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1 Introduction

In the last years, tremendous progress has been achieved in understanding the structure of
the S-matrix (amplitudes) of four dimensional gauge theories [1-4]. The most impressive
results have been obtained in the N' =4 SYM theory (for example, see [5] and reference
therein). New computational techniques such as different sets of recursion relations for the
tree level amplitudes and the unitarity based methods for loop amplitudes were used to
obtain deep insights in the structure of the N’ = 4 SYM S-matrix. It is believed that these
efforts will eventually lead to the complete determination of the N' = 4 SYM S-matrix
in the planar limit. Also, probably, some beautiful geometrical ideas and insights will be
encountered along the way [6-11].

There is another class of objects of interest in A/ = 4 SYM which resembles amplitudes
— the form factors. The form factors are the matrix elements of the form

(..., pp|0]0), (1.1)

where O is some gauge invariant operator which acts on the vacuum of the theory and
produces some state <p1\1, ..., pp*| with momenta py, ..., p, and helicities A1, ..., \,.! One
can think about this object as an amplitude of the proses where classical current or field,
coupled via a gauge invariant operator O, produces some quantum state (pi\l, RV pﬁ"\

'Note that scattering amplitudes in “all ingoing” notation can schematically be written as
(pr*s- - P [0).



It is interesting to study the form factors in N' = 4 SYM systematically for several

reasons:

e Symmetries, such as dual conformal symmetry, play an essential role in the structure
of amplitudes in gauge theories. Moreover, it is expected that A/ = 4 SYM is an inte-
grable system (see [12-15] and references there, also see [16, 17]). Studying the form
factors in integrable systems (for example, see [18] and references therein) usually
can be useful for a better understanding of the origins and properties of symmetries
in this type of theories. One may hope that studying the form factors in N’ = 4 SYM
may be useful for understanding symmetry properties of the N' = 4 SYM S-matrix
and correlation functions.

e The form factors are intermediate objects between fully on-shell quantities such as
amplitudes and fully off-shell quantities such as correlation functions (which are one
of the central objects in AdS/CFT). Since powerful computational methods have
recently appeared for the amplitudes in N' = 4 SYM, it would be desirable to have
their analog for the correlation functions [19, 20]. Understanding of the structure
of the form factors and the development of computational methods will be useful
for a better understanding of the structure of the correlation functions of multiple
(n > 2) gauge invariant local operators in N' = 4 SYM. The latter may also be
useful in understanding of “triality” relations: amplitudes, Willson loops, correlation
functions and subsequent relations for the amplitudes [21, 22].

e The form factors in N' =4 SYM are excellent objects for developing and testing new
computational methods which can be efficient beyond the planar sector of maximally
supersymmetric gauge theories. Indeed, form factors naturally incorporate non pla-
narity and violate some supersymmetries (at least the form factors of the operators
from the chiral truncation of the N/ =4 SYM stress tensor supermultiplet).

The investigation of the form factors in N = 4 SYM was first initiated in [23], almost 20
years ago. Unique investigation of form factors of single field non gauge invariant operators
(off-shell currents) was made in [24], by using the “perturbiner” technique.

After a pause that lasted for nearly a decade the investigation of 1/2-BPS form factors
was initiated in [25, 26]. Different on-shell methods were successfully applied to the form
factors [27-30]. Different multiloop results were obtained in [26, 31, 32] Different types of
regularizations and colour-kinematic duality were considered in [33, 34]. Strong coupling
limit results for the form factors were obtained in [35, 36]. The form factors in theories with
maximal supersymmetry in dimensions different from D = 4 were investigated in [37-39].

The aim of this article is the following: we would like to apply the momentum twistor
representation for the form factors of the N' = 4 SYM stress-tensor supermultiplet and
formulate the BCFW recursion relation for tree level form factors in this formulation.
It is known that in the case of the amplitudes written in momentum twistor variables,
interesting geometrical properties and symmetries of the amplitudes are represented most
clearly and naturally [6, 8]. It is interesting to know what the situation would be if we will



consider partially off-shell object? What on-shell ideas and methods such as [6, 8, 9] could
survive for partially off-shell objects?

This article is organised as follows. In section 2, we briefly discuss the general structure
of the form factors of the operators from the A" = 4 SYM stress-tensor supermultiplet in
on-shell harmonic superspace. In section 3, we establish and solve BCFW recursion rela-
tions for tree level form factors in the NMHYV sector in the on-shell harmonic superspace.
In section 4, we discuss how to rewrite NMHYV form factors in the momentum twistor rep-
resentation, establish BOFW recursion relations for general N¥MHYV form factors in the
momentum twistor space. In section 5, we represent a sketch of the proof of the equivalence
between BCFW and all-line shift (CSW) recursion relations for the NMHV sector in the mo-
mentum twistor space and use the geometrical representation of the form factors as a special
limit of the volumes of the polytopes to show that the all-line shift (CSW) representation
of the NMHYV sector is free from spurious poles. The latter would imply the spurious poles
cancellation in the BCFW representation as well. In the appendix, we give more details
of the harmonic superspace construction, discuss some particular examples of the spurious
poles cancellation and also discuss how relations between IR pole coefficients at one loop
in the NMHYV sector can be naturally established in the momentum twistor representation.

2 Form factors of the stress-tensor current supermultiplet in N/ = 4
SYM

In this section, we are going to introduce essential ideas and notation regarding the general
structure of the form factor of the stress-tensor supermultiplet formulated in the harmonic
superspace.

To describe the stress-tensor supermultiplet in a manifestly supersymmetric and
SU(4)r covariant way it is useful to consider the harmonic superspace parameterized by
the set of coordinates [40, 41]:

N = 4 harmonic superspace = {z®%, 9} 0., 6+ . 4 (2.1)

a a0 a & a’d’u}‘

Here u is the set of
SU(4)

SU(2) x SU(2) x U(1)

harmonic variables, a and o’ are the SU(2) indices, + corresponds to U(1) charge; 0’s are

Grassmann coordinates, o and & are the SL(2, C) indices. Hereafter we will not write some
indices explicitly in all expressions when it does not lead to misunderstanding.
The stress-tensor supermultiplet will be given by

T =Te(WHtWwth) (2.2)

where W+ (x,0%,0%) is the harmonic superfield that contains all component fields of
the N/ = 4 supermultiplet, which are the ¢4? scalars (anti-symmetric in the SU(4)g
indices AB), @ZJ&“, ’lI)é? fermions and F*¥ is the gauge field strength tensor, all in the adjoint
representation of the SU(N,) gauge group. The details of harmonic superspace construction



will be given in the appendix. Note that this superfield is on-shell in the sense that algebra
of supersymetric transformations which should leave W+ invariant, is closed only if the
component fields in W obey their equations of motion.

Space of on-shell states of the N = 4 supemultiplet is naturally described in a mani-
festly supersymmetric fashion by means of on-shell momentum superspace. We are going
to use its harmonic version:

N = 4 harmonic on-shell momentum superspace = {Aa, Mg, 7, nh, u}. (2.3)

Here Ao, \g are the SL(2,C) commuting spinors that parameterize momenta carried by
the on-shell state: poa = )\aS\d if p2 = 0. All creation/annihlation operators of on-shell
states, which are two physical polarizations of gluons |g7),|g"), four fermions |T4) with
positive and four fermions |T'4) with negative helicity, and three complex scalars |¢p45)
(anti-symmetric in the SU(4)g indices AB ) can be combined together into one N' = 4
invariant superstate (“superwave-function”) |€2;) = €2;|0) (¢ numerates momenta carried by
the state):

Q) = (gf + (nl';) + %(nn@) + %(5777777fz‘) + %(ennnn)g{ > 0), (2.4)

where (...) represents contraction with respect to the SU(2) x SU(2)’ x U(1) indices, (¢...)
represents contraction with € 4pop symbol. It is implemented, one has to express all SU(4)
indices in terms of SU(2) x SU(2)" x U(1) once using the set of harmonic variables u. The n
particle superstate |(2,,) is then given by |Q,) = [];; €;]0). Note that on-shell momentum
superspace is chiral. Due to that and subtleties [27, 28] with on-shell realisation of the
stress tensor supermultiplet in terms of the W™ superfield, it is natural to consider the
chiral (self dual) sector of the stress tensor supermultiplet only. This can be done by
putting all § to 0 by hand in T (this often called “chiral truncation”):

T (z,07) = Te(WHTWTH)|5,. (2.5)

All operators from 7 are constructed of the fields of the self dual part of the NV = 4
supermultiplet. Also, it is important to mention that all component fields in 7 are off-shell.

So we can consider the form factors of chiral truncation (self dual sector) of the N' = 4
stress tensor supermultiplet JF,:

Fn{N A n}, 2, 0%) = (| T (x,67)|0), (2.6)

Here we are considering the colour ordered object F,. The physical form factor FRYS iy
the planar limit? should be obtained from F,, as:

FEV (A A2, 07) = > Tr(t% 0 %) Fy (o ({A A n}), @, 07), (2.7)
0ESN/Zn

where the sum runs over all possible none-cyclic permutations o of the set {A, :\,77} and
the trace involves SU(N.) t* generators in the fundamental representation; the factor
(2m)*g"~227/2 is dropped. The normalization Tr(t%?) = 1/2 is used.

2g — 0 and N, — oo of SU(N,) gauge group so that A = g? N. =fixed.



Let us now consider the general Grassmann structure of F,,. It is convenient to perform
transformation from 6% and = to ¢ and the set of axillary variables {)\a,na ,)\Zy,r]g 1,

"N

ANy =+ Ny =4
T..] = /d4:c°‘d d~*0 exp(igz + 60Ty )[.. ], (2.8)
Zn({)\, 5‘777}7 {QK}/?}) = T['Fn] (29)

Using supersymmetry arguments (Z, should be annihilated by an appropriate set of su-
percharges) one can say that in general [27, 28]:

Zu A (g ) = 54(2 N = 006 )0+ 200 ad) X ()
Xy = X0 +xW 4 xin-8), (2.10)
where . N
Gha =D Aalbis Gaa =D Mot (2.11)
=1 =1

Grassmann delta functions are defined as (see the appendix for the whole set of definitions
regarding Grassmann delta functions and their integration)

2
+4 _ af £ +
d ( o /a a) = H € Bqa//a aqb’/b 8 (212)
a'/ab’ [b=1

X are the homogenous SU(4) g and SU(2) x SU(2)" x U(1) invariant polynomials of the

order of 4m. Hereafter, for saving space we will use the notation:

5*(q+7) =6 don + Yaa) (@) (2.13)

Assigning helicity A = +1 to ;) and A = +1/2 to n and A = —1/2 to 6, one can see
that F, has overall helicity As; = n, 67 has Ay, = 2, the exponential factor has Ay, = 0.
From this we see that /'\,’150) has Ay, = n — 2, XT(L4) has Ay, = n — 4, etc, X,(LO), XT(L4) etc. are
understood as analogs [44] of the MHV, NMHV et((:(.))parts of the superamplitude, i.e., the

part of the super form factor proportional to the X}, will contain component form factors

with overall helicity n — 2 which we will call the MHV form factors, part of super form
factor proportional to XT(L4) will contain component form factors with overall helicity n — 4
which we will call NMHV etc. up to X,(fm*g) overall helicity 2 —n which we will call MHV.

