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1 Introduction

In recent papers [1-3] there was initiated the systematic study of the models of deformed
N = 4 supersymmetric mechanics with SU(2|1) as a substitute of the standard “flat”
N =4,d = 1 superalgebra. Earlier examples of SU(2|1) supersymmetric d = 1 models have
been pioneered in [4-6]. The higher-dimensional systems with curved rigid supersymmetry
based on the supergroup SU(2|1) and its central extension were studied in [7-10].

The centrally-extended superalgebra su(2|1) [1-3] is spanned by the fermionic gener-
ators Q' and Q; = (Q)T, i = 1,2, satisfying

{Q".Qr} =2mI + 28 (H —mF),  {Q.Q"}={Q:Qx}=0. (1.1)

The generator H = H' commutes with all other generators and can be interpreted as an
operator central charge. The SU(2);,; generators I,i = (Iik)T and the U(1)i, generator
F = Fft,

[I;.,Jﬂ —skrp—sirt,  [IL,F] =0, (1.2)



possess the non-vanishing commutators with supercharges
. 1 o o 1 . _
.Q =0T - SaiQF . [1.Q) = —0jQ; + 501, (13)
1 _ 1 -

Furthermore, the su(2|1) superalgebra has the automorphism group SU(2)ext with the
generators Tj’ = (TF)" which rotate the supercharges in the precisely same manner as the
internal SU(2)iy generators I} do:

TR = s - et [1Q) = 00+ 5 5ar (15)

The SU(2)ext generators rotate, in the same way, the indices of the SU(2)iy; generators I;:,
so these two SU(2) groups form a semi-direct product

T 0F| = o - o) (1.6)

In [1, 2] the SU(2|1) invariant one-particle d = 1 models were constructed,
proceeding from the superfield formalism based on the superspace with the coor-
dinates (t,0,0%) 0" = (97) These coordinates are related to the SU(2|1) coset
representative exp {itH—i—ﬂka—i—ﬁka} via the substitutions ¥; = (1 + %m@kék) 0;.
V" = (14 2m6,,6%) §". The fermionic SU(2|1) transformations are realized on them as

5t:i<ek§k+€k9k>, 30 = ¢ +2me* 0, 0;, 0 =é —2me 056 . (1.7

As a further step, in [3] there was considered the “minimal” complex harmonic coset

{H) Q:t7 Q:t7 F) Ii:t? ‘[07 T:t:t7 TO}

+ pt+ +\
Fre 0 7oy~ (a e = (18)
where
+=n, I—— =1, =1 -13=2I, (1.9)
Tt=14, T =17, °=1! - 1% =21}, (1.10)
Q+EQ17 Q_ EQ27 Q_ Ele Q+ E_Q2° (111)

This SU(2|1) harmonic approach, as a deformation of the analogous formalism in V' = 4 su-
persymmetric mechanics [11], have provided additional opportunities to build new SU(2|1)
models, in particular those associated with the multiplet (4,4,0) and its “mirror” coun-
terpart. As was pointed out in [1-3] (see also [12]), many issues of N' = 4 supersymmetric
mechanics still await their SU(2|1) generalization. The list includes the N = 4 super-
symmetric Calogero-like systems, the gauging procedure in superspace, coupling to the
background gauge fields, etc. In the framework of A/ = 4 supersymmetric mechanics, all
these topics were found to be tightly interrelated. E.g., the Wess-Zumino (WZ) type actions
describe the interaction of the proper d = 1 supermultiplets with external gauge fields [11].



The actions of the same type describe semi-dynamical degrees of freedom [14, 15], the use of
which proved to be of pivotal importance for constructing the many-particle supersymmet-
ric d = 1 systems [13] (see also the review [16]). Additional important technical ingredients
of the N/ = 4 model-building which essentially exploit the WZ type d = 1 actions are the
pure gauge “topological” multiplet and the superfield gauging procedure relating diverse
models [17, 18].

In this paper we construct new models of the A/ = 4 deformed supersymmetric me-
chanics that make use of a few different types of SU(2|1) supermultiplets: dynamical,
semi-dynamical and pure gauge supermultiplets. The outcome are new SU(2|1)-invariant
one-particle model with spinning degrees of freedom, as well as new SU(2|1) superextension
of the Calogero-Moser multi-particle system.

