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1 Introduction and outline

The AdS/CFT correspondence is a conjectured duality relating certain quantum field the-
ories (QFTs) to quantum gravity [1]. This typically relates a strong coupling limit in field
theory to semi-classical gravity, and quantitative comparisons between the two sides usu-
ally rely on additional symmetries, such as supersymmetry or integrability. Starting with
the work of [2], recently localization techniques in supersymmetric gauge theories defined
on rigid supersymmetric backgrounds have led to new exact computations. Moreover, the
appropriate strong coupling limits have been successfully matched to semi-classical gravity



calculations, in a variety of different set-ups.! On the other hand, localization in QFT orig-
inated in [4], where the topological twist was introduced to define a topological quantum
field theory (TQFT). It is natural to then ask whether one can define and study holography
in this topological setting. Indeed, what does gravity tells us about TQFT, and vice versa?
In this paper, we take some first steps in this direction.

1.1 Background

In [4], Witten gave a physical construction of Donaldson invariants of four-manifolds [5-7]
as certain correlation functions in a TQFT. This theory is constructed by taking pure
N = 2 Yang-Mills gauge theory and applying a topological twist: identifying a back-
ground SU(2) R-symmetry gauge field with the right-handed spin connection results in a
conserved scalar supercharge Q, on any oriented Riemannian four-manifold (My, g). The
path integral localizes onto Yang-Mills instantons, and correlation functions of Q-invariant
operators localize to integrals of certain forms over the instanton moduli space M. These
are precisely Donaldson’s invariants of My. They are, under certain general conditions,
independent of the choice of metric g on My, but in general depend on the diffeomorphism
type of My. In particular, Donaldson invariants can sometimes distinguish manifolds which
are homeomorphic but not diffeomorphic. That this is possible is because the instanton
equations are PDEs, which depend on the differentiable structure. From the TQFT point
of view, independence of the choice of metric follows by showing that metric deformations
lead to O-exact changes in the integrand of the path integral. For example, the stress-
energy tensor is Q-exact, implying that the partition function is invariant under arbitrary
metric deformations, and hence (formally at least) is a diffeomorphism invariant.

Donaldson-Witten theory is typically studied for pure N'= 2 Yang-Mills, with gauge
group ¢4 = SU(2) or ¥ = SO(3). However, the topological twist may be applied to
any N/ = 2 theory with matter, and also for any gauge group ¢. For example, ¥ =
SU(N) Donaldson invariants were first studied in [8], with further mathematical work in [9].
In particular the latter reference contains some explicit large N results for the partition
function on certain four-manifolds. The procedure of topological twisting may also be
applied to theories with different amounts of supersymmetry, and in various dimensions.
For example, the larger SU(4) R-symmetry of four-dimensional N' = 4 Yang-Mills leads to
three inequivalent twists [10]. Viewing the N' = 4 theory as an N/ = 2 theory coupled to
an adjoint matter multiplet, applying the Donaldson-Witten twist leads to a TQFT that is
referred to as the “half-twisted” N' = 4 theory. This theory is relevant for the construction
in the present paper. The other two twists are the Vafa-Witten twist [11], and the twist
studied by Kapustin-Witten in [12], relevant for the Geometric Langlands programme.
Historically the development of Donaldson-like invariants took a rather different direction
after the introduction of Seiberg-Witten invariants in [13]. The former may be expressed
(conjecturally) in terms of the latter, but Seiberg-Witten theory is simpler and easier to
compute with.

LA review of some of these results appears in [3], although many more results have appeared since.



The Donaldson-Witten twist of AN/ = 2 gauge theories can be understood as a special
case of rigid supersymmetry. Soon after Witten’s paper, Karlhede-Rocek interpreted the
construction as coupling the gauge theory to a background (i.e. non-dynamical) N' = 2
conformal gravity [14]. The background SU(2) R-symmetry gauge field is part of this grav-
ity multiplet, and is embedded into the spin connection in such a way that the Killing
spinor equations of the theory admit a constant solution, leading to the conserved scalar
supercharge Q. There is also an auxiliary scalar field turned on in this background gravity
multiplet, proportional to the Ricci scalar curvature of (My, g). Motivated by the work of
Pestun in [2], the last few years have seen considerable interest in defining rigid supersym-
metry more generally on Riemannian manifolds. Unlike the topological twist, this generally
requires the background d-manifold (My, g) to possess some additional geometric structure,
and correlation functions of Q-invariant observables then usually depend on this structure.
For example, one can couple four-dimensional N’ = 1 theories with a U(1) R-symmetry to
a background new minimal supergravity. Geometrically this construction requires (My, g)
to be a Hermitian four-manifold, with an integrable complex structure [15, 16]. General-
izing [14], similarly N/ = 2 theories may be coupled to a background N = 2 conformal
supergravity [17]. Generically this requires the existence of a conformal Killing vector on
(My,g), but the topological twist arises as a degenerate special case, in which (My,g)
is arbitrary.

An interesting application of these constructions is to the AdS/CFT correspondence.
Here strong coupling (typically large rank N) gauge theory computations are related to
semi-classical gravity. The general idea is as follows. Rigid supersymmetry generically
equips the background manifold (Mg, ¢g), on which the gauge theory is defined, with certain
additional geometric structure, such as the integrable complex structure mentioned for
four-dimensional A/ = 1 theories above. In the gravitational dual description one seeks
solutions to an appropriate supergravity theory in d + 1 dimensions, where (M, g) arises
as a conformal boundary. That is, the (d 4 1)-dimensional metric is asymptotically locally
hyperbolic, approximated by dzi; + Z% g to leading order in z near the conformal boundary
at z = 0. A saddle point approximation to quantum gravity in this bulk then identifies

Z[Mg) =) e Sl (1.1)

Here Z[M,] denotes the partition function of the gauge theory defined on M, while S[Yz1]
is the holographically renormalized supergravity action, evaluated on an asymptotically
locally hyperbolic solution to the equations of motion of the (d 4 1)-dimensional theory.
The manifold My = 0Y411 is the conformal boundary, with the boundary conditions for
supergravity fields on Yy fixed by the rigid background structure of M.

The general AdS/CFT relation (1.1) is somewhat schematic, and both sides must
be interpreted appropriately. For example, in order to make sense of the left hand side
for topologically twisted four-dimensional N' = 2 SCFTs it can be refined, as discussed
in section 6.1. On the other hand, the sum on the right hand side of (1.1) is not well
understood. One should certainly include all saddle point solutions on smooth manifolds
Yir1. However, the existence of such a filling immediately implies that My has trivial



class in the oriented bordism group ng, in general constraining the choice of My.? That
said, various explicit examples (see, for example, [18-20]) suggest that requiring Yy, to
be smooth is in any case too strong: one should allow for certain types of singular fillings
of (My,g), and indeed these may even be the dominant contribution in (1.1) (especially
for non-trivial topologies of M,). There are some clear constraints, although no general
prescription.® The supergravity action S typically scales with a positive power of N, and
in the N — oo limit only the solution of least action contributes to (1.1) at leading order,
with contributions from other solutions being exponentially suppressed.

1.2 Outline

In this paper we construct a holographic dual to the Donaldson-Witten twist of four-
dimensional N/ = 2 gauge theories. As already mentioned, this twist may be interpreted as
coupling the theory to a particular background N' = 2 conformal gravity multiplet. On the
other hand, four-dimensional A” = 2 conformal gravity arises on the conformal boundary of
asymptotically locally hyperbolic solutions to the Romans [22] N = 4T gauged supergravity
in five dimensions [23]. The real Euclidean signature version of this theory described in
section 2 has, in addition to the bulk metric G, an SU(2) R-symmetry gauge field .Ali
(I = 1,2,3), a one-form C, and a scalar field X. (In general there is also a doublet of
B-fields, but this is zero for the topological twist boundary condition, and moreover may
be consistently set to zero in the Romans theory.)

The main property of a topological field theory is that appropriate correlation func-
tions, including the partition function, are independent of any choice of metric. Assuming
one is given an appropriate solution to the Romans theory with (My, g) as conformal bound-
ary, we therefore expect the holographically renormalized action to be independent of g.
Here one can mimic the field theory argument in [4], and attempt to show that arbitrary
deformations g;; — gi; + d¢;; leave this action invariant. We have the general holographic
Ward identity formula

69 = y d*z+/det g @TJ Sg7 + FioAl + E(SX1> . (1.2)
4
Here S is the renormalized supergravity action of the Euclidean Romans theory, defined
in section 2, while (g;;, AF X1) are the non-zero background fields in the A" = 2 conformal
gravity multiplet for the topological twist. Equivalently, these arise as boundary values
of the Romans fields: in particular A! is simply the restriction of the bulk SU(2) R-
symmetry gauge field to the boundary at z = 0, while X7 = lim, ,o(X —1)/2%log z. For
the topological twist these quantities are all fixed by the choice of metric g;;: A{ is fixed

to be the right-handed spin connection, while X; = —R/12, where R = R(g) is the Ricci
scalar for g. Thus the variations of these fields appearing in (1.2) are all determined by the

2For example, in the case of interest in this paper d = 4, and Q5° = Z with the map to the integers being
given by the signature o(M4) = bJ (M4) — by (My) = %fM4 p1(Ma), where p1 denotes the first Pontryagin
class. A generator of 05° =~ Z is the complex projective plane.

30ne might also speculate that the dominant contribution may come from complex saddle points; that
is, from complex-valued metrics — see, for example, [21]. In this paper we focus on real solutions.



metric variation dg;;. On the other hand, T;;, ¢ I’ and = are respectively the holographic
vacuum expectation values (VEVs) of the operators for which these boundary fields are
the sources. In particular 7j; is the holographic stress-energy tensor. As is well-known,
the expansion of the equations of motion near z = 0 does not fix these VEVs in terms of
boundary data on My, but rather they are only determined by regularity of the solution
in the interior. Determining these quantities for fixed boundary data is thus an extremely
non-linear problem. What allows progress in this case is supersymmetry: the partition
function should be described by a supersymmetric solution to the Romans theory.* By
similarly solving the Killing spinor equations in a Fefferman-Graham-like expansion, we
are able to compute these VEVs for a general supersymmetric solution. This still leaves
certain unknown data, ultimately determined by regularity in the interior, but remarkably
these constraints are sufficient to prove that (1.2) is indeed zero, for arbitrary dg;;! More
precisely, we show that the integrand on the right hand side is a total derivative, and its
integral is then zero provided My is closed, without boundary. The computation, although
in principle straightforward, is not entirely trivial, and along the way we require some
interesting identities that are specific to Riemannian four-manifolds (notably the quadratic
curvature identity of Berger [24]). This is the main result of the paper, but it immediately
raises a number of interesting questions. We postpone our discussion of these until later
in the paper, notably at the end of section 4, and in sections 5 and 6.

The outline of the paper is as follows. In section 2 we define the relevant five-
dimensional Euclidean N' = 41 gauged supergravity theory, and holographically renormal-
ize its action S. In section 3 we show that on the conformal boundary of an asymptotically
locally hyperbolic solution to this theory one obtains the supersymmetry equations [17]
of Euclidean N/ = 2 conformal supergravity, which admits [14] the topological twist as a
solution. We then expand the bulk supersymmetry equations in a Fefferman-Graham-like
expansion. Section 4 contains the main proof that §5/dg;; = 0, while in section 5 we
reformulate the supersymmetry equations in terms of a first order differential system for
a twisted Sp(1) structure. On the conformal boundary this induces the canonical quater-
nionic Kéhler structrure that exists on any oriented Riemannian four-manifold. This paper
raises a number of interesting questions, prompting further computations, and the results
may potentially be extended and generalized in a number of different directions. We com-
ment on some of these issues in section 6.

