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1 Introduction

Since Hawking’s proposal [1] that a black hole can completely evaporate through Hawking
radiation, physicists have realized that quantum effects, despite its weakness, have the
potential to affect the large-scale structure of black holes. However, to this day, there has
not yet been a satisfactory understanding on this topic, leaving many unsettled issues,
including most notably the information loss paradox [2-5] and related proposals such as
the fuzzball [6-10] and the firewall [11-13]. Many believe that a rigorous detailed analysis
including the quantum effect is imperative.

Hence we aim to provide a rigorous detailed description of the black-hole geometry
with the back reaction of quantum fields taken into consideration. In this paper, we focus
on static, spherically symmetric black holes. We will give explicit expressions of general so-
lutions to the semi-classical Einstein equation. Following Christensen and Fulling [14], we
assume that the underlying quantum fields responsible for the quantum energy-momentum
tensor are 4D conformal matters. Unlike its 2D analogue [15], its energy-momentum ten-
sor is not uniquely fixed by the trace anomaly and conservation law. Instead of making
additional assumptions to uniquely determine the energy-momentum tensor, we keep its
full generality in our analysis.

There are numerous related works in the literature. Let us comment on some of those
closely related. Vacuum energy-momentum tensors derived from 2D models of quantum
field theories are extensively studied in ref. [16]. It was shown that, depending on the
quantum model of vacuum energy-momentum tensor and the vacuum state, the back-
reacted near-horizon geometry falls into three qualitatively different classes. In one of the
three classes, the back reaction of quantum fields is insignificant, while the event horizon
is removed in the other two classes.

In one of the two classes that are horizonless, the horizon is replaced by a local min-
imum of the areal radius, resembling the throat of a traversable wormhole [16]. Similar
results were also obtained in refs. [17, 18]. (The resemblance between the black holes and
wormholes was also noted in refs. [19-21] based on different reasonings.) The static geom-
etry of the interior space with a star composed of an incompressible fluid or a thin shell
was studied in ref. [22]. The dynamical case including the effect of Hawking radiation was
explored via numerical simulation in ref. [23], and then analytically in ref. [24].

In the other horizonless class of solutions, there is neither a horizon nor a wormhole-like
structure [16].

The progress achieved in this work is mainly the use of 4D (instead of 2D) models of
quantum vacuum energy-momentum, and its generality that covers all static solutions with
spherical symmetry. All three classes of solutions found in various 2D models of vacuum
energy are present in this 4D model, and we note that the presence of the event horizon
requires fine tuning. The back reaction due to 4D conformal fields has also been studied in
ref. [25], but it was done in a manner different from this work, and only the wormhole-like
class was discussed. Furthermore, we emphasize the mathematical rigor of our results, with
our calculations carried out in both perturbative and non-perturbative approaches.

The plan of this paper is as follows. We first lay out in section 2 the assumptions
behind the mathematical formulation we use to determine the black-hole geometry. The



general perturbative solution at the first order is given in section 3, section 4 and section 5
in three different coordinate systems, each with its advantages and disadvantages. The
non-perturbative analysis is carried out in section 6. The result is consistent with the
perturbative solution. The perturbative and non-perturbative solutions together depict a
comprehensive picture of the black-hole geometry.

2 Semi-classical einstein equation and 4D conformal matter

2.1 Semi-classical Einstein equation

In this section, we define the theoretical framework on which the analysis in this paper is
based. It is essentially Einstein’s theory of gravity sourced by 4D conformal quantum fields
through its expectation value of the quantum energy-momentum operator.

First, we assume that the space-time geometry is determined by the semi-classical

Einstein equation
Guv = k(Tw) (2.1)

at large scales. Here (T),,) is the expectation value of the quantum energy-momentum
operator T}, in the underlying quantum field theory. A priori (T},,) does not have to be
the vacuum expectation value. But in the perturbative calculation, we will assume that
(T,) is of O(kY), so that the right hand side of eq. (2.1) vanishes in the classical limit
#x — 0. In this sense, it is a vacuum expectation value which comes purely from quantum
effects. On the other hand, in the non-perturbative analysis, it can be the expectation
value of an arbitrary state.

In this work, we further assume that the energy-momentum tensor (7),,) in eq. (2.1)
is given as that of 4D conformal quantum fields. The advantage of considering conformal
matters is that (7),,) is constrained by the Weyl anomaly, leaving fewer uncertainties in
(Ty), which is typically difficult to evaluate directly.

For 4D conformal quantum fields, the trace of the energy-momentum tensor is given
by the 4D Weyl anomaly

(TH,) = caF + a4, (2.2)
which depends on two conformal charges ¢4 and a4 characterizing the conformal fields.
Here

F = CHM¥Cpn, = RYVR 2RI Ry, + + R 2
= prAp — PUAp w1 g ) ( 3)
G=R"»R,,5, — AR R, + R?, (2.4)

where C' is the Weyl tensor and G is the Gauss-Bonnet term.
The last assumption we shall make in this paper is that the configurations under study
are static and spherically symmetric. Locally, the metric can be put in the form

2
ds? = —er") [dt2 — TT] + r2d02. (2.5)



The coordinate r is called the “areal radius”, in terms of which the area of a symmetric
sphere is always 472, It is not necessarily monotonically increasing in the radial direction.
We also define a “proper radial coordinate” z by

p(r)
d2? = < _ar?. 2.6
The metric can then be expressed as
2 el 2 2 2
ds® = B0 dt* + dz* + B(z)dQ*, (2.7)

where the two parametric functions A(z) and B(z) are related to p(r) and F(r) by
eq. (2.6) and
A(2)
9 e
=B p(r) E— 2.8
O (28)
For a static, spherically symmetric configuration, the only non-vanishing components
of the energy-momentum tensor (7},,) are

(T%), (T7)=(T":), (T%)=(T%). (2.9)

The three independent components of the energy-momentum tensor (say, (1%), (I",) and
(T%)) are constrained by the conservation law

V. (TH,) =0, (2.10)

as well as the anomaly equation (2.2). There is thus only one independent functional degree
of freedom in the energy-momentum tensor. We can arbitrarily specify (T7,) (or (T#,)) to
be any given function of r (or z) from which all other components of (T},,) are fixed.

The metric (2.5) (or (2.7)) has two independent functional parameters p(r) and F(r)
(or A(z) and B(z)) to be solved from the semi-classical Einstein equation (2.1). Cor-
respondingly, only two of the 10 equations in eq. (2.1) are independent. For conformal
matters, it is convenient to take the trace of the semi-classical Einstein equation

GF, = w(TH,), (2.11)

where (T*,,) is given by the Weyl anomaly (2.2), as one of the two independent equations.
In the following, we will take the other independent equation to be

G"\ = w(T",), (2.12)
or
G*, = K(T%.), (2.13)

depending on our choice of coordinates.



2.2 Energy-momentum tensor and Weyl anomaly

The most general static, spherically symmetric stress tensor constrained by the conservation
law has only two functional degrees of freedom. Following Christensen and Fulling [14],
the energy-momentum tesnor can be parametrized by the trace (T*,) and

1

0 = (T"%) 1

(T"4). (2.14)

In addition, there are 2 dimensionless constant parameters K and () which are a priori of
order 1, corresponding to different choices of boundary conditions.
For the Schwarzschild background (2.5) with

p(r) = log (1 - ‘;) F(r) = (1 - G)Q, (2.15)

r

we obtain the following expression for the most general time-independent, conserved and

spherically symmetric stress tensor by integrating the conservation law;

(1)) = —r(rl_a) [a+ H) + G + 5 (TH(r) — 20(r), (2.16)
(T7)) = oy la+ HO) + GO, (2.17)
£y 1
(1) = = a) k, (2.18)
(T%) = O(r) + 1(T"), (2.19)
while
(T7) = — (1 - %)2 (1)), (2.20)
(T?4) = (T%), (2.21)

and the two functions H and G are defined by
L (", a / /
H(r)= 3 =g (TH,(r"))dr", (2.22)
", 3a Nt
G(r)= 2/ <r — 2) O(r)dr'. (2.23)

The integration constants ¢ and k are related to the parameters @ and K in ref. [14] via

=120 (2.24)
4K
k==, (2.25)

which are of order O(a=2).
Here, @ = 0, or equivalently, ¢ = —k does not lead to the divergent outgoing energy
flux but the incoming energy flux diverges at the past horizon, while the condition ¢ = k



gives divergence of the outgoing energy flux at the future horizon but no divergence in
incoming energy flux. The condition ¢ = k = 0, gives no divergent energy flux while ¢ =0
generally provides non-zero energy flux in the asymptotic region. For example, the energy-
momentum tensor which satisfies the conditions (T%) = 0 and the anomaly condition (2.2)
has the following asymptotic behavior;

_a’q+ S(ea+aq)

(Tt (r — 00)) = g +0(r™3), (2.26)
<TU&—Hm»=a%+Eg§+M)+OU4)- (2.27)

The condition ¢ = k = 0 corresponds to the Hartle-Hawking vacuum, in which the incoming
G(C4+a4)

© 7 Ba?

k = 0, the incoming and outgoing energy fluxes in the asymptotic region are zero but

and outgoing energy fluxes are finite but balanced with each other. For ¢ = and
there is divergence at » = a. This condition corresponds to the Boulware vacuum. The
Hartle-Hawking vacuum was considered physical, and the Boulware vacuum unphysical,
because of the divergence in the energy flux. In this work, we do not jump into the same
conclusion before closely examining the solutions.