The harmonic superspace (1.8) is not directly applicable for tackling these tasks. The
main problem roots in the algebra of the covariant constraints to be imposed on the rel-
evant harmonic superfields ¥ for singling out various irreducible SU(2|1) multiplets. The
Grassmann analyticity conditions in the harmonic superspace (1.8) (specifically, DTW¥ = 0,
DV = 0) necessarily entail the harmonic condition (specifically, D**W¥ = 0). However,
such harmonic constraints turn out to be too strong if we wish to describe some supermul-
tiplets in the harmonic approach, e.g. the “topological” gauge multiplet which is the main
object of the d = 1 gauging [17, 18] efficiently exploited in refs. [13-16]. As we will see, the
only way around is to pass to an extended SU(2|1) harmonic superspace involving two sets
of harmonic variables: those associated with the group SU(2)i,¢ and those parametrizing
the external automorphism group SU(2)ext.

In section 2 we introduce new harmonic superspace with two sets of harmonic variables,
including the standard (unitary) harmonics on SU(2)ext. As a result, we gain an opportu-
nity to perform a gauging procedure and define interacting dynamical and semi-dynamical
multiplets. In section 3 we construct the system of dynamical (1,4, 3) multiplet interacting
with a semi-dynamical (4,4,0) multiplet. This coupling is used to define the WZ term
for the (4,4,0) multiplet, which, as was noticed in [3], is impossible in the framework of
the harmonic superspace (1.8). The gauging procedure relevant to this SU(2|1) invariant
system is described in section 5. In section 6 we present a matrix generalization of the
SU(2|1) invariant model with dynamical, semi-dynamical and pure gauge supermultiplets.
When reduced on shell, it describes SU(2|1) supersymmetrization of the Calogero-Moser
multi-particle system [19-22], with the mass specified by the deformation parameter m of
the su(2|1) algebra. Section A contains the concluding remarks. In appendix we present
the “master” SU(2|1) harmonic formalism which yields the settings developed in [3] and
in section 2 of the present paper upon two different reductions with respect to the extra
harmonic variables.

2 SU(2|1) harmonic superspace revisited

As opposed to the “minimal” harmonic coset (1.8), we will use now the coset

{H, Q% Q% F, I**, 1", T, T°% (2.1)
{F, I++,1°,70} ’ '

éH = (tA70i7§i7u;t7z++>



where the variables

+ Yi— A
u; uu; =1, U, — UL U = Eg (2.2)

are the standard unitary harmonics on the coset SU(2)ext/U(1)ext ~ S? [23], while the coor-

dinate 2T is associated with the generator I~ —. The elements of this coset are defined as
g = (ST HETTT) exp {z++I__} exp {z’tAH —0TQ + 9+Q_} exp {9_Q+ — §_Q+} ,

) (2.3)

where /(677 THETTT) = (ui), T = %(Tl +i72), 7P, p = 1,2, 3, are the Pauli matrices, and

)

we use the notations (1.9), (1.10), (1.11).
The relation with the standard SU(2|1) superspace coordinates is given by
ta=t+i(6T6 +676"),
0~ = 0wy, o+ = o'w; (1 + makw,;élwf) , (2.4)
i~ = GFw;, ot = 0w (1-motufouy ),
where wfﬁ are the non-unitary harmonics which define the “minimal” complex harmonic

coset (1.8) and are related to the harmonics (2.2) as [24, 25]

R SE - - Hom o=
w u + 2T, w;, =u, ww, —wlw; = g, . (2.5)

The relations (2.4) imply [3]
t=ta—i(676" +670"),
Ow; =07, 0w =0"(1-mo=0"), 0w, =0, 0wl =0"(1+mo07).

(2.6)

The fermionic SU(2|1) transformations induced by the left shifts of the coset represen-
tative (2.3) are written as

Sta=2i(ec 6" —eo%),

50 =t e (2 —motih) 50t = b (T 4 motah)
50" =e +2me 6767, 80 =& +2me 00T,
5zt =m (6+é+ + ?LGJr) +mztt (67é+ + EWQJF) ,
dur =0, (2.7)
where
et = eiuli , & = Ekuf . (2.8)

It follows from the transformations (2.7) that the SU(2|1) harmonic superspace contains
an analytic harmonic subspace parametrized by the reduced coordinate set,

éA = (tA, §+7 9+7 u?:a Z++) ) (29)
which is closed under the action of SU(2|1). It can be identified with the supercoset

é {H7Qi7Qi7F7Iii7I07Tii7TO}
. {QF,QF F, I+, 10,10}

(2.10)



The transformations (2.7) rewritten through harmonics wi defined in (2.5) take just the

form given in [3]

