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ABSTRACT: We consider 5d N = 1 Sp(1) gauge theory based on a brane configuration
with an O5-plane. At the UV fixed point, the theory with no matter enjoys enhanced
global symmetry SU(2) or U(1) depending on the discrete theta angle § = 0,7 (mod 27).
A naive brane configuration with an O5-plane, however, does not distinguish two different
theories, as it describes the weak coupling region. We devise a technique for computing
5d Seiberg-Witten curve of the two theories from the brane web with an O5-plane. Their
Seiberg-Witten curves show that their M5 configurations under the presence of OM5-planes
are different. The decompactification limit of each Seiberg-Witten curve also shows distinct
phase structures in their Coulomb branch leading to significantly different (p,q) 5-brane
configurations with an Ob-plane in the strong coupling region.
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1 Introduction

A large class of five-dimensional (5d) supersymmetric quantum field theories with eight
supercharges has been constructed by 5-brane web diagrams, which were originally consid-
ered in [1, 2]. The 5-brane web diagrams consist not only of D5-branes and NS5-branes but
also of (p,q) 5-branes. Furthermore we may include orientifolds such as an O7*-plane, an
O5%-plane and also an ONP-plane. The inclusion of O-planes can realize 5d gauge theories
with gauge groups of USp, SO for example.

A simple example of 5d gauge theories is the pure SU(2) gauge theory. In fact, we
have two distinct pure SU(2) gauge theories depending on the discrete theta angle 6 [3-5].
The two theories exhibit a different flavor symmetry at the ultraviolet (UV) fixed point.
One superconformal field theory (SCFT) has an SU(2) flavor symmetry, called E; theory
(§ = 0), whereas the other SCFT has a U(1) flavor symmetry, called E; theory (6 = ).
The two theories are constructed by different 5-brane web diagrams [1, 2] and the flavor



symmetry enhancement can be seen from 7-branes attached to the external 5-branes [6].
The discrete theta angle is discussed in the context of the type I’ string theory in [7] as
well as in terms of the decomposition of an O7~-plane [8].

The pure SU(2) gauge theory has another 5-brane web construction using an O5-plane.
A D5-brane on top of an O5"-plane yields an Sp(1) gauge group which is isomorphic to an
SU(2) gauge group. In fact, it has not been known how to encode the information of the
discrete theta angle into the 5-brane web with an O5-plane. For maximally supersymmetric
5d Sp(N) gauge theories, the difference between an O4'-plane and an 621+—p1ane could
explain the discrete theta angle [9, 10]. Therefore, one might think that we may use an
(%+—plane instead of an O5"-plane to realize the pure SU(2) gauge theory with 6 = .
However, it has been pointed out in [11, 12] that such a construction rather yields the 5d
Sp(1) gauge theory with one massless flavor. Hence, it has not been clear how to distinguish
the pure Sp(1) gauge theories with a different discrete theta angle from the 5-brane web
diagrams with an O5-plane.

In order to address this issue, we first move to the M-theory picture as follows: we
consider the compactification of the 5-brane web diagram with an Ob5-plane on a circle.
Then, T-duality along the circle gives rise to D4/NS5-branes from (p,q) 5-branes as well
as two O4-planes from one Ob5-plane. An M-theory uplift of this type ITA picture yields
the configuration of M5-branes under the existence of two OMb5-planes [9, 13-15], which
is nothing but the 5d Seiberg-Witten curve for the 5d theory realized on the 5-brane web
diagram with the O5-plane [16, 17]. Although the Seiberg-Witten curve for the 5d Sp(V)
theory with Ny flavors has been proposed in [16] with this method, the discrete theta angle
has not been clear for the Ny = 0 case.

We will see that the difference between the E; theory and the E‘l theory is achieved by
different boundary conditions for the two OMS5-planes which arise by performing T-duality
for the O5-plane and uplifting to M-theory, resulting in two different Seiberg-Witten curves.
This analysis indicates that 5-brane webs for the £ theory and the E; theory are different
at least when compactified on a circle.

Once we obtain the 5d Seiberg-Witten curve of the 5d theory on a circle, one can
reproduce the original 5-brane web diagram by taking a decompactification limit of the
circle [2]. However, this procedure not just reproduces the originally expected 5-brane
web diagram in the weak coupling region. It is remarkable that the different shapes of web
diagrams are obtained depending on the value of gauge coupling constant and the Coulomb
moduli parameter. Especially, it is also possible to obtain a 5-brane web diagram of the
pure Sp(1) gauge theory in the “strong coupling region”, where the gauge coupling square
is negative 1/¢g2 < 0, whose configuration have not been discussed before.! We will see
that the strong coupling behavior of the 5-brane web diagram for the F; theory is different
from that for the E; theory. The analysis introduces various intriguing configurations for
a 5-brane web diagram with an O5-plane.

'Rigorously, the region 1/g*> < 0 does not make sense as the original gauge theory. But it still makes
sense as a relevant deformation of the SCFT realized on the UV fixed point of the original gauge theory.
Throughout this paper, “strong coupling” denotes the case l/g2 < 0.



The difference of the web diagrams for the E; theory and the E; theory are under-
stood more uniformly by adding one flavor, which makes the Fs theory. We also study the
Seiberg-Witten curve of this Ey theory and its decompactification limit. We confirm that
the web diagram for the E; theory and the El theory are obtained by the different limit
where mass parameter goes to —oo and 400, respectively. When shifting the mass parame-
ter for the flavor, a generalized version of “flop transition” arises, which plays an important
role in differentiating the flavor decoupling limit to the F; theory from the decoupling limit
to the E4 theory by allowing different flop transitions in the strong coupling region.

The organization of this paper is as follows. In section 2, we consider the way to
distinguish the FE; theory from the E; theory from a circle compactification of the 5-
brane web diagrams. We propose boundary conditions of 5d Seiberg-Witten curves at the
two OMb5-planes which originate from an O5-plane. We find two types of the boundary
condition and argue that the different boundary conditions yield the 5d Seiberg-Witten
curves for the pure Sp(1) gauge theories with the two different discrete theta angles 6. The
method investigated in this section will be also useful to construct the 5d Seiberg-Witten
curve from a generic 5-brane web diagram with an O5-plane. In section 3, we consider
the decompactification limit of the 5d Seiberg-Witten curves of the Fq and the E; theory
obtained in the previous section. We classify all the types of the 5-brane web diagrams
with an O5-plane for the Sp(1) gauge theories with § = 0 and 6 = 7. In section 4, we also
classify all the different types of the 5-brane web with an O5-plane for the Sp(1) gauge
theory with one flavor. We find that the phases of the Es theory consistently reduces to
the phases of the E; and the E; theory by decoupling one flavor. We then conclude in
section 5 with a summary of the results found in this paper. In appendix A, we utilize
the boundary conditions of two OMS5-planes to compute the 5d Seiberg-Witten curves of
the En theory with 0 < N < 8. In appendix B we classify all the types of the 5-brane
web diagram without orientifold of the Fs theory and see the consistent results obtained
in section 4. Appendix B also summarizes the detailed structure of all the types of the
5-brane web diagram with an O5-plane for the Fo theory.

2 5d Seiberg-Witten curves of the E; and E’l theories

In this section, we discuss a method which enables us to compute 5d Seiberg-Witten curves
based on a web diagram including an O5-plane. As a 5-brane web configuration with an
O5-plane describes a 5d N =1 Sp(NN) gauge theory, our method is about computing the
5d Seiberg-Witten curves of 5d Sp(/V) theories. Here, we focus on 5d Sp(1) gauge theories
as generalization to higher rank Sp(V) as well as adding flavors is straightforward.

5d N = 1 Sp(1) gauge theory with Ny < 7 flavors enjoys global symmetry enhancement
SO(2Ny) x U(1) = En,+1 at UV fixed point? [3-5, 18, 19]. The theory has discrete theta
angle 6 = 0,7 (mod 27). When the theory has flavors, the effect of the non-trivial discrete
theta angle is equivalent to flipping the sign of the mass of a flavor, and hence it is equivalent
to the original theory. On the other hand, when the theory has no matter (N; = 0), such

*We use the following convention of En,1: Es, Er, Es, Es = SO(10), E4 = SU(5), Es = SU(3) x
SU(2), B> = SU(2) x U(1), Ey =SU(2), E1 = U(1).
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Figure 1. Web diagram for 5d SU(2) theory of enhanced E; = SU(2) and E; = U(1) global

symmetries.

E1 El

discrete theta angle gives rise to two physically inequivalent theories. The enhanced global
symmetries are different depending on discrete theta angle. It is £y = SU(2) for § = 0, while
E, = U(1) for § = . The corresponding SU(2) brane configurations show a clear difference
as in figure 1. The Seiberg-Witten curves for the F; theory and the E; theory hence show
clear differences as written in [20, 21]. Expressed in a brane web diagram with an O5-plane,
on the other hand, the F; and E; configurations seem indistinguishable. In other words,
on (p,q) 5-brane web shown in figure 2, discrete theta angle seems not manifest, as the
charges of (p,q) 5-branes toward O5-plane are fixed by charge conservation. We however
claim that it is still possible to obtain F; and El Seiberg-Witten curves by giving different
boundary conditions on an orientifold-plane.

Boundary condition for an O4-plane system. It is instructive to recall how Seiberg-
Witten curves for 4d A/ = 2 pure Sp(NN) gauge theory can be obtained from brane config-
urations. We first uplift type ITA theory to M-theory, where a D4/NS5-brane becomes an
Mb5-brane and an O4-plane becomes an OM5-plane. As discussed in [22, 23], the idea is to
consider the covering space of the brane configuration with an OM5-plane which includes
the mirror pair of the branes. The structure of Seiberg-Witten curves is then expressed in
terms of an even function with respect to v which parametrizes the transverse directions
of an OMb5-plane. The behavior of the M5-brane near the OMb5-plane should be the M-
theory uplift of the configuration of the two NS5-branes bending toward each other to be
connected on the O4-plane. This leads to a form of the Seiberg-Witten curve which has a
double root at v = 0 [22]

t*+ (v*B(v?) —2)t+1=0, (2.1)
where B(v?) is an even function of v, respecting the invariance under v > —v.

Boundary condition for an O5-plane system. In a similar fashion, we consider a
web diagram with an O5-plane and its covering space which includes its mirror pair as
shown in figure 2. Here, D5-branes are extended along the 012345-directions and NS5-
branes are extended along the 012356-directions. Since the difference of the RR-charge
of an O5"-plane and that of an O5~ plane is two, a (2,1) 5-brane and a (—2,1) 5-brane
are attached to the Ob5-plane to satisfy the charge conservation. By compactifying the
xs-direction on a circle and taking T-duality along this direction, one can consider a type



Figure 2. Covering space web configuration for 5d Sp(1) theory and corresponding toric-like
diagram.

ITA configuration where the O5-plane splits into two O4-planes on the circle. Uplifting this
brane configuration to M-theory, we obtain an M5-brane with two OM5-planes. To describe
this M-theory configuration which is 5d Seiberg-Witten curve, we use the coordinates

v 1 3 1 :
- — = (ze+izs —=—(zg+iz11)
w=e Ra —=¢ RA( )7 t=e Bm , (2.2)

where R4 is the compactification circle radius along x5 = x5 + 2mr R4, while Rj; is the M-
theory circle radius x11 = 11 + 27 R)s. Parametrizing the circle by an angle, 04 = x5/ R4,
if one of the OMb5-planes is located at 84 = 0, the other OMb5-plane is placed at 64 = .
In the following, we use the convention that two OMSb5-planes are located at w = 1 and
w = —1. It requires that the Seiberg-Witten curve should be invariant under w « w™?.
As discussed above, a double root boundary condition is imposed at each position of an
OM5-plane. Since we have two OMb5-planes, we need to impose boundary conditions both
at w=1and w=—1.

