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four dimensional CFTs in terms of the parameters (c,to,t4) of two-point and three-point
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the differential relation as derived previously for the Rényi entropy. Interestingly, these
holographic relations also apply to weakly coupled conformal field theories such as theories
of free fermions and vectors but are violated by theories of free scalars. The mismatch of
fa for scalars has been observed in the literature and is due to certain delicate boundary
contributions to the modular Hamiltonian. Interestingly, we find a combination of our holo-
graphic relations which are satisfied by all free CF'Ts including scalars. We conjecture that
this combined relation is universal for general CFTs in four dimensional spacetime. Finally,
we find there are similar universal laws for holographic Rényi entropy in general dimensions.
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1 Introduction

One of the most mysterious features of quantum mechanics is the phenomena of entan-
glement. For system described by a density matrix p, entanglement can be conveniently
measured in terms of the entanglement entropy and the Rényi entropy

Spr = —Tr(plogp), (1.1)

Sp = 1 in log Tr(p™). (1.2)

For any integer n > 1, the Rényi entropy S,, may be obtained from

_ log Z, —nlog 21

Sn , (1.3)

1—n



where Z,, is the partition function of the field theory on a certain n-fold branched cover man-
ifold. The Rényi entropy provides a one parameter family of entanglememt measurement
labeled by an integer n, from which entanglement entropy Sgp can be obtained as a limit

Spp = lim S, (1.4)
n—1

if S, is continued to real n.

The study of entanglement entropy and the nature of quantum nonlocality has brought
new insights into our understandings of gravity. It is found that entanglement plays an
important role in the emergence of space-time and gravitational dynamics [1-5]. In addition
to entanglement entropy, Rényi entropy has drawn much attention recently, including the
holographic formula of Rényi entropy [6, 7], the shape dependence of Rényi entropy [8-10],
the holographic dual of boundary cones [11] and Rényi twist displacement operator [12, 13].

Generally, for a spatial region A in a d-dimensional spacetime, the Rényi entropy for A
is UV divergent. If one organizes in terms of the short distance cutoff €, one finds it contain
a universal term in the sense that it is independent on the UV regularization scheme one
choose. In odd spacetime dimensions, the universal term is € independent. In even space-
time dimensions, the universal term is proportional to log € and its coefficient can be written
in terms of geometric invariant of the entangling surface ¥ = 0A. In four dimensions, the
universal term of the Rényi entropy has the following geometric expansion [14, 15],

S,‘lmiv =loge <fa2(:) Ry + fl;(:) Ky — f;(:)Cz:) . (1.5)

Here the conformal invariants are
Ry, = / d’y/oRy, Cx = / d*y/oC®,, Ky = / d?y\/otr(K?), (1.6)
b3 b3 )

where o, Ry, I_(gj, C“bab are, respectively, the induced metric, intrinsic Ricci scalar, trace-less
part of extrinsic curvature and the contraction of the Weyl tensor projected to directions
orthogonal to the entangling surface 3. The shape dependence of the Rényi entropy is
described by the coefficients fg, fy, fe, which depend on n and the details of CFTs in
general. The coefficient f, can be obtained by studying the thermal free energy of CFTs
on a hyperboloid [6]. The coefficients f. and f, are determined by the stress tensor one-
point function and two-point function on the hyperboloid background [12, 16]. Remarkably,
it is found in [16] that f. is completely determined by f,:

fc(n) = [fa(l) - fa(n) - (n - 1)f¢;(n)] . (17)

n

n—1

It was conjectured in [17] that

holds for general 4d CF'Ts. This conjecture has passed numerical test for free scalar and
free fermion [17]. According to [12], it seems that the relation (1.8) holds only for free
CFTs. Evidence includes an analytic proof for free scalar. However, it is found to be
violated by strongly coupled CFTs with Einstein gravity duals [9].



In this paper, we apply the holographic approach developed in [9, 10, 13] to study the
universal terms of the Rényi entropy for CFTs in general spacetime dimensions that admit
general higher derivative gravity duals. For 4d CFTs, expanding the coefficients ( f,, fp, fc)
in powers of (n — 1), we find the leading and sub-leading terms are related to parameters
(¢, to,ts) of two point and three point functions of stress tensors [18, 19]:

faln) = a— S(n—1) +c (?i S 1t4) (171 0m—17°  (19)

2 324 81
fo(n) =c— (11 + % 2+ 415754> (n—1)+O(n — 1) (1.10)
fn) = c—c (g 4 %8 by + 217 ) (n—1)+O0(n— 1) (1.11)

It should be mentioned that the expansion (1.9) of f, has been obtained in [20] by using two-
point and three-point function of the modular Hamiltonian. Here we provide a holographic
proof of it. We note that (1.9) and (1.11) satisfy the relation (1.7). This can be regarded as
a check of our holographic calculations. We also note that to = t4 = 0 for Einstein gravity
and the egs. (1.10), (1.11) reduce to the results obtained in [9] in this case. To the best of
our knowledge, the universal dependence of f;, on the coefficients 9,4 as obtained in the
relation (1.10) is new. This is one of the main results of this paper.

We remark that our holographic relations eqs. (1.9)—(1.11) are also satisfied by free
fermions and vectors.! However, mismatch appears for free scalars. Actually, the discrep-
ancy of f, in scalars has been observed in [20], which is due to the boundary contributions
to the modular Hamiltonian. It was found that the boundary terms in the stress tensor of
scalars are important at weak coupling and are suppressed in the strong coupling limit [20].
Although egs. (1.9), (1.10), (1.11) are not satisfied by theories of free scalars, we find that
the following combinations

2fp(1) = 3fi(1) = ¢ <1 + 1—12152 - 115 > : (1.12)
2£p(1) + gfé’(l) (4 + itz + 115t4> (1.13)

are satisfied by all CFTs with holographic dual and all free CF'Ts including free scalars. We
conjecture they are universal relations for all CFTs in four dimensions. Note that we have
FL(1) + 3 £7(1) = ¢ from eq. (1.7), therefore eq. (1.12) and eq. (1.13) are not independent.
Without loss of generality, we focus on the conjecture eq. (1.12) in the rest of this paper.

In the notation of [12], our conjecture (1.12) for 4d CFTs can be written in the form

23 1 1
(1) — (1) = — 14+ 1.14
RCH1) - 30H(1) = “T-Cr (14 o+ st ) (1.14)

where Cp = %c, hn(n) and Cp(n) are CFT data associated with the presence of the
entangling surface. In general, for a d-dimensional CFT and an entangling surface X

'We have assume f{'(1) = f/(1) for free fermions and vectors. Numerical calculations support this
assumption for free fermions [17].



(codimension 2), one denotes the coordinates orthogonal and parallel to the entangling
surface by =% and yz. The breaking of translational invariance in the directions transverse
to X can be characterized by the displacement operators Da(y%). As a result, one has the
following correlation functions [12]:

_ ha(n) 6
(Tijn = — 2mn |za|d’ (1.15)
. ab
(D* () DY(0), = Cip(n)— (1.16)

‘y%’2(d—1)'

Here h,,(n) is the coefficient fixing the normalization of the one-point function for the stress
tensor in the presence of the twisted operator for the n-fold replicated QFT, and Cp(n)
is the normalization coefficient for the two-points correlation function of the displacement
operators. In 4-dimensions, Cp(n) and h,(n) related to the dependence of Rényi and
entanglement entropy on smooth or shape deformations [8, 21-23]. The specific relation
can be found in egs. (2.12), (3.15), (3.19) of [12].

It should be mentioned that unlike f. and f; which are defined only in 4 dimensions,
h, and C'p have a natural definition in all dimensions. Therefore it is natural to ask if by
using them one can generalize the results (1.12) and (1.13) to other dimensional spacetime.
The holographic dual of h, and Cp for Einstein gravity and Gauss-Bonnet Gravity in
general dimensions are studied in recent works [10, 13]. Applying their results, one can
express hi,(1) and C7,(1) in terms of Cr and t5. Recall that we have t4 = 0 for Einstein
gravity and Gauss-Bonnet Gravity. To get the information of ¢4, one has to study at least
one cubic curvature term such as K7 and Ky in the action (2.43). Following the approach
of [10, 13], we obtain the holographic formulae of h, and Cp for a d-dimensional CFT
admiting a general higher curvature gravity dual:

hn M.,

_— = —2 ’]’Li, 1.17
Cr " fa (1.17)
Cp dm’n M.

Or ~d+1 (d_2)(/8n_61)_7 ; (1.18)

where M, is the effective mass defined in eq. (4.14) and £, is the coefficient in the function
k(r) in eq.(4.15) which describes a deformation in the extrinsic curvature of the entangling
surface. It is remarkable that these relations take simple and universal form for all the
higher curvature gravity.

By using the holographic formula of h, and Cp, we find there are similar uni-
versal laws in general dimensions, which involves linear combinations of the terms
Ch(1),hl(1),Cr,Crty and Crts.? In general, we have for a d-dimensional CFT,

h(1) 2ra tIT (4 )

Or = @ T%dd T 1()23(“3) [d (2d° — 9d* + 2d* + 7d — 2) (1.19)

+(d—2)(d —3)(d+1)(d +2)(2d — 1)ta + (d — 2) (7d® — 19d* — 8d + 8) t4]
Ch(1)  Ax? [1—d?*+d (d—2)(d—3) ; (d—2) (3d* — 7d — 8) .
Cr d+1| &2—d  (d-12d * (d—-12dd+1)(d+2) ]

(1.20)

2In three dimensions, we have to=0. And we have t; = t4 = 0 in two dimensions.