One can think [27] that it is still possible to describe the form factors of the full stress
tensor supermultiplet disregarding subtleties with on-shell realization, at least at the tree
level, using symmetry arguments and the full W+ (z,0%,0%) superfield. To do this, one
has to introduce the none chiral version of the on-shell momentum superspace, which in

our case can be obtained by performing the following Grassmann Fourier transform:

) = / 4% exp(nf ) 19),



) = (" (W) + -+ (mm;)gi7) 10)- (2.14)
After that one can define the form factor of full stress tensor supermultiplet
FAN{A Ay}, @, 07,0%) = (Qu|T(,67,67)|0). (2.15)

Performing 7' transformation from (z,07,07) to (¢,7,75 ) one can obtain ZfI:
ZR N N b g,y ) =6 ( D OG- qad> 5 (dae + Yae) (@Y +9a") X
i=1
< [TLa e explfm)8 (a2 (10 Am}) . (210)
k=1

where now after Fourier transformation

n

@Y =Y M. (2.17)

i=1

We see that at least at the tree level the form factors of the full stress tensor supermultiplet
up to trivial Grassmann delta function are defined by the Grassmann Fourier transformed
X, function, which one can compute using chiral truncated (self dual sector) stress tensor
supermultiplet only [27]. Keeping this in mind we will focus on the self-dual sector form
factors.

Using the BCFW recursion relations [25] one can show that for the MHV sector at the
tree level one can obtain for n point form factor (here we drop the momentum conservation
delta function):

1

(O)MHV _ 8 (0)  y(0) —
Zn Pt T = sy ) (2.18)

We will use this result in the next section. Also, for completeness let us write down well
known answers for tree level MHV,, and MHV3 amplitudes

AOMHV _ 3°(q) AOMAV _ 64(m [23] + mo[31] + 13[12])
" (12)(23) ... (n1)” 3 [12][23][31] ’

(2.19)

which will be used in the next section.

3 BCFW and all-line shift for the NMHYV sector

Recursion relations for the tree level form factor were considered in the literature before.
BCFW recursion for the MHV sector, as was mentioned earlier, was considered in [25]
for the component form factors. All-line shift (CSW) recursion for the NMHV sector was
considered in [27] in the on-shell momentum superspace and momentum twistor spaces.
BCFW for form factors of more general 1/2-BPS operators in the on shell momentum
superspace were considered in [30].



r+1

Figure 1. Diagrammatic representation of the quadruple cut proportional to R,s;. The white blob
is the MHV3 vertex and the light-grey blob is the MHV amplitude.

In [27], it was argued that for the general [i, j) shift the NMHV form factor vanishes as
z — 00, S0 BCFW recursion without “boundary terms”. Let us consider BCFW recursion
for the NMHYV sector in on-shell momentum superspace. Before going to form factors it is
useful to recall how BCFW recursion for the NMHV amplitudes works. It will help us to
introduce important structures and make useful analogies. For the adjacent [i — 1,4) shift

j\i = )\z + Z)\Z‘,l,
5\1'71 = 5\171 - Zj\i,
i = ni + 2ni-1. (3.1)

there are two types of contributions in BCFW recursion in the NMHYV sector, which are
combined of the (MHV @ MHV) and (NMHV,,_; @ MHV3) amplitudes.®> The MHV @ MHV
terms are given by so called R4 2mh functions times the MHV tree level amplitude. The
NMHYV,,_; ® MHV3 term can be represented in terms of R, functions as well. The R,
function can be written as:

(ss — 1) (tt — 1)6*(Erer)

x§t<r|xrt:cts\s><T\$rtxt5|s — D) (r|xpszse|t) (r|wpsms|t — 1)

Ryst = (3.2)
r—1 s—1

E71451: = 277;4<i|$tsxST|r> + 277;4<i’$stxtr|7"> = <®£~‘$ts$sr,r> + <®?s‘$st$tr|r>- (3.3)
i=t i=r

where z;; and @f} are the dual variables defined as ({(I| = \)

j—1 7—1
vy = ok (O =>_nil. (3.4)
k=i I=i

3® stands for summation over internal states (Grassmann integration) and substitution of the corre-
sponding z values.
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Figure 2. Diagrammatic representation of the quadruple cut proportional to RY The dark grey

rst*
blob is the MHV form factor.

+a ——a’
rer and 20 as well as the Grass-

In the harmonic superspace formulation E,‘f‘st splits into =
mann delta function 64 = §—2512 (see appendix for details). Throughout the paper we
will assume that numbers of momenta r,s,t,... ect. are arranged anticlockwise for the
form factors, were it is not mentioned otherwise. All sums are understood in the cyclic
sense, for example, if n=6 s=5,t=3 then Y./ = 3"+ 30 = S0+ 5% For n < 4 the R«
function vanishes. The R,s 2mh functions may also be obtained by quadruple cuts of the
one-loop NMHV amplitude. In fact, there is a deep connection between on-shell recur-
sion relation for tree level amplitudes and their loop level structure [7, 9, 42, 43]. Also the
R, functions are invariants with respect to dual superconformal transformations [44] from
dual SU(2,2[4) as well as ordinary superconformal group SU(2,2[4). Even more, the R,
functions are invariants with respect to full Yangian algebra [45] which includes generators
from dual and ordinary superconformal algebras. In harmonic superspace formulation the
R, functions are also invariants with respect to SU(2) x SU(2)" x U(1). There is also
interesting geometrical interpretation [8] of them which we will discuss further in detail.
Using these functions one can write the results of BCFW recursion for the NMHV sector
for the amplitudes for the [1,2) shift as:

n—1
A%O)NMHV _ <A1(10_)11\/MHV 2 A:())O)MHV) _‘_A%O)MHVZRH@,. (3.5)
i=4

This recursion relation can be solved in terms of the R,¢ functions (note that some terms
in this sum are actually equal to 0):

n—2 n
A%O)NMHV :A%O)MHV Z Z lez . (36)
j=21i=j+2

It is natural to assume that the NMHYV sector of the form factors can be represented in
terms of quadruple cut coefficients as in the case of the amplitudes. Quadruple cuts for the



; G I
1 § O

r+1

Figure 3. Diagrammatic representation of the quadruple cut proportional to Rgi)t
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Figure 4. Diagrammatic representation of the quadruple cut proportional to RS%

NMHYV sector of the form factors were studied in [29]. There are three different types of
analogs of the R, functions for the form factors RY R and R(P (“the R functions”).

rst) rst rit
RO _ (s+ 1s)(t + 115)54 (Zz=r+1 i (4|Pst1.. tPs41..rp1|T) — Zf:rl ﬁi(i\}?s+14.4tpt.“r+1|7“>) ( 7)
T 2 (PP s 1D st [t 1) (e srape st [8) (P[P D sqa]s + D) (P pe oD s ]s)
R®) _ (s + Ls)(t + 16)6" (02 i (ilps. e 1Drsts|r) + S5 mililps.. e1pe.ria|r)) (3.8)
T P2 (PP ss 1 [t D) (P [Dr Do 1 [E) (P[Pt v 1Ds. 1|8+ 1)(P|De v g1 Ds. 41| S)
2D _ (tt + 1>54 (Z:Itl M (i|p1..nDr. 1|7y — Zfii i <7;‘p14.4npt4..r+1‘7ﬂ>) (3 9)
it @ (r|pr. 4101 0 [ (7|De.rqlt + 1) (7|De. rr1D1.n|T) ’

where we used notations p;,. i, =i, + ... +Di,, ¢ = Z?:l p;. The same notation will be

used hereafter. One can see that Rgi, Rg% in fact coincides with R,s computed in the

corresponding kinematics, while Rﬁt is different. Note also that due to the presence of
momenta g carried by the operator in the momentum conservation condition for the form
factors Rgi, Rq(i% and ngz can be defined (are none vanishing) starting with the number
of particles n = 3.
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Figure 5. BCFW diagrams contributing to the n = 3 case, for the [1,2) shift. A = 0 due to the
kinematic reasons.

Now we are ready to return to tree the level form factors. As it was stated earlier
we hope that the NMHV sector of the form factors can be represented in terms of the
quadruple cut coefficients RY R® and Rﬁt) Indeed, this is just the case. By explicit

TSt Tst
computation one can see that in the case of the [1,2) shift:

n—1 n
ZIONMAY _ (7 (NMHY g ADMEV) . Z(OmHv (Rﬁ?2 +3 R+ RS%) - (3.10)
=3 )

Just as in the amplitude case the coefficients RS%, Rgf% and R%)Q are given by 2mh quadru-

ple cuts. Let us write several answers for some fixed n. For example, for n =3 and n = 4
one can get:

0O)NMHV MHV (1
A R (3.11)

0O)NMHV 0O)MHV [ 5(1 (1 1 2
2PNV O (R 4 R+ il + RE). 312)

=z

Z(ONMHV 2 AéO)MHV

Here R%)?) is given by ( 3 ) term. Note also that R%)Q = 0 for the

n = 4 case. In general the result for (ZS?NMHV ®A(O)MHV) for quO)NMHV

(0 )NMHV

can be

conveniently written in terms of Z by introducing the shift operator S that

shifts the number of arguments of the function starting with 2 by +1, (for example,

Sf(x[)a $1,$2,$5) = f(l'o,l‘l,l’g,x(g))I

(O)NMHV (O)MHV O)MHV Z7(LO)]1VMHV
(Zn—l ®A3 ) ({)‘la)‘un}z 17{q ’Y}) S (O)MHV ({)‘27>‘Zvn} )
n 1

(3.13)
{¢,7} are unshifted. This can be seen using BCFW recursion in the MHV sector and
representing R functions as a quadruple cut that is given by the product of the MHV,,
and MHV3 amplitudes and form factors.? Using this observation one can write the answer

for Zy, ONMHAV 41, closed form using RrY ansi and Rfﬂtg functions:

TSt
n—2 n—1
NMHV _ 0)MHV
2 ZRM 2> RuﬁZ > R (3.14)
=2 j=1+1 =2 j=1+2

“In the amplitude case this can be most easily seen in the momentum twistor formulation [5] or using of
on-shell diagrams [9]. In the case of the form factors one may hope that the extension of on-shell diagrams
formalism also exists, but we are not going to discuss this issue here.