Sta=2i(n 6" —q6"),

50 = nt —my0tat 68 =it -+ mig 070, o
S0~ =n" +2mi 00T, §0- =70 +2mn 007,
swi =m (n+§+ + 77+9+) w; dw; =0,
where nt = eiwfc, nt = éw ch The extra coordinate 2 transforms in this basis as
52t = m (7H 8T + 6. (2.12)

Applying the routine coset techniques to the coset (2.1) (see, for example, [1]) we derive
the following expressions for the covariant derivatives

D = 2.1
=01 = g (213)
0 0 ~ ~
D =—— -2 T g+ ~(1°+2F
e = 20070, —mB0 om0 (1+2F) -
_ 0 _ 0 L 0 _ (50 ~ ’
D = e = 20070, +m0 0 o —mOT 5o —mo (I —2F>,
Dt = %—mﬁ I+,
P (2.15)
@+:—7 - I-H—
90— +m
0 0 _ 0 .
D; 8Z+++2zeeam+m(09 _00)8z+++0 gor T ggr amOTOE,
(2.16)
- - - 0 0 0 ~
=0, +2@008tA+m(0¢9 —00)8Z+++9 %qLG 55+ —2mO 0" F,
(2.17)
_ _ 0 - i\ 0
+ _ g+t 49 ptat + +ato— +_ o gtgte—
= O+ 207070, + (0 +m0¢99)897+(0 7”999)39:
0
I (Z,Jr+)2azT (2.18)
4ot (DO + fﬂ) MmO — m<9*é+ _ 9+éf)f++ ,
0 0 0 0 0
_ a0 ++ + o+ - -
=0, +2z2 82+++<6 89++0 80+> <9 - +6 89) (2.19)
The partial harmonic derivatives in these expressions are defined as
0 0 0
Ot =uf——=, O =ul—¢ —u; ot 0,71 =0y, (00,0, =+20,",
(2.20)

and F, I°, I are matrix parts of the generators F, I°, It* properly acting on the matrix
indices of the superfields and the operators. In particular, note the U(1) assignments

D*, FD* =-D* (2.21)

[\
M\H

I~0D:|: _ :FfD:t ’ iOZ_):IZ _ :FzD:I: , FD:I: _ =



which will be used below. Note the non-zero commutation relation

(10,1t =aortt. (2.22)
Also, the notable property is
_ _ 0 _

The covariant derivatives act on the harmonic superfields W@ (¢4, 6% % u* 2t+) =
U@ (Cy) which are assumed to transform under SU(2|1) supersymmetry in accord with
the general rules of the (super)coset realizations

SUD = m [2 (07 e 07) F— (0" 4 07) I — (0 +e07) ] 0. (224
As usual, these superfields are eigenfunctions of the harmonic U(1) charge operator DV:
DoY) = (@) | (2.25)

We treat the dependence of W@ (¢4, 0%, 0% u*, 2*+) on two sorts of harmonic variables in
the same way as in [25]. Namely, we assume the polynomial dependence on 2™ and the
standard harmonic expansion in u* [23].

It is worth pointing out that DT+¥(@, DT W@ and DT W@ transform according to the
general superfield rule (2.24), while the SU(2|1) variations of D™~ ¥ and D~ w(®) D~ (4
exhibit some deviations from (2.24), involving the superfield (9 itself. However, this
subtlety is harmless for our subsequent consideration.

In what follows we will mainly limit our study to the harmonic superfields subjected
to some additional covariant conditions

(DO + fo) 0@ = 0= P90 = —qu@ (2.26)
Fo@ =, (2.27)
o =, (2.28)

as well as the constraint
(D;~-D )0 =0. (2.29)

The constraint (2.29) effectively eliminates the dependence of the harmonic superfields
on the variable z++

U@ (14,0 05wt 2t ) = e % W (1y, 6% 6F uF), (2.30)
where ®(@ satisfies the condition
3} — 0 3} __ 0
D@ — (3@ DY =9Y + ot 0F — — 6~ -0 — 2.31
@ Ot Ggr 0 ggr —0 55— g5 (2:31)

as a consequence of (2.25) and has the standard expansion in u*. The superfield solu-
tion (2.30) can be rewritten as

WD (ty, 0%, 0% uF, 2F) = 0D (14, 0%, 0% wh) = 0D (¢y), (2.32)

where wt and (i were defined in (2.5) and (1.8).



