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ABSTRACT: We derive constraints on three-point functions involving the stress tensor, T,
and a conserved U(1) current, j, in 241 dimensional conformal field theories that violate
parity, using conformal collider bounds introduced by Hofman and Maldacena. Confor-
mal invariance allows parity-odd tensor-structures for the (T'TT) and (jjT') correlation
functions which are unique to three space-time dimensions. Let the parameters which de-
termine the (T'T'T) correlation function be ¢4 and ap , where ap is the parity-violating
contribution. Similarly let the parameters which determine (jjT') correlation function be
az, and ay , where oy is the parity-violating contribution. We show that the parameters
(t4,ar) and (ag, ay) are bounded to lie inside a disc at the origin of the ¢4 - ap plane and
the as - ay plane respectively. We then show that large N Chern-Simons theories coupled
to a fundamental fermion/boson lie on the circle which bounds these discs. The ‘t Hooft
coupling determines the location of these theories on the boundary circles.
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1 Introduction

Conformal field theories in d = 3 are of interest both in the context of holography as well
as in condensed matter physics. In the context of holography there are several well studied
CFTs in d = 3 which are known to admit a holographic dual. Just to name a few, the
M2-brane theory [1], the free and critical O(N) model [2-4], the ABJ(M) theories [5, 6]
and more recently the Chern-Simons theories with fundamental matter [7, 8]. The critical
O(N) model as well as the Chern-Simons theories with fundamental matter are proposed
to be dual to higher spin theories in AdS,. Several super conformal field theories have been
constructed in [9] which exhibit a rich structure of dualities [10]. Holographic theories have
been used study strongly coupled phenomenon relevant to condensed matter physics [11].
Conformal field theories in d = 3 exhibit a rich variety of physical phenomena, and a
detailed study of them can provide an understanding of quantum gravity in four dimensions.



A particularly important feature of conformal field theories in three dimensions is that
physically relevant examples need not preserve parity, thanks to the possibility of a Chern-
Simons term [12-14]. The study of Chern-Simons theories with matter in the past several
years has been very fruitful, and led to the discovery of several new non-supersymmetric
dualities: the higher spin/vector model duality, see [15] for a review and the Bose-Fermi
duality [16], which has been well tested at large N [17-22], and is also believed to hold at
finite N [23]. Quantum Hall fluids [24-26] are a particularly important physical example
where such theories are relevant.

Consider a conformal field theory in d = 3 with a U(1) conserved current j. Associated
with the conformal field theory, is its stress tensor T' and let the theory be parity violating.
In such a theory, conformal invariance constrains the three point functions (jj7") and
(TTT) to be of the form [27, 28],

<.7.7T> - ng <.7]T> free boson T ngf <j.jT>free fermion T Dby <j.jT>parity odd> (1 . 1)
<TTT> - TLZ <TTT>free boson + Tl? <TTT>free fermion + pr (TTT> parity odd»

where (.. .)free boson, (- - -)free fermion denote the correlator a real free boson and a real free
fermion respectively. The parity even tensor structures are written down in [29], while the
parity odd structure was first discovered in [27]. The numerical coefficients ng’T,nggT are
theory dependent, and once the normalization of the parity odd term is fixed, the parity
violating coefficient p; 7 can be determined from a given theory [7, 8.1 At this point, it is
important to mention, that there is a parity odd contact term even in the two point function
as found first in [33] and discussed in detail in [34, 35]. As we will see subsequently, we
will need to normalize the three point functions by dividing with the two point function.
However we will see that in the required normalizations, the parity odd contact term in
the two point functions do not play a role in our analysis.?

For parity even theories and for theories in d = 4 and higher dimensions the conformal
collider bounds, found by [36], impose constraints on the parity even coefficients that occur
in such correlators [37-39]. However the role of the parity odd coefficients p; r in conformal
collider bounds in d = 3 has not been investigated in detail. In the appendix C of [28],
using general symmetry arguments, the contribution of a parity odd term to the energy
flux in the conformal collider for excitations created by the stress tensor was written down.
However the precise relation with the coefficient pr was not provided.

In this paper we start from the correlators given in 1.1 and obtain the energy flux in
the conformal collider as a function of the parameters in the 3 point function and impose
the positive energy flux condition of Hofman and Maldacena. On normalising the 2-point
function of the stress tensor and the U(1) current, the energy flux for excitations created
by the stress tensor or the U(1) current is determined by 2 parameters. We show that the
positive energy flux condition constrains these parameters to the region of a disc at the
origin. We also show that large N Chern-Simons theories lie on the bounding circle of this
disc. Their position on the circle is determined by the 't Hooft coupling.

!Similar calculations of three point functions of conserved currents in supersymmetric Chern-Simons
theories with matter has been done in [30-32]. Such theories do not have the parity violating contribution.
2We thank the referee for pointing this out to us.



To state our results, let us briefly describe the set up of [36]. A gedanken collider
physics experiment was carried out, where one studies the effect of localized perturbations
at the origin. The integrated energy flux per unit angle, over the states created by such
perturbations, was measured at a large sphere of radius 7.

" (ojotolo) -

E;, = lgm 7’2/ din'T} (t, rn),

0 Ty __h (1.2)
(T |TijeT) (ej;lii€’)’

where, 7 is a unit vector in R3, which specifies the direction of the calorimeter and O
is the operator creating the localised perturbation. Under a suitable transformation of
coordinates it can be shown that positivity of energy flux measured in such a way is
equivalent to demanding that the averaged null energy taken over the states be positive,
The fact that averaged null energy is positive in any unitary interacting conformal field
theory was shown in [40—42]. Thus, by demanding the positivity of energy flux, one obtains
various constraints on the parameters of the three point function of the CFT, depending
on the operators used to create the states (0. Similar constraints for correlators involving
higher spins were obtained using unitarity in [43]. There has been a systematic study of
such constraints both from the context of holography and CFT. Recently such constraints
were used to place bounds on spectral sum rules of CFTs in arbitrary dimensions [44].

In this paper we perform this analysis for general CFTs in d = 3 including the parity
odd terms in (1.1).

For states created by insertion of currents in two orthogonal directions say x,y and the
calorimeter placed in the y direction, the energy observed in the conformal collider takes
the form of a matrix which is given by

B
) 21-%) %
E(j) = . , (1.3)
o w0+

where ay is the dimensionless parameter introduced by Hofman and Maldacena [36] and
a; is the contribution of the parity odd part of the three point function to the energy
functional. They are related to the three parameters of the three point functions as follows

2(71?c —nl)

e 47T4pj ‘
(n} +m3) 7

a2 =~ NS
() + ns)

Q5 = (1.4)

The diagonal elements of the energy matrix are due to the parity even part of the three
point correlators while, parity odd contributions to the three point functions is responsible
for the off diagonal elements. A similar matrix is obtained when one considers the localized



perturbations created by stress tensor insertions. This is given by

) Ea-t)y B
E(T) = , (1.5)
al E+h)

where t4 is the dimensionless parameter first introduced by [36] and «q is the parity odd
contribution. They are related to the coefficients in (1.1) by

T _ T
ly = _74(7% ~ ") ar = 787r4p:r . (1.6)
n? +nT 7 3(n? +nT)

Positivity of energy requires that the eigenvalues of these symmetric matrices be posi-
tive. Since the trace of the diagonal elements is always positive, this condition boils down
to the fact that the determinant must be positive. This leads us to the following constraints

a%—i—ajzgél, t3 + a2 < 16.

Thus the 2 parameters determining each of the 3 point functions are constrained to lie on
a disc at the origin.

As discussed, large N Chern Simons theories at level k coupled to fundamental matter
are conformal field theories which are known to be parity violating. Let us consider the
case of fundamental fermions. Using softly broken higher spin symmetry, it is known that
the theory dependent parameters of the three point functions in (1.1) are given by [45]

Tim gy onSing o0 Tio gy onSine o0
ng (f) =ni(f) =2N g S5 ny(f) =nl(f) =2N g oS o
i 2 )
pr(f) = aNS”; a pi(f) = O/NSH; b (1.7)
where 6 is the 't Hooft coupling given by
Ny

0 =mx—=L. 1.8
"= (1)

Here the (f) in the brackets refer to the fact that we are dealing with the theory of
fermions in the fundamental representation. The dependence of the parameters on the t
"Hooft coupling can also be found by summing over the planar diagrams as done in [16, 17].
Once the normalization of the parity odd tensor structures (jj7")parity odd, (IT7T)parity odd
is agreed up on, the numerical constants «, o’ can be determined by a perturbative one loop
calculation. We fix the normalization of the parity odd tensor structures as given in [7].3
We then carefully redo the perturbative one loop analysis of [7] in section 5.1 and find
3 , 1

o=

3These are written down in equations (3.1) and (4.1). Of course, one could instead choose to define the
normalisation for the parity odd forms of three-point functions by the convention that o = ' = 1. This
would be the (possibly more natural) choice of normalisation of parity-odd forms in which the results of [45]
are implicitly stated.