,10,



Figure 6. BCFW diagrams contributing to the n = 4 case, for the [1,2) shift. By = Bs = 0 due
to the kinematic reasons.

Figure 7. Schematic representation of the corresponding R functions contributing to the n = 4
case, for the [1,2) shift.
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Figure 8. BCFW diagrams contributing to the n = 4 case, for the [2,3) shift. Cy = C5 = 0 due
to the kinematic reasons.

As a by product let us also consider different BCFW shifts. For example, for the [2, 3)

shift, n = 4 one can obtain the following representation of ZﬁO)NMHV:

OONMHV OOMHV [ (1 1 2 ~(1
ZOVIIY _ OV (R0) 4 R 4 R + ). 15

Adding the results of [1,2) and [2, 3) shifts with the 1/2 coefficient we obtain representation

of ZiO)NMHV computed as a coefficient of the IR pole at one loop for the NMHV form

— 11 —
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Figure 9. Schematic representation of the corresponding R functions contributing to the n = 4
case, for the [2,3) shift.

factor [29]. This can be written in the following cyclic invariant form® [29]:

1
ZPNMHY = ZOMIV (14 P+ P2+ P)(RY]) + RE)). (3:.16)

Here we used the identity Rfl)?) = Réi)l (see appendix).
As an illustration let us consider computation of the term which gives R§12)2 in the

n = 3, [1,2) shift case. For n = 3 we have only one term contributing to ZéO)NMHV = Ay

which is given by (see figure, A; = 0 due to the kinematic reasons):

Ay = / a7V (P, i)];AgOWHV(—ﬁ,Q,s). (3.17)
23

Preforming Grassmann integration and substituting z13 = [13]/[23], p13 = pis + 21301 A2
we obtain (q123 = M1+ Aomg + /\3773)
8
v g | 218 0 o= i)
0% (qaas +7)0* (12/pral1)m + [13]/(23][21p1s|1) n2 + [20p13]3)ns)
(13)(1|p13|2)(3]p13/2](2[p13|2]2p35
% (qu23 +7) 04([23]m + [31]m2 + [21]13)

~ T2)[23]31] Blpis|22 : (3.18)

Ay =

After noting that
(2|p13]2] = (2|p13]2] + pi5 = ¢°, (3.19)

we can write (note also that momentum ¢ carried by the operator is equal to ¢ = p123)

Ay =

B(q123 +7)  (12)(23)(31)0*([23]m + [31)m2 + [21]ms) _

(12)(23)(31) q*[12][23][31] a

_ Slas+7) <23>54(772(2\qp13|1> m (1gpa1|1) — n3(3[gparl1))
(12)(23)(31) q*(11p139|2) (1|p124|3) (1|p124|1)

= Z{OMAV o R (3.20)

P is the permutation operator which shifts the number of all arguments of function by +1, i.e., for
example: Pf(zo, 1,2, 25) = f(21, 72,3, T6).

— 12 —



The pole ¢* is canceled in this expression on the support of 6%(qi23 4+ 7). This will be
important for us later on. Indeed 6%(q+7) =6 (¢~ +~v7)0™(¢T), ¢} = PO nl A so

02 (ng (2lgpis|1) — nf (L|gpa1|1) — ng (3lgpai|1)) =

3
ot? <772+<21>q2 -> ' <i\qp12\1>> =

i=1

07 (nf (21)¢” = 0) = ¢*(21)%5%> (ny) . (3.21)

Cancellation of the ¢* pole will be true also for arbitrary n for Rig

Let us briefly discuss analytical properties of the results of BCFW recursion. As an
example we will consider n = 4 case. Each Rg%, Rg% and Rgz term is a rational function
of /\i,5\¢ variables and has several poles. Some of them are physical, i.e., correspond to
appropriate factorisation channels [42], while others are spurious and must be canceled in
the whole sum. The presence of spurious poles is the general feature of BCFW recursion,
and its application to the form factors is no exception. So in the n = 4, [1,2) shift case the

list of poles is the following:

1 2
R (3lal2], (Blaldl, pass Pl pias RO (Ualdl, (1a12], pdsssp3a 3 (3.22)
~(1 ~(1
R, (31g2), (11ql2], paa, R : (1lgl4], (3]ql4], phs. (3.23)

Poles

2 2 2 2 2 2 2 2
P1235 P124> P234: P1235 P125 P23, P345 P41 (3-24)

are physical, while
(1]ql2], (1]ql4], (3lg[2], (3|ql4], (3.25)

ZiO)NMHV suggests that spurious poles should cancel

(2)

themselves between the R functions (for example (1|¢|2] should be canceled between R1i2

are spurious once. The structure of

and Rglz)z) but it is not easy to see how it really works. Also it would be nice to observe some
general pattern of such cancelations for general n. There are also several related questions.

1. One can consider a different type of recursion relations for the form factors: all-line
shift (CSW) [46-48]. Indeed, one can show that under anti holomorphic all-line shift
the form factors with operators from the stress-tensor supermultiplet (number of
fields in operator m = 2,) behave as:

2—n+)\2

Zn(z) — z°(or better) as z — oo, with s = 5 ,

(3.26)
(note 2 — n instead of n — 4 [49] in the amplitude case due to the different mass
dimension of the form factor), so for Ay = n — 4, as in the NMHV case recursion is
valid. Thus one can easily obtain [30]:

n it+1l-n
ZONMIV — Z@MIV (3737 Ry | with X =0pt =0. (3.27)
i=1 j=i+2
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Here we exchange the problem of cancellation of spurious poles to the problem of prov-
ing that the poles of the form (i|g|] should be canceled. This cancellation will imply
that the result is independent of the choice of A* [8]. Note also that representations
for NMHV sector given by BCFW and all-line shift (CSW) recursions naively look
rather different. It would be nice to show how one can transform one into another.

2. It would also be nice to write some simple recursion relation for the general NFMHV
form factor.

3. In the one loop generalised unitarity based computations (for example, see [29]) one
encounters different none obvious relations between R functions. It would be nice
to have some simple representation for R functions where these relations becomes
obvious.

These questions are not unique to the form factors and one encounters their analogs
in the amplitude case as well. In the case of amplitudes they all can be answered in
beautiful geometrical picture based on the momentum twistor representation and the in-
terpretation of the amplitudes as the volumes of polytopes in CP* in the first non trivial
NMHYV case [6-8] and more general “Amplituhidron” picture [10, 11] based on positive
Grassmanian geometry [9] in the general case.

We are going to show now that in the case of the form factors one can also use nearly
the same momentum twistor representation to answer all these questions. Only one new
ingredient is necessary — infinite periodical contour in the momentum twistor space [27].

4 Momentum twistor space representation

To use momentum twistors, one has to introduce dual variables x; for momenta p; [6].

ad ok o
b =Xy — X (4.1)
; s - _ o= ot ot - + .
and their fermionic counterparts q,, ; = Aa.iflgi» 94g i = Masifly,; and O, ©7, -
Qa0 = @aa,i - eaa,i—l’ (42)
+ _ ot +
Qorai = @a’a,i - Ga’a,i—l'

This is where periodical configuration first appears [25, 27]. Indeed, we are working with
a colour ordered object, so positions of momenta of external particles p; are fixed. But the
operator, which carries the momentum ¢, is colour singlet and can be inserted between any
pair of momenta. The same is true also for the fermionic counterpart of ¢, when we are
dealing with the superspace formulation of the form factors. One can think of working with
different (with respect to position where ¢ is inserted) closed contours, but it is not obvious
how to combine terms defined on different contours. An infinite periodical (with period
equal to q) configuration solves this problem. In fact we will need only 2n x; independent
variables to describe any kinematic invariant p%h...,iz we may encounter in the case of n
particle form factor, at least at the tree level in the MHV and NMHYV sectors. The only fea-
ture that the periodical contour brings into play and one should take into account is some
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Figure 10. Dual contour in momentum and momentum twistor spaces for n = 4 form factor.

sort of redundancy. Everything is defined up to the shift over k periods along the contour,
so one should “gauge fix” which periods will be used. Also the periodical configuration is
very natural from the AdS/CFT point of view [35]. The insertion of operator corresponds
to consideration of a closed string state on the string worldsheet in addition to open ones
(which correspond to particles) in the dual picture. After such insertion, 7-duality trans-
formation gives infinite periodical configuration with a period equal to momenta carried by
the closed string state. The periodical contour and hence dual variables ©~, 07 can also
be introduced to the total super momentum carried by particles g7, ¢~. The period will
be equal to the super momenta «*,~v~ carried by the operator. Note that since v+ = 0,
the corresponding fermionic part of the contour in the superspace will be closed.