The constraint (2.28) is the self-consistency condition for the covariant definition of
the analytic SU(2|1) superfields which live on the analytic subspace (2.9). This definition
amounts to the Grassmann-analyticity constraints

Dol = Dty =, (2.33)

which, due to the relation
{DF, Dt} =2mI*t (2.34)

following from (2.15), necessarily imply (2.28). Similar to (2.32), the analytic harmonic
superfields are expressed as

ztto, ~

D (t,07,07, ut 27 = 0 0@ (14,0%,0% uF) = 0D (t4,0%,07, wh) = dD(¢y).
(2.35)
As opposed to the approach of ref. [3], the constraints (2.33) and (2.34) by no means re-
quire the condition DT+W¥(@ = 0. Of course the latter can be imposed as an independent
additional constraint, but it is not necessitated now by the Grassmann analyticity con-
ditions (2.33). The relationship between two alternative SU(2|1) harmonic approaches is
explained in appendix.
The constraint (2.27) leads to some simplification of the expressions for other covariant
derivatives. For example, on harmonic superfields obeying the constraints (2.25)—(2.29) the
covariant derivative D1 (2.18) takes the form

D) = 27T Dt la) (2.36)
where

- - 0 - . 0
++ _ g+t o9 gtgt + +otp-) 9 + _ooptate-) 9
D+ =} —1—21998tA—|—(9 +m999)89_—|—(9 meee)aéi. (2.37)
The general transformation law (2.24) for the superfields subjected to the con-
straints (2.25)—(2.29) is simplified to the form

S0 = gm (e 6" +e o) @) (2.38)

One more comment concerns the possibility to use, along with the harmonic basis
(uif, 2+7), the basis (wi, 2+%) with the non-unitary harmonics. Due to the relation (2.5),
these two bases are equivalent to each other, while many formulas and constraints are
simplified in the second basis. The dictionary between these bases is as follows

ot = of T 4+ 2790 — (2720, o, =0, ,
0 0

N =3 — 2o, AN

e (2.39)

£ 2t1) basis the constraint (2.29) becomes just the condition of

For instance, in the (w;,

27T independence

0
9+t

U@ = 0= 0@ = 0D (¢, 6%, 6% wh). (2.40)



Its SU(2|1) covariance immediately follows from the property d 82% = 0. Also, it is instruc-
tive to present the (wii, 2T+ form of the pure harmonic part of the covariant derivative
D (2.18):

0
92+t

0
9zttt °
In construction of the superfield particle actions we will need the expressions for the

Ot — 2T — ()2 ot — (++)?2 (2.41)

invariant integration measures over the full harmonic and the harmonic analytic super-
spaces [3]:
dly = dwdtydd=do~dotdo" (1+mbT0~ —mo=0") (2.42)

and
d¢;~ = dwdt,dotdet,  d¢;T =0. (2.43)

3 Coupling of dynamical multiplet (1,4,3) with semi-dynamical
multiplet (4,4,0)
3.1 The multiplet (1,4, 3)
The multiplet (1,4, 3) is described by the Grassmann-even real superfield X subjected to
the conditions (2.25)—(2.29),
P’xX =0, (D;”-D )X =0, I’X=FX=I""Xx=0, (3.1)
and additional constraints
DTTX =0,
D Dt*X=0, D D'X=0, (D D"+D D")X=2mX. (3.3)
The set of the constraints (3.1)—(3.3) is invariant with respect to SU(2|1) transformations.
Indeed, 6 (D™D X) = —2m (e 0" + & 67) DDT X, etc. The constraints (3.1)—(3.3) are
solved by!
X=x4+0 YT +6 T =0T —0T~
+00 N+ O0TOTNTT 0 0TN -0 N (3.4)
+ 00T 00T 0O +070T0TQT 60707070 D.

Here,
N*E = N’]"wiwgE , N =—i0,x — Nikwfw,; +mx, N =id,x+ Nikwfw,; + max,
(3.5)
D:2(@A@mx—i—m%—iatANikwfw,€_> , (3.6)
Y=, o =dE, QT =myT, QT =mi, (3.7)
OF = —2i0, YT — 2mypT QOF =20, " — 2myp™ (3.8)

and z(t4), N** = NOF)(t4), ' (ta), ¥i(t) = (¥?) are d=1 fields.

'Note that D~ D" X = (— 69+ —2i070,, — mé‘@‘a% +mat aﬁ+ ) DT X—2m 6~ D X, etc., because
of (2.14) and (2.21).




