarily different effective Yukawa coupling for charged leptons and down type quarks.

Assuming the adjoints have all real VEVs, the physical phases are

η = 2 arg v1 − 2 arg v2

η′ = 2 arg v3 − 2 arg v2

γ = arg v3 − 2 arg v2,

(7.8)

while all the y′s and M ′s are real.

With these definitions we may write the fermion mass matrices

M e/vd = ye12e
iη/2

0 1 1

1 4 2

1 2 0

+ ye2

0 0 0

0 1 1

0 1 1

+ ye3e
iη′

0 0 0

0 0 0

0 0 1

 +yP eiγ

0 0 1

0 2 0

1 0 0

 ,

Md/vd = yd12e
iη/2

0 1 1

1 4 2

1 2 0

+ yd2

0 0 0

0 1 1

0 1 1

+ yd3e
iη′

0 0 0

0 0 0

0 0 1

 +yP eiγ

0 0 1

0 2 0

1 0 0

 ,

Mu/vu = yu1 e
iη

1 2 0

2 4 0

0 0 0

+ yu2

0 0 0

0 1 1

0 1 1

+ yu3 e
iη′

0 0 0

0 0 0

0 0 1

 ,

Mν
D/vu = yν1e

iη

1 2 0

2 4 0

0 0 0

+ yν2

0 0 0

0 1 1

0 1 1

+ yν3e
iη′

0 0 0

0 0 0

0 0 1

 ,

MR = MR
1 e

iη

1 2 0

2 4 0

0 0 0

+ MR
2

0 0 0

0 1 1

0 1 1

+ MR
3 e

iη′

0 0 0

0 0 0

0 0 1

 .

(7.9)

We note the remarkable universal structure of the matrices in the up and neutrino sectors,

which differ from the down and charged lepton sectors.

The y and M parameters are all free and independent while there is a constraint in

the phases

η ' 4η′ − 2γ, (7.10)
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as shown in the section 4. We have in total 18 free parameters that fix the whole spectrum

of fermion masses and mixing angles, as discussed in section 8.2.

As shown in the section 4, the flavons and adjoint fields get a VEV

MGUT ∼ v3 ∼ 10 v2 ∼ 1000 v1,

MGUT ∼ vX,Y,W,Z45 ∼ Mρ ∼ v16.
(7.11)

Assuming all the parameters in the superpotential we have ignored are O(1), and tan β ∼
20, the mass matrix parameters are expected to be

yu1 ∼ yν1 ∼ v21/v245 ∼ 10−6, yu2 ∼ yν2 ∼ v22/v245 ∼ 10−2,

yu3 ∼ yν3 ∼ v23/v245 ∼ 1, yd12 ∼ ye12 ∼ cosβ v1v2/v
2
45 ∼ 10−5,

yd2 ∼ ye2 ∼ cosβ v22/v
2
45 ∼ 10−3, yd3 ∼ ye3 ∼ cosβ v23/v

2
45 ∼ 0.1,

yP ∼ cosβ v3/MP ∼ 10−4, MR
1 ∼ v216v

2
1/v

2
45MP ∼ 107 GeV,

MR
2 ∼ v216v

2
2/v

2
45MP ∼ 1011 GeV, MR

3 ∼ v216v
2
3/v

2
45MP ∼ 1013 GeV.

(7.12)

These values denote only an approximate order of magnitude for each parameter and are

expected to be different due to the appearance of dimensionless couplings. This applies

specially to the last 4 parameters that come from unknown Planck suppressed physics and

may deviate significantly from our naive expectation.

7.3 Seesaw mechanism

Since we have very heavy RHN Majorana masses, the left handed neutrinos get a very

small Majorana mass through type I seesaw

mν
L = Mν

D(MR)−1(Mν
D)T . (7.13)

As we see in eq. (7.9), the Dirac neutrino masses Mν
D and RHN Majorana masses MR have

the same matrix structure. These are rank one matrices so that we may write them as

Mν
D/vu = yν1e

iη ϕ1ϕ
T
1 + yν2 ϕ2ϕ

T
2 + yν3e

iη′ ϕ3ϕ
T
3 ,

MR = MR
1 e

iη ϕ1ϕ
T
1 +MR

2 ϕ2ϕ
T
2 +MR

3 e
iη′ ϕ3ϕ

T
3 ,

(7.14)

with

ϕT1 = (1, 2, 0), ϕT2 = (0, 1, 1), ϕT3 = (0, 0, 1). (7.15)

We may always find vectors ϕ̃a such that

ϕ̃Ti ϕj = δij , (7.16)

this way we may write the inverse matrix as

(MR)−1 =
e−iη

MR
1

ϕ̃1ϕ̃
T
1 +

1

MR
2

ϕ̃2ϕ̃
T
2 +

e−iη
′

MR
3

ϕ̃3ϕ̃
T
3 . (7.17)
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Plugging this into the seesaw mechanism we obtain the light effective left-handed Majorana

neutrino mass matrix mν
L,

mν
L = µ1e

iη ϕ1ϕ
T
1 + µ2 ϕ2ϕ

T
2 + µ3e

iη′ ϕ3ϕ
T
3 , with µa =

(yνavu)2

MR
a

(7.18)

so that we may conclude that the small left handed neutrino mass matrix has the same

universal structure

mν
L = µ1e

iη

1 2 0

2 4 0

0 0 0

 + µ2

0 0 0

0 1 1

0 1 1

 + µ3e
iη′

0 0 0

0 0 0

0 0 1

 , (7.19)

after the seesaw mechanism.