2 Holographic supergravity theory

We begin in section 2.1 by defining a real Euclidean section of N' = 4% gauged supergravity
in five dimensions. A Fefferman-Graham expansion of asymptotically locally hyperbolic
solutions to this theory is constructed in section 2.2, for arbitrary conformal boundary
four-manifold (My, g). Using this, in section 2.3 we holographically renormalize the action.

4If the dominant saddle point in (1.1) were non-supersymmetric, this would presumably be interpreted
as spontaneous breaking of supersymmetry in the dual TQFT. This is certainly not expected in the case at
hand, but would be interesting to investigate further.



2.1 Euclidean Romans A = 4" theory

The Lorentzian signature Romans N = 471 theory [22] is a five-dimensional SU(2) x U(1)
gauged supergravity which admits a supersymmetric AdSs; vacuum. It is a consistent trun-
cation of both Type IIB supergravity on S° [25], and also eleven-dimensional supergravity

on an appropriate class of six-manifolds Ng [26]. The bosonic sector comprises the metric
G, a dilaton ¢, an SU(2)p Yang-Mills gauge field AIIL (I =1,2,3), a U(1l)r gauge field

«
p

1
blet under U(1)r = SO(2)g. It is convenient to introduce the scalar field X =e V6 ¢ and
the complex combinations B* = B* +iB°. The associated field strengths are F = d.A,
Fl=dAl - %eIJK.AJ/\.AK, and H* = dBT* FiAAB*E. We have set the gauged supergravity
gauge coupling to 1.°

A, and two real anti-symmetric tensors B, o = 4,5, which transform as a charged dou-

The bosonic action and equations of motion in Lorentzian signature appear in [25].
However, as we are interested in holographic duals to TQFTs defined on Riemannian four-
manifolds, we require the Euclidean signature version of this theory. The Wick rotation
in particular introduces a factor of i into the Chern-Simons couplings, leading to the Eu-
clidean action

1 1
I=—o [R*l —3X2dX AxdX +4(X? +2X N« — 5X“JFA «F (2.1)
K3

1 1 1 i
—ZX*Q(J-“’A*]-“IJFB*A*B+)+§B*AH+—§B+AH*—iFIA]-“IAA .

Here R = R(G) denotes the Ricci scalar of the metric G, and * is the Hodge duality

operator acting on forms. The associated equations of motion are:®

1 1
d(X 1 «dX) :§X4 F A *F — Ex—Q (FIA«FI + B~ AxBT)

— g(XQ — XY x1, (2:2)

AX2xFh = e, X 25 FINAR —iFIAF, (2.3)
d(X* % F) = — i}‘l ANFL— iB‘ ABY, (2.4)
H* =+ X 24 BF, (2.5)

4 1 1
Ry, = 3X7%9,X0,X — g<X2 +2XHG,, + 5X4 (fﬂpfyp — 6GW}"2>

1 1 1
+ ZX*2 <fgpfjp — 6GW(FI)2 +B7(, B, — 6GM,,BWB+’”> . (2.6)

Here 2 = F,, FH, (F1)? = S ]-'il,]ﬂ“”. In general equations (2.2)—(2.6) are complex,
and solutions will likewise be complex. However, note that setting iA = C effectively

®In addition we have rescaled the SU(2) g gauge field and the anti-symmetric tensors by a factor of 1/v/2,
compared to [25].
®Equation (2.3) incorporates a correction to the Lorentzian equation, in line with [26].



removes all factors of i. We may then consistently define a real section of this Euclidean
theory in which all fields, and in particular C and B+ = B* +iB?, are real. We henceforth
impose these reality conditions. Although globally A is a U(1)g gauge field in the original
Lorentzian theory, after the above Wick rotation the real field C = iA effectively becomes
an SO(1,1)r gauge field. We may then think of C as a global one-form, but for which the
theory has a symmetry C — C—dA, for any global function A\. We denote the corresponding
field strength as G = dC = iF.

In the Lorentzian theory the fermionic sector contains four gravitini and four dilatini,
which together with the spinor parameters € all transform in the fundamental 4 representa-
tion of the Sp(2)g global R-symmetry group. The SU(2) x U(1) C Sp(2) gauge symmetry
arises as a gauged subgroup. Since Sp(2) = Spin(5) it is natural to introduce the associated
Clifford algebra Cliff(5,0), with generators I'y, A = 1,...,5, satisfying {I'4,'p} = 2d45.
We then decompose I,J, K = 1,2, 3, transforming in the 3 of SU(2), and o, = 4,5 in
the 2 of U(1). In Euclidean signature the conditions for preserving supersymmetry are
then the vanishing of the following supersymmetry variations of the gravitini and dilatini,
respectively:

i 1
0= Dye+ %W (X + 2X_2>I‘45e

i

+ o7 (W = 40707) (X N(FL L1+ Bola) + X2 Fp) €, (2.7)
0= \gg"y“X_l@uXe n \}3 (X - X_2)F45e
+ 8\1@%” (X—1 (FiTr+ ByTa) — 2X2fw)e, (2.8)
where the covariant derivative is
Dye=Ve+ %AMF%G + %Aﬁrf45e : (2.9)
Here vy, p = 1,...,5, are generators of the Euclidean spacetime Clifford algebra, satisfying

{Vu:w} = 2G,., where recall G, is the metric. Given the gauging it is natural to introduce
the following choice of generators:

I'r=03®0;, 1=1,2,3, I'y=01®19, I's =09 ® 19, (2.10)

where o7 are the Pauli matrices, and 1o denotes the 2 x 2 identity matrix. In particular
notice that I'y5 = io3 ® 15 squares to —14, and we may write

€+
€= (6_> , (2.11)

where the spinor doublets e* denote projections onto the +i eigenspaces of I'y5, respectively.

One then has
+ — —
ore B e
Tre = BY T e = Hy ) 2.12
JE (—O’]E) ; jn% o€ (B;V6+> ( )



We next introduce the charge conjuguation matrix % for the Euclidean spacetime Clifford

algebra. By definition v, = ‘K_WM%, and one may choose Hermitian generators 'y): = Y

together with the conditions € = €* = —¢7, ¢? = —1. We may then define the following
charge conjugate spinor in Euclidean signature

€€ = (03 ®1i0y) Ce* . (2.13)

It is straightforward to check that (¢¢)° = e. Moreover, provided C = iA and B* (and all
other bosonic fields) are real, then one can show that e satisfies the gravitini and dilatini
equations (2.7), (2.8) if and only if its charge conjugate €® satisfies the same equations.
Given this property, we may consistently impose the symplectic Majorana condition €© = e.
We will be interested in solutions that satisfy these reality conditions.

2.2 Fefferman-Graham expansion

In this section we determine the Fefferman-Graham expansion [27] of asymptotically locally
hyperbolic solutions to this FEuclidean Romans theory. This is the general solution to the
bosonic equations of motions (2.2)—(2.6), expressed as a perturbative expansion in a radial
coordinate near the conformal boundary.

We take the form of the metric to be [27]

1., 1 S o
Gdatde” = Z—zdz + ?gijdxldaﬂ = ?dz + hjjda’da’ . (2.14)

where the AdS radius ¢ = 1, and in turn we have the expansion
gij = g?j + ng?j + 24 (gfj + hgj(log 2)% + h%j log z) + 0(24) ) (2.15)

Here g?j = gi; is the boundary metric induced on the conformal boundary M, at z = 0.
It is convenient to introduce the inner product («, 5) between two p-forms «, g via

1 1
aAxf = Eam..ﬂpﬁ“l"'“” vol = H(a, B) vol, (2.16)

where vol denotes the volume form, with associated Hodge duality operator x. The volume
form for the five-dimensional bulk metric (2.14) is

1 1
vols = —dz Avolg = —dz A Vdetgdzt Ao Ada?t (2.17)
z z

The determinant may then be expanded in a series in z, around that for g, as follows

4

Z
2

2
Vdetg = \/detg’ [1 + 5t 4 <t(4) - %tm) + %(16(2))2
+ 1 (log 2)? + uM log zﬂ +o(z"). (2.18)

Here we have denoted t(") = Tr[(g")'g"], u = Tr[(g)~'h"] and t(2:2) = Tr[(go)*ng]Q.



The remaining bosonic fields are likewise expanded as follows:

X =1+22(X1logz+ Xo) + 24 (Xslogz + Xy) + o(2), (2.19)

Al = AT 4 22(allog z + ab) + o(2?) , (2.20)

A=a+2%(a;logz + ag) + o(2?), (2.21)
1

B* = ;bi +dz AbF 4 2(bE log 2 + bF) + o(2), (2.22)

A priori there are additional terms that appear in these expansions. However, these may
either be gauged away, or turn out to be set to zero by the equations of motion, and we
have thus removed them in order to streamline the presentation.

We now substitute the above expansions into the equations of motion (2.2)-(2.6) and
solve them order by order in the radial coordinate z in terms of the boundary data g =
g, X1, A" a and b*. This will leave a number of terms undetermined. For the Einstein
equation (2.6) we will need the Ricci tensor of the metric (2.14):

4 1 B 1, 10 i 2
Ro=-5-5 (Tr [g710%] — _Tr [g7'0.8] — 5 Tx g7 0ug] ) ) (2.23)
Rij =~ —58ij ~ (23zg —5;0:6 = 5(0:8)g (0-g) + ;(9:6)Tr [g™ O:g]

1 _
~ R(g) — 5 _€Tr [ 0:¢] ) N (2.24)
ij

1, ..

R.i—— §(g 1)]k(vigjk7z _ ngz'j,z) . (2.25)

Here V is the covariant derivative for g, and we have corrected the sign of R(g);; and the
right hand side of (2.25) compared to [28].
Examining first the equation (2.5) gives at leading order

#g0 b = FbT (2.26)

so that the boundary B-fields b™, b~ are required to be anti-self-dual and self-dual, respec-
tively. At subleading orders one finds

bf = Frgo (VT FiaAbT) | g by = (b3 — 2X1bF). (2.27)

In particular notice that the first equation fixes bit in terms of boundary data, while the
second equation determines only the anti-self-dual/self-dual parts of bQi, respectively. An
equation may also be derived for b?, although we will not need this in what follows.

Next the gauge field equations (2.3), (2.4) determine

1 .
a1:—§ *god*gof+§*g0 (b_/\b—li_‘i‘b—’—/\bl_),

aj = — = #g0 Dxgo F!, (2.28)

2



in terms of boundary data, where the curvatures are f = da, F/ = dA! — 2 JKAJ N AK,
and we have introduced a gauge covariant derivative with respect to the boundary SU(2)
field: Dol = da! — eIJKAJ A o In addition we have the constraints

d#go ag = — éFI AFT Dwgoab =0, (2.29)

which leave ao and aé partially undetermined.
Turning next to the scalar equation of motion (2.2) we find

1
AXy = — V2X, — 2 (t<2>X1 - 2X12) — 57 (07 5)g + (07 55)g0) (2.30)
41X, = — VX, — ( X, + 26D X, — X2 — 4X, X, +4X3> - i(pl Fhy o + 6<f £)go

1 ) 1 .