Note that if k # 0, the energy-momentum tensor breaks the time-reversal symme-
try, so the metric will not be static, even though the energy-momentum tensor is time-
independent. We shall assume that & = 0 except briefly commentting on the case k # 0 in
section 3.4.

Explicit expressions of the energy-momentum tensor can now be given as follows. For
the Schwarzschild background,

A 124> y
R'u pR'L“/)\p - T‘T’ R’u RMV = 0, R = O (228)
As a result,
1202

.7: == g == 7‘76, (2.29)

and the trace anomaly (2.2) is

12 2

(rmy = 2ot aaa” (2.30)

r6
At the first order in the perturbation theory, this is the only place where the conformal
charges appear in the semi-classical Einstein equation, hence they only appear in the com-

bination (¢4 + a4) in the first order perturbative solution.
For the Weyl anomaly (2.30), we have

 3(ca + as)(3r° — ba'r + 2a°)

H(r) = 10025 : (2.31)
c ay)(r® a*r — 6a® r a
Gy = Sleat 4)<10aj£ 6a%) L9 / (r'—32> (T0(r')) . (2.32)

One can thus compute the energy-momentum tensor using egs. (2.16)—(2.19) for the
Schwarzschild background.



The expressions above given in terms of the areal radius r can be easily generalized to an
arbitrary radial coordinate y for the most general static, spherically symmetric background,

ds? = —ePWdt? + h(y)dy? + r?(y)dQ>. (2.33)
The radial component of the metric h(y) is related to those in other coordinates as

eP(r)

7"2 = 22. .
oy =d (2.34)

h(y)dy* =

For instance, h(y) = 1 for y = z, and h(y) = %J((;; for y = r. By integrating the conservation

equations, the energy-momentum tensor is found to be

—e)
(T = =535 la+ H) + G+ 5 {T4(0) —2000). (2.35)
e—PW)
(T%y) = 20) [+ H(y) + G(y)], (2.36)
ke PW)/2 /h
(Tiy) = — 20 <y), (2.37)
(T%) = (T%) = O(y) + 1(T4,), (239)
where H and G are given by
HG) = (600 5 [ e )T )y (239)
Gly) = [ () (2 () — 4 ) L)y (2.40)

The primes on a variable (e.g. p’ and r’) indicate the derivative with respect to the radial
coordinate y. The constant ¥ is the location of the horizon where p — —oo. The divergence
of the energy-momentum tensor at the horizon is parametrized by the constant ¢ (with
H(y) + G(y) vanishing at y = 9), assuming that O(y) is finite there.!

For instance, in terms of A(z), B(z) and the proper radial coordinate z (see eq. (2.7)),
H and G are

z eA(z/) (4
H(z) = ¢ / e (A’(z’) 2 ((Z,)) ) (T, ())d2', (2.41)
z eA

(") (5
G(z) =— B2 <A’(z') - 312((2/))> 0(")d7'. (2.42)

z

The metric for a static, spherically symmetric space-time can in principle be solved
from the semi-classical Einstein equation (2.1) for an arbitrary assignment of (T?%). In
the following, we shall find the solution of the metric both perturbatively and non-
perturbatively for arbitrary (T%). In the perturbative analysis, we find the first order

Tn general, ' (y) and p'(y) could diverge as y — § if e”¥) 5 0 there. We assume that the integrands
are still finite at y = ¢, as in the case of the Schwarzschild metric.



correction to the Schwarzschild metric. The non-perturbative analysis is carried out in
a small neighborhood of an arbitrary point in space. Putting the perturbative and non-
perturbative results together, we get a consistent picture of the black-hole geometry in-
cluding the back reaction of the energy-momentum tensor of 4D conformal quantum fields.

3 General perturbative solution in areal radius

In the following, we will solve the first order perturbative correction to the Schwarzschild
metric due to the energy-momentum tensor of 4D conformal quantum fields with full gen-
erality, and we will classify the solutions according to their near-horizon geometry. In this
section, we shall use the areal radius r as the coordinate parametrizing the radial direction.
In the next two sections we will use other radial coordinates.

3.1 Perturbative analysis

Here we consider the ansatz (2.5) for the metric. The parametric functions p(r) and F(r)
are expanded in powers of the Newton constant x as

p=po+kpr+Kp2t--, (3.1)
F=Fy+kF +KrFy+---, (3.2)

where p,, and F, are of O(xk"). Note that [x] = L? and [p1] = [F1] = L2 in terms of the
dimension of length L. The 0-th order solution is given by the Schwarzschild metric:

o = log (1 - “), (3.3)

r

Fo = (1 - a>2, (3.4)

r

where a is the Schwarzschild radius. We shall solve the semi-classical Einstein equation (2.1)
perturbatively in the s-expansion for the leading order perturbative correction p1, F;. We
assume that the energy-momentum tensor comes from quantum effects and are of O(x?).

For any given radial pressure (T",.), the metric correction p; and F} can then be directly
solved from the semi-classical Einstein equations (2.12) and (2.11). Eq. (2.12) is

(r —a)? 72 = (T (3:5)
It allows one to express F} in terms of p;:
ry (r—a)pi —p1
Ri(r) = (r— a)? |(T7,) - L0 (36)

Plugging this into the other equation (2.11), we turn it into a second order differential
equation for p; only:

(2r — 3a)(r — a)p +2(2r — 3a)p} = J(r), (3.7)

where

J(r) =r?(4r — 3a)((T",)') + 6r(2r — a)(T",) — 2r*(T" ). (3.8)



We can then solve p; from this second order differential equation as

r! Y (T” o a)2J(7"”)
o / A G| 69

i) = | o G

with integration constants Cy and C4. After finding the solution of pj, one can easily

compute F; from eq. (3.6).

The first order corrections in the k-expansion, p;(r) and Fi(r), are now written in
terms of (T7,) and (T*,). The trace of the energy-momentum tensor (7%,) is given
by (2.30) for the Schwarzschild background, while (T",) is expressed as (2.17) (with (2.31)
and (2.32)) which diverges in general at » = a. Since this divergence is related to the
coordinate singularity in the (t,7)-coordinates, we assume that (T?%), which is invariant
under the coordinate transformation in the (¢,r)-directions, does not diverge at r = a.
Under this assumption, it would be convenient to express the results in terms of (T99>, or
equivalently, of ©.

To calculate the energy-momentum tensor in the limit r — a, we expand
egs. (2.16), (2.17), (2.31) and (2.32) in powers of (r — a) and find

q q+6(cs+aq)

(T (r — a)) = Tat—a) + " —(T%%(r — a)), (3.10)
(T7(r — a)) = a(rq_ 5 —a+ 66(;4 ) 0, s a), (3.11)

We shall thus represent (I7,) (for all r, not only for r close to a) as
(I (r)) = ——= + f(r), (3.12)

where 1
q
=—-——+4+ ——|H G . 3.13

Fr) = =24 s (H () + GO (313)
Here, H(r) and G(r) are given by (2.31) and (2.32), respectively. The function f(r) is
determined by (T%) and ¢, and it is regular at r = a (assuming that (Tpg(a)) is finite).
As the energy-momentum tensor is assumed to come from quantum effects, ¢ should be of
O(k%a2).