8 Numerical fit

To test our model we perform a numerical fit using a χ2 test function. We have a set of

input parameters x = {yui , ydi , yei , yP , µi, η′, γ}, from which we obtain a set of observables

Pn(x). We minimize the function defined as

χ2 =
∑
n

(
Pn(x)− P obs

n

σn

)2

, (8.1)

where the 19 observables are given by P obs
n ∈ {θqij , δq, yu,c,t, yd,s,b, θ`ij , δl, ye,µ,τ ,∆m2

ij} with

statistical errors σn. This test assumes data is normally (Gaussian) distributed, which is

true for most of the observables except for θ`23. The atmospheric mixing angle octant, i.e.

θ`23 < 45◦ or θ`23 > 45◦, has not been determined yet. Current data favours θ`23 = 41.6 [93]

and we assume such scenario.

We need to run up all the measured Yukawa couplings and mixing angles up to the

GUT scale in order to compare it with the predictions of our model.5 In doing so, we

need to match the SM to the MSSM at the SUSY scale, MSUSY, which involves adding the

supersymmetric radiative threshold corrections. This has been done in [94]. At the GUT

scale, the values depend to a good approximation only on η̄b and tanβ. A good fit is found

for large η̄b, which can be explained if tan β & 10, as shown in the section 8.1. We also need

tanβ < 30 to keep Yukawa couplings perturbative. The best fit is found for η̄b = −0.9 and

tanβ = 20. The SUSY scale does not affect the fit and we choose MSUSY = 1 TeV. The fit

has been performed using the Mixing Parameter Tools (MPT) package [95].

The best fit found has a χ2 = 11.9. Table 3 shows the best fit to the charged leptons

and neutrinos observables. Neutrino data is taken from the Nufit global fit [93]. Only

the neutrino mass-squared differences are known but our model also predicts the neutrino

masses themselves as well as the Majorana phases. The model predicts normal ordered

neutrino masses and we also give the effective Majorana mass mββ . All the lepton sector is

fitted to within 1σ except for the leptonic CP phase. δ` is not yet well measured, although

a negative CP phase is preferred [96, 97].

5Note that we are performing the numerical fit in terms of the effective neutrino mass parameters µi
defined in eq. (7.19). We are ignoring any renormalisation group running corrections in the neutrino sector.
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Observable
Data Model

Central value 1σ range Best fit

θ`12 /
◦ 33.57 32.81 → 34.33 33.53

θ`13 /
◦ 8.460 8.310 → 8.610 8.452

θ`23 /
◦ 41.75 40.40 → 43.10 41.88

δ` /◦ 261.0 206.0 → 316.0 200.3

ye /10−5 6.023 5.987 → 6.059 6.023

yµ /10−2 1.272 1.264 → 1.280 1.272

yτ 0.222 0.219 → 0.225 0.222

∆m2
21/(10−5 eV2) 7.510 7.330 → 7.690 7.507

∆m2
31/(10−3 eV2) 2.524 2.484 → 2.564 2.524

m1 /meV 10.94

m2 /meV 13.95

m3 /meV 51.42∑
mi /meV < 230 76.31

α21 /
◦ 134.3

α31 /
◦ 6.415

mββ /meV < 61–165 11.10

Table 3. Model predictions in the lepton sector for tan β = 20, MSUSY = 1 TeV and η̄b = −0.9.

The observables are at the GUT scale. The lepton contribution to the total χ2 is 1.2. The neutrino

masses mi as well as the Majorana phases are pure predictions of our model. The bound on
∑
mi

is taken from [91]. The bound on mββ is taken from [92].

Observable
Data Model

Central value 1σ range Best fit

θq12 /
◦ 13.03 12.99 → 13.07 13.02

θq13 /
◦ 0.016 0.016 → 0.017 0.016

θq23 /
◦ 0.189 0.186 → 0.192 0.186

δq /◦ 69.22 66.12 → 72.31 70.66

yu /10−6 3.060 2.111 → 4.009 3.253

yc /10−3 1.497 1.444 → 1.549 1.567

yt 0.666 0.637 → 0.694 0.611

yd /10−4 1.473 1.311 → 1.635 1.614

ys /10−3 2.918 2.760 → 3.075 3.098

yb 2.363 2.268 → 2.457 2.238

Table 4. Model predictions in the quark sector for tan β = 20, MSUSY = 1 TeV and η̄b = −0.9.

The observables are at the GUT scale. The quark contribution to the total χ2 is 10.7.