12<b+ b g + 15 (b g2 obt ) — — (<b b3 )go 4+ (7,03 )go) - (2.31)

We regard these as determining X3, X4 in terms of X; (a boundary field), and X9 (which is
undetermined by the equations of motion), together with the other fields in the expansion.
In the second equation we have used the definition

(g2 0] Oé)z'l...ip = (gQ)[ilja|j|i2~--ip} y (2.32)

where « is a p-form on M. Here indices are always raised with g%, so (g2);/ = (g%)ir(g?)*7.
Finally, we introduce the matter modified boundary Ricci tensor

Hij = Rij(g") = Rij(g”) — %(bﬂ(ik(b_)j)k : (2.33)

Notice the scalar curvature is Z(g") = R(g"), due to the opposite duality properties (2.26)
of b*. From the ij component of the Einstein equation (2.6), using (2.24) gives

1
ggj i <% gzj%> (2.34)

The right hand side is a matter modified form of the Schouten tensor. From this expression
we immediately deduce the traces

1 1 2
+(2) — _ 6%’ $(2:2) — 1 <<@ij<@” _ 9%2> . (2.35)

The zz component of the Einstein equation in (2.6), together with (2.23), determines the
traces of higher order components in the expansion of the bulk metric:

ul® = —2x2, (2.36)
1
uV = —4X1 X5 + 9% (07, by )go + (b7, b;>g0) g (2.37)
(4) — 422) _ 0 _ 5,0 1 1 pl
4t = $22) _ (0 _ 3, _ 3x7? —8X2—12X1X2—|— (f,£)g0 F L FTY g0
1 - 1, -
—6<b1+,bl>go—ﬁ<b (g% 0b™)) o+*(<b by )go + (b” b+> o) - (2.38)

,10,



Returning to the ij component we may determine the logarithmic terms in (2.15):

hd = Zggj(u(‘” +2uM) +8X, X5)
- 16 O+ OO g (07 + 07| 239)
hi = fho +g2.(e") Mgl + ig,] (4@ — 2622 4 (1) 1 8X2)
+ 1 (VVigh + Vg, - Vg - ViV ) - ;(wf)(i(b;)j) SEn bt b;>go)
e R AR
o G R G T O EA (A W )]
- % _fz-kfj’f + F FlF — éggj <<f, f)go + 5(FI, F1>g0>} . (2.40)

The structure of the 5 component of the Einstein equation in four dimensions is such
that g* always appears with zero coefficient, and so is left undetermined. In the original
literature [29] the iz component has been used to determine g up to an arbitrary symmetric
divergence-free tensor. However, in the supergravity we are considering the presence of a
(log z)? contribution to the bulk scalar field expansion means that X appears without a
derivative, which hence spoils this approach. In section 3.4 we will see that by imposing
supersymmetry we obtain further constraints on the fields, and in particular this leads to
an expression for g in terms of other data.

2.3 Holographic renormalization

Having solved the bulk equations of motion to the relevant order, we are now in a position
to holographically renormalize the Euclidean Romans theory. The bulk action (2.1) is
divergent for an asymptotically locally hyperbolic solution, but can be rendered finite
by the addition of appropriate local counterterms. The corresponding computations in
Lorentzian signature have been carried out in [23].

We begin by taking the trace of the Einstein equation (2.6). Substituting the result
together with (2.5) into the Euclidean action (2.1), we arrive at the bulk on-shell action

Ion—shell = 22/ |:§(X2+2X1)*1—|—3X4f/\ *JT"+6X72JT"I/\*J_-‘I
*EX BT BT f]/\fIAA] (2.41)

Here Y5 is the bulk five-manifold, with boundary 0Ys = Mjy. In order to obtain the
equations of motion (2.2)—(2.6) from the original bulk action (2.1) on a manifold with
boundary, one has to add the Gibbons-Hawking term

1
Ign=— — d*zVdeth K = = / d*z 20,V det h. (2.42)
ks

6Y5 2] YS
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Here, more precisely, one cuts Y5 off at some finite radial distance, or equivalently non-
zero z > 0, and (My, h) is the resulting four-manifold boundary, with trace of the second
fundamental form being K. Recall from (2.14) that h;; = Z%gij.

The combined action Iy, ghenn + Icn suffers from divergences as the conformal boundary
is approached. To remove these divergences we use the standard method of holographic
renormalization [28-30]. Namely, we introduce a small cut-off z = § > 0, and expand all
fields via the Fefferman-Graham expansion of section 2.2 to identify the divergences. These
may be cancelled by adding local boundary counterterms. We find

Icounterterm = % / d*z Vdet h {3 + iR(h) + B(X — 1)2 - %«,577 B+>h
5 JOYs5
+log s [— ;(gij(h)@ij (h) — ;,@(W) + g(log 5)2(X — 1)2
v m w1 L E L (2.43)
48 ’ h R 5 h 16 ) h . .

Notice the somewhat unusual form of the logarithmic term for the scalar field X, but cf. the
expansion (2.19). As is standard, we have written the counterterm action (2.43) covariantly
in terms of the induced metric h;; on My = 0Y5. The total renormalized action is then

S = %1_13(1) (Ion—shell + IGH + Icounterterm) 5 (2.44)

which by construction is finite.

The choice of local counterterms (2.43) defines a particular renormalization scheme,
that is in some sense a “minimal scheme” in the case at hand. However, we are free
to consider a non-minimal scheme where we add local counterterms to the action which
remain finite as ¢ — 0. For the supergravity theory we are considering, the following are an
independent set of finite counterterms that are both diffeomorphism and gauge invariant:”

1 ) y .
Iet, finite = — 2 oy d*zVdet h C1R2 + CQCijleUkl + Cgfij]:” + C4.7:i]j.7:h]
5 5
+ GE + 6P + (e M Fiy Fra + G /M FLFL ] (2.45)
Here (1,...,(s are arbitrary constant coefficients, C;j;; denotes the Weyl tensor of the

metric h;;, while the Euler scalar £ and Pontryagin scalar P are respectively
ikl i L P2 L ikt mn
&= RijuR —4R;;RY + R, P = 56 Rijmn R ™" . (2.46)

In particular, notice that for compact My = dY; without boundary, the second line of (2.45)
are all topological invariants: they are proportional to the Euler number x(My), the sig-
nature o(My), and the Chern numbers [}, ¢1(£)?, [, c2(V) respectively, where £ and V
denote the rank 1 and rank 2 complex vector bundles associated to the U(1)g and SU(2)g

"We may also add finite local counterterms constructed from the B-field. For example, terms proportional
to [,y. d*avdeth (H™,H )y, or [, d*zv/deth R(h)(B~,B"),. However, for the topological twist we will
later set the B-field to zero, and these terms will not be relevant to our discussion.
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gauge bundles, respectively. In the real Euclidean theory in which we are working, recall
that F = dA is globally exact (and purely imaginary), and in any case for the topological
twist studied later in the paper we will have A |57,= 0. Being topological invariants, the
variation of the action we shall compute in section 4 will be insensitive to the choice of
constants (s, ..., (s.

As emphasized in [31], in order to make quantitative comparisons in AdS/CFT it is
important to match choices of renormalization schemes on the two sides. In particular,
localization calculations in QFT make a (somewhat implicit) choice of scheme. In the
case at hand, we note that in [32] a supersymmetric Rényi entropy, computed in field
theory using localization, was successfully matched to a gravity calculation involving a
supersymmetric black hole in the N’ = 4T Romans theory. Here the supergravity action
was computed using the minimal scheme. Our computation in section 4 will imply that
this minimal scheme is indeed the correct one to compare to the topological twist of [4].
We shall make further comments on this, and the relation to recent papers [31, 33-35], in
section 4.2.

Given the renormalized action we may compute the following VEVs:

205 L 10s
<T%j>:%@7 <H>7\/§(5X1’
(=19 = L5 (2.47)

g sAlY - Jg6a;
Here, as usual in AdS/CFT, the boundary fields g% = gij, X1, A{ and a; act as sources for
operators, and the expressions in (2.47) compute the vacuum expectation values of these
operators. Similar expressions may also be written for the boundary fields b* for B*, but
these will be zero for the topological twist of interest and play no role in the present paper.
Using the above holographic renormalization we may write (2.47) as the following limits:

1 . 1 9 1 1
<le> = /{7% %I_I)I[l) ﬁ [ — Kij + Khij — (3 -+ 3(X — 1) )hij + 5 (%l(h) — iﬁ(h) hl']')
1 1 k 1 1 [ Ik 1 1 1
+ logd Z%ij(h) + i‘Ek‘FJ — ghij<./r, -7:>h + Zfilv’rj — Tﬁhij<f ,F >h
1 1 3
- gHi;lH*jkl = g (H HYY)), — 5 (log 67X — 1)2h2-j>] : (2.48)

where Kj; is the second fundamental form of the cut-off hypersurface (My, h;j) and the
B-field modified Bach tensor is (cf. (2.33))

2 1 2
Bij == ViV % — v? <%ij — 6@%) + 2V V% ) — 2R R + S AR
1 1
+ 5 hij (%kl%kl — 3%2> , (2.49)
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together with

- _ 1 . logé L »
(3 = g lim 57 [~ 3X 06X 4 6(X —1) +800g0) (X 1)
(gliy = ilim i{—* [dxi/\(X—Q* ]_—I_i_i]_—l/\A)} _‘_long.}-Iij}

4/&% 5—0 04 h ? J >

(T = — ji[—*h&miAXA*5f>—%bgéVTFU}. (2.50)

—— lim
2/{% 50 04

Here *j, denotes the Hodge duality operator for the metric h;;. A computation then gives
the finite expressions

1 1 1 1
(Tij) = 2 [28?3' + §h}j - 5(475(4) — 2t — §U(1))g?j — 3g); X3 — gt

+ %(Vkviggk +ViVgh, — Vel — Vivjt(2)) + ig?j (g0 R") - ig?jR
—é%ﬂ&@@m+wvwwwm—;%«wwag+w:@m>
G R P F T (251)
<a:%&, (2.52)
<i5=—4%Kd»+m¢»—xm@AFﬂm, (2.53)
(T = 2}% (1) + 2(a2)s] - (2.5)

Notice that these expressions contain a number of terms that are not determined, in terms
of boundary data, by the Fefferman-Graham expansion of the bosonic equations of motion.
In particular the gfj term in the stress-energy tensor Tj;, the scalar X5 that determines
=, and al, ay appearing in the SU(2)g and U(1)g current, respectively. The general
holographic Ward identity corresponding to the first three variations of the action is given
by equation (1.2). We will need the expressions (2.51)-(2.53) in section 4.