Note that the relation C7,(1) = df(%)(%)d_lh%(l) is obeyed by free fermions and con-
formal tensor fields® but are violated by free scalars. However similar to the 4 dimensional
case, there exist ‘universal laws’ that include free scalar fields. For example, in three

dimensions, we find

3
7O (1) — 16h(1) = %CT (1 + ;‘(‘)) , (1.21)

works well for free fermions, free scalars and CFTs with gravity dual. As for the ‘universal
laws’ in higher dimensions, please refer to eq. (4.48). It is interesting to study whether
these ‘universal laws’ are obeyed by more general CFTs.

The paper is organized as follows. In section2, we study 4d CFTs which are dual
to general higher curvature gravity and derive the relations between the coefficients
(f2(1), fi(1), fi(1)) in the universal terms of Rényi entropy and the parameters (c,t2,t4)
of two point and three point functions of the stress tensors in the conformal field theory.
In section 3, we compare these holographic relations with those of free CFTs and find a
combined relation which agrees with all the known results of the free CFTs. We conjecture
this combined relation is a universal law for all the CFTs in four dimensions. In section
4, we consider three and higher general spacetime dimensions and derive the holographic
dual of h, and Cp for general higher curvature gravity and discuss the universal behaves
of h(1) and C7,(1). Finally, we conclude in sectionb.

Notations: we use z* (y') and g, (7i;) to denote the coordinates and metric in the
bulk (on the boundary). z* and y2 are the orthogonal and parallel coordinates on the
entangling surface. 03 is the induced metric on the entangling surface. For simplicity, we
focus on Euclidean signature in this paper.

2 Holographic Rényi entropy for higher derivative gravity

In this section, we investigate the universal terms of Rényi entropy for 4d CFTs that
are dual to general higher derivative gravity. We firstly take Gauss-Bonnet gravity as
an example and then generalize the results to general higher curvature gravity. Some
interesting relations between the universal terms of holographic Rényi entropy (HRE) and
the parameters of two point and three point functions of stress tensors are found.

2.1 Gauss-Bonnet gravity

For simplicity, we consider the following Gauss-Bonnet Gravity which is slightly different
from the standard form

1 12 _ _ o B
= - Hrpo v 2
= 5mcim /M {R+ 7+ o(Rupo R 4R, R"™ + R*)| + I, (2.1)

3The conformal tensor fields appear only in even dimensions.



where fM = fM dd“x\/g (d = 4 here), the quantities R are given by

_ 1
R,u,upcr = R,uzzpa - ﬁ(guogup - gupgua)v (22)
_ 4
Ruu = R;w + ﬁguua (2'3)
_ 2
R=nr+® (2.4)

l2

and Ip denotes the Gibbons-Hawking-York terms which make a well-defined variational
principle and the counter terms which make the total action finite.

An advantage of the above action is that, similar to Einstein gravity, the radius of AdS
is exactly {. While in the standard GB and higher derivative gravity, the effective radius
of AdS is a complicated function of I, which makes the calculations complicated. Below we
set [ = 1 for simplicity.

2.1.1  fa(n)

Let us briefly review the method to derive fq(n) [6]. We focus on the spherical entangling
surface, where trK? and C’abab vanish. Thus only f, appears in the universal terms of Rényi
entropy eq. (1.5). The main idea is to map the vacuum state of the CFTs in a spherical
entangling region to the thermal state of CFTs on a hyperboloid. The later has a natural
holographic dual in the bulk, the black hole that asymptotes to the hyperboloid. Using
the free energy of black hole, we can derive Rényi entropy as

n 1

= —[F(Ty) — F (T 2.
S = T [P (To) = F(To/m)] (25)
where Ty is the temperature of hyperbolic black hole for n = 1. Further using the thermo-
dynamic identity, S = —0F/JT, we can rewrite the above expression as
n 1 [T
Sy = — Spu(T)dT (2.6)

TL—lTO To/n

where Sp(7') is the black hole entropy. For our revised GB gravity (2.1), it takes the form
1
Sp = / dy?’\/ﬁ[l +2a(Rpy +6)] (2.7)
4GN g

where H denotes horizon and Ry is the intrinsic Ricci scalar on horizon.

The key point in this approach is finding the black hole solution that asymptotes to
the hyperboloid on the boundary. We get
dr?
f(r)

where ng is the line element for hyperbolic plane H? with unit curvature, and f(r) is

ds%ulk = + f(r)d7'2 + r2dE§ (2.8)

given by

(1+12a)r? — \/8aM + (1 + 8a)?rt
da

f(r) = ~1. (2.9)



Here
M = (rf; — 1) (1 + 10a)rF — 2a) , (2.10)
and ry denotes the position of horizon, f(ry) = 0. Note that f(r) has the correct limit:

it becomes that of hyperbolic black hole (black hole in Einstein gravity) when M — 0
( = 0). In the large r limit, the boundary metric is conformal equivalent to

dst o = dr* 4+ dX2, (2.11)

which is the expected metric on manifold S* x H?3.
To determine rg, we note that the Hawking temperature on horizon is given by

1

—_ 2.12
2mn ( )

1
T= Earf(rﬂr:n{ =

From the above equation, one can easily get Ty = % for the hyperbolic black hole with
f(r)=7r%>—1and ryg = 1. Now let us solve eq. (2.12) and express rg in terms of (n — 1)

n—1 (10 + 96c) 2 (49 + 912a + 422402)

=1- —1)2— ~13+0(mn-1% (2.13
" 3 torigsa) ™Y 231 18 D HOMm—D (213)
Substituting eq. (2.13) together with 7' = ;L-T, = 5+ and Ry = —6/r% into

egs. (2.6), (2.7), we obtain

Vs 1+ 8a 7 » (1185602 4 2514a + 133) 5
= - - = -1)? - —1
Sp e 1 5 (n 1)+54(5+48a)(n 1) 16380 7 1) (n—1)

where Vy is the hyperbolic volume, which contributes a logarithmic term Vzuni" =
27 loge [6]. Now we can extract f, from eq. (2.14) as

faln) = a— S(n—1) + 5—74(60 —a)(n—1)2 4 O(n —1)*
—a— ;(n—1)+c($+?;1t2> (n—1)24+0(n—1)3, (2.15)

where a = gZ— and ¢ = gZ—(1 4 8a) [24]. In the above derivation we have used

c—a 1 4
= — — for 4 FT 2.1
6152 + 45t4, or 4d CFTs (2.16)

and t4 = 0 for GB gravity. Clearly, eq. (2.15) agrees with eq. (1.9) when ¢4 = 0. To get the
information of £4, one must consider more general higher derivative gravity. We leave this

problem to next section. Notice that the O(n — 1)3 terms of f, eq. (2.14) is a complicated
function of a and ¢, which implies that there is no universal relations at this and higher
orders. From the viewpoint of CFTs, terms of f, at order O(n—1)? are determined by four-
point functions of stress tensor [20]. Unlike two-point and three-point functions, four-point
functions of CFTs are no longer universal. Thus, it is expected that there is no universal
relation at order O(n — 1)3 for f,. It depends on the details of CFTs at this and higher
orders. Similarly, one expects there is no universal relation at order O(n—1)? for f;, and f..



2.1.2  f.(n)

Now let us continue to derive f.(n). We take the approach developed in [9]. In general
with a deformation of the field theory metric, the change in the partition function is govern
by one-point function of the field theory stress tensor

1 -
Slog Z, = / dz* /5 (T")6v;;. (2.17)
2 Jom

The main idea of [9] is to consider specific deformation of the metric so that, on using (1.3),
one may isolate the required shape dependent term in the universal part of the Rényi
entropy. For example, f. can be isolated with a deformation that affects Cs; but not Ks:

0S, = —loge / d2yﬁf02(n)0“bab +- (2.18)
b)) T

where - - - are non-universal terms of the Rényi entropy. This can be achieved by considering

on the entangling surface the following metric

xtab + O(p%))dy'dy’ | (2.19)

1
ds%oun = dr? + ? [dpQ + (5%5 + Qabij

where Qasz. describes a deformation of the metric and give rises to an amount of C®,;, as
Cab o 1 ai 2.9
ab — gQa i ( . 0)

Here in (2.19), we have adopted a local coordinate system (p,T, y%) near Y, where
for each point on Y, we introduce a one-parameter family of geodesics orthogonal to
Y. parametrized by 7, and p denotes the radial distance to > along such a geodesic.
(z',2%) = (pcosT, psinT) and {y%,z’ =1,--+,d — 2} denotes an arbitrary coordinates sys-
tem on . We note that in this computation of f., the boundary metric (2.19) is conformal
equivalent to a deformed conical metric.