In table 4, we have all the quark Yukawa couplings and mixing parameters for the

minimum χ2. The biggest contribution to the χ2 is coming from this sector, as shown in

figure 4. This figure shows the corresponding pulls for lepton (light orange) and quark

(blue) observables. As we can see, all parameters lie inside the 2σ region and the biggest

pulls are in the quark Yukawa couplings.
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Figure 4. Pulls for the best fit of model to data, as shown in tables 3–4, for lepton (light orange)

and quark (blue) parameters.

Parameter Value

yu1 /10−6 3.232

yu2 /10−3 1.580

yu3 −0.610

yd12 /10−4 −7.068

yd2 /10−4 −8.737

yd3 −2.238

Parameter Value

ye12 /10−4 8.616

ye2 /10−2 1.013

ye3 0.229

µ1 /meV 6.845

µ2 /meV 27.18

µ3 /meV 42.17

Parameter Value

yP /10−4 2.475

γ 1.968π

η′ 0.790π

Table 5. Best fit input parameter values. The model has 13 real parameters: yui , ydi , yei , µi and

yP and two additional free phases: η′ and γ. The total χ2 is 11.9.

Table 5 shows the input parameter values.6 There are 13 real parameters plus two

additional phases, a total of 15 input parameters to fit 19 data points. Naively, we can

measure the goodness of the fit computing the reduced χ2, i.e. the χ2 per degree of freedom

χ2
ν = χ2/ν. The number of degrees of freedom is given by ν = n − ni, where n = 19 is

the number of measured observables, while ni = 15 is the number of input parameters. A

good fit is expected to have χ2
ν ∼ 1. We have 4 degrees of freedom and the best fit has

a reduced χ2
ν ' 3. We view this as a good fit and it also remarks the predictivity of the

model, not only fitting to all available quark and lepton data but also fixing the neutrino

masses and Majorana phases.

6Assuming the Dirac neutrino Yukawa parameters yνi in eq. (7.12), we can compute the RHN masses,

using the Seesaw formula in eq. (7.18) and taking the µi values from the fit, such that MR
1 ∼ 104 GeV,

MR
2 ∼ 1011 GeV and MR

3 ∼ 1015 GeV. Only M2 has the expected natural value given in eq. (7.12). We

remark that RHN Majorana masses come from unknown Planck suppressed physics, which is presumably

responsible for the mismatch.
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8.1 SUSY threshold corrections

The running of the MSSM Yukawa couplings to the GUT scale, MGUT, was performed

in [94]. Here, the threshold corrections at the SUSY scale, MSUSY, are parametrized by

yMSSM
u,c,t ' ySMu,c,t csc β̄,

yMSSM
d,s ' (1 + η̄q)

−1 ySMd,s sec β̄,

yMSSM
b ' (1 + η̄b)

−1 ySMb sec β̄,

yMSSM
e,µ ' (1 + η̄`)

−1 ySMe,µ sec β̄,

yMSSM
τ ' yMSSM

τ sec β̄.

(8.2)

The CKM parameters become

θq,MSSM
i3 ' 1 + η̄b

1 + η̄q
θq,SMi3 , θq,MSSM

12 ' θq,SM12 , δq,MSSM ' δq,SM. (8.3)

When running between MSUSY and MGUT, the most relevant parameters are η̄b and tan β̄.

Due to their small contribtutions, we assume η̄q = η̄` = 0 and β = β. These assumptions

do not affect the quality of the fit. Similarly, we fix MSUSY = 1 TeV. The effect on the fit,

of having it up to O(10) TeV, is minor.

Specifically, the parameter η̄b is required to be somewhat large η̄b = −0.9 to obtain a

good quality fit. Ignoring it would yield a fit of χ2 ∼ 400. The leading contributions to

this parameter come from loops either sbottoms and gluinos or stops and higgsinos that

add up to [98]

η̄b '
tanβ

16π2

(
8

3
g23
mg̃µ

2m2
0

+ λ2t
µAt
m2

0

)
, (8.4)

where m0 represents the squark masses, g3 the strong coupling, mg̃ the gluino mass and

At the SUSY softly breaking trilinear coupling involving the stops. We see that a large

contribution can be achieved when

mg̃, µ,At > m0, tanβ & 10. (8.5)

Since SUSY breaking lies beyond the scope of our paper, it is sufficient for us to

show that there is a parameter space in the softly broken SUSY that generates the

necessary corrections.

8.2 Parameter counting

In this section we explain and clarify the number of parameters in our model. Clearly

at the high energy scale there are many parameters associated with the undetermined

O(1) Yukawa couplings of the 43 superfields of the model. For example the renormalisable

Yukawa superpotential in eq. (7.1) contains 23 parameters alone. Then we must add to this

all the O(1) Yukawa couplings associated with vacuum alignment, GUT symmetry breaking

and doublet-triplet splitting, many of which we have not defined explicitly. Despite this,

we are claiming that our model is predictive at low energies. How can this be? The short

answer is that most of these parameters are irrelevant for physics below the GUT scale, as

discussed in detail below.
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The effective fermion mass matrices generated below the GUT scale are given in

eq. (7.9) as function of 18 free effective parameters (remembering the constraint on η)

that will fix all the fermion masses and mixing angles, including RHN Majorana masses

and Majorana phases. This compares favourably to the 31 parameters of a general high

energy model, comprising 21 parameters in the lepton sector of a general 3 right-handed

neutrino seesaw model [99], plus the 6 quark masses and 4 CKM parameters. However,

below the seesaw scale of right-handed neutrino masses, the effective parameter counting

is different again and requires further discussion below.