Now we are ready to introduce momentum supertwistors [6, 7]. The points in the dual
superspace are mapped to the lines in momentum twistor space (x;,0;) ~ Z;_1 A Z; (as
usual 4 is the number of a particle, with:

M
Zz‘iA—< + >, (4.4)
Xa/a’,i

The fermionic part of the supertwistor y is given by:
Xai = Ouidis Xory = O i (4.5)

Note that x_; part of the supertwistor belongs to the infinite periodical contour, X;C ; belongs
to the “closed part of the fermionic contour” due to the v+ = 0 condition. Sometimes it
will be convenient to consider X:'i also as part of the infinite periodical contour in the
intermediate expressions and apply ¥* = 0 only at the end. Since all our expressions are
polynomials in Grassamann variables, a smooth limit in v™ — 0 always exists. The bosonic
part of the supertwistor is

A& . .
Zit = | = 2 (4.6)
1
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where M = 1...4. The corresponding objects transform under the action of the dual con-
formal SU(2,2) group; A is the multi-index for the SU(2, 2) indices and +a/ +a’ indices of
SU(2) and U(1). The standard notation for dual conformal SU(2,2) invariant will be used:

(i,4,k,1) = eapcpZ{' ZP 2 ZP. (4.7)

In terms of the components of the twistors this expression can be written as (here

Caatil = [ig)):
(1,5, ko 0) = () [KD) + (R)[L3) + GO LK) + RDLi) + (DGR + GBI  (48)

Hereafter we will drop indices on the twistors and their components everywhere when it
does not lead to misunderstanding. Due to the periodical configuration with period the
q= >, p; we will have the following relation for the momentum twistors:

Zi = (N, TiNi)y Zignk = Ny TigniNi), 1=1...n, ke N. (4.9)

Using (i, j, k, 1) one can write the following expressions for kinematical invariants and
products of spinors:

2

j—1
(Zm) =3 = (i + )i+ )i+ 1,5, +1), (4.10)
=i

and
(tt + 1) (r|zpas|s) = (rt,t+ 1, 8). (4.11)

Because we are working with the periodical configuration, one can shift simultaneously all
numbers in (r,t+1,¢,s) and (i,i+1,k, k+1) by kn, k € N without changing the result. In
addition there are several relations between (a, b, c,d) invariants unique to the periodical
contour. We will need two of them:

(Liyi+1,1+n)=1i—ni+1—n,1-n), (4.12)

and
(t+ni+1+ni+2+ni+1)=(i+1,i+2,i+1+n). (4.13)

As it was claimed before, in the case of the amplitudes (closed contour) the R, func-
tion is invariant with respect to the dual superconformal transformations from SU(2,2/4).
Using momentum the supertwistors one can see that the following combination of 5 arbi-
trary twistors is SU(2, 2|4) invariant [7]:

6*((a, b, ¢, d)xe + cycl.)
{a,b,c,d)(b,c,d,e){c,d, e, a)(d, e, a,b)e a,b,c)

[a,b,c,d,e] = (4.14)

Here §% = 62512 (see the appendix). The R, function is a special case of this invariant:

Rrst: [T,S,S+1,t,t+1]. (415)
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Figure 11. Schematic representation of the relation between RE,?“ Rg?‘ functions and the corre-

sponding [abede] momentum twistor dual superconformal invariants in the 2mh case.

What about the R&i, Rg)t and ]:Zgz functions for the form factors? Using the momentum

supertwistors defined on periodical contour one can see that the following identities hold
1 2
for Rgs)t, Rgs)t: X
Rgs)t:[1,t,t—|—1,s—n,s+1—n], (4.16)
and
R® =[1,t,t+1,55+1] (4.17)

Here n is the number of twistors (particles) in period of the contour. As it was explained
earlier, due to the periodical nature of momentum twistor configuration we are consid-
ering, this form is not unique. For example, for n = 4 one can see that: [5,6,7,3,4] =
[1,2,3,—1,0]. We choose this particular form (“fix the gauge”) because it naturally arises
in the [1,2) shift. It is implemented that the condition v© = 0 is imposed in the argument
of 54, The case of RSQ is special. Nevertheless, it is also possible to rewrite it in terms of
the [a, b, ¢, d, ] momentum twistor invariant but with the nontrivial “bosonic” coefficient:

Rﬁz = an)[17tat+lat_n7t+1—n}7

m _ (Lt,t+1Lt—n)(l,t—nt+1—-n,t+1)
C = .
¢ (Lt,t+1,1+n){t,t+1,t —n,t+1—n)

(4.18)

As an illustration how one can rewrite the R coefficients in the momentum twistor
variables, let us consider the n = 4 case (as usual we have ¢ = p1234), R%)Q:

_ (23)6%(X122)
R{y

_ , 4.19
2 = T Tpraal3) (Lpsadl2) (Lpsed L) (4.19)
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Figure 12. Schematic representation of relation between R,(ls),

momentum twistor dual superconformal invariants, special cases.

functions and corresponding [abede]
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Figure 13. Schematic representation of the relation between the Rg)t functions and the corre-

sponding [abede] momentum twistor dual superconformal invariants, special case.

"/

z Z,

where

X122

—n2(2|qp134]1) + n;i(i|qp2|1) =
=134

= = > mililgpaall) + Y me(klgpia|1). (4.20)

i=1,2 k=34

Now using the momentum twistors we can write:
(—1,-2,2,3) = (23)(—Lle_1az2-s] — 2) = (23)(3la(q + 2)|2) = (23)%%,  (4.21)
(1,-1,-2,2) = (23)(1|z1-12-12|2) = (23)(1|p344(2), (4.22)



(1,2,3,-1) = (23)(1|z1zws—1]1) = (23)(1|p124|3), (4.23)

<1, —1, —2, —3> = <—1 - 2><1’(L’1_1$_1_3‘ - 3) = <23><1’p34q‘1> (424)
So substituting this relations in R%)Q one can see that:
AU _ (23)%6%(X122) -
122 = =

(—1,-2,2,3)2(1,-1,-2,2)(1,—-1,2,3)(1, -1, -2, —3)
(1,2,3,-2)(1,-2,—1,3) y
(1,-2,—1,-3)(2,3,-2,—1)
(23)86%(X192)
1,—1,-2,2)(—1,-2,2,3)(—2,2,3,1)(2,3,1,-1)(3,1, -1, =2

X < (4.25)

From the last expression one can conclude that (we used (4.12), which in this case gives
us (1,2,3,4) = (1,—-2,—1,-3))

(1,2,3,-2)(1, -2, -1.3) _ ()
<]-7_27_17_3><2’35_2’_1> B

(4.26)

Now let us rewrite Xjg2 in terms of the momentum supertwistors (here we suppress
SU(2) x SU(2) x U(1) indices, (0;;| = ©;;, (i| = \;). Here we treat x;” and x; one equal
footing, and will take the 4™ — 0 limit only in the final expression. One can see that on
the periodical contour

(O3] = > milil, O =—>_ milil, (4.27)
i=1,2 i=3,4
and
T—11 = P34, T-13 = —X3-1 = (¢, T31 = —P12, (4-28)
SO
X33 = <@13|x3_1x_11|1> + <@1_1‘$_131‘31|1>. (4.29)

Then we can write [7]:

X1 <27 37 _11 _2> + perim.

(O13]z3_12-11|1) + (O1-1]2_13231 1) = [23)2 (4.30)
Substituting this in R%)Q we get:
AU _ 0 (23)°6* (X122)
1227721, -1,-2,2)(—1,-2,2,3)(—2,2,3,1)(2,3,1, —1)(3,1, -1, -2)
- 654)[172737_27_1]7 (431)

as expected. Also, now we can take the y© — 0 limit.
Using these results one can easily rewrite the BCFW recursion relations in the NMHV
sector for the form factors in momentum supertwistors (hereafter we drop the (0) subscript
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for simplicity):

ZNMHV Zo ’”'72 ZN_MHV
n (221\/111";‘/ 14n) — ZanHV (Zg_n,. cy 21,23, 24,0 214n) +
n n—1
n n—1
+300,2,3,5, 5+ 1+ D [1,2,3,5 —n,j + 1 —n] +c§”[1,2,3,2 — n,3 - n]. (4.32)
j=3 j=3

As an illustration let us write the answers for n = 3,4,5 in the momentum supertwistor

notations:
ZNMHV .
T = b [-1,0,1,2,3), (4.33)
3
ZNMHY )
S = (547 1013, 414 [1,2,3,45] +1,2.3,0, -1
+Cé4) [17 27 37 _27 _1}7 (434)
ZNMHV 2 3)
W - (S €2 ) [-1,0,1,4,5] +[1,3,4,5,6] + [-1,0,1, 3, 4]

n (ch4>) [2,-1,1,3,4] + [1,2,3,4,5] + [1,2,3,5, 6]
H[1,2,3,-2,—1] + [1,2,3,-1,0] + ¢{”[1, 2,3, -3, —2). (4.35)

As a by product using these explicit expressions let us discuss the relation between
the form factors with the supermomentum carried by the operator equal to zero and the
amplitudes. In [27, 28, 50] it was observed that the following relation between the form
factors and amplitudes likely holds

. DAL ({\ A,
Zu(O0 A (0.0)) = 22020 (4.36)
In our momentum supertwistor notation the limit of ¢ — 0, ¥* — 0 corresponds to
“gluing” all periods of the contour together, i.e., for the n particle case Z; — Z;4p, for
any integer k and 7. Taking this limit in written above answers for the form factors one
can see that (remember that [a,b, ¢, d, e] = 0 if any of the two arguments coincide):

Zi{)VMHV‘Zi—)Ziim =0, (4‘37)
ZiVMHv|Zi_>Ziik4 =0, (4-38)
ZE{VMHV‘Zi%Zz‘i% ~ Aé\/[HV[lv 2,3,4, 5] = Af"’)VMva (439)

as one would expect because there are no 3 and 4 point NMHV amplitudes.® Note also
that in our case of the super form factors, this limit is well defined and can be easily taken,
while in components it is singular for some particular answers and in on-sell momentum
superspace [28] it is not obvious at first glance how exactly these singularities are canceled.

6 Actually we obtained ZéVMHV|ziﬁziik5 = 2AYHV[1,2,3,4,5]. The presence of coefficient 2 is unex-
pected. However one can also see (?) that from the BCFW representation of the N'MHYV form factors that
the coefficient will be 2k in the N*MHV sector.
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Figure 14. Schematic representation of BCFW recursion for the NFMHYV form factor ZfLO)(k) at the
tree level. The vertical bold black line corresponds to the form factor. The grey blob corresponds
to the amplitude. MHV form factors and amplitudes are factor out. In the last term the only non
zero contribution is ko =0, ky = k — 1.

Using the momentum supertwistors one can also easily write the recursion relations
for N*MHV form factor Z,tlree(k) at tree level in full analogy with the amplitude case.
Performing the following shift of momentum supertwistor [5, 51]

22 = Zo +wZs, (440)

which is equivalent to the [1,2) shift in the momentum superspace and considering integral:

f W 50 (4 = 0, (4.41)

w

one can obtain the following recursion relations (ZT(LO) = zZMHav. AY = AMAVY.