To proceed with the calculation of f.(n), we consider the bulk metric that asymptotes
to the deformed hyperboloid background (2.19):

dr? 72 5o
dst o = o) + f(r)dr? + 2 [dp2 + (035 + q(r)Qabﬁx“:cb + O(p3))dyzdy3] (2.21)

where ¢(r) is determined by the E.O.M in the bulk and approach 1 in the limit r — oo.

Actually, to derive f.(n), we do not need to solve the E.O.M. That is because we already

have dv;; = @Q
p

to extract the terms proportional to C“bab. In other words, we only need to calculate 7%

ab;ﬁ.xawb ~ Cabab, so we only need zero order of T in eq. (2.17) in order
on undeformed hyperboloid background.

We note that in the context of AdS/CFT, the stress tensor that appears in (2.17) can be
taken either as the regularized Brown-York boundary stress tensor [25] or the holographic
stress tensor [26]. The two are equivalent as we demonstrate in the appendix. In this sec-
tion, we will consider the first approach. The key point is to find the regularized boundary
stress tensor for our non-standard GB gravity (2.1). Notice that our non-standard GB



gravity (2.1) can be rewritten into the standard form, with only the coefficients of Ly =1
and L9 = R different from the standard GB:

2 - —
I'= 167r1GN /M [RJF % +aly(R)|, (2.22)
2 _
- 167710N /M [(1 +2(d—1)(d - 2)a) R+ a P d(1 +(d+1)(d - 2)a) + oz£4(R)} :

where £4(R) denotes the standard GB term. The holographic regularization for GB gravity
is studied in [27]. Reparameterizing their formulas, we get for the Brown-York boundary
stress tensor:

ij ij ij i, ©(d-3 ij 1 ij
87TGNT8]M = (1+26¥(d7 1)(d72)) |:K8]M 7K3M’7J - (d*l)’yj + ((1_2 ) (RBJM - §R3M’Yj):|

20 (Q”’ - %Qv“) , (2.23)

where ©(x) is the step-function with ©(z) = 1 provided = > 0, and zero otherwise. K}fM
is the extrinsic curvature on the AdS boundary and Q;; is given by

Qij = 2Kom KonminKon"s — 2Konin K5 Koniy + Konrig(Konm Ky — K3p) - (2.24)
+2KanRonij + Ron Konij — 2K 5h Roakity — 4R8Mik;KaMkj-

Here Ry denotes the intrinsic curvature on the boundary.
Substituting eq. (2.23) and 67,5 = ;—zQabﬁxaxb into egs. (2.17), (2.18), we obtain

m 17 32« 217 + 4512c0 + 2323202 ) 3
= — |1 —— - ) (n—-1 —1 —1
fe) = gax [ 8at ( 18 3 ) =1+ 162(1 + 8av) (n=1)°| +0(n —1)
— 4 2
c+ (18(1 30) (n—1)4+0(n—1)
_ U _ _ )2
=c+e < s 108t2) (n—=1)+0(n—-1) (2.25)

Similar to f,(n), we have used “* = %tg + %tzl for 4d CFTs and t4 = 0 for GB gravity.
Eq. (2.25) agrees with eq. (1.11) when ¢4 = 0. Note that eq. (2.25) and eq. (2.15) are
consistent with the identity (1.7). This can be regarded as a check of our holographic
calculations.

2.1.3  fu(n)

Now let us go on to calculate fy(n). The method is similar to that of f.(n): we consider
the first order variation (2.17) of the partition on the hyperboloid background deformed
by an extrinsic curvature [9] and then extract f,(n) from

0S5, =loge / de\/EMtr(R'Q) +oee (2.26)

b)) 2w

The main difference from f.(n) is that now we need to calculate T% on the deformed
hyperboloid H;}. This is because we have dv;; ~ K, thus to extract K 2 terms, we must get
T% of order K.



To proceed, we deform the boundary hyperboloid by a traceless extrinsic curvature
1 4 A
dst o = dr* + 2 [dp? + (055 + K352 + O(p?))dy'dy’]. (2.27)

Then the bulk metric becomes

dr? r

2 4 A
d512ou1k = m + f(r)d7'2 + ? [dp2 + ((5;5 + k:(r)Kag}x“ + O(pQ))dyzdy]] (2.28)
To get boundary stress tensor T% of order O(K), we need to solve the E.O.M up to O(K).
For traceless K,;;, we find one independent equation

(=20 (ff" +rf =6(f+7%) + f + 7] k(r)
+f [rf (=86 + 20f" = 3) - f (120 + 1)r? — daf) +2ar ()] ¥ (r)
—r f? (—20zf' + 12ar + r) E'(r) =0 (2.29)

n/2

Near the horizon, the solutions behave like k(r) ~ (r — rg)"/“. The solution is uniquely

determined by this IR boundary boundary condition and the UV boundary condition
lim, oo k(r) = 1. However, the IR boundary boundary condition k(r) ~ (r — rg)™?

is not easy to deal with. Thus, we define a new function

 dr
h(r) = k(r) exp {/T f(T)] (2.30)
and the E.O.M becomes
[2a(r — 1) f" + 4o f + (12a + 1)(—(3r — 1))] A(r)
+ [f (r (=36 +2af” = 3) + daf’) —r (f +2) (=2af" + 12ar + 1) K (r)
+ [ fr (=2af + 12ar + )] K'(r) =0 (2.31)

Now the regularity condition at horizon simply requires h(rg) to be finite. Solving the
above equation perturbatively, we get

1
hr) = T2+ () — 1) + a(r) (o — 1)+ (2.32)
with
r+1 r+1 6r% +3r — 1
hi(r) = — 10g( . ) I (2.33)
r+1 r+1 612 +3r —1 r+1
ho(r) = 5 log? ( . ) — 63 log< . >

5 (21613 — 85r + 27) r? + 24 (r (r (360r® — 155r + 69) +4) +20) a
i 2160r7(1 + 8«) '

(2.34)

where we have obtained solutions up to hs(r). For simplicity we do not list them here.

,10,



From egs. (2.30), (2.32), (2.33), we can derive k(r). Expanding k(r) in large r, we find

1 Bn 1
]{7(7’) =1- ﬁ + ﬁ +0 (706> (2.35)
where
_ 1, n—1 (67+600a), . (1511040” + 343200 +1945)
br==3+* 3 " marsa) " Y 7776(1 + 8a)2 (n=1)

(13624151040” + 4715794560” + 542442960 + 2074355) A
- 5598720(8a + 1)3 (n=1)

(198657235722240 + 93046625648640° + 16279002766080” + 1261431467520 + 3654194425) 5
+ 7054387200(1 + 8a)? (n=1)

+0(n —1)°. (2.36)

Recall that §logZ ~ T%§v;; and (2.17) is calculated on the boundary with r —
oo. Thus, k(r) in the large r expansion is good enough for our purpose. Substituting
egs. (2.35), (2.28), (2.9), (2.13) into egs. (2.23), (2.17), (2.26), we obtain

278402 + 5552a + 275
sOn <%+10a>(n—1) (278400 + 5552 + 275)

() =(1+8a) - 216(1 + 8av) (n—1)°

(2374364160° + 740979840 + 76674640 + 263115) s
- 155520(1 + 8av)2 (n=1)

(33235339714560* + 14256172892160° + 2280890699520° + 16137500288 + 426115725)
* 195955200(1 + 8a)? (

+O(n —1)°. (2.37)

n—1)*

Similar to f.(n), we can rewrite fy(n) in terms of @ and ¢ or ¢ and t2. We have

fo(n) =c+ <?1)a - ic) (n—1)+O0(n —1)*
=c+ec <—E — 118t2> (n—1)+0(n — 1) (2.38)

To end this section, we notice an interesting property of solutions to GB gravity (2.1).
Expanding in (n — 1), we find the solutions such as f(r) and h(r) are exactly the same
as those of Einstein gravity at the first order (n — 1). Differences appear only at higher
orders. As we will prove in the next section, this is a universal property for general higher
curvature gravity as long as we rescale the coefficient of R as 1.

2.2 General higher curvature gravity

In this section, by applying the methods illustrated in section2.1, we discuss the universal
terms of Rényi entropy for CFTs dual to general higher curvature gravity. In general, it is
difficult to find the exact black hole solutions in higher derivative gravity. Instead, we focus
on perturbative solutions up to (n —1)2. This is sufficient to derive f, of order (n—1)? and
I, fe of order (n — 1). As we have argued above, it is expected that there is no universal
behavior at higher orders, due to the fact that the higher orders are determined by four
and higher point functions of stress tensor, which depend on the details of CFTs.
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Let us consider the general higher curvature gravity I(R,.,.). We use the trick in-
troduced in [24] to rewrite it into the form similar as eq. (2.1). This method together
with [28, 29] is found to be useful to study the holographic Weyl anomaly and universal
terms of entanglement entropy [24, 30-32].* Firstly, we define a ’background-curvature’
(we set the AdS radius [ = 1 below)

Ryuvop = Gup9vo — JuoGuvp (2.39)

and denote the difference between the curvature and the ’background-curvature’ by

Ruuap = R;U/Jp - R/u/ap' (240)
Then we expand the action around this ‘background-curvature’ and get
_ 1 d+1
I = o / 42 /GL(Ryop) (2.41)