In order to perform the fit and compare our model with available data, we apply the

seesaw mechanism to write the light effective left-handed Majorana neutrino mass matrix as

a function of the new parameters µi in Eq 7.18. Therefore, we have 15 effective parameters

at low energy (shown in table 5) that fit the 19 so far measured or constrained observables in

figure 4.7 After the fit is performed, the model predicts all the three light neutrino masses

with a normal ordering, a CP oscillation phase of 260◦ and both the Majorana phases,

corresponding to a total of 22 low energy observables which will be eventually observable

(10 from the quark sector discussed above and 12 from the lepton sector, including the two

Majorana phases). Therefore we see that, below the seesaw scales, the model contains 15

effective parameters which generate 22 observables, making the model eminently testable,

as these observables become better determined.

9 N2 leptogenesis

The source of the Baryon Asymmetry of the Universe (BAU)

ηCMB
B = (6.1± 0.1)× 10−10, (9.1)

remains unexplained in the SM. One of the most convincing sources for it is Leptogenesis,

where the asymmetry is generated through CP breaking decays of heavy RHNs into leptons,

then converted into baryons through sphalerons [100].

The simplest mechanism to generate the correct BAU, happens when the lightest

RHNs has CP breaking decays and has a mass of about ∼ 1010GeV . In our model,

according to eq. (7.12), it is the second RHN the one that is expected to be at that scale.

When leptogenesis is generated mainly by the decays of the second RHN it is called N2

leptogenesis. This has already been calculated in [83] and we will apply such calculations

to our specific model.

9.1 General N2 leptogenesis

Leptogenesis calculations are done in the so called Flavor Basis, where the charged lepton

and RHN mass matrices are diagonal and we work with the Dirac neutrino mass matrix

mD = VeLM
ν
DU

T
N ,

VeLM
e†M eV †eL = diag(y2e , y

2
µ, y

2
τ )v2d, UNM

RUTN = diag(M1,M2,M3).
(9.2)

7We need to run up to the GUT scale these observables and, therefore, we need to include SUSY

threshold corrections. The fit is therefore also dependent on ηb and tan β. As shown earlier, we find a good

fit for ηb = −0.9 and tan β = 20.
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The total and flavoured decay parameters, Ki and Kiα respectively, can be written as

Kiα =
|mDαi|2

mMSSM
? Mi

and Ki =
∑
α

Kiα =
(m†DmD)ii
mMSSM
? Mi

, (9.3)

where the equilibrium neutrino mass is given by

mMSSM
? ' 0.78× 10−3 eV sin2 β. (9.4)

The wash-out at the production is described by the efficiency factor κ(K2α) that for an

initial thermal N2 abundance can be calculated as

κ(K2α) =
2

zB(K2α)K2α

(
1− e−

K2α zB(K2α)

2

)
, zB(K2α) ' 2 + 4K0.13

2α e
− 2.5
K2α . (9.5)

In the hierarchical RH neutrino mass limit, as our model is, the CP asymmetries can

be approximated to

ε2 =
∑
α

ε2α, ε2α '
3

8π

M2

v2

Im
[(
m†D

)
iα

(
mD

)
α3

(
m†DmD

)
i3

]
M2M3 m̃2

, (9.6)

where m̃2 ≡ (m†DmD)22/M2.

In the regime where 5 × 1011 GeV (1 + tan2 β)� M2 � 5× 108 GeV (1 + tan2 β), the

final B − L asymmetry can be calculated using

N f
B−L '

[
K2e

K2τ⊥2

ε2τ⊥2
κ(K2τ⊥2

) +

(
ε2e −

K2e

K2τ⊥2

ε2τ⊥2

)
κ(K2τ⊥2

/2)

]
e−

3π
8
K1e

+

[
K2µ

K2τ⊥2

ε2τ⊥2
κ(K2τ⊥2

) +

(
ε2µ −

K2µ

K2τ⊥2

ε2τ⊥2

)
κ(K2τ⊥2

/2)

]
e−

3π
8
K1µ

+ε2τ κ(K2τ ) e−
3π
8
K1τ , (9.7)

where we indicated with τ⊥2 the electron plus muon component of the quantum flavour

states produced by the N2-decays defining K2τ⊥2
≡ K2e +K2µ, ε2τ⊥2

≡ ε2e + ε2µ. The final

asymmetry, in terms of the baryon to photon number ratio is

ηB ' 2 asph
NB−L
N rec
γ

, (9.8)

where αsph = 8/23 is the fraction of B − L asymmetry converted into baryon asymmetry

by sphalerons. The photon asymmetry at recombination is (N rec
γ )MSSM ' 78. The factor

of 2 accounts for the asymmetry generated by the RH neutrinos and sneutrinos.