As discussed in [2], the toric diagram, which is the dual graph of the original (p,q)
5-brane web diagram, tells us which monomial should appear in the Seiberg-Witten curve.
We assume that this method is available also for the toric-like diagram of the covering space
for the 5d Sp(1) theory with no flavors, given in figure 2. Taking into account the invariance
under w <+ w™ !, the corresponding toric-like diagram leads to a quadratic polynomial of ¢ as

t2 gt <(w3 + w3 + a(w? + w2 + blw +w™t) + c)t +1=0, (2.3)

where a, b, and c are coefficients which will be determined by imposing the boundary con-
ditions. Here, we used possible rescalings of the curve. For example, overall rescaling is
used to fix the constant to be 1, and a coordinate rescaling of ¢ is used to fix the coefficient
of t to be 1. Note that asymptotic behaviors at large w determine the coupling of the
theory or equivalently the instanton factor ¢ [21]. We extrapolate the configuration in the
large ¢ ~ w? region, which is originally the (3,1) 5-brane, and that in the large t~! ~ w?
region, which is originally the (3, —1) 5-brane, to the w = 1 axis and identify the distance
between them as ¢~2 so that ¢ is the same instanton factor for the 5d SU(2) theory [24].

This makes the coefficient of w3 4+ w3 to be given by ¢~!.

E; boundary condition. We now impose the boundary conditions on the OM5-planes for
the pure Sp(1) Seiberg-Witten curve as follows: for w = 1 and w = —1, the curve take the
form of a complete square:

For w=1: 2l 24+2a+2b+c)+1=(t—1)%
For w = —1: g (2420 —2b+c)+1=(t—1)% (2.4)



The solution to the boundary conditions is b = —1 and ¢ = —2a — 2¢ where q is identified
as the Coulomb branch moduli parameter U. Hence this determines the Seiberg-Witten
curve for the pure Sp(1) theory

2 4 g ((w3 Y 1 U@ +w?) — (w+w ) — 20U + q))t +1=0, (2.5)
To compare it with the standard Weierstrass form, we introduce a coordinate which

takes into account mirror image of the O5-plane so that it is manifestly invariant under

w e wt

r=w+w t (2.6)
The Seiberg-Witten curve is then written as
£+ (1@ - )@ +U) - 2)t+1=0. (2.7)

By making a complete square of the t-terms, we can rewrite it to be a curve that describes

a genus one curve written as a quartic curve
y? = ((2* - (@ +U) - dg) (@ + V), (2.8)

where y = 2¢(2? — 4)_% [t+ % (¢ (x*—4)(z+U)—2)]. Following the procedure converting
a quartic curve into a Weierstrass form, given in appendix A in [25], we have a 5d Sp(1)
Seiberg-Witten curve which is obtained from a web diagram with an O5-plane

Y2 =4X3 — gP°X — g§°, (2.9)
where
05 _ 4 (1 2
g5 = g(U _RU% —24qU + 16),
8
9" = (Uﬁ —120% — 36 qU® + 48U% + 144q U + 216¢% — 64). (2.10)

It is straightforward to check whether this curve is equivalent to the 5d SU(2) curve asso-
ciated with F; = U(1) global symmetry whose Weierstrass form is given in [21]

= 1 2 & 4

E1 — U47 7U272 ElU _
%2717 T3 X2t g

= 1 1 1 7 2 2 5 8 B B

By _ U6 . U4 - E1U3 7U2 - ElU - £y El. 2.11
9 T5560 18~ 620 Tgo T3 Tp XX @1)

The agreement can be seen by the following identification
E E -2 E -3
X2t =a, gt =(—4) 760 gt = (—4) g (2.12)

We therefore find that the boundary condition (2.4) gives rise to the Seiberg-Witten curve
for the pure Sp(1) theory with the F; enhanced global symmetry.



FEq boundary condition. We now consider another boundary condition that leads to the
theory of the E; global symmetry. Unlike (2.4), when we impose the boundary condition

for w=1and w = —1,
Forw=1": g 2420 +2b+¢)+1=(t+1)%
For w = —1: P4 g(—242a—2b+c)+1=(t—1)>2 (2.13)

The solution to the boundary conditions is b = —1+ ¢ and ¢ = —2a = —2U where U is the
Coulomb moduli. This leads to the curve

+q! (w3 +w P+ U +w?) - (1—¢)(w+wt) - 2U>t +1=0, (2.14)

which is different from (2.5). As done for the previous case, it is easy to express it in a
more familiar a genus one curve as

Y2 = ((a:—2)(x+U)+q> ((ﬂc+2)(az+U)+q), (2.15)
where x and y are the same as defined before. As a Weierstrass form, the curve is given by
Y2 =4X° — g0 X — 9§, (2.16)
with
9950 = %(U“ —8(1+ QU2 +16(¢% — q + 1)), (2.17)
95% @) = —% (UG —12(1 + q)U* + 24(2¢> + ¢ + 2)U? — 32(2¢® — 3¢° — 3¢ + 2)).

It can be readily checked that it agrees with the Seiberg-Witten curve for E; [21] given by

1 2 4
g5t = U — XU+ ox X — 4,

12 3 3
= 5160~ B0t (BB - 1) U= PP B @)
where
X =gr g (2.19)
The agreement can be seen by the following identification
UP =U%q 7, Pt = (—4q2) 2Py, g = (—447) 36§ o). (2.20)

We therefore find that the boundary condition (2.13) gives rise to the Seiberg-Witten curve
for Sp(1) theory of E; enhanced global symmetry.



Relation between 5d 6#-angle and Sp(1) curve for E; and Ei. We discuss other
possible boundary conditions. The condition is that the Seiberg-Witten curve have double
root at w = 1 and at w = —1, where OMb5-planes are located. As discussed previously,
there are two choices, (t — 1)? or (t + 1)2, for each OM5-plane. Here 04 = Arg(w) is the
phase of Type ITA circle and )y = Arg(t) is the phase of M-theory circle. Hence, all
possible choices of the boundary condition are summarized as follows:

[ (ia) (64,00) = (0,0) : at w=1, (t—1)2 =0,
(i) For the 1% b.c., or
(ib) (04,0p) = (0,7) : at w=1, (t+1)? = 0;

(iia) (0a,0n) = (7,0) : at w=—1, (t—1)2 =0,
(i) For the 2°¢ b.c., or (2.21)
(iib) (0a,0n) = (m,7) : at w=—1, (t+1)2 =0,

where the 1% boundary condition is for the first OM5-plane and the 2"¢ boundary condition
is for the second OM5-plane. We have discussed above that (ia) and (iia) give the boundary
conditions for F; symmetry, while (ib) and (iia) give the boundary conditions for Ej
symmetry. We note that other two choices also yield the Seiberg-Witten curves with an
Wilson line turned on so that the instanton factor becomes ¢ — —q. More precisely, the
choice (ib) and (iib) gives the E curve with ¢ — —g, while the choice (ia) and (iib) gives the
FE4 curve with ¢ — —q. We observe hence that for the present case, there is an intriguing
equality between 5d theta angle 6 and the two angles 04, 6:

0= (040 — 0a))) + ((Ox) — (Bar)y)  (mod 2m),
T ((eM)(ﬁ) - (eM)(i)> (mod 27), (2.22)

where (i), (ii) refer to two boundary condition choices in (2.21).

We note that when adding flavors, the boundary conditions corresponding to theta
angle § = 0 or § = 7 give rise to the same Seiberg-Witten curve up to sign flip of masses,
as expected. See appendix A.

3 Decompactification limit of 5d Seiberg-Witten curves of E; and E,

In the previous section, we have seen how the discrete theta angle of the 5d pure Sp(1)
gauge theory is realized in terms of the Seiberg-Witten curves, which are the configurations
of Mb5-branes under the existence of an OMb5-plane. In this section, we will see how the
difference with respect to the discrete theta angle appears in the original (p, ¢) 5-brane web
with an O5-plane in type IIB string theory.

3.1 Strategy to recover 5-brane web from 5d Seiberg-Witten curve

As discussed in [2], it is possible to reproduce (p, q) 5-brane webs from the corresponding
Seiberg-Witten curves. Indeed the two configurations are related by string dualities and a
decompactification limit of the Seiberg-Witten curve reproduces a (p, ¢) 5-brane web of the



original 5d theory. We expect that this property remains true even under the existence of
an Ob-plane and is applicable to the 5d Seiberg-Witten curves of the F; and El theories.

In order to take such a decompactification limit, we assume that the complex coordi-
nates of the Seiberg-Witten curves of (2.14) and (2.5) as well as their coefficients depend
on the compactification radius R in the following exponential form®

t = e—R(z4+i$11)7 w = 6—R(a:6+ir5)’ q= e—R(mO—I—iB)’ U= 6—R(u+i¢)‘ (31)
Here my o 1/ 9\2(1\/[' The decompactification limit corresponds to taking R — oo with
the parameterization (3.1). Note that the complex coordinates ¢,w in (3.1) of the 5d
Seiberg-Witten curves (2.5), (2.14) parameterize the 5-brane web diagram with an O5-
plane. Therefore, such a limit should lead to the original 5-brane web with an O5-plane
instead of the 5-brane web diagram without an O5-plane which also gives rise to the 5d
Sp(1) gauge theory.*

The periodicity condition is imposed on the imaginary part of the exponent and we
can set their fundamental region to be 0 < z11, 5,0, ¢ < 2w/R. Supposing that we always
use the values at their fundamental region, the values of the coordinates x11, x5, 6 and ¢
are of the order O(R™!). Therefore, it is natural to rescale them by R and redefine

sl sl
—Rm4—zx11’ —Rza—zw57

t=e w=e q = e Fmo=it" U = e flumid’, (3.2)

where 2, 2§, ¢’ and ¢’ are now of the order O(1).
When we use the parameterization (3.2), the 5d Seiberg-Witten curves (2.14) and (2.5)
of the Fy and E4 theories can be written in the form

3 exp (RA,(:;) n iBgy)) —0, (3.3)
k,l,m
where A,(:;) = —kxg — lzg + cgm)mo + cgm)u where cgm),cgm) are some integers, while
B,(c";) = —kaf — lzhy + cgm)t?’ + cgm)gé’. The label m is relevant when there are multiple

cases of cgm), cgm) for the same k,l. When there is a single case, we omit the label m for

simplicity of the notation.

3How to determine the radius R dependence for the Coulomb moduli parameter U is non-trivial. For
example, we could have considered another choice [26] as

U = e Butio) L o FROFID) o cosh R(u + i),

which makes invariant under the Sp(1) Weyl transformation u + i¢p — —u — i¢. This choice may be even
more natural because it naturally reproduce the classical Coulomb moduli parameter in the weak coupling
limit ¢ — 0. If we use this parametrization and take the decompactification limit R — oo, U is the same as
that in (3.1) in the region u < 0 while the region u > 0 is reproduced from the result in the region u < 0.
Since we will see later that the region w > 0 is unphysical, the result is not sensitive to such difference of
the parametrization.