After passing to the central basis coordinates by (2.4), we observe that the 6 expansion
of the superfield (3.4) in the central basis takes the form [1]

X(t,0;,60") =z + Optb® — 0%hy, + m 0,0" z + Hkéijj
Lok (- 1 ao ko 7k
5 020" (it + 2mun) = 5 (0)%6 (id* - 2mip*) (3.9)
- 1
+(0)%(0)? <4 7+ m2x> ;
where the component fields z(t), N*# = N (), i(t), 1;(t) = (¢?) are the functions of

real time ¢ and (0)? = 0,0°, (0)? = 00;, @ = 0, , v, etc.
The fermionic SU(2|1) transformations of component fields are the following

ox = — exp® + ey,
Syt = iEki—Eijj —méx, Sy, = —iek:'c—eijj — M eRx, (3.10)
SN* — _9; (6%]-) i g@)) —9m (6(%]') _ g%a‘)) .
The free X-action reads

Sy = —i /ch X2, (3.11)

2

Integrating in it over the #-variables and harmonics,” we obtain the component action [1]

&:;/ﬁP@+4mw—¢wﬂ—m%ﬂnmmw—iN%wl. (3.12)

Another description of the multiplet (1,4, 3) is through an analytic real prepotential
V(Ca) (DTV =DV =0). Its pregauge freedom

V=DM, AT =X"(C), (3.13)

can be exploited to show that V((4) describes just the multiplet (1,4, 3) (by choosing the
appropriate WZ gauge). The superfield V((4) is related to the superfield X in the central
basis by the harmonic integral transform

X(t,6;,0°) = /dw (1 +moto — m0_9_+)_1 V (tA,9+,§+,wi)

) (3.14)
where the vertical bar | means that the expressions t4 =t +14 (9+9__ + 9_§+), 0~ = Hiw;,
6 = 0", , 07 = 0'w; (1 +mbFw, 0lw"), 07 = 08wl (1 — m6*w 6w, ) defined in (2.4)
should be substituted into the integrand. Then, from (3.14) we can identify the fields
appearing in the WZ gauge for V with the fields in (3.4)

V(Ca) = x(ta) — 2070 (ta)w; — 2079 (ta)w; + 300N (t4)w; w,, . (3.15)

The representation (3.14) generalizes the analogous transform in the “flat” non-deformed
N'=4 supersymmetric mechanics [14, 15, 17, 18].

2We use /dw w“w,; = %52, /dw w”“w“”w(klw;z) = 72/dw wH"lw*i?)w;;lwk;) = %(5((;11 6;221



The passive SU(2|1) transformation of the prepotential field V has the form
oV ==2m(c 0" +e0")V, (3.16)
and the compensating gauge transformations for preserving the WZ gauge (3.15) are

SeompV = DAL, Apmp = — (€9 + @) wyw; + (0 — 6% €') NV w; wiw, .
(3.17)
Applying (3.16) and (3.17) to the WZ gauge expression (3.15), we reproduce the component
field transformations (3.10).

Note that (3.16) agrees with the general transformation law (2.24) with ItV =FV=0,
1%V = 2.3 Using the transformation of the harmonic measure & dw = 9, ~ (6 +716%) dw
in the central basis, it is straightforward to be convinced that (3.16) just reproduces the
transformation 6X = 0 for X defined in (3.14).

3.2 The multiplet (4,4,0) and SU(2|1) invariant WZ term

The multiplet (4,4, 0) is described by the superfield Z* (¢4, 0%, 6%, 2+F, u®) possessing the
unity U(1) charge,
DOt =27, (3.18)

and satisfying the SU(2|1) covariant constraints

(D;--D )zt =0, Pzf=-zF = Fat=It"z* =0, (3.19)

as well as
Dt =0, (3.20)
Dot =Dt =0, (3.21)

The constraints (3.21) together with [T+ 2+ = 0 imply the superfield Z* to be analytic,
that is

ZH(ta, 0F, 0%, 0, 2TT) = 2T (¢4, 07,07 wF) = 27 (Ca). (3.22)
The general solution of the full set of the constraints (3.18)—(3.21) is represented by the
component expansion of the harmonic superfield (3.22) in the following form [3]

ZT(ta, 07,0, wF) = 2w + 0T+ 0T¢ — 20707 Z'w; . (3.23)

The fermionic SU(2|1) transformation of Z7 is a particular case of the general trans-
formation law (2.38),

62 =m(e 6" +e0t)2t. (3.24)

3The superfield V supplies an example of analytic SU(2|1) superfield not satisfying the constraint (2.26).
This property is harmless because V is not subject to any extra harmonic constraints. One can formally
define DTV, and it is a covariant SU(2|1) analytic superfield living on the superspace (4 (2.9) and having

a linear dependence on z™* (in the (wi, 2+ ) basis).