{or, o)

Interacting fermion

Free fermion Freeboson
0 {tg, ay}

Interactingboson

Figure 1. The space of conformal field theories in d = 3 obeying the conformal collider bounds is
shaded. The y-axis denotes the parity odd coeflicient of either the 3-pt functions (T'TT) or (j;T),
the z-axis denotes the parity even coefficient. Large N Chern-Simons theories lie on the boundary
of the disc. The position on the disc corresponds to the 't Hooft coupling of these theories. If we
choose the convention that A is positive, the top-half circle corresponds to fundamental fermions,
and the bottom half corresponds to fundamental bosons.

Now substituting these values in (1.4) and (1.6) we obtain

ag = —2cosb, aj = 2sind, (1.10)

ty = —4cos, ar = 4sin 6.

Thus Chern-Simons theory with fundamental matter lie on the circle bounding the disc (1).
N

Their location on the bounding circle is parametrized by the 't Hooft coupling § = *=. Here
6 = 0 is the theory with free fermions, while § = 7 is the theory with critical bosons. The
range 0 < < 7 can be thought of a theory with interacting fermions® in the fundamental
representation with positive k (or interacting bosons in the fundamental representation
with negative k). The range m < 6 < 27 corresponds to the theory of interacting bosons
with positive k (or interacting fermions in the fundamental representation with negative
k). This is because using the bosonization map of [16, 17], the 't Hooft coupling of the
interacting bosonic theory is related to the fermionic one by 6, = 7 + 0. We summarise
the space of conformal field theories in 3 dimensions in figure 1

The organization of the paper is as follows. In section 2, we set up the kinematics for
the energy matrix observed at the collider. In section 3 and 4 we evaluate the energy matrix

for excitations created by current and stress tensor respectively. We show that demanding

“Note that in this convention, @ is measured from the negative [t4, az] axis. However if we flip the sign
of t4, a2, then # would have the conventional defintion.



the positivity of the eigen values of the energy matrix, the parameters as, a; and t4, ar
are constrained to lie on a disc at the origin in their respective 2-planes. In section 5 we
apply these results to large N Chern-Simons theories coupled to fundamental matter and
demonstrate that these theories lies on the circles bounding the discs. The position on the
circle is determined by the 't Hooft coupling of the theory. Appendix A contains the detail
evaluation of one of the terms contributing to the energy matrix corresponding to stress
tensor excitation as an example. Appendix B contains the details of the perturbative
evaluation of the parity odd three point functions of interest in large N Chern-Simons
theories coupled to fundamental fermions. Finally appendix C contains the results of some
integrals which arise in evaluation of the energy matrix.

2 Energy matrix and positivity of energy

In this section we set up the thought experiment in a bit more detail. Following [36], we
consider localised perturbations of the CF'T in minkowski space.

ds? = —dt* + da® + dy*. (2.1)

These perturbations evolve in time and spread out. In order to measure the energy flux, we
consider concentric circles (concentric spheres for higher dimensions) at which the detector
is placed. The energy measured in a direction 7 is then defined as,

[ee]
E; = lim r/ dtn'T}(t,rn), (2.2)
r—00 —00

where r is the radius of the circle on which the detector is placed and 7 is a unit vector
which determines the point on the circle where the detector is placed. Alternatively one
can place the detector at the future null infinity from the very beginning and integrate over
the null time. These two definitions are equivalent [46]. For our convenience, we place the
detector along the y direction i.e n = (0,1). In order to calculate the contributions to the
energy (eqn 2.2) at future null infinity, we introduce the light cone coordinates % =t £+ y.
Let z be the other spatial co-ordinate. In the limit » — oo, eqn 2.2 becomes,

xt — 2~ * dx~
E = 1l - (- —T_,)nY
mﬁinoo( 2 )/_Oo 5 (T =Ty,

— lim <:”+;:”> /OO d%(—T+++T,,), (2.3)

zt—o0 — 0

where we have dropped the subscript #. To see that the contributions form 77 ; vanish
at future null infinity 2 — oo, we follow [36] and perform the following co-ordinate

transformation )
1 x x
+ _ o 1 _

The stress tensor changes as

. _ Oy oyt

W Gyt Qv ed? (2:5)



and using the transformation in (2.4) we obtain
lim T, = ()Y, Tr =TV (2.6)
TrT—00
Here superscripts refer to the stress tensor in the respective co-ordinate system. Thus
at future null infinity we see that its only the component 7Y_ which determines all the
components of the energy in the x co-ordinate system. Further more the component T
is suppressed. Therefore the energy detected at the calorimeter is given by

. A ® dx~

We are interested in the expectation value of the energy operator on states created by
stress tensor and current insertions. The normalized states are defined as

dtdxdyeTtO(t
(OE|0g|)

where O are operators constructed from the current or stress tensor with definite polariza-

tions. They are given by
O(&T) = e;TY, or O(e, ) = €7". (2.9)

The norm in (2.8) is defined by
(0610x) = [ daeP(0(t.2,9)O0), (210)

where we have used translation invariance to factor out one integral and place one of the
operators at the origin. Thus the norms are obtained by evaluating the two point function
of the operator and integrating the space time point corresponding to one of the operator.

Let us first look at states created by the stress tensor excitations. Since the stress
tensor is traceless, the allowed polarisations for stress tensors satisfy

e = 0. (2.11)

Therefore we choose 2 independent polarisations given by

eV =" =1,

€7 = W = 1. (2.12)
Let us label the states created by these polarizations as
Op(6T)0),  Og(€;T)|0), (2.13)

where we use the definition of the state given in (2.9) and (2.10) with the polarizations e
and €. We can then define the energy matrix between these states as

(0[0L(6 TIEOK(GT0)  (0|0)(6; T)EOK(; T)|0)
E(T) = : (2.14)
(0]0L(e; T)EOR(T)0) 0|0k (5 T)EOK(E; T)|0)



where £ is defined in (2.3). To be explicit let us write out the elements in the row of the
energy matrix.
! X
(Op(6T)|08(e,T))
3 il o —ay
y /d v fim T /dx;<e T@)T_(21)e - T(0),

:L‘i‘»*)OO

(0|OL (& T)EOE(6; T)|0) = (2.15)

010k (6 TIEOE(E; T)[0) = ((Op(€; T)|Op(e, TI){Op (6 T)|Op(e, T))) 2

X/d?’xeiEt lim M/d$_<e~T($)T (z1)€" - T(0))
4 1 -l ‘

zf —o0

The other entries of the matrix in (2.14) are defined similarly. Essentially we need to
evaluate ratios of 3 point functions of the stress temsor, take the xf — o0 and then
perform the integral over the space time point of the last insertion of the stress tensor.
Note that the normalisation involves the two point function of the stress tensor with the
same polarization. It can be seen from [34] that the parity odd contact term in the two
point functions vanishes when the two stress tensors have the same polarizations.

Let us examine the energy matrix corresponding to the charge excitations. We choose

the two independent polarisations to be
e’ =1, ¥ =1. (2.16)
The corresponding states are
Op(e4)|0),  Ogr(€;4)[0). (2.17)
The energy matrix which results from these two states are given by
) (0[O (6 /)E0R([0)  (0]0k(e:)EOR(E;5)(0)
E(j) = ; (2.18)
(0055 /)E0R()N0)  (0/0k(¢:/)EOE(: )I0)
Again to be explicit, we write down the entries corresponding to the first row
1

F e NEO (e )0} = .
OIORENEOEED0 = To,t jioste ) 219
; of — ]
X /d3xezEt wilrigloolzll/d%(e-j(x)T(:cl)e'T(O»,

010k (6 NEOE(:)10) = (Op(€3)|O8 (e )){On(e: )| Or(e, 1)) 72
« / FreP fim L / do (e - (2)T-_(21)€ - §(0)).
zf —oo 4
Again we see that the normalisation involves the two point function of the currents with
the same polarization. It can be seen from [34] that the parity odd contact term in the
two point functions vanishes when the two currents have the same polarizations.

The condition of positivity of the energy observed by the calorimeter [36] translates to
demanding that the eigen values of the energy matrix (2.14), (2.18) be positive. We will
see that only the parity even terms in (1.1) contribute to the diagonal and the parity odd
term which contributes to the off diagonal entries of these matrices.