The results (3.6) (3.9) are now expressed in terms of f(r) as

G ey — L ) [2(7(12 + 8ar — 4r?)

r—a da(r — a

+a(3a — 2r) (4 log (7;1) +9log <3a - 27")) ] , (3.14)

Fi(r)= = (r— a>{ 2y ) =

, a[7a? =2+ 13ar + 9a(2a ) log (¥5%) + da(2a — 1) log (52)]
2ar?
1

~(r=a)f() + 55 |[V() = 200 — QW ()] } (3.15)

272

p1(r) = Co +




where

W(r) = /{: dr”(r,, i e V(;/), (3.16)
Vir)=-2 /7’ dT’M [6(@ =2 f(r") + 2T’<T“H(T,)> +17'(3a — 4r’)f'(r')] . (3.17)

There are two integration constants Cy and Cy. The constant Cy corresponds to a
scaling of the time coordinate ¢; and C7 to a shift of the Schwarzschild radius a. They are
fixed by specifying the asymptotic conditions at r — co: the choice of ¢ in the asymptoti-
cally flat spacetime fixes C; and the asymptotic total energy (which depends on the choice
of f(r)) determines Cj.

Egs. (3.14) and (3.15) give the most general first order perturbation of the
Schwarzschild metric for a 4D conformal matter field in any state according to the semi-
classical Einstein equation (2.1). The energy-momentum tensor (7},,,) of any quantum state
is specified by a function f(r) and a constant ¢ through eq. (3.12), with the rest of the
energy-momentum tensor determined through the Weyl anomaly and conservation law.

3.1.1 Analysis in the limit » — oo

Now we consider the solution (3.14)—(3.15) in the two limits 7 — oo and 7 — a. In the
asymptotic region at large r, the asymptotic expressions of the metric is given by

p1(r) = {T%(00))r? + (7a(T%9(c0)) + 371)r + Slog(r)

9 13
+ [Co —2q+ iqlog@) - 2q10g(a)]

6(ca + 3 1
=By agt B0 (o0 + 0 + )|
oa 2 r

1 24 29
+—|C1 = =(ca + as) — Zaq — 27a*(T?y(c0)) — 12a79 — 21a’n

a 5a 4

9 13 1 1
— 494 log(2) + Vi 10g(a)] . +0 <7°2> , (3.18)

Fi(r) ~ (3a(T%(c0)) + v1)r + Slog(r)

[ 6(cs +a 9 13
+ | Co — (2(124)—3q+ 2qlog(2)—2qlog(a)—19a4(T99(oo))—570—1()@71]
:36 cy+a log(r
- (45614) + 6aq + 69> (T%(c0)) + 24a + 42a271] 8(r)
r 18 9
| =200y 420, - Blatas) Seq o
L oa 4
27 39 1 1
—11a*(T%(00)) — Taryy — 12a2y; — % log(2) + 2aq log(a)] -+0 (2> ,
r r
(3.19)
where 1
cq +
S = (;‘QQM) +2¢ + 21a%(T?%(c0)) + 670 + 12a7;. (3.20)

~10 -



The constant parameters g, y1 and G are defined by the large-r expansion of G(r) (2.32) as

3(64 + a4)

0
G(r) ~ (T%(c0))r? + yir + 10a2

G
+ 90 + 71 +0(1/r?), (3.21)

and (T%(o0)) is the angular pressure in asymptotically flat region, (T%(r — oo)). As the
anomaly (2.30) goes to 0 in the asymptotically flat region

(TH,(r — 00)) =0, (3.22)

the part independent of r in (7}, (r — 00)) represents a thermal equilibrium state at spatial
infinity parametrized by (T?%(c0)).
3.1.2 Analysis in the limit » — a

In the near-horizon limit r — a, we parametrize Cy and C; in terms of two parameters ¢
and ¢; defined by

-9 9 -
Co=2¢ey— 2¢ Ci = 544 + é1. (3.23)

Here, [Co] = L~2 and [Cy] = L~! for the dimension of length L, and ¢y ~ O(a™2) and
¢1 ~ O(a™'). Then the solution is approximated by

qa r—a 1 —qa r—a -
pl(r)=—(r_a)10g( a >+(T_a)+2qlog<a >+CO

+[-3 =sar(@) + (@) - @) (- 0) + 00— 0. (G20

2a
Fifr) = - 2, (T . “) + 20— a)
# |Gt (C0) + BBk sw] -0+ 0 -0 )

From these expressions we see that, in the near-horizon region, the perturbation at the
leading order depends only on the Schwarzschild radius a and the constant parameter ¢,
but not on the conformal charges or the tangential pressure (Tyg(a)).

Clearly, the perturbation theory fails at » = a where p; diverges, while it provides a
good approximation at large r. To find out the range of r where the perturbation theory
works, we examine the order of magnitude of some geometric quantities at r = a:

R=—x [Zg log <7“ - “) +O((r - a)o)] + O(K?), (3.26)
R R*™ = O(k?), (3.27)
Ryppo R = 1%‘2 + K [i‘j log (T - “) +O((r— a)o)] +OKY).  (3.28)

Noting ¢ = O(a~?), the quantum correction of RWA(,R“”A" is sufficiently small as long as

r—a>ae /" (3.29)

- 11 -



Therefore, the perturbative expansion for the geometry is expected to be valid in this
region. On the other hand, the perturbative corrections for p and F', as is shown in (3.24)
and (3.25), become comparable to the leading order terms around the region

r—a~O (5) . (3.30)

a

This implies that the expressions (3.24) and (3.25) are valid only for

r—az O (E) , (3.31)
a
since they are calculated by assuming that 7 —a ~ O(k%). The quantum corrections for
geometric quantities above are all of O(k log k) or smaller in (3.31) so we expect that the
perturbation theory is valid in the range defined by eq. (3.31).

Within the range of validity of the perturbation theory, the quantum correction is
most significant around the region (3.30) although it can in principle be even larger in
the non-perturbative domain. The energy-momentum tensor (3.10) and (3.11) around the
region (3.30) is estimated to be

(T~ T ~ 0 (03 ) (5.3

This is what one would expect, according to the Einstein equation, of the energy-momentum
tensor for a spacetime region in which the curvature is of O(1/a?).2 On the other hand, in
comparison with the classical vacuum energy (which is exactly zero), the quantum vacuum
energy is relatively high. For a black hole of a few solar mass, the energy density can be
as high as O(MeV?).

3.2 Classification of solutions

To understand the quantum-corrected near-horizon geometry in more details, we examine
the perturbative solution in the neighborhood (3.31). According to (3.3) and (3.24), we find

pzpo—i-fim—i-"‘:[l—Haq)}log<1—:>+~-, (3.33)

(r—a

and using (3.4) and (3.25), we find

a r—a

F—Fo—i-/fFl—i—---—(T_;L)Z[l— <2ﬁaq)log<r;a>] T (3.34)

These expressions determine the near-horizon geometry to the first order in the perturba-
tion theory. The nature of the near-horizon geometry depends on the sign of the parameter
q. The Hartle-Hawking vacuum corresponds to the condition ¢ = 0, while ¢ would be neg-
ative in the Boulware vacuum, as we have seen in an example in section 2.2. We consider
the three possibilities: ¢ < 0, ¢ = 0 and ¢ > 0, separately in the following.

%In a self-consistetn model [26-32], (3.32) is obtained.
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3.2.1 Wormbhole-like throat (g < 0)

If ¢ < 0, in the limit » — a (moving towards r = a from distance), we have

klgla r—a
p:p0+/<p12[1+‘(1|]10g<)+---, (3.35)
r—a a
1 9 2k|qla r—a
P~ Fy+rF >~ —(r—a)” |1+ log +--- (3.36)
a r—a a

The perturbation theory breaks down when r is too close to the Schwarzschild radius:
r—a < kl|q|a. (3.37)

Hence the existence of the horizon at r = a is not guaranteed.

According to this approximation, F' has a zero at r > a, implying that there is a local
minimum in r outside the horizon.®> We refer to this local minimum in r as the “neck”
or “throat” of a “wormhole-like structure”, as it resembles the geometry of a traversable
wormhole, although it does not lead to another open spacetime. Noting eq. (2.6), the

location of the wormhole neck is where dr/dz = 0, i.e. where
F(r)=0. (3.38)

With F(r) approximated by Fy + kF1, r — a is of O(k/a) at the neck. But this means
that the 0-th order, 1st order and 2nd order terms in F are all of O(k?/a*). Hence it is
not reliable to determine the location of the neck based the first order perturbation in the
r-coordinate.