ZI (. Zni, Benisy e 21,20, 25, By By )

A
Zy,
- Z(T(...,Zl_n,...7217237247...,Zl_i,_n,...)
n—1
n Alk1) R 7(k2)
- ny n2
+Z[1,2737]7] +1] X W (Z[,ZQ,...7ZJ‘) X W (...7207217Z[7Zj+17...)
=3 ni ng
n—l Zékl) . Agfz)
+Z[172»37j —n,j+1-n]x Z(lo) (---7Zj7n7zl7227237---) X Té) (21,21, Zj+1-n)
j=3 ny n2

(k1) (k2)

+c;”>[1727372—n,3—n] X % (...,szn,ZbZA%Zg,...) X ﬁ (Z[7Z1,...,an+3). (442)
2 n
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with”

Zr = (jj+1)()(123) and 25 = (12)( )04 + 1), (4.43)
ni+ng—2=mn, ki +ks+1==%k. (4.44)

These relations have a curious property that they represent the ratio of ZT(Lk) form factor

and the MHV form factor in terms of polynomials of the [a, b, ¢, d, e] “brackets” multiplied
by the coefficients c;k) which are ratios of the (a,b,c,d) dual conformal invariants. The
la, b, c,d, e] bracket in the case of amplitudes is the dual superconformal invariant. In the
case of the form factors we impose the v = 0 condition which will likely brake some of the
dual superconformal symmetries, but leave ordinary dual conformal symmetry intact (7).
So the [a, b, ¢, d, €] bracket in the case of the form factors is the dual conformal invariant and
S0 is c](gk) [a, b, c,d, e]. The only inconsistency which one can encounter is the behaviour of cz(gk)
with respect to little group scaling [5]. However, it is easy to see that for the n particle case
if Z; and Zjinr, k € N scaled the same way, which is expected, then cz(gk) is invariant with
respect to little group scaling. One may think that the ratio of the N¥MHV,, form factor and
the MHV,, form factor at tree level is dual conformal invariant! It is immediately tempting
to speculate about the situation at the loop level. At one loop explicit answers are available
for NMHV3 4. One may think that contributions from 3m triangles will be an obstacle [29],
it is unclear at the first glance how such contributions may cancel each other. This situation

as well as the symmetry properties of tree level form factors require more detailed studies.

5 Spurious poles cancellation, BCFW Vs all-line shift and polytopes

So far we have formulated how to treat the form factors in the momentum twistor space,
obtained BCFW recursion for the N*MHYV,, form factor in the momentum supertwistors
representation, and very briefly discussed their possible symmetry properties. The ques-
tions regarding BCFW and all-line shift (CSW) equivalence and spurious poles cancellation
remained unanswered. However now we have all appropriate tools to address them.

At first, let us try to see that BCFW and all-line shift (CSW) recursion are equivalent,
at least in NMHV sector. Here we aim at the concrete examples rather then general proofs,
and will consider mostly n = 3,4 NMHYV cases.

Let us rewrite all-line shift (CSW) results for the NMHV sector in the momentum

supertwistors. One can obtain [27]:

n i+n—1

ZNMHV ZMHV N~ S i1, 1. (5.1)
i=1 j=i+2

Here Z* is an arbitrary supertwistor with components A* = x* = 0. One can choose
p* = A*. The v — 0 condition is implemented.

One can also think that Z* is an obtained from a twistor with arbitrary components
by contraction with the so called infinity twistor 747 [7]. The presence of the infinity

(i + 1) N(klm) = Z;(j + 1klm) + Z;41(jklm).
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twistor explicitly brakes dual conformal invariance of each [, a,b, ¢, d] term in the all-line
shift (CSW) representation of the amplitude or the form factor. In the case of amplitudes,
dual conformal invariance is restored in the whole sum of the [, a, b, ¢, d] terms. We expect
a similar situation in the case of the form factors.

Note that the form of the all-line shift (CSW) representation discussed here is not
unique, due to the periodical nature of the contour. One can start the first sum (“fix
the gauge”) >, from an arbitrary point on the contour, for example, from i = —1I:
Z?;_Ql ;J;?;;, this will lead to the same formula if one will return from momentum
twistors to momentum superspace variables, as was explained earlier. It is convenient to

“fix the gauge” this way in our case, i.e., start summation from the point ¢ = —1:
n—2 i+n—1
ZYMAV  ZMAV = NN [xiyi+ 1,4, + 1. (5.2)
i=—1 j=i+2

Equivalently, we can shift (“fix another gauge”) our BCFW results by appropriate amount
of periods, but we will not do so. Then for n = 3 and n = 4 one can write:

ZNMAV 7z MHV: _ 1o 1.0,1,2] + [*,0,1,2,3] + [+, 1,2,3,4], (5.3)
and

Zy MV 7Y = ([%,-1,0,1,2] + [*,—1,0,2,3]) + ([*,0,1,2,3] + [*,0,1,3,4]) +
+([*a ]-a 25354] + [*) 17274-7 5}) + ([*a 253543 5] + [*7273’ 5’6]) (54)

Our next step is to show the sketch of the proof that the following equality holds:

A ii4 Li—ni+1l—n] =[x 1,ii+1,14n]+ [+ 1,4i—ni+1—n]
e 1d0+ L+ 1 —n), (5.5)

4T — 0 condition is implemented, x* = 0 and Z* is the result of projection by means
of the infinity twistor 2. One can think about it as some kind of partial fractions
decomposition. Let us proceed by iterations. For n = 3 one can verify that this equality
holds by explicit comparison of the coefficients before Grassmann monomials. For example,

$9[-1,0,1,2,3] = [+, -1,0,1,2] + [,0,1,2,3] + [, 1,2,3,4],
(3) <_171a2a3><_1707173>

T 7C10,2,3)(1,2,3,4) (5.6)

Note that L.h.s. of the equality has poles (—1,0,1,2), (0,1,2,3), and (1,2,3,4). The pole
(—=1,0,1,3) ~ ¢ as was explained earlier is absent. In r.h.s. we separated these poles by

introducing the Z* axillary supertwistor. In fact for n = 3 this equality is just a statement
that BCFW and all-line shift (CSW) gives the same result:

ZNMHV NMHV (57)

3,BCFW = 43,0SW -

One can also check that the dependence on the axillary twistor is canceled in all coefficients.
Then we can substitute in the BCFW recursion for n = 4 in the term

(Zéo)NMHV ® Ago)MHV) (5.8)
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Zév MHV in the form Zé\f %I?‘CV or Zg%%v. Comparing two results and considering all
possible [i, j) shifts we can prove the identity (5.6) for n = 4. Then we can substitute in
BCFW recursion for n = 5 the results obtained for n = 4, etc.

Now one can see that substituting in BCFW formula identity (5.6) containing the
axillary supertwistor Z* and using the 6 term identity [6, 7] for the set of twistors

Z* 21,24, 2, Ze, 24 (5.9)
for all other [1,a,b, ¢, d] invariants:
[1,a,b,¢,d] = [*,a,b,c,d] — [*,1,b,¢,d] + [*,1,a,¢,d] — [*,1,a,b,d] + [x,1,a,b,¢], (5.10)

the all-line shift (CSW) formula is reproduced. Let us illustrate this by the n = 4 example.
Substituting
[1,2,3,4,5] = [x,2,3,4,5]—[*,1,3,4,5]+[*,1,2,4,5] — [*,1,2,3,5]+[x,1,2,3,4], (5.11)
[ - 1707 1a 2a 3] = [*a Oa 17273] - [*7 _17 1a 2a 3] + [*a _1707 27 3} - [*7 _la 07 173]

+[*,—1,0,1,2], (5.12)
(S¢S = 1,0,1,3,4) = [*,—1,0,1,3] + [*,0,1,3,4] + [+, 1,3,4,5], (5.13)
eS911,2,3,-2,—1] = [+, -2, —1,1,2] + [+, —1,1,2,3] + [+, 1, 2,3,5], (5.14)

in the BCFW result one obtains ([*, —2, —1,1,2] = [, 2, 3,5,6] for n = 4)

ZNMBV 7 MV — [y 2.3 4,5 + [*,1,2,4,5] + [*,1,2,3,4] + [*,0,1,2,3] + [*, —1,0,2, 3]
+[*,—1,0,1,2] + [*,0,1,3,4] + [*,2,3, 5, 6]. (5.15)

which is the all-line shift (CSW) formula.

So far we argued how to transform the BCFW representation of NMHV form factors
into the all-line shift (CSW) one. But what about cancelation of spurious poles? Let us
start with the n = 4 point example, as an illustration, how spurious pole cancels. As it was
explained earlier, one of the spurious poles (1|¢|2] should be canceled between the terms

R =cM[1,2,3,—2,—1] and R, = [1,2,3,4,5]. (5.16)

Let us consider a component expression proportional to x5 x5 X; X;- Note also that (Xéi_ =
XfQ, X;j,_ = th because y© = 0) the coefficient of X5—2X;X; should be equivalent to
coefficient before Xl_zxi_QX—tl due to the periodical nature of the contour. Extracting the
corresponding components we see that (here we drop F subscript):

<17 27 37 4>

[1) 27 3’ 4’ 5]|X§X2X3 - <3’ 4’ 5’ 2) <57 17 27 3> ’ (5‘17)

and

- 2,5.6,7) (5.18)

(4)
¢H1,2,3, -2, -1
’ [ ] X§X2X3 <1727375> <2737576>

- (p4cg4>) 2,3, 5,6,7]

XIX—2X—1

So for the form factor we have

1 (1,2,3,4)  (2,5,6,7)
gNMHV |7 MHV _ Lkl D . 5.19
4 /%1 |x%x—2x—1 (1,2,3,5) \ (2,3,4,5) * (2,3,5,6) (5:19)
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(1,2,3,5) ~ (1|q|2], and we see that if the expression in the brackets vanishes as
(1,2,3,5) — 0, then (1,2, 3,5) pole is canceled exactly as in the [6] example. Using identity
for 6 twistors Z1,..., 25, Zx:

(2,3,1,4)(2,3,5,X) +(2,3,1,5)(2,3,4, X) + (2,3,1, X)(2,3,4,5) =0 (5.20)

One can see that as (1,2,3,5) — 0

(2,3,1,4) - (2,3,1,X> (5 21)
(2,3,4,5)  (2,3,5,X) '

This identity is valid for arbitrary 6 twistors, so we can choose Zxy = Zg. Using iden-
tity (4.13) which in our case gives us (5,6,7,2) = (1,2,3,6) one can see that indeed as
(1,2,3,5) — 0 expression in brackets cancels. This is a good sign, but one would like to
have more general statement regarding the spurious pole cancelation.

Transforming the BCFW representation into CSW we recast all BCFW spurious poles

into poles containing the Z* twistor: (*,a,b,c). We also get rid of the terms with the
(n)
i

In the amplitude case, one can use the geometrical interpretation of the amplitude as

coefficients ¢; ’, so our answer is represented only as the sum of [, a, b, ¢, d] invariants.
the volume of a polytope in CP* to show that all poles of the form (x,a,b,c) cancel [8].
The [a,b,c,d,e] invariant is interpreted as the volume of 4-simplex in CP* [5, 8]. The
NMHYV amplitude is the sum of volumes of such 4-simplixes, and hence can be interpreted
as the volume of the polytope. The 4-simplixes in BCFW or all-line shift (CSW) recursion
represents particular triangulation of this polytope. The poles in [a, b, ¢, d, €] are “brackets”
of the form (a, b, ¢, d) which correspond to the vertexes of the 4-simplex in the geometrical
picture. Cancellation of spurious poles can be seen in this picture as “cancellation” of
the contribution of the corresponding vertices: 4-simplexes are combined into a polytope
(amplitude) in such a way that the resulting polytope (amplitude) will have only such
vertexes that correspond to the physical poles.