3 Energy matrix for charge excitations

The basic ingredient to evaluate the energy matrix for charge excitations is the three point
function of two U(1) currents with a single insertion of the stress tensor. Including the
parity odd tensor structures, this is given by [27, 29],

_ 1
|21 — 2’z Pl]

J

(4 (2)T (21)5(0)) S 15 (x — w1)ef I (—21) e ap (X)

(3.1)
|21 — ||| — 2]
where the first line is the usual parity even contribution while the second line is the parity
odd contribution. We use the conventions of [7] for the normalisation of the parity odd
tensor structure.

These tensor structures are listed below.

2c N . N
tywas (X) = (—3 + 2e) B (X105 + (3) by, (X + chitys(X) + i,
2 puv i Tip — Ty L1y Ty — Ty
=éel|l 57| 57—,
o= (- i) (% - )
P2 — _6/;611/[/“/('1“1)
2 2:6% ’
2 €1 e Ly (21 — @)
P3 = — 2 5
2(z1 — x)
1
_ P
o1 = Ay — z|lxP| — =1 (Mljpx#(xl — T)ueresTa
€Mup 2 2 v_p
= S22 (o1 — aPay e - 2),) 65),
Sy = 1 eM (21,)Tehel 10 — vy (—\$|2x1 + |z |22 ) eser
Aoy —affal] —arP \* AP T A0 =7 prinimsa )
1
— Y4 . _ P o
Sy = oy — 2] — 1) <5 o(21 — ) (=210 )€1€5 (21 — Ta)
oM
- S (Pl - ot o - miP-a) 4). (52)
where,
- r — I T
X =
|z —21]?  |2]?
2z,
Iaﬁ(x) = naﬂ - ;2 ﬁ)
. x,xv 1
hllw(a:) = 1;72 - gnum
2 . Tyux 4x,x, 4,2, 3
h;wap<m) = ;QanVﬂ + (M VP& U) - § ;2 Nop — g ;2 Nuv + Enm/napa



B ey = 2
uvop — Muotvp + NupMvo 37]uu770p7
3(2n§c +nl) 3n’

25613 0 C 7 25678 (3.3)

For normalising the excited states, we also need the two point function of currents
which is given by
. . Cy
Un(@)jv) = — L (@), (3.4)
with 9
Cy = grr(c +e). (3.5)

3.1 Parity even contribution

That contribution to the energy deposited in the conformal collider due to charge excita-
tions from the parity even part has been obtained before for arbitrary dimensions in [47].
Here we repeat this analysis as a cross check as well as to fix our conventions. Its easy to
see that diagonal terms in the energy matrix (3.1) result only from the parity even terms
in the three point function (2.18). Let us first choose the polarisations to be given by

€ =€5=¢€ =1 (3.6)

This corresponds to the first entry of the energy matrix and is given by the ratio

. YE
E(j)n = zé§E§7 (3.7)
J
ot — g7 [
(B = [ e tm T T @ @)i0), 63)
and
G2(E) = / e, (2)1.(0)). (3.9)

We look at the individual contributions to gjl(E) On substituting the expression for the
three point function in (3.1) we obtain four terms

gj(E) = I1 + Iy + I} + I, (3.10)
) + _ = 0 2
I{ _ /d?)xezEt lim M/ dxy <_C +26>
z] =00 4 —o 3
xI%(z — 21) 12 (—21)ht_(X)1ags- (3.11)

Let us describe the steps involved in evaluating the limit and the integral. First the limit
z] — oo is taken which results in

2 B [ 0)?
I = <—3C—|—26> /deeZEt/ dxy - —— w2 (x_) N5/ (2 _ 3/2°
—0 16(z— — x] — i€)®/ (= +i€)%/2 (22 — z~ ™)
(3.12)

~10 -



We follow the ie prescription introduced by [36, 38] to evaluate the integral. Operators are
assigned a negative imaginary part to time depending on their position in the correlation
function. Operators to the left are assigned a larger negative imaginary part than the
operators to the right i.e, t; — t1 — i€, t — t — 2ie. Hence the light-cone coordinates change

J:f — x% —ie, xt — x* —2ie. The integral over x; is then performed by using the integral
in (C.3). The integrals over the other directions are then best performed by integrating

over x direction, followed by integrating the light cone directions.

]. 2 iBztT iEx— ].6
L= <—C +26> /da:*dxe et

4 3 3(z— — 2ie)2x—at’
2 2
=3 (—; + 26> E*r?. (3.13)

where we have used C.3 and C.4. Following the same method we obtain

) B I e A
I, = /d3xezEt lim mlle/ %(Se)lg(x—a:1)If(—x1)hL(X)hiB,
z] —oo oo

= (3¢) / d3pe'tt /_ Z dey (¢7)% (22% + 27 a2™)

2 24(z~ — a7 )%/2(—2 )>/2 (22 — ac_acﬂL)E’/Z7

(3.14)

0
/ s gt o T —r [, 8 2 5
I3 = | d’ze lim — dzycly (z — o) I (—z1)hZ _,5(X),

0 — —\2
_ _C/d3meiEt/ dxy _ (z7) o
oo 12 (27 — a7 P2 (—ay)?2 (a2 — v at)

C + _ iBat  iEx— 64
=— [dxTdxTe 2 e 2 )
4 9(z~ — 2ie)2\/(z~2+)2 +iexat

<_16E27r2> : (3.15)

¢
219
+ - 00 -
r_ 3, iEt 1 Ly — 2 dﬂa _ B 3
I, = /d xe leLanoo 5 /OO 5 el (z — x1) I, (—z1)h? _ 5,
-0 (3.16)
Putting all this together the result for the numerator in (3.7) is given by
1 4.9 o
g;(E) = gE (e —c). (3.17)
Now the denominator in (3.7) is defined by
(B = [ dae P, (0)1:(0),
8 / 3 _iEt $2 + x_$+
= ——7(c+e dre " — 0 ———— 3.18
sr(cto) R (3.13)

11 -



The calculation proceeds similarly as before, with the spatial integrals being performed
first, followed by the light cone directions using the ie prescription.

8 1 iBxt Bz~ i
2 _ + .-
gi(E) = —=7(c+e /dxdxe2e2 )
i (E) 3 ( ) <2 4(x— — 22'6)3/2 (xt — 2ie)3/2

8
= —§E7T3(C+ e). (3.19)

Therefore we obtain

A c—e)F
EGn = 2( c+e)r’
FE ag
“Z(-%). o
where, ‘ ‘
o — 2(3e—c) 2(”; — n3) (3.21)
9 = =_—— —, .
(e+¢) (% +nz)

Let us examine the second diagonal element of the charge matrix. For this we choose
the polarisations to be given by

&g =e4=¢ =1 (3.22)
Proceeding identically we obtain

~ e FE

E(j)a = —

(7)22 ctem’

E ag

== (1 7) . 3.23
4 ( * 2 ( )

If we restrict the class of theories to be parity preserving, then from (3.20) and (3.23) we
obtain the constraint
las| < 2. (3.24)

This agrees with the results of [47].

3.2 Parity odd contribution

It can be seen that the off diagonal contribution is entirely due to the parity odd terms in
the three point function (3.1). Let us first examine the (12) element of the energy matrix.
For this we choose the polarizations to be given by

€5 =€) =1 (3.25)
Again this can be written as a ratio
- fi(E)
E(jhe = Z5—- (3.26)
f5(E)

- 12 —



From the structure of the parity odd term, the numerator naturally breaks up into 3 parts
which are defined as follows.

FHE) = /d?’xeiEt lim :H/OO %jx(x)T——(xl)jy(O)v

zf —o0 2 —oo 2
=TV + I + 18, (3.27)
where,
. t T 0 deT
TP = / B lim LT / TLgp, (3.28)
wfooo 2 o 2

Now let us evaluate each of the integrals following the same methods introduced earlier.
The first integrand is given by

QiS5

IY = p; ,
' Ty — x| _x1|e;—:eg:eg:1
16p; zi- (z1—a)_\?
= — 3.29
i P o (o 529
ny €“I+ B gul“* 2 2
x| e rp(ey — ) (vg —2-) — — (|z1 — 2?2y + |2* (21 — 2),) |
where the € tensor is given by
1
S4s =7 (3.30)
Taking the 2] — oo limit and then performing the integral we obtain
70 = / Pacit tim UL / RS
xfﬁoo 2 —0o0 2
_ p»/d?’a}eiEt /°° dey (#7)*(@*+a~ (at —a])—a7a™)
’ coo 4 64(x])3(am —a] )3 (a2 —xmat)?
_ Pi [ i | O (xQijg_ﬁ) +3i7f(—17__2—$+) [ 1 2] 7
128 (27) (z7) (22 —a~aP)
, , N 2 2
= _le/dx-Irdx—elEzﬁelEzz i 37 : + 37 7
1284 (2= —2i€)%/2(x+ —2i€)3/2 (2= —2ie)7/2\/xF —2ie
3Pj 12 3
_ _Pip2s 3.31
160 " (3:31)
The integrand for the second term in (3.27) is given by
2P;S
I3 = p; e :
|1 — ]| — xl’g;—:eg:sgzl
P I, (z1) (3.32)

T Az — a2 =T
6'“

X <5W—(I1 - ﬂf)u(—ﬂfl)u(ﬂﬁl — )y — 2_96 (‘ - 951|2(901 - 95)u + |21 — I|2(—951)u)> .
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Taking the limit and performing the integrals we obtain

) + _ o)
0 = / dBrePt lim % / day 1P,

zf —o0 —oc0

Pj 3 gt [ x

= = [ d’zé’ / dxy ,
128 / oo P (@])3(xm —ay)? (22 — zx )
Dj 3, iEt 1247

— P [y
256 / e (z7)3 (22 —z—at)’

Pj 2 3
= _7E . .
30 T (3 33)

Finally the integrand for the last term in (3.27) is given by

= 2P S, ,
21— allall — a1l s
—16]9]'
— I (21—
6421 — aljaff] —mpr )
et
X ((EW+ — ™ ) (1) po(21) - — ;_ (—|zlz1, + |21 *2y) | (3.34)

Evaluating the limit and the integrals we obtain

+ - 00 -

, . x] —=x dz

¥ = /d?’erEt lim = 1 / 1 1%,
zf —oo oo 2

— 0. (3.35)

Putting all the terms for the numerator together we get

_E27T3pj
32
The denominator in (3.26) is given by
8 3
f2E) = =S Br*(c+e). (3.36)

Therefore the (12) element of the energy matrix is given by

A 3p; E
E = ——
(12 256(c +e)’
FE
where o; is defined as
3pj 4mlp;
BT ST (3.38)

;= = - — .
TU320cte)  (wh+nl)
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Let us now examine the second off diagonal element in the energy matrix. To extract this
component we choose the polarisations to be given by

ey =¢5 =1. (3.39)
Again this element is given by the ratio
- fH(E)
E(j)a1 = Z5r— (3.40)
f(E)
By evaluating the numerator explicitly using the same methods it can be seen that
fi{(B) = f}(B). (3.41)

Therefore the two off diagonal elements are identical. This is consistent with the fact that
the energy matrix must be symmetric and is in fact a cross check for our calculations.
To summarise, the energy matrix for charge excitations is given by

o 21-%)  gao
E(j) = ; (3.42)

w0 m1+%)

where

0 — 2(36—0)__2(”§—”j)
Toetd  (nl4nl)

7 32(cte) (n} +n3)

(3.43)

The condition that the energy observed at the calorimeter is positive leads to the fact that
the eigen values of the energy matrix are positive. The trace of the matrix in (3.42) is
positive, this implies that the determinant is positive which leads to the condition

a3 +af < 4. (3.44)

This region is a disc of radius 2 centered at the origin in the a2, o; plane.

4 Energy matrix for stress tensor excitations

In this section we evaluate the energy matrix corresponding to stress tensor excitations
E(T) defined in (2.14). Here the basic ingredient is the three point function of the stress
energy tensor including the parity odd term. The parity even tensor structures in the three
point function was found earlier by [29, 48] while the parity odd contribution was written
down by [27]. Combining both these contributions the three point function of the stress
tensor for a conformal field theory in d = 3 is given by

eIl (2)eSPTE (1 eaﬂt“/ylalp,
Ty = T Ty TS T e (4.1)

z62§
(P2Q? + 5P2P2)S1 + (P2Q3% + 5P2P?)Sy + (PQ3 + 5P3P)S;
|z — 21]|21]] — 2|

+pr
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Here the first line denotes the parity even contribution to the three point function and the

parity odd contribution is given in the second line.

We will choose the normalisation of the

parity odd tensor structure as given in [7]. The parity even tensor structures are given by

1

A
t,uucrpozﬁ = 'Aggu engTUp:’] gTaﬁ, ‘ <Z2)% (42)
VAV
T n oT €
+(B — 2A)5a5 € op, k€ (Z2)3
€ AV
-B (5;:51/ engTO'p nngTozB,)\ + (MV) A (Up)) 5
(22)2
ZoZg 1 YAWA 1
+C (531/ op (;2 - 377&5) gg’p,ozﬁ (%21/ - 3771“/)
ZoZ, 1 1
<& 5#1/( 72 3770/))) (Z2)%
ZoZsg 1 VYA
T T € asp
+(D - 4C) <8w/ eng op, )\) < 72 - 377a5> (22)3
Z.7Z, 1 VAVAL
T T ¢
_(D - 28) <gap 5&8 aB, A (221/ - 377Hl’> + (:U’V) A (Up)> (22)%
2.7, 1 ZoZg 1 ZoZ, 1 1
+(&+4C —-2D) < 7o 377;w> <Z2 ~ 3'lasB 72~ 3l 75
where tensors involved and the theory dependent parameters given by
1 1
gEy,aﬁ = 5(77,11@771/,3 + nuﬁnua) - gnaﬁnuu; (4.3)
2z,x
Ia,B( )_77046_ < Ba
x?
IMV aﬁ( ) I,uu'( )I ( )ETM v aﬂv
5A 5B
27nT 9<4n T 4 3n7) 9(8n% +nT)
~ 51273 51273 7 T 204878
The parity odd tensor structures are given by
P2 — _egeglﬂl/(xl) P2 — _EgEIquV(ZL') (4 4)
1 222 2 202 '
P2 — _6}11165[/“/(1' — xl)
3 2(x —mx)2
Q= (% _E=z)a ;| T, (@1-12)a
Lo 22 (zr—x1)2) 2o 2 (z1—x)?2)’
r [ Pl Lo
Q3o = (m% - m2> )
Q1 €1 Gleanv Q = €565 QQaQ2,87

Q3 = €5€5 Q3aQ3B’

~16 —



and

1
S1 = S — P o
P e —mlenP[ < PP (T =~ T1)y €5 T1a

E#Vp

(|m — x1\2xlu + |331|2(m — ml)#) 6565’),

1 'y ) ,
Sy = 4|z — x1||21|| — |3 (z—:“Vp(—xu)l’lngE(f‘(—xa) - (\x1| (—2,) + || l"lu) et
1
- P
S3 = 4|l‘ — $1|3|1’1H — :C| <5/“’p(x — xl)u(—x,/)eleg‘(—xa)

o
- 552 (P o =~ o0+ o~ maPH-,) 45 ) (45)

For obtaining the normalized states created by the stress tensor we also need its two
point function which is given by

C
(T (@) Trp(0) = 5L (), (4.6)
with 5
Cr = —n(10A — 2B — 16C). (4.7)

15
4.1 Parity even contribution

Though the derivation of the parity even contribution to the energy at the conformal
collider in d = 3 can be obtained from the results of [38] we repeat the analysis as a check.
It can be seen that it is only the parity even terms in (4.1) that contribute to the diagonal
terms of the energy matrix E(T). From (4.2) we write the parity even part of the three
point function as a contribution from 7 terms.

<TMV(I)TUP(331)TQ5(0)>even, =+ Ig+Is+ 14+ I3+ 1o+ 1. (4.8)

Let us proceed to evaluate the (11) element of E(T) given in (2.14). For this we choose
the polarization to be given by,

1
eV =€l =2, €5’ = €5’ = 5 (4.9)
e =1

The matrix element can be written as the ratio

R 1
mmsgg.

The denominator in (4.10) is the norm which depends on the two point function of the

(4.10)

stress tensor. We will first examine the numerator. From the break up the three point
function in (4.8) we have,

) + _ = 0
gh(B) = / PP gim T / da 7 (T (2)T (1) Ty (0),

1‘?4)00 — 00

=Ir+Ig+15+1y+135+ 1o+ 1. (4.11)
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Performing the limit and the integrals in each of the 7 terms is tedious but straight forward.
The procedure is identical to that carried out for the charge excitations in the previous
section. The details for evaluating the term Z; are provided in appendix A. Here we list
out the contribution of each of the 7 terms.

4C — 2D 149724
I1:(5—1- C ) (1497 ’ (4.12)
2 9450
—(D-2B) [ 297*E* 197?E*
I, = — +
2 5400 37800
(D — 4C) 98912 E4
Ig == - ’
37800
_C 11 5 4
=3 (525 E )
7. _ B (127E'x* 91E47r2
>~ 2\ 75600 10800
4,2
7, = (B—2A)29E*n
2 10800
4.2
7, — éllE T
2 3600
Summing all these terms together we get for the numerator in (4.10)
1 _ _ 2 4
gr(E) = 180(5A+7B 24C)m E*. (4.13)
Evaluating the denominator we obtain
1
g4(E) = —@(10,4 2B — 16C) 13 E3. (4.14)
Therefore the (11) matrix element is given by
- E (b A+ 7B —24C)
E(T);1 = —
D = T 0428 16c"
E t4
= —1-— 4.1
47 < 4> ’ (4.15)
where t4 is defined by
_ 4(30A+90B-240c)  4(nf —n) (4.16)
TUB104-28-160) ol al ‘

Let us now examine the second diagonal element of the energy matrix E(T) For this
we choose the polarisations to be

7t = —ef¥ =1, e =1,
et = —e§! = 1. (4.17)
The matrix element is given by
- hi(FE
B(T)p = 1E) (4.18)
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where

. + _ = o
hi(E) = / BreP lim LT / o] x (4.19)

X((Tea(x) — Tyy(2)) T-—(21) (T2 (0) — Ty (0))),
ma(B) = [ e (Tes(a) = Ty (2)) (Toa(0) - Ty 0))
Proceeding identically we obtain

116

hi(E) = ig(B —20)m*E*,
4
hy(E) = —@(1&4 — 2B - 16C)m3 E3, (4.20)

- B[ 16(B-2C)
B2 = 2 <_5A—B—8C>’

_ g (1 4 Z*) | (4.21)

Note that if one restricts the theories to be only parity even and require that the energy is
positive results. Then from (4.15) and (4.21) we obtain the constraint

|ts] < 4, (4.22)
which agrees with the results of [38].

4.2 Parity odd contribution

The off diagonal elements in the energy matrix receive contributions only from the parity
odd terms in the three point function (4.1). The parity odd term consists of 6 terms which
are defined as

P2Q?+5P}P2)S1 4+ (PQ%+5P2 P2)Sy+ (P2Q3+5P2P2)S
(T'(2)T(21)T(0))odd :pT( Q158 Py)Sit( !2Q2+H 3H 1)’2+( 5 Q3+5P5 P)S3
r—I1||T1||—X

= pr(W+ I+ 0+ 10+ 1P+ 1F). (4.23)

I

To obtain the (12) element of the energy matrix we choose the polarisations to be
given by

Ty __ ny _ gw vy __
e =1 (4.24)

We symmetrise the (x,y) component of the polarisation tensor e;”

y 1
A Ty = 5 (Toy + Ty). (4.25)
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Then the required matrix element can be written as the ratio

E(T)12 = ;;E§;7

(4.26)

where,

) xF — 7 00
fi(E) = /dSJTeZEt lim 181/ dzy (Toy + Tye) (@) T~ (21) (T2 (0) — Tyyy (0)),

IT—)OO —0oQ
= D@+ B+ B+ B+ B+ 1), (4.27)
and
; vl —ap [®
7> :/d?’xezEt lim 11/ day IP. (4.28)
x{r—mo 4 —00

To evaluate the denominator we use the two point function of the stress tensor (4.6) and
it results in )
E)=—-——
F2(E) = 55

As an example the contribution Z}' to the numerator is evaluated in the appendix A. Here

(10A — 2B — 16C) 7 E>. (4.29)

we write down the result for each of the contributions

1 8
= - B! 4.30
1 256315 (4.30)

1 /1 4
_’Zp: P - 3E4
2 7 256 (7 63)” ’

1 4 22 4 2
TP - (= _ == = e 3E4
3 256( * )W ’

1 4 2

Ip - - (= _ = 3E4
4 256< 63 21)” :

1 1 2

I’ = — o2 S E4,
256 105 315
=
Summing all the contributions to the numerator we obtain
pr

fr(B) = 5 (M + L+ T+ I + I + I7),

pr 3 74
- B4 4.31
3 % 256 (4.31)

Using (4.29) and (4.31) we see that the (12) element of the energy matrix is given by

- f1(E)

E(T)1s = ,

( )12 f%(E)
_pr_ 15E
25654 —B—8C’

S (4.32)
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where we define ar by

_pr 240 sa'pr
T 25654 -B-8C  3(nf +nl)

ar (4.33)

Finally let us examine the second off diagonal element of the energy matrix. We choose
the polarisations to be given by

1
zy _ yr _ wr_ Yy _
€ =€ =5 € =-—¢ =1,

e, =1 (4.34)
Again this matrix element can be written as the ratio

. /1
B = fT%((g))

(4.35)

where the numerator is given by

) l’Jr — T oo
HE) = [ @™ tim ST [ e (T (o) ~ Ty )T 00) Ty 0) + Tya(0))

z] —o0 —oo
(4.36)
The denominator in (4.35) is the same as given in (4.29). Evaluating the numerator using
the same methods we have shown that the numerator is given by

B = fN(E) = —2%6%3]34. (4.37)

This result coincides with the numerator of the (12) element given in (4.31). This implies
that
E(T)12 = E(T)a1. (4.38)

As mentioned earlier for the energy matrix corresponding to the charge excitations, the fact
that the off diagonal entries of the matrix coincide serve a simple check of our calculations.

Using all the results we can write the energy matrix for the excitations created by the
stress tensor to be given by

E
=1-%3)  ferar
E(T) = , (4.39)
%QT g(l + %)
where,

4(30A 4 908 — 240C)  4(nf —nl)
3(10A4 — 2B — 16C) nt +nl
T 240w 8ripr
25654 —B—8C  3(nf +nl)

ty =

(4.40)

aT —

The condition that the energy observed at the calorimeter of the conformal collider is
positive leads to the fact that the eigen values of the matrix E’(T) are positive. The
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trace is positive, which implies that the determinant has to be positive. This leads to the
constraint
t3 4+ a2 < 16. (4.41)

Thus the theory dependent parameters t4, ap of the three point function are constrained to
lie on a disc of radius 4 at the origin. All three-dimensional conformal field theories which
satisfy the conformal collider bounds of [36] lie in this disc. The constraint (4.41) was
also obtained in appendix C of [28] by writing down the energy observed at the conformal
collider purely from symmetry arguments. However the precise relation (4.40) between ap
and the coefficient pr of the parity odd term in the three point function of the stress tensor
was not given.

5 Large N Chern Simons theories

U(N) Chern Simons theory at level x coupled to either fermions or bosons in the funda-
mental representation [7, 16] are examples of conformal field theories which violate parity.
In the large N limit, these can be solved to all orders in the t Hooft coupling®

\ = — (5.1)

Lets write the three point functions of interest again

<]]T> = nﬁ» <jjT>free boson + nj <jjT>free fermion 1 Pj <jjT>parity odd> (52)
f
<TTT> = TLZ <TTT>free boson T n? <TTT>free fermion T PT <TTT> parity odd-

where (.. .)free bosons (- - -)free fermion de€note the correlator of a single real free boson and
a single real free fermion respectively. The theory dependent coefficients ng’T,n?T and
pjr in the three point functions (5.2) are functions of the 't Hooft coupling which can be
determined using softly broken higher spin symmetry [45] or direct calculation [7, 16, 17].
These coefficients for U(/N) Chern-Simons theory coupled to fermions in the fundamental

representation are given by

) ind 0 . in@ 0
n{(H)=ni(f) =2N==sin® 2, nf(f) =ni(f) = 2N cos? 5,
sin? sin?
p(f) = o/N——, pr(f) =aN=;—, (5.3)
where the t "Hooft coupling is related to 6 by
N
0= —. 5.4
. (5.4)

Given the normalisation of the parity odd tensor structure in (3.1) and (4.1), the numerical
coefficients «, o/ can be determined by a one loop computation either in the theory with
fundamental fermions or in theory with fundamental bosons. In this section we present the

5Note that r is the level defined using dimensional regularization, and differs from the level k defined
using Yang-Mills regularization by xk = k + N. |k| > N hence |A| < 1.
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results of this perturbative calculation. This was done earlier in [7], we repeat the analysis
to precisely determine the factors «, /.

Before we proceed, lets examine the coefficients for the parity even terms in (5.3). Note
that we have chosen the normalisation of the stress tensor 7" and the current j in (5.2) to
agree with that given in [29]. This is evident from the tensor structures we have used for
the parity even part in (3.1) and (4.1) and the normalisations of the two point functions
in (3.4) and (4.6). Also observe that taking the free limit § — 0, we see that the three
point function must reduce to that of 2N decoupled real fermions. This is clear from the
limit nz;’T — 2N as 6 — 0. To fix the factor in front the parity even bosonic contribution,
we use the fact that we can obtain the three point functions of the (critical) bosonic theory
by the duality transformation [16, 17]
sin 9{, 2 9(,

0 cos” . (5.5)

nlT(f) = nl"(b) = 2N,

S

Now taking the limit 6, — 0 we see that n?”’ (b) — 21Ny

5.1 Parity odd three point functions

The parity odd coefficients a, o’ can be determined by performing a one loop computation
of (jjT) and (I'TT) in the U(N) Chern-Simons theory coupled to fundamental fermions.
At one-loop these correlators are necessarily parity odd. While these calculations were pre-

6

viously done in [7],° we explicitly redo the calculation here for completeness, and to ensure

the precise numerical factors are correct.” The calculation closely follows appendix G of [7].
The action for the theory can be written in Euclidean space as

. ) ]
S = iﬁ / Tr <AdA n 3A3> n / Ay Db, (5.6)
™
where
Dytp = Bap — i AT,

and the generators T, are normalized as: Tr T? = % It is convenient to work in the gauge
A3z = 0. We have the following propagators:

21

(A7 (2)A5(0)) = ~—eysign(3)0*(7)8°, (5.7)
K
_ 1zt
" 0)) = —=E-67. 5.8
(0" (@ (0) = 3 (53)
Here the gauge field 4, = A7 T", where T are generators normalised by
1
ST (T = S5 (59)
a
Indices i and j can take on the values 1 and 2. It is also convenient to define Euclidean
light cone coordinates as: 2+ = 2% = %(ml + iz?).

A one-loop calculation of (j5T) in Chern-Simons coupled to fundamental bosons also appears in [8].
"The numerical factors a, o differ slightly from the one-loop calculations in [7, 8].
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Figure 2. Diagram IA and IB.

We will calculate correlation functions with all free indices in the z_ direction. We
define the normalisations of 7__ and j_ as

jo =Py, (5.10)
T =y (D= Dy =D _4. (5.11)

Note that here the normalisation of the stress tensor is twice that of [29] which is what we
have been using in the rest of the paper.

T = 2T. (5.12)

We will incorporate this change in normalisation towards the end of our calculations. With
these normalizations, we have, in free theory,

1 2% 1 P}
(J-(2)J-(0)) = _NWF =NV (5.13)
. . 3 zt 3 P

These are also valid at one-loop, since the two-point functions must be parity even. We
will calculate all our correlation functions at the following points:

zy = (2, z7,2%) = (0,0,0), (5.15)
ry = —(67,67,0), (5.16)
r3 = (0, 0, t), (517)
and we will assume that
0] < t, and t > 0. (5.18)

With this particular choice of points, temporal gauge and all free indices on operators
in the same null direction, many diagrams vanish. The only diagrams which are non-
vanishing are given in figures 2, 3 and 4. After carrying out the calculation, we find that,
the dominant contributions in our limit are from diagram IIIA and IIIB given in figure 4.
Other diagrams are sub-leading in our limit. (There are also some artefacts of temporal
gauge produced by each diagram, which cancel amongst each other. See appendix G of [7]
for more details.) In the appendix B we present the calculations only of diagram III.

— 24 —



Figure 4. Diagram IITA and IIIB.

Summary of the results. Note that, using definitions® in [7], in the limit given by (5.15)
and (5.18)

(z15)? _ (6%)°

P2 — — , 5.19
3 zt, 54 (5.19)
N A o S o
VUoad, (24022
P22 = (95{1)2 =0,
x
31
ot ot
Q=-33 Q2 =0, Qs="73"
(61 (37)%
S| = So =0 Sz = — .
TR 2= 5T T
Using the limits (5.19), the odd tensor structure for (j;7") reduces to
S (Q3S5 +2P7Ss + 2P551) =—i = : (5.20)
|12 |was| g1 |+ ! 2 s /s0 4047
In appendix B we have evaluated the diagrams in figure 4 and we find
R 1o
m (jjT)oda = NA (5.21)

16/t|—0 273 547"

8Note that the definitions of P?, Q? and S; given in [7] and [27] differ by a factor of 4.
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Therefore using (5.20), the parity odd part of the three point function is given by

2 (Q3Ss +2PESy +2P2S))

™ |z12]|723]|731]

(5T oaa = NA (5.22)

Now going back to Minkowski signature and taking into account of the normalisation (5.12)

we obtain

L. 1 Q253 + 2P252 + 2P251
(JiT)oda = NA— (@ . :51)
™ |12 |T23| |31

(5.23)

Finally let us compare the above equation with the normalisation for p; written in (5.3).
For this we need to take the § — 0 limit. We see that

o = —. (5.24)

Let us perform the same analysis for the parity odd part of the three point function
of the stress tensor. In the limit (5.19) the parity odd tensor structure reduces to

1
7 [(PPQT + 5P )81 + (P3Q5 + 5P PY)Sa + (PYQ3 + 5L P;) s
|z12| 23|31 16/t=]0
88
Evaluating the corresponding diagram in figure 4 in appendix we obtain
e 6 (5+)6
(TTT) = N)‘ﬁ A (5.26)

Therefore using (5.25) we can write the parity odd part of the three point function of the
stress tensor as

o 241
1

x —————— [(PEQ3 + 5P5 P§)S1 + (P3Q3 + 5P; PE) S + (P3Q3 + 5PEP;)Ss] .
|z12]| 723|231

In minkowski signature and using the normalisation of the stress tensor in (5.12) we obtain

3
<TTT>0dd = N)\; X (528)
1

x —————— [(P{Q} + 5P3P3)S1 + (P3Q3 + 5P P)Sy + (P{Q3 + 5P7 Py Ss) .
|z12]|223]|231]

Finally we fix the normalisation of the coefficient pp in (5.3) by taking the 6§ — 0 limit.
We obtain

o= (5.29)
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5.2 Saturation of the conformal collider bounds
Given values for the coefficients n;’T, nj;T and pjr given in (5.3) with o, o’ as evaluated
in (5.29) and (5.24) we can evaluate the entries of the energy matrix corresponding to the
charge and stress tensor excitations. Before we present the final result, for reference we list
here the intermediate parameters A, B,C which appear in the three point function of the
stress tensor. We use the relations [29]

ornT _ 9(4n} +3n]) 9(8n} +nl)

— s - J %7 C=——7"-—+"" 5.30
51273’ 51273 ’ 204873’ ( )

to obtain

27N sin 22 sin 6
B 25630
9N sinf(cosh + 7)
a 512730 ’
9N sin (7 cosf +9)
B 2048736

C= (5.31)

Similarly the intermediate parameters c, e, that occur in the 3 point function of the stress
tensor with 2 insertions of the current is related to the coefficients in (5.3) by

320 +nl 3t
c:u’ e = & (5.32)
25673 25673
This leads to
3N (3 4+ cosf)sind

— 5.33

¢ 256130 (5.33)
B 3N sin g2 sin 0

T T 1287%

Now using (5.3) with a, o’ as evaluated in (5.29) and (5.24) and the relations (3.43)
and (4.40) we obtain

as = —2cosb, a; = 2sin6, ty = —4cosb, ar = 4sinf. (5.34)

Thus the Chern-Simons theories with a single fundamental boson or fermion saturate the
conformal collider bounds and they lie on the circles

a3 +aj =4,  ti+az =16 (5.35)

The location of the theory on the circle is given by 6 the t "Hooft coupling.

We note that, in the large N limit, Chern-Simons theories coupled to fundamental
bosons or fermions are very similar to free theories, because they also contain an infinite
tower of higher spin operators, whose scaling dimensions (Ag = s+ 1) saturate the unitarity
bound (Ag > s+ 1), hence it is perhaps not surprising that they saturate the conformal
collider bounds as well. The fact that these theories saturate the bounds implies that
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there exist a polarisation of the energy matrix for which the eigen value vanishes. It
will be interesting to show this directly from the conservation of higher spin currents in
these theories. Such a proof will demonstrate that conservation of higher spin currents
ensures that the conformal collider bounds will be saturated. Large N Chern-Simons
theory coupled to more general types of fundamental matter, such as theories with both
a fundamental boson and fermion [49], as well as supersymmetric theories, or ABJ in the
limit M < N [50] also contain a tower of higher-spin operators at the unitarity bound.
Let us consider the case of large N Chern-Simons theory with both fundamental boson
and fermion, in such a theory there exists two sets of U(1) as well as spin 2 currents.
Therefore the polarisation at which the energy vanishes are different for each of currents.
The combined currents will therefore not have a polarisation at which the energy vanishes.”

On the other hand, we might expect that strongly-interacting large N Chern-Simons
theories coupled to matter in other representations, such as adjoint or bi-fundamental mat-
ter [5, 51, 52|, where the higher-spin operators are not at the unitarity bound, must lie inside
the disc, away from the boundary. Correlation functions in pure Einstein gravity, which are
of course, parity-preserving, lie at the centre of the disk. However, perhaps that one could
find a counter example to this using parity-violating gravity theories with an axion [53, 54].

6 Conclusions

We have obtained constraints on the three-point functions (jjT"),(TTT) that apply to all
(both parity-even and parity-odd) conformal field theories in d = 3. These constraints
were obtained by imposing the condition that energy observed at the conformal collider
be positive. The constraints we obtain imply that the space of all allowed (jjT),(TTT)
correlation functions in conformal field theories in d = 3 lie on a two-dimensional disc.
These constraints are particularly relevant for Chern-Simons theories with matter, and we
explicitly showed that the (jjT'),(TTT) correlation functions of large N, U(N) Chern-
Simons theories with a single fundamental fermion or a fundamental boson lie on the
bounding circles of these disc.

In this paper we have restricted our analysis to excitations created by the U(1) current
and the stress tensor. However we expect similar results for excitations carrying arbitrary
spin. It will be interesting to generalise the observations of this paper to these correlation
functions.

Recent evaluation of parity violating three point functions in certain higher spin theo-
ries Vasiliev theories in AdSy show that these theories are dual to large N matter Chern-
Simons theories [55, 56]. Our results then imply that these Vasiliev like theories also
saturate the conformal collider bounds and lie on the circles that bound the disc in the
parameter space of the three point functions. It will be interesting to show this directly
from a shock wave type analysis as was done in AdSs by [41].

Another direction to explore is to obtain a proof of the conformal collider bounds
for parity odd theories in d = 3 from unitarity and causality of the CFT along the lines

9We thank Ofer Aharony for raising these points.
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of [41, 42, 57-59]. For this we need to understand the structure of parity odd conformal
blocks in d = 3 which in itself is an useful enterprise.
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A Details for evaluation of the energy matrix E(T')

In this appendix we will illustrate the procedure involved in evaluating the contributions
to the energy matrix E(T) .

We first detail the steps for the term Z; that occurs in the parity even element (11) of
the energy matrix E(T) defined in (4.11). All the other terms are evaluated similarly. We
need to first take the :cf — oo limit, then the integral over the null time x; and finally
perform the integral over the 3 remaining spatial directions. The steps are outlined in the
following equations.

. +_ .= [ -
I, = /d3:pe’Et lim 171 / dzy I, (A.1)
CI?1+—>OO 2 —00 2

= (£4+4C-2D
( * )/ mf—mo 2 —oo 2 x6x?

X LMZV/_} '’ ZyZy ZG/ZP/_} o'p’ L
zz 3" 72 zz 3" |,
— oo g (7T T T
= (5+4C—2D)/d3xe’Et lim oy~ / doy Loy (@) =Ty oy (@)L 1 (21)

ot oo 2 e 2 202

zv2" 1 g\ (ZeZ—Z )\ (2727 1 L)\ 1
“\ T2 3 72 7z 37 )
72
. © dxT
= (£4+4C-2D) / d3zettt / i
oo 2

—x~+x]
(z2—z~ )z

32 (22 — (2~ —2ie) (x+ —2ie))* (x— — a7 +ie)t(x] —ie)3
= (€+4C—2D)/d3a:eiEt

- - T
BrePt lim zf —] /oo dzy Igy,u,,,,(a:)l__ﬂ,p,(xl)

22 (x7)? (22— (27)*+(z~ —aP)ay) (e* +ata] —z~ (zT+27))

X

9
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®dzy  (2%(z7)?) vt —22(x7) 2% 2t + (27 )30t
X 9 9 . 7, —
—o0 32(x2—x—xT)?2 (x] —i€)2(x] —x~ +1ie)2

—(m7)2+2x*$+—(x+)j+(x )3 —|—:U xt—2(z )%*)

(a;l_—ie)%(:cl_—x_—i-ie) (xy —ze) x] —a:_—i-ie)%
_ (E+4C-2D)
B 2

/d3xeiEt <2x2 (161:471633 7 (x” +ot)+(27)? (5(m‘)2+6x_:c++5(:p+)2)) >

15(z— —2i€)* (a2 — (z— —2ie) (a+ — 2ie)) />

In the last step we have used integrals (C.3), (C.6) , (C.1). To perform the final integrations
we introduce the light cone coordinates * = t 4+ y. The integrations are done by first
integrating over the direction orthogonal to the light cone directions (z) first and then the
light cone directions. The steps are indicated below

g 4C —2D 1 o0 iBxt o0 iEx
Il = (_i_)/ (& E2 / dl‘ie E2
2 —0o0

2 —0o0
y /oo " <2x2 (16554 _ 16x2x_(aj_ 4 x+) + (x—)Q (5($—)2 16zt + 5($+)2))> |

15(z— — 2ie)* (22 — (v~ — 2ie)(xt — 2ie))"/?

—00

- 2

— dxr~e E
2 —o0 1575 (x= — 2ie)” (zT — 2ie)
64V —z—xt /[ —— ﬁ 32V -z~ x+
+ + ,
175 (z— — 2ie)* (a+ — 2ie)? 315 (2~ — 2ie)® (a7t — 2ie)®

_ (E+4C-2D) [ 1497°E* (A.9)
B 2 9450 ) ‘

(€E+4C—2D)1 /°° it /oo R .
(&+4C—2D) .
2 —o

We have used (C.4), for integrating over the light cone directions.
As an illustration of the steps involved in obtaining the parity odd element (12) of the
energy matrix E(T) we examine the term corresponding to I? in (4.23).

P2Q3S, P2Q3S}
5 =1 oz ler] | —a]
Y

——ed¥=1>

r=
1 €]

o =] === e

2 _32Q1leylfx($1) ' €
256 af(z—x1)%a? ¢ 2y (@-a)stis

/

= (|ZL‘—IE1’21’17/+|ﬂ§‘1’2($—3§1)7/)>

2

!

2 3201.Quy T y(x1) [ o o 2 2
256 x?(ﬂ;_:ypl)QyJ:Z € a1y (T —11)5T1y — 2y’(|$—$1| T1y |z —21)y) |,
=17, +17, (A.3)

The term I?; does not contribute to the final result since in the limit azzr — oo, it is
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sub-leading.

+ _ —

/deezEt lim Ty Ty / dxl pr

/deezEt / d'rl lim ‘Ti— _xl_i_32leQ1yI—x($l)
of oo 2 256 af(x—axp)%a?

/

— (|.’E — CL'1|2.CL‘1,Y/ + |J,‘1|2(£L' — xl)’Y’)) ,

X (eﬂY J _ Ty (T — 21)5% 10 — 5
) * dxy 1
_ 3,., 1Bt 1 -
= /d xe /_OO 5 O <331F> ,
-0 1 A4
» (A1)
The term If2 is handled as before in the following steps.
) +_ .= froo —
iy = /d?’xezEt lim 7 2$1 / d:;l Iy,
.’L'l —00 —0o0
:1/d3xeiEt/oodx1 22% (2* —( )"‘3; ay —atay) 7
256 0 2(—a?4(x= —2ie) (zt —2ie))” (2~ —xy +ie)?(x] —ie)t
1 . ©0 -2
= /d3xezEt/ dxy 5 — ( Gl )7)
256 coo L 2(a?— (2~ —2ie) (xt —2i€))? \ (x] —a— +ie)2(v] —ie)*

2?(x” —a7)
* (x] —z~ +i€)?(x] —ie)3> ’

el

1 2irx? (4a? —z~ (= +3z™))

- d3x62Et
256 (= —2i€)® (=224 (x~ —2ie) (a+ —2ie))*’
1 1 [ iBet [ iBx~ 272
= — _ drte 2 dx~ 2
2562/_00 e /_oo T B —2i0)92(x+ —2ie)3?
N 3072
8(x— —2ie)11/2y/z+ —2i€’
= — E*). A.
256( 315" > (A.5)

We have used the integrals (C.5), (C.2) and (C.4)

1 1
P =—— gt A.
1 32315 (A-6)

B Parity odd three-point functions at one loop

In this appendix we detail the steps involved in evaluating diagrams II11A, II1B in figure 4
for both the (jjT) and the (T'TT) correlator.