4In fact, the decompactification is not unique. For example, the 5d Seiberg-Witten curve of the 5d pure
Sp(1) gauge theory with or without the discrete theta angle can have two types of the decompactification
limit. One limit leads to a 5-brane web without an O5-plane. The other limit gives rise to a 5-brane web
with an O5-plane. We consider the latter decompactification limit since we are interested in (p, q) 5-branes
with an O5-plane.



Then the (p, q) 5-brane webs of the £ and E4 theories in the presence of an O5-plane
should be reproduced by taking the limit R — oo with A,(ﬂ), B,(;?) fixed for (3.3). When

we take the limit R — oo while A,(:Z)7 ,(ﬁ) fixed, the terms in (3.3) with the largest A,(gr;)

become dominant. For example, if A,(g ll) > A,&:nlz) with k1 # ki, l1 # [; and mq # my;, we

see that
exp <RA,(€Tl11)> > Z exp (RA,E:”;}) , (3.4)
kiFky, LAl ,mi#ma
in the limit R — oo. In this case, it is obvious that (3.3) cannot be satisfied. In order

m) .

Note that such region depends on the values of the parameters mo and u. Let us then

)

. m
consider a case where A’(fl l11
b

words, there is no 5-brane inside the region where A( is the largest in the (x4, x¢)-space.
is the largest in a region in the (x4, xg)-space and A,(;n??) is the
largest in an adjacent region. Since A](cn;)’s are continuous parameters, along the boundary
of the two regions we have

Al(ﬂ l1) Al(cnﬁg) <> A(m1)> (ki # i1,02, L # I, la, My # ma, ma) (3.5)

In this case, the decompactification limit of the Seiberg-Witten curve (3.3) reduces to the
simple equation (3.5) in the R — oo limit if we drop the information of the phase B,(;?). The
equation (3.5) gives a line segment in the (x4, xg) space, giving a part of a (p, q) 5-brane web.

Therefore we can reconstruct the 5-brane web diagram from the following strategy.
First we choose some region in the (mg, u)-space. Then we idetnfiy a region in the (x4, z¢)-
space where a particular Ag’?) is the largest. Depending on the regions in the (x4, z¢)-

(

space, which Ak”;) becomes the largest is different and we consider all the possible cases.

)’s and

Then along the boundaries of the regions, there is a linear condition between Aé";
it yields a 5-brane web diagram. For example, the boundary of the two regions gives a
line corresponding to a 5-brane whereas the boundary of the three regions gives a point
corresponding to a vertex of a 5-brane web.

In the following, we explicitly calculate the decompactification limit of the 5d Seiberg-
Witten curves of the F; and E’l theories for all the possible regions of the variables and
coordinaters. We will first fix a parameter region of mg, u, and then consider the regions

(m)

in the (x4, z6)-space where each A’ is the largest. Since their boundaries yield a 5-brane
web, it is enough to determine the regions where some A,(C"ll) becomes the largest. We will
see that this calculation indeed reproduces the original (p,q) 5-brane webs in the weak

coupling region while generating a new diagram in the strong coupling region.

3.2 Phase structure of the E; theory

We first start from the Seiberg-Witten curve (2.14) of the Ej theory. Assuming the
parametrization (3.2), the 5d Seiberg-Witten curve (2.14) is written in the form (3.3) with

A= —214, A1 3=—(xa+3x6—m0), Ai12=—(44+2z6—mo+u),
Aﬁ = —(z4+x6—m0), Aﬁ =—(z4+16), A g=—(x4—mo+u),

A = —(z4—w5—mo), AP = —(24—a),

A _o=—(x4—2x6—mo+u), Aj_3=—(x4—3x6—mp), Aoo=0 (3.6)
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(Region 2)
——— 7))

Region 1

u = mo

Figure 3. The phase diagram of the F; theory. The line between the Region 1 and the Region
3 is u = mg. The boundary of the physical parameter space is given by u = %mo for mg < 0 and
u = 0 for mg > 0.

We then consider all possible regions in the parameter space (u,mg) and determine the
(p,q) b-brane web in the regions:

Region 1: {u<0,my>0} U {u<mg<0},
Region 2: mo <u, u>0,
1
Region 3: mo < u < mo (<0),
1
Region 4: gm0 <u, mo < 0. (3.7)

The corresponding region, which will turn out to give the “phase diagram” of the F; theory,
is depicted in figure 3.

Region 1. The first region we consider is the following parameter region®

{u<0,my>0} U {u<myg<0}. (3.8)

In this parameter space, a particular A,(:Z) in (3.6) becomes the largest depending on a

subspace in the (z4, x¢)-space. For example, the region where Az ( is the largest is obtained
(m)

i7j

only the following four, Ag o > Aj3, A1 2, A1,—2, A1 —3 under the assumption (3.8). All the

others can be derived from these four conditions. Rewriting these four conditions explicitly

by solving As g > A, " for Vi, j,m. However, we find that the independent conditions are

in terms of x4 and zg, we obtain

T4+ M T4 +MmMmo—u —X4— Mo+ u —T4 — M
Te > 4T 3 O, Tg mrToT = 20 , T < B e L 5 0 s 743 0 (3.9)

In this way, we find the region where Asq is the largest in the (z4,x¢)-space. We can

compute for other A,(:Z) in analogous way and the result is summarized in table 1.

5 Although the classical gauge coupling becomes negative in some region, the effective gauge coupling is
always positive.
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A,(cnz) Independent conditions Region for A,(:;) being the largest
" Az > A3, A1, zg > TLMO g > bl
2,0
Ay, 2,413 zg < —HAROEL g < —Tazimo
Az A3 > Az, A12, Aoy ze < BEM - gg <u, xg < IO
A A1p > A, A3, x> HEPOY g >
1,2
A2, A0 z6 < 0, zg < —Tatnotu
A Ai 2> Az, A, xg > —HEL g > 0,
1,-2
Ay 3,400 T < —u, vg < TATHotu
Ay 3 Ar—3> Ago, A1—2, A0 | T6 < =HFY, 16 < —u, w3 < HFH
4 Ago > A13, A12, zg > “HEMO g > ZTatme=u
0,0
Ay, 2,413 rp < TTROEL g < TAI0
(m)
A171 7A1,07 .
(m) n/a No region
Ay

Table 1. The regions where some A;:Z) becomes larger than any other A,(;?l’,)’s for the Region

1 (3.8) of the E; theory. The second column gives independent relations for ensuring that A,(ﬁ)
in the first column becomes the largest. The last column indicates a region in the (x4, x¢)-space
where the A,(C";) in the first column becomes the largest. m in this table is either 1 or 2.

From table 1, one needs to look at boundaries between two regions to recover a 5-
brane web. For example, the boundary between the region where As is the largest and
the region where A, 3 is the largest is characterized by As g = A; 3, which is rewritten as

v = @ (3.10)
This means that the 5d Seiberg-Witten curve reduces to this line in some subspace of
(x4, x6)-space, which corresponds to a partial 5-brane configuration. One can repeat the
same analysis for other possible largest A,(gj;) cases and combine all the corresponding
partial configurations together to make a complete 5-brane web digram that is consistent
with all the boundaries of the regions listed in table 1. The result is depicted in figure 4
(a). It is then easy to see that the region labeled A on the right side of the figure 4 (a)
corresponds (3.9) and the line segment (3.10) is the boundary between the regions labeled

Az g and Ay 3. Unlike the case for the usual toric diagram, some of the A,(ﬁ) does not become

largest in any region in (x4, x¢) space. In fact, it turns out that Aﬂ, Aﬁ, Aip, Ag)fp and
Af)_l never become the largest in the case of (3.8).

It is also instructive to write down the corresponding toric-like diagram (also known
as dot diagram) [21, 27] as in figure 4 (b). From the construction of the 5d Seiberg-Witten
curve from the toric-like diagram, each monomial in the Seiberg-Witten curve corresponds
to either a black dot or a white dot. In other word, A given in (3.6) with different

k,l
k,l corresponds to different dot in the toric-like diagram. We assign a black dot to A,(:Z)

- 12 —



D
) O
: : A17_3 : :
mo — 3u mo — u —mg+u —mg + 3u
(a) (b)

Figure 4. (a): the blue letter A,(ﬂ) indicates the largest A;:Z) in the region. The black solid lines
are the boundaries of those regions and give the 5-brane web in the decompactification limit of
the E; curve in Region 1 (3.8). The thick line denotes the coincident 5-branes. (b): the toric-like
diagram of the F; theory with a triangulation given by the web in figure (a).

which becomes largest at some region in (x4, z¢) space while white dot corresponds to A,(g’r;)
which does not become largest in any region in (x4, xg) space. Therefore, each face of the
5-brane web corresponds to a black dot. For example, the monomial associated to the
top black dot gives a term related to A; 3, hence when the A; 3 is the largest compared
to the other A,E:rll), we have a face at the top in the 5-brane web. On the other hand,
the white dots correspond to “shrunken face”, which indicates coincident 5-branes. For
example, there is no region where Ag’ﬁ),ALg, or Ag@l become the largest and therefore,
they correspond to white dots. The existence of the three “shrunken face” indicates that
there are four coincident branes at zg = 0. In figure 4 (a) and also in the following figures,
thick lines denote such coincident 5-branes. Here, note that zg = 0 is the location of the
O5-plane and we also include the mirror image in the web diagram. The four coincident
D5-branes including the mirror images together with an O5~-plane should be interpreted

as an O5T-plane, giving consistent picture with figure 2. Also, if the region where Ag?) is

the largest and the region where Ag,nl,,) is the largest share their boundaries, we connect the
corresponding two black dots in the toric-like diagram. For example, the dot corresponding
to A12 and A;_o should be connected by the line in this case. This rule determines the

76

“triangulation”® of the toric-like diagram.

Region 2. Next, we consider the region
u>0, my>0. (3.11)

In this parameter space, we determine regions in (z4,26) in which a particular Ag:ll) be-
comes the largest. The result is given in table 2. The 5-brane segments in this region (3.11)
can be realized from the boundaries between the regoins in table 2. The web diagram is
given in figure 5.

Remarkably, the result does not depend on the Coulomb branch moduli parameter w.

Even if we move the value of u in the region u > 0, the web diagram does not change at

SFor generic toric-like diagram, the smallest unit is not necessarily triangle.
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A,(:Z) Independent conditions Region for A,(Jr;) being the largest
A20 Az > A1z, Ay, -3 zg > WM g < ZTAZMO
Ang A1z > Ao, A1 3,400 | T6 < %7 26 <0, z6< —w%mo
A1 A3 > Az, A1z, Ao | 76 > =g, w6 >0, w6 > TR0
Ao Ago > A13,A1,-3 T6 > %Wn z6 < %
m
Al,Q, Ag,l)’ ALO .
(m) n/a No region
Al,flv Al,—2

Table 2. The regions where some A,(;?) becomes larger than any other A,(jfll,)’s for Region 2 (3.11)
of the F; theory. The second column gives independent relations for ensuring that AEIZ) in the first
column becomes the largest. The last column indicates a region in the (x4, 2g)-space where the
A](:ll) in the first column becomes the largest. m in this table is either 1 or 2.