Our aim now is to show that the same ideas about the spurious pole cancellation can
be applied to the form factors as well, with some minor but curious changes.

First of all, let us explain how one can rewrite [a,b,c,d, e] invariants as volumes of
the CP* simplexes in the case when we are dealing with the harmonic superspace. We
introduce new fermionic variables X% and X~

Xt = o7, X7 = o (5.22)
such that 1/}1-(7) = 1/11“). Here the (4) subscript stands to distinguish dependence of ¥ and
other objects on Y~ or x™. Then we can introduce 5 component objects which we will
treat as the set of homogeneous coordinates on CP*

Zgi) _ (Zi7¢§i)) — 5 comopnent object, (5.23)

and
Zy = (0,0,0,0,1), (5.24)
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such that

- 1
5i2(xff(b, ¢, d,e) + cycl.) = /dﬂX (a,b,c,d, e)z(i),

2!
(a,b,c,d) = (0,a,b,c,d) = (0,a,b,c,d)*), (5.25)
where
{a,b,c,d, 6>(i) = €q192q3q495 Zgi)ql Zl(yi)qQ Zgi)q?) Z((ii)% Zgi)%v (5.26)
<Oa bv ¢, d7 e>(i) = 61]1(]2‘]3114% Zgl Zl(yi)qQ Zgi)QB Zgi)% Zgi)% . (527)

Since in the case of amplitudes %‘(7) = 1/1,L-(+), we have (a, b, ¢, d, e>2(_) = (a,b,c,d, e>2(+), SO

. 4! 1
64 (xalb, c,d, e) + cycl.) = 2191 /d_QXd+2X I(a, b,c,d,e)t, (5.28)

and we can rewrite [a, b, ¢, d, e] in the following way ([, = 41/2!12! [d?Xd*2X):

1 {a,b,c,d,e)*
b,c,d, e] = — . 2
la,b, ¢, d, e] /X 41(0,a,b,c,d){(0,b,c,d,e){0,c,d,e,a){0,d, e, a,b,)(0,e,a,b,c) (5.29)
Comparing this with the formula for the volume of the 4-simplex in CP*
1 {a,b,c,d,e)*
) be,d el =— .
Vols[a,b,c,d, ] 41(0,a,b,c,d){0,b,c,d,e){0c,d,e,a){0,d, e, a,b)(0,e,a,b,c)’ (5.30)
we see that
[a,b,c,d, e] = / Volyla,b, c,d,e]. (5.31)
X

One can see that the NMHV amplitude is given by the sum of Voly. Let us also write for
comparison the general formula for volume of the simplex in CP"

1 (a1, ... an+1)"

Vol = —
Oln(a1, -, ns1) n! (0,a1,...,an)...(0,an41,01, ..., Qn_1)

(5.32)

To get some geometrical intuition how this volume formula works, consider CP? case [5]:

1 {a,b,c)?
Volsla, b, c] = = . 5.33
el = 5170,0.5)0.b,e)(0.c.0) (539
The 3 component objects Z., Zlf ,ZE 1 =1,...,3, which are homogeneous coordinates on

CP? define 3 lines in the dual CP? space, with the coordinates Wy, via the conditions®
(Z,W) = ZIW; = 0. In CP" Z will define the n — 1 subspace. In the CP? case these lines,
defined by Zg , Zlf , ZCI intersect at the points

Wir = Wiy = et 2] Z{%,

8We are considering the projective geometry, so if one will consider W as points in the 3 dimensional
affine spaces W, condition (ZW') = 0, for fixed Z defines a plane in W. Intersection of this plane with the
plane defined by Zp gives us line, which we are talking about.
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Figure 15. CP? Simplex defined by Z,, Z, Z..

War = Wy = ek 2 ZE,
Wsr = W(ca)[ = €IJKZgZ£<. (5.34)

These points are projected on a plane defined by Zg, and one can think of them as vertices
of 2d triangle (two dimensional simplex), with the edges defined by Z/, Zg ,ZL: Volsla, b, ]
is the projectively defined (it is invariant under rescalings of Z/ — \Z! or W; — AW,
while Zp is always fixed, A is some number) area of this triangle. The vertexes of this
triangle are in one to one correspondence with (0, a,b), etc. “scalar products”. In terms of
W’s Vola[a, b, c] is given by ((ZoW1) = (0, a,b), etc.)

1 (W1, Wa, W3)
2 (ZoW1) (ZoWa) (ZoWa)'

Volsa,b, c] = (5.35)
Using projective invariance W; — AWj one can always choose Wi, Wy, W3 in the form
Wy = (xz1,y1,1), Wa = (z2,y2,1), W3 = (x3,y3,1). x;,y; are then the coordinates of the
vertices of (a, b, c) triangle in the plane defined by Zp.

The situation when one of the brackets in the denominator (for example (0, a,b) = 0)
is equal to O corresponds in general to the case when Wj point moves to infinity so that
Vols[a, b, c] becomes singular (infinite).

In the CP* case, we are really interested in, the Z twistors define three dimensional
subspaces in dual the CP* space. Intersections of these three dimensional subspaces define
vertices of the four dimensional simplex. The vertexes of this simplex are in one-to-one
correspondence with (0, a, b, c,d) = (a,b, ¢, d) poles.

To see how one can observe cancellation of poles (vertices) in this geometrical picture,
let us return to the CP? example [5]. Consider two triangles defined by 71, Zs, Z3 and
71,73, Z4. In the difference Vola[l,2,3] — Vola[1,4,3] (Vola[1,4,3] = —Vola[1,3,4])
the contribution of the (0,1,3) vertex will drop out, so the difference is regular in the
(0,1,3) — 0 limit. See figure 16.

To see this cancellation in a more algebraic way, without drawing pictures, which is
very convenient when we are dealing with four dimensional volumes, let us introduce a
boundary operator d for the simplex in CP™ which gives the volume of the boundary of
this simplex (i.e. combination of volumes of the simplexes in CP"~1) [5]:

OVoly[1,2,3,....n] =Y (=1)"Vol, 1[1,2,...,i = 1,i+1,...,n]|”. (5.36)
i=1
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Figure 16. Cancellation of (1,3) pole in Vols[1,4,3] — Vols[1, 2, 3].

One can verify that as expected 92 = 0, Vol,_1[1,2,...,4 —1,i +1,...,n]|% is defined as
the projection of the (1,2,...,i— 1,9+ 1,...,n) lines into the n — 1 dimensional subspace
defined by Z;. Returning to the CP? case one can see that

dVola[1,2,3] = Voly[2,3]|%" — Voly[1,3]|%2 + Vol [1,2]|%,
OVoly[1,3,4] = Voli[4,3]|? — Voly[1,4]|% + Voly[1, 3]|%. (5.37)

The boundaries (line segments) of the triangles Voly[1, 3]|%2 and Voli[1, 3]|%* corresponding
to the (013) vertex (pole) encounters with the opposite sign. This corresponds to the
situation when such vertex is absent in the final polytope (sum of simplexes). The same
will be true in the general case of the sum of the simplexes in CP" 1.

In summary [5, 8] one can say that to figure out which vertices (poles) will be present
in the polytope combined from the set of simplexes, one has to act with the boundary
operator d on each simplex and “cancel” all vertices with the opposite sign ignoring the
|%i subscript. Hereafter we will drop the |% subscript.

As an example, one can check that in the case of the all-line shift (CSW) representation
of the n = 5 NMHYV amplitude in the result of the action of the boundary operator on the
individual simplexes, all the poles (vertices) of the form (0, x,a,b,c) are “canceled” and
only physical poles of the form (0, a, b, ¢, d) remain. This also reflects the fact that the result
should be independent of the explicit choice of p* in Z*. In fact in the case of amplitudes
one can see that the result is independent of the choice of all components in Z* recasting
the all-line shift (CSW) representation into the BCFW one by using the 6 term identity.

Now let us return to the form factors. Due to the presence of y* = 0 condition on the
periodical contour (fermionic part Xj of the contour is closed) 1/)1(_) #+ ¢§+)' So in the case

of the form factors one can write
1 b,c,d,e)()?
abedd= [ 4 a.bcd0
x 41 ((0,a,b,¢,d){(0,b,c,d, e)(0,¢,d, e,a)(0,d, e, a,b){0,e,a,b,c))l/?
" (a,b,c,d, e>(+)2
((0,a,b,c,d){0,b,c,d,e){0,c,d, e, a)(0,d, e, a,b){0,e,a,b,c))/?

— 28 —



1/2 1/2
= / (V0l4[a, b,c,d, e](_)> <V0l4[a, b,c,d, e](+)> ) (5.38)
X

The only difference in (Voly[a, b, ¢, d, e]=))/? and (Voly[a, b, c,d, e]H))1/2 is the fermionic
components X;F and x, . As it is not convenient to work with square roots of volumes
one can consider axillary objects where v~ and 4" (hence X;'F and x; ) enter on an equal
footing and the limit v — 0 is taken only in the final result. As it was explained
before, this limit is not singular. If some poles cancel in the sum of [a,b, ¢, d, €] before
the y* — 0 limit they also should cancel after this limit is taken; [a, b, c,d, €] are ratio of
polynomials. So if in the sum of such ratio of polynomials some poles of individual terms
cancel, taking one coefficient to 0 in the numerators of such polynomials should not affect
pole cancellation. From this point of view the NMHYV form factor is not exactly the CP*
polytope but rather its special limit (v — 0).
Now consider the three point NMHV form factor (here we choose the contour periods
as in [27])
ZNMHV 7 MHV. _ [y 0,1,2,3] + [*,1,2,3,4] + [*,2,3,4,5]. (5.39)

Considering v # 0 let us apply the boundary operator to the individual terms:

OVoly[*,0,1,2,3] = Vols[0,1,2,3] — Vols[*,1,2,3] + (Vols[*,0,2,3] — Volg[*,0,1, 3])

+Vols[*,0,1,2],

AVoly[x,1,2,3,4] = Vols[1,2,3,4] — Vols[x,2,3,4] + (Vols[*,1,3,4] — Vols[*,1,2,4])
Vols[#, 1,2, 3],

AVoly[x,2,3,4,5] = Vols[2,3,4,5] — Vols[x,3,4,5] + (Vols[*,2,4,5] — Vols[*,2,3,5])
Vols[+,2,3,4]. (5.40)

We see that the poles corresponding to Vols[x,0,2,3], Vols[*,0,1,3], Vols[*,1,3,4],
Vols[x,1,2,4], Vols[*,2,4,5], Vols[*,2,3,5] are not canceled in such axillary object. All
other poles are canceled (Note that Vols[*,3,4,5] and Vols[*,0,1,2] correspond to the
same pole in the n = 3 case). We also see that

Volg[*,1,3,4] — Vols[*,1,2,4] = P(Vols[*,0,2,3] — Vols[,0,1,3]), (5.41)
and
Vols[,2,4,5] — Vols[x,2,3,4] = P*(Vols[*,0,2,3] — Vols[*,0,1,3]). (5.42)

So if these poles are canceled in the first term, they will be canceled in other terms as well.

Now what will change if we take the v — 0 limit? First of all let us note that the
(0,%,0,2,3) = (x,0,2,3) and (0,%,0,1,3) = (x,0,1,3) vertices in fact correspond to the
same pole [x|g|3):

<*707273> = <23>[*‘x30‘3> - <23>[*‘Q|3>7
(%,0,1,3) = (31)[x[z13[3) = (31)[*|q[3). (5.43)
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The formulas

7j—1

(v, = 1,4,5) = (i — Li)[«|2ij|5), wij = > prs (5.44)
k=t

Z; = ()\i,xi)\i), ZiJrnk = ()\i,xi+nk)\i), i=1...n, keN. (5.45)

were used. Now consider the argument of the 672 function in [*,0,1,2,3] in more detail.
The argument looks like (note that x;” = 0)

XA (%,0,1,2) + xg (%, 1,2,3) + x7 (+,0,2,3) + x5 (x,0,1,3), (5.46)
~T = 0 corresponds to X(T = X;, so we can write the argument of the delta function as
Xa ((%,0,1,2) 4 (x,1,2,3)) + x7 (x,0,2,3) + x3 (*,0,1,3). (5.47)
For (x,0,1,2) and (x,1,2,3) one can get
(x,0,1,2) + (x,1,2,3) = [*|q|3)(12), (5.48)

so [#|g|3) factors out from the delta function and one can see that [«|g|3)2 ~ §72. The
poles (x,0,2,3) ~ [x|q|3) and (x,0,1,3) ~ [x|q|3) are exactly canceled! This is similar to
the cancelation of ¢ pole in Rﬁt) Note that such factorisation is possible only in the y© — 0
limit. -2 dose not factories in such a way. From a geometric point of view this means
that as [*|g|3) — 0 Voly[*,0,1,2,3]") becomes singular, while Voly[*,0,1,2,3]H) — 0 so
that their product remains finite. Such cancellation of the poles is the general pattern for
all [, a,b, c,d] coefficients with a =i and b =i = n for the n point form factor.

For the general n the situation is the same as in the n = 3 example and all poles
containing the p* dependence, except pairs of poles which come from the [*,a,b,c,d]
coefficients with ¢ = 7 and b = ¢ = n, are already cancel in the axillary expression with
4T # 0. The remaining pairs of poles cancel in v© — 0 limit. In the appendix one can
find the details on the n = 4 example.

Summing up, for ZYMHV /7MHV iy the all-line shift (CSW) representation the answer
is free from poles containing the Z* dependence which also imply cancellation of spurious
poles in BCFW picture and independence of all-line shift (CSW) result on the choice of p*.
This cancellation most easily can be seen geometrically when we represent the [x,a, b, ¢, d]
invariants as the volumes or the products of volumes of the simplexes in CP*. This situation
is similar to the amplitude case, but there are some differences unique to the form factors
due to their special Grassmann structure. The form factor is not exactly the CP* polytope
but rather special limit (y+ — 0) of such polytope.

6 Conclusion

In this article, we considered different types of recursion relations for the form factors of
operators from the stress tensor supermultiplet in the N' = 4 SYM theory. We formu-
lated the BCFW recursion relations in the momentum twistor space for general helicity
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configuration and considered the NMHYV sector in more details. Using the momentum
twistor space representation we demonstrated the equivalence between the BCFW and
all-line shift (CSW) recursion relations at least for the NMHV sector and used geomet-
rical interpretation of the NMHV form factors as the volumes of polytopes to show that
the BCFW/all-line shift (CSW) representations of the form factors are free from spurious
poles. The relation between the logarithmical derivative of the form factor with respect
to the coupling constant and the amplitudes were also considered. In addition, we briefly
discussed how the momentum twistor representation can be used to clarify the relation
between the IR pole coefficients at the one loop level. We hope that similar ideas can be
used beyond the NMHYV sector.

The main conceptual result of this article is that the “on-shell structures and ideas”
such as the momentum twistor representation, Yangian momentum twistor invariant
function [abcde] or the polytope interpretation of the NMHV amplitudes still play an
essential role for partially off-shell objects such as the form factors (or at least for the form
factors of operators from the stress tensor supermultiplet). However, several important
questions still remain unanswered.

It is well known that different BCFW shifts give representations of the same amplitude,
which looks different at the first glance. For example, for the NMHV sector six point
amplitude we have for the [1,2) shift:

AéVMHV
W =11,2,3,4,5] +[1,2,3,5,6] + [1,3,4,5,6], (6.1)
while for the [2,3) shift:
ANMHV
W =P([1,2,3,4,5] +[1,2,3,5,6] + [1, 3,4, 5, 6])
=[6,1,2,3,4] +[6,1,2,4,5] + [6,2, 3,4, 5]. (6.2)

In the general case, the equivalence between different BCFW representations can be shown
using the representation of the amplitude as an integral over Grassmannian and residues
theorems for functions of multiple complex variables [52]. The case n = 6 may also be seen
as the manifestation of six term identity

0=11,2,3,4,5]4+11,2,3,5,6] + [1,3,4,5, 6]
-P([1,2,3,4,5] +[1,2,3,5,6] +[1,3,4,5,6]), (6.3)
for the [a,b,c,d, €] functions, which can be interpreted as “the boundary of 5-simplex in

CP* =0” in the polytope picture. In the case of the form factor, we have similar relations
between the [a, b, ¢, d, €] functions in special kinematics (y* = 0). For the [1,2) shift one

can get:
ZNMHV 3 4
e (S [=1,0,1,3,4] + [1,2,3,4,5] + [1,2,3,0, —1] + ¢SV[1,2,3, -2, —1], (6.4)
4

while for the [2,3) shift:
ZNMHV

3 4
ZiMHV:P((ch N[=1,0,1,3,4]+[1,2,3,4,5+[1,2,3,0, 1] +cV[1, 2,3, —2,—1]), (6.5)
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and as the consequence

0= (Sct¥)[~1,0,1,3,4] + [1,2,3,4,5] + [1,2,3,0, —1] + ¢SV [1,2,3, -2, —1]
P ((S)[-1,0,1,3,4) + [1,2,3,4,5] + [1,2,3,0,~1] + §”[1,2,3,-2,~1]) . (6.6)
Is there any geometrical picture behind such identities (see also (5.6))7

It would be interesting to find representations for the form factors as an integral over
Grassmannian [52] similar to the amplitudes® case:

A(O)(k) _ / ankCal 1 ﬁ 64‘4 ic ZWA (67)
n VOZ[GL(k)] Ml e Mn 21 — a l )

or prove that such representation is impossible. This representation is the first step in

the on-shell diagram formalism [9], which may be very useful for the form factors as well
as for the amplitudes. The representation of the ratio of the NMHV and MHV form
factors as the sum of the [, a, b, ¢, d] functions gives hope that such Grassmannian integral
representation is possible.

It would be interesting to formulate recursion relations for the integrand of the form
factors at the loop level. The form factors of operators from the stress tensor supermultiplet
naturally involve non planar contributions starting from two loops, so to formulate such
recursion relations, one must incorporate non planarity.

And also, it would be interesting to continue the investigation of the form fac-
tors/Wilson loop duality. One can hope that the results obtained in this article will be
useful in mentioned above quests.
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A N = 4 harmonic superspaces

The standard N’ = 4 coordinate superspace is convenient to describe supermultiplets of
fields or local operators. It is parameterized by the following coordinates:

N = 4 coordinate superspace = {22, 62, 044}, (A.1)

where x,4 are ordinary coordinates, which are bosonic variables and 0’s are additional
fermionic coordinates; A is the SU(4)g index, a, ¢ are the Lorentz SL(2, C) indices.

9Here M; is i’th ordered minor of the n x k Cy; matrix, and W;* = (uf", Xd,l,nlA).
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The N = 4 supermultiplet of fields (containing ¢4 7 scalars, 14, &ﬁ fermions and FH—
the gauge field strength tensor, all in the adjoint representation of the SU(IV,) gauge group)
is realised in the A/ = 4 coordinate superspace as the constrained superfield W45 (z,0,0)
with the lowest component WA4B(x,0,0) = ¢AB(z); WAP in general is not a chiral object
and satisfies several constraints: the self-duality constraint

WAB (2,0,8) = Wag(x,0,0) — %GABCDWCD(x,e, 9), (A.2)

which implies $4% = ¢45 = £e1BP g and two additional constraints!®

_ ) _
DEWAB(3,0,0) = —gag‘ngBlL(m,e,e),
DYCWAB (1 0,0) = 0, (A.3)

where D is the standard coordinate superspace derivative.!’ Note that in this formulation
the full N' = 4 supermultiplet of fields is on-shell in the sense that the algebra (more
precisely the last two anticommutators) of the generators Q 4o, @% for the supersymmetric
transformation of the fields in this supermultiplet

{Qaa, QF} = 204 Pag, {Qaa, Qps} =0, {Q4,QF} =0 (A.4)

is closed only if the fields obey their equations of motion (in addition the closure of the
algebra requires the compensating gauge transformation [41]).

The off-shell formulation of the full N' = 4 supermultiplet is still unknown. But
fortunately the self-dual (chiral) sector of the full N' = 4 supermultiplet can be formulated
off-shell. In the SU(4)r covariant way this can be done by using the AN/ = 4 harmonic
superspace [40, 41].