~ 31—



B.1 Perturbative calculation of (jjT)
The integral corresponding to diagram IITA is

<

(HIA)=/d3y1d3yz<Ai(y1)Aj(y2)>Tr [V (W (y) (1) y- (@)Y (y2))y (1 (y2)d(22))

X = (P (@2)(23))7-( 9 ) (b(23)P (Y1) | -

The overall minus sign comes from the fermion loop. Processing this we have:

[ S

(B.1)

[ s sign(u) 8 Giades T [1'p,0 (g, + 007 (- DT - )] (B2

y 1 < 1 1 1 ><1>52m<N2>
yil3ly2ll6 + yol> \ |z + 013 ~ * |z —w)? /) \4m k 2

N2
B 647r4k5+/ d*zdtydty sign(ti)[(21)*3 + 2 (2 + 8) Tta(t — )]
X 9 N2/ 9 ! 9 573 5 2§(857+8Z7) — et
(z —I—t1)2(z +t2)2[(2+5) —|—t2]2 (t2 + 62)2 (t—t1)2 1 22|

The trace over gamma matrices is carried out explicitly in the section below. The fac-
tor of N2/2 is a group theory factor associated, with the factor of 1/2 arising from the
normalisation of the generators 7.

Diagram IIIB is the same as diagram IITA with xzo <> z3:

(Mlp) = /d3y1d3y2<Ai(y1)Aj(yz)>Tr [V (W (y1) (1)) (1) (y2))7 (U (y2) P (23))

x - (0 ) W (as)bla)r- (W(a)dw)] . (B3)

Processing this diagram, we see that, after evaluating the trace, it is identical to Diagram
IITA (with t; and to interchanged):

N2
== 4k5+ / d?zdtydty sign(ti2)[(21)27 + 27 (2 + 0) Tta(t — to)] (B.4)
7r
1 1 — —= 1
X N N3 o 3 S(az*+66*)73 .
(22 +17)2(22 +13)2 (51 + (0 + 2)%)2 ([(t2 —1)* + 272 (2 +0%)2
Now summing both the diagrams we obtain
2
ML + 1 = o 4k5+ /dQ,zdtldtQ sign(tio)[(z7)%t2 4+ 2T (2 + 8) Tt (t — t1)] (B.5)
i

X 3 ! {( ! ;(%5*""3,2*) : }

(22 +12)2(22 +£2)2[(z 4+ 6)2 + £2]2 | (12 + 62) [(t —t1)2 + 22]2

This includes all group theory factors and both diagrams.

The leading contribution to these integrals comes from the regions D1: z ~ O(9),
t1,ta ~ O(6), and D2:z ~ O(6), and t — t1 ~ O(6) t2 ~ O(9). Evaluating the integral in
the region D2 gives rise to an un-physical artefact of temporal gauge, which cancels with
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another diagram. See [7] for details. For the final answer, therefore, we only require the
contribution from region D1, which is:

3N2 5t sign(t12 z*(er + 5+)2t1
(f12) - (B)

(HIA+HIB)‘ - —/szdtldtQ
pt 321tk 7 (22 +12)3 (22 +2)2](2 + 0)2 + 122

Using
ty 2

(R2+E2P2 T (R+)2

we are left with an integral over d?z and t,. Defining z3 = to, we find it can be written as:

/dtl sign(t1 - tg) (B7)

3N?% 5t 2 (2T +61)2
= — [ B B.
‘Dl 1674k t7 / : (B.8)

24(2+6)3
Evaluating this remaining integral over z by Feynman parameters, we have:

(ot 1 52 +
y 2t (2t +0%) 87 6
= o2 B.
/dz G+ o) 3 51 (B:9)

Therefore we obtain 9 ( 5+)4
N
|6/1t?—1>0<]] ) 23k 647

B.2 Perturbative calculation of (T'T'T)

Again, we focus on Diagram III (corrections to the x; vertex). As before there are two
permutations that contribute:

and
g = [ dndye(A4in) A ()T [ (6B

o (W (@3)1 (w2)) 7

As before, we see that they turn out to be identical.

X fy,(%>

Diagram 111 A can be written as:
C/d3y1d3y2 sign(t12)0% (F12)ei; Tr [Wiyl’fr(*%Wj(%2+6)V+(*¢*5)’7+(¢*y1)] (B.13)

(a0 [ (O~ B ) g 04 )

g el o =
vt 9 . 242, A+ + 1 5 1
=—16iC0" [ dzdtidty sign(tin)[(z7) 3 +2" (z+0) Tt (t—t1)] | ———— 0 .- :
(t2422)2 (t3+22)2
1 — 1 = = 1
X —g(az—_yd—)ﬁ(_af_af)—ﬁ ’
3+ (8" +2)2)3 (t2+62)> [(E=t1)*+222 ] 55
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where C' = (ﬁf % NTQ . This receives contributions from the two regions D1 and D2.
Evaluating the region D2 gives rise to an un-physical artefact of temporal gauge which
cancels with another diagram. The final answer for the correlation function in our limit

thus only comes from region D1.

— 1

- (B.14)
(B3+22)2

——161’C<5+t/d22dt1dt2 sign(tlg)[z+(z+5)+t1]

3
2

(t1+22)

x{lg(%z)lg( -7 }
BrE+RE T (o) (EN=

1 — 1
(2+22)%  © (3+22)

{ —9(6t+2+)2 }
[3+(6+2)2)7 |

0T .
:—16lcﬂ/d22dt1dt2 sign(t12)[z T (2+8)Tt1]

X{ —9(T 421)2 }
[3+(6+2)2)2 |

0T .
:—161Ct,7/d2Zdt1dt2 sign(t12)[z T (2+8)Tt1]

3
2

-3z (t3-13)
(F3+22)3 (13+22)3

Now we use the integral

/dt1 sign(t — to)t1 (82 — 3)(12 + 22)7%/2 = gm (B.15)
and let z3 = t, to obtain
I, = 160 /d3 36( 5;2;1 l)( +)2,
ey (B.16)
=12 2567iCcr

which was evaluated using Feynman parameters.
Diagram IIIB is

C [ s sign(tra) Gro)ess T [wiynw-%)w%—¢>v+<¢+6>v+<—6—yl>} (B.17)

1 <+ 1 1
15 7 )[ I G ]
X(|y1|3( i = 0 )P ) | Ta=aP UE +6|3 5P

1 < 1
5 0

(2+22)2  ° (2422)

1 — = 1 — =
(

Using sign(t12) = — sign(t12) we see that this is equal to diagram IITA

:—16i05+/d2zdt1dt2 sign(ti2)[(z )23 +2T(2460) Tta(t—t2)] | —

3
2

C»J

with ¢; and to
interchanged).
To summarize, the result is then:

‘ o (615 6NZ(61)
1 TTT) =111 IIlg = 24 - 2567iC = .
\5/ﬁgo< ) 4+ 1B TS w3k 887

(B.18)
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Traces over gamma matrices. To evaluate the traces over gamma matrices, we use
€+ =1, (y7)? = 0 and relations such as

Tr(y¥122y@8y%) = 2§20 | 9§10 §a20s _ 95105 50204 (B.19)

from which we find:

iTr (Y Ay Ty "y =Py Ty 7y ), (B.20)
= 8in Tt T (v TAP), (B.21)
= 160y (TP 4T — ) (B.22)
and
—iTr (v Wy Yy Py A7), (B.23)
= =8ty (v M), (B.24)
= =16 Ty (T Ty — ) (B.25)

These imply that
T [y () (W, B (= B (= )] = (B.26)
=16i6" (21?5 + 2T (2T + M)t — t1)) .

where, from the delta function in the propagator we can set 7} = 7o = 2, 25 = t, 43 = 1
and y3 = to.

C Table of integrals

In this appendix we list out the various integrals used to evaluate the Energy matrix. We
also outline the steps in performing some of them.

1 —26 s 6( s(z—ie)(z—x+ie))
/_Oodz( —i€)4(z—x+ie)dtl / dz/ [[d+1] ’
_/ p e }1 (2e+ix)? \/>( 22€—|—l‘) P
b 2./s T[d+1]’
B 4dﬁ((2e+ix)2)‘%‘d(—2¢e+x)r[l+d]
= T[T d 22 (C.1)
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0 e'T o0 e 2
— d imd d
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il
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