Figure 5. The blue letter Ag';) indicates the largest Ag’;) in the region. The black solid lines are
the boundaries of those regions and give the 5-brane web in the decompactification limit of the E;
curve in Region 2 (3.11).

all. Furthermore, this result in table 2 can be reproduced from table 1 by substituting
u = 0, where some of the regions in table 1 disappear. Correspondingly, the web diagram
in figure 5 can be also reproduced from figure 4 by considering u = 0.

The fact that the web diagram does not depend on u in the Region 2 (3.11) and the
result can be reproduced by setting u = 0 for the regoins in table 1 implies that this region
is merely the boundary u = 0 of the Region 1 (3.8) and the region with v > 0,mg > 0 does
not exist. Indeed there is no phase transition from the web diagram in figure 4 to the web
diagram in figure 5 but the web in figure 5 is simply a special case of the web in figure 4.
As argued in [28], we can interpret that the Region 2 (3.11) corresponds to an “unphysical
region”. Along the boundary, ap = 0F/0a vanishes and hence monopole strings become
tensionless, implying that the effective description breaks down. Hence we cannot go over
this boundary.

Region 3. We then move on to the third region given by

1
mo < u < 5mo (<0). (3.12)

In this parameter region, the regions in the (x4, x¢)-space where some A,(:Z) is the largest

are summarized in table 3. The corresponding 5-brane web and the toric-like diagram are
depicted in figure 6 (a).
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ke Independent conditions Region for A,(:Z) being the largest
A20 A270 > A173,A1’2,A§? XTg > :(:4—§m0’ Tg > xﬁ-mfo—u’ Te > T4,

7 Ag?)_l,AL,Q,ALg T < —T4, T < —m—fmo—i—u’ T < w
Ay A13 > Az, A1,2, Ao xe > BEM g >, x> MO
Al ALQ > A2707A1,3, T < %, T > U,

’ Ag?,AO,[) T < Mo — U, Tg < w
Aﬁ Aﬂ > Az, A1,2, Ao 6 < T4, Tg>Mo—U, Tg< —Ty4

Ag?)—l Ag?)—l > AQ’O,AL_Q,A0,0 T > —T4, T < —Mo+U Tg> Ty
A, A17_2 > Agjo,Af)fl, T > w, Te > —Mmgy + U,
7 A11_3,A0’0 T < —U, Tg < :M%m(ﬂru
A17_3 A17_3 > A2707A17_2,A070 Tg > w, T > —U, Tg > %
AOO Ao’o > A1,3,A1,2,Aﬁ Tg > %—W}, Tg > W, Tg > —T4,
7 Ag?zl,A17,2,A17,3 Te < T4, Tg < %O—HL, T < w
A, Avg, .
1’4(1) n/a No region
1,1

Table 3. The regions where each A,(CZI) becomes larger than any other A(Tl/,)’s for Region 3 (3.12)

of the F; theory. The second column gives independent relations for ensuring that A,(:;') in the first
column becomes the largest. The last column indicates a region in the (z4,26)-space where the

A;:;) in the first column becomes the largest.

\ A3

T Alj,Q

Ay s

—mg + u 0 mo — u

(a)

mo — 3u

—mg + 3u

(b)

Figure 6. (a): the blue letter A,(g) indicates the largest A,(C"ll) in the region. The black solid lines
are the boundaries of those regions and give the 5-brane web in the decompactification limit of the
E; curve in Region 3 (3.12). (b): the toric-like diagram of the E; theory with a triangulation given

by the web in figure (a).
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1
—-m 0 —m
5o 0

Figure 7. The blue letter A;:ll) indicates the largest Al(:ll) in the region. The black solid lines are
the boundaries of those regions and give the 5-brane web in the decompactification limit of the F;
curve in Region 4 (3.13).

When we go from the Region 1 (3.8) to the Region 3 (3.12), the web diagram undergoes
a “phase transition”. From the web in figure 4 (a), two 5-branes intersecting with an O5-
plane are separated by a finite distance d = 2mg — 2u > 0. As we approach the Region
3 (3.12), the distance becomes smaller and smaller and it becomes zero along the boundary
mo = u. Then in the Region 3 (3.12), the naive distance becomes negative but the analysis
in table 3 indicates that a 5-brane web diagram exists in this region and it is given by one
in figure 6. The diagram in figure 6 (a) shows a particular pattern for a strong coupling
behavior of the web diagram for the E; theory. In fact, we will see that the strong coupling
behavior of the web diagram is quite different between the web diagram of the E; theory
and the web diagram of the E; theory. In terms of the toric-like diagrams in figure 4
(b) and in figure 6 (b), the different strong coupling behavior is associated to different
triangulations of the toric-like diagram.” This may be interpreted as a generalization of a
flop transition in the usual toric diagram which contains only black dots.

Region 4. The final region for the parameter space of the E; curve is given by

1
u > imo, mo < 0. (3.13)

The relations between the regoins in (x4, z¢)-space and the largest A,(ﬁ) are shown in

table 4. The boundaries of the regions in table 4 give rise to a 5-brane web given in figure 7.

Note that in this case also like the region (3.12), the shape of the 5-brane web does
not depend on the Coulomb branch parameter u. Furthermore the results in table 4 can
be reproduced by simply setting u = %mo for the results in table 3. Therefore the web
diagram in figure 7 is merely a special case u = %mg of the diagram in figure 6 (1) and the
shape does not change further when we move w. This implies that the Region 4 (3.13) is
an unphysical region.

"Note that some of the white dots in figure 4 (b) turn to black dots in figure 6 (b). In general, whether
the dots in the toric-like diagram are black or white depend on its triangulation as mentioned in [21]. Such
black dots do not increase the dimension of Coulomb moduli space, in this case.
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A; Independent conditions Region for A; being the largest
oy Asg > Arg, AT, wg > TEMO pe s gy
’ Af)_l,AL,g e < —T4, Te < TG0
A173 A173 > AQ@,A&?,AQO T < %, Tg < %, T < M
AP AP > Az0, Ar 3, Ao 26 < T4, w6 >0, 36 < —14
AP, AP | > Ay, A3, Agg T6 > —xa, Te < IO x>y
A17_3 A17_3 > A270,Ag?11,A070 g > 954 mo Tg > 72 0 xg > M
Ao Agpo > A173,Af}, T > “HEM0 g > —gy,
, Ag?zl,A17_3 T < T4, T < 2470
Al,—2,A§1)_1, .
’ n/a No region
Ao, A1z, A

(m’),

Table 4. The regions where each A(m) becomes larger than any other A;)"’s for the Region

4 (3.13) of the E; theory. The second column gives independent relations for ensuring that A(m)
in the first column becomes the largest. The last column indicates a region in the (x4, x¢)-space
where the A,(:;) in the first column becomes the largest.

Phase diagram. By combining the results of the Region 1 (3.8), Region 2 (3.11), Region
3 (3.12) and Region 4 (3.13), the phase structure of the E; theory in the (my, u)-space is
given in figure 3. Note that the Region 2 (3.11) and Region 4 (3.13) are unphysical regions.

Effective coupling. After identifying the 5-branes web diagrams of the F; theory in each
parameter region, it is also possible to compute the effective coupling of the F; theory. In
order to determine the effective coupling, we first consider the tension of monopole strings.
The monopole string can be realized by a D3-brane stretched over a face of a 5-brane web.
Therefore, the tension is related to the area ap of the face. Then the effective coupling
can be given by taking a derivative of ap with respect to a Couomb branch modulus.

In the case of the E; theory, the ap is given by the area of the face where A; 2 becomes
the largest. For the Region 1, the area is given by

ap,1 = —u(2mg — 4u). (3.14)
Since u < 0, we consider taking a derivative with respect to —u in order to obtain a positive

effective coupling and the result becomes

. aaD
Teff,l - a(_u)

This expression looks different from the standard expression of the F; theory for example

= 2mo — 8u. (3.15)

in [3, 4], but the difference can be absorbed by the redefinition of mg, u
Let us then move on to the Region 3. The area where A; 2 becomes the largest is

ap,;3 = —2u(mo — 2u). (3.16)

17 -



(Region 2)

Region
3

1
u = 57710 u = mo

Figure 8. The phase diagram of the El theory. The line between Region 1 and Region 3 is
u = mg. The boundary of the physical parameter region is given by u = %mo for mg<O0and u=0
for mg > 0.

Hence the effective coupling in this region is 7eg 3 = % = 2mg — 8u. Namely the effective

coupling in the Region 3 is the same as that (3.15) in the Region 1. In summary, the effective
coupling constant for the E; theory is given by

Teft = 2mo — 8u, (3.17)
everywhere inside the physical Coulomb moduli parameter region.

3.3 Phase structure of the E; theory

We next consider the 5d Seiberg-Witten curve (2.5) of the Ey theory. When we use
the parametrization (3.2), the 5d Seiberg-Witten curve (2.5) can be written in the
form (3.3) with

Ag o= —2x4, Ay 3=—(x4+3x6—m0), Aj o =—(x4+2x6 —mo+u),
Ay 1 =—(xa+z6—m0), Af()):—(m—mo—ku), Af()):—m,

A _1=—(r4—z6—m0), A1 _2=—(v4—2x6—m0+u),

Ay _3=—(x4—3x6—mp), Aoo=0. (3.18)

)

We determine the (p, q) 5-brane web in each region by taking the decompactification limit
in the all the regions in the (mg, u)-space:

Region 1:  {u<mog<0} U {u<0, mp>0}
Region 2:  mg >0, u>0,

1
Region 3:  my <u < 3MMo (<0),

1
Region 4:  mo <0, u> 3Mmo- (3.19)

The corresponding phase diagram is depicted in figure 8.
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Region 1. The first region we consider is the following,
{u<0,my>0} U {u<myg<0}. (3.20)

The strategy to obtain the 5-brane web is again the same as we did in section 3.2. We
determined the regions where a particular A,(:Z) becomes the largest in the (x4, z¢)-space
under the condition (3.20) for the Region 1. In fact, in the case of (3.20) it turns out that
the regions where a A,(c”;) becomes the largest are exactly the same ones in table 1 and we
obtain the same web di7agram in figure 4 (a). Note that the decompactification limit yields
the same web diagram in figure 4 although the original Seiberg-Witten curve (2.5) of the

E theory is different from the Seiberg-Witten curve (2.14) of the E; theory in this case.
Region 2. The second region is
u>0, my>0. (3.21)

In this case also, the decompactification limit in fact leads to the same web diagram as the
one in figure 5. Again the shape does not depend on the parameter u and the web diagram
can be thought of as a special case of the Region 1 (3.20) characterinzed by u = 0,mqg > 0.
Hence this region (3.21) corresponds to an unphysical region.

Region 3. The third region we consider is
mo < u < émg (< 0). (3.22)

In this parameter space (3.22), a particular A,(:Z) in (3.18) becomes the largest in some
region in the (z4,z6)-space. The results are summarized in table 5. The boundaries of
the regions in table 5 give rise to the 5-brane web in the Region 3 (3.22) and it is depicted
in figure 9.

From the web diagram in figure 4 to the diagram in figure 9, the E; theory undergoes
a phase transition as the distance d = 2mg — 2u becomes negative in the Region 3 (3.22).
However the 5-brane web diagram in figure 9 of the E; theory shows a different charac-
teristic compared to the 5-brane web diagram in figure 6 of the E; theory after the phase
transition. The two NS5-branes come out of the O5-plane in figure 9 whereas a (1,—1)
5-brane and a (1,1) 5-brane come out of the O5-plane in figure 6. Hence the 5-brane dia-
grams of the F; theory and the E; theory exhibit different structure in the strong coupling
region although they appear to be the same in the weak coupling region as in figure 4.

Region 4. The final region we consider is

1
mo <0, u> 3Mmo- (3.23)
Each Ag’?) in (3.23) becomes the largest in the subregion in the (x4, z¢)-space as in table 6.
The boundaries of the regions in table 6 again yields the 5-brane web given in figure 10. In
this region, the 5-brane web diagram does not depend on the parameter u and the result
in table 6 can be obtained by substituting u = “* to the result of Region 3 in table 5.
Hence the Region 4 (3.23) corresponds to an unphysical region.
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A(m) Independent conditions Region for A(m) being the largest
k.l p g k.l g g
4 Ao > A1z, A1, A1 2, | mg > BN g > TR0 g s ZTam oty
2,0
Ay 3,400 re < T 2y <0
Ag3 A1z > Az, A12, Ao ze < L0 g <u, wg < —EETO
Aio Ao > Az, A13, A0 zg < BEROZU gy >y, g < ZEatRo=u
Ay o Ay g > A, A1 3,00 | me > TN gg < —u, x> BT
Ap3 Ay—3 > Az0,A1,-2, Ao Tg > —HI0 g > —u, g > T
4 App > Az, A3, A12, xy >0, g > “ELEMO g > ZTatmosu
0,0
Ay 2, A1,-3 re < TP g < TaM0
1)
A1717 Al,oa .
@) n/a No region
A1707 Al,—l

Table 5. The regions where each A,(:Z) becomes larger than any other Ag,’?l’,)’s for Region 3 (3.22)
of the F; theory. The second column gives independent relations for ensuring that A,(ﬂ) in the first
column becomes the largest. The last column indicates a region in the (x4, xg)-space where the
A](Ctrl") in the first column becomes the largest.

1
75(’11, —mg)

1
—(u —myg)

mo ~ 3u 0 —my .+ 3u

(a) (b)

Figure 9. (a): the blue letter A,(ﬂ) indicates the largest A,(:ll) in the region. The black solid lines

are the boundaries of those regions and give the 5-brane web in the decompactification limit of the
E; curve in Region 3 (3.22). (b): the toric-like diagram of the F; theory with a triangulation given
by the web in figure (a).
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A,(Jr;) Independent conditions Region for A,(CWZL) being the largest
Az Az > A1z, A1 3, Agp | w6 > TEM . 1y <0, mg < —HFT0
Al A1z > Az, Ao Te < TEMO g < —EabmO
Ay 3 Ay,—3 > Az, Aop Tg >~ pg > T
Ao, Ao > Az, Arg, A3 | 14 >0, x> TN g < TS0
1
A1,25 Al,l, Ag’()] .
@ n/a No region
Afg, Ar—1, A1 o

Table 6. The regions where each A,(:rll) becomes larger than any other A(T;,)’s for Region 4 (3.23)

of the El theory. The second column gives independent relations for ensuring that Aé"ll) in the first
column becomes the largest. The last column indicates a region in the (x4, 2g)-space where the
A](:ll) in the first column becomes the largest.

Figure 10. The blue letter A,(C"ll) indicates the largest Agﬁ) in the region. The black solid lines are

the boundaries of those regions and give the 5-brane web in the decompactification limit of the E‘l
curve in Region 4 (3.23).

Phase diagram. By summarizing the results in the Region 1 (3.20), Region 2 (3.21),
Region 3 (3.22) and Region 4 (3.23), we can construct a phase diagram for the E; theory. A
phase transition occurs when we go from the Region 1 (3.20) to the Region 3 (3.22). The
other two regions are unphysical regions. The corresponding phase diagram is depicted
in figure 8.

Effective coupling. As we obtain the 5-brane web diagram in each region of the parame-
ter space of the El theory, it is possible to compute the effective coupling in the each region.

For the Region 1, the 5-brane web diagram is the same as the one for the Region 1
of the E; theory and hence the effective coupling is 2my — 8u from (3.15). On the other
hand, it turns out that the effective coupling in the Region 3 of the E; theory is different
from 2mgy — 8u. The area of the face where Ao is the largest is

1
ap3 = 5(mo - 3u)?. (3.24)
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Therefore, the effective coupling is

~ Oap
Teff,3 - 8(—U)

= 3mo — 9u, (3.25)

which is different from (3.15). Combining the result in (3.15) and (3.25), we can rewrite

the effective coupling constant in a unified manner as®
5 17 1
Teff = 5M0 — 5 U~ 5 |lu — mg] . (3.26)

Now we see a sharp phase transition from Region 1 to Region 3 for the Er theory due to
the change of the effective coupling. This is consistent with the fact that the Calabi-Yau
threefold for the E; admit a flop transition, while the Calabi-Yau threefold for the Ej
theory does not admit.

4 Decompactification limit of 5d Seiberg-Witten curve of E,

In section 3, we reproduced 5-brane web diagram with an O5-plane for the E; and the El
theories from the decompactification limit of the 5d Seiberg-Witten curves (2.14) and (2.5),
respectively. We then determined the phase diagrams in the parameter space mg, u of the
E; and the E; theories which show a phase transition between the weak coupling region
and the strong coupling region. In this section, we discuss the Sp(1) theory with one flavor
whose UV fixed point has an enhanced symmetry Fy = SU(2) x U(1). Depending on
how one decouples the flavor, one can obtain either F or E; theory. We repeat the same
analysis to study the phase structure of the Ey theory. We then take two different flavor
decoupling limits on the phase diagram of the Fs theory and we show that the decoupling
precisely reproduce the phase diagrams of the E7 and E; theories discussed in section 3. We
also discuss a realization of the g theory from the point of view of the brane configuration
with an O5-plane.

4.1 Phase structure of the FE5 theory

We first obtain the 5-brane web diagram of the Sp(1) gauge theory with one flavor from the
5d Seiberg-Witten curve and then determine its phase structure in the parameter space.
The 5d Seiberg-Witten curve of the Fy theory is given by (A.29) in appendix A, which is
obtained a successive flavor decoupling from the curve for Ny = 7 flavors. After rescaling
t, the Seiberg-Witten curve for Sp(1) curve with Ny =1 flavor takes the following form

2+ g (w® +w )+ U+ w?) — (¢~ Mi2)(w +w )

— (2 U+ 2My ) |t (—w+ My A My —w ) =0, (40)

8We would like to interpret the last term as the contribution from the massless particle with instanton
charge. We thank Kazuya Yonekura for related discussion.

- 29 —



m)

As the form of (3.3) of the Seiberg-Witten curve, A,g s read

oo = —2m, (42)
Al,g = —(1‘4 + 3xg — mo), Al,g = —(1’4 + 2x6 — Mg + u),
1
Aﬂ = — (@4 + 26 — Mo), Aﬁ = - (3U4 + xg + 2m1) ,
1
Agl()) = —(z4 —mo +u), Aﬁ)) =- <334 - 2m1> :
1
Afll = —(z4 — 6 — M), Af),l . <SC4 — X6 + 2m1) ;
AL,Q = —(174 —2x6 — Mg + ’LL), Alﬁg = —(1‘4 — 3xg — mo),
Ao = —s, A(()T()) = —my, A((f) =—(-m1),  Ao-1=—(-2e),

where we used the parameterization (3.2) and M; = e~ fmi—i' The By theory and its
vacua are parametrized by the threee parameters mg, m; and u. Following the same proce-
dure as done in section 3, determining a 5-brane diagram for the Es theory is straightfor-
ward. Namely, we divide the parameter region into subregions and then determine which
Ag’?) in (4.2) becomes the largest in each region, as the largest A,(;;) varies depending on
the region in the (x4, z¢)-space. The boundaries of the regions then yield the corresponding
5-brane web in the presence of an O5-plane.

We divide the (mg, m1,u)-space into the following sixteen regions and the correspond-

ing phase diagram is depicted in figure 11:

Region 1: my <0, u<my, u<mo+%m1,

Region 2: m1 <0, u>my, u<0, u<mo+%m1,

Region 3: m1 <0, u>m, mg+%m1 <u< %mo—kiml,

Region 4: myp <0, u<my, mo—l—%ml <u<m0—%m1,

Region 5: my <0, mg — %ml <u< %mo + %ml,

Region 6: m1 >0, u<—my, u<my— %ml,

Region T7: mp >0, u>—mg, u<0, u<m0—%m1,

Region 8: m1 >0, u>—my, mg— %ml <u < %mo — %ml, (4.3)
Region 9: myp >0, u<—maq, mo—%ml <u<mo+%m1, '

Region 10:  mj1 > 0, mgo + %ml <u < %mo + imh

Region 11:  my <0, u >0, mg > —%ml,

Region 12: my <0, u > %mo + %ml, %ml <mg < _%ml’
Region 13: m1 <0, u > %mo + %ml, mo < %ml’

Region 14:  m1 >0, u >0, mo > %ml,

Region 15:  my > 0, u>%m ~ Ly, _%ml <m0<%m1,

Region 16:  m1 >0, u> %mo + %ml’ mo < _%ml_
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Figure 11. The phase diagram for the Es theory with a fixed m;.

We note that the Region 11-Region 16, in fact, correspond unphysical Coulomb branch
moduli space. In other words, the 5-brane web diagram reproduced in these regions do not
depend on the Coulomb modulus u. Furthermore, the web diagram in Region 11 is merely
a special case u = 0 of the web in Region 2. This means that Region 11 is a boundary of
Region 2. Similarly, the 5-brane web diagrams in Region 12, 13, 14, 15, and 16 are realized
as a special case (or a boundary) of Region 3, 5, 7, 8, and 10, respectively. Therefore, the

relevant regions are from the Region 1 to Region 10.

Since Region 1-10 are all inside the region u < 0, it is enough to consider only this
region. The resultant phase diagrams in the (u, mg, m1)-space with fixed Coulomb moduli
parameter u < 0 are summarized in figure 12. The corresponding 5-brane web diagrams
are depicted in figure 12 (b)—(k). We remark that here we omit the information of the
largest A,(:Z)’s and the explicit locations of the boundaries in the figures for simplicity, and
such detailed information is relegated to appendix B.
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Figure 12. The phase diagram of the Fs theory. The 5-brane web diagram in each region is
depicted in figure (b)—(k).

4.2 Interpretation of the phase diagram

We found that different regions for the masses mg, m; and for the Coulomb moduli param-
eter u yield various different phases for the Fo SCFT as given in figure 12. We see that
some of them are related by a standard flop transition on a usual web diagram. A familiar
example is the transition between Region 1 and Region 2. On the other hand, others are
related by new kinds of transitions, which we would like to interpret as generalized version
of the flop transitions for a web diagram including an O5-plane. We find four types of such
transitions. We depict only the relevant part of the web diagram in figure 13 (a)—(d). We
propose that these transitions are generally valid for any web diagrams.

From the argument of the Seiberg-Witten curves those transitions in figure 13 indeed
exist and one can perform generalized flop transitions if a 5-brane web diagram contains
these local structures. In particular the transition in figure 13 (d) does not involve an
O5-plane and hence one can use the transition even if we an O5-plane is replaced by a [0, 1]
7-brane to which two N S5-branes attach. We note that in section 2.2 (also figure 4) of [29]
we introduced a transition in similar to those in figure 13, which is in fact nothing but a
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Figure 13. Four new transitions occurring in the phase diagram of the F5 theory which can be
interpreted as a generalized flop transition on a 5-brane web diagrams with an O5-plane.

successive transition of those in figure 13 (c) and (d). Therefore, the analysis in section 4.1
shows that the transition considered in [29] is indeed possible.

Among the four transitions in figure 13, the transition in figure 13 (b) may have
an intriguing interpretation as a continuous movement of 5-branes across the O5-plane.
This flop transition can be naturally understood by interpreting that the (1, —1) 5-brane
is connected to the mirror image of (1, 1) 5-brane as depicted in the thick red line in
figure 14. The thin black lines are just another copy of this red ones with reflected along
O5-plane. When we move this red lines down until D5 brane goes below the O5-plane,
while moving the black part in a way to be consistent with the reflection, we obtain the
right of figure 14. In this picture in the right, we see that there are two coincident NS5-
branes stuck to the O5-plane and that one of the NS5-brane is connected to the mirror
image of the other NS5-brane. This configuration is consistent with the S-dual of the
configuration with two coincident D5-branes stuck to ON™ plane discussed in section 2
of [29]. This observation tells us what happens when we move flavor D5-brane below the
Ob5-plane, which corresponds to move from positive mass to negative mass (or vice versa).
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Figure 14. Interpretation of the flop transition in figure 13 (b).

4.3 Flow to the Fq, El and Eg theories

Recalling that for SU(2) theory with N flavors, a flavor decoupling is to take |m;| — oo
which decouples the hypermultiplet in the fundamental representation associated with mass
m;, and hence make the SU(2) theory of one less Ny — 1 flavors. It is, however, for SU(2)
theory with Ny = 1 flavor, there are two possible flavor decouplings, giving rise to two dif-
ferent SCFTs with different global symmetries, known as E; and E;. The decoupling limits
are to take m; — —oo and m; — oo which result in two different pure SU(2) theory with
discrete theta angle 0 and 7, respectively [4]. See also figure 1 for usual 5-brane diagrams.
For configuration of 5-brane web with an O5-plane, it is natural to expect to reproduce
two different phase diagrams for E; and E; theories by taking the decoupling limits on
the phase diagram of the Fs theory. As we will show, it is indeed the case that the limits
m1 — —oo and my — oo of the Fy theory reproduce the phase diagram for the E; theory
and the Fy theory respectively. In particular, the two different strong coupling behaviors
in the E; and E; theories will be also precisely reproduced from the decouplings of the Fs
theory. This further supports for the 5-brane web picture for Sp(1) theory in section 3.

Flow to E; theory. First consider the flavor decoupling limit m; — —oo on the phase
diagram of the F theory with m; < 0, given in figure 11 (a), together with the redefinition
of mg for the Fy theory,

my + 2m{™ = 2m{. (4.4)

The relation can be understood from the identification of the Seiberg-Witten curves of the
E5 theory into the E7 theory in the decoupling limit as shown in appendix A. It follows
that in the phase diagram for the Es theory, (m(()EQ), u) = (—%ml, 0) becomes the origin in
the (méEl),u)—space. With the relation (4.4), it is possible to see that applying the limit
mi — —oo to the phase diagram of the Fy theory in figure 11 (a) gives rise to the phase
diagram of the Fj theory in figure 3. After taking the limit, only Region 2 and Region
3 of the Fj theory remain. Region 2 of the Es theory becomes the Region 1 of the F;
theory, while Region 3 of the Es theory becomes Region 3 of the E; theory. As for the
5-brane webs in these regions, we can take the limit m; — —oo together with proper shift
in x4 direction for the 5-brane webs for Region 2 and Region 3 depicted in figure 22 and
figure 23 in appendix B.2. The resulting 5-brane web diagrams of Region 2 in figure 12 (c)
and Region 3 in figure 12 (d) in the limit m; — —oo exactly yield the 5-brane webs for
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Region 1 in figure 4 and Region 3 in figure 6 of the E; theory respectively. In particular
the strong coupling behavior of the Fj theory in figure 6 is reproduced from the limit
myi — —oo of the 5-brane web in figure 12 (d).

Flow to Ey theory. Next consider the decoupling limit m; — co on the phase diagram
for the Es theory with my > 0, given in figure 11 (b), together with the redefinition of mg
for the Es theory, N

— my + 2m{®) = 2m{FV. (4.5)

This is again the identification of the decoupling of the Fy theory to the Er theory shown
in appendix A. It follows form (4.5) that (m (EQ),u) = (3m1,0) becomes the origin in

the (my (B 1), u)-space. The relevant regions of the phase diagram of the Ey theory in this
decouphng limit are Region 7 and Region 8 in figure 11 (b). It is then readily to see that the
resulting phase diagram is exactly the same diagram as that of the El theory in figure 8.
Namely, Region 7 of the Es theory becomes Region 1 of the El theory; Region 8 of the
FE5 theory becomes Region 3 of the E; theory. Similarly, after taking the limit m; — oo
the 5-brane web diagrams for Region 7 in figure 27 and for Region 8 in figure 28 of the Fs
theory become the 5-brane web diagrams for Region 1 in figure 4 for Reglon 3 in figure 9 of
the E; theory, respectively. Again the strong coupling behavior of the Er theory in figure 9
is reproduced from the limit m; — oo of the 5-brane web in figure 12 (i).

From E; to El via F3. From the discussion above, we find that, by changing the mass
parameter my from —oo to +o00, we can continuously change the web diagram of the F;
theory, which is identified as the Es theory with m; = —oco, to that of the E; theory, which
is identified as the FEs theory with mq = 4o00. In this process, a sequence of standard
or generalized flop transitions arises, as can be seen from the discussion in sections 4.1
and 4.2. Especially, the web diagrams in the strong coupling region, figure 6 and figure 9,
are connected by the transitions as Region 3 —+4 — 5 — 10 — 9 — 8 in figure 12. Most of
the transitions are standard flop transitions while the transitions in Region 5 — 10 and in
Region 10 — 9 are the new ones, which are depicted in figure 13 (b) and (d). Thus, these
new transitions help us to understand the difference of the discrete theta angle at the level
of web diagram with an O5-plane in the strong coupling region.

Flow to Eg theory. From the 5-brane web of the E; theory in Region 3 in figure 9,
we can further take a limit of mg — oo which gives rise to yet another 5d SCFT called
the Ey theory. When we take the limit my — oo for the 5-brane web in figure 9, the
middle two NS5-branes become infinitely long. Hence the degrees of freedom associated
to the infinitely long NS5-branes decouple and the resulting 5d theory can be effectively
described by a 5-brane web shown in figure 15. Here we introduced a [0, 1] 7-brane at the
end of the two NS5-branes. We can then consider a deformation of the theory by moving
the [0,1] 7-brane upward. After the Hanany-Witten transition the 5-brane web diagram
becomes the one in figure 16. This is equivalent to a standard web diagram of the Ey theory
in figure 17 by an SL(2,Z) transformation. Therefore, by taking the limit of my — oo from
the 5-brane web of the Ej theory in figure 9 with the appropriate deformation and the
Hanany-Witten transition, we arrive at the 5-brane web diagram of the Ej theory.
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Figure 15. The 5-brane web di- The 5-brane dia-

agram given by taking the limit

Figure 17. A standard 5-
brane web diagram for the

Figure 16.
gram after moving the (0,1) 7-

mgy — oo for the 5-brane web of  branes in figure 15 upward. FEy theory.
the Fp in figure 9. A (0,1) 7-
brane is attached to the end of
the two NShH-branes.
Region 1 Region 2 Region 3 Region 4 Region 5
Teff | 2mo — Tu | 2mg +my1 — 8u | 2mg +m1 — 8u | 2mg — Tu | 3mo — 5+ — 8u

Table 7. The effective coupling of the Es theory (m; < 0) for Region 1-Region 5.

Rergion 6 Region 7 Region 8 Region 9 Region 10
Teff | 2mg — Tu | 2mg — my1 — 8u 3m0—3m71—9u 3mg — 5t —8u | 3mg — F+ — 8u

Table 8. The effective coupling of the Es theory (m; > 0) for Region 6-Region 10.

4.4 Effective coupling of Es5 theory

As we determined the 5-brane web diagrams in figure 12 (or more detailed figures given
in appendix B.2), it is possible to determine the effective coupling of the Fy theory for
each Region. The tension of the monopole string is related to the area ap of the compact
face where A; > becomes the largest, and the effective coupling is obtained by taking a
derivative of ap with respect to —u. Then the effective coupling of the Fy theory in each
region can be computed and is summarized in table 7 and table 8.

In fact, it is possible to obtain a form of the effective coupling which can be valid in all
the region in the physical Coulomb moduli, that is Region 1-10. The explicit expression
of such a form is
(4.6)

1
Teff = u—m0+§m1

= 5 L 17
B mo 2m1 u

—|u—m1|—|u—|—m1|>.

Then one can see that in each region the effective coupling (4.6) precisely reproduces the
effective couplings listed in table 7 and table 8.

In section 4.3, we showed that the Es theory becomes the Ej theory after sending
mi1 — —oo with the redefinition (4.4). Indeed, the effective coupling (4.6) of the E theory
reduces to the effective coupling (3.17) of the E; theory after the redefinition (4.4). Simi-
larly, the Fy theory flows to the E; theory in the limit m; — oo with the redefinition (4.5).
Again it is possible to see that the effective coupling (4.6) of the Es theory reduces to the
effective coupling (3.26) of the E) theory after the redefinition (4.5).
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5 Conclusion and discussion

In this paper, we discussed two different 5d N' = 1 pure Sp(1) theories from the perspective
of a 5-brane web with an O5-plane: one has the discrete theta angle § = 0 (the E; theory)
and the other has 6 = 7 (the E; theory). From the point of view of the pure SU(2) theory,
these two theories clearly have different web diagrams. This means that the corresponding
M-theory configurations, dictated in their Seiberg-Witten curves, are different. From the
perspective of the pure Sp(1) theory, on the other hand, their difference does not seem very
clear, as a naive brane configuration with an O5-plane for two theories does not seem to
show a sharp distinction in the weak coupling region.

As the first step to distinguish these two theories in 5-brane webs, we proposed a way to
compute the Seiberg-Witten curves for 5d Sp(1) theory based on a web of 5-branes with an
Ob-plane, by introducing proper boundary conditions on OMS5-planes originated from the
Ob5-plane. The Seiberg-Witten curve for the F; and El theories, we obtained, agrees with
the known Seiberg-Witten curves. Our method is also applicable for the cases of non-zero
flavors; for example, as shown in appendix A, the Seiberg-Witten curves for Sp(1) theory
with Ny < 7 flavors were computed and show apparent SO(2N¢) x U(1) global symmetry.
Moreover, their Weierstrass form exactly matches the known result computed for SU(2)
theory with same N flavors revealing the global symmetry enhancemsnt to Enj41.