The N' = 4 harmonic superspace is obtained by adding additional bosonic coordi-
nates (harmonic variables) to the N/ = 4 coordinate superspace or on-shell momentum
superspace. These additional bosonic coordinates parameterize the coset

SU(4)
SU(2) x SU(2)" x U(1)

(A.5)

and carry the SU(4) index A, two copies of the SU(2) indices a,a and the U(1) charge £

(ujg“, u;“/) and c.c. once (ﬂ;A, ﬂ;r,A). (A.6)

Using these variables one presents all the Grassmann objects with SU(4)g indices.
The Grassmann coordinates in the original A/ = 4 coordinate superspace then can be
transformed as

00 = uie62, 079 = uy 64, (A.7)

é_. = ﬂ;AéAd, é;_’d - a;_/AéAdm (AS)

acx

10[x, %] denotes antisymmetrization in indices, while (*, ) denotes symmetrization in indices.
YUWhich is D2 = 8/80% + 0440 /0x>%.
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and in the opposite direction

04 = 0 v + 0% al A, (A.9)
Oas = 0. uy® + 0, ulo (A.10)

The same is true for supercharges:
Quia = (Quar Qi) Q4 = (QF Q5. (A1)

So the N' = 4 harmonic superspace is parameterized with the following set of coordinates

N = 4 harmonic superspace = {xo‘é‘, o 9;‘1,, 6 éj'a u}. (A.12)

ad’
Using u harmonic variables one can project the W4 superfield as

WAR — wAB el = ettt (A.13)

WHt = Wt (z, 67,07, 6, ,0% ), (A.14)

a’aq

where €2 is an SU(2) totally antisymmetric tensor. This W+ superfield is SU(4)r and
SU(2) x SU(2)" x U(1) covariant but carries +2 U(1) charge.

Using harmonics one can project constraints (A.3) so that:!2
DY WTt =0,
Dy Wt =o. (A.15)

Thus, the superfield W contains the dependence on half of the Grassmannian variables
0’s and 0’s:
WHt = W (z, 9+“,§a_,, w). (A.16)
Now one can put all # = 0 in W+, the corresponding supercharges ect. and observe that
all component fields in W+ (z, 7,0, u) are off-shell in a sense that the remaining chiral
part of SUSY algebra {Q 4, @ps} = 0 which acts on W is closed without using equation
of motion for the component fields.
The chiral part T of the stress tensor supermultiplet can now be constructed simply as:

T(z,0%,u) = Te(WH W), (A.17)
T is the first operator in the series of the so-called 1/2-BPS operators of the form

Tr[(W+T)*]. Its lowest component is

1
T (z,0,u) = Tr(¢pTTop™), ¢t = ieabuzaugbd)AB, (A.18)

and its highest component which is proportional to (0*)4 is the Lagrangian of N' = 4
SYM written in a special (chiral) form. All components of 7 can be found in [41]. Using
supercharges one can write 7 as:

T(a,0%,u) = exp(6°Q ") Te(¢ 6 ++). (A.19)

128trictly speaking, this is true only in the free theory (g = 0), in the interacting theory one has to replace
DZ, D2 by their gauge covariant analogs, which contain superconnection, but the final result is the same [41].
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Also, the lowest component 7 (x,0,u) commutes with half of the chiral and anti-chiral
supercharges of the theory:

[T (2,0,u), Q5] =0, [T(z,0,u),Q5% = 0. (A.20)

These properties allow one to determine the general Grassmann structure of the form
factor [28].

Harmonic variables can also be used in on-shell momentum superspace to treat on-shell
states of the theory on equal footing as operators from supermultiplets. Using harmonic

variables one can write:
N = 4 harmonic on-shell momentum superspace = {Aa, A, 7, nh, u}. (A.21)

Here A, and A4 are the SL(2, C) spinors associated with momenta carried by a massless
state (particle): pag = Aada, p> = 0. Supercharges which act in this superspace can be
represented in the n-particle case as

Z/\a i"ai qaa Z)‘oz ma i) (A.22)

and .
ZAM A menf. (A.23)
az i=1 ai

The Grassmann delta functlons, which one can encounter in this article, are given by

(i) = AaiA2):

n 2
5_4 qaa = H Zj 77a an]7 5+4 qaa Z H 7/] na an/]’ (A'24)
]: b: ,] la b/ 1
2
o(x Ty =[x otH(X H X7 (A.25)
a=1

We also will use the notations

AT =68, 572572 = 54 (A.26)
Using these delta functions one can rewrite the MHV,, and MHV3 amplitudes, R,s func-
tions etc. in the form nearly identical to the form they have in the ordinary on-shell mo-
mentum superspace.
Grassmann integration measures are defined as

2 2
d%n =[] dna. d™n=[]dn"™, d2nd™n=d. (A.27)
= a=1

in the on-shell momentum superspace and

2
a0 = T[ do,°, d*'0 = H ot . (A.28)
a,a=1 a,a=1

— 35 —



in the ordinary superspace; 6=* functions can be represented as 6%2 functions using the

identity (here we drop the SU(2) and SL(2, C) indices),

5 (gF) = <lm>25i2 <nl:|: 4 i EZXUZ:&) 5E2 (Uniq 4 i <<ll;2> nf) , 1 £ 1 #m. (A.29)
=1 =1

which can be integrated as usual Grassmann delta functions.

B Spurious pole cancellation in A?MHV(O) and ZiVMHV(O)

Now let us illustrate how the cancellation of the spurious poles can be seen on the example
of the NMHV5 amplitude. Consider the all-line shift (CSW) representation of the NMHVj
amplitude:

ANMIV

W =1[%1,2,3,4] + [%,2,3,4,5] + [*,3,4,5,1] + [*,4,5,1,2] + [*,5,1,2,3]. (B.1)

Applying the boundary operator to all terms in AYMHY JAMHAV e get:

OVoly[*,1,2,3,4] = Vols[1,2,3,4] — Vols[*,2,3,4] + Vols[*,1,3,4] — Volg[x, 1,2,4]
+Vols[*,1,2,3],
OVoly[*,2,3,4,5] = Vol3[2,3,4,5] — Vols[*,3,4,5] + Vols[*,2,4,5] — Vols[*,2,3, 5]
+Vols[*,2,3,4],
OVoly[*,3,4,5,1] = Vols[3,4,5,1] — Vols[*,1,4,5] + Vols[*,1,3,5] — Vols[*,1, 3,4]
+Vols[*,3,4, 5],
OVoly[*,4,5,1,2] = Vols[4,5,1,2] — Vols[*,1,2,5] + Vols[*,1,2,4] — Vols[*,2,4, 5]
+Vols[*,1,4,5],
OVoly[*,5,1,2,3] = Vols[5,1,2,3] — Vols[*,1,2,3] + Vols[*,2,3,5] — Vols[*,1, 3, 5]
+Vols[*,1,2,5]. (B.2)
We see that all terms containing Z, “cancel” each other, which indicates that in the sum
of all terms all spurious poles (x,a, b, c¢) are canceled.

Now let us consider the NMHV, form factor. In the all-line shift (CSW) representation
it can be written as:

ZNMHV 7 MHV. — ([« —1,0,1,2] + [¥,-1,0,2,3]) + ([,0,1,2,3] + [*,0,1,3,4]) +
+([*,1,2,3,4] + [*,1,2,4,5]) + ([*,2,3,4,5] + [x,2,3,5,6]). (B.3)

Note also that equivalently one can rewrite last two terms as
[%,2,3,4,5] = [*,—2,—1,0,1], [*,2,3,5,6] = [*x,—2,—1,1,2]. (B.4)

Applying 0 to all these terms one can obtain:

OVoly[*,—1,0,1,2] = Volz[~1,0,1,2] — Vols[0,1,2, ] + Vols[1,2,+ —1] — Vol3[2, ¥, —1,0]
+Vols[x,—1,0,1],
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OV oly[+,—1,0,2,3] = Vols[~1,0,2,3] — Vol3[0,2,3,%] + (Vols[2,3, ¥, —1] — Vols[3, +, —1,0])
+Vols[x,—1,0,2],
OVoly[*,0,1,2,3] = Vol3[0,1,2,3] — Volz[1, 2,3, %] + Vols[2, 3, *,0] — Vols[3, *,0, 1]
+Volz[x,0,1,2],
OV ols[+,0,1,3,4] = Vols[0,1,3,4] — Vols[1,3,4, ] + (Vols[3,4, ¥,0] — Vols[4, *,0,1])
+Vols[x,0,1,3],
OVoly[x,1,2,3,4] = Vols[1,2,3,4] — Vol3[2, 3,4, %] + Vols[3,4, %, 1] — Vols[4, x,1,2]
FVols[+, 1,2, 3],
OVoly[,1,2,4,5 = Vols[1,2,4,5] — Vols[2,4,5, ] + (Vols[4, 5, %, 1] — Vols[5, ,1,2])
+Vols[*1,2,4],
OVoly[x,—2,-1,0,1] = Vols[—2,-1,0,1] — Vol3[—1,0, 1] + Vol3[0, 1, %, —2] — Vol3[1, x, —2, —1]
FVoly[x, —2,-1,0],
OVoly*, —2,-1,1,2] = Volz[~2, —1,1,2]—Vols[~1,1,2, 5] +(Vols[1, 2, %, 2| — Vols[2, *, —2, —1])
+Vols[x,—2,—1,1]. (B.5)

We see that poles corresponding to terms containing Z* in the (...) bracket “cancel” in
4T — 0 limit, while all other Z* dependant poles “cancel” among themselves.

C IR pole coefficients relations

In one loop generalized unitarity based calculations for the NMNV sector the following
identities for the R functions were used in n = 4 case:

5(1 51 pl (1 2 1
Ryl = Ry, Rilly = R, Rifh = Ry (C1)

We now want to show that they are transparent and easily derived in the momentum
twistor variables.

Let us start with RS& = Rgll)l. It is essentially trivial, these are the same R functions
written using clockwise and anticlockwise conventions.

For RS&L, Réﬁ)l, one can obtain (note that here legs are ordered clockwise )

_ 1,2,4,-1)(4,—1,0,1)

R(l):<”’ L1134, —1,0] = [+,0,1,3,4 ~1,0,1,3 1,3,4,5]. (C.2
144 <717073’4><1’3’4,5> [7 b b b ] [*7 b b b ]—"_[*7 b b b ]+|:*’ b b b ] ( )
_ 3,4,5,0)(5,0,1,3

Ay = G5 06.0L8) 1) 5001 101,34 + [+, 1,3,4,5] + [+3,-1,0,1].  (C.3)

(0,1,4,5)(3,—1,0,1)

Indeed, as expected R144 = Rgn.
For Ré(ﬁ)?) and Rgi)l, we see that

R{) =[4,0,1,2,3], and Ry}, = [2,3,4,0,1], (C.4)
SO Rfﬁg = Rgi)l as expected.
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