3 Supersymmetric solutions

In this section we study supersymmetric solutions to the Euclidean N/ = 4T theory. We
begin in section 3.1 by deriving the Killing spinor equations on the conformal boundary,
starting from the bulk equations (2.7), (2.8). We precisely recover the Euclidean N = 2
conformal supergravity equations of [17]. In section 3.2 we then recall from [14] how the
topological twist arises as a special solution to these Killing spinor equations, that exists
on any Riemannian four-manifold (My, g). We rephrase this in terms of the quaternionic
Kahler structure that exists on any such manifold, involving (locally) a triplet of self-dual
two-forms J/. Finally, in section 3.4 we expand solutions to the bulk spinor equations in a
Fefferman-Graham-like expansion.
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3.1 Boundary spinor equations

We begin by expanding the bulk Killing spinor equations (2.7), (2.8) to leading order near
the conformal boundary at z = 0. We will consequently need the Fefferman-Graham ex-
pansion of an orthonormal frame for the metric (2.14), (2.15), together with the associated
spin connection. The following is a choice of frame Ef} for the metric (2.14):

., EF=E. =0, E =-e, (3.1)

z z

!
E: =
where eg is a frame for the z-dependent metric g. The latter then has the expansion (2.15),
but for the present subsection we shall only need that

el =el +0(z%), (3.2)

where eg is a frame for the boundary metric g’ = g. The non-zero components of the spin
connection §2,,” at this order are correspondingly

07 =] +0(), 97 =) +0(2), (3.3)

K3 K3

where (w(o))iTk denotes the boundary spin connection.
The generators ~y; of the Clifford algebra Cliff (5, 0) in this frame are chosen to obey

Tz = 71234 - (34)

It follows that 42 = 1, and we may identify —v; with the boundary chirality operator. The
bulk Killing spinor is then expanded as

€ =22 4 212 4 0(21/?) . (3.5)

As in (2.11), we may further decompose the spinors e, 7 into their projections e*, n*
onto the =i eigenspaces of I'y5. At leading order in the z-component of the gravitino
equation (2.7) one then finds

— yzet = et (3.6)
so that the I'y5 eigenvalue of the leading order spinor ¢ is correlated with its boundary
chirality. Similarly, at the next order in the gravitino equation one finds the opposite
correlation for the spinor 7:

— et =Fn (3.7)

Recall that the boundary B-fields satisfy *4b™ = Fb* (see (2.26)). This together with

the chirality conditions (3.6) implies that

bE.eT =0, (3.8)

where - denotes the Clifford product (using the boundary frame). Using this, the leading
order term in the i-component of the gravitino equation is then seen to be identically
satisfied. The next order gives the pair of boundary Killing spinor equations:

O+ 1,z i 4
Di7e™ = Jbi’em F i~ =0, (3.9)
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where we have defined the covariant derivative
i

PO = g© 4
7 - 7 2

a; + %A{O’[ . (310)

Here VSO) denotes the Levi-Civita spin connection of the boundary metric g?j = ¢gij, and
Yi = 'y;eﬁ, SO that {’yi,’)/j} = 29@'.

Turning to the bulk dilatino equation (2.8), the leading order term is in fact equivalent
to the duality properties of b*, given the chiralities of e*. At the next order we obtain the
boundary dilatino equation

1 1 1
—f-eiiiFIaf‘ei:FBineiﬁ—ibjF'TFZFibf-ﬁ =0. (3.11)

The supersymmetry equations for four-dimensional Euclidean off-shell N' = 2 con-
formal supergravity have been studied® in [17], and our equations (3.9), (3.11) precisely
reproduce the equations in this reference.” Notice in particular that one can solve for the
(conformal) spinor 1 by taking the trace of (3.9) with 4%, to obtain

= ii@(%i : (3.12)

where P©) = 'yiDEO) is the Dirac operator. Taking the covariant derivative of (3.9) and
using the integrability condition for [Dgo),D§0)] then leads to the following form of the
dilatino equation

o 1
POPOE —iD;(b*) ;77T + <4X1 + 3R> et F2if- et =0, (3.13)

where R = R(g) is the Ricci scalar of the boundary metric. Requiring the boundary
fields g;;, X1, a, AT, b* to solve the spinor equations (3.9), (3.11) for e* in general imposes
geometric constraints. Remarkably, in [17] it is shown that generically these conditions
are equivalent to the boundary manifold (My,g) admitting a conformal Killing vector.
However, the topological twist background of [14] arises as a very degenerate case, where
in fact (My, g) may be an arbitrary Riemannian four-manifold. We turn to this case in the
next subsection.

3.2 Topological twist
The topological twist background of [14] is obtained by setting

e =0, a=0, b-=0, 9F=0. (3.14)

The boundary Killing spinor equation (3.9) immediately implies that €™ is covariantly
constant
DVt =0, (3.15)

8See [36] for related earlier work and [37] for a recent construction of Euclidean N' = 2 conformal
supergravity from a timelike reduction of a five-dimensional theory.
9The explicit notation change is AX? = —ia, AL, = A”, T}%Z = bt K% =T dxy = 2X.
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The dilatino equation, in the form (3.13), then fixes

1
Xi=——R. 1
L (3.16)

Recall that et is a doublet of positive chirality spinors: the Pauli matrices o; act
on these doublet indices, while the Clifford matrices v; act on the spinor indices. We may
write out the covariant derivative in (3.15) more explicitly by first introducing the following
explicit Hermitian representation

0 ios 0 —1, 1, 0
a: y 1 = 3 2: . 317
" (—iaa o) = (—12 0 > K (o —12> (3.17)

Here a = 1,2,3. Since v:e™ = —e*, we may identify each of the two spinors in the
doublet e with a two-component spinor, acted on by the second 2 x 2 block. With these
choices (3.15) reads

0 i = i
DE Jet = gt + 1T (OJ(O))Z.]k’}JaeJr + éAfUIé?JF =0, (3.18)

ik - . .
/" is the spin connection

where 77% are the self-dual 't Hooft symbols, and recall that (w(®)
for the boundary metric g;;. One may then solve (3.18) by taking

Al= Dol @O ()= ()i (3.19)
Here 7 = 1,2 labels the doublet indices, while a = 1,2 labels the positive chirality spinor
indices, and notice that the frame index a = 1,2,3 is identified with the gauge indices
I = 1,2,3. It is straightforward to check that (3.19) solves (3.18), for any constant c.
The SU(2)r gauge field A’ given by (3.19) is precisely the right-handed part of the spin
connection, where recall that Spin(4) = SU(2)_ x SU(2)4. Thus the SU(2)r gauge bundle
is identified with SU(2)..

More invariantly, et is a section of ST ® V, where ST denotes the positive chirality
spinor bundle over My, while V is the rank 2 complex vector bundle for which A’ is an
associated SU(2) connection. A priori this makes sense globally only when M, is a spin
manifold, when ST and V both exist as genuine vector bundles. However, the topological
twist (3.19) identifies V with ST, and their tensor product then always exists globally, even
when My is not spin.'® This topological construction of a spin-type bundle on a manifold
which is not necessarily spin was first suggested in [38], and is sometimes referred to as
a Sping structure, where here the group ¢4 = SU(2). Perhaps more familiar are Spin®
structures, where instead ¢ = U(1). (For example, this arises in Seiberg-Witten theory.)

It will be convenient later to introduce the triplet of self-dual two-forms

J{j = ni%eﬁ eg, (3.20)

0T here are various ways to see this. For example, the lack of a spin structure on Mj is detected by a
non-zero second Stiefel-Whitney class wa(My) € H2(M4, Z3). Concretely this means the cocycle condition
for the spin lift of the frame bundle fails up to some minus signs. However, if two copies are tensored
together all such signs square to +1, and the tensor product is a well-defined bundle.
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where recall that ez is the boundary frame for g;;. More explicitly, these read
H=cned+elnet, 2= eSnel+e2net, PB=cre?+ednet. (3.21)

Of course, in general a frame eg is only defined locally on My, in an appropriate open set,
and likewise the J/ in (3.21) are then well-defined forms only locally. More globally, local
frames are patched together with SO(4). The spin cover is Spin(4) = SU(2)_ x SU(2)4,
and the self-dual/anti-self-dual two-forms are precisely the representations associated to
SO(3)+ = SU(2)+/Zs. In particular, the {J!} rotate as a 3-vector under SO(3); C SO(4).
In this sense the J! in general don’t exist individually as global two-forms on My, but
instead as a triplet of forms that rotate appropriately. We comment further on this below.

One can also write the J/ in terms of spinor bilinears. Recall from the end of section 2.1
that the bulk spinors satisfy a symplectic Majorana reality condition. In particular the

boundary spinor T satisfies
(e =o€ (eT) =€, (3.22)

where recall that % is the charge conjugation matrix for the spacetime Clifford algebra. In
the explicit basis (3.17) we may take

— (“’2 Y ) . (3.23)
0 io9

Given the solution (3.19) one finds that the reality condition (3.22) is satisfied provided
the constant ¢ € R. Explicitly, the components of the doublet ™ are

(€)' =(0,0,0,0",  (9)?=(0,0,—c,0)" . (3.24)
We then define the boundary spinor
x= (M. (3.25)

This has square norm Yx = ¢, where the bar denotes Hermitian conjugate, and y of course
has positive chirality, —yzx = x. One easily checks that
2 c7l 1 —c 3 1
JF il = —xXYx, I = —X12)X, (3.26)
XX XX

where ¢ = €x*.

From the original definition (3.20), the J! inherit a number of algebraic identities from
those for the 't Hooft symbols. For example,

J{jJil = 9ik9jl — 9il9jk + €ijki - (3.27)

Using the metric to raise an index, one obtains a triplet (I7)’ ;= g™*(J7)k; of endomorphisms
of the tangent bundle of M,. These satisfy the quaternionic algebra

ol/ = ¢ — I 15 (3.28)
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One also finds that
VJk—EJKA J]k’ (329)

where the R-symmetry gauge field A’ here is precisely the right-handed spin connection
given by the topological twist (3.19). Notice that we may correspondingly write the cur-
vature as

1
Fl = iJilRijkl ; (3.30)

where R;ji; is the boundary Riemann tensor.

In general a quaternionic Kdhler manifold is a Riemannian manifold of dimension 4n
with holonomy Sp(n) - Sp(1) C SO(4n).!! Such manifolds admit, locally, a triplet of skew
endomorphisms I/ of the tangent bundle satisfying (3.28), for which the corresponding
triplet of two-forms J7 satisfy (3.29). Here A’ is the Riemannian connection corresponding
to the Sp(1) part of this holonomy group. For n = 1 notice that Sp(1) - Sp(1) = SO(4),
and such a structure exists on any Riemannian four-manifold (My,g) (as we have just
seen). Crucially, the two-forms (3.21) are not in general defined globally, but are (in
our language) twisted by the R-symmetry gauge field, transforming as a vector under
SO(3)r = SU(2)r/Zs. As such, they don’t define a reduction of the structure group to
SU(2)_, as a global set of such forms would do. Indeed, the globally defined tensor on
a quaternionic Kihler manifold is the four-form ¥ = J/ A J/ (summed over I), and in
four dimensions (n = 1) this is proportional to the volume form. The stabiliser of W is
Sp(n) - Sp(1), which is SO(4) when n = 1.

In dimensions n > 2 irreducible quaternionic Kahler manifolds are automatically Ein-
stein. Some authors choose to define a quaternionic Kahler four-manifold to be an Einstein
manifold with self-dual Weyl tensor, but we shall not use this terminology.

3.3 U(1)g current

Before continuing to expand the spinor equations into the bulk, in this subsection we pause
briefly to consider the VEV of the U(1)g current given by (2.54). In the topological twist
background equation, (2.28) gives a; = 0, so that (J) = —as/k2. On the other hand,
from (2.29) we obtain the U(1) anomaly equation

d*g (J) = gFI ANFT, (3.31)
5

where %4 denotes the Hodge duality operator on (M, g). Using equations (3.30) and (3.27)
this may be rewritten as

d *4 <J> 321% (8 + 73) 014, (332)
5

where £ and P are the Euler and Pontryagin densities, (2.46). On a compact M, without
boundary these integrate to fM Evoly = 32m2x(My), fM Pvoly = 48720 (My), so that

"See, for example, [39].
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integrating (3.32) over My gives'?