In section 4, we will see that the perturbation theory in another coordinate system
(using the proper radial coordinate z) allows us to locate the neck with better accuracy. In
section 6.2, we will further confirm this perturbative result by non-perturbative analysis.

3.2.2 Event horizon (¢ = 0)
When ¢ = 0, we have from eqgs. (3.14) and (3.15)

~ — A cee 3.39
P1 (7" _ a) a—+ ) ( )
2
Flz—ﬁ(r—a)Aa+~-- , (3.40)
where
(5+ 2log(a))

Aa=C1+ 3(cq + ayq) (3.41)

da
These expressions coincide with the perturbation of the Schwarzschild metric for a shift of
the Schwarzschild radius by

a— a+ Aa. (3.42)

This means that the black-hole mass receives a quantum correction Aa/2. We can redefine
the Schwarzschild radius a (tune C; such that Aa = 0) to absorb this correction. As a

3To claim that the neck is a local minimum of r, we have checked not only that F' = 0 at the neck, but

dF
also that - neck > 0.
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result, p; and F} are only modified at higher orders of the (r — a)-expansion in the near-
horizon region, and the geometry of the Schwarzschild horizon is not significantly modified
by the quantum effect. Only in this case, the perturbation theory is valid down to the
horizon at r = a.

3.2.3 No neck & no horizon (g > 0)

If ¢ > 0, in the limit » — a (moving towards r = a from distance), we have

P po+ Kp1 [1 - :|qﬂ log(r —a)+---, (3.43)
1 2 2k[gla
F:F0+/<;F1:J¥(r—a) 1————log(r—a)| +--, (3.44)

from egs. (3.33) and (3.34). In contrast with the case ¢ < 0, there is no local minimum of r
outside the Schwarzschild radius, because F' has no zero for r > a, while the perturbation
theory breaks down in the region

r—a < klqla. (3.45)

Furthermore, since p; — 400 in the limit » — a, the event horizon is removed as p no
longer approaches to —oo, On the other hand, since the perturbation theory does not apply
to the immediate neighborhood of the horizon at r = a, we cannot rule out the existence
of a horizon beyond the range of validity of the perturbation theory.

3.3 Higher order corrections

It is straightforward to calculate the second order corrections to p and F. The second
order solutions po and Fy are calculated by solving the second order semi-classical Einstein
equation and expanded around r = a as

1 ~ - r—a r—a\]?
p2(7“)=M{GQQQ_C%z“Clqlog( a >_a2q2 {log< a )] }

+Olr=a. (3.46)
riy= -5t vt s (7)o o (52)]
Folr=a). (3.47)

For r ~ O(k/a), they are of O(k~2) and O(k%a~*) respectively. Then, the leading, first,
and second order terms of the perturbative expansion, (3.1) and (3.2), have the same
order of magnitude, O(x%°) for p and O(k?a=*) for F, respectively. This is because
the expressions (3.24), (3.25), (3.46) and (3.47) are calculated under the assumption that
r —a ~ O(k%a), and hence, the higher order corrections become comparable to the lower
order terms for r — a ~ O(k/a?). This does not imply the breakdown of the perturbative
expansion and the expansion would be valid if it is calculated by using the appropriate

assumption, r — a ~ O(r/a?). We will discuss this issue again in the subsequent sections.
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3.4 Time-dependent perturbations

In the above, we have focused on static configurations so that the off-diagonal terms
(Tt) (2.18) and (T";) (2.20) can be set to zeros by setting k = 0. When k # 0 in
egs. (2.18) and (2.20), the energy-momentum tensor is still time-independent but we need
to consider a time-dependent perturbation of the metric. We can still use eq. (2.5) as the
ansatz for the metric, but p; and F; are now time-dependent.

It is straightforward to solve the perturbation of the metric when k is turned on. The
k-dependent terms of the energy-momentum tensor are

(T'y) = (T",) = (T%) = (T?4) = 0, (3.48)
k

=

(3.49)

The corresponding solution is

kt
= 3.50
p=-—, (3.50)
2k(r —a)t

For the most general time-independent conserved tensor (2.16)—(2.21) in the
Schwarzschild background, the solution of the metric perturbation is thus a superposition
of the previous result (3.14)—(3.15) for time-independent metric and the time-dependent
part (3.50)—(3.51).

4 General perturbative solution in proper radial coordinate

In this section, we repeat the derivation of the metric perturbation due to a generic energy-
momentum tensor of 4D conformal quantum fields, but in terms of the proper radial coor-
dinate z, which measures the proper distance along the radial direction. We will see that
certain features of the near-horizon geometry which is obscured in the r-coordinate is more
manifest in the z-coordinate.

The ansatz of the metric is eq. (2.7). The 0-th order terms are given by the
Schwarzschild solution:

By = 75(2), (4.1)

Ag = log [(1 - m‘(”z)> ré‘(z)] , (4.2)

where ro(z) is defined through eq. (2.6) by
dro(z) ) a

dz ro(z)’

(4.3)

This equation is invariant under a shift of z, so we can simply choose z such that z = 0 at
the horizon, i.e. ro(z = 0) = a. The function r(z) can then be expanded around z = 0 as

22 24 1126

ro(2) =a+ - - 2t ogs0a8

e (4.4)
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The 0-th order solutions to B(z) (4.1) and A(z) (4.2) can also be expanded around z = 0 as

g 22 24 20
Bo(s) — _ 4.5
o) =a"+ 5+ 2m 30 T (4.5)
a?z? 272 1324
A(s) =1 _ e 4.6
0(2) = log ( 1 > T332 90t T (4.6)

To solve the semi-classical Einstein equation (2.1) for the perturbative expansion

B=By+kB1+---, (47)
A=Ag+ kKA1 + -,

we first solve for A}(z) algebraically in terms of Bi(z), ¢ and f(z) from G*, = x(T%,).
One can then use the expression of A/ (z) to turn G, = k(T*,) into an equation for By (z)
only, and Bj(z) can be solved, at least as an expansion of z. In fact, it would be difficult
to solve the first order equations exactly, and hence, we will focus on the behavior around
z = 0 and use the expansions (4.5) and (4.6).

The general solutions to the first order semi-classical Einstein equations are

z z 23
31=4a2qlog( >+310+Bll<a+ +)

a 12a3
a2 z 2
+ [5¢ + 3a®£(0)] (a> +oe (4.10)
Bu (2a 4z 1/2\? z
Al:czl;<z+§3a+)+8q[13<a>]10g<a>+A10
1 9 4 FAY
+ 55 [~6B10 + 40’ + 18(cs + ar) + 30" £(0)] (5) T (4.11)

There are three integration constants Aig, Bigp and Bj; in the general solution for the
first order perturbation. Ajg can always be set to 0 by rescaling the time coordinate t.
Big corresponds to a shift of the Schwarzschild radius a, and thus can be absorbed by a
redefinition of a. Bj; corresponds to a shift of the z-coordinate. In the following, we put
Bip = By = A9 = 0.

Unless ¢ = 0, we have Bj(z) — +o0 as z — 0, and the perturbation theory is valid
only in the region sufficiently far away from the point z = 0. The near-horizon geometry
can be classified into three categories depending on whether ¢ < 0, ¢ = 0 or ¢ > 0, as we
have seen in the previous section. We consider each case separately in the following.

4.1 Wormbhole-like throat (¢ < 0)

Let us now focus on the case ¢ < 0. We have seen in section 3.2.1 that there is a wormhole-
like throat in this case, i.e. a local minimum of the areal radius 7, or equivalently, a local

“Note that (T%,) = (T"..), so we can use eq. (3.12) to set

* -4 z .
T°9) = o i 4 100) (19

for an arbitrary smooth function f(z).
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minimum of B(z). We will see that the perturbative analysis in the z-coordinate for this
case better displays details about the near-horizon geometry. On the other hand, the
perturbative analysis in the r-coordinate in section 3.2.1 has the advantage that the first
order solutions can be obtained without using the expansion in the radial coordinate, and
hence, the integration constants around r = a can be related to those in the asymptotically
flat region.