8
1 _ _ o _ _ _
- / A /g | Lo+ etV R (e La(R) +c5 Ry R+ R+ eV KG(R)+O(RY)
167TGN -1

where Ly = L(Ruv0p) = L(Ruvop)|ads is a constant defined by the Lagrangian for AdS
(n)

solution, and cin are constants which parametrize the higher derivatives correction to the

Einstein action up to third orders in the curvature with n denoting the order. Here L4(R)
denotes the GB term

La(R) = Ryppe R*P" — AR, R + B2, (2.42)

and Ci(R) denotes the basis of third order curvature terms

Ki(R) = {R®, RR,, R" , RRy1p0 R, R, RORY, R™ RP Ry, RWRW"*R”W A1
D, DUAXT DV
Ryupe RO RY, P}, (2.43)

HVAX PO
Ryuypo R R Ay

We require that the higher derivative gravity has an asymptotic AdS solution. This would
(1)

impose a condition ¢’ = —Lo/2d [24]. Using this condition, we can rewrite the ac-
tion (2.41) as

8
_ 1 Lo 2 @, 5y DB . 2 B2 ) (B B4
e TR, /M—M(Rer —d)+(c;” Lo(R)+¢y Ry R* 4-c5 ' R )+;ci Ki(R)+O(RY) .
(2.44)
Rescaling Gy — @N = —%CéGN, cgn) — 62(.") = —%ﬁcgn), we have
8
1 _ _ _ _ _
- / (R+d?—d)+ (&7 La(R) + &) R R + & R2) + 3 &P Ki(R) + O(RY).
167GnN J “

(2.45)
Now it takes the form as eq. (2.1). For simplicity, we ignore the notation~ below. The
E.O.M of the above gravity is

1
P, Ryape — 29"V Pupy — 5 Ly = 0, (2.46)

4For recent discussions on entanglement entropy and the scale invariance, please see (33].
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with PF*? = OL/ORapo-

A couple of remarks on action (2.45) are in order.

Firstly, it is clear the hyperbolic black hole which is locally AdS is a solution to
action (2.45). That is because R,,,, = 0 in AdS. We are interested of two kinds of
perturbations: the first one is dgu, ~ O(n — 1) related to f,, fc, and the second one is
69 ~ O((n — 1), K) related to f,. Remarkably, we have R,,,s ~ O(n — 1, K?)° for the
deformed metric (2.28).

Secondly, we are interested of the solutions up to O(n—1)? and O(K), or equivalently,
the action up to O(n —1)* and O((n — 1)*K?). As a result, we can drop the O(R)?* terms
in action (2.45) due to O(R)* ~ O((n — 1)*,(n — 1)3K?,---). Recall that the terms of
order O((n —1)*K") in the action contributes to terms at least of order O((n —1)*~1K?)
and O((n — 1)2K®"1) in the E.O.M.

Thirdly, at the linear order in O(n — 1, K), solutions to Einstein gravity are also

(n)

solutions to higher curvature gravity (2.45). In other words, the parameters ¢; ' do not

(2
appear in the solutions of order O(n—1, K). Let us give a simple proof. Since IC;(R) ~ R? ~
O(n—1)% and O((n—1)?K?), obviously they do not contribute to the solution at order O(n—
1, K). Now we are left with three curvature-squared terms. Notice that RW =0and R=0
for all solutions to Einstein gravity with negative cosmological constant. Thus we only need

to consider the GB term £4(R), which contributes the following terms to the E.O.M

1
§£4(R)9um (2‘47)

where PFP7 = JL4(R)/OR aps- At leading order we have P,""" Ryapo ~ 2R, Ryapo ~
4Ry, ~ O((n—1)%, K?) and L4(R) ~ O((n — 1) K?). Thus, it is clear that the GB term

L4(R) does not affect the E.O.M of order O(n — 1, K'). This is indeed the case as we have
seen in section 2.1. Now we finish the proof.

apo
PupRuapa_

Finally, let us discuss the regularized boundary stress tensor of action (2.45). Let
us firstly discuss the curvature-squared terms in action (2.45). Such terms are studied
in [34] at the first order of cg) and cgz). Reparameterizing their formulas, we find for the
Brown-York boundary stress tensor

A ij ij ij i, ©(d-3 ij 1 ij
8GN T = (1427 (d — 1)(d - 2)) [KJM — Koar" = (@ 1)y + S0 (RajM ~ gl ”

w2 (@7 3007). (2.48)

where d = 4 and Q;; is given by eq. (2.24). Remarkably, the terms cgz)RWRW and cg)RQ do
not contribute to the regularized boundary stress tensor. This is actually expected since for
an asymptotically AdS spacetime, we can rewrite the metric in Fefferman-Graham gauge

1
452

1 . .
ds® = Gudatds” = d,é2 + E’yijdmldxj, (2.49)

"Note that we have R,.,o proportional to O(K?) instead of O(K). The reason is as follows: K depends
on the orientation, while R is orientation independent. Thus R must be proportional to even powers of
K. Substituting f(r) = > — 1 and k(r) = v/72 — 1/r into the metric (2.28), one can check that indeed
Ryuvpo ~ O(K?).
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where 7vi; = y(0)i; + PY(1)ij + -+ and the boundary is at p — 0. Near the boundary, we
have [24]

VIR ~ /g~ O (2) : (2.50)

P
_ 1
VILi(R) ~ O <ﬁ) , (2.51)
VIK7(R) ~ /gKs(R) ~ O(1), (2.52)
VIR R ~ JGRR ~ \/gKiz18(R) ~ \/gO(R") ~ O(p). (2.53)

Clearly, only terms (2.50), (2.51) in action (2.45) are divergent and need to be regularized
near the boundary. No counter terms are needed for the other terms for d = 4. In addition
to the counter terms which make the action finite, one may worry about the Gibbons-
Hawking-York (GHY) boundary terms which make a well-defined variational principle. For

general higher curvature gravity, the GHY-like term is proposed in [35]. For /IC;(R), we have

Iy ~ /aM d4x‘ngﬁjKani ~ 0(p), (2.54)
where PPP? = OKi(R)/ORwps. So the GHY-like terms for K;(R) are harmless. The
GHY-like terms and counter terms for curvature-squared are discussed in [34], which yield
eq. (2.48).

In conclusion, the regularized boundary stress tensor for higher curvature gravity (2.45)
is given by eq. (2.48) in dimensions less than five (d = 4). It should be stressed that the

GHY-like terms and counter terms for 7(R) and Kg(R) are necessary when d > 6.

2.2.1  fa(n)

Applying the methods of section 2.1.1, let us calculate f,(n) in general higher curvature
gravity (2.45). Recall that Rényi entropy on spherical entangling surface is given by

To
n 1 gun(myar (2.55)

S, =
].—nT() To/n

with Sgu(7") the black hole entropy

1 oL
S = —— [ dy*Vh=———tcuEpo. 2.56
o = g [ Vg s, (256)

To suppress the massive modes and ghost modes with M ~ 1/ ci(n), we work in pertur-
(n)

bative framework with ¢, < 1. After some calculations, we find the black hole solution as

dr?

()

where d¥3 is the line element for hyperbolic plane H3 with unit curvature, and f(r), F(r)

ds%)ulk = + f(’I")F(T)dT2 + r2dZ§ (2.57)

are given by
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2(n—1)
3r2

firy=r*—1+

(r6(336c§2> +192¢) — 96¢(¥ + 35) — 24r2(c{? + 22868 — 3¢ + 4608c$3>)
B ®) (n—1)%
27(1 + 8¢y )r8

+0(n —1)3 (2.58)
8(52¢%) + 3¢)

Flry=1- 3(1+ 8652))7“8 (n=1)"+0(n —1)% (2.59)
From the conditions

fru) =0, (2.60)

T = TR F O lmry = 5 (261)

we find a consistent solution

(2) (3) _ o (3
1) 10 4(4c? — 84c®) — 3

=1 =) 100 e 40 07 5 %) (012 £ On—17. (2.62)
3 27 27(1 + 8¢;”)

Substituting the above equations into egs. (2.55), (2.56), we obtain

(2)
1 1
wTNfa(n) —1- %(n —1)+ 571(336052) +192¢5) — 96¢lY) 1 35) (n—1)2+--- . (2.63)

Using the following relations [32],

s ™ (2)
= — =—(14+8 2.64
0= oo o= a1 (2.6
12
t = —— (4ct” —192¢(” + 96c”), (2.65)
1T+ 8¢
2160
ty = 7(2)(2&73) — P, (2.66)
1+ 8¢
we can rewrite eq. (2.63) as
¢ 35 7 1 ,
—a—Sm-1 I 124 2.67
fm =a= -1+ e( B4 it gt ) - 024 (2.67)

which is eq. (1.9) advertised in the Introduction.
(n)
result eq. (2.67) applies to finite ™. For the case céQ) = c:(f) =0, egs. (2.58), (2.59), (2.62)

i("). For small but non-zero céz) and ng), we have performed a fifth order

We remark that although we work in linear order of ¢ in the above derivation, our

are exact in ¢
perturbation and find that eq. (2.67) remains unchanged.
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2.2.2  f.(n)

Now let us study f.(n) in higher curvature gravity (2.45). Similarly, we consider the
first order variation (2.17) of the partition function with 7;; computed on the undeformed
hyperboloid background. Here T% is the regularized boundary stress tensor given by
eq. (2.48). The bulk metric takes the form

d 2 2 2 A
ds%ulk = % + f(T)F(T‘)dT2 + % [dp2 + (523 + q(r)Qab%.x“xb + O(p?’))dyldyj], (2.68)

which approaches the deformed hyperboloid eq. (2.19) for ¢(oco) = 1. Recalling f(r), F(r)
as given in egs. (2.58), (2.59) and substituting all these equations together with ;; =

13 Q2% into egs. (2.17), (2.18), we obtain

8GN 2 17 32 (2 32 (3 16 (3
ch(n):(l—Fch))—F (—18—3C§)—36(7)+3Cé)) (n—1)+---. (2.69)

Applying eqs. (2.64), (2.65), (2.66), we can rewrite f.(n) as

17 7 1
= —— — ——ty — —t —1)+---. 2.70
fe(n) c—l—c( 8 1082 o7 4) (n—1)+ (2.70)

Notice that f,(n) (2.67) and f.(n) (2.70) are consistent with identity (1.7). This is
a non-trivial check of our holographic approach, in particular, the regularized boundary
stress tensor eq. (2.48).