9.2 Leptogenesis in our model

Using the matrices in eq. (7.9) and the fit in table 5, we may calculate the BAU generated

through N2 Leptogenesis in our model. The first thing to note is that the parameters are
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quite hierarchical so that the rotation angles of the diagonalizing matrices can be neglected

since they only give 1% contributions

VeL ' 1, UN ' diag(e−iη/2, 0, e−iη
′/2), (9.9)

and the neutrino mass matrix in the Flavor Basis becomes

mDij '

 yν1e
iη/2 2yν1e

iη 0

2 yν1e
iη/2 yν2 yν2e

−iη′/2

0 yν2 yν3e
iη′/2

 vu. (9.10)

Also, due to the hierarchical nature of the couplings we may safely assume that the RHN

mass parameter are equal to their mass eigenvalues MR
a 'Ma.

One of the features of the matrix structure is that K1τ vanishes, due to the approximate

zero in the (3,1) entry of the Dirac mass matrix,8 so that the last term in eq. (9.7) is greatly

enhanced since it overcomes the exponential suppression. With these approximations, the

baryon asymmetry becomes

ηB '
2αsph

N rec
γ

κ(K2τ ) ε2τ ,

K2τ =
(yν2 )2v2u

mMSSM
? M2

, ε2τ = sin η′
3

8π

M2

M3

(yν3 )2

2
sin2 β.

(9.11)

We note that η′ is identified with the leptogenesis phase. With use of eq. (7.18), we may

write the neutrino Yukawa couplings as yνa =
√
µaMR

a /vu so that

ηB ' sin η′
3

8π

αsph

N rec
γ

κ

(
µ2

mMSSM
?

)
µ3M2

v2
, (9.12)

where we note that the only free parameter is M2. Using the parameters from the fit, in

table 5, the correct BAU is generated when9

M2 ' 1.9× 1011 GeV . (9.13)

From eq. (7.12) we see that this is the natural value for the second RHN mass, so that the

model naturally explains the origin of the BAU through N2 leptogenesis without any need

for tuning.

10 Conclusion

We have constructed a SUSY GUT of flavour based on the symmetry S4×SO(10)×Z3
4×ZR4

that is relatively simple, predictive and fairly complete. The Higgs sector of the model

involves two SO(10) 10-plets, a 16-plet and its conjugate representation, and three 45-

plets. These low dimensional Higgs representations are all that is required to break the

8The zero is a consequence of the CSD2 vaccum alignment; it would not be zero for CSD3 vacuum

alignment.
9M2 has been computed numerically, including the rotation angles of the diagonalizing matrices in

eq. (9.10).
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GUT symmetry, yield the Clebsch relations responsible for the difference of the charged

fermion masses, and account for heavy Majorana right-handed neutrino masses. In order

to account for the hierarchical mixing structure of the Yukawa matrices, we also need a

particular set of S4 triplet flavons with hierarchical VEVs and particular CSD2 vacuum

alignments, where both features are fully discussed here. To complete the model we also

require a rather rich spectrum of high energy messenger and alignment superfields, which,

like most of the Higgs fields, do not appear in the low energy effective theory.

We highlight and summarise the main successes and features of the model as follows:

• The model is succesfully built with an SO(10) gauge symmetry where all of the fields

belong to the small “named” representations: fundamental, spinorial and adjoints;

this could be helpful for a possible future string embedding.

• It contains a superpotential that spontaneously breaks the original symmetry:

S4×SO(10)×Z3
4×ZR4 → SU(3)C×SU(2)L×U(1)Y×ZR2 . The model also spontaneously

breaks CP .

• The S4 breaking superpotential that yields the CSD2 vacuum alignment is fairly

simple.

• All the GUT scale parameters are natural and ∼ O(1), explaining the hierarchy of the

low energy parameters, where the family mass hierarchy is due the derived hierarchy

of flavon VEVs |v1| � |v2| � |v3|, rather than by Froggatt-Nielsen.

• The model contains a working doublet-triplet mechanism, that yields exactly two

light Higgs doublets from two SO(10) Higgs multiplets, respectively and without

mixing, apart from the µ term which is generated at the correct scale. It also has

well behaved proton decay.

• The model naturally generates sufficient BAU through N2 Leptogenesis, which fixes

the second right-handed neutrino mass M2 ' 2 × 1011 GeV, in the natural range

predicted by the model.

• At low energies, the model contains 15 free parameters that generate 19 presently

constrained observables so that it is quite predictive. The model achieves an excellent

fit of the SM fermion masses and mixing angles, with χ2 = 11.9.

We find it remarkable that all of the above can be achieved consistently within a single

model. It contains 43 supermultiplet fields, which is the minimal number for any such

complete model in the literature so far.

Despite the above successes of the model, it also has a few drawbacks. It does not

explain SUSY breaking, and it relies on specific threshold corrections. Even though it has

an almost complete UV completion, it still relies on O(1/MP ) terms for the right-handed

neutrino masses. Indeed M1 and M3 apparently do not have such natural values as M2, and

we are forced to explain this away by appealing to the unknown physics at the Planck scale.

The symmetry breaking superpotential gives VEVs to most of the GUT breaking fields but
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it does not drive all of them. Also we do not address the strong CP problem, inflation or

Dark Matter (DM) (which may in principle be due to the lightest SUSY particle, stabilised

by the R-parity). Indeed we have not considered the SUSY spectrum at all. Such issues

are beyond the stated aims of the present paper, which is to propose a complete grand

unified theory of flavour and leptogenesis, consistent with the latest data on quark and

lepton masses and mixing parameters, in which the three families of quarks and leptons

are unified into a single (3′, 16) representation of S4 × SO(10).

Importantly, the model can be tested due to its robust predictions of a normal neutrino

mass ordering, a CP oscillation phase of 260◦, an atmospheric angle of 42◦ in the first octant

and a neutrinoless double beta decay parameter mββ = 11 meV, with the sum of neutrino

masses being 76 meV. These predictions, together with the other lepton mixing angles

given earlier, will enable the model to be tested by the forthcoming neutrino experiments.

Acknowledgments

We thank Fredrik Björkeroth for discussions. S.F.K. acknowledges the STFC Consolidated

Grant ST/L000296/1. This project has received funding from the European Union’s Hori-

zon 2020 research and innovation programme under the Marie Sk lodowska-Curie grant

agreements Elusives ITN No. 674896 and InvisiblesPlus RISE No. 690575.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] Particle Data Group collaboration, C. Patrignani et al., Review of particle physics,

Chin. Phys. C 40 (2016) 100001 [INSPIRE].

[2] Super-Kamiokande collaboration, Y. Fukuda et al., Evidence for oscillation of

atmospheric neutrinos, Phys. Rev. Lett. 81 (1998) 1562 [hep-ex/9807003] [INSPIRE].

[3] SNO collaboration, Q.R. Ahmad et al., Direct evidence for neutrino flavor transformation

from neutral current interactions in the Sudbury Neutrino Observatory, Phys. Rev. Lett. 89

(2002) 011301 [nucl-ex/0204008] [INSPIRE].

[4] P. Minkowski, µ→ eγ at a rate of one out of 109 muon decays?, Phys. Lett. 67B (1977)

421 [INSPIRE].

[5] T. Yanagida, Horizontal symmetry and masses of neutrinos, in the proceedings of the

Workshop on unified theory and baryon number in the universe, O. Sawada and A.

Sugamoto eds., KEK, Tsukuba, Japan (1979).

[6] M. Gell-Mann, P. Ramond, R. Slansky, Complex spinors and unified theories, in

Supergravity, D.Z. Freedman and P.van Nieuwenhuizen eds., North Holland, Amsterdam,

The Netherlands (1979).

[7] P. Ramond, The family group in grand unified theories, hep-ph/9809459 [INSPIRE]

[C79-02-25].

– 24 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1674-1137/40/10/100001
https://inspirehep.net/search?p=find+J+%22Chin.Phys.,C40,100001%22
https://doi.org/10.1103/PhysRevLett.81.1562
https://arxiv.org/abs/hep-ex/9807003
https://inspirehep.net/search?p=find+EPRINT+hep-ex/9807003
https://doi.org/10.1103/PhysRevLett.89.011301
https://doi.org/10.1103/PhysRevLett.89.011301
https://arxiv.org/abs/nucl-ex/0204008
https://inspirehep.net/search?p=find+EPRINT+nucl-ex/0204008
https://doi.org/10.1016/0370-2693(77)90435-X
https://doi.org/10.1016/0370-2693(77)90435-X
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B67,421%22
https://arxiv.org/abs/hep-ph/9809459
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9809459


J
H
E
P
1
2
(
2
0
1
7
)
0
7
5

[8] R.N. Mohapatra and G. Senjanović, Neutrino mass and spontaneous parity violation, Phys.

Rev. Lett. 44 (1980) 912 [INSPIRE].

[9] J. Schechter and J.W.F. Valle, Neutrino masses in SU(2)×U(1) theories, Phys. Rev. D 22

(1980) 2227 [INSPIRE].

[10] H. Fritzsch and P. Minkowski, Unified interactions of leptons and hadrons, Annals Phys. 93

(1975) 193 [INSPIRE].

[11] T. Ohlsson, Neutrino oscillations: celebrating the Nobel prize in physics 2015, Nucl. Phys.

B 908 (2016) 1.

[12] S.F. King, Tri-bimaximal-Cabibbo Mixing, Phys. Lett. B 718 (2012) 136

[arXiv:1205.0506] [INSPIRE].

[13] S.F. King, Unified models of neutrinos, flavour and CP-violation, Prog. Part. Nucl. Phys.

94 (2017) 217 [arXiv:1701.04413] [INSPIRE].

[14] S.F. King, Models of neutrino mass, mixing and CP-violation, J. Phys. G 42 (2015) 123001

[arXiv:1510.02091] [INSPIRE].

[15] S.F. King and C. Luhn, Neutrino mass and mixing with discrete symmetry, Rept. Prog.

Phys. 76 (2013) 056201 [arXiv:1301.1340] [INSPIRE].

[16] S.F. King, A. Merle, S. Morisi, Y. Shimizu and M. Tanimoto, Neutrino mass and mixing:

from theory to experiment, New J. Phys. 16 (2014) 045018 [arXiv:1402.4271] [INSPIRE].

[17] S.F. King and G.G. Ross, Fermion masses and mixing angles from SU(3) family symmetry,

Phys. Lett. B 520 (2001) 243 [hep-ph/0108112] [INSPIRE].

[18] S.F. King and G.G. Ross, Fermion masses and mixing angles from SU(3) family symmetry

and unification, Phys. Lett. B 574 (2003) 239 [hep-ph/0307190] [INSPIRE].

[19] I. de Medeiros Varzielas, S.F. King and G.G. Ross, Neutrino tri-bi-maximal mixing from a

non-Abelian discrete family symmetry, Phys. Lett. B 648 (2007) 201 [hep-ph/0607045]

[INSPIRE].

[20] S.F. King and M. Malinsky, A4 family symmetry and quark-lepton unification, Phys. Lett.

B 645 (2007) 351 [hep-ph/0610250] [INSPIRE].

[21] S. Morisi, M. Picariello and E. Torrente-Lujan, Model for fermion masses and lepton mixing

in SO(10)×A4, Phys. Rev. D 75 (2007) 075015 [hep-ph/0702034] [INSPIRE].

[22] F. Bazzocchi, M. Frigerio and S. Morisi, Fermion masses and mixing in models with

SO(10)×A4 symmetry, Phys. Rev. D 78 (2008) 116018 [arXiv:0809.3573] [INSPIRE].

[23] C. Hagedorn, M.A. Schmidt and A.Yu. Smirnov, Lepton mixing and cancellation of the

Dirac mass hierarchy in SO(10) GUTs with flavor symmetries T (7) and Σ(81), Phys. Rev.

D 79 (2009) 036002 [arXiv:0811.2955] [INSPIRE].

[24] F. Bazzocchi and I. de Medeiros Varzielas, Tri-bi-maximal mixing in viable family symmetry

unified model with extended seesaw, Phys. Rev. D 79 (2009) 093001 [arXiv:0902.3250]

[INSPIRE].

[25] S.F. King and C. Luhn, A new family symmetry for SO(10) GUTs, Nucl. Phys. B 820

(2009) 269 [arXiv:0905.1686] [INSPIRE].

[26] S.F. King and C. Luhn, A Supersymmetric grand unified theory of flavour with

PSL(2)(7)× SO(10), Nucl. Phys. B 832 (2010) 414 [arXiv:0912.1344] [INSPIRE].

– 25 –

https://doi.org/10.1103/PhysRevLett.44.912
https://doi.org/10.1103/PhysRevLett.44.912
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,44,912%22
https://doi.org/10.1103/PhysRevD.22.2227
https://doi.org/10.1103/PhysRevD.22.2227
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D22,2227%22
https://doi.org/10.1016/0003-4916(75)90211-0
https://doi.org/10.1016/0003-4916(75)90211-0
https://inspirehep.net/search?p=find+J+%22AnnalsPhys.,93,193%22
http://www.sciencedirect.com/science/journal/05503213/908/supp/C
http://www.sciencedirect.com/science/journal/05503213/908/supp/C
https://doi.org/10.1016/j.physletb.2012.10.028
https://arxiv.org/abs/1205.0506
https://inspirehep.net/search?p=find+EPRINT+arXiv:1205.0506
https://doi.org/10.1016/j.ppnp.2017.01.003
https://doi.org/10.1016/j.ppnp.2017.01.003
https://arxiv.org/abs/1701.04413
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.04413
https://doi.org/10.1088/0954-3899/42/12/123001
https://arxiv.org/abs/1510.02091
https://inspirehep.net/search?p=find+EPRINT+arXiv:1510.02091
https://doi.org/10.1088/0034-4885/76/5/056201
https://doi.org/10.1088/0034-4885/76/5/056201
https://arxiv.org/abs/1301.1340
https://inspirehep.net/search?p=find+EPRINT+arXiv:1301.1340
https://doi.org/10.1088/1367-2630/16/4/045018
https://arxiv.org/abs/1402.4271
https://inspirehep.net/search?p=find+EPRINT+arXiv:1402.4271
https://doi.org/10.1016/S0370-2693(01)01139-X
https://arxiv.org/abs/hep-ph/0108112
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0108112
https://doi.org/10.1016/j.physletb.2003.09.027
https://arxiv.org/abs/hep-ph/0307190
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0307190
https://doi.org/10.1016/j.physletb.2007.03.009
https://arxiv.org/abs/hep-ph/0607045
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0607045
https://doi.org/10.1016/j.physletb.2006.12.006
https://doi.org/10.1016/j.physletb.2006.12.006
https://arxiv.org/abs/hep-ph/0610250
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0610250
https://doi.org/10.1103/PhysRevD.75.075015
https://arxiv.org/abs/hep-ph/0702034
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0702034
https://doi.org/10.1103/PhysRevD.78.116018
https://arxiv.org/abs/0809.3573
https://inspirehep.net/search?p=find+EPRINT+arXiv:0809.3573
https://doi.org/10.1103/PhysRevD.79.036002
https://doi.org/10.1103/PhysRevD.79.036002
https://arxiv.org/abs/0811.2955
https://inspirehep.net/search?p=find+EPRINT+arXiv:0811.2955
https://doi.org/10.1103/PhysRevD.79.093001
https://arxiv.org/abs/0902.3250
https://inspirehep.net/search?p=find+EPRINT+arXiv:0902.3250
https://doi.org/10.1016/j.nuclphysb.2009.05.020
https://doi.org/10.1016/j.nuclphysb.2009.05.020
https://arxiv.org/abs/0905.1686
https://inspirehep.net/search?p=find+EPRINT+arXiv:0905.1686
https://doi.org/10.1016/j.nuclphysb.2010.02.019
https://arxiv.org/abs/0912.1344
https://inspirehep.net/search?p=find+EPRINT+arXiv:0912.1344


J
H
E
P
1
2
(
2
0
1
7
)
0
7
5

[27] I. de Medeiros Varzielas and G.G. Ross, Discrete family symmetry, Higgs mediators and

θ13, JHEP 12 (2012) 041 [arXiv:1203.6636] [INSPIRE].

[28] A. Anandakrishnan, S. Raby and A. Wingerter, Yukawa unification predictions for the

LHC, Phys. Rev. D 87 (2013) 055005 [arXiv:1212.0542] [INSPIRE].

[29] F. Björkeroth, F.J. de Anda, I. de Medeiros Varzielas and S.F. King, Towards a complete

∆(27)× SO(10) SUSY GUT, Phys. Rev. D 94 (2016) 016006 [arXiv:1512.00850]

[INSPIRE].

[30] F. Björkeroth, F.J. de Anda, I. de Medeiros Varzielas and S.F. King, Towards a complete

A4× SU(5) SUSY GUT, JHEP 06 (2015) 141 [arXiv:1503.03306] [INSPIRE].

[31] I. de Medeiros Varzielas, S.F. King and G.G. Ross, Tri-bimaximal neutrino mixing from

discrete subgroups of SU(3) and SO(3) family symmetry, Phys. Lett. B 644 (2007) 153

[hep-ph/0512313] [INSPIRE].

[32] S.F. King and M. Malinsky, Towards a complete theory of fermion masses and mixings with

SO(3) family symmetry and 5−D SO(10) unification, JHEP 11 (2006) 071

[hep-ph/0608021] [INSPIRE].

[33] G. Altarelli, F. Feruglio and C. Hagedorn, A SUSY SU(5) grand unified model of

tri-bimaximal mixing from A4, JHEP 03 (2008) 052 [arXiv:0802.0090] [INSPIRE].

[34] P. Ciafaloni, M. Picariello, E. Torrente-Lujan and A. Urbano, Neutrino masses and

tribimaximal mixing in minimal renormalizable SUSY SU(5) grand unified model with A4

flavor symmetry, Phys. Rev. D 79 (2009) 116010 [arXiv:0901.2236] [INSPIRE].

[35] T.J. Burrows and S.F. King, A4 family symmetry from SU(5) SUSY GUTs in 6d, Nucl.

Phys. B 835 (2010) 174 [arXiv:0909.1433] [INSPIRE].

[36] I.K. Cooper, S.F. King and C. Luhn, SUSY SU(5) with singlet plus adjoint matter and A4

family symmetry, Phys. Lett. B 690 (2010) 396 [arXiv:1004.3243] [INSPIRE].

[37] I.K. Cooper, S.F. King and C. Luhn, A4xSU(5) SUSY GUT of flavour with trimaximal

neutrino mixing, JHEP 06 (2012) 130 [arXiv:1203.1324] [INSPIRE].

[38] S. Antusch, S.F. King and M. Spinrath, Measurable neutrino mass scale in A4 × SU(5),

Phys. Rev. D 83 (2011) 013005 [arXiv:1005.0708] [INSPIRE].

[39] S. Antusch, S.F. King, C. Luhn and M. Spinrath, Right unitarity triangles and

tri-bimaximal mixing from discrete symmetries and unification, Nucl. Phys. B 850 (2011)

477 [arXiv:1103.5930] [INSPIRE].

[40] D. Meloni, Bimaximal mixing and large θ13 in a SUSY SU(5) model based on S4, JHEP 10

(2011) 010 [arXiv:1107.0221] [INSPIRE].

[41] T.J. Burrows and S.F. King, A4 × SU(5) SUSY GUT of flavour in 8D, Nucl. Phys. B 842

(2011) 107 [arXiv:1007.2310] [INSPIRE].

[42] C. Hagedorn, S.F. King and C. Luhn, SUSY S4 × SU(5) revisited, Phys. Lett. B 717 (2012)

207 [arXiv:1205.3114] [INSPIRE].
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