,10,



It implies the following transformations for the component fields

02 = —lp— &g, bp= 2", + me'z,, 06 = 2iepit — mepz”,

. (3.25)

0% = 60— 6@,  0p = 2ierz" —mepzt, 0 = —2ie'z, —me'z,.

It has been shown in [3] that the Wess-Zumino type actions enjoying SU(2|1) super-
symmetry cannot be constructed for the single multiplet (4,4,0). However, if we couple
the multiplet (4,4,0) (3.22) to the multiplet (1,4,3) (3.4), (3.15) the SU(2|1)-invariant
WZ action can be set up.

Such WZ action is given by the following integral over the analytic subspace

1 -
Swz(V,Z27) = 3 /dg—vz+z+, (3.26)

where Z% is generalized harmonic conjugate of Z+ (see [3, 24] for definition of such conjuga-
tion). As a consequence of (2.43), (3.16) and (3.24), the action (3.26) is SU(2|1) invariant.

The corresponding component action Swyz = [ dt Lywyz with the component Lagrangian

) . 1 .
Lwy = —% x(ikik — Zkzk> ~3 Nkakfj
(3.27)

+% ¥ (st5 + 5k¢>) + % ok (ZME5 - Ekso) + % x(gp@ + ¢¢3)

is invariant under the SU(2|1) transformations (3.10), (3.25).

3.3 Total action

Now we consider a system with the action given by the sum Sy 4+ Swyz. Making use of
the component form of these actions defined in (3.12) and (3.27), eliminating the auxiliary
fields ¢, ¢, , @, N** from this sum by their algebraic equations of motion

Nik = _Z(izk) ) ¥ = _¢kzk/x7 p = _djk'gk/xa ¢ = —@Z_szk/l‘, d_) = wkzk/l’

(3.28)
and, finally, redefining z¥ — 2¥/\/z, we obtain
— 1 Sy l A ik n k 7’ — .k = k
Sy + Swz —/dt {29?9?+2 (W?ﬂ VYt ) 5 (Zkz Zrz )
, - (3.29)
5 m2z? + mat — - [8 (z%2,)2 + w%kz(ifk)] } .

In contrast to the analogical model of the AN/ = 4 supersymmetric mechanics [14, 15], the
action (3.29) contains mass term (oscillator term) for the component field x. But the
spinning variables z* prove to be not restricted by any constraint besides the second class
constraints produced by the first order kinetic term for these variables. As a result, the
quantum spectrum of this composite model involves an infinite number of the states, like
in its “flat” prototype.

For getting the finite number of physical states it is necessary to impose an additional
constraint which amounts to the gauging procedure described in the next section.
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4 Gauging of coupled dynamical multiplet (1,4, 3) and semi-dynamical
multiplet (4,4,0)

The WZ action (3.26) and the total action Sy + Swyz are invariant with respect to the
global U(1) transformations

o+ — ei)\ZJr’ Z+/ _ efi)\2+ ) (41)

Now we require local invariance of this action, with the parameter in (4.1) being promoted
to an analytic superfield A = A\((4) satisfying the conditions

DTA=D"A=0, (D =D 7 )A=0, DA=I°A=FA=I1""TA=0. (42)

To secure this local symmetry in the considered system we introduce the Grassmann-
even analytic gauge superfield V1, which satisfies the conditions

DTyt =Dty = 0, I~++V++ =0, (43)
(Dz__ . D__) vt — 0, DOy ++ — _jOV-H- — oyt ’ Fv-i--‘r -0 (4'4)

and is defined up to the gauge transformations
VIt =yttt Dt (4.5)

The gauge superfield VT covariantizes the derivative DT, As a result, the com-
plex analytic superfield Zt, Zt, instead of the constraints (3.21), gets subjected to the
covariantized harmonic constraints

vttzt =t 4ivthzt =0, vVHtzt=D" —ivFHzt=0. (4.6)

We can also add to the total action the gauge-invariant Fayet-Iliopoulos (FI) term

Sr1 = % c/,u,54_2) VT, (4.7)
So, we will consider the action
S = Sy + Swz + S¥r1. (4.8)

Using the U(1) gauge freedom (4.5), (4.1) we can choose the WZ gauge
VIt =2i0T0"A(ta). (4.9)

Then
SFI = —C/th. (4.10)

The solution of the constraint (4.6) in the WZ gauge (4.9) is

2t (ta, 07, o, ut, 2T = ziwiJr +O0 T+ 0T —2i 0+§+VtAziw; ,

~ _ , - _ : 4.11
2T (ta, 07,07 uF, 2T = ZwT 40T — 0T — 210707V, Zw (4.11)
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where
Vb =k piAk ) Va =%, —iAz,. (4.12)