Using the obtained Sp(1) Seiberg-Witten curves for the E; and Ej theories, we then
analyzed the phase structure of the curves to differentiate the two theories. In the 5d
decompactification limit, we found various intriguing points, which can be summarized
as follows:

e The phase diagrams for the E; and E; theories are clearly different which also lead
to the two different effective coupling formulas as given in (3.17) and in (3.26). Their
phase structure shows that two theories, in the strong coupling region, give rise to
distinctive brane configurations.

e In the weak coupling region, however, Mb5-brane configurations for the F; and El
theories in the decompactification limit do not seem different.

e The phase diagram for 5d Sp(1) theory with one flavor (the Es theory) also reveals
consistent structure for the flavor decoupling to the F; and E; theories (and even to
the Ej theory), and so does the effective coupling for the Fs theory (4.6). It naturally
suggests new types of flop transitions (“generalized flop transition”) in the presence
of an O5-plane and each theory only allows distinctive generalized flop transitions
which hence could serve as a characteristic feature that distinguishes one theory from
the other. (See section 4.2.)

We note that in the weak coupling region, the web configurations for the E; theory
and the Fy theory in the decompactification limit look the same, as given in figure 4,
while the configurations for two theories in the strong coupling region are very different.
A natural question then arises whether two theories can be distinguished from the 5-brane
web with an O5-plane in the weak coupling. As the very same question arises for the
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brane configuration with O7~-plane in the weak coupling was already address in [8], it is
instructive to discuss the O7 -plane case to better understand the weak coupling brane
configurations for pure Sp(1) with an O5-plane.”

Recall salient feature of a brane configuration with an O7~-plane describing the 5d N =
1 pure Sp(V) gauge theories with different discrete theta angle. In a brane configuration
for an Sp(IN) gauge theory in the “strong coupling region”, an O7~-plane is resolved and
is decomposed into two [p,q] 7-branes [30]. It is known that the discrete theta angle
appears as two inequivalent decompositions of the O7~-plane as discussed in [8]. In the
weak coupling region of the Sp(N) gauge theory, on the other hand, an O7~-plane is not
resolved, which means that the difference on the discrete theta angle is not manifest from
web diagram with an O7 -plane. However, this does not means that the theory itself
cannot be distinguished: there is difference that is not manifest. For example, the way
that an O7~-plane is resolved in the strong coupling region should be already encoded in
the weak coupling region. In other words, the flow to the strong coupling regions, yielding
a definite O7~ resolution to two [p, ¢] 7-branes, is unambiguous in the weak coupling brane
configuration. One could even make a distinction between two types of O7~-plane based on
their inequivalent decompositions. When there is a flavor in the brane configuration, the
monodromy cut of the D7-brane can generate SL(2,Z) T-transformation which converts
one type of resolved [p, q] 7-branes into the other type.

For the brane configuration with an O5-plane in the weak coupling region, the situation
is partially analogous to the O77-plane case. In the weak coupling region, difference in
their brane configurations for the £ theory and the E; theory is not manifest, while their
brane configurations in the strong region are very different. As in the O7~-plane case, the
flow from the strong coupling to the weak coupling encode the differences. For instance, as
two theories are obtained by two different flavor decoupling limits of the Fy theory, such
different decouplings project out distinctive BPS spectra for two theories from the BPS
spectrum of the Es theory. This means that the resultant BPS spectrum for each theory is
different, regardless of the resulting web diagrams being similar or not in the weak coupling
region. In other words, if one carefully studies possible (p, q) strings in brane configuration
with an O5-plane, the (p, ¢) string configurations for each case should be different. Likewise,
the allowed boundary conditions for two O4-planes after T-duality are clearly different as
explained in section 2, and thus the states respecting such boundary conditions are of
course different. One could even introduce a hidden labeling for the web diagram with an
O5-plane to distinguish the Ej theory from the E; theory in the weak coupling region.
We also note that adding a flavor to the E; and E1 web diagrams no longer distinguish
the discrete theta angle because the two configurations with different theta angle can be
connected through a generalized flop transition corresponding to figure 13 (b), like the
monodromy transformation of the O7~ case.

9We thank Oren Bergman for the illuminating discussion about analogy between a brane configuration
with an O77 -plane and a brane configurations with an O5-plane.
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We also remark that generalized flop transitions in section 4.2 support the transitions
between brane configurations involving an O5-plane in [29], one of which is an S-dual of
the brane configurations with an ON-plane, and the other is a natural brane configuration
with an O5-plane.

It would be interesting to generalize the analysis of the phase structure diagram for
the case of more flavors which would lead to an explicit effective coupling formula, and
5d theories of other types of the orientifolds, such as SO(N) gauge groups with flavors or
D-type quiver theories, and also further to obtain 6d Seiberg-Witten curves.
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A Seiberg-Witten curves for 5d Sp(1) theory with Ny < 7 flavors

In section 2, the method of obtaining Seiberg-Witten (SW) curve based on web diagram
with an O57-plane was discussed. It is straightforward to generalize to gauge groups of
higher rank as well as higher flavors. As an instructive example, we here consider 5d
Seiberg-Witten curve for Sp(1) theory with Ny = 7 flavors. As the curve was obtained
in [20, 21, 25, 31|, we check that its j-invariant agrees with the known result and also that
a successive application of the flavor decoupling limit reproduces the curves for less flavors.

A.1 5d Sp(1) theory with Ny = 7 flavors

We now consider 5d Sp(1) theory with Ny = 7 flavors in a web diagram with O5-plane
given in figure 18. For convenience, we introduce the following notation

4 4 4
x1=» M, xa =[] M, X3 =xay M,
=1 =1 =1
8 8 8
1= M, Xa =[] M, Xa=Xap M,
=5 =5 1=5
- s0(16 e e
X8 = X4 X4, GO =X+ xR+ XD (A1)
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Figure 18. 5d Sp(1) theory with Ny = 7 flavors in a web diagram with O5-planes.

With the Ansatz for the Seiberg-Witten curve

4
2 [ (w — M) (w™" = M)
=1
+ clt(w4 +awd +bw+cw+d+cwt +bw 2 +aw3 + w_4)
8
+ oo [ J(w = M) (w™ = M) =0, (A.2)
=5

we impose two boundary conditions (i) and (ii):
(i) As w — oo, the leading term in w is given by
(xat® + ert + eaxXa)w? = xa(t — 1)%w?, (A.3)
which gives
c1 = —2x4, o= Xa Xy - (A.4)

As discussed in [21], for the web diagram involving such jumping, the next leading term in
w should be proportional to (¢t — 1), which means

( — (x3 + x1x0)t* + crat — co(X3 + >?1>?4))w3 ox —(x3+x1xa)(t — 1)(t — a)w®, (A5)

where a = y4X; ' (X1X4 + X3)(x1X4 + Xx3) . From this, we find

1/ - _ 1 soqs
QZ_Q(X1+X41X3+X1+X41X3>:_§X1 ( )~ (A.6)
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The rescaling

Cuk; ) (A7)

t— 1 )
[Tizy (w — M) (w=t — M;)

yields
1
% — 2X§t<w4 +aw® + bw® + cw+d+cw ' +bw? +aw? + w_4>
8
+ [ J(w = M) (w™" = M;) = 0. (A.8)
i=1
(ii) We also require a double root at w = 1 and w = —1 to take into account of the mirror

image due to the O5-plane. At w = 1, (A.8) becomes

8
1
2 =22 (2420 +2b + 2c + d)t + [ [(1 — M;)?, (A.9)
=1

and we require it should be of a complete square form, which means

8
1
X2(2+2a+2b+2c+d) = [[(1 - M), (A.10)

i=1
where (+) signs are possible, but here we choose (+) sign'?

Likewise, at w = —1, (A.8) becomes

8
1
2 —2x2(2—2a+2b —2c+ d)t + [ J(1 + M3)?, (A.11)

i=1
and in order for this to be a complete square form, we have

8
1
X2 (2—2a+2b—2c+d) = [[(1+ My). (A.12)

i=1

It then follows from (A.10) and (A.12) that

1 8 8 i
2x3 2+ 2b+d) = [J(1 = M) + [J (1 + Mi) = 2x3xE°09,
=1 i=1
1 8 8 |
i (a+o)=[0=00) = [T+ M) = —2x3x°10. (A.13)
i=1 i=1

197f we denote the (4, +)-choice for the sign for (A.10) and (A.12), then there are four different choices:
(+,4),(—,+) and (—,—), (+,—). The (—,+)-choice gives rise to the same Seiberg-Witten curve for the
(4, +)-choice (A.15) but with xs > x., while the other choice (—,—) (or (+,—) ) leads to the Seiberg-
Witten curve for the (+, +)-choice (or the (—, +)-choice) with a Wilson line that flips the instanton factor
q — —q, respectively, as discussed in section 2.
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We then have all the parameters

1 soqse
a = 7§X1 ( )a
b=U (Coulomb branch modulus),
_ 1 soas) 1 soqe
Cc= 2X1 2Xc 9
d=—2—2U 4 3006, (A.14)

The SW curve for 5d Sp(1) theory with Ny = 7 flavors is given by

D=

1
?O(l(‘))(

2 —2x2 | (w* + w74) ~3 w +w™?) + U(w? +w?) (A.15)

8
+ (X§O(16) - XEO(IG)) (w+wt)—2-20U + xsso(m)] t+ H(w — My)(w™ = M;) =0,

=1

DN | =

where Mg is related to the instanton factor as Mg = ¢~ 2.

Notice that this web configuration gives rise to a manifest SO(16) symmetry, although
naive global symmetry for Sp(1) theory with Ny = 7 flavors is SO(14) x U(1);. This
naive global symmetry is enhanced to Eg at the UV fixed point. As SO(16) is a maximal
compact subgroup of Fjg, the brane configuration with an O5-plane already reveals partial
enhancement of global symmetry

SO(14) x U(1); € SO(16) C Es. (A.16)

We also note that when the SW curve (A.15) is expressed as Weierstrass form, it coincides
with the known Seiberg-Witten curve for SU(2) theory with Ny = 7 flavors [21, 25, 31]
which is written in terms of the Eg characters. (We used a Mathematica package called
‘Susyno’ [32] to re-express the Seiberg-Witten curve written in terms of the SO(16) char-
acters into the curve written in terms of the Eg characters.)

A.2 Flavor decouplings

Ny = 6 SW curve. Let us consider flavor decoupling limit. From the web diagram
figure 18, one finds that the Ny = 6 configuration can be obtained by taking the limit where
the physical masses to infinity which corresponds to the exponentiated masses M; = e~ #™
to be

M,
My -0,  while =2 =¢% _ fixed, (A.17)
M i

where qn,—¢ is the instanton factor for theory of Ny = 6 flavors. Given (A.15), we perform
this decoupling limit with the following redefinition (qn,=¢ = ¢)

1 _
U— =5 M Hl+ayi_e) U, (A.18)

— 35 —



which leads to the Seiberg-Witten curve for 5d Sp(1) with Ny = 6 flavors:

ol

24 x1(q%) X2 (w3+w_3)+U(w2+w_2) (A.19)

— (=X 1 @) xS0 (ww ) —2(U+x7 H(g?)xE01?) }t—kHw M) (w™' = M;) =0,

where we have relabeled the mass parameters for the remaining six flavors to be M;
(t=1,---,6) and

6
xo=[[M:  xi(@®) =g+q" =xi(e)* -2, (A.20)
i=1
and XEO(H) nd XSO(lz) are the characters for SO(12) spinor and conjugate spinor repre-

sentations, respectively

6 6
1 _1
so(12) _ L . A
X201 =X LI_Il(1 + M;) + J—ll(l Mz)] :
12 1 1 6 6
SO(12) _ 2 ) _ .
Xo =5 Xe 2 [”1(1 + M;) ‘”1(1 M;) (A.21)

Notice that the curve (A.19) is expressed in terms of not only SO(12) but also SU(2); D
U(1)s characters, hence it shows a manifest SO(12) x SU(2) symmetry which is a maximal
compact subgroup of E7,

SO(12) x U(1); € SO(12) x SU(2); C Ex. (A.22)
As for lower flavors, one can take the same flavor decoupling limit,
2
q
My,41 -0 & g1 —0, while 270 = g% fixed. (A.23)
Nf+1

The SW curve for Ny < 5 flavors is then expressed in terms of with the characters

Ny
=12
i=1

SO(2Ny) 1 N ali
X =oxwt ([Ta M)+ [Ja -0
_z:l =1 ]
soeny,) 1 -1 [ all ]
fl _ 2 ) _ .
Xc —§XN? H(1+Mz) H(l Mz) . (A‘24)

We list below the resulting Seiberg-Witten curves for the Sp(1) theory with Ny <5
flavors which are written in terms of SO(2Ny) x U(1); characters. It is worth noting that all
the Seiberg-Witten curves below agree with those given as the Weierstrass form expressed
in terms of manifest Ey, 1 characters given in [21, 25, 31]. Therefore the Seiberg-Witten
curves below shows that manifest SO(2Ny) x U(1) symmetry is in fact enhanced to En, 41
Symmetry.