2.2.3  fp(n)
Finally, let us discuss fp(n) in the higher derivative gravity. Similar to the case of the GB
gravity, the key point is to find deformed black hole solutions up to order O(K)

d 2 2 . .
dSZbulk = % + f(T)F(r)dT2 + %[dpQ + (5;3- + k(r)Kaijx“ + O(p2))dyldyj} (2.71)

For traceless Kg;j, there is one independent equation of k(r). We find the solution at the
linear order in (n —1) is exactly the same as that of Einstein gravity, which agrees with the
arguments below eq. (2.46). Modifications from the higher-curvature terms only appear at
higher orders. Remarkably, at the next order O(n — 1)2, only 052), cg?’) and cég) contribute.

Following the approach of section 2.1.3, we obtain k(r) in large r expansion as

1 By 1
k(r)=1-5 53+ 3 +0 <6) : (272)
where
(2) (3) (3)
1 n—1 (=600 4224¢5”) — 2112¢g” — 67
Bp=—-4+ 224 (=600c;™ + 4224c7 % )(n ~1)?+0(n—1)>% (2.73)

2
12 432(1 + 8¢1Y)

,16,



Substituting egs. (2.72), (2.58), (2.59) and d7;; = ;—;Kazjxa into (2.17) and (2.26), we
obtain

11
fo(n) = 82N {(1 +8c%) + (—12 —10c{? + 328 — 16c§3)> (n—1)+- } (2.74)
111 1
:c—c( 18t2+t4)(n—1)+--- (2.75)

as declared in the Introduction.

Now we have obtained f;/(1), f;(1) and f/(1) by using holographic methods. Inter-
estingly, they only depend on the parameters of stress tensor two-point and three-point

functions. When ng) = ng) = 0, our derivations are nonperturbative in the coupling con-

stants of higher curvature gravity. For small but non-zero cg ) and c( )

, we have performed a
fifth order perturbation and find that they remains unchanged. In conclusion, our obtained
results egs. (1.9), (1.10), (1.11) are universal laws for strongly coupled CFTs that are dual
to general higher curvature gravity. It is expected that there are no such universal laws
at the next order, since the next order terms would involve the stress energy four-point

functions which no longer admit any universal form.

3 The story of free CFTs

In this section, we discuss the universal terms of Rényi entropy for free CFTs. We find the
holographic relations found in section2 also apply to free fermions and free vectors but not
to free scalars. We find a combined relation which is obeyed by all free CFTs and strongly
coupled CFTs with holographic dual. It seems that this combined relation is universal for
all CFTs in four dimensions.

For the theory consisting of n, free real scalars, ny free Weyl fermions and n, free
vectors, the functions f,(n) and f.(n) have been calculated explicitly in [8, 15, 36-39]. We
list the results as follows:

1 (14+n)(1+n?) (14-n)(7+37n?) (14+n+31n24+91n3)
a = 5an | Tts v s 1
Jam) = 365 [" T A T R 23 (3:1)
1 (14n)(14n?) (1+n)(7+17n?) (14+n+11n2+11n3)
p—_ . .2
Jelm) = 159 [n An? T e ™ 23 (3:2)

One can check that the above f,(n) and f.(n) satisfy the identity eq. (1.7). Assuming
fo(n) = fo(n), we have

1 [n (1+n)(1+n2)+ (1—|—n)(7—|—17n2)+ (14 n+ 11n2 + 11n3)

Joln) = 120 4n3 " 16n3 o 2n3 ] (3:3)

This is at least the case for free scalars [12]. Numerical calculations also support f,(n) =
fe(n) for free fermions [17].
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According to [40, 41], the stress tensor three-point functions for CE'Ts in general space-
time dimensions are completely determined in terms of the three parameters A, B, C' as,

/2
Cr = o mol(d = 1)(d + 2)A = 2B — 4(d + 1), 3.4
b 2(d+1) (d—2)(d+2)(d+1)A+ 3d*B — 4d(2d + 1)C (3.5)
T (d—1)(d+2)A—2B —4(d+ 1)C ’ '
o (d41) (d+2)(2d* — 3d — 3)A 4 2d*(d + 2) B — 4d(d + 1)(d + 2)C (3.6)
T (d—1)(d+2)A—2B —4(d+ 1)C n
where for free 4d CFTs, we have
A= -5 (n,~ 5amy) (3.7)
- 277’(6 S V) .
2
B = ~ 7 o (8ns +432n, + 27ny), (3.8)
1
C = ~ 7 o (2ns +432n, + 27ny). (3.9)

and Cp = %c.

Substituting eqs. (3.7)-(3.6) into the holographic relations egs. (1.9), (1.10), (1.11)
for fa, fv, fe and comparing with those of free CFTs egs. (3.1), (3.2), (3.3), we find ex-
act agreements for fermions and vectors. However, there is discrepancy for scalars. As
noticed in [20], such discrepancy results from the boundary contributions to the modular
Hamiltonian. Interestingly, we find the following combined holographic relations

204(1) = 311) = (14 1o+ it (3.10)
244(0) + 5720) = e (44 ta + 5t )

are satisfied by all free CFTs including scalars. We conjecture these are universal laws for
all CFTs in four dimensions. As mentioned in the Introduction, eq. (3.10) and eq. (3.11)
are not independent, which can be derived from each other by applying eq. (1.7).

In the notation of [12], our conjecture (3.10) becomes

273 1 1
mCh(1) — 36hy(1) = %CT (1 iR 15t4> (for 4d CFTs), (3.12)

where Cr = %c for 4d. As the quantities h,, and Cp have natural definitions in all
dimensions. It is expected that one can generalize our results to general dimensions. We
will perform this analysis in the next section.

4 Universality of HRE in general dimensions

In this section, we study h,(n) and Cp(n) of holographic Rényi entropy for CF'T in general
d-dimensions. We firstly consider the 3d case and then discuss the case in higher dimen-
sions. We find that in general dimensions there are indeed similar holographic universal
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laws expressing h//(1) and C%) (1) in terms of a linear combination of C'r, 2 and ¢4. And for
all the examples we have checked, these holographic laws are obeyed by free fermions, but
are violated by free scalars. Similar to what we did above for four dimensions, we are also
able to find a specific relation involving linearly the quantities k! (1), C%, (1), Cr,t2 and t4,
which applies to free fermions, free scalars and strongly coupled CFTs with holographic
dual. We conjecture that this relation holds for general CFTs.

To proceed, we apply the holographic approach developed in [10, 13] to derive hy(n)
and Cp(n) for general higher curvature gravity. This procedure treats the extrinsic cur-
vature perturbatively. For our purpose, we only need to consider the linear order of the
extrinsic curvature below. Inspired by [10, 13], we consider the following bulk metric

2
b = 75 + )P ()ar? (41)

2 — il < 4 4
- dp* + (035 + 2k(r) K jza®)dy'dy’ + mk(r}(91-K“:Ea,od,()dyZ +0(p?) ],
where K + is the traceless part of extrinsic curvature and we have 9; K ;= = 0; K 5 +O(K 2
for cons1stency [10]. According to [10, 13, 42|, hy, and Cp(n) can be extracted from the

boundary stress tensor

LTaqlp b kn
T n = LK , 4.2
1
<Tz]($)>n = ;( gn0;; + kn IS I
where
(d—1)I(2 - 1)r2 2 Cp 3d—4 hy, B,
kp — k1 = — d gn—g1=-—. 4.3
! 2I'(d+1) n d—2 2rn ONC I T T o, (43)