Plugging the expressions (4.11) and (3.15) into the action (3.26) and integrating there
over s and harmonics, we obtain the component form of the WZ action

Swz = —% /dt <2szk —Vz zk>x - ;/dtN““zizk -
+;/dt [W(@Zk + Zk@f)) +¢7k<¢§2‘k - ZW) - $<<5¢+ @@)} :

The fermionic fields ¢, ¢ are auxiliary. The action is invariant under the residual local U(1)
transformations
A =A4A-), 2=tttz = ez (4.14)

(and similar phase transformations of the fermionic fields).
The total action (4.8) in the WZ gauge takes the following on-shell form (like in (3.29),
we make the redefinition z¥ — 2¥//x)

S=S,+8;, (4.15)
= Sk
S = ;/dt [m:p —m2a? i <§kzk - zkz«k) . (’ZZ;)Z +24 (Ekzk - c)} . (4.16)
. . - ik, =
Sf = /dt [% (&kwk — lﬁkwk> + mwkwk} — [ dt W . (4.17)

The last term in the bosonic action (4.16) produces first class constraint z,z* —c¢ ~ 0

restricting the quantum spectrum to a single supermultiplet.

5 Matrix model

Now we are going to generalize the model of the previous section to the U(n), d=1 gauge
theory following the papers [13, 16].
The matrix model to be constructed involves the following U(n) entities:

e n? commuting superfields X¢ = (Xt), a,b = 1,...,n, forming the hermitian nxn-

matrix superfield X = (C)Cz) in adjoint representation of U(n);
e n commuting complex superfields 2 forming the U(n) spinor Z+ = (Z}), 2T = (Z1%);
e n? non-propagating “gauge superfields” V++ = (V+0), (17;:“/2) =Vt
The local U(n) transformations are given by
Y = e, ZH = gt VHH — A Y i oD ) (5.1)

where A2 (Ca) € u(n) is the “hermitian” analytic matrix parameter, A\ = .
The SU(2|1) supersymmetric matrix model with U(n) gauge symmetry is described by
the action
Smatrix = Sx + Swz + Spr . (5.2)
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The first term in (5.2),

1

8y = —4/uHT&" (x?), (5.3)

is the gauged action of the (1,4, 3) multiplets. Now the superfields X = (X?%) are subjected
to the constraints (3.1) and

VT X =D X +i[VTt X =0, (5.4)
VVtX=0, VVTX=0, (V V4V V)X=2mX, (5.5)
which are gauge-covariantization of the constraints (3.2), (3.3). The constraint (5.4) in-
volves the covariant harmonic derivative V*+ = DT+ + i VT where the gauge matrix
connection V*+ (¢, w) is an analytic superfield.* The gauge connections entering the spinor
covariant derivatives in (5.5) are properly expressed through V™ (¢,u). The parameters
of the U(n) gauge group are analytic, so VT =D+ VT =D+,

The last term in (5.2) is the FI term

SFI = ;C//LE;% Tr V++ s (56)
whereas the second term,
1 _ ~
Swz = 5 / WPV Ztezt (5.7)

is a WZ action describing coupling of n commuting analytic superfields Z;~ and the singlet
U(1) part Xo = Tr(X). The real analytic superfield Vy((,w) is defined by the integral
transform (3.14) for the trace part:

Yo(t, 6:,8°) = /dw (1 FmO —mete — 2m29+0—é+é—)v0 (ta, 07,0, w*) ‘ . (5.8)
The n multiplets (4,4,0) are described by the superfields Z} defined by the con-
straints (3.19)-(3.21) in which the constraint DT+2Z" = 0 is gauge-covariantized:

VIt = (D +iv ) 27 = 0. (5.9)
Using the gauge freedom (5.1) we can choose the WZ gauge
VT =2i0T01 A(t,), (5.10)
where now A(t4) is an nxn matrix field. In this gauge we have
Vit = Dt _20T9t A, V- =D +20 A, V- =D +20A. (5.11)
The solution to the constraints (3.1) and the constraints (5.4), (5.5) for matrix field X is
similar to (5.5) and it is as follows:
X=X+60U" 400" —0"0™ — 970~
+ 070 NTT+0t0TNTT +0 0N 0T N (5.12)
+ 07070 QT +0 070 QT +070T0TQT +0070TQ +076 070" D.