/ dx4 (J) = ;TZ [2x(My) + 30(My)] . (3.33)
My Ry

It follows that if ag, or equivalently (J), is a global one-form on My, then by Stokes’ theorem
the left hand side of (3.33) is zero, implying the topological constraint

2x(My) 4 30(My) =0 . (3.34)

Indeed, in section 2.1 we noted that we are studying gravitational saddle points in the
real Euclidean Romans theory, where the U(1)r gauge field A is a (purely imaginary)
global one-form. Related to this, the U(1)r symmetry effectively becomes an SO(1,1)r
symmetry after Wick rotation, as also emphasized in [17] (see also [2]). A number of
gravity expressions that we shall obtain below only make sense if as is interpreted as
a global one-form on My, at least in the set-up we have defined. Thus (3.34) already
restricts the topology of My. Interestingly, in section 6.1 we shall see that (3.34) also plays
an important role in the dual TQFT. Specifically, if (3.34) does not hold, the partition
function is zero!3

3.4 Supersymmetric expansion

In this section we continue to expand the bulk spinor equations to higher order in z.
From this we extract further information about some of the fields which are not fixed, in
terms of boundary data, by the bosonic equations of motion. We will continue to use the
boundary conditions appropriate to the topological twist. In particular we note that the
boundary B-fields b* = 0 in this case, and that setting the bulk B* = 0 is a consistent
truncation of the Euclidean N° = 4T theory. Moreover, in this case the bulk spinors
et satisfy decoupled equations, and since the leading order term e~ = 0 it is then also
consistent to set the bulk e~ = 0. We henceforth work in this truncated theory. This
subsection is somewhat technical. All of the relevant formulas that we need in section 4
are in any case summarized in that section, and a reader uninterested in the details may
safely skip the present subsection.

The frame, spin connection and spinor expansions beyond the leading order given in
section 3.1 will be needed, so we first give details of these. The frame expansion is

ef = ] + 22(e@)] + 21 |(log 2)2(6)] + log 2(W)] + ()] + o(=*), (3.35)

12 A little less laboriously we can instead note that FT is the curvature of the bundle of self-dual two-
forms A My, and the integral of the right hand side of (3.31) is proportional to the first Pontryagin class
p1(Ay Ma) = 2x(Ma) + 30 (Ma).

13In passing we note that (3.34) corresponds (with an appropriate choice of orientation) to equality in
the Hitchin-Thorpe inequality. In particular the only Einstein manifolds satisfying this condition are the
flat torus, a K3 surface, or a quotient thereof [40]. A non-example is S*, for which 2x(S*) + 30(S*) = 4.
On the other hand, for a complex surface (3.34) is equivalent to fM4 c1 A cer =0, where ¢1 = ¢1(My) is the
first Chern class of the holomorphic tangent bundle (the anti-canonical class).
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where in particular eg is a frame for the boundary metric. The additional spin connection

components we will need are

— 1+ 1 . = — e =
0 = ~el — —gifeld.gn 0.7 = gleld.el).
z

"o

(3.36)

The bulk spinor has €~ = 0 in our truncated theory, and we thus henceforth drop the
superscript on €™ — €, €T — & (we hope this abuse of notation won’t lead to any confusion).
The bulk spinor then has the following expansion

e =224 23283 4 252 (log 2 8% + £°) 4 27/2 ((log2)?&" +logz&" +€7) + o(z77?), (3.37)

where € is constant with positive chirality under —vz. As in equation (3.22) the bulk spinor
€ satisfies the reality condition

c

€ =i09%c" =€ . (3.38)

We start by analysing the bulk dilatino equation. At lowest order we find
i 1
0= Xe+ éFI (ole) = <X1 n 12R> , (3.39)

which is satisfied identically, where we have used (3.16) and (3.30). At the next order
we find 1
ial - (o7e) = —(dR) €. (3.40)

This is effectively a matrix equation, of which we shall see many more. Components of
such equations may be extracted by first noting that

X
. (_%XJ , (3.41)

in the notation of section 3.2. For example, one can then take the first component of (3.40),
and apply X, on the left. Taking the real part, and using the definitions (3.26) of J! in

terms of spinor bilinears, one obtains

: 1
(a})'J]; = Vil (3.42)

We shall make use of similar manipulations throughout this subsection. Focusing on (3.42),
recall that af is already fixed in terms of the SU(2) covariant divergence of F!, via equa-
tion (2.28). The latter reads (al); = %DjFé Starting from this and (3.30), and using the
identity aygJ? PIL9 = ayy — 2(%) 1, Where ay, is any two-form, one can show that (3.42)
is an identity. We may then differentiate (3.42) and, upon using the quaternionic Kéhler

equation (3.29), we obtain
y 1
(Dai)?J]; = —ZVQR. (3.43)
This relation appears frequently hereafter.

At the next order in the dilatino equation we find an equation involving several unde-
termined fields:

1
iaé . (015) = <2ia2 + 3d X5 + SdR) €, (3_44)
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from which we similarly extract
(a3)'3]; = —2i(az); — 3V, Xa — éij . (3.45)
From this expression, taking a covariant derivative and symmetrizing indices gives
3ViV; Xy = D(ah)* ], — 21V ;(az) ) — éviij . (3.46)
At higher order still we have
Xse=X1(1+92)e® — 11—22)@{ (o7e) . (3.47)

As e has positive chirality we can act with P_ = %(1 + 7z) to deduce that €3 also has
positive chirality. It then follows that

1 . 1
X3 = (Dai)?J]; = @VZR : (3.48)

12

where we have used (3.43). This expression for X3 is equivalent to that in (2.30), for the
topological twist. Finally, at order O(27/2) we have

1 1 i
Xge=— §X36 - §X1 e — B [(Daé) (ore) —2fp e+ F' - (0153)]
i R —
— 15 & (€®)iF(0re). (3.49)

Here e% is the inverse frame to e}, with e% and (e(Q))% being coefficients in its expansion,

precisely as in (3.35). We have also defined fa = day. Since &3

is so far undetermined, we
cannot yet extract an expression for X4. This concludes the expansion of the bulk dilatino
equation.

Turning next to the bulk gravitino equation, at lowest order in the z direction we find,

after using the fact that €3 has positive chirality, that

L3 7
—g" e} (6(2));’}’58. (3.50)

1
3—7 —
6—48R6 1

As a metric defines the frame only up to an arbitrary local SO(4) rotation, it is conve-

nient to gauge fix :chis arbitrariness. A consistent gauge choice is (e(?))! = %(gQ)Zj e/ and

(e@)t = — el (g?)’;, where recall that g? is fixed in terms of the boundary Schouten tensor

i J

via (2.34). This then implies that

N NN o T

gZ] e% (e( ))% = _igﬁ7 gZ] e; (e( )); = 7(g )Zj ’ (351)

and, being symmetric, their contraction with any anti-symmetric tensor automatically

vanishes. Consequently, this gauge choice reduces the relation between the spinors ¢ and
€3 to simply

1
3
= —Re. .b2
€ 48R€ (3.52)
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Having found this relation we may substitute for €3 into the right hand side of (3.49),
extract X, and then substitute for g2, X1, X3 and F! to obtain

1 1 1 1

Xy=—R*~ —RuyR" - —V?R— —

BT 48" 96 24

Here strictly speaking we have taken the real part of this equation, where the term involving

(Dad)” JL. (3.53)

fy is purely imaginary, and thus doesn’t appear. Using the trace of (3.46), together with
several other equations derived so far, one can check that the expression (3.53) for X,
agrees with the expression (2.31), obtained from the equations of motion.

At the next orders we find

(5—z)e® =— 285 +2(iag + dXy) - €, (3.54)

(5—15) & = %a{ (oe) = —édR ‘€. (3.55)
We could continue and analyse higher order terms in this z component of the gravitino
equation, but the subsequent expressions are not required, nor particularly enlightening,
and so we stop here.

The remaining equation to study is the ¢ direction of the gravitino equation. Crucially
this involves the spin connection components QZ-Z, which introduce the metric expansion
fields from (2.15). Of course, the leading order equation is satisfied by construction. Re-
markably, at the next order we find a non-trivial equation which is also identically satisfied
given the chirality of €* and the algebraic properties of the Riemann tensor. At the follow-

ing order we find another condition on &°:

¥ [3i(1 +12)&° + af - (07¢)] =0, (3.56)
which, used in conjunction with (3.55), allows us to determine
- - - 1
zE°> = &5, & = —ﬁdR o (3.57)
We now substitute £ into equation (3.54):

1
(5—1z)e” = (21a2 +2dXs + de) €. (3.58)

Acting on this last equation with vz, and taking the difference, implies that € is a negative
chirality spinor: yz¢® = £°. We thus find

5= (;aQ n %d)@ + 418dR> e (3.59)
At the next order we begin to see the metric fields appearing;:
h%ﬁs = —%R%@g - % A1+ 2)E7. (3.60)
Using the chiral projector P_ again we see that £’ has positive chirality, and we may
extract hO: 1
hy = —@Rzgij- (3.61)
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This agrees with the expression h?j = —%gin 2, given by equation (2.39), derived from the
expansion of the bosonic field equations. The next order gives

= 1 - 1.y 5 .
h%fyja =— 5%(1 +z) & — *h%")/jf—: — X1 Xov;e + V3E° + *A%(U[gg))

(07 — 48P (Dal)p(ore) . (3.62)

- X (" 5J VVFL(07¢) + 51

24 Ik

As before, we can show that 7 has positive chirality and hence drops out of (3.62). Now
using the definition of &> in (3.57) allows us to write everything acting on the spinor e.
After using the intermediate result

1 1 1 .
- ZJI(ik(Da{)j)k =3 <R/‘“Rjk + Ripg; R — V2R + = (]\kmn|RklR i > , (3.63)

and substituting for the known expressions, we can then read off hilj:

1 1 1 1
hl = i i RX = N,V V2
ij 1929]R + g]R 2 — 48RR] 24V VR — 4Sg]V R
1
3 (RikRjk + Riklijl VZRZ] + = (]|kmn|Rk1Rmn i) ) . (3.64)

Once again, we have found another expression for something we have already derived:
hilj is also given by equation (2.40). However, in this instance the equality of the two
expressions (3.64) and (2.40) is non-trivial. It is equivalent to the equation

1
0 = (RRij = 2Ri" Rjj + 2Rittj R™ + Rpmit R™ %) = 2.9 (R* = AR R™ + Ryt ™)
1 1
+3 [Gmnpq( - Zgz‘ijnszqul + gijmnuqukl) — 2€(j{kmn B R 11| - (3.65)
The first line quite remarkably is known to be zero for any Riemannian four-manifold, and
is called Berger’s identity [24]. One can also show that the second line is equal to zero,
which amounts to an algebraic identity that holds for any tensor sharing the algebraic

symmetries of the Riemann tensor.
Finally, at the last order we find!*

(Zlg?7 + h%)»ﬁg = —2v:(1+5)e’ +4 <V e’ + A (ore )> —2X3ye — Qg%7553
i, =% =
(17 — 480 M) [(Da@ﬁ(we) + ()55 + Fl(012%) = XaFL(o7¢)

6
+ 28%(6(2))%17#(016)} _9 [e (e + (e<2>)geﬂ g2ie. (3.66)

NN

MOf course, knowing h— we could write an expression for g— alone, but it is only the combination
4g;- + hi; which we shall need in the next section.
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Again there is a positive chirality condition on ” which removes it from the above equation.
Using the many intermediate results we have derived, we then find

1 1
4g§j + hilj :2V¢Vj <X2 + 24R> + 2iV(i(a2)j) + <X2 — 12R> Rij

1 1 1
+ i <6RX2 —2X2+ 12%}3’“) + ZRikR’fj
1

1 1
— — €™ Ry Ryl + ZRiklijl t3

3 [2Da§ — *('Dag)](”kﬂlk‘]) . (367)

4 Metric independence

Our aim in this section is to show that, for any supersymmetric asymptotically locally
hyperbolic solution to the Euclidean A/ = 4" supergravity theory, with the topologically
twisted boundary conditions on an arbitrary Riemannian four-manifold (My, g), the varia-
tion (1.2) of the holographically renormalized action is identically zero. As explained in the
introduction, this implies that the right hand side of (1.1) is independent of the choice of
metric g, precisely as expected for the holographic dual of a topological QFT. We find that
this is indeed the case, using the minimal holographic renormalization scheme described in
section 2.3. We comment further on this at the end of section 4.2.

4.1 Variation of the action

As discussed in section 3.2, the Donaldson-Witten topological twist corresponds to the
following boundary conditions on the supergravity fields on My:

1 - A
0=bt=a=¢c, X =——R, A= iwiijj].—kdx’. (4.1)
Here the boundary Riemannian metric g;; on My is arbitrary, with wiTk being the spin
connection, R being the Ricci scalar curvature, and the triplet of self-dual two-forms J/
being given by (3.21). The holographic Ward identity for the variation of the renormalized
action (2.44) with respect to general variations of the non-zero boundary fields is

55 = 0,5+ 0418 +0x, 5 = /

1 . )
d'z\/det g |=T;;09"7 + FISA + 26X |. (4.2)
aYs=M, 2

It is worth pausing to consider carefully why this equation holds. A variation of the
boundary data on M, will induce a corresponding variation of the bulk solution that fills
it. However, we are evaluating the action on a solution to the equations of motion, and
by definition these are stationary points of the bulk action. Thus the resulting variation
of the on-shell action is necessarily a boundary term, and this is the expression on the
right hand side of (4.2). This argument requires that the equations of motion are solved
everywhere in the interior of Yj5: if the latter has internal boundaries, or singularities,
the above in general breaks down, and one will encounter additional terms around these
boundaries/singularities on the right hand side of (4.2).
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For the topological twist all boundary fields are determined by the metric g;;. Since

X1 = —1—12R, to compute § X1 we need the variation of the Ricci scalar:
SR = Ri;0g" + V; (gﬂ"far;lk - giiarg?k) , (4.3)
with the variation of the Christoffel symbols being
. 1 .
5Pé’k = igll (Vk5glj + V,ogi — Vz5gjk) . (4.4)
After integrating by parts twice we obtain
1 = 2= =\ 5 ij 1
5X15 = —— (ZRij + gl-jV = — ViVj:)(;g Jvoly + —29X1vol4 , (4.5)
12 Y5 Ii5

where vol; = /det gd*z is the Riemannian volume form on (My,g), and all geometric
quantities appearing are computed using the boundary metric g;;. Substituting the value
of = from (2.52) leads to

1

0x, S = ——
X1 4/{%

- 1
/ |: (XzRij + gijv2X2 — VZ‘VJ'XQ) 5913 voly + 3@X1V014:| , (4.6)
Y5

where the total derivative term is

Px, = -3V, [kaQQij(ngk —~ V' Xog*5g;x — X297 g™ (Vidg1; — Vz59jk)} : (4.7)
For § Al we first need the variation of the spin connection. After a short calculation
we have
dwk = 3 e ™ (V189 — Vi gim) - (4.8)
Thus
I 1 gkl 1 Ijk
(SAZ» = 5(50)1 J]Tc = i(VkégU)J . (4.9)

After integrating by parts, the SU(2)g current contribution is hence

1

oS =——5
Al 8/<c§

/ { [Dk(a{ + 2a5); Iy | 69" voly + Dyrvoly } (4.10)
0Ys

where we have substituted for the SU(2)g current using (2.53), and used the quaternionic
Kahler identity (3.29). The object in square brackets is a tensor with indices ij: only the
symmetric part contributes. The total derivative term is

Dar =V, [(a{ + 2a£)kJ”jégjk} . (4.11)
It remains to evaluate the stress-energy tensor contribution (2.51) and combine it
with (4.6) and (4.10). Doing so leads to

1

0S8 = —
4%%

/ (7;] 5gij voly + Yg V014) , (4.12)
Y5
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where the total derivative term is
1 1
Ds=—-Dx, — =Dar, (4.13)
3 2
and

1 1
Tij = |4gi; + hij — 4915 <t(4) - §t(2,2) - 8u(1)> —2g5;1"% — 69i; X3

1 1 1
+ 5 (VFVighy + V¥V gl — Vgl = Vivt®) — cgliR+ S35 (giszl)]

1
— (XQRij + gijv2X2 — VZ'V]'XQ) — 5 {Dk(a{ + 2(15)(7; Jlj)k] . (4.14)

Here the first two lines come from the stress-energy tensor (2.51), while the last line com-
bines (4.6) and (4.10). Provided My is a closed manifold, without boundary, the integral
of the total derivative term is zero, and we have simply

1
08 =

= 42/ - Tij 69" voly . (4.15)
K5 Jovs=M,

The tensor 7;; is thus an effective stress-energy tensor, for variations of the renormalized
on-shell action with respect to the boundary metric, all boundary data being determined
by this choice of metric. Our claim that the on-shell action is invariant under an arbitrary
metric deformation dg;; is thus equivalent to the statement that 7;; = 0, for every Rie-
mannian four-manifold. Remarkably, despite there being several undetermined quantities
in (4.14), using the results of sections 2.3 and 3.4 we will show that indeed 7;; = 0 in the
next subsection.

4.2 Proof that 65/dg;; =0

We begin by substituting expressions from section 2.2 into (4.14), which recall follow from
the Fefferman-Graham expansion of the bosonic equations of motion. In particular we
substitute for V2X5 using equation (2.31), as well as various metric quantities, except for
the combination 4g?, + h}j. With the topological twist boundary conditions (4.1) this leads

J
to the expression

1 1 1 1 1
7;]- = (12R — X2> Rl'j — iRz‘kRkj — iRiklijl — ZVNJ-R + VNj <X2 + 6R>
+ 1V2R- +gii [ 2X2 — iR2+ 1RX — iv2R+4X +4X
4V T\ 2R T g Y 3 4
1
+dglh + 1l — [Dk(a{ +2a8) 03 el - (4.16)

In particular we have used the identity

1 1 1 1
- §vkv(iR’fj) = —§RikR’“j - 5R,-,WR’“ —ViViR, (4.17)

in deriving (4.16).
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The equations of motion, or equivalently supersymmetry conditions, determine
1 1 1 1 1 ij
Xs=—V’R, Xy=-—R*~ —RuyR" - _V?R— _— (Daj})"” J.,. 4.18
TR T gt T 96 21 (P2) 3 (4.18)

On the other hand, in section 3.4 the expansion of the supersymmetry conditions led to
the expression (3.67), which we repeat here:

1 1
4g?j + hilj = QViVj <X2 + 24R> + QiV(i(ag)j) + <X2 — 12R> Rij

1 1 1
+ gij <—6RX2 —2X3 + 12@3“) + 5 R R

1 1 1
— gemnijmnliRkl + ZRiklijl + §[2Da§ — *(Da%)](“kﬂlk‘j) . (4.19)

Substituting into (4.16), after several immediate cancellations we are left with

1 1 1 1 1
Tij = ZVQRij — gemnijmnpiRkp — zRikRkj — ZRiklijl +3V,;V; Xy — i'Dk(a{)(iJIj)k

: 1 kl 1
+2iVi(a2))) ~ 93 (Dag)™ Jiy + 5(273665 —#Dab) 3" ) = DF(ad) i jyr - (4.20)
Using the expression
1 .

(a1)i = =3 T ViR, (4.21)

together with the contracted second Bianchi identity, we find that

1 1

DF(af)iJl; = —§ej’fm"vkvam — §v’“lejkh-. (4.22)

Substituting this expression, together with equation (3.46), into 7;; in (4.20), we arrive at

1 1 1 pey 1 o1 »
Tij = ZVQRij —gViViR+ VIV Rjps — SR RYj — 2R R
1 Kl 1
— égij (Daé) J,ﬁ, + 3 [2Da£ — *(Da%)](i‘k‘.]lkj) - (Daé)(i|k|Jij)
1
+ éejkmn(QVkaRm — Ryni' Rir)
=0. (4.23)

Here, remarkably, each of the three lines vanishes separately. The first line is zero using
again (4.17) and the contracted second Bianchi identity, whilst the terms in the second line
combine to give zero after using the self-duality property of the J! tensors to remove the
Hodge dual acting on the field strength Daé. The final line is zero after applying the Ricci
identity for a rank two covariant tensor, followed by the first Bianchi identity and using
the symmetry of the summed indices.

We emphasize again that this proof that §5/dg;; = 0 uses the minimal holographic
renormalization scheme defined in section 2.3. Up to finite counterterms in (2.45) that
are topological invariants, which have identically zero variations, another choice of scheme
would spoil the above result. Another important comment is that the original path integral
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arguments in [4] are essentially classical (see footnote 10 of [4]). In particular there might
have been an anomaly, implying that the partition function (and other correlation func-
tions) are not invariant under arbitrary metric deformations. In this case, the topological
twist would not have led to a TQFT. This might seem like a strange comment, given that
the topologically twisted N/ = 2 Yang-Mills theory of [4] at least formally reproduces Don-
aldson theory, which of course certainly does rigorously define diffeomorphism invariants
of My. However, it has recently been argued that precisely such an anomaly exists for
four-dimensional rigid N' = 1 supersymmetry [34, 35]. The computations in these papers
are in fact holographic, and rely on the fact that in AdS/CFT the semi-classical grav-
ity computation is a fully quantum computation on the QFT side, including any potential
anomalies. Specifically, it is argued that there is an anomalous transformation of the super-
current under rigid supersymmetry on the conformal boundary, implying that the partition
function is not invariant under certain metric deformations that are classically O-exact.
These particular anomalous transformations were first discovered in [31, 33|, via essentially
the same computation we have followed in this paper, although this was not interpreted
as an anomaly in [31, 33]. It remains an open problem to directly derive this anomalous
transformation from the QFT in a new minimal supergravity background. Returning to
our present problem, the QFT is in any case coupled to an N' = 2 conformal supergravity
background, and for the N’ = 2 topological twist we find no anomaly. In particular our
topologically twisted supergravity theory, formally at least, defines a topological theory.
We discuss this further in section 5.3 and section 6.

5 Geometric reformulation

In this section we present a geometric reformulation of the bulk supersymmetry equations.
In section 5.1 we describe how (twisted) differential forms built out of bilinears in the bulk
spinor define a twisted Sp(1) structure on Y3, and in section 5.2 we then derive a set of first
order differential constraints on this structure. On the conformal boundary this restricts
to the quaternionic Kéhler structure that exists on any oriented Riemannian four-manifold
(My, g), described in section 3.2. We also discuss some general aspects of the filling problem
in section 5.3.