The boundary stress tensor in general higher curvature gravity has been calculated in [32],
yielding that

d o pid) _ (2)) (d)
T; 4(d — 2 o 4.4
(Tij) = fCThj 167TGN( +4(d = 2)ey” ) by (4.4)
where
d+1 T(d+1)
_ 4.5
Ja =255 md/20(d/2)’ (4:5)
fa (2)
= 1+4(d—2 . 4.
COr = gy (LT 4(d =) (4.6)
and hg;l) appears in the Fefferman-Graham expansion of the asymptotic AdS metric
dz o
2 _ (0) 2,1 4 dy (d) i
ds — + — (g” + 22 gij +- o+ 2%y + - )dy'dy’. (4.7)
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Notice that the stress-tensor eq. (4.4) contains contributions from the g(g),;; in even dimen-
sions [26]. These contributions reflect the presence of conformal anomalies. However, as
argued in [10], these terms do not affect Cp(n) and h,,.6 So we have ignored them in the
present paper. Note also that we use a seemingly different stress tensor Thas; eq. (2.48) in
section 2. Actually, the stress-tensor eq. (2.48) is equivalent to eq. (4.4) up to a rescaling
and some functions of g(p;; [26]
. 1
(Tig) = lim ——5Tonrij- (4.8)
If we take the stress tensor eq. (4.4) instead of eq. (2.48) in the procedure of section 2, we
get the same results for fy(n) and f.(n). The interested reader is referred to appendix A for
the proof of the equivalence. Now let us focus on the stress tensor eq. (4.4) from now on.
Comparing eq. (4.4) with eq. (4.2), one can read out hy,(n) and Cp(n). Let us take
Einstein gravity as an example. The solution is given by

M

— 2 —
fr)=r _1_7@7_27 F(r) =1, (4.9)
V=T fa |
k(r)=——4+—4+0—/=|. 4.10
() o Ta T (rdﬂ) (4.10)
From the above equations, one can easily obtain
@_ Lif1 (2 oo

where gy and kg are constants which are not important.” Comparing eqs. (4.4), (4.11) with
the last equation of (4.2), one obtains [10, 13]

hn M
=g (4.12)
n  (d—1)7%2-2T(d/2) 167Gy ' '

Now let us turn to discuss the general higher curvature gravity (2.45). In general, it

is difficult to find the black hole solutions for higher derivative gravity. For simplicity, we
work in the perturbative framework of the coupling constants an)' Remarkably, we find

the solutions behaving as

k(r) = @+f§+o <,,;+1> (4.15)

50ne can easily check that g(0)i; is independent of M. and f3,. Thus, the contributions to the stress-
tensor eq. (4.4) from g(g);; do not affect Cp(n) and Bn.

"From eqs. (4.2), (4.4), (4.11), we can derive k,, and g,,, which have a linear dependence on the constants
go and ko appearing in eq. (4.11). However, we are interested of Cp(n) and h,, instead of k,, and g,. Since
Cp(n) and h,, are functions of (k,—k1) and (g, —g1) from eq. (4.3). They do not depend on go and k¢ instead.
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(d)

Here ‘e’ denotes effective. Using the above solutions, we can work out h{j in the Fefferman-
Graham expansion. Interestingly, it takes exactly the same form as that of Einstein gravity
eq. (4.11), only replacing M and 3, by the effective counterparts M, and /3,,. Comparing
egs. (4.4) with eq. (4.2), we finally obtain

hn, M.

Cp dm’n M.
Or —d+1 (d—2)(5n—51)—7 ; (4.17)

where fy and Cp are given by (4.5) and (4.6). h,, and Cp were first obtained for Einstein
Gravity in [13] and for Gauss-Bonnet Gravity in [10]. Here we derive them for the general
higher curvature gravity. It is remarkable that, when expressed in terms of M. and the
Bn’s, the coefficients h,, and Cp take on these very simple universal forms (4.16), (4.17).
As a first check, our formulae agree with those of [10, 13] for Einstein gravity and Gauss-
Bonnet Gravity. The holographic relations (4.16) and (4.17) are one of the mz?ilgl results we
n

obtain for general dimensional CFTs. It should be mentioned that Gy and ¢; "’ appearing
in this section are actually Gy and Ei(n) defined in the action (2.45). For simplicity, we

have ignored the notation™.

4.1 CFTs in three dimensions

In this section, we use the formulas obtained in the above section to study the universal
behaves of Al (1) and C7,(1) for 3d CFTs. We need to solve the E.O.M of general higher
curvature to get the effective mass M, and 3,,. Note that the Gauss-Bonnet term is a total
derivative in four-dimensional spacetime. Without loss of generality, we can set 052) = 0.

After some calculations, we derive

1 3 <r5(8c<73) — 402(33) +5)+ 4r2(cg3) - 446(73)) + 1440(73)> (n—1)?

f(r):rz—l—kn; — 36
+0(n —1)3, (4.18)
3, O
F@):1_9@h%quHn—n2+om—1y. (4.19)

One can see that these solutions obey the behaving (4.14) and the effective mass is given by

3(8¢%) — 4clY + 5)
8

Me=—(n—1)+ (n—1)>+0(n—1)% (4.20)
Note that we have used the conditions f(rg) = F(rg) = 0 and T = 5 to fix the
constants of integration for f(r) and F(r), with 7y given by

(3) 2
n—1 9 9c>"(n—1)

-1 =
5 T 2

rg=1- +0(n —1)%. (4.21)
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Solving k(r) up to order O(n — 1)?, we obtain

k(r) = ’"i_ Ly % +0 <1> (4.22)

ré

n-1, 1947 19¢” 41
2 1 144

) (n—12+0(m—1)3 (4.23)

Substituting eqs. (4.20), (4.23) into eqgs. (4.16), (4.17), we obtain

ho 1 4 w3 2 3

M 2 1) - 490 + ~1)24+0(Mn-1 4.24
Cr 24" (n=1) 11520( 0+ta)(n=1) (n=1)% (4.24)
CD_12( _1)_7”2(100—75)( ~1)%4+0(n—1)>» (4.25)
cr 2"\ 240 A " ' '

where we have used [32] t4 = 720(20&3) - cég)).

Now let us compare our holographic results with those of free CFTs. h, for free
fermions and free scalars are calculated in [20, 36, 43-45]. And it is proved in [43, 44] that
Cp =dI'( %)(%)dilhn for free fermions and scalars in three dimensions. For free Dirac

fermions, we have [45]
3 m / 137

3
=g =4 hl (1) = Tox (D) = =565 Ch(1) = o (1) = —

13

C _
T 807

(4.26)
which exactly match the holographic results eqs. (4.24), (4.25). However, similar to the
case of 4d CFTs, mismatch appears for free scalars. According to [20, 43], it is

3

B 7'(' I 170 _, 3 PN v
1672’

ty =4, hy(1) = 2, hy(1) = 960’ Cp(1) = 39’ p(1) = 730’

Cr 128 '

(4.27)
for free complex scalars. It is found in [20, 45] there is discrepancy for h!(1). Here we

note further that there is a discrepancy in C7)(1) too. Similar to the 4d case, we find a
combination of A//(1) and C7)(1),

3
7O (1) — 16h! (1) = %CT (1 + ;‘6) (4.28)

which is obeyed by free scalars, free fermions and CFTs with gravity dual. In addition
to free CF'Ts and strongly coupled CFTs with gravity dual, it is interesting to investigate
whether the 'universal law’ (4.28) is obeyed by more general CFTs.

4.2 CFTs in higher dimensions

Let us go on to discuss h,, and Cp in higher dimensions. Similar to the cases of 3d CFTs
and 4d CFTs, we need to solve the E.O.M in the bulk to get the effective mass and [3,,.
Then we can derive h,, and Cp from the general formula egs. (4.16), (4.17).
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By solving the E.O.M for the general higher curvature gravity (2.45), we obtain

o My | 2 f1(r) + &) fr(r) + ¥ fs(r)
f(T)—T —-1- d—2+ (2)
T 14+ 4(d —2)¢;

:ﬂ_l_ﬂﬂ+o<1>, (4.29)

(n—172%+0(n-1)>

rd—2 rd
B () + Y Fy(r)

F(r)y=1+
1+4(d —2)c?

(n—1%*+0n-1>=1+0 <rid) : (4.30)

V=1 B, !
B(r) = ———+ 3 +0 <7ad+1> , (4.31)
where
2 (2d —3)(2d — 1) 2
M, =——"—(n-1 -1
(2) (3) (3)
14+4(d —2)¢;
and
1 4d® — 8d? + d + 2 2
Bn —ﬂ1+m("—1)_ 2d2(d — 1)3 (n—1)
2) (3) (3)
+C1 b1 + ¢y b7 + ¢y 'bs (n— 1)2 +0(n— 1)3. (4.33)

2
1+ 4(d —2)c?

Here fi(r), f(r), fs(r), F7(r), F3(r), m1, ma, ms, by, by, bg are determined by the E.O.M. We
have worked out the solutions case by case up to d = 9. Please refer to the appendix for

these solutions. In summary we obtain:

h ary T(9) ha (1)
- Ly P | n —1)? —1)3 4.34
Cp _ 2n° Ccp(1) 2 3
=D _ -1 -1 -1 4.
Cr d+1(” )+ 20 (n—=1)"+0(n—-1)", (4.35)
with %(Tl) and %;1) given by
d
hn(1) 2m2 ' (%) 5 3 2
)= — d (2d® — 9d® + 2d*> + 7d — 2 4.36
Cr @—Draas ras s +24°+7d-2) (4.36)
+(d—2)(d —3)(d+ 1)(d+2)(2d — L)ty + (d — 2) (7d* — 19d> — 8d + 8) t4],
ChH(1)  4ar? 1—d2+d_(d—2)(d—3)t ~ (d—2)(3d* —7d - 8) . (4.37)
Cr d+1| &#—d d—12d ° (d—12dd+1)(d+2) *| ‘

Note that the coefficients of t3 and t4 (t2) in h]/(1) and C}) (1) (4.36), (4.37) vanish when
d =2 (d=3). This is the expected result, which can be regarded as a check of our general
formula (4.36), (4.37). One can also check that the general formulas (4.36), (4.37) reproduce
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the results of 3d and 4d CFTs. We remark that the holographic formula of h!/(1) (4.36)
agrees with the those of [20, 45], which are derived by using three-point functions of stress
tensor. As they have checked, the relation (4.36) for h!!(1) works well for free fermions (up
to d = 12) but not for free scalars (d > 2).

Before we end this section, let us make some comments about the possible universal
relation between C'p and h,. For general dimensions, the generalization of the 4d conjec-
ture (1.8) is the statement [12]:

Cp(n) = dT <d’2”) (%)d_l (). (4.38)

This relation can be motivated by the observation that if one assume (4.38) holds for free
fermions and conformal tensor fields, one can prove C7,(1) of these fields exactly match
the holographic formula (4.37). Turning the logic around, if one assume free fermions and
conformal tensor fields obey the holographic formulas (4.36), (4.37),® one can prove that
the weaker relation

d+1Y [ 2 \*!
ChH(1) =dI' | —— — h(1 4.39
s =—ar (1) () ww (1.39)
holds in general dimensions. In proving these, we have found useful the rela-
tions (4.6), (3.5), (3.6) and that
1 d? d?
A= — — n 4.40
sf;[(d—ni’)”s d—3”t}’ (4.40)
1 [(d—2)d® > (d—2)d®.
B=_—— |22 4O h D5 4.41
Sg[(d—1)3”+2”f+ di—3 " (4.41)
1 [(d—2)2%d? d_ (d—2)d®
_ LA PO G W 4.42
¢ S§[4(d—1)3n+4”f+2(d—3)”t (442)

where Sy = 27%2/T(2), iy = tr(1)ny = 2[/2n; ny is the number of Dirac fermion,
tr is the Dirac trace and n; denotes the number of degrees of freedom contributed by
the (n — 1)-form in even dimensions d = 2n [19]. However incompatiblity arises in the
scalar sector as before. Indeed using (4.6), (3.5), (3.6) and (4.40)—(4.42) in the holographic
formulas (4.36), (4.37), we find for a free theory with ng scalars,

, d+1\ ( 2\, (d—2)ta2r (4 - 1)°
Ch(1) —dr <2) <ﬁ> hl'(1) = T6(d 1)§ ns # 0. (4.43)

Thus problems only appear for scalars. This equation shows that the relation (4.39) and
the holographic formulas (4.36), (4.37) cannot both be satisfied at the same time by free
scalars.

8This is indeed the case at least in three dimensions for free fermions.
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That the relation (4.38) is not compatible with the holographic results can also be seen
from the consideration of the positivity constraints [19, 46] for CFTs in general dimensions:

d—3 d?—d—4

Scalar Constraint : 1+ 7= 1t2 + FPg] ty >0, (4.44)
Vector Constraint 14223, 2 4>0 (4.45)
ector Constraint : - .

20d—1)° &2—-1"'""
1 2
Tensor Constraint : 1-— T 1t2 . 1t4 > 0. (4.46)

These constraints are consequences of the requirement of the positivity of the energy fluxes.
Now it is easy to compute from (4.36), (4.37) that

cp - ar (5 (\;)d W)

27m2(d — 2) d—3 d>—d—4
=C 1 t ty) >0 4.47
T(d—l)Qd(dJrl)( TPt e 4)- ’ (447)

where in the last step we have used the unitarity constraint Cp > 0 and the scalar con-
straint (4.44). This shows that, unless d = 2 or if the scalar constraint is saturated,’ the
relation (4.39) and our holographic results (4.36), (4.37) cannot both be satisfied at the
same time.

All in all, it is therefore interesting to look for a different relation between C7,(1) and
R (1) like those of (1.12) for the 4d case and (1.21) for the 3d case, that would hold for all
free theories as well as strongly coupled dual theories. To do so, we need the information of
h;r(1) and C7,(1) of free scalars. hl (1) of free scalars is discussed in [37, 43, 45] in general
dimensions. However, so far we do not know C7(1) in dimensions higher than four (d > 4).
On the other hand, if we assume (4.39) holds for free scalars in general dimensions as has
been suggested in [12], then we obtain

ch - 20a-vr (5 <j%)d Hi(1)

d—3 4 (d? —2d - 2)

472(d — 2) ; .
dd—0" T a—ndd+ D@+

-

(4.48)

which is such a ‘universal law’ obeyed by free scalars, free fermions, free conformal tensor
fields and CF'Ts with holographic dual. Please refer to the appendix for the derivation of
eq. (4.48). As a quick check, eq. (4.48) reproduces (1.12) and (1.21) for 4d and 3d CFTs,
respectively. It is interesting to find out if the ‘universal law’ (4.48) is indeed valid for
general CFTs. We leave this interesting problem and related questions for future work.
In summary, our holographic results (4.36), (4.37) are obeyed by free fermions and
conformal tensors but are violated by free scalars. According to [12], it seems that the free
CFTs satisfy (4.39). However, as we have proven above, this relation does not agree with

9The relation between (4.39) and lower bound of unitarity constraint (which is equivalent to the scalar
constraint ) is observed for Gauss-Bonnet gravity for d = 4,5,6 in [10]. Here we find this is a universal
property for general higher curvature gravity in general dimensions.
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egs. (4.36), (4.37). So neither the relation (4.39) nor the holographic relations (4.36), (4.37))
can be universally true for all CFTs. Instead, we find that the suitably combined rela-
tion (4.48) is satisfied by free CFTs (including scalars) as well as by CFT with holographic
duals, and stands a chance to be a universal relation satisfied by all CFTs.

5 Conclusions

In this paper, we have investigated the universal terms of holographic Rényi entropy for
4d CFTs. Universal relations between the coefficients f//(1), f/(1), f.(1) in the logarithmic
terms of Rényi entropy and the parameters c,ts,t4 of stress tensor two-point and three-
point functions are found. Interestingly, these relations are also obeyed by weakly coupled
CF'Ts such as free fermions and vectors but are violated by scalars. Similar to the case of

(1) [20], one expects that the discrepancy for scalars comes from the boundary contribu-
tions to the modular Hamiltonian. Remarkably, We have found that there is a combination
of our holographic relations which is satisfied by all the free CFTs including scalars. We
conjecture that this combined relation (1.14) is universal for general CFTs in four dimen-
sional spacetime. For general spacetime dimensions, we obtain the holographic dual of h,,
and Cp for general higher curvature gravity. Our holographic results together with the
positivity of energy flux imply C7,(1) > df(%)(%)d_lh;ﬁ(l). And the equality is satis-
fied by free fermions and the conformal tensor fields if they obey the holographic universal
laws. We also find there are similar holographic universal laws of A, (1) and C7,(1). By
assuming (4.39) for free CFTs, we find that for general dimensions, the relation (4.48) is
obeyed by all the free CFTs as well as by CFTs with holographic duals. It is interesting
to test these ‘universal laws’ by studying more general CFTs. We leave a careful study of
this problem to future work.

Acknowledgments

R. X. Miao thank Yau Mathematical Sciences Center for hospitality during the early stages
of this work. In particular, R. X. Miao wish to thank Prof. W. Song, Q. Wen and J. F.
X for helpful discussions and kind help during the stay at YMSC. This work is supported
in part by the National Center of Theoretical Science (NCTS) and the grant MOST 105-
2811-M-007-021 of the Ministry of Science and Technology of Taiwan.

A Equivalence between two stress tensors

In the analysis in the main text, we have considered in section 2 the Brown-York boundary
stress tensor eq. (2.48) in section 2, and in section 4 the holographic stress tensor eq. (4.4).
As we have mentioned in section 4, they are actually equivalent up to a rescaling and some
functions of g(g);; [26] that are irrelevant:

. 1
(Ty) = i{% WTBMU' (A.1)
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Here the Lh.s. is the holographic stress tensor and the r.h.s. is the Brown-York boundary
stress tensor. In this appendix, we shall prove that, by applying the stress tensor eq. (4.4)
instead of eq. (2.48) in the approach of section 2, we obtain the same results for f,(n) and
fe(n). This is can be regarded as a double check of our results.

The key point in section 2 is that the change in the partition function is govern by the

stress tensor one-point function
1 .
dlog Z, = ~ / dz* /ATy, 673 (A.2)
2 Jom

From eq. (A.1) and the asymptotic AdS metric in the FG gauge eq. (4.7), one can rewrite
it in terms of (73;) and dg(q);;

1 4 ij
The boundary metric g(o)i- is given by (2.18) of [10]
ds® = dr* + = e (dp + 165 + 2K}20 + QF xaxb}dyldy N+ O(K?). (A.4)

Actually, we can ignore the @) terms above, since it is of order O(K?). For simplicity,
we focus on the case of traceless extrinsic curvature K ‘”é = 0 as in section2. Using

egs. (4.4), (4.11), we can derive the stress tensor in ij components for 4d CFTs as

1 1 1 -
() = ECTh( ) = 7 C’Tﬁ { <4M6 + g0> 55 + (2Me + 26, + k:0> szxa} +O(K?).
(A.5)
From the above two equations, we get

3 4 3 4 1 el 1 — 3%
4

fa
(A.6)
Substituting eq. (A.6) and 0905 = %(251(“ Zg + (5Q“ba?axb) into eq. (A.3), we get

1 )
dlog Zn = 5 /8 N dz\/g0T" 89 gy:; (A7)
Integrating eq. (A.7) and selecting the logarithmic divergent terms, we obtain
2 1 1 _
log Zp, = — loge/ dy2$CT [3 <4Me n gg) co, + <2M€ + 2B, + ko — 4go> trKZ]
b 4

(A.8)
where we have used C% , = % % in the above derivations. Using eq. (A.8) and M,(1) =0,
we obtain the logarithmic divergent terms of Rényi entropy

log Z,, — nlog Z;
Sp =

1—n

= 1fCT/ dy? [ M.C, + (—Me + 4(Bn — Bﬂ)trKﬂ (A.9)

10g6/2 [fb( ) i? fc( )Ca ] (A.10)

= 1oge
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Notice that the constants gy and kg are canceled automatically in the above calcultions.
(6]

Comparing eq. (A.9) and eq. (A.10) and using Cr/ fs = 5, we finally obtain

7.‘-2’

O (A1)
fe(n) = —%c- (A.12)

Recall that M, and j, are given by

(336¢1? + 192¢%) — 96¢8) + 35)

27(1 + 8¢\?)
n1 (—600c\? +4224¢ —21126LY —67)
12 432(1 + 8¢Y)

M, = —%(n—1)+ (n—1240(m—1)°  (A13)

Brn = —%-1' (n—1)240(n—1)%.  (A.14)

Substituting egs. (A.13), (A.14) and ¢ = gZ—(1+ 8052)) into egs. (A.11), (A.12), we repro-
duce the results (2.69) and (2.74) in section 2. So the stress tensor eq. (4.4) indeed yields
the same results for 4d CFTs as the stress tensor eq. (2.48).

Substituting h,/(n — 1) = 2 fe(n), Cp/(n — 1) = %fb(n) and ¢ = m*C7 /40 [12] into
egs. (A.11), (A.12), one can also reproduce h,, and Cp eqgs. (4.16), (4.17) for 4d CFTs in
section 4.

B Solutions in general higher curvature gravity

In this appendix we provide the solutions to E.O.M of the general higher curvature grav-
ity (2.45), which are found to be useful for the derivations of holographic h, and Cp in
section 4.2. For simplicity, we work in the perturbative framework of the coupling con-

En). To derive hj;(1) and C} (1) in terms of Cr, ta, t4, we can further set 052) =0in

stants ¢
dimensions except d = 4. The solutions for d = 3 and d = 4 are given in section 4.1 and

section 2.2. Below we list the key results for d = 5,6,7,8,9 up to O(n — 1)2.

5d CFTs:
9 n—1
f(/r) =r - 1 + 2T3
3 (3r7(104c$3> — 34¢®) +7) — 8r2(1044¢8) — 96) + 7200c(73)) ) \
N 64710 (n—1)"+0(n-1)",
45(22¢%) + (Y (
F(r)=1- %(n— 1)?+0(n —1)°, (B.1)
k) = 11 (n—1)(160 — (n - 1)(—30840¢4Y + 15990¢5) + 307)) o L
o = 3200 rdtl )
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6d CFTs:

2(n—1)
— 2oy 7
for) =1 2
3 (7599268 — 23267 + 33) - 80r2(328¢” — 2¢(")) + 23040¢") ) ;
B 12512 (TL - 1) + O(TL - 1) )
72(132¢8Y) + 5¢) ) 5
F(ry=1- 5512 (n=1)+0(Mn-1), (B.2)
k) = T L (- 1)(75 - 2(n 1)(—10548¢7) + 5733¢LY) 4 73)) Lof !
r 76 2250 rd+1 ) -
7d CFTs:
_ 2 n—1
f(T) =r°—1+ 37,5
(rg (7320 +1320c(Y) — 143) +900r2 (2205 — ) — 176400c$’)) , ,
+ 2167"14 (n—l) +O(TL*1) )
3) | 2 (3)
35(92 3
Py = 1- 2020 £357) 2o 1), (B.3)

614

3 3
k) = P11 (-1 1)(192696¢4> — 109704¢8”) — 989) + 504) +o< 1 >

r r7 21168 rd+l
8d CFTs:
2(n—1)
.2
f(r) =r = 1 + 7,r6
3 (7“10(50880(73) —744¢l¥ +65) — 504r2(284¢8Y — V) + 129024c§3>) ) ,
B 343,16 (n—=1)"+0(n—1),
144(244¢% 4+ 7¢)
F(r)y=1- 49116 8 2(n—1)2+0(n— 1) (B.4)
k) = P11 (-1 1)(194304¢4Y — 115392¢8%) — 773) + 392) ol L)
r r8 21952 rd+1
9d CFTs:
~1
— 2y
f(r) r + 47,7
3 (7‘11(94640(73) —1162¢{Y +85) — 78472356 —c§3))+2540160<73)) ) ;
o 51218 (n_l) +O(n_1) )
189(39¢4Y) 4 ¢
Firy =1 - 390% +a7) 0 g2 4 o -1y, (B.5)

8rls

=1 1 (n—1)((n—1)(715608¢> — 441234c5) — 2279 + 1152) o < 1 >

)= s 82944 s

Using these solutions, we can derive M, and S, from eqs. (4.14), (4.15) as

M= -1+ & : d?’l(fjlg D (- 12
12(d — 2) (d* — 6d* +11d — 4) (3)
+ d—1) cy
3(d—2)(3d* —9d+4)

- d—1) cg’(n—1)2 4+ 0(n—1)3 (B.6)

(n—1)?
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and

Ad® — 8d? +d + 2

1
o . (n-1)-— —1)?
B B+ d(d— 1) (n—1) 2d2(d — 1) (n—1)
6 (d* + 2d* — 21d* + 36d — 16) (3, )
@17 ;' (n—1)
3 (4d* — 17d° + 35d* — 40d + 16) (3, 9 3
_ g’ (n—1)"+0(n—1)". (B.7)

2(d —1)3d
Recall that we have
@ _ 2(d®+3d+2)ta+ (Td+ 4)ty

T T 12(d - 1)d (P —d® — 10d - 8)’ (B-8)
d? +3d +2) ty + (3d + 4)t
(@ (L34 2) b+ (At Dl (B.9)

© 3d(d* —2d3 — 9d% +2d +8)°

Substituting egs. (B.6)—(B.9) into the holographic formula (4.16), (4.17), we can derive h,,
and Cp egs. (4.34)—(4.17) in section 4.2.

C Universal laws in general dimensions

hy, for free comformally coupled scalars in even-dimensional space-time are calculated in [45]

(2m)t—d Rl (0) 2—d/2(, 2j—d+1 d
hy, = 71 Z aj,l—1(2jid+ 1)~ / (n™~ + —n)I' <2]> ((d—2j), (C.1)
§=0

where d = 2] + 2 and ag.ol)_l are defined by

-1
0 0 j
PO® = X agl,t
=0

R e S R (A (c2)
N pli}%] T 2msinh p Op P at ) - ’

The first few polynomials are given by

ROt = 1,

PO(t) = 1+ %

POty = 1+2t + 116;2,

P (1) = 1+4t+2?2+9§;3,

POW) =1+ ? N 523t2 N 13é§t3 N 1(3)?4’

12442 N 5560t N 30656t N 102405

3 63 315 231

) o 2488t3  A736t*  30208t°  245760t°
P (t) = 1+ 14t + 84t

5 (1) AR e T T s T o0

PO®) = 1+ 10t +

(C.3)
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From eq. (C.1), it is easy to derive h!'(1) as

(27r)1_d (d—4)/2 ©) 4 d
hn(1) == Y a5 (25— d+1)°(2) — d)r T <2 - j) ((d—2j), (C4)
j=0
Unfortunately, now we do not have a formula of Cp(n). It seems that C}(1) =
df(%)(%)d_lhg(l) holds for free scalars in general dimensions [12]. This is at least
the case for d = 3 and d = 4. With this assumption, now we are ready to derive the
‘universal law’ (4.48).

We require that the ‘universal laws’ are obeyed by both the free scalars and the holo-
graphic CFTs. From egs. (C.4), (4.34), (4.37) and the assumption mentioned above, we
finially obtain the ‘universal law’ (4.48) in general dimensions. In the derivations, we have
used the following useful formula

“‘Z“W o) Ad(d+2)(d —2j — 1Pm R (4) ((d — 2)T (§ —j +1)
a;i_q 2
P (d(3d —2) —4)T (§)

Using eq. (C.3), we verified that this identity holds up to d = 16.
It should be mentioned that although we focus on even dimensions in the above dis-

1. (C5)

cussions. We have checked that the ‘universal law’ (4.48) produces correct result (1.21) in
three dimensions. So it is expected that eq. (4.48) works well in general odd dimensions too.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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