The throat is located where B ~ By + kBi has a vanishing first derivative. The
condition B’(zp) = 0 implies that

2 =20~/ —4dka?q+ - . (4.12)

Clearly, the wormhole throat exists only if ¢ < 0.
Assuming that ¢ < 0, we expand B and A around the neck at z = 2y and find

B(z) ~d*+ & [Blo — 2a*q + 4a*qlog <'ZO>] + (2 — 20)2 4 O(>?), (4.13)
a
A(z) ~log(kq) + K [ 3 +8qlog<a)] + {a\/—iﬁq '3a (z = 20) + O(K™7),
(4.14)
for the neighborhood of z = 2y in which
|z — 20] S O(kY?). (4.15)

The expansion of A(z) is singular in the limit ka?q — 0 unless the constraint (4.15)
is imposed.

The second term of B(z) (4.13) can always be absorbed in the first term a? by a
redefinition of a. The expansion of B(z) in powers of (z — zp) is free of the linear term, as
zp is chosen to be the point of local extremum. Note that the coefficient of the quadratic
term (z — 20)? is always 1 (up to O(k) correction) independent of all parameters. We will
see below that this feature persists in the non-perturbative analysis.

The first three terms (the constant part) of A(z) can always be set to 0 by a scaling of
the time-coordinate ¢. Note that the conformal charges c4, a4 do not appear in eq. (4.13)
nor (4.14). In terms of the radial distance coordiante z, the conformal anomaly has little

effect on the near-horizon geometry when ¢ < 0.

4.2 Event horizon (¢ = 0)

For the case ¢ = 0, the solution is approximately

22 CL2
B:a2+?+/€?f(0)22+ s (416)
az 222 2(ca +aq)  fO)] ,
A—210g(2>+3a2+:‘€|: o + 3 z25+ - (417)

according to eqgs. (4.5), (4.6), (4.10) and (4.11). Since the first order correction of O(k)
starts only at O(z%), so the near-horizon geometry is only slightly modified in a small
neighborhood of z = 0. It is essentially the same as the Schwarzschild spacetime. This is in
agreement with the result in section 3.2.2 which was obtained in terms of the r-coordinate.
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4.3 No neck & no horizon (g > 0)

For ¢ > 0, we derive from egs. (4.5), (4.6), (4.10) and (4.11) the first order perturbation
near the horizon:

2
~Y 2 i 2 E “ ..
B(z) ~a” 4+ 5 + 4ra*qlog (a) +- (4.18)
az 222 z
A(z) ~ 2log (?) + 352 + 8kglog (5) +e (4.19)

According to these expressions, the areal radius has no local minimum and it vanishes
somewhere around z ~ ae” /(49 where A(z) ~ O(1/(kq)) and B(z) ~ 0 for a® > &.
Strictly speaking, the perturbation theory is valid only for

2> ae” VR0 (4.20)

but it shows that the horizon can only exist, if it does exist, in the microscopic range of
the areal radius.

What we have seen in this section is that, in the large-scale geometry, there is no
horizon for both ¢ < 0 and ¢ > 0. The horizon exists only when ¢ is fine-tuned to exactly
0. This result is also compatible with the calculation in the r-coordinate in section 3.2.3.

4.4 Higher order corrections

We have seen that the geometry near the horizon is modified by perturbative corrections.
This happens because the perturbative expansion around the Schwarzschild solution is
calculated by assuming r —a ~ O(k?), or equivalently, z ~ O(k"), and hence, higher order
terms can be comparable to lower order terms if z is sufficiently small as 22 ~ O(k). More
explicitly, perturbative expansion of A(z) and B(z) are expressed as

22 222 z
A(z) = log <4a2> + 322 + 8kqlog (;) +---, (4.21)
2, 2 2 <
B(z)=a +§—|—4a kqlog (a) +-e (4.22)

The first and second terms of the expressions above come from the 0-th order terms of
the perturbative expansion and the third terms are first-order corrections. If z is small as
22 ~ O(k), only the first terms give O(x") contributions but both the second and third
terms become of O(k). For ¢ < 0, the local minimum of B(z) moves to the outside of the
horizon because the second term and third term in eq. (4.22) are comparable in this region.
The structure around the local minimum might be modified if the higher order terms in
eq. (4.22) become comparable to these terms when 22 ~ O(k). In the following, we will
calculate the second order corrections and show that they do not modify the structure of
the neck at leading order.
We consider the perturbative expansion to the second order

B=By+kB; +K’By+ - - -, (4.23)
A=Ag+ kA + K2 Ay + - . (4.24)
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The general solutions for By and As are calculated from the second order terms of the
semi-classical Einstein equation as

By = Bog — 4a?q* log 2 + Bay = + O(22), (4.25)
a
A= 22(21 22 16201 A . 4.2
2= 5 (Z+3a) 6¢° (log 2)” + Az + O(27) (4.26)

The integration constants Asg, By and B can be set to zero by rescaling the time
coordinate t, shifting the Schwarzschild radius a and shifting the z-coordinates, respectively,
as for those at the first order. Then, for 22 ~ O(k), the above expressions have only O(x°)
terms, which give contributions of O(k?) to B and A. Therefore, the expressions (4.21)
and (4.22) are sufficient to determine the behavior of A and B up to O(k?).

In order to see why the perturbative expansion for p and F' in terms of r-coordinate
is not good for r — a ~ O(k), we write the proper radial coordinate z as a function of r.
From eq. (4.22), 22 is expressed as

16a*K2¢?
T2

2 2 2 2
22 = 2(r? — a®) — 4a*kqlog <T aza > log <r a2a ) + O(x?), (4.27)

r2 —q?

assuming that 7 —a ~ O(xk"). As the expression above is calculated from the first 3 terms in
eq. (4.22), which give O(k) contributions for z? ~ O(k), all terms in eq. (4.27), including
higher order terms, become O(k) and comparable. This implies that the perturbative
expansion in terms of 7 (which is calculated assuming r —a ~ O(x?)) does not give a good
expansion for r — a ~ O(k), and higher order terms give contributions of the same order.

5 Perturbative solution near Schwarzschild radius

In the previous sections, we have studied perturbations around the Schwarzschild solution.
In general, the first-order correction becomes very large near the Schwarzschild radius
r = a, implying that the perturbative expansion around the Schwarzschild solution is not
good near the Schwarzschild radius. However, the perturbative expansion there is simply
the small-x expansion for the semi-classical Einstein equation. Assuming that the semi-
classical Einstein equation has a solution for arbitrary k, the perturbative expansion should
be possible at arbitrary r. This implies that the zero-th order solution in the perturbative
expansion is not given by the Schwarzschild solution near the Schwarzschild radius. In this
section, we focus on the solution near the Schwarzschild radius and study the perturbative
expansion there.

The perturbative expansion around the Schwarzschild solution is valid for
K
r—a> —, (5.1)
a
but it is not good if r is very close to the Schwarzschild radius as

K
~ — 5.2
r a—i—a, (5.2)
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and hence we consider the perturbative expansion in this region. In order to focus on this
region, we introduce the tortoise coordinate x as

da? = —— = e @2 :
x F) e z4, (5.3)
and then, the metric is expressed as
ds? = —) [dt2 — de] + % (x)dQ%. (5.4)

We focus on the geometry near » = a. In eq. (5.1), where the expansion around the
Schwarzschild solution is good, e”(®) is given by

plx) 1 _ 2
e @) (5.5)

and approaches to O(k) as 7 goes to r = a + O(k). For the junction condition for the
expansion in (5.1) and that in (5.2), e”®) must behave as

@) = O(k). (5.6)

Therefore, in (5.2), p(z) and r(z) should be expanded as
eP@) — pepo(@)+rpi(z) 4 .

r(z) =a+kri(x)+--- .

We solve the semi-classical Einstein equation, (2.11) and (2.12), in the expansion above
to first order, pi(x) and ri(x). The trace part of the energy-momentum tensor is given
by the trace anomaly (2.2), while (T,) is given by (2.36). Near the Schwarzschild radius,
they are expressed in terms of the expansion above as

(T#) = 3¢ P52 () + O ™), (5.9)
" qe_ﬁo(‘r)
(T%,) = — + O(KY). (5.10)

Here, we assumed that (T?%) does not diverge as e?®) — 0, and hence, H(z) and G(z) are
of O(k).
The leading order term of (2.11), which is of O(k71), is calculated as

e P@ 5 (1) = %e—%o(z) A2 (), (5.11)

and a solution is given by
P @) = goetor, (5.12)

where ¢g and A\g are integration constants. There is another solution which is the solution of
pi(z) — cpeP® =0, (5.13)

which gives large curvature of O(k~!), and should be excluded as an unphysical solution.
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By substituting the first order solution (5.12), the next-to-leading order terms of the
semi-classical Einstein equation (2.11) and (2.12) give the following differential equations
for pi(z) and r1(x):

0 = e + g — arory (z), (5.14)
0 = —260e™% + a?p!(x) + 4ar! (z), (5.15)
and they are solved as
269et0”
pr(a) = b+ Mz = = oo, (5.16)
a= Ao
~ AT A
ri(2) = a) + 2P A0T (5.17)
a\j

where a1, p1 and A1 are integration constants, which can be absorbed by redefinitions of
a, ¢o and Ag, respectively. The solution to the first order perturbation is obtained as

QK Aox
@) = kiyeto? <1 - 2620;%> + O(x?), (5.18)
~ 0T A
r(z) = a+ FUW +O(k2). (5.19)
0

5.1 Wormbhole-like throat (g < 0)

If ¢ < 0, r has a local minimum as we have seen in the previous sections. From eq. (5.19),

the local minimum is located at

1. gl
= = —log — 5.20
€T Zo )\0 0og 60 ; ( )
and r is expanded as
Kq lq| Klq| 2

In terms of the proper radial coordinate, B(z) = 72(z) is expanded as
B(z) ~a® + (z— 2)° + -, (5.22)

where we redefined a again to absorb the O(k) constant term above. This is consistent
with the result (4.13) in the previous section.

5.2 Event horizon (g = 0)
For ¢ = 0, r is given by

KCoeMT
2
aXg

In this case, r does not have local minimum but approaches to r = a as x — —o0. The event

r(r) =a+ + O(x?). (5.23)

horizon is located in the limit x — —o0 in the tortoise coordinate for classical solution and
hence this behavior is consistent with the event horizon. In the proper radial coordinate,
B(z) = r?(z) is expanded as

1
B(z) :a2+§z2+--- , (5.24)

which is also consistent with the result in the previous section, (4.16).
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5.3 No neck & no horizon (g > 0)

For ¢ > 0, (5.19) is a monotonic increasing function and has no local minimum. The areal
radius 7 can be smaller than a but e”(*), whose leading order term is given by (5.12),
approaches to zero but never goes to zero, at least in this near-Schwarzschild-radius region.
Therefore, there are no neck or event horizon. In terms of the proper radial coordinate z,
B(z) is expressed as

1 4 A
B(z) = a® + 5,22 + % log %Z + O(K?). (5.25)
0

This is consistent with the result in the previous section if A\g ~ a™ 1.

5.4 Relation to expansion around Schwarzschild metric

In the previous section, we have calculated the perturbative expansion around the
Schwarzschild solution assuming that » — a ~ O(k"), and shown that the expression in
terms of the proper radial coordinate z gives a good expansion even for r —a ~ O(k). The
second order corrections do not contribute to the leading order terms, which is of O(k)
of the perturbative expansion for r — a ~ O(k), and it is expected that the higher order
terms of the expansion for r —a ~ O(k?) would not affect the leading order terms of the
expansion for r —a ~ O(k).

The perturbative expansion for r —a ~ (’)(mo) is expressed in terms of z as eqs. (4.21)
and (4.22). The expansions of p and r are

- 52 52
p(z) = log (\°a”) + log <4a2> 3zt (5.26)
r(z) =a+ i + 2akqlog (E) +oe (5.27)
4a a
Here, we have introduced an additional constant A which can be absorbed by a redefinition
of the time coordinate t. The proper radial coordinate z is related to the tortoise coordinate

x by (5.3), and the relation can be expressed as

2 z 22
—wy~ 21 (7) . 5.28
S i W A P +6a2)\ (5.28)
For small z as 22 ~ O(k), the constant z¢ should behave as 2o ~ log x, and hence we write
1
T0 =~y log (4kép) - (5.29)
Then, z can be expressed as
2 = 9(keg) 2N/ (1 - “Coe*’”) . (5.30)
a 3
As a result, p and r are rewritten as
@) = ke (1 — 2;1606)‘9”> + O(K%), (5.31)
r(z) = a+ arqlog(dkéy) + répe™” + arghz + O(K?). (5.32)

Here, the additional constant arqlog(4kép) can be absorbed by a redefinition of a.
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The expressions above agree with (5.18) and (5.19) if
éo = &, (5.33)

1
A== (5.34)

This implies that the perturbative expansions for 22 ~ O(k°) (eqs. (4.21) and (4.22)) com-
pletely reproduce the leading order terms of the perturbative expansions for 22 ~ O(k), and
hence the higher order corrections to eqgs. (4.21) and (4.22) do not contribute to the leading
order terms of the perturbative expansion around the neck. The constant A is fixed here
since a boundary condition is imposed on the expansion around the Schwarzschild metric.

6 Non-perturbative analysis

In the perturbative analysis, we have seen that the near-horizon region can be classified
into the following three categories: (1) wormhole-like throat: there is a local minimum of
the areal radius, resembling the throat of a traversable wormhole, (2) black-hole horizon:
it is essentially the Schwarzschild event horizon. (3) neither of the above. In this section,
we shall find non-perturbative solutions to the semi-classical Einstein equations. They are
also classified into three categories that are compatible with the perturbative result, while
the non-perturbative solutions also demonstrate new features that are not shown in the
perturbative analysis.

The metric that we will use for the non-perturbative analysis is eq. (2.7), which de-
scribes a generic static, spherically symmetric geometry. For the reader’s convenience, it

is repeated here:
eA(z)

- B(z)
We shall solve the functions A(z) and B(z) in a neighborhood of an arbitrary point from

ds® =

dt* 4+ dz* + B(z)dQ2. (6.1)

the semi-classical Einstein equation.

As we wish to consider the most general vacuum energy-momentum tensor for a con-
formal matter field, the only constraints on the vacuum energy-momentum tensor are (i)
the anomaly condition (2.2) and (ii) the conservation law (2.10). Similar to the perturba-
tive analysis in section (4), our strategy is to first write down the most general conserved
energy-momentum tensor (T#,) compatible with these two constraints, and then solve two
independent semi-classical Einstein equations, e.g.

G*, = r(T?,) and G, = Kk(T",). (6.2)

While the trace (T%,) is fixed by the anomaly (2.2), the energy-momentum is now uniquely
determined by (T%,). Equivalently, it is fixed by a constant parameter ¢ together with a
functional degree of freedom that can be attributed to © or (T?%), as in (2.36) with (2.41)
and (2.42).

With the generic conserved energy-momentum tensor given above, we only need to
solve two of the semi-classical equations (6.2), which are

G*. = Kk(B(z)e g + f(2)) (6.3)
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and
G, = k(caF + a4G), (6.4)

where f(z) is different from (3.13) but defined by
f(2) = B(2)e P [H(z) + G(2)] (6.5)

and H(z) and G(z) are given by (2.41) and (2.42).
By integrating (6.3), A(z) is expressed in term of B(z) as

A(z) = Ay -l-/ K(Z/)dz/ + log {1 + 2/<cq/ exp | —Ao _/ K(Z”)dz”
20 o

20

B2(:) dz/}
(6.6)

where

3B'(2)

2B(z)’

K(2) (1+kf(2)B(2)) + (6.7)

2
~ B'(2)
and Ay is the integration constant. Then eq. (6.4) gives the differential equation for B(z).
It is hard to find exact solutions to (6.4), so we shall solve them in a small neighborhood
around a fixed point z = zp. In eq. (6.6), we have used an integral from 2 to z, but it can
be replaced by a different starting point for integration with an appropriate value of Ay In
general, integrands may diverge at z = zp, and then the integration would be defined such
that it has no constant part in its expansion around z = zg.

Since we do not intend to attack the UV problem close to the origin, we shall always
assume that the areal radius r is large in this neighborhood, so that the function B(z)
(which is r?) is finite and much larger than x. On the other hand, the function A(z) can
be either finite or diverging. (A(z) — —oo as z — 2 if there is a horizon at zp.)

6.1 Solving A(z) and B(z)

In a sufficiently small neighborhood of a generic point z = 2y which is not a horizon, we
can expand the functions A(z) and B(z) in power of z as

A(z) = Ao+ A1(z — 20) + Aa(z — 20)2 + A3(z — 20)3 + -+,

B(z) = By + Bi(z — 20) + Ba(z — 20)2 + Bs(z — z0)3 4.
Plugging them into the semi-classical Einstein equations (6.3) and (6.4), we find straight-
forwardly the solutions for the coefficients A,,, B:

o 2 +3B1 2I€Bo
By 2By B;

Ay (T%,(20)), (6.10)

where (T7,(20)) = [qzoBoe 0 + f(20)] , and

B2A? + 3B} — 2By(2 + A1 By)
a 4B?
Bi1(—8By + B3A? — 3B?%)

4Bo(BoA1 — 3B1)

Ay = +O(k), (6.11)

By =

+O(r), (6.12)
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648§ + 16B{ B} — 52By B} + 278}

A
’ 96 B3 B3

+ O(k), (6.13)

_ 4ByB; — B}

B3 = .14

etc. for arbitrary non-zero constants By, Bj.

Notice that this solution is not unique. There is in fact another class of solutions given
by eq. (6.10) and

_ 3(BpA1 —3By)?

Ay = Ok 6.15
2 2KC4B(%A% + ("'i )7 ( )
3(BoA;, — 3B1)B 0
By = — O 6.16
288B2 B} (4By — 3B?)?
Asg = 01 1 Ok 6.17
3T T 2A24Bo + 3B (), (6.17)
48B3 B3 (4By — 9B?)(4By — 3B?
Bgz 8 0 1( 0 9 1)( 0 3 1)+O(I€_1), (618)

k2c3(4By + 3B%)5

etc. This solution has a singular limit as k — 0. The energy-momentum tenor for this
configuration is of the Planck scale, presumably due to the presence of classical conformal
matter, rather than being that of a vacuum state. According to the Buchdahl theorem [33],
any static classical matter configuration with a radius less than 9/8 of the Schwarzschild
radius must suffer divergence in pressure. What we see here is that a regular solution
exists for conformal matter due to quantum effect. The energy density and pressure are
regularized to the Planck scale. The same effect was shown in ref. [22] with the 2D model
for the energy-momentum tensor. It was also obtained in a 4D model [26-32].

We shall focus on the solution (6.10)—(6.14) in the following.

Notice also that eq. (6.10) is singular if either By or B; vanishes. While By > k as
it is the areal radius squared at z = zg, it is possible that B; vanishes at z = 2y, which
means that it is a local minimum of the areal radius.

For the case By # 0, Ay is arbitrary, and all other coefficents are fixed for given Ag, By
and Bj as in egs. (6.10)—(6.14). For the solutions in which there is neither a horizon nor
a wormhole-like structure, the geometry is given by this solution everywhere in in vacuum
as long as By is sufficiently large.

On the other hand, even if By # 0 at z = z, there may be another point z = z{, where
By vanishes when B(z) is expanded around z.

There are thus three classes of solutions. One class of solutions has A(z) diverging at
a certain point z = zp, to be discussed in section 6.3. For the other two classes, A(z) is
finite everywhere, but B(z) either has or has no local minimum. We will focus on the class
of solutions with a local minimum of B(z) in section 6.2.

Regardless of whether B; vanishes, the tangential pressure at the point z = zg is
(Tye(0)) = O(k) for the solution (6.10)—(6.14). (Incidentally, (Tp(0)) = O(k~!) for the
solution egs. (6.15)—(6.18).)

— 95—



6.2 Wormbhole-like throat (g < 0)

In this subsection, we focus on the nonperturbative solution to the semi-classical Einstein
equations that has a wormhole-like structure, that is, there is a local minimum of the areal
radius r, and we study the solution in a small neighborhood of the wormhole neck.

If r = a is located in finite proper distance from finite r with r # a, B(z) should have
a regular expansion around r = a, as (6.9):

B(Z) = a2 + By (Z — Zo) + By (Z — 20)2 + Bsg (z — 20)3 “+ .. (6.19)
Let us assume that By = 0, then z = 2 is the local minimum of , and B(z) is expanded as
B(z) =a’>+ By (2 — 20)° + B3 (z — 20)° + -, (6.20)

with By positive.® Here, a is nothing but the areal radius of the wormhole neck, to which
we shall refer as the quantum Schwarzschild radius. Then K(z), defined by eq. (6.7),
behaves as

1+ a*kf(20) 1
B By  z
and hence, the second term in (6.6) has a logarithmic divergence in the limit z — zy. For
q # 0, the third term in (6.6) behaves as

K(z) + (finite), (6.21)

4
log | —e—Ao___ R4 —(1+a*f(20))/B2 ... .22
og[ ) + ; (6.22)

and hence, the logarithmic divergences in the second and third terms in (6.6) cancel. The
integration constant Ay in the expression above is also cancelled with the first term in (6.6),
and A(z) is then expanded as

4
rga
q ]+

A(z) = log [—1 a2 ()

-, (6.23)
in which the leading order term is real only if ¢ < 0. This implies that the assump-
tion (6.20), or equivalently, the local minimum of r appears only if ¢ < 0. This is consistent
with the results in the previous sections.

Now, we have seen that A(z) and B(z) do not diverge for ¢ < 0 and have regular
expansion as (6.8) and (6.9). Next, we consider (6.8) and (6.9) in more details and calculate
the coefficient. Assuming that the local minimum is located at z = zg, so the expansion of
B(z) (6.9) around this point has B; = 0. Then eq. (6.10) implies that A; remains arbitrary,
but Ay and By must satisfy the relation

1

(T7.(20)) = qzoBoe™ ™ + f(z0) = “w By (6.24)

5To be more precise, B2 can be negative in general, but By must be non-negative at the first zero of
B as one moves towards the center from distance, since B(z) is an increasing function in the asymptotic
region. The argument here (that A(z) does not diverge) can be generalized to Bz = 0 with B, > 0 for the
first non-zero B,, with n > 0.
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All other coefficients are fixed for given Ay (or By) and A;. There are only 2 free parameters,
instead of 3 as the case By # 0 simply because the location zg of the local minimum of
B(z) is another free parameter.

Let us go through the derivation of the solutions (6.10)—(6.14) and (6.15)—(6.18) for
the special case of the wormhole-like structure in more detail. First, while A; is a free
parameter, Ao and By are solved from the semi-classical Einstein equation as

At
4 b
By = a*Y — k{Tpe(20)), (6.26)

Ay=Y — (6.25)

where

Y = (165@404)_1 {3(14 + 4a”k[ca(65(The(20)) — 2) — 3ay]
+1/9a8 4 72rka8 (264 (Tyo(20)) — 24 — aq) +48arayg k2 (4rcy (T99(20)>—|—4C4+3a4)} .
(6.27)

The parameter Y has two solutions for the different choices of the sign in eq. (6.27).
In the x-expansion, the solution with the — sign is approximately

1 6cq + 4day
Y:$+m—?f—+0m% (6.28)
The solution with the + sign is approximately
3 4 3
Y = _ St om L o2y, (6.29)

8Kkcy 2a2cy

which blows up in the limit x — 0. This means that the energy-momentum tensor is not
that of the vacuum of the conformal field. The same comments below eq. (6.18) apply here.

Demanding that the solution has a classical limit, we should take the first solu-
tion (6.28) of Y. Then

32:1+m9£%f%—ﬁa@@@y+om%. (6.30)

When the conformal charges ¢4, a4 vanish, in the absence of the pressure (Typo(20)), this
expression reproduces the result Bo = 1 of the Schwarzschild solution. (But there is no
neck in the Schwarzschild solution at z = 2y because it coincides with the horizon.) For a
large black hole, since r is very small, By is positive unless (Tyg(20)) = O(k71), and there
is a local minimum of the areal radius at z = zg.

Next we can solve the coefficients As and Bs. They are

Ag = —2 [3@2 (—3@2 + 8kcy + 16KacsY — 24r%cy(Tpo(20)) + 12/{@4)] !

3

§a4A§ —2ka’cy A3Y + 6raas A1Y? — kale A3 — gma2a4A§’ — gﬁa2A1(T99(zo)>

+ 3/462&20414‘;) <T99(Z0)> + 8%320,264141 <T99(Z0)>Y — 12n2a2a4A1 <T99(Z0)>Y
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+ 4Kk2ca Ay (Tyo(20)) — 6K2ca(Thy(20)) + 6k2as A1 (Toe(20)) — 126%aq(Thy(20))

— 12H2a2C4Y<T9/9(ZQ)> — 12&364141 <T@.9(Z[))>2 + 6n3a4A1 <T99(Zo)>2

1867 (Tin(20) Ty 20

1 K (Tho(20))
~ A3+ LAy 320,72 — 0T 2 31
o 1+24 1[3&4 22 +O(/{), (63)
By = — [3(—3a® + k(8cs + 12a4 + 16a’csY’) — 24k%cq(Tpo(20)))] ™

[—3a4A1Y + 8katcy A1Y? + 12katas A Y? + dka’c ALY + gﬁa2A1<T99(zo))
—3ka*(Thy(20)) + 6ra’as A1Y — 24r%a®ag A1 (The(20))Y

— 20K2a%cs Ay (Tyo(20))Y — 4k cq(Thy(20)) — 8k2a*csY (The(20))

— 6/@2a4A1<T99(20)> — 12ﬁ2a4<T9'9(z0)> + K312C4A1<T99(ZQ)>2

— 4/4;264_/41 <T99(Zo)> + 12&364<T99(20)><Té9(20)> + 12K3G4A1 <T99(Zo)>2:|

~ A [A1(304 ~ 204) — 2 Ay{Tan(20)) + <Tg9<20>>] +O(). (6.32)

In the last line of the expressions of A3 and Bs, we have used the value of Y in eq. (6.28).
Plugging these back into A(z) and B(z), we get

A(z) = Ag+ Az + L 1)y A—?zg +0(z")
0 a2 471 12
A; (dag — a(T,
) Mﬁ—l— 1( ag —a*( 99(20»)23—1—(’)(24) + O(x?), (6.33)
at 3a*
B(z) =a® + 2% — %23 +0(2")
+k [W% _ 2B = 2a0) A1 - AléT%(ZO» F2T5020)) 5 1 o1ty
a
+ o0 (6.34)

For given Weyl anomaly (given ¢4 and a4) and given tangential pressure at the neck
(The(20)), these solutions are parametrized by 3 parameters: a, Ay and zy. However, this
solution around the neck should be continuously connected to the asymptotic Schwarzschild
solution at large distances. We expect that once the classical Schwarzschild radius ag is
fixed, only two parametric constants remain independent, corresponding to the freedom in
specifying the parameter ¢,, and the tangential pressure at the neck (Tyy(29)).

6.3 Event horizon (¢ = 0)

In this subsection, we consider the class of solutions with even horizons. For g = 0, the
third term in (6.6) vanishes. As is discussed in section 6.2, for the expansion (6.20), A(z)
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has the logarithmic divergence at z = 2y and is expanded as

1+a’kf(z0) 1
A(z) = Ao+ +ee .
(2) 0 By Z— 20 (6:35)

This implies that there is the event horizon at z = z3. The coefficients in the expansion of
B(z) are determined by (6.4) and calculated, for example, as

By = % (1 +akf(20)), (6.36)
Bs = Ci F'(20). (6.37)
Hence A(z) and B(z) are expanded as
A(2) = Ag + 2log (2 — 29) + O ((z - 20)2) , (6.38)
B(z) =a® + % (1+ a*kf(20)) (2 — 20)° + O ((z - 20)3) . (6.39)

This is consistent with the results (4.16) and (5.24) in the previous sections.
In a small neighborhood of the horizon, we take the ansatz

A(Z) = Ao+ 2dp IOg(z + d122 + dQZS + d324 + - ), (6.40)
B(z) = a*+4 Biz+ By2® + B32® + Bzt + -+ (6.41)

where we have shifted the z-coordinate such that the horizon is located at z = 0 and we
can also scale the ¢-coordinate to set Ag = 0.
The semi-classical Einstein equations (6.3), (6.4) are solved order by order in the z-

expansion. We find

s (6.42)
o (6.43)
e (6.44)
B [ _ 4521 +301) | 852 ca(Tyo (0))

8rk(4cs + 3ay) a? a*

+ \6{23 (3a4 — 48ka*(ca + ag) + 48K%((ca + as)as + a®cs(Typ(0)))

+ 24k2a%aq(Tpg(0)) + 96k>(ca + ag)c(Tpe(0)) — 16K4C4a4<T99(0)>2> 1/2] ., (6.45)

4By + K <T99 (0)>

do = . 6.46
2 6a? (6.46)
The choice of the plus sign in the solution of By gives
1 3(ca+as)  (Tho) 2

By = 3 + K < e - + O(K%). (6.47)

The choice of the minus sign gives a result

3a* 8ca +9

By — ¢ G904 o) (6.48)

 4k(4cq + 3aq) 8¢y + 6ay
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that diverges as k — 0. The latter case clearly does not correspond to a vacuum state.
The same comments below eq. (6.18) apply here.
With Bs given by the solution with a finite value in the limit x — oo, we find

By = = {T3(0)) + O(),
ds = =125 (T35(0)) + O(x?). (6.49)

Since B; = 0 and By > 0, the function B(z) also has a local extremum at z = 0. But
since eA(*) vanishes at z = 0, it is a horizon and the solution does not apply to the range
z < 0. Hence it is in fact not really a local minimum.

For a given Weyl anomaly (given ¢4 and a4) and a given (Tpy(0)), these solutions are
parametrized by the quantum Schwarzschild radius a and the location of the horizon. When
the solution is identified as part of a global solution which asymptotes to the Schwarzschild
solution at large distances with a given classical Schwarzschild radius, there is only a single
independent parameter, corresponding to the choice of the tangential pressure (Typy(0)).

This is compatible with the perturbative analysis, where it has been shown that the
existence of the horizon demands a fine-tuning of a parameter g, to ¢, = 0 exactly. Hence
the number of parameters for the solutions with a horizon is one fewer than the other two
classes of solutions.

6.4 No neck & no horizon (¢ > 0)

As we discussed in section 6.2, the expansion (6.20) for ¢ > 0 gives complex A(z) at z = 2.
Since A(z) must be real, this implies that r has no local minimum in this case. Hence B
must be non-zero for ¢ > 0, and K(z) and A(z) have regular expansions only with positive
powers of z and thus there is no horizon.

7 Conclusion

We find in this paper that the event horizon of the Schwarzschild solution can be removed
by the back reaction of quantum energy. Depending on the quantum state, more precisely,
depending on the parameter ¢ in (77,) (3.12), the near-horizon region can resemble a
wormbhole throat for ¢ < 0, or it has a horizon for ¢ = 0, or it has neither a throat nor a
horizon for ¢ > 0. Notice that the horizon persists only if the parameter ¢ is fine-tuned to
exactly zero. The black hole is horizonless as long as ¢ is not exactly zero. For definiteness,
we have focused on 4D conformal matter fields so that the trace (T*,) is uniquely fixed.
But it should be clear from our calculation that, for a wide class of models, one would
reach the same conclusion about the necessity of fine-tuning for horizon.

It is interesting to ask whether the parameter ¢ is always driven to vanish for a generic
gravitational collapse. In the conventional model of black holes, the answer is proposed to
be affirmative. But it is merely a folklore in the absence of a thorough study of gravitational
collapses. On the other hand, in view of the fuzzball scenario [6-10] or the firewall pro-
posal [11-13], the answer could be negative. A support for the negative answer also comes
from 2D models. For the 2D model of vacuum energy used in ref. [15], the wormhole-like
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structure is observed to appear in a generic gravitational collapse in both analytical [24]
and numerical studies [23].

Although we have only focused on static configurations in this paper. The quantum
vacuum state outside the collapsing matter for an astronomical black hole is expected to
change very slowly over time. The static solution should serve as a good approximation
of this time-dependent process. It will therefore be very interesting to see how different
models of evaporating black holes are connected to different solutions in this paper. For
instance, a 4D self-consistent model which considers both the formation and evaporation
processes [26-31] was shown to be compatible with 4D conformal anomaly [32], so it can
be viewed as approximate time-dependent solutions corresponding to some of the solutions
in this paper. As it does not have a horizon nor a wormhole-like throat, but it has a
Planck-scale tangential pressure, the model is most likely related to the class of solutions
given in egs. (6.10), (6.15)—(6.18).
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