4Besides the covariant derivative V™F which commutes with D, D" and so preserves the analyticity,
one can define the derivative V™~ = D™~ +i V™", so that [V, V~7] = D°. The non-analytic connection
V™~ is expressed through V*" from this commutation relation [24].
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Here,

]\]ii p— lewj:wz:? N — —thAX—lew:'wk_ —i—mX, N :ZVtAX'i‘NZkU)j_U}]; +mX7

(5.13)

D =2V, Vi, X +m% — iV, NFwfuy ), (5.14)
ot = \I/iw;IE ) Ut = \Tliw;t ) Q" =mU™, QO =mU, (5.15)
O = —2iV,, Ut —2my ™, O =2iV,, Ut —2mUT. (5.16)

The quantities X (t4), N** = N (t4), Wi(t), Ui(ta) = (U9 in (5.13)(5.16) are matrix
d=1 fields and the covariant derivatives are defined by

Vi, X =0, X +i[A X], Vi N* =0, N* 4 i[A, NP,

| A ) e (5.17)
VtA\I/Z:&A\I/Z—i-z[A,\Iﬂ], VtA\I/izatA\I/i—FZ[A,\I/i].

The solution of the constraints (3.19)—(3.21) with the covariantization (5.9) for U(n) spinor

superfield Z* is similar to (4.11):
2 (ta, 07,07 uE 2T = Ziwf + 0T+ 0T — 200707V, Zhw; (5.18)
2T (ta, 0%, 0% uF, 2 ) = Ziwt 4019 — 076 — 201076V, Ziw ™, '

where

VZF=7F viAZF . NIy =7, —iAZ, (5.19)

are covariant derivatives of U(n) spinor d=1 fields Z!, Z* = (Z1).
Inserting the expressions (5.12), (5.18) in the action (5.2) and eliminating the fields
N ¢, ¢, ¢, ¢ by their equations of motion we obtain, in the WZ gauge,

Smatrix = Sb + va (520)

1
Sv=75 Tr/dt (VXVX _ m2X2) _ c/dt TrA

+ ;Tr/dt [z’Xo (vZk Zk Zkvzk) - % (Z@Z“)(Zizk)}, (5.21)
(i3 k)7
S = 1Tr/dt [z (@kvqf’“ - v@k\pk) +2m®k¢:ﬂ - /dt%%(z’z’“), (5.22)
2 Xo
where
Xo = Tr(X), L= Tr(TY), Ui = Tr(P)

and (Z;2y,) = Z8 Zga, (V21 Z%) =NV Z8 ZF.

Let us consider the bosonic limit of Spatrix, i-e. the action (5.21). Using the residual
gauge invariance of the action (5.21), X' = ¢ X ™, Z/F = A zF A’ = X Ae™ —
i e (Ope™™), where Al(t) € wu(n) are ordinary d=1 gauge parameters, we can impose
the gauge
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n

ie. X? = X,0° and X = ZXa. As a result of this, and after eliminating A%, a # b,
a=1

by the equations of motion, the action (5.21) takes the following form (instead of Z! we

introduce the new fields 2% = (Xo)'/? Z! and omit the primes on these fields),
1 L ; . .
8= /dt{ 3 (XaXa - m2XaXa) - % 3 (Z;;Z]; - Zzzg) +2)° Ag(z,gzg - c)+
a a a

Tr(S,5%) nTr(SS)
+GZ# e AT A } (5.23)

where we used the following notation:
(S’ = 2877, (5.24)

A 1
(S =) [(Sa)kJ — 25;(5@#} (5.25)
and no sum over the repeated index a in (5.24) is assumed.
The terms ZAZ (Z2ZF — ¢) in (5.23) produce n constraints (for each index a)

Ze78 —cx0 (5.26)

for the fields Z*. The constraints (5.26) generate abelian gauge [U(1)]" symmetry,
ZF — e¥a 7k with local parameters @, (t).

Due to the constraints (5.26), the fields Z* describe n sets of the target harmonics.
After quantization, these variables become purely internal (U(2)-spin) degrees of freedom.
So, in the Hamiltonian approach, the kinetic WZ term for Z in (5.23) gives rise to the
following Dirac brackets:

(ZF, 28], = —is. . (5.27)

With respect to these brackets the quantities (5.24) for each index a form wu(2) algebras
(S2)7, (5041 = idw { 1S’ — (51"} (5.25)

As a result, after quantization the variables Z* describe n sets of fuzzy spheres.

The action (5.23) contains a potential in the center-of-mass sector with the coordinate
Xo (last term in (5.23)). Modulo this extra potential, