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1 Introduction and summary

1.1 Introduction

Supersymmetric (SUSY) models are well-motivated as a physics beyond the standard
model, since it provides a successful gauge coupling unification, dark matter candidate,
a great reduction of the hierarchy problem etc. In supergravity, however, there is a cosmo-
logical problem associated with the gravitino, the superpartner of the graviton, called the
gravitino problem [1-4]. If the gravitino is not the lightest SUSY particle (LSP), it can
decay into lighter SUSY particles. The lifetime of the gravitino is given by [5]
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where Mp is the reduced Planck scale and mg /2 denotes the present gravitino mass.! Here
we have assumed that the gravitino decays into only gaugino plus gauge boson pairs. If
other decay modes are open, the lifetime becomes slightly shorter. Therefore, if the grav-
itino is much lighter than 100 TeV, it decays after the beginning of big-bang nucleosynthesis
(BBN) and may affect light element abundances [5-10]. If it is heavier, the decay itself
does not affect BBN but LSPs produced by the gravitino decay can be overabundant com-
pared with the observed dark matter abundance. If the gravitino is LSP and R-parity is
conserved, the gravitino itself contributes to the dark matter abundance. In any case, there
is a strict upper bound on the gravitino abundance.

There are several processes that produce gravitinos in the early universe. One of
the unavoidable production mechanisms is thermal production: in the high-temperature
universe, scatterings of high-energy particles produce gravitinos [11-13].> The abundance
of thermally produced gravitinos is proportional to the reheating temperature after inflation
TR, and hence we obtain an upper bound on TR to avoid the gravitino problem.

Gravitinos can also be produced nonthermally. Nonthermal gravitino production by
the direct decay of inflaton was extensively studied in a series of works [16-24]. It was

Throughout this paper, we distinguish the “present gravitino mass” mg/2 and “gravitino mass” ms/s,
since the notion of gravitino and its mass is time-dependent in a cosmological evolution. The former
corresponds to the gravitino mass in the present universe and it is just a constant while the latter is
time-dependent.

*Ref. [14] discussed the gravitino production by the scatterings of energetic inflaton decay products
during the process of thermalization [15] and found that it is subdominant compared with the standard
thermal production.



found that the inflaton generally decays into the gravitino pair with the partial decay
rate [18, 19, 21, 22]
L (48
L'(¢ = ¢y) ~ 64n <J\4P1> Mif%l’ (1.2)

where mg is the inflaton mass and (¢) is the vacuum expectation value (VEV) of the
inflaton. It gives a stringent constraint on inflation models, although there are some loop-
holes [25, 26]. This expression for the decay rate is valid for small-field inflation models
such as new inflation or hybrid inflation.3

On the other hand, large field inflation models [27] attract lots of attentions in view
of recent developments on successful inflation model building in the framework of super-
gravity [28-36]. It is interesting because it can be tested with on-going/future B-mode
polarization experiments. In large field inflation models with a Zs symmetry in which
the inflaton field oscillates around the origin ¢ = 0 after inflation, we cannot use the ex-
pression (1.2) as a gravitino production rate. This is simply because the calculations in
refs. [21-24] assumed the perturbative decay of inflaton around its VEV. In inflation models
with the Zo symmetry, however, there is no such decay process due to the Z, symmetry.*

This does not mean that the inflaton cannot decay into gravitinos as well as other light
particles. The inflaton coherent oscillation affects the masses or kinetic terms of coupled
particles. The coupled particles, including gravitinos, “feel” the rapid inflaton oscillation
and it affects the evolution of their wave functions. It is known that this leads to particle
production, often in the context of preheating [37-41]. Therefore, even if the inflaton has
the Zy symmetry, its coherent oscillation necessarily transfers its energy to the coupled
particles. The question we would like to address is: what amount of gravitinos is produced
during the preheating?

Production of gravitinos during the preheating was first discussed in refs. [42, 43] in
a single-superfield case, in which only one inflaton chiral superfield was introduced. There
it was found that in the preheating stage, longitudinal gravitinos are efficiently produced.
Later it was recognized that the theory of gravitino preheating is much more involved
due to the subtlety of the notion of “gravitino” [44-46]. The gravitino becomes massive
by “absorbing” the goldstino, but the definition of goldstino is time-dependent in a cos-
mological background. In the early universe, the inflaton oscillation energy dominantly
breaks SUSY and hence the goldstino is almost the inflatino, the fermionic superpartner
of the inflaton. At late time, the Polonyi field®> dominantly breaks SUSY and its fermionic
component, Polonyino, becomes the goldstino. Thus the composition of goldstino changes
with time. Refs. [45, 46] noticed that it is essential to include (at least) two chiral super-
fields, inflaton and Polonyi, to correctly deal with this problem and concluded that what

3Chaotic inflation without a Zs symmetry also leads to a similar expression.

4 Another assumption there was that the SUSY is dominantly broken by the Polonyi field at the end of
reheating so that the definition of “gravitino” at that epoch is the same as the present-day gravitino. This
assumption is valid as long as we are interested in the gravitino production at the end of reheating. In large
field inflation models, however, the gravitino production is often dominated at the epoch just after inflation
(preheating) and hence this assumption is not justified, as we will see later.

®In this paper we call the present-day SUSY breaking field as Polonyi field.



the preheating efficiently produces eventually becomes the inflatino, which is less harmful
than the gravitino.

Still, however, a quantitative/comprehensive analysis of the nonthermal gravitino pro-
duction rate in such a case is missing. Although refs. [45, 46] revealed that the gravitino
production is suppressed than previously thought, it is highly non-trivial how we can ex-
trapolate their numerical results into more realistic setups and parameters both in the
inflaton and SUSY breaking sector. Thus we would like to provide general analytic formu-
lae for the nonthermal gravitino abundance that are applicable to any realistic models.

1.2 Brief summary

In this paper, we revisit the theory of nonthermal gravitino production in a comprehensive
and unified manner. Our purposes and results are summarized below.

e We derive nonthermal gravitino production rates and their resulting abundances
quantitatively with useful formulae. We find that in single-superfield inflation models,
the production of transverse gravitino is significant and cosmologically problematic,
while the production of longitudinal gravitino is less important. This aspect of the
nonthermal gravitino production has been overlooked in previous literatures except
for a few [47].

e Recent realistic large field inflation models introduce an additional chiral superfield,
called a stabilizer [28-36]. We find that in models with the stabilizer field, the
production of transverse gravitino is significantly suppressed and it is cosmologically
harmless. For the longitudinal component, the production rate is similar to the
single-superfield case.

e We show the equivalence between the background field method developed in
refs. [44-46] and the perturbative decay method developed in refs. [21-24] for evalu-
ating the gravitino abundance in some sense. The former can deal with a broad class
of models including Z,-symmetric large field models, while in models without the Zo
symmetry, it gives the same result as the perturbative decay method.

This paper is organized as follows. In section 2, we review the structure of the grav-
itino Lagrangian to set the stage of discussion in the subsequent sections. We formulate a
general setup to discuss multi-superfield case. Gravitino production in the single-superfield
inflation models and in the multi-superfield inflation models are studied in section 3 and
section 4, respectively. The analyses include both the transverse and longitudinal compo-
nents of gravitino. Our conclusion is in section 5, and the gravitino abundance is summa-
rized in figure 3. Appendix A summarizes our notations and conventions. The background
field method to evaluate the fermion production rate, often used in the preheating context,
is reviewed in appendix B. We also briefly cover the gravitino production in small-field
inflation models in appendix C in order to show the equivalence between our method and
the perturbative decay method. In appendix D, we review the multi-field scalar dynamics
to discuss the induced oscillation of the Polonyi field in the main text. Calculations of
mass eigenvalues are given in appendix E, which are used in sections 3.3 and 4.3.



2 Gravitino Lagrangian

2.1 Master supergravity Lagrangian

We start from the following supergravity Lagrangian:
M3 -
'L = =R - g;j0u0' 0" —V
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where e is the determinant of the vierbein e, Mp; is the reduced Planck mass, R is the
Ricci scalar, ¢' and ¢*; are scalar fields and their complex conjugates, x% and X%{ are
left-handed matter fermions and their conjugate right-handed fermions, and g;; = 9;,0; K
is the Kihler metric with d; being the derivative with respect to ¢’. The scalar potential
V' is given in terms of the Kéhler potential K and the superpotential W as

(2.2)
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where D;W = ;W + (9;K) W/M3,, and g% is the inverse Kéhler metric. The hats denote
the quantities in the curved space-time. The field strength of the gravitino 1, in its kinetic
term is given by

R = 3% D i, (2.3)
Dt = (04 g s = i ) = Tt (2.4

where .
Ay = 4]\"4& (0K 0,0" — 050,67 ) . (25)

7

is the “remnant” of the gauge field of the R-symmetry in the underlying superconformal
formulation, and ~, is the Dirac gamma matrix in the flat space. Note that practically the
Christoffel symbol does not contribute due to the anti-symmetry of 5#7?. The gravitino

mass mg/; and the other fermion mass matrix m;; are respectively defined as

w
m3/2 = eK/2M1%1—2, (26)
Pl
my; = /203 (g, 4 SN gy kM pk gy (2.7)
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where Ffj = gkl_aigﬂ is the Christoffel symbol in the Kéhler manifold. The goldstino v is
defined as
2 . .
vy, = KPR DW L + 9500 k- (2.8)



The last term in eq. (2.1), L4y, denotes the four-fermion interactions originating from the
torsion, which we will neglect from now. We consider only gauge singlet components in this
paper. For more details on the notation and conventions used in this paper, see appendix A.
The master Lagrangian (2.1) contains the gauge redundancy as well as unphysical
degrees of freedom. From now, we fix the fermionic gauge redundancy by taking the

unitary gauge
v =0, (2.9)

and integrate out the unphysical degrees of freedom to obtain the physical Lagrangian.
In order to do so, we should first find constraint equations, and solve them to express
the unphysical degrees of freedom in terms of the physical degrees of freedom, i.e., the
transverse and longitudinal modes of the gravitino. Below we give the outline of this
procedure. For more details, see ref. [44]. In the following, we assume that the scalar fields
are real for simplicity, and hence m} o = M3/2 and A, = 0.

Constraint equations. In the unitary gauge, the equations of motion for the gravitino
are given by

\/§ . = = .
B — pH _ Au _ [+ *j J i —
$H=R: -7 <m3/2¢u a7 (X007 + a0 | =0 (2.10)

From these equations, we can verify that the following equations do not contain the time
derivatives with respect to the gravitino, and hence are constraints:

= D>t 4 B2 s
0= D>+ —=5,%", (2.11)

0=x0 (2.12)

The first constraint (2.11) can be solved to give 1y in terms of 1;, X} and X{é. Practically,
however, we do not need to know the explicit solution for 9. This is because the La-
grangian (2.1) without L4y depends only linearly on 1o, and hence 9y contributes to the
Lagrangian with a combination of 10X°. Thus, it automatically drops from the Lagrangian
once we impose the second constraint (2.12). For this reason, we concentrate only on the
second constraint (2.12), which relates k- 1/7 and 7 - 1/7

So far we took the background metric to be generic. From now on, we take it to be
the Friedmann-Lemaitre-Robertson-Walker (FLRW) one,

ds? = —dt* 4 a?(t)di? = a*(n)(—dn? + dz?), (2.13)

with a being the scale factor, since we are interested in the gravitino production in the
cosmological background. We also decompose the gravitino as

t " " ; R R
1/}——1/1 +<27_2]{72k <k7>>'¢ +(2]€2k_2k2’}/<k-’y>)k)-d}, (2.14)

where the longitudinal mode is ¢ = ¥ 1; and the transverse mode satisfies ¥ -ﬁt =k -1/7 =0,
respectively. Here we have moved to the momentum space. Then, we can solve the second



constraint (2.12) to obtain k- 1/7 in terms of ¥ as

—

iE-w: (i?-g—a(m3/2+70H)) Yt (2.15)

where H = a/a is the Hubble parameter.® This relation ensures that ° is actually “longi-
tudinal”. By substituting it to the original Lagrangian and sorting things out, we obtain
the Lagrangian for the physical gravitino Jt and ¢, Tts explicit form will be shown in the
next subsection.

2.2 Lagrangian of physical gravitino

The gravitino Lagrangian in terms of the physical degrees of freedom is given by
-1 _ -1 -1 -1
e Lyp=c¢ Li+e Lit+e L, (2.16)

where the first two terms correspond to the kinetic and mass terms of the transverse and
longitudinal gravitino, respectively:”

_ 1 —, -, HT - 1 - =
e 1£t:_ﬁ¢tm¢t+ﬁ t70¢t_ﬁwtm3/2wt7 (2.17)
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The last term represents the mixing between the longitudinal gravitino and chiral fermions:

V2
a’Mp

-1
e Lmix =

¥iyg; [(aoqbi)xfz + (0™ )Xi] : (2.19)
Note that the transverse mode does not mix with chiral fermions. Here we have defined

0
AEPSB VT Pw

) 2.20
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psB = Y _|6il*> + Ve, Ve =V +3m3,,Mpy = > |Fif, (2.21)
pse = > _16il> = Vep,  pw = 2z Mpy = = (¢ Fi + iF}), (2:22)

where the SUSY breaking F-term is defined as Fi = —ef/ QMFZ’IQZE D;W*, for the minimal

Kihler potential.® The Ais an important combination whose phase rotation gives rise to

SIn this paper, the dot denotes the derivative with respect to time ¢ while 8y represents the derivative
with respect to conformal time 7.

"Here we keep terms which are exactly zero due to the Majorana property (e.g., Py = 0), in order for
the combinations which appear in the equations of motion to be manifest.

8In this paper the “minimal” Kéhler potential means K,;; ~ 6;5. Adding a holomorphic function in K
does not change the results. Note that the minimal shift-symmetric Kéhler potential (K = —(¢ — ¢7)?/2)
also satisfies K,; = 6,5. Also we will introduce a higher order Kéhler potential like K ~ |z|*/A? for a
Polonyi field z, but it does not affect the discussion as long as the field value of z is small enough.



gravitino production as we will see below. The Vgp, psg and pgp can be interpreted as
the potential energy, energy density and pressure of the matter components which break
SUSY while py measures the time variation of the gravitino mass, which can also be
expressed like the “geometric average” of the SUSY breaking kinetic and potential energies.
Here and in what follows, we assume the reality of dynamical scalar fields for simplicity
(and accordingly, the difference between the subscript and superscript of the field index
disappears). Actually, if the parameters in the Ké&hler and superpotentials are all real and
the initial condition of the fields is taken to be real, the subsequent dynamics does not
affect the reality of scalar fields. The Friedmann equation reads

SHM = p= Y [l + V. 223

Here p is the energy density of the system. Note that pgp is the energy density associated
with SUSY breaking, which differs from p. It also means that

B(H” + m,) MB, = psp. (2.24)

Now let us rewrite these Lagrangians in terms of the canonical field for later conve-
nience. The Lagrangian of the transverse mode in terms of the canonical field ¢! = \/a)!
is given by

1= R -
Ly = —§¢£ [7080 +1i7 -k +ams)p YL (2.25)

Note that the mass of the order of the Hubble scale disappears reflecting the conformal
invariance. Thus it does not “feel” the Hubble expansion, meaning that the oscillation/non-
adiabatic change of the Hubble parameter does not lead to the production of transverse
gravitino. On the other hand, the gravitino mass mg/y oscillates rapidly in the inflaton
oscillation epoch, which inevitably leads to significant gravitino production.

As for the longitudinal mode, let us rewrite the Lagrangian by using the canonical field

3/2

= —\/%i <ﬁ- E) W, (2.26)
as
Ly = —%1/75 [7080 —i (ﬁ- E) A amw] WL, (2.27)
and
2y o o
Lonis = ol (7-F) 205 [ 06D + 09"
2

- m@i (7 %) 197 [6x% + 6L (228)

In the second equality, chiral fermions in the original supergravity Lagrangian y’ are
rescaled as ' = %2y’ and the prime is dropped in the following discussion so that

“Note that P = (@ + %aH’yO)i/J and 7%y = 0 for a Majorana fermion 1.



their kinetic terms become L = —g,; (Yi@xi + ﬂ%@xi{) /2 without explicit dependence on
the scale factor a. In eq. (2.27), we have defined the generalized gravitino mass term,

__ 3Hpw +m3/(pss + 3psB)
/2 = 2psB

: (2.29)

which is of the order of 3,9 ~ O(H)+O(m3/). In the Lagrangian, the coefficient A as well
as the gravitino mass mg/y oscillates rapidly. The whole structure is slightly complicated,
especially in the multi-superfield case. However, in almost all the situations of our interest,
the SUSY breaking is dominated by one field and the problem effectively reduces to the
single-superfield case, in which the analysis is significantly simplified.

2.3 The case of only one chiral superfield

In order to illustrate the structure of the theory, first let us focus on the single-superfield
case. In this case, we have a relation

2 2
AP = B TP _ (2.30)
PSB

Therefore we can take —A = ¢27°% with 6 being a real parameter. Then by defining
Yl = e*'yogwg (and dropping the prime thereafter) the Lagrangian is simplified as

1—; > Y
EZ = —§w£ [7060 + Z’_}; -k — 8()9 + am3/2 wg (231)

The remaining task is to calculate 9y = .10 By using the condition (2.30), we obtain

j _ LpsBDsB — PsBPsB

2.32
2 PWPSB (2.32)
From the energy conservation conditions etc., we obtain'!
.V 3mgpldl® 6H|GPVE
h—_V _ 3/2|¢’ . |¢’ SB' (2‘33)
pw PSB PwpsB
Substituting the explicit expression of 6, we obtain
1— R aV  3aH 3
Lo= =98 Y000+ F+ — + Y g, <2+pSB>] L. (2.34)
2 bw PSB PSB

Below we estimate behavior of the mass term in typical one-field dominated cases.

19T the single-superfield case, there is no mixing term Lmix because there is only one chiral fermion
X except for the gravitino, and it must be proportional to the goldstino v that vanishes (v = 0) in the
unitary gauge.

HUseful equations are: p = —6H|¢5\27 psB = p+ 3mgz/opw, PsB = P — 2V — 3ms/opw .



2.3.1 Inflaton-dominated SUSY breaking

Let us consider the case where the inflaton ¢ dominates the SUSY breaking. As we will
see later, if the energy density of the universe is dominated by the inflaton oscillation,
and H > mg /20 the SUSY is dominantly broken by the inflaton superfield. The Kahler
potential and superpotential are assumed to be

K = o], (2.35)
W= %m¢¢2. (2.36)

Up to correction with O(¢?/M3), we obtain

Vi =2 mg(mg + 5mg ) o, (2.37)
pw = 2(mg + 2m3)2) 09, (2.38)
where mg/y ~ me@®/(2M3,). Note that we have assumed the reality of ¢-dynamics to
derive those expressions. Substituting these equations into £;, we obtain'?
1— L 3aH 3
Lo=—=t (120 +i7 - k + amg + Pw +ams o (5 + psg)] wf. (2.39)
2 PSB PSB

It obtains a mass of the order of the inflatino mass, as expected.'® Note that in the inflaton-
dominated SUSY breaking case, we roughly have psp ~ |psg| ~ |[pw|. Especially psp and
pw are violently oscillating functions with frequency of twice the inflaton oscillation, and
mg /o itself is also an oscillating function. Thus, both terms proportional to H and mg3/;
contribute to the production of longitudinal gravitino.

For the superpotential with a higher power,

1
W= "Ag", (2.40)

with n > 2, we obtain

_ n+3 ¢
Vi = (n—1)\2¢* 3 <1 + ) : (2.41)
n Mlgl
1 n+2 ¢?
pw ~ 200" Lo (1 + ) , (2.42)
2n Mgl

up to corrections with O(¢?/M2). The Lagrangian of the longitudinal gravitino becomes

nn+3 3
+am3/2( ( 5 )+ pislfﬂ ¢£7
(2.43)

where mg/, ~ A¢™/(nMg)). Note that n = 2 reproduces the above result (2.39). In this
case with general n, the longitudinal gravitino obtains a mass of ~ A\¢" 2, which is rapidly

3CLHpW
PSB

17 -
Lo = =508 |1 "0 +i7 - K+ a(n— 126" +

2Note that V = V¢¢ + V= P 2V¢<;'3 for real ¢. Here Vy should be regarded as 95V (6, ¢™).
13This expression is consistent with eq. (9.15) of [44].



oscillating. Other terms proportional to H and mg/y are suppressed by ¢ /Mp; and ¢? /MP2>17
respectively. Therefore, the mass term of ~ A¢" 2 contributes to the gravitino production
dominantly and it is much more efficient than the case of n = 2.

When we start from the minimal shift-symmetric Kahler potential, K > —(¢ — ¢)2/2,
the qualitative discussion is maintained. The only differences in the final expressions of
the Lagrangian are that 5 and n(n 4 3)/2 in the last parenthesis in egs. (2.39) and (2.43)
respectively are both replaced with —1.

2.3.2 Polonyi-dominated SUSY breaking

Now let us consider the case that the Polonyi field z dominates the SUSY breaking as in
the present universe. In a cosmological setup, this approximation is valid at H <« mg /2°
The Kahler potential and superpotential are assumed to be

> 2!
K = |z|* - e (2.44)
W = u?z + Wy (2.45)

In the present paper, we always implicitly assume a dynamical SUSY breaking sce-
nario [48-52] in which the Polonyi field z obtains a large SUSY breaking mass, represented
by the nonminimal Kéhler potential.!* In this model we obtain

V, ~m?z — 2\/§(mg/2)2MP1 = m26z, (2.46)
pw = 2072 = 2/3mf 2aMpi, (2.47)
where the mass of the Polonyi field is given by m?2 = 12(m3/2Mp1/A) (> (mg/2)2) and its

VEV is (z) ~ 2\/§Mpl(mg/2/mz)2 and 0z = z — (z) with 7713/2 ~ 1% /\/3Mp) ~ Wy /ME,.
Substituting these equations into L, we obtain a simple expression:

1—
Ly = —§¢£

2
0 7 0 Vi
Oy +1v -k + —-m o 2.48
T a( 3/2 fm3/2Mp1 )] ¥ ( )

Here we keep relevant terms in the limit 0z — 0, in which we have psp/psp ~ —1,
lpw| < psB, etc. One can see that Y’ obtains a mass of mg /o 88 expected. The last
term is responsible for the Polonyi decay into the longitudinal gravitino pair and it is clear
that there is an enhancement of ~ (3m./m} /2)2 for the Polonyi decay rate into the longi-
tudinal mode compared with that into the transverse mode. We have omitted the Hubble
mass term since it is suppressed by the ratio py/psp. This is because, in the limit 6z — 0,
the F' term of z does not contribute to the Hubble expansion owing to the requirement
that the cosmological constant in the present vacuum is (almost) zero.

1 Otherwise, the cosmological Polonyi problem is much more serious than the gravitino overproduction
problem [53-55]. Also we assume that dynamical SUSY breaking already occurred during inflation for sim-
plicity.
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2.4 The case of several chiral superfields
2.4.1 General argument

Let us consider the multi-field case ¢; (i = 1,...N). We want to express all N chiral
fermions y; in terms of the goldstino v and those orthogonal to it. In this setup, the
goldstino is given by'®

PSB _
v, = A s v = Zz: ;L (2.49)
where 1
Vi, = —— [_Fi*Xz‘L + @’YOXiR] = cos; xiz + sin0;7 xir, (2.50)
PSB
and
php = |oil* + [ Fif*. (2.51)

Note that Y, a? = 1. These are left-handed spinors as indicated by the subscript L. The
right-handed counterparts are similarly given by
1 . .
ViR = \/j [*FixiR + ¢; 'YOXiL} = cos; xir + sin; 1 xir, (2.52)
PSB

where we have assumed scalar fields are real. It is convenient to define the Majorana spinor
Xi = XiL + XiR, V = V[, + VR, etc. Then we have

v = Z a(cos 0; + sin b; 'yo)xi = Z ozieﬁoei Xi- (2.53)
i i
Similarly there are N — 1 fermions v! (I = 1,...N — 1) orthogonal to the goldstino.
Defining an N-component vector v; = (v,v]) (i =1,...,N), it can be expressed as
0g. _~0p.
vi=(0") ¢ %x; & xi=e 050, (2.54)

where O is an N x N orthogonal matrix and O7 is its transpose, whose first row is deter-
mined by eq. (2.53) as
Q1y.ve, QN
oT = ( o ) : (2.55)
with O7 being an (N — 1) x N matrix that satisfies 070 = 1(n—1)x(n—1) from the orthog-
onality and normalization conditions of vi. Also, this matrix fulfills 0 = o;O; .

Using these elements defined above, we can express all terms in the Lagrangian includ-
ing fermions with vi in the unitary gauge v = 0. The fermion mass term becomes

a_ a— [ ~7 0p. _0g <
L f mass = — 5 XimijX; = —§’Ui (Oﬁe” Yimje™ HJOjJ) vi. (2.56)

15Hereafter, the goldstino v is canonically normalized. Namely, the v in section 2.1 is multiplied by

a3/2/ ,7PSB~
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The fermion kinetic term becomes

»Cf,kin = _%UL [ 080(5[‘]4-01167 i (’y k:) e 7 910 J—I-OIZ (309 )OiJ-l-é};- (’}/0806@'])} v

(2.57)
The gradient term seems curious. However, by taking into account the mixing of ¢£ and
vi, it can be diagonalized. In particular, the off-diagonal gradient term of 1/1£ and v| comes
from Lpix. The longitudinal gravitino-fermion mixing term (2.28) is rewritten in a simple
form as

Lomix 21/1C ( —,) A0 [Z o; sin 0; Xi] = 21/1751' ('7 /_5) i sin 6; e*'yogiéuvi. (2.58)

The quantity A (2.20) is also expressed as

A=— Z [cos(26;) + 7" sin(26;)] Z e2?’ bin2. (2.59)

i

It is easily checked that \;1\|2 = 1 in the single-field case. Combined with the gravitino
kinetic term (2.27) and Lyix, we obtain a matrix form of the gradient term:

1 /— o\ [
= —— 0 5 5 . c
Lo =~ (W o1) (17 F) A <l> (2.60)
where o
A= (5}';@1 e~ 2" 6%6_27091'6“ ' (2.61)

Here and hereafter we suppress the indices of v; for brevity. This can be written as
A =07 diag (6*27091') 0. (2.62)

It is easily seen that |./1|2 = 1 and hence A can be regarded as a generalization of fil\ in the
single-field case. This leads us to define an N x N matrix 6 such that A = e=2"%. Then
we have

10 — o diag (ejmoe‘) 0. (2.63)

Therefore we can diagonalize the gradient term by using the rescaled field

/ o~ L
(fi > = % (ji) . (2.64)

Using this basis, the kinetic term of @Z)f;/ and v/ is completely diagonal. On the other hand,
this transformation yields the mass mixing between them. After all, we finally obtain
the Lagrangian of the gravitino-fermion system written only by the physical degrees of

freedom as
1

£=—5 ( 7 q) (7030 T R+ aM) (f) , (2.65)

1
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where

_0F 0 m3 /o 0

— 70 0~ ~ . X~ ~
M=e [7 8t+< 0 OF (mf+9@-+7°OOT) O)
with

T/r\Lf = 6709imij6_709j. (2.67)

For later convenience, we can also estimate 6; as

R T A W 05V 3mynd?  3HHF,
0 <_¢ ‘bp.SB): oV 3msya¢ 4 3H¢ , (2.68)

= — 4
E; ' 2pgp F; PsB Psp

which is of the order of ~ O(mg,) + O(ms/2) + O(H). It is also conveniently expressed as

. 0,V »
0; = (}Z — Mgy — My, (2.69)
where we have decomposed
. i ey 3Hply, + mg2(phs + 3pks)
m3/2 = Za?mgp, mé/Q = 5 7 s (270)
- PsB
where
pis = |6i* = [FI?, vy = (67 Fi + i), (2.71)

Note that (pip)? = (phg)? + [Pl |?. This is a generalization of the single-field case (2.33).

Note that there are off-diagonal antisymmetric mass terms proportional to °. This
part can be removed with a transformation by an orthogonal matrix as described in sec-
tion 3.2 of ref. [46], and hence does not contribute to the mass eigenvalues.

2.4.2 Two-field example

Now let us consider the two-field case, which is used in section 3. In this case, after
removing the goldstino v in the unitary gauge, there remains only one fermion v, other
than the gravitino. The orthogonal matrix O and O are easily found to be

0= (0‘1 _0‘2> ., O= <_0‘2) . (2.72)
Qs o1 aq

The goldstino and the fermionic degree of freedom orthogonal to the goldstino v are,

0g
v ar oz (et 0 X1
_ , 2.73
<u> (—ozz a1> ( 0 67092) <X2> ( )

which is inversely solved as
0 0 0
X1 are™ 0 —age™ 0 v —ape™ 0y
= —~0¢. —~0p - _~00. . (274)
X2 Q€ T2 a1€ T2 vV 1€ v 2’UJ_
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In the last equality, we have taken the unitary gauge v = 0. First, the fermion mass
term becomes

1 1
L mass = —§>_<iaminj = —gULramsuy, (2.75)
my = a%mn + a%mgg — 2a1a9miyg cos(61 — 69). (2.76)

We can substitute this expression into the fermion kinetic term:

1
L xin = —5 (x1dx1 + X20x2) (2.77)

1 . 1 . .
— _5 [ﬁ,yanvL +W (age?}’o@l + 04%627092) ’YlaiULi| _ iﬁa (a%el + 05%92) V.

The matrix of the gradient term is given by

_ % (W q> ; (7 . ;g) a (fj) 7 (2.78)

where A is a 2 x 2 matrix defined by

_ 0 _ 0 _ 0 _ 0
oz%e 2701 4 a%e 27702 —ajan (e 2 0 _ g2y 92)

_9~0 _ 9.0 _ 9,0 _ 9.0
— oo (e 29°01 _ ,~2v 02> a2e= 20 a2~

A= (2.79)

As noted earlier, the matrix A may be regarded as a generalization of A. We can express

Aas A= 6_270§ with gbeing a real symmetric matrix. Therefore we can diagonalize the
gradient term by redefining the fields as in eq. (2.64). Explicitly,

~ 04291 + 04292 —051(12(91 — 92)
0= ! 2 , 2.80
(—a1a2(91 — 92) 01391 + 04%92 ( )

and
0 0 0 0
a2V 4 a2e’ 2 —aqag (67 o _ev 92)

0g
Y
c 00 00 2,7%0 2,7%0

(2.81)

After the diagonalization of the gradient term, the full fermionic Lagrangian becomes

vl

1 /— - ¢
‘Cf = —5 (¢£l 'UJ_/) [7030 + ’L’? -k + CLM:| ( C,) y (282)
where M denotes the mass matrix given by

0 0 m 0 0g
_ 0 |09 3/2 . 70, 2.83
M=e [’7 3t+ ( 0 a§01+a%62+mf>] ¢ ( )

Clearly, in the single-field dominance limit a; > a9 or as > «q, the off-diagonal elements
are suppressed by the ratio ag/aq or ay/ag. Therefore the mixing between wf and v, is
also suppressed by this ratio, and in this limit we effectively recover the single field case
studied in section 2.3.
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An explicit expression for the mass matrix M = M + Ms is given by

M, = 6_70(5’)’0%6’\/05, (2.84)
(Mi)1 = —a%él — Oé%ég — 216 sin(fy — 603),
(M1)12 = aron (01 —02)+ (o o+ i ) sin(01 —0a) — (o cig — avacey ) (1 —cos(0; —02))~°,
(M1)21 = araz (01 —02) +(a1do+aody) sin(fy —02) +(a1de —azdq ) (1—cos(f1 —02))7°,
(M1)a2 = —a20; — 20y — 20960 sin (6 — 65),
and
Mo = e‘”ogdiag (T/fbg/g, mys + a36; + Oé%ég) 6705, (2.85)

Mo = (1—204%04% (1—005(01—92))) fﬁ3/2—|—2a%a% (1—cos(61—062)) (mf—{—a%él —|—a%0.2),

<

9)12 = Q102 ((a%—a%) (1—cos (01—92))—1—70 sin (61—02)) ((mf+a§91+a%92)—ﬁ3/2) ,

M) = ajoa ((a%—ag) (1—cos (91—92))—70 sin (91—02)) ((mera%él +a%92)—ﬁz3/2) ,

Ms)aa = 20303 (1—cos(; —63)) ﬁz3/2+(1—2a%a§ (1—cos(61—62))) (my+a36+alby).

(My)
(Ma)
(My)
(My)

As mentioned above, the terms proportional to 4% do not affect the mass eigenvalues.

3 Gravitino production in single-superfield inflation

Let us consider the two-field case, in which there are two chiral superfields: inflaton ¢ and
Polonyi z. Their fermionic components are denoted by ¢ and z, respectively. The Kéahler
and superpotential are assumed to be

2[*
A2

1
W = §m¢¢2 + M2Z + Wo. (3.2)

K =36~ ¢+ |2 - (31)

Although we have imposed an approximate shift symmetry ¢ — ¢ + ¢ with ¢ being a real
constant, almost all the following arguments do not depend on this specific choice of the
Kahler potential as long as K5 ~ 1. Without loss of generality, we can take all the coupling
constants real and positive. In the present vacuum, ¢ = 0 and (z) ~ 2\/§Mp1(mg/2/mz)2
where m? = 12(mg/2Mp1/A)2. Here mg/Q ~ 112 /V/3Mp) ~ Wy /M3, is the gravitino mass
in the present universe. We focus on the case with the Zs symmetry in which there is no
linear term in the Kahler potential and the inflaton oscillates around ¢ = 0. The case
without the Zs symmetry will be discussed in section 3.5.

One should note that this theory does not lead to successful chaotic inflation: the
simple power-law behavior of the inflaton potential V' ~ mi!d)\Q is ensured only at the sub-
Planckian field range |¢| < Mpy. Therefore we need to carefully choose the Kéahler and/or
superpotential to modify the potential at large field value for successful inflation [56-64].
However, we are interested in the behavior after inflation with sub-Planckian field value,
and hence such modifications on the potential at large field value do not significantly affect
the following discussion.
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3.1 Dynamics

First let us briefly summarize the scalar dynamics in the present model. The inflaton
dynamics is so simple that the inflaton ¢ just oscillates around the origin ¢ = 0 along the
axis of Re ¢ after inflation. The oscillation amplitude ¢amp decreases as Gamp < a3/? ~ ¢t
until it completely decays and the universe is reheated.

The z dynamics is slightly complicated. The oscillation of z is directly induced by the
inflaton dynamics through the potential term

622"

(bamp

(Kj—¢) 2" +hc. ~—3mg, H +hee (3.3)
Although this term is not regarded as a “mixing” between ¢ and z formally, it inevitably
induces a coherent oscillation in the z direction when ¢ has a finite oscillation amplitude.
In that sense, this may be viewed as an effective mixing term between ¢ and z, with the

mixing angle of'®
0
my /2H
5 for m, < myg,
Ops ~ {0 (3.4)
vz m9 . H '
3/2 ¢
m? or m; > mg.
As shown in appendix D, the induced amplitude of z can be estimated as z&iﬂﬁ) ~ 0 Pamp-

This nonzero amplitude of z may contribute to the longitudinal gravitino production as will
be shown later. Note that this “induced” oscillation of z always exists even for m, > Hjus.
It can be interpreted as a result of tilted axis of the oscillation on (¢, z) plane due to
the effective mixing term (3.3), hence it is just a small mixture of the z into dominantly
¢ oscillation.

On the other hand, if m, < Hj.¢, there is another oscillation mode which dominantly
consists of the z direction, which occurs at H ~ m,. This is roughly the oscillation along the
light mass eigenstate, which mostly consists of z. If m, > Hj,s, the adiabatic suppression
of the coherent oscillation works [65, 66] and the non-induced oscillation is safely neglected.
Therefore, taking account of the Hubble expansion, the oscillation amplitude is given by [26]

<Z> a(tosc) 5/2 _ Qﬁ(mgﬂ)QMPl a(tosc
a(t) ms a(t)
0 for m, > Hiy,

) 3/2
> for m, < Hiur,

(non—ind) ~,
Zamp ~

(3.5)

where a(tosc) denotes the scale factor at H = m,. The resultant oscillation amplitude is
the sum of the induced one and the non-induced one:

zamp ~ 2l + 2y . (3.6)

The effect of the non-induced one (3.5) on the gravitino production was considered in
refs. [26, 67] and we mainly focus on the effect of the induced one.

16 A5 is clear from eq. (3.3), the mixing term of eq. (3.4) vanishes for a quadratic superpotential W o $2
and the minimal Kéhler potential K = |¢|?.
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Hng/Z

Figure 1. Left: time dependence of mg, H and mg/, in single superfield inflation model. Right:
time evolution of mass eigenvalues of (1/*, v ) are shown by thick solid lines. The red (blue) segments
show that the main composition of the mass eigenstate is ¢ (v, ). Dashed and dot-dashed lines
show My and My, respectively.

3.2 Transverse component

First let us evaluate the transverse gravitino production rate. The Lagrangian is given
by eq. (2.25), and the rapid oscillation of the mass mg/, contributes to the gravitino
production. The oscillating part of the gravitino mass is given by mg/, ~ m¢¢2 / 2MP2)1. A
schematic picture of the time evolution of mg/, H and my is shown in the left panel of
figure 1. Hence, as shown in appendix B, we obtain the effective “annihilation” rate of the

inflaton as
R O LY

['(pp — Ppipt) ~ ~
(00 = ) = 1o 02, g, = Tom 13,

(3.7)

where C is a numerical constant of order unity. We take C = 1 as a reference [See eq. (B.29)].
Since mg 2 mg/p always holds after inflation, this process is kinematically accessible.!”
This production rate is comparable to the gravitational particle production rate of a mini-
mal scalar field [68, 69], although the gravitino is actually conformal in the massless limit.
Note that since the transverse mode does not have mixing with any other fermion, the
transverse mode produced in any epoch eventually becomes the present gravitino.

Since the amplitude ¢amp is rapidly decreasing with respect to the cosmic expansion,
the transverse gravitino production becomes less and less effective as time goes on. This
is shown by checking that the gravitino number density produced per Hubble time,

o T(¢¢ — ¥'Y)

) 3.8
. (3.8)

decreases faster than a=3, or I'(¢p¢ — ¥'9)!) decreases faster than H. Thus the dominant
contribution comes from those created within a few inflaton oscillation just after inflation.

17Gravitinos produced in this way become more and more relativistic as the gravitino mass mg /9 becomes
smaller due to the cosmic expansion. For most cases, it eventually becomes non-relativistic before it decays.
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The present gravitino abundance is estimated as

(t)
"2 (F(¢¢ — %tht)) 3T 9C HinTr
H=Hiyus

o H dmg 64w Mgl

S

_ Hing Tr
~ 1016 1 .
B 107C (1013 GeV> <1010 Gev> ! (39)

where TR is the reheating temperature and H;,s denotes the Hubble scale at the end of
inflation. This is about three orders of magnitude smaller than the contribution from
thermal production.

3.3 Longitudinal component

Next let us consider the production of longitudinal gravitino. As already mentioned in
section 2, we must be careful on the mixing with fermions to correctly treat the production
and evolution of the longitudinal gravitino.

In the present case, there is one physical fermionic degree of freedom v | in the matter
sector, and it mixes with the longitudinal gravitino. The goldstino is given by

1 & ]
v = Vo + / PéRVz |, 3.10
NG [\/ PsBV¢ PsB ( )

where

vo= ——(—Fot ) 8 ol =91 +|Fsl? (3.11)

1
V/PSB

Note again that we have assumed that scalar fields have real values: this is justified since

(=F.+#") 2, pis = |27 + |F% (3.12)

v, =

we have taken all model parameters and also the initial condition during inflation real. In
the unitary gauge, v is set to be zero. The remaining fermionic degree of freedom is that
orthogonal to the goldstino,

1
_ ¢
v = —\/ Pénvs + 2 3.13
L \/@ |: PSBV¢ PsB Z:| ( )

As a rough estimation, we have

|¢| ~ |F¢| ~ m¢¢amp ~ H Mp, |Fz| ~ ,u2 ~ mg/QMP] > |Z|, (3.14)
med? ¢

where ¢amp denotes the amplitude of inflaton oscillation. Thus we have

¢ for Hng/Q ol ~
z for H§mg/27 ¢ for 1'175771%/2

z for Hng/z (3.16)
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Hence z begins to dominate the SUSY braking at H ~ mg /2 while the gravitino mass
becomes dominated by the present value earlier. Therefore, whenever H < ms3/p, we
have mg /5 = mg/Q.

The Lagrangian of the longitudinal gravitino and fermion system is found in
section 2.4 as

£r=— (4 o0) [0+ 7 F+aM] (1%) , (3.17)

VL

where M denotes the mass matrix defined in eq. (2.83). Identifying 1 — ¢ and 2 — z in
the notation of section 2.4, M is roughly estimated as

meg (mg/Q/H)m¢ meg (mg/g/H)m¢

M ~ 0 ~ 0 0 5 , (3.18)
(mg/Q/H)qu my (ms/z/H)mqﬁ (ms/z/H) me

for H 2 mg/2 and

M <(H/mg 1) (H/m§ /2)m¢>

- (H/m§/2)2m¢ (H/mg/g)m¢
(H/mgp)mg — my B

a ((H/mg/Q)m¢ Mg

for H < mg /20 where the first ~’s involve a similarity transformation of the matrix. The
analysis in appendix E shows that the determinant of M is

det M >~ —mgomy =~ —a%m¢m3/g, (3.20)
where my is defined in eq. (2.76), and ap ~ min[mg/Q/H, 1] whereas the trace of M is
TrM ~ my. (3.21)
Therefore the mass eigenvalues read

(m¢, —m3/2(mg/2/H)2) for H 2 mg/Z

(3.22)
(m¢7 —m3/2) for H < mg/Q

(mheavy ) mlight) =

A more detailed derivation of this result is given in appendix E. The right panel of figure 1
shows the schematic picture of the time evolution of the mass matrix structure. What
we regard as the “present gravitino” is the light eigenstate at the late epoch (H < mg /2)

which is mainly composed of ¥)Y. The heavy mass eigenstate at the late epoch (v, ~ 5),
on the other hand, is regarded as the inflatino. In principle, there are two contributions to
the final gravitino abundance.

e The heavy mass eigenstate produced at the early epoch (H > mg /2) converts into
the light mass eigenstate (the present gravitino) at the late epoch.

e Almost all the light mass eigenstate produced at the early or late epoch becomes the

present gravitino.
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However, the former contribution is negligible for the following reason. From the structure
of the mass matrix, the mixing angle between ¢ and v, is about

0
. |™M32 H
Ope_p, ~ min [ I ,mg/J , (3.23)

and we always find ém{w .~ HOy_, < mg, meaning that the time evolution of the
mixing is always adiabatic. Therefore we can neglect the conversion of the heavy mass
eigenstate produced at the early epoch (dominantly ¢¢) into the light mass eigenstate at
the late epoch (again dominantly 1%).'® Below we analyze the production of the light mass
eigenstate and compute the final longitudinal gravitino abundance. Also we will comment
on the production of the heavy mass eigenstate.

Early epoch: H > mg/2. At the early epoch H > mg/Q, the light mass eigenstate is
almost v/, (~ Z). It eventually becomes the present longitudinal gravitino at the later epoch
as seen in figure 1. Thus we estimate the production rate of v, in this epoch to derive the
final longitudinal gravitino abundance. Taking the limit as < 1 in the general two-field
Lagrangian (2.83), we have

1— .
Ly, =~ —5'03_ [7080 +i5-k+ amhght] v, (3.24)
where )
0
ms o m?
Milight == —M3 /9 + 0z. (3.25)
ig / < H ) \/§mg/2MPl

A very important note here is that m3 /5 appearing in mj;gns does not contain an oscillating
part of the order of psp/psp ~ O(1) despite that M3,y contains such a violently oscillating
part. Actually a careful calculation of the mass eigenvalues of the full mass matrix in
appendix E shows that such a violently oscillating term cancels out in the light mass
eigenvalue miyigne (but not for mpeavy). Therefore, the ¢ dependence of miy;gh; is at most
m¢¢)2 /M}2>1 which may be included in mg/,, leading to the upper bound on the production
rate as

C mg/2 ' 2 my 3C mg/2 ’ (mg/2)2m¢
T(¢p — < amp 9, O . 3.26
(90 = v101) S g7 ( H > MZ MZE T 167\ H MZ, (3.26)

It is suppressed by a factor (mg /2 /H)* compared with the transverse gravitino production
rate. The origin of this suppression is the fact that the Polonyino Z is massless in the global
SUSY limit. Although it is absorbed by gravitino to make it massive by the super-Higgs
mechanism in the late epoch, goldstino is mainly composed of inflatino in the early epoch
and the Polonyino remains light.

Note also that z oscillation also contributes to the production. As long as we are
concerned with the induced oscillation explained in section 3.1, its contribution to the light

!8The produced heavy mass eigenstate eventually becomes the inflatino (v ~ 5) [45, 46].

—90 —



mass eigenstate (~ v ) production rate is at most the same order of the upper bound from

¢ annihilation mentioned above.!?

Late epoch: H < mg /20 The longitudinal gravitino * produced at H < mg /2 is

essentially the same as the present gravitino. Thus, we can estimate the final longitudinal
gravitino abundance by simply evaluating the production rate of ¢* at H < mg /2° Taking
the limit ap < v in the general two-field Lagrangian (2.83), we find the Lagrangian of °
same as that discussed in section 2.3.2:

1— Lo /
Ly = —§¢£/ 7080 + 47 - k + amiight zpfﬁ , (3.27)
where
m?
Miight =~ —m3/2 + 0z. (328)

\/§m§ 72 Mp1

Again, it is important to note that ms/, in the expression of Mg does not contain a
violently oscillating part and the ¢ dependence of myjep; is at most m¢¢2 /MPZ)I.20 Thus
we obtain an upper bound on the production rate of ¢ same as that of the transverse
gravitino as

~ 16m ME M2 16m M2,

L(¢p — ") (3.29)

This is a rapidly time decreasing function and becomes less efficient at the later epoch.

We again note that the contribution of the induced z oscillation to the longitudinal
gravitino production is at most the same order of the upper bound from ¢ annihilation
mentioned above.

Abundance of longitudinal gravitino. Combining the results of production rate at
the early and late epochs, we find that the longitudinal gravitino production is most efficient
around H ~ mg /2° Thus the abundance of longitudinal gravitino is found to be

(©
ns <r(¢>¢ ~ W;Z)) 3Tk _ 9C Myl
s H H=m{, dmg 64w M3,

mo T
~ 1023 3/2 R . .
§x107C (106 Gev ) \ 100 Gev (3.30)

It is much smaller than the corresponding transverse gravitino abundance. The dotted
line in the left panel of figure 3 in section 5 summarizes the transverse and longitudinal

gravitino abundance.

9The production rate of high momentum scalar components of z through the inflaton oscillation is also
the same order [26].

20Note that mg/2 and Mg/, are the same order for H < mg/Q, but the magnitude of their oscillating part
is significantly different. The relative oscillating amplitude of mg s is ~ H?/(mj s2Mg) while that of Mg /o
is ~ (H/mg/2)2. Thus the latter is m¢/mg/2 times larger than the former. Therefore it is very important
to figure out what exactly is the “gravitino mass” of the light mass eigenvalue.
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Abundance of inflatino. Finally, we comment on the abundance of inflatino. One
should also be cautious about the notion of inflatino: it is ¢ if the SUSY breaking is
dominated by z, i.e., H < mg /2 while it is absorbed by the longitudinal gravitino at
H > mg /2° Thus, the heavy mass eigenstate of (¢%,v,) system eventually becomes the
inflatino no matter when it is produced.

To estimate the inflatino abundance, we note that the heavy mass eigenvalue is given by
mheavy ~ m¢ + 27’/7\'1,3/2, (331)

where the second term is the oscillating part, see appendix E. In contrast to mjjgns, there
appears a term of O(73/9) in Mpeavy, Which can make the production efficient. Just
after inflation, |/i3/5| is of the same order of mg if ¢; ~ Mpy, hence the production is
kinematically accessible around H ~ Hj,s and the production becomes less and less efficient
after that due both to the kinematical suppression and the decrease of the oscillation
amplitude of Mm3/y. Thus, the production of heavy mass eigenstate is dominated at H ~
Hiyr and the resultant abundance is of the same order of the transverse gravitino:

ng  27C HiyeTi H; T
¢ infL{R —-15 inf R
— ~ — ~ 1 - .32
s e ag S Ox0C <1013 Gev> (1010 GeV>’ (3:32)

where we have used m =~ 2Mg/y ~ 3Hif =~ \/§m¢ with m being the amplitude of the
oscillating mass defined in appendix B.

The fate of the inflatino significantly depends on its interactions unspecified here.
Since we need to reheat the universe, there must be interactions of the inflaton superfield
with the SUSY standard model (SSM) sector, which automatically introduce inflatino-SSM
interactions. It may also decay into gravitino if kinematically allowed [70], although such
a contribution is smaller than that of the pre-existing transverse gravitino (3.9).

3.4 Inflation model with a higher power potential
In this subsection, we briefly discuss the inflation model with higher power. The Kéhler
and superpotential are assumed to be

|2[*
A2

1
W= ﬁm" + 1tz + Wy, (3.34)

K=—p(6= o)+ - (333)

All parameters are taken to be real and positive without loss of generality. It should be
noticed that for n > 2, the presence of constant W eventually leads to the spontaneous
breaking of Zs or Z,, so that ¢ obtains a finite VEV. When discussing a theory of higher n
(> 2) hereafter, we implicitly assume that there is also a quadratic term W ~ m¢¢2 which
is subdominant at the early stage of (p)reheating, and the Zy symmetry is maintained
in a practical sense. For consistency with the Planck observation, we need modifications
on the inflaton potential in the large field region, and it can also simultaneously affect
the potential in the reheating stage. Such effects may be taken into account by including
higher powers in the Kahler or superpotential.
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The theoretical construction is almost parallel to the case of n = 2 discussed so far after
replacing mg — A¢" 2. One of the significant differences is the background evolution. Let
us suppose that the inflaton field ¢ oscillates around the potential minimum ¢ = 0 under
a potential V ~ A2¢2(»=1)_ The inflaton amplitude and the Hubble parameter decrease as

Gamp x a3 H? o g~/ (3.35)

This changes the abundance of gravitino, in particular the transverse one.
For example, for the quartic inflaton potential n = 3, such as the Higgs-inflation like
model, it is much more abundant than the case of n = 2:

(t)

Pyjp € (90 \'*(Hu i ~9x 10-11¢ ( Hint 372 (3.36)
s 64w \n2g, Mpy - 1013 GeV ’ '
(©) 3/2 3/2

Papp € (90 NV (e \TE e [T (3.37)
s 64w \72g, Mpy - 106 GeV ’ '

independently of the reheating temperature. Here we take C = 1 as a reference.?! Therefore
in this case the transverse gravitino is problematic even if the reheating temperature is very
low. The abundance of longitudinal gravitino does not change much compared with the

n—2
amp*

case of n = 2 after replacing mg — m‘f = Ao This is because the transverse gravitino
production is dominated at H = Hj,¢ just after inflation while the longitudinal one is
dominated at H ~ mg /2 Thus the transverse gravitino abundance is much more sensitive
to the background evolution than the longitudinal one. See the dashed line in the left panel
of figure 3 in section 5 for the transverse and longitudinal gravitino abundance for n = 3.

Another comment is that the inflaton “mass” ~ A¢" 2 itself is a rapidly oscillating
function for n > 2. It does not much affect the production of the light mass eigenstate of
(4%, v ), but it can significantly change the production of the heavy mass eigenstate, which
eventually becomes the inflatino (see figure 1). Therefore, the final inflatino abundance is
expected to be sensitive to the power n.?? Although the inflatino seems to be less harmful
than the gravitino, precise discussion requires the information of interactions between the

inflaton sector and the SSM sector for the reheating.

3.5 Comment on the linear term in Kahler potential

Here we comment on the case where the inflaton does not possess the Zs symmetry and
there is a linear term in the Kéhler potential

K =ic(¢p—¢h). (3.38)

As seen below, the existence of this term drastically changes the picture of the longitudinal
gravitino production.

*'For n = 3, the gravitino mass term may contain frequencies of Q = mgy,3my with my = A¢. We do
not specify which process is dominant, rather simply evaluate the rate in the case of 2 = my as an order
of magnitude estimation.

22The enhancement of gravitino abundance for higher n was already mentioned in ref. [42], although
actually it should be regarded as the (final) inflatino abundance rather than the gravitino.
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For the moment, we focus on the case of n = 2. First we should notice that there arises
a mixing between ¢ and z if there is a linear term in the Kéhler potential as in eq. (3.38).
The mixing comes from

— KW V3icmsom
V 3 (DeW)(DgW) D =2rmydy® +hue. ~ 22700 L he. (3.39)
Mpl MPI
The mixing angle is
\/gcm m
# for my <m,
mZMpl
0p. ~ (3.40)
V3mss e s m
m¢Mp1 ¢ z

As shown in appendix D, the oscillation of z is induced by the ¢ oscillation, and its
amplitude is given by zamp ~ 0p>Pamp. This induced z oscillation efficiently produces the
longitudinal gravitino through the dz term in eq. (3.27) for H < mg/,. The longitudinal
gravitino production rate is thus given by

() 2P 00y 2Pp Mg o .
M3/2 = mzr<2 — Pp) g m. 05.1'(z = ¥™%), (3.41)
where .
1 m
D(z = ) ~ ————, (3.42)
967 (m3,,)2 M3,

denotes the Polonyi decay width into the longitudinal gravitino pair.

szz f
or my < m
m 327 M4 ¢ = e
D(¢— ') ~ —202 T(z = gyl = {77 ] . (3.43)
my C md) m,
| — for my > m,
32 M3, \'myg

This is consistent with refs. [24, 26]. In contrast to the case of the previous subsection,
this process is interpreted as “decay” of ¢ because the relevant interaction involves a single
power of §z and the mixing angle is constant. In other words, ¢ “feels” the oscillation of ¢
linearly. Thus, this process is more and more effective at later time. The longitudinal mode
produced during H < mg/, will eventually become the present gravitino. The resulting
abundance is estimated as

4
nily (20(p - plut) 3Th _ 3c*mi (90 \'/?
s H H=r,, Mo 64m M3 Tr \ 72y,

2 2 /100 GeV
~1x107° [ -5 e 3.44
% (Mpl) <1013GeV> Tn )’ (8:44)

where I';,¢ denotes the total decay width of the inflaton. Cosmological consequences of this

kind of scenario is extensively studied in refs. [24, 26]. This abundance is quite huge and it
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is one of the motivations to consider the Zs-symmetric model.?? In the Zo-symmetric case
¢ = 0, the decay process does not exist, because there is no mixing between z and ¢.?*

A similar result holds for general n(> 2) after replacing mg with the effective inflaton
mass mff ~ )\qbf,jr;g. In this case, however, the partial “annihilation” rate I'(¢¢ — hfe)t)
becomes smaller for late time and the gravitino production is suppressed compared with
the case of n = 2.

4 Gravitino production in multi-superfield inflation
We consider a more realistic three-field case: the inflaton ¢, the stabilizer X and the
Polonyi field z. The Kéhler and superpotential are given by

|2[*

1 2 2 2
K:_§(¢—¢T) + | X7+ [2] CE
W =AX¢" + %z + W. (4.2)

(4.1)

This model has an approximate shift symmetry ¢ — ¢ + ¢ with ¢ being a real constant,
and the inflaton is identified with /2 Re(¢) [29, 30]. Without loss of generality, we can
take all the coupling constants real and positive. Simple power-law chaotic inflation models
are not favored according to the results from the Planck satellite [71], and hence we need
modifications on the models to be consistent with observation [28-36]. Again, we are
interested in the sub-Planckian regime and these modifications on the potential in the
large field region do not much affect the following discussion.

From the viewpoint of gravitino production, the significant difference from the single-

field case is that the stabilizer field X is close to zero during inflation.?®

It suppresses
the oscillating gravitino mass mgz/, ~ AX gb”/Mf,l, leading to a suppressed gravitino

production rate.

4.1 Dynamics

In contrast to the single-field model, mg/y ~ mg /2 just after inflation since X is stabilized
at | X| < |¢|. However, | X| does not remain to be very small because of the mixing between
¢ and X:

V D mg A" [(n —2)¢ — ng*] X +hee. (4.3)

231f the inflaton and Polonyi sectors are effectively sequestered, the enhanced gravitino production can
be avoided even when the inflation sector breaks the Zs symmetry. One of the simplest ways is to move the
linear term to the superpotential by the Kéhler-Weyl transformation before coupling it to the Polonyi sector.

24In ref. [20], it was pointed out that the gravitino does not couple to the heavy mass eigenstate of
(¢, 2) system in the limit m, < mg. This corresponds to (m./me)* suppression in (3.43) [21]. In the
Zz-symmetric case, this statement is trivial because mgs > does not explicitly contain ¢ but only z at the
linear level.

#Precisely speaking, we need K ~ —|X|*/Mg, to give X the Hubble mass and stabilize X ~ 0 during
inflation, and also it slightly deviates from the origin: X ~ (mg/g/m¢)¢. However, it does not affect the
following discussion.
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Since we are assuming that all parameters in the model are real, the reality of ¢ and X is
also maintained. Thus the potential around the minimum is given by

)\qbnfl 2 _2m0 )\¢an
v:@m(ﬁ%MQWUTQ@HPv<?) (1.4)

According to appendix D, the ¢ oscillation induces the X oscillation due to the mixing term.

For n # 1, masses of ¢ and X are not degenerate and the amplitude of induced X
oscillation is about Xamp ~ (m3 /9 /Mg)Pamp, Where my = )\QSZI;}% denotes the effective mass
of the inflaton. It means that ¢ and X are maximally mixed with each other at mg ~ mg /20

which happens at H < mg /2° Thus we have

+ mg/2 for mgy > mg/Q

e (4.5)
me 0 0
7MF2>1 + Mg )9 for mgy < M3 9

The overall magnitude remains to be about mg /2 throughout the whole history of the
universe. The oscillating part is the first term.26
For n = 1, on the other hand, masses of ¢ and X are almost degenerate. As shown in

appendix D, for H 2 mg /20 the amplitude is given by?’

o\ 3/2 m9 m?
a;
&m~@<) m%ww« w>~:”%m- (4.6)

a(t) Hinf H

Notably, this is almost constant until H ~ mg /2 After that, ¢ ~ X have the same order
of oscillation amplitudes, meaning the maximal mixing of ¢ and X. This implies that

0
m¢¢2 M3/2 0
M H +mg,y for H> mg/Z W)
m3/2 ~ 9 .
me@ 0 0
——— + M3 for H<m
M2, / 3/2

The overall magnitude is about mg /2 throughout the whole history of the universe. The
first term is the oscillating part, which is suppressed by mg /2 /H at H > mg /2 compared
with the single-field case.

The dynamics of Polonyi field z is similar to the single-superfield inflation case studied
in section 3.1, so we do not repeat the analysis here.

Based on this picture, below we estimate the gravitino abundance for n = 1 in which
W =myX¢. The case of higher n is discussed in section 4.4.

26Even if the term with n > 1 is dominant at the early stage, eventually the term with n = 1 becomes
dominant. Otherwise, ¢ and X would be massless in the present vacuum. The bare mass term n = 1 can
change the dynamics described above.

*"The Hubble mass term like ~ H?|X|?> does not change the discussion.
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4.2 'Transverse component

Let us estimate the transverse gravitino production rate for n = 1. As already shown,
it is solely determined by the field-dependence of the gravitino mass mg/,. According to
eq. (4.7), it is suppressed by the small factor mg /2 /H compared with the single-field case
studied in section 3.2. Thus we obtain the effective “annihilation” rate of the inflaton into
the transverse gravitino pair as

2 m3 mo 2 mO 2m
C Pamp ¢< 3/2) N3C( 3/2) Mo for H>mg/2

4 Mgl MFQ,l H T Am M}2>1
£¢gmp mz ~ £H2m¢
i M2, MZ, T An MZ,

L(¢¢p — Y')’) = (4.8)

for H < mg/2

In contrast to the single-superfield inflation case, the production rate is time-independent
at the early epoch, hence the transverse gravitino production is maximized at H ~ mg /2
Thus the abundance of transverse gravitino is found to be

(t)
My (r<¢<z> R w%) 8Tk _ 9C ™57
H:mg

- A . 2
s H P dmy 160 Mg,

mO
~ —929 3/2 TR
~3x10722C (106 GeV> (1010 GeV) . (4.9)

This is similar to the abundance of longitudinal gravitino in the single-superfield inflation

case (3.30) and much smaller than the gravitino abundance from thermal production. Thus
it does not give significant effects on cosmology.

4.3 Longitudinal component

Next, let us discuss the longitudinal gravitino production. The discussion is parallel to the
previous single-superfield inflation case, but one care is needed since it is |Flx |~ \gb] ~ H Mp,
that dominantly breaks SUSY at H > mg /2 It may be useful to rewrite the Kéhler and
superpotential as

1 z|*
K =@ + |0 - [(@ + )2+ he| + |22 - ’AL (4.10)
1
W= mg (@3 — @%) + p’z + W, (4.11)

where
1

b, = 12(<;5+X), b =-L(p—X) (4.12)

S

2

In this basis, we can follow the same method as that in section 2.4 to derive the Lagrangian
of the gravitino-fermion system. The goldstino is given by

1

v = N [\/ pS+BU+ +1/pPgpv- + \/,OngZ} = avy +a_v_ + @, (4.13)
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where

1 . ~ 0 ~ .
vy = = (—F<I>+ + ‘I)+70> oy = "0y, plp =047+ |Fo, %, (4.14)
PsB
1 . - - .
o= —— (—F@ v <I>_70) b_=e"d_, pgy = >+ |Fo |, (4.15)
\/ PsB
1 ~ ~ .
v, = (-F.+ ")z = "%z, pép = 1212 + | FL . (4.16)

ﬁ

4
PsB

We can define the 3 x 3 orthogonal matrix O that transforms the original basis into (v,v)

basis: e.g.,
%0+ &
(% e + o o o §1C2 C1C2 S92
1 0g = _
Wl =0T -3 |, of= +5T N=| ¢ —s 0], (17
) 700, %
UL e z —8182 —C182 C2

where s? + ¢ = s3 +¢3 = 1 and O is the 3 x 2 matrix. It is easily checked that we have
s9~0and v~ 316709+<I>+ + cle'yoe—@_ and v(f) ~ % for H > mg/2, while so ~ 1 and
v~ e’"%% and v(f) ~ —sle'yoe+ &hr — 016709—5_ in the opposite limit H < mg/2.

Following the same procedure as in section 2.4, we obtain the Lagrangian of the lon-
gitudinal gravitino and fermion system as

e
R A—— - 1y
Ef = —5 (wg’ ,Uil)/ ’Uf)/) [7080 + 1y - k+ G/M:| Uéé;/ ) (418)
vy

where M denotes the mass matrix defined in eq. (2.66), whose determinant is
det M >~ my/y det <5Tﬁ1f5> ~ agmg/zmi. (4.19)
Although a full expression of M is lengthy, we can deduce the mass eigenvalues as

(m¢, —Myg, —m3/2(mg/2/H)2> for H > mg/z

+ - ~
(mheavy’ Mpeavy: mlight) - (420)

(m¢, —Mg, —m3/2> for H S mg/Q
Therefore the expression for mygp; is similar to the single-superfield inflation case. The
lightest mass eigenstate, which should be mostly composed of Z, is v(f) for H > mg /2
and ! for H < mg /2° A more detailed explanation for the mass eigenvalues is given in

appendix E. The right panel of figure 2 shows the schematic picture of the time evolution
of the absolute values of the mass eigenvalues.

Abundance of longitudinal gravitino. The lightest mass eigenstate eventually be-
comes the present-day longitudinal gravitino. Hence, we here would like to estimate the
production rate of the lightest mass eigenstate in the universe. Recalling that mg/, in
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Figure 2. Same as figure 1 but for multi-superfield inflation models.

the inflation model with a stabilizer field is given by eq. (4.7), and repeating the same
analysis for the production rate as that in section 3.3, we find that an upper bound on the
longitudinal gravitino production rate as

0 \6 .o 3 0 \%4 (0 )2
2) (2) C [M3/2\ Pamp My  3C [ M3)2 (my5)*mg
T < — ~ — 4.21
for H > mg/Z, and
C 2mp My 3C H?m
D(pp — i) S 2P 2 o~ =0 (4.22)

~ Ar Mlgl M}Q)1 T Arw Mf2>1 ’

for H < mg /2° We again find that the resulting abundance is dominated by those created
around H ~ mg /20 with an amount of

()
Najp _ (T(ép — v'y') 3Tr _ 9C M3l
s H Hemo  4mg — 16w M3

3/2

mO T
—22 3/2 R
~ . 4.2
3x1077C (106 GeV) (1010 GeV> (423)

It is the same order of the abundance of the transverse gravitino and also comparable to
the longitudinal gravitino abundance in the case of single-superfield inflation model (3.30).
It is too small to give significant phenomenological effects. As noted in the single-superfield
infaltion case, the contribution from the induced z oscillation to the longitudinal gravitino
abundance is at most comparable to this upper bound. After all, in inflation models with
a stabilizer field X, it is safe to neglect the nonthermal gravitino production after inflation.
The dotted line in the right panel of figure 3 in section 5 summarizes the transverse and
longitudinal gravitino abundance in models with a stabilizer field.
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Abundance of inflatino and stabilizino. There are two heavy mass eigenstates in the
present model. They are roughly (¢?, v(j)) at the early epoch (H > mg /2) and (v(j),v(f)) at

the late epoch (H < mg /2). They are finally regarded as inflatino/stabilizino fields, since

both v(j) and v(f) are composed of 5 and X at late epoch. The heavy mass eigenvalues are
given by
+ 2 ~4
mheavy = im(ﬁ + 2aztm3/27 (424)

and M, contains an oscillating term of O(H) (see appendix E). Thus the production rate

3/2
of the heavy mass eigenstates at H > mg /2 is similar to the case without the stabilizer field.
This process is accessible only just after inflation when H ~ mg. The production of heavy
states is expected to be dominated at H ~ Hiy, and the resulting inflatino/stabilizino

abundance at late time is estimated to be

nv(j) N nvf) - %HinfTR ~ 0 x 10—1SC Hing - Tr (4 25)
s s 16w M3 1013 GeV 1010 GeV /)’ '

which is similar to the inflatino abundance in the single-superfield inflation case. Again
we note that the fate of the inflatino and stabilizino depends on the inflaton-SSM inter-
actions which is not specified here. Generally the inflatino decay into the gravitino plus
inflaton may be kinematically allowed depending on the soft SUSY breaking mass of the
inflaton, but the branching fraction is expected to be small. However, depending on the
inflatino/stabilizino branching fractions into gravitino, this channel can be the dominant
source of nonthermal gravitino.

4.4 Inflation model with a higher power potential

So far we have focused on the case of quadratic inflaton potential n = 1. Now let us briefly
discuss the case with a higher power n > 1. As described in section 3.4, there are mainly
two differences from the quadratic case. One is the change of the background evolution: see
eq. (3.35). The other is that the inflaton mass itself becomes a rapidly oscillating function.
Although the full analysis is complicated, we can qualitatively discuss these effects.

First, the transverse gravitino abundance is dominated at H ~ Hj,s, but it is sup-
pressed by a factor (mg /2 /mg)? compared to the single-superfield case because of the sup-
pression of the gravitino mass (4.5). The production of the longitudinal component is
dominated at H ~ mg /2 For example, for the quartic inflaton potential n = 2, we obtain

(t) _ 2

Moz, 9C (90 N Ol N (e YR M (4.26)
s 167 \m2g. H.142M3{2 N 1013 GeV 106GeV |7
0 3/2 3/2

My 9C (90 \ME ()T 2% 10720¢ M (4.27)
s 167 \ 72g, Mp o 106 GeV ’ ’

where I'y denotes the total decay width of the inflaton. See the dashed line in the right
panel of figure 3 in section 5 for the transverse and longitudinal gravitino abundance for
n = 2. The oscillation of inflaton mass itself also does not much affect the final gravitino
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abundance, since the mass eigenvalue of the light state is determined by ms/,, not the
inflaton mass. On the other hand, the inflatino abundance can be enhanced since its
production is dominated at the early epoch H ~ Hj,s, and the oscillation of the effective
inflaton mass itself directly contributes to the heavy mass eigenstates.

5 Conclusions

We have studied the nonthermal gravitino production during (p)reheating paying particu-
lar attention to the case of Zs symmetric large field inflation models. The result crucially
depends on inflation models. In single-superfield inflation without a stabilizer field, produc-
tion of the transverse gravitino is efficient and it can cause cosmological problems depending
on the power law index of the inflaton potential. The longitudinal gravitino production
is safely neglected. On the other hand, in multi-superfield inflation models with a stabi-
lizer field, the transverse gravitino production is significantly suppressed and nonthermal
gravitino production plays no important role in cosmology. Figure 3 shows the gravitino
abundance as a function of the reheating temperature Tr for the single-superfield inflation
models (left) and multi-superfield inflation models with a stabilizer field (right). The solid
line shows a contribution from thermal production [11-13], while dashed (dotted) lines
show nonthermally produced ones for the inflaton potential V' o ¢P with p = 2 (p = 4).
Here we have taken Hi,y = 1013 GeV (left) and mg/Q = 10° GeV (right). If the inflaton
potential changes from ¢* to ¢? at some point, the prediction lies between these two lines.
It is clearly seen that inflation models with a stabilizer predicts negligibly small nonther-
mal gravitino abundance. Therefore inflation models with a stabilizer field is motivated
not only from the viewpoint of model building, but also from the requirement to avoid the
nonthermal gravitino overproduction. Note that in this plot we have ignored some other
nonthermal gravitino production processes such as those from Polonyi/inflatino decay since
they are rather model-dependent [26, 70]. However, inclusion of them does not much affect
this conclusion.

Some comments are in order. In the most part we assumed the (nearly) minimal Kéahler
potential for the inflaton superfield for simplicity. The production rate is significantly
modified if there is a Zs-symmetric Kahler potential of the form

K~ ]\411%1|¢>|22z +h.c. or ]\41}2>1XT¢ZZ +h.c, (5.1)
for the single-superfield inflaton and multi-superfield inflaton case, respectively. Since
these terms directly give the large oscillating Polonyino mass like mz ~ m¢¢2 / Mlgl, the
longitudinal gravitino production rate is expected to be significantly enhanced to the same
level as the transverse production rate, if the coefficients of these terms are O(1). Moreover,
some inflation models, especially those constructed from the Jordan frame action, have
a nonminimal K&ahler potential of the inflaton sector itself which can potentially induce
violent phenomena [72]. Also we assumed that the inflaton is a gauge singlet: for a gauge
non-singlet inflaton, the structure becomes more complicated. We will come back to these
issues in future.
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Figure 3. Gravitino abundance ngz//s as a function of reheating temperature 7 for the single-
superfield inflation model without a stabilizer field (left) and multi-superfield inflation model with
a stabilizer field (right). The solid line shows a contribution from thermal production, while
dotted (dashed) lines show nonthermally produced ones for the inflaton potential V' o< ¢P with

p=2(p=4).
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A Notations and conventions

In this appendix, we summarize the notations and conventions used in this paper. We
follow those of the textbook [73].

Gamma matrix. Here we summarize the notations and conventions related to the
gamma matrices. We take the metric to be “almost plus”, i.e., 1, = diag(—1,+1,+1,+1)
for the flat space, and similar way for the FLRW one. Then, the Clifford algebra is
defined as

774 = 29", (A1)
where [A, B] | = AB+ BA, and the hats denote the quantities in the curved space-time as
it is also noted in the main text. We express the gamma matrices in the flat space without
the hats. Through the vierbein e}, they are related:

V= eZ’ya. (A.2)
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Here the vierbein is defined as
G = nabeZelb,. (A.3)

The sign convention of eq. (A.1) as well as that of the metric determine the (anti-)hermiticity
of the gamma matrices. In our convention, 7° is anti-hermitian, while 7 is hermitian:

()= @ =7. (A.4)

We define the short hand notations for the product of the gamma matrices as

~ 1

Y = 5 [7;1371/]_ ) (A5)
~ 1 . ~ ~

Yuvp = g ('Y//)’Vp + Y You + ’Yp')’;w) > (A'G)

where [A, B|- = AB — BA. Note that they are anti-symmetric with respect to the indices.
We also define the hermitian matrix v, as

Y = 107172735 (A7)

where we have used the gamma matrices in the flat space, not in the curved space. In
terms of it, the projection operators are defined as
_ 1+ 7. 1 — s

PL = B y PR = 5 . (AS)

Dirac/Majorana conjugation. The Dirac conjugation of a fermion 1) is defined as
P = ip'A0. (A.9)

In order to define the Majorana conjugation, we need the charge conjugation matrix C. It
is a unitary matrix that satisfies

AT = —CcyrCL (A.10)
With this matrix, the Majorana conjugation is defined as
¢ =yTC (A.11)
For the Majorana fermion X\ that satisfies

A=-C"1\, (A.12)

28

the Dirac and Majorana conjugations are equivalent.“® The explicit form of C in terms of

~ depends on the representation of the gamma matrices.

*The sign in front of eq. (A.12) is negative since we follow the convention of ref. [73].
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Curvature. First we define the spin connection as

0,

wuab = 26”[a8[uel,] ”[“eb}geuc&,egc, (A.13)

where we have neglected the torsion since it contributes only to the four Fermi interaction.
Here [...] denotes the anti-symmetrization with respect to those indices. The normalization
of the anti-symmetrization of n indices includes the factor of 1/n!. In terms of it, the
Riemann tensor is defined as

leab = 28[uwl,]“b + QW[ManV]Cb. (A.14)

The Ricci tensor is defined as
R, = Rupabeal,ebp. (A.15)

Finally we define the Ricci scalar as

R = g, R". (A.16)

B Fermion production in the background field method

In this appendix, we discuss production of a Majorana fermion due to a time-dependent
mass term:

2

Though the time dependence of mass term typically arises from a coherently oscillating

S = —1/d4xw[$—m(t)] ¥. (B.1)

scalar field in the cosmological context, here we do not specify the origin of m(t) and just
assume that it oscillates with frequency of Q. We follow the discussion given in refs. [74-76].
See also appendix A in ref. [77].

B.1 Quantization

Let us start with the mode expansion of the Majorana field:

@) = [k ey (B.2)
Y(x) = (271_)3/26 Yr(t). .
The mode function obeys

0= [awo - m(t)] (L), (B.3)
The Majorana condition, ¥(x) = —C_laT(x),Qg puts the following constraints on the
mode function:

_1—=T
Yp(t) = =CT g (8). (B.4)

To quantize the Majorana field, we introduce the creation/annihilation operator:

vet) =3 [u,;s(t)i),;s + o, (06 | (B.5)

S

2Here we match the definition of the charge conjugation matrix C' with that of ref. [73].
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where v (t) = —Cilﬁfk.s(t). One can see that the Majorana condition is fulfilled. We

take the following normalization of the spinor:

ulz.’s(t)uas, (t) = b, U;_L.’s(t)vas, (t) = by, u%s(t)vl;s, (t) = 0. (B.6)

The quantization condition comes from the equal time anti-commutators:

D | =6@ -0 Wed e, = [piesien] =0 BT

+

Together with the normalization of spinors, we obtain the following algebras for cre-
ation/annihilation operators:

~

] — S(h L 7 _ gt gt _
07 bk“@s'L = 8(F = F)0ur, [babo], = [oF 05 =0 (B.8)

Hereafter we adopt the Dirac representation for gamma matrices®® and expand the
spinor in terms of helicity:

ut (¢ —u . (T i
ugn(t) = ( ’i”ﬁ) ® & Vpat) = ( +—’”é))> ©E (B.10)
h h

F,

Here &, is the normalized eigenvector of helicity h, satisfying (7 - E)fE n=h&e - k= E/k‘

is a unit vector. We have also defined 51/2 L = —io? %h, which satisfies (¢ - E)gl%h = —hE;;’h'
The normalization condition requires 7 ’ 7 7
Rt 2
Uin + Uen| = 1. (B.11)
Let us write down the equation of motion, eq. (B.3), by using ugh and ulgh:
i@ough + hk:ulih = m(t)ugh, (B.12)
z@oulah + hk:u];,h = m(t)u];h. (B.13)
The equations of motion for u%h is reduced to the following linear one:
_ 2 - + . gt ~2 0\ +
0= uﬁ,h(t) + |wz(t) + im() ul;h(t) =: uE,h(t) + wE(t)u];h(t), (B.14)

where w%(t) = m(t)? + k2. From the solution of this equation, we can formally obtain

u-, Vvia eq. (B.13). We are mainly interested in the vacuum initial condition, which is

annihilated by bz .

(£ 0) = W, it (¢ 0) = ~iw(0)ut, (t = 0). (B.15)

)
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From egs. (B.12) and (B.13), one gets the initial condition for uz,

)

_ wz(0) = m(0)
uEh(t—>0):—h L. ANCAR—

’ 200) 0 Uealt = 0= —iwpOug, (= 0. (B16)

Note that those are consistent with the normalization condition, eq. (B.11).

B.2 Particle production

Now we are in a position to discuss particle production. Let us start with evolution of the
energy density. Since we are interested in particle production from the vacuum of Majorana

fermion, we take the state which is annihilated by I;E ,10) = 0. The expectation value of

the Hamiltonian density with respect to vacuum is given by
1
(1) = 5 (vhiooy)
3k 1
= [— = ¢
= 32 o

where we have used the equation of motion for v in the first equality, and the bra-ket

ugh(t)f) +2hkR (ugh(t)uli;(t))] ., (B.17)

)

. 2
e 0] -

stands for the expectation value with respect to vacuum. One can check that the energy
density only contains vacuum fluctuations for the initial condition given by eqs. (B.15)

and (B.16):
(H(0)) = / ((2133 zh: <—w’32(0)> —2x / ((21;];3 (—w’géo)) (B.18)

It is noticeable that the integrand in the square bracket of eq. (B.17) does not depend on

helicity h under the initial condition, egs. (B.15) and (B.16), and thus, the summation over
helicity becomes trivial. This is because we have ugh(t) = ug_h and ulgh(t) = —ulg_h(t),
as one can see from egs. (B.14), (B.12) and (B.15). Those equa‘éions, egs. (B.17) and (B.IS),

motivate us to define the following number density:

—

3
molt) =2 x [ 55 fulEio) (B.19)

where the phase space density is given by

fu(t) = Zwl(t) [m@) ( w ] - ug<t>‘2> T 2hkR (ug(t)ug*(t))} +:
_ 2;@ [m(t) + 29 (u" (Dowut ()] + 5. (B.20)

We have omitted the helicity subscript, h, in the wave function, u*, because fy does not
depend on helicity. The factor two in eq. (B.19) represents the degrees of freedom for the
Majorana fermion.
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We assume the following form of the solution to eq. (B.14):

ut () = ) i fango) . Bunl®) igtargyn), (B.21)
R 20 (t) 20 (t)
where
A (t) _ "N"E(t) e2ift dToTJE(T)B (t) B (t) _ @6_% ft dTUJE(‘r)A (t) (B 22)
K 20 (1) k\"> Pk 20 (1) AT '

Initial values of Ay ; and By j are obtained as
Ap(t — 0) = y/wg(0) +m(0), B(t—0)=0. (B.23)

Let us estimate the growth rate of f, at the very beginning, f, < 1. At that time, we
expect Ap =~ /wr+m and Bj; ~ 0 at the leading order. We take into account the growth
of By perturbatively by using eq. (B.22). Under this assumption, one can easily obtain

t . . e / _
By(t) 2/ g2 t;m/2AE(0)e_2ift driog ()
0 2(,0];;

t
~ —iAL(0) / at’ m(#') =2t (B.24)
0

In the second similarity, we have performed integration by parts and assumed k? > m?2.
For given time ¢, the integration cancels out due to oscillations of the phase except for
Q—AQ 5 2wp SO+ AQ with AQ ~ 1/t. Within this frequency range, the phase of m(t)

and e 2®i! cancels and B grows linearly with time:
i - 1 < < 1
By (t) ~ —§AE(O)mt for Q — 73 2w SO+ n (B.25)

Here and hereafter m stands for the amplitude of oscillating m(¢). Similar arguments
lead to

RN - m2t? 1_ < 1
Ap(t) ~ Az (0) — zBE(O)mZ ~ Ax(0) (1 - 5 for Q — TS 20 SO+ 7 (B.26)

Plugging those approximated solutions into eq. (B.20), we get

m2t2 1 1

Jo(ks;t) o~ 1 for Q_Z §2wE§Q+;. (B.27)

This expression is valid as long as f, < 1, namely ¢Q2t < 1 with the resonance parameter
being ¢ = m?/Q% < 1. Finally, performing the phase space integral in eq. (B.19), we
obtain the master equation for Majorana fermion production due to its oscillating mass
term m(t):

ny(t) ~ 16%927%%. (B.28)

Here we have introduced an order one factor C, which depends on how m(t) oscillates. For
instance, in the case of m(t) o cos (Qt), we have C = 1.
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Now let us assume that the oscillation of m(t) is caused by oscillating (canonical) scalar
field ¢ ~ pamp cos(myt). The result (B.28) may be interpreted as the decay or annihilation
of ¢ into 1, depending on how m(t) oscillates with time. Suppose that m(t) o< ¢™(t), which
involves () = jmg with j =n,n —2,n —4,.... One can see that allowed processes depend
on the parity of n. To avoid unnecessary complications, let us consider the case of n = 1
and n = 2 as an illustration. In this case, the relevant frequency is Q = mgy(2my) for
n = 1(2). For Q = mg(2my), the decay (annihilation) rate is estimated as

30 52 5 3
nny  n°C m n°C qmyg
T ~ ~ ~— . B.2
(nx ¢ = o)~ 5 ™ 3om G2 32w g2 (B-29)

Here we have substituted ng ~ m¢¢>§mp. Actually if m(t) o< ¢ o cos (met), this coincides
with the perturbative decay rate of ¢ into two 1 particles calculated in the standard method
in quantum field theory. In this case, the particle production can be reasonably interpreted
as the decay of ¢. On the other hand, if m(t) o ¢?, this may be rather regarded as the
annihilation of ¢ into v particles, with an annihilation rate of I'(¢p¢ — 11)) ~ nyov with
ov ~ (M) ¢rmp)?. In the main text, we use the formula (B.29) for the gravitino production
rate rather than (B.28), since reinterpreting the gravitino production as if it is caused by
the inflaton decay may help readers understand the underlying physics.

Here are some comments. The calculations here are assuming that the background
field (inflaton) is spatially homogeneous. This assumption is not always valid particu-
larly if it is steeper than the quadratic one [78, 79].3! For the quartic inflaton potential
V o ¢*, for example, inflaton fluctuations with momenta of its effective mass scale develop
due to the parametric resonance of the inflaton fluctuation itself and the initially homo-
geneous configuration may mostly become semi-relativistic waves. However, it does not
much affect the estimate of resulting fermion abundance, since the equation of state of the
universe remains the same no matter how the parametric resonance is efficient [79] and
the fermion production rate is also roughly the same even if the production is caused by
the decay/annihilation of the inflaton quanta, as explicitly shown above. Note also that
in the most relevant case, i.e., the transverse gravitino production in the single-superfield
inflaton case, the abundance is dominated by just the first few oscillations after infla-
tion during which the coherence of the inflaton is maintained. Therefore, the gravitino
abundance shown in figure 3 is not much affected by this subtlety. For a higher power
V x ¢™ with n > 4, we need much more care on the particle production rate, since in
such a case the inflaton fluctuation develops and the equation of state may approach to the
radiation-dominated one [79], which significantly modifies the naive estimate obtained by
the assumption that the background is dominated by the homogeneous inflaton condensa-
tion. It also means that inflaton quanta may be highly relativistic so that the production

310n the other hand, if the potential is flatter than the quadratic one, as required to be consistent
with Planck observation for large field value, metastable localized objects called oscillons or I-balls may be
produced [80-85]. Once oscillons are formed, they behave as pressureless matter. However, the necessary
condition of its production and its phenomenological consequences are yet unclear [86-92]. We postpone a
detailed investigation in this case.
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rate may be suppressed by the Lorentz factor. A careful investigation of particle production
rate in this situation is beyond the scope of this paper.

C Gravitino production in small-field inflation models

In this section we briefly comment on the gravitino production in small-field inflation
models, such as new-inflation or hybrid inflation models. The known results of refs. [21, 24]
are reproduced in our framework.

C.1 Single-superfield model

Let us consider a single-field new inflation model [93] as an example of small-field inflation
models. The Kéhler and superpotential are assumed to be

4
K =g + 12 - 2. (©1)
W =¢ <M2 — ﬁi) + 1’z (C.2)

In this model, at the potential minimum (¢) = (M?/)\)Y/™, the superpotential takes a
finite value:

n
Wo =
0 n—+1

After a few Hubble time after inflation ends, the oscillation amplitude of the inflaton

(@) M? = mj o M. (C.3)

becomes much smaller than (¢). Expanding ¢ = (¢) + d¢, Kéhler and superpotentials are
expressed as

4
K = (6) (56 + 861) + oo + |22 — b (©4)
W e Lm0 + 5%z + Wy — m (6) 60, (©5)

where the inflaton mass around the potential minimum is given by mg = nM?/ (¢). This is
the same as the single-field chaotic inflation model with linear term in the Kéhler potential
studied in section 3.5 after the identification ¢ — (¢), except for the small linear §¢ term
in the superpotential.®> Although the linear d¢ term in the superpotential can induce the
inflaton decay, the dominant contribution comes from the inflaton-induced z oscillation as
studied in section 3.5. The inflaton decay rate into the longitudinal gravitino pair and the
resultant gravitino abundance is consistent with [21, 24].

C.2 Multi-superfield model

Next, we consider multi-field new inflation model [94, 95]:

4
z
K=o + 1XP + |= - E, ()
W = X(M? — \¢") + p?z + Wo. (C.7)

32The linear term in ¢ appears because W ~ Wy + Wyd¢ and Wy = —K¢W/M§1 at the potential mini-
mum.
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The potential minimum is (X) ~ 0 and (¢) ~ (M?/\)Y/". Expanding the field as ¢ =
(@) + d¢, the Kéhler and superpotentials can be written as

4
K = (6) (3 + 861) + 106 + X + [2f? — 2T (©8)

W~ my X3¢+ uz + W, (C.9)

where the inflaton mass around the potential minimum is given by mg = nM?/ (¢). Thus
the gravitino production in this theory is also the same as that in the chaotic inflation model
with linear term in the K&hler potential after the identification ¢ — (¢) in section 3.5.
Although the model of section 3.5 does not have a stabilizer X, the discussion is almost
parallel, considering that there is a mixing term ~ X*z in the scalar potential and also ¢
and X are maximally mixed with each other at least for H < mg/5. As aresult, the inflaton
decay rate into the longitudinal gravitino pair and its abundance is consistent with [21, 24].

D Multi-field scalar dynamics

Let us consider the potential of real scalar ¢; and ¢s:
1 m2 m?
V= 7(¢1 d)?)MQ ¢1 ) M2 = 21 122 . (Dl)
2 b2 miy Ms

We want to estimate how large is the induced oscillation amplitude of ¢o starting with
the initial condition (¢1, ¢2) = (¢;,0). We assume |mymsa| > m?, so that the potential is
positive definite.

To solve the equation of motion, It is convenient to move to the mass eigenstate basis:

/
¢} — Co Sp (bl ’ (D2)
?; —3S6 Co ¢2
where ¢y = cos6 and sy = sinf with —7/4 < § < 7/4. They are given by

1 Amd 1 A
] - 12 2 — _ 12

2\ ! mis+ - =3 |1 1 D.3
®Ta ( \/ 4miy+(m3 m§)2> 0T ( \/ 4m%2+(m%—m%)2> . (D-3)

with 6 > 0 for (m3 —m3)/m?, > 0 and 6 < 0 for (m3 — m3)/m?, < 0. Hence the mixing
angle is approximated as

oo {rnd —mi) o o <l 0.4

/4 for |2mi,| > |m3 —m3|.

In the mass eigenstate basis, the potential looks like

Lo 1o [ #1 2 m,12 0
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where

/ 1

me = 5 (m% +m3 + m2| \/ 2+ 4m12> (D.6)
n o1 |m -m \
2 2 2 1 2

my =3 (ml +m5 — o (m? —m3)% + 4m‘112> . (D.7)

In this basis, the equation of motion of each field can be easily solved as

a; \ 32
610 = cus (115 ) costoit) (D.5)
0 \3/2
&h(t) = —sg; <a(j§)> cos(mht), (D.9)
under the initial condition (¢1, ¢2) = (¢4,0). Then we obtain
0 \ 32
d1(t) = ¢; (a(:f)) [cg cos(mt) + 53 cos(mét)] , (D.10)

P2(t) = =i (%)3/2 sin(20) sin (W) sin <(m/1_2m/2)t> . (D.11)

Therefore, if m} and m/, are not close to each other, we can just regard ¢o(t) ~ sin(20)¢;
as an “induced” oscillation amplitude after a few oscillation of each field. On the other
hand, if m} ~ m}, or m} ~ m3 > |m?2,| in the original basis, it takes long time to develop
large amplitude of ¢2. In the degenerate limit m; = mg, we obtain m} — mb ~ m2,/m;.

In this case, we have

a; 3/2 m? 2mq
t)> sin(mit) —2t for t< —-. (D.12)

a( 2my m,

@@~—@(

Hence after the time t ~ 2mj/m?2,, ¢1 and ¢ may be regarded as maximally mixed with
each other.

E Calculation of mass eigenvalues

In this appendix, we estimate the mass eigenvalues of the system of the longitudinal grav-
itino and matter fermions discussed in sections 3.3 and 4.3.

E.1 Single-superfield model

In this subsection, we consider the model in section 3, which does not utilize the stabilizer
field. The full mass matrix M is given by eq. (2.83). We regard the first and second
row/column (thus corresponding subscripts or superscripts 1 and 2) correspond to the
inflaton(ino) ¢ and the Polonyi(no) field z, respectively. The trace and determinant of the
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mass matrix are
TI'M = fl’\l3/2 + mf — 04%9‘1 — a%ég
~mg + 20@7?%/2 + (a? — Oé%)mg/g, (E.1)
det M = o2a3sin®(h, — 02) (32 — m;:c)2 — andia(Mg/p — mG)sin(2(61 — 62))
— (a% + Oé%) sin2(91 - 92) + Oé%(ﬁlg/Q - mjc)(Gg — 91) + (ﬁlg/g - 91)(777,; — 92)

2
~ —a%m¢m3/2 + Oz%a% sin?(0; — 92)(m§/2)2 _ a%a% (mil,)/2 + m3/2> , (E.2)

where m$ = my + a%él + a%ég o~ —a%(m3/2 + 7’7\1%/2) is introduced as a useful combi-
nation, which sits on the (2, 2) component of the inner parenthesis in eq. (2.83), and
it satisfies mg/y — m§ =~ fﬁé/? In the above estimation, we have used é¢ ~ —mgy —
msje — fﬁzl,)/Q and 0, ~ 0 (cf. eq. (2.69)). The quantities ﬁ%é/Q can be estimated using
eq. (2.70) as fszl,)/2 = (mg)9 + 3H sin 201 — 3mg /5 cos 201)/2 and m§/2 ~ —mg/5. The time-
derivative of the SUSY breaking fractions ¢v; have been neglected because a1v1 = —andn =
O(min [(mg/z)Q/H, HQ/(mg/z]) < (’)(mg/Q). Note that the trace contains a violently oscil-
lating term fﬁil,’ﬂ while the determinant does not have a term of order m¢ﬁz§/2 (cf. 20).
Since (Tr M)? > det M, the mass eigenvalues of M are given by

Tr M for the heavy state,

(E.3)
det M/Tr M for the light state.

1

5 (Tr./\/l + /(Tr M)2 — 4 det M) = {
Thus, we obtain the eigenvalues (Mpcavy, Miight) ~ (Mg + 2a%ﬁ1§/2, —a§m3/2). Keeping the
first order of 0z, we find the Polonyi-dependent part of the light mass eigenvalue —@,. That
0z, which is used in egs. (3.25) and (3.28).

is, Miight ~ —a3mz /o + S -
y Mllight — 21143/2 \/'?:mg/QMPI

E.2 Multi-superfield model
Here, we evaluate the mass matrix M in eq. (2.66) in the case with the stabilizer field in
section 4. The matter fermion part of the mass matrix is

my ~ my ~ diag(me, —meg, 0), (E.4)

in the “light-cone” basis (®1,®_, 2) defined in eq. (4.12).
The trace is

TTM = (1- 2a§)m3/2 +2 (aiﬁz;/g + aQ_T?Lg/Q) ) (E.5)

where the term of order m, cancels out because of the opposite phases. The full expression
of the determinant is long and complicated. Since we expect there are two states with their
mass eigenvalues approximately equal to ==mg, we extract the terms proportional to mi,

det M = ng:g/zmi +.= agm;g/zmi +.... (E.6)

Note that the lightest eigenvalue is not of order Mg/, but of order mg/y (cf. 20). In this

+

calculation, we have used 04 ~ Fmgy —msgjy — ﬁléQ with ﬁ13/2 ~

(m3/2 — 3m3/2 COSs 291 +
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3Hsin26;)/2. Finally, if we call the three mass eigenvalues mj, ma, and mgs, we have
a relation

mima + mams +mam; = My Mag + MaaMag + MazMyy — M3y — M35 — M3,
= —mi — 2(0&7/1\1;/2 - 042_7’)\13:/2 +O(mgja))mg + ..., (E.7)

where we write only the largest term, which is proportional to mé, and the subdominant
but oscillating term linear in mg. Thus, we conclude that there are three states with their
mass eigenvalues (mﬁreavyvmﬂeavy?mlight) ~ (mg + 20&7’7\1;/2, —mg + Za%ﬁg/z, —aZmy)).
Repeating the same analysis without neglecting 6z, we find the z-dependent part of the
. . w2 m?

light eigenvalue, miigny ~ —azms/y + Ve 0z.
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