5.1 Twisted Sp(1) structure

Recall from section 2.1 that the bulk spinor € of the Romans A/ = 4T theory is originally
a quadruplet of spinors. These split into two doublets e*, with eigenvalues +i under I'y5
(see equation (2.11)). Beginning in section 3.2, we worked in a truncated theory in which
Bt =0 and e = 0. We may then define

ef = (—CCC> : (5.1)

where ( is a spinor on Yj, and recall that (¢ = ¥ (*. Equation (5.1) is the solution to

+

the symplectic Majorana condition (¢*)¢ = ¢T. More globally, and as on the conformal

boundary My, the spinor €™ in (5.1) is a Sping spinor, where &4 = SU(2)z — see section 3.2.
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With this notation we may define the following (local) differential forms

S= ECv = %67(1)C7

i (5.2)
3_ 17> I S I

J = EC’Y(Q)C, JHiT = EC Y(2)C s
where in our Hermitian basis of Clifford matrices recall that a bar denotes Hermitian
conjugate. There are a number of global comments to make. First, as in the discussion
in section 3.2, the fact that ¢ is globally a twisted spinor, rather than a spinor, means
that (5.2) in general only locally defines an SU(2) 2 Sp(1) structure.'® More globally, the
J" are twisted via the SU(2)g symmetry, transforming as a triplet. We shall call this a
twisted Sp(1) structure. Another comment is that in any case the structure is well-defined
only where ( # 0. In general there may be solutions to the spinor equations where ¢ = 0
on some locus. We should hence more precisely define Y5(0) = Y5 \ {¢ = 0}, so that (5.2)
is well-defined on Y5(0). One will then need to impose certain boundary conditions on this
structure, near {¢ = 0}, in order that the solution on Y5 is appropriately regular. The
bilinears (5.2) define a twisted Sp(1) structure on Y5(0).
The expansion of the spinor (3.37) implies that near the conformal boundary

1 i 1 1
¢ =272y 4 232 <48R) Y + 2°/? <logzdR + %aQ + QdXQ + 48dR> x4 o(z3), (5.3)

where x is the boundary spinor defined in section 3.2. In particular for the topological
twist this is constant, with constant square norm yy = c? (see equations (3.24), (3.25)).
Without loss of generality we henceforth set ¢ = 1, so that

S—Z+24R—|—o(z ). (5.4)
In particular notice that ¢ # 0 near to the conformal boundary at z = 0.

5.2 Differential system

Starting from the bulk Killing spinor equations (2.7), (2.8) one can derive a system of
differential equations for the twisted Sp(1) structure (5.2). In the notation (5.1) the spinor
equations read

i i . o 1 1.,
Vil = g At g (A - ) ¢ - g A 3<X +5X 2)%

i — . 12 1 c 1 — v v
+ 5, X YFy, —1F2) (0" — 468A4P) (¢ — (X VE 4 X2 Fup) (" — 4654P)C

3 1
0= 5iX—laMXwg +i(X - XH)¢ - §X‘1(f,1y —Fp M

1
+ g (XTI F, = 2X )y ¢ (5.5)

15 A general discussion of global Sp(1) structures on five-manifolds may be found in [41].
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As in section 2.1, it will be convenient to introduce the real one-form
C=id. (5.6)
Using these equations, a standard calculation'® leads to
X 2K = dlog(XS) +C, (5.7)
together with the triplet of equations

ASTH =—CAST + 2X + X HKAST! + e AT ASTE

F XS (F KA FY). (5.8)

Here the Hodge dual is constructed from the volume form vols = —/C A voly, where voly =
%j IAJT (no sum over I). The sign here is chosen to match our earlier choice of orientation,
via (2.17), as we shall see shortly.

We may read the first equation (5.7) as determining the one-form C in terms of geo-
metric data and the function X:

C=X"2K—dlog(X5) . (5.9)
In particular, the associated flux is then
G=dC=iF =d(X*K) . (5.10)
Substituting (5.9) into (5.8), the latter simplifies to
dT" = AT AN TR + (dlog X +2XK) A TT + iX‘l(*]-"I +KAF. (5.11)

Recall that in the original Lorentzian theory A is a U(1)r gauge field. In the real
Euclidean section we have defined C = 1A, which is a real one-form, but there is then a
residual part of the (complexified) gauge symmetry C — C — d\, where X is a global real
function. The fields transform as follows:

¢ = M, S o5 eNs, ¢ o C—d), (5.12)

with everything else invariant. In particular it is immediate to see that (5.9), (5.11) are
invariant under these gauge transformations. In our boundary value problem recall that we
fixed C |p7,= 0, and in order to preserve this gauge condition on the conformal boundary
one should restrict to gauge transformations that vanish there, so that A |5,= 0. With
this caveat, one might use this gauge freedom to effectively remove one of the functional
degrees of freedom.

5For example, see [19].
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Let us look at the asymptotic form of the differential conditions near the conformal
boundary at z = 0. Recalling the Fefferman-Graham expansion of the fields (2.19)—(2.21),
together with the topological twist boundary conditions (4.1), we have

1
X=1- E;ﬂlong—i— 22 X9 + 0(2%),
1 . .
Al = AT — 1z2 log 2 JL, . V,;R™™ dz' + 2%al + o(2?)
C = z*iag + 0(2?) . (5.13)

Here recall that R is the boundary Ricci scalar, the boundary gauge field is

1 .
I _ 2, gkl 4.0
A = 5Wi ijdx , (5.14)

where wi] ¥ is the boundary spin connection, R;,n;; is the boundary Riemann tensor, and J I
are the boundary triplet of self-dual two-forms. The one-form iay is real. Using also (5.4),
equation (5.7) then implies that

1
K= & + 22 <2 log zdR +iag +dXs + 24dR> +0(2°?). (5.15)
z

Recall that in section 3.2 we defined the triplet of boundary almost complex structures
(1) = g*(J%)k;. If we define the boundary (almost) Ricci two-forms

Pfj = Rk[z‘(II)kj} ) (5.16)

where R;; is the boundary Ricci tensor, then similarly from the definition (3.26) we have

1 1 1
I _ = 1l - I |
A R TR
1
+ zdz AT (QlogzdR—{—iag +dXs + 24dR> +o0(2%/?) . (5.17)

Here I (); = (/) ;n; for a one-form 7 tangent to the boundary. It is interesting to note that
the O(1) terms in J7 above may also be written as ;5 R J! — 2p! = (g o JT), where recall
from equation (2.34) that g? is (minus) the Schouten tensor of the conformal boundary.

From (5.11) we hence read off the leading order the boundary equation
dJf = AT AN IR (5.18)

Equation (5.18) follows from taking the skew symmetric part of (3.29). In fact since the
exterior derivatives of the boundary SU(2) structure J/ completely determine the intrinsic
torsion (this is true for an SU(n) structure in real dimension 2n [42]), it follows that (5.18)
also implies (3.29).

We may always choose a frame é‘f for the bulk metric on Y5 such that

K=-&, T = nNE+E NE?,
T>=&3NE+ 2N E1, T3=E'NE>+E3NE . (5.19)
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In particular (5.15) identifies &% ~ dz/z to leading order, and the sign for K in (5.19)
follows since —y:x = X, where E? = dz/z. The volume form is vol; = &'2345. Notice
that the expansions (5.15), (5.17) imply that in general we may not identify &/ near the
conformal boundary with the Fefferman-Graham frame EE in (3.1), except to leading order.

5.3 Filling problem

As explained in the introduction, given a Riemannian-four manifold (My,g) as a fixed
conformal boundary, at least to a zeroth order approximation in AdS/CFT one wants to
find the least action supersymmetric solution to the five-dimensional A" = 41 supergravity
theory, with this boundary data. Such a solution will be the dominant saddle point on the
right hand side of (1.1). In this subsection we make some comments on this problem, with
further comments in section 6.1.

As we have seen in the previous subsection, supersymmetric solutions on Y; are char-
acterized geometrically in terms of a set of first order differential equations (5.9), (5.11)
for a certain twisted Sp(1) structure. In particular there is a triplet of twisted two-forms
J!, I = 1,2,3, which locally at the conformal boundary restrict to an orthonormal set
of self-dual two-forms on (My, g). The differential equations become tautological on the
boundary, and are equivalent to the fact that every oriented Riemannian four-manifold
has a quaternionic Kahler structure, i.e. has holonomy group Sp(1) - Sp(1) = SO(4). This
differential system on Y, regarded as extending that on (My, g), clearly deserves closer
study. In particular, these are necessary conditions for a solution, but one would also like
to know whether they are sufficient. It should also be possible to rewrite the renormalized
supergravity action (2.44) in terms of this geometric data. The computation in section 4
implies that, given any one-parameter family of metrics on My, the action of any family of
fillings of the boundary is independent of the parameter. What type of invariant is this? A
priori it depends on the choice of Y5 filling My, and on the twisted Sp(1) structure on Ys.

An important question is what are the global constraints on Y5? As mentioned in the
introduction, topologically a smooth filling Y5 of M, exists if and only if the signature
o(My) = 0. Moreover, as explained in section 6.1, for solutions embedded in string theory
one also needs these manifolds to be spin.!” This restriction would seem to rule out many
interesting four-manifolds.'® However, as also mentioned in the introduction, requiring Ys
to be smooth is almost certainly too strong. Already from AdS/CFT in other contexts, it is
clear that the dominant saddle point contribution can be singular, and one might anticipate
that this is somewhat generic, at least for general My. Perhaps the appropriate question is
then: what are the relevant singularities of Y3, for a given M;?'? Mathematically one would
need control over existence and uniqueness of the differential equations for the twisted Sp(1)
structure, for appropriate Y (with singularities/appropriate internal boundary conditions)
filling M,. However, one might also anticipate that the supergravity action (2.44) could

7The relevant spin bordism group is Qfm" =~ 7, generated by a K3 surface, where the map to the integers
is 0(M4)/16.

18 Although it leaves, for example, My = S* x Ms, for any oriented three-manifold Ms, and products of
Riemann surfaces.

9We thank S. Gukov for discussions on this, and indeed for posing this precise question!
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be evaluated without knowing the detailed form of the solution, but instead in terms of
appropriate global data, and perhaps local data associated to singularities. Notice that
one constraint on such singularities/internal boundaries is that they do not contribute to
the variation of the action (4.2) — see the discussion after this equation.?’

Less ambitiously, one might also try to find explicit solutions; for example, via symme-
try reduction so that the equations reduce to coupled ODEs. An obvious case is solutions
with Y5 = S x By, where By is a four-ball so that 9Ys = My = S x S2, and seek solutions
invariant under U(1) x SU(2) (the latter acting on the left on S% =2 SU(2)).

Finally, the present problem may be contrasted to the general hyperbolic filling problem
described in [43]. Here one also begins with an arbitrary Riemannian (My, g), which is a
conformal boundary, but one instead asks for the filling to be an Einstein metric of negative
curvature. This problem is still quite poorly understood: there are in general obstructions
and non-uniqueness, and one should at least impose that g has a conformal representative
with positive scalar curvature [44] (physically, so that the CFT is stable). The geometric
problem in the present paper is likely to be much better behaved: the equations are first
order, not second order, and the solutions should be dual to a TQFT.

6 Discussion

We conclude with a discussion of “topological AdS/CFT” in section 6.1, followed by various
extensions and generalizations in section 6.2.

6.1 Topological AdS/CFT

An application of the ideas developed in this paper would be to a topologically twisted
version of the AdS/CFT correspondence. To make quantitative comparisons between cal-
culations on the two sides, as in (1.1) (appropriately interpreted), the construction needs
embedding in string theory. This is straightforward: the Romans theory is a consistent
truncation of both Type IIB supergravity on S® [25], and also of eleven-dimensional super-
gravity on Ng [26], where Ng are the geometries classified by Lin-Lunin-Maldacena [45].
This means that any solution to the five-dimensional Romans theory uplifts (at least locally
— see below) to a string/M-theory solution.

In order to be concrete, let us focus on the case of NV = 4 Yang-Mills theory. Applying
the Donaldson-Witten twist leads to the half-twisted theory referred to in the introduction.
For general gauge group ¢ the path integral localizes [46, 47] onto solutions to a non-
Abelian [48] version of the Seiberg-Witten equations, in which the spinor field is in the
adjoint representation of 4. For ¢4 = SU(N), AdS/CFT should relate the large N limit
of this theory to an appropriate class of solutions to the Romans A/ = 47 theory in five
dimensions, uplifted on S° to give full solutions of Type IIB string theory. This is where
the restriction that My is spin enters: if M, is not spin then the background SU(2) R-
symmetry gauge field we turn on is not globally a connection on an SU(2) bundle over

20For example, the singularities in the gravity fillings in [18, 19] are isolated conical singularities. Provided
the radial dependence of fields near to the singular point are no worse than for smooth fields in flat space,
such singularities will not spoil the result (4.2).

— 34 —



M. On the other hand, the Type IIB solution is an S® fibration over the filling Y5, where
S® € C? @ C, and SU(2) acts on C? in the fundamental representation. Thus if My is not
spin, this associated bundle is not well-defined. This is also directly visible in the TQFT:
for the half-twist of A/ = 4 Yang-Mills there are still spinors in the twisted theory, which
only make sense if My is spin.

There is some discussion of the half-twisted N' = 4 theory for general gauge group ¢
in [49]. In particular the (virtual) dimension of the the relevant non-Abelian monopole
moduli space M may be computed using index theory, leading to

dim M = —i dim¥ - [2x(My4) + 30(My)] . (6.1)

Because of the associated fermion zero modes, the partition function of the theory vanishes
unless the right hand side of (6.1) is also zero. We have already seen precisely this condition
in the holographic dual set-up, namely equation (3.34). In the gravity context this followed
from A being a global one-form, and then integrating the divergence of the VEV of the
U(1)g current (the U(1)r anomaly) over a compact M, without boundary, as in (3.33). In
fact the two are directly related, since the virtual dimension (6.1) of M computed in field
theory is proportional to this integrated U(1)z anomaly. In the current holographic set-up,
we can see this explicitly by first noting that for the large N limit of the ¥ = SU(NV) half-
twisted N/ = 4 Yang-Mills theory, a standard AdS/CFT formula fixes the dual effective
five-dimensional Newton constant as

1 N?

20 (6.2)
This fixes the overall normalization of the supergravity action. In the large N limit,
using (3.33) we may then write

dim M :21/ dxg (1), (6.3)
My
in terms of the integrated (holographic) U(1)z anomaly.

Another important observation is that (6.1) is independent of the topology of the gauge
bundle over My, unlike the corresponding case for Donaldson theory (pure N' = 2 Yang-
Mills with gauge group ¢). Because of this, all choices of gauge bundle contribute to the
partition function at the same time. The left hand side of (1.1) then needs appropriately
interpreting for such twists of four-dimensional A" = 2 SCFTs, as taken at face value it may
be divergent. There is a standard way to deal with this,?! namely to refine the partition
function via the U(1)r charge. For example, this is discussed at the end of section 2
of [50], and in [51]. This should play an important role in making sense also of the right
hand side of (1.1), in addition to the comments on this in section 5.3. For example, a very
concrete case mentioned in the latter subsection is My = S' x .S3. Here the refined partition
function is closely related to the Coulomb branch index, as explained in [52]. One might
then try to reproduce this from a dual supergravity solution for which Y5 = S' x By, with

2'We are again grateful to S. Gukov for pointing this out.
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Y5 = S x S3. More generally, for a four-manifold S' x Mz with product metric both &
and P vanish, and the holographic U(1)g current is conserved, as can be seen from (3.32).
The associated conserved holographic R-charge might then provide a natural holographic
correspondent to the refinement of the partition function for the twisted four-dimensional
SCFT. The AdS/CFT relation (1.1) in particular implies that the logarithm of the TQFT
partition function, appropriately refined as above, scales as N? as N — oo, when it is
non-zero. On the other hand, when the right hand side of (6.1) is positive, one obtains
non-zero invariants in the TQFT by inserting appropriate Q-exact operators into the path
integral. We briefly discuss the dual holographic computation in section 6.2. In particular,
such insertions will change the boundary conditions on supergravity fields we have imposed
in this paper.

As far as we are aware, computations of topological observables in the half-twisted
N = 4 theory, for general 4 = SU(NV), have not been done explicitly. However, for
¢ = SU(2) the partition function and topological correlation functions have been computed
explicitly for simply-connected spin four-manifolds of simple type [47]. This is done by
giving masses, explicitly breaking N = 4 to N' = 2, leading to an N’ = 2 gauge theory
with a massive adjoint hypermultiplet, a twisted version of the N' = 2* theory. The
twisted theory is still topological, and the relevant observables are written in terms of
Seiberg-Witten invariants using the methods of [53]. Observables for the original theory
are then identified with the massless limit of these formulae (when this makes sense),
although the validity of this assertion is not completely clear. In any case, to compare to
the holographic construction in this paper one should compute the large N limit for gauge
group ¥ = SU(N). We note that an analogous large N limit of Donaldson invariants (for
pure N' =2 SU(N) Yang-Mills) has been computed in [9]. Unlike the formula (6.1), here
the dimension of the moduli space of instantons depends on the topology of the gauge
bundle. One can then choose this bundle in such a way that dim M = 0. The partition
function is a certain signed count of the points that make up M, and the large N limit
was computed for a certain class of four-manifolds in [9].22

We conclude this subsection by noting that similar remarks apply to twists of N’ = 2
SCFTs with M-theory duals. Indeed, an important restriction on the class of NV = 2 gauge
theories to which this holographic description applies is that they are conformal theories.??
A large number of examples arise as class S theories [54], obtained by wrapping M5-branes
over punctured Riemann surfaces, for which the gravity dual was found in [55] using the
construction of [45]. Romans solutions uplift on the corresponding internal spaces Ng to
solutions of M-theory [26]. At the level of the five-dimensional theory, all that changes is
the formula (6.2) for the effective Newton constant, which in general reads [56]

-2, (6.4)

*2Tn particular the final section of [9] computes the large N limit of the partition function Z for a four-
manifold with boundary, constructed as S' x Ms where Ms is a knot complement. One finds Z ~ N log «,
where « is a certain knot invariant (the Mahler measure).

Z3In particular this is not true of pure N' = 2 Yang-Mills, from which the original Donaldson invariants
are constructed.
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where «a is the a central charge. In the supergravity limit recall that a = c¢. For the above-
mentioned Mb5-brane theories the central charge scales with N? as N — oco. Indeed, the
partition function will a priori depend on both the choice of ' = 2 SCFT that is being
twisted, and also on the four-manifold My on which it is defined. The choice of theory
corresponds to the choice of internal space in the uplifting to ten or eleven dimensions.
The structure of the dual supergravity solution as a fibration of the internal space over
the spacetime filling of M, then implies that the large N limits of the partition functions
should also factorize. That is, the dependence on the choice of theory should only be visible
via the central charge a, which via (6.4) fixes the overall normalization of the supergravity
action. On the other hand, the dependence on the choice of My is then captured by the

effective five-dimensional Romans theory we have described.?*

6.2 Generalizations

We have already discussed a number of open problems and directions for future work. Here

we briefly mention some further generalizations:

e Perhaps the most immediate generalization of the computations in this paper would
be to the so-called Q-background of [57]. Here (My, g,£) is an arbitrary Riemannian
four-manifold, equipped with a Killing vector field £&. As for the pure topological
twist, this geometry also arises by coupling an N' = 2 gauge theory to a certain
background of N = 2 conformal supergravity, and is briefly mentioned at the end of
section 3 of [17]. The non-zero Killing vector £ requires turning on a boundary B-field:
specifically one needs to take b~ (or b™) proportional to the self-dual (or anti-self-dual)
part of the two-form d¢”, where ¢” is the Killing one-form dual to £&. Correspondingly,
both boundary spinor doublets e and £~ are now non-zero, and one needs to work
with the full Romans theory, rather than the truncated version with B* = 0 we
used from section 3.2 onwards. Nevertheless, the computations should not be too
much more involved than those in the present paper. One expects the supergravity
action now to depend on the choice of Killing vector & on My, but otherwise not
on the metric. One should thus look at metric deformations g;; — g;; + 0g;j, where
Eg 5g,~j =0.

e As mentioned in the introduction, there are three inequivalent topological twists of
N = 4 Yang-Mills. The half-twist, relevant to this paper, was discussed in the
previous subsection. The other two twists are the Vafa-Witten twist [11], and the
twist studied by Kapustin-Witten in [12]. In particular in the former theory the
only non-trivial observable is the partition function, and this has been studied for
gauge group 4 = SU(N) in [58]. These twists require the larger SU(4) gz R-symmetry
of the N' = 4 theory, meaning for the holographic dual one needs to start with a

#4This structure can already be seen in the more general formula for dim M given in [50]. For the general
class of twisted field theories considered there, equation (2.42) of [50] implies that in the large N limit
where a = ¢, one has dim M = —a[2x(M4) + 30(M,)], generalizing (6.1). The central charge appears as an
overall factor, at large N. Of course, this precisely agrees with our holographic formula (6.3), using (3.33)
and (6.4).
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Euclidean form of N' = 8 gauged supergravity theory. Optimistically, one might hope
to embed within the SU(4) ~ SO(6) truncation of the latter theory studied in [59],
which is a consistent truncation of Type IIB supergravity on S°, and contains the
five-dimensional Romans N' = 4" theory (with zero B-field) as a further truncation.

e Topological twists exist in a variety of dimensions. In three dimensions the R-
symmetry group is Spin(/N'). The analogous amount of supersymmetry to that stud-
ied in the present paper is N' = 4, leading to a Spin(4) = SU(2) x SU(2) R-symmetry
group. On the other hand Spin(3) = SU(2), and this leads to two inequivalent three-
dimensional N = 4 topological twists — see, for example, the diagram in section 1
of [60]. One of these twists is closely related (by dimensional reduction on a circle)
to the Donaldson-Witten twist. The relevant holographic construction should begin
with four-dimensional N' = 4 gauged supergravity. This contains an Spin(4)r gauge
field, as required, and is a consistent truncation of eleven-dimensional supergravity
on ST [61]. The uplifted solutions should be holographically dual to twists of the
ABJM theory [62] on N M2-branes, in the large N limit. This is currently under
investigation [63].

e Finally, in this paper we have focused exclusively on the partition function. However,
in general TQFTs have non-trivial topological correlation functions, involving the
insertion of Q-invariant operators into the path integral. For example, this is true of
Donaldson theory, where such insertions are required to obtain non-zero invariants
in field theory whenever dim M = d > 0, due to fermion zero modes. Geometrically
these invariants arise as the integral of a d-form over M, where this top form is itself
constructed as a wedge product of certain closed forms. The operators are constructed
via a descent procedure [4]. It would be very interesting to understand the holographic
dual computation of these correlation functions. Of course, correlation functions are
well studied in AdS/CFT. In the present setting one would again hope to be able to
work in a truncated supergravity theory, containing the fields whose boundary values
act as sources for the operators. Being topological, the correlation functions should
be independent of the positions at which the local operators are inserted, and also
independent of the metric. These statements might be proven along similar lines to
the present paper. We leave this, and other interesting questions, for future work.
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