— 36 —



Ny =5 SW curve.

+q! xé (W +w™?) + U (w* +w™?) (A.25)

5
- (1- qx?o(m)) (w+ w_l) -2(U+ qxfo(m))] t+ H(w — M;)(w™! = M;) =0,

i=1
where ¢ = qn,=5 is the instanton factor for the Sp(1) theory with Ny =5 flavors.

Ny =4 SW curve.

24 q! X% (w? +w™?) + U(w® + w™?) (A.26)

4
(1= ax®®) (w+wt) —2(U + qx§o(8))] t+ [ J(w—Mi)(w™" = M) =0,
1=1

where ¢ = qn,=4 is the instanton factor for the Sp(1) theory with Ny = 4 flavors.

Ny =3 SW curve.

24 q! X?% (w3 + w_S) + U(w2 + w_z) (A.27)

3
— (1 - qx§0(6)) (w + w_l) - 2(U + qXSSO(6))] t+ H(w - ]\42-)(10_1 — M;) =0,
=1

where ¢ = qn,=3 is the instanton factor for the Sp(1) theory with Ny = 3 flavors.

Ny =2 SW curve.

24 g g | (w® +w ) + Uw? +w?) (A.28)
2
— (1= (w+w™) —2(U + qXSSO(4))] t+ [[(w— M) (w™ = M) =0,
=1

where ¢ = qn,=2 is the instanton factor for the Sp(1) theory with Ny = 2 flavors.

Ny =1 SW curve.
t?2 4+ ¢! MI% (w3 + w_?’) + U(w2 + w_2) (A.29)
— (1= (w+w) = 2(U + x| t+ (w — My)(w™" = My) =0,

where ¢ = qn,=1 is the instanton factor for the Sp(1) theory with Ny =1 flavors and

S0(2) 3 S0(2)
Xc = M127 Xs = Ml

N

(A.30)
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Ny =0, E; SW curve. From (A.29), we take the limit
-2
L INg=1 —2
My — o0 & gny=1 — 0, while i —UE fixed. (A.31)
1

1

With the rescaling ¢ — mgt, one finds
t2 + qgll (W +w™ )+ U +w™?)—(1—qg)(w+w ) —2U[t+1=0, (A.32)
which agrees with the E; curve (2.14), as expected.

Ny =0, E; SW curve. From (A.29), we take the limit

M, —0 & qn;=1 — 0, while =1 _ 2~1 fixed. (A.33)
This then yields
2, —1[/ 3 -3 2 —2 ~1
t —i—qﬁl[(w +w )+ U(w +w ) - (w+w )—2(U+qgl)]t+1:0, (A.34)
which is the By curve (2.5).

Ey SW curve. For Ej theory, one needs to take a special limit on the El curve (A.34).
As discussed in section 4.3, it is the limit that takes the E; brane web given in figure 9
away from the O5-plane, while keeping the area associated with the Coulomb modulus. It
corresponds to taking ¢ and U on (A.34) very large while U3¢~ fixed

a5, — L3, Up, = LUg,, where L — oc. (A.35)

with the rescaling w +w™! — L (w + w_l). This yields
4+ (P +w )+ Uw? +w )+ 3w +w ') —2(1 - U)|t+1=0, (A.36)
or in terms of z = w + w™!, the Ey Seiberg-Witten curve is written as

2+ (2P +U2*-2)t+1=0. (A.37)

B 5-brane web diagrams and phase structure of FE,

In this appendix, we first see the consitency of the phase diagram of the E5 theory obtained
in section 4 with the phase diagram in [4] which has been obtained by using 5-brane web
diagrams of the E5 theory without an O5-plane. Appendix B.2 summarizes the detailed
structure of the 5-brane web diagrams of the Es theory with an O5-plane obtained by using
the Seiberg-Witten curves in section 4.1.

B.1 Phase diagram for the 5-brane web without an O5-plane of the E, theory

In section 4, we have discussed the phase diagram of the Fs theory through the 5-brane
web diagram with an O5-plane. The FEs theory can be also described by a 5-brane web
without an O5-plane, which we can regard as a 5-brane web for an SU(2) gauge theory with
one flavor rather than the Sp(1) gauge theory with one flavor. Therefore it is instructive
to see the relation of the phase diagram obtained from the 5-brane web with an O5-plane
and the phase diagram obtained from the 5-brane web diagram without an O5-plane.
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mo

(a) Phase diagram

/

(b) Region A (c¢) Region B (d) Region C (e) Region D (f) Region E

Figure 19. The phase diagram and the corresponding 5-brane web diagrams of the Fs theory
when we use a 5-brane web without an O5-plane.

We have seen in section 4.4 that some regions for the E5 theory are characterized by
the same effective coupling. When we write down the corresponding 5-brane web diagram
without an Ob5-plane, those regions with the same effective coupling should give rise to
the same 5-brane web diagram. Whenever the effective coupling changes, the transition
is accompanied by a flop transition in terms of the 5-brane web without an O5-plane.
Therefore, we rename the regions so that the regions with the same effective coupling
becomes the same region. Therefore. we denote the Region 2, 3 by Region A, the Region
1, 4, 6 by Region B, Region 5, 9, 10 by Region C, the Region 7 by Region D and the Region
8 by Region E. Then the phase diagram for the 5-brane web for the SU(2) gauge theory
with one flavor is given in figure 19 (a). Note that some resgions are combined together
compared to the phase diagram in figure 11.

Furthermore, we know that the Region 2 and the Region 3 flows to the F; theory when
Im1| — oo and the Region 7 and 8 become the two phases of the E theory when |m;| — .
Therefore, in terms of the 5-brane web without an O5-plane, the 5-brane diagram in those
regions should be consistent with the decoupling behavior. These features turns out to
uniquely determine the 5-brane web diagram without an Ob5-plane in each region of the
Region A, B, C, D, E. The results are summarized in figure 19 (b)—(f) [1, 7].
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Figure 20. A parameterization of a 5-brane web diagram of the Fy theory.

In fact the phase diagram in figure 19 (a) is completely consistent with the phase
diagram obtained in [4] where the same phase diagram is obtained both from the field
theory and from geometry of the corrsponding Calabi-Yau threefold which is given by a
local Calabi-Yau threefold with a compact surface of blowing up two points in P2.

Due to the relation between a toric variety and a 5-brane web diagram in [33], we can
understand the phase structure of the SU(2) gauge theory with one flavor from the 5-brane
web diagram without an O5-plane realizing the SU(2) gauge theory with one flavor. For
example, we can start from the 5-brane web diagram in figure 19 (c). The we parameterize
the web as in figure 20. While aq, as, ag are lengths of the corresponding 5-branes (or the
volumes of the two-cycles in the dual Calabi-Yau threefold), from the 5-brane web diagram,
we can read off the gauge theory parameters. The parameter v and m; in figure 20 are the
Coulomb branch modulus and the mass parameter for the one flavor respectively. While
the inverse of the gauge coupling squared represented by myg is given by mg = %(Al + Ag).
Then the lengths of the 5-branes can be written by the gauge theory parameters as

a1 = —u—mq, a2:§(2m0—2u—m1), a3 = —u + myq. (B.1)

Since the lengths of the 5-branes should be positive, the phase describing the diagram
in figure 20 should satisfy
a1 >0, ax>0, asz>0. (B.?)

The flop transition with repsect to a two-cycle with the size as yields the diagram in
figure 19 (b). Then the parameter region after the flop transition becomes

ar+as >0, ag+a3>0, —az>0. (B.3)

On the other hand, it is also possible to consider other two flops from the 5-brane web in
figure 20. We can perform a flop transition with respect to a two-cycle with the size as,
yeilding the 5-brane web in figure 19 (d) or a flop transition with respect to a two-cycle
with the size aj, yielding the 5-brane web in figure 19 (e) . Then the parameters region in
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Region A Region B Region C Region D Region E

Teff | 2mo +m1 —8u | 2mg — Tu | 3mo — "5~ — 8u | 2mg — my — 8u 3m0—3%—9u

Table 9. The effective coupling for the Fy theory realized by the 5-brane web diagrams in figure 19

(b)~(f).

each case becomes
ar >0, —as >0, as+a3>0 (B.4)
for the 5-brane web in figure 19 (d) and

—a1 >0, a»>0, a;+a3>0 (B.5)

for the 5-brane web in figure 19 (e). From the 5-brane web in figure 19 (d), we can further
perform a flop transition with respect to a two-cycle with the size a; and it gives the
5-brane web in figure 19 (f). The parameter region in this case is

—a1 >0, —as >0, aj—+as+az>0. (B.G)

When we rewrite the regions in all the phases (B.2)—(B.6) by using the gauge theory
parameters in (B.1), the five regions are described by

Region A: my <0, my < u <0, mg > —%ml + 2u,

Region B : u < 0, u < my < —u, moy > %ml + u,

Region C': u < 0, u<mi < —u, —%m1+2u<mo<%m1+u,

Region D: m; >0, —mi <u<0, mo > %ml + u,

Region E: my >0, —mi <u<0, %ml +3u <mg< %ml + u. (B.7)

Then the phase diagram by using (B.7) exactly reproduces the phase diagram in figure 19.
Therefore, our analysis of the Fs theory from the 5-brane with an O5-plane is completely
consistent with the analysis of the phase structure of the Fy theory in [4].

By using the parameterization (B.1) as well as the relation of the flop transitions,
it is also possible to obtain the effective coupling for the 5-brane web diagram in fig-
ure 19 (b)—(f). The result is summarized in table 9. Again, the result completely repro-
duces the effective coupling calculated from the 5-brane web diagrams with an O5-plane
in table 7 and 8.

B.2 Detailed structure of the 5-brane web with an O5-plane of the E3 theory

In section 4.1, we described the qualitative structure of the 5-brane diagram with an O5-
plane. We here summarize more detailed structure of the 5-brane web diagrams by indicat-

)
of their boundaries. The results are depicted in figure 21-figure 36.

ing the largest A,(:Z s in the (z4, z6)-space for Region 1-16 in (4.3) as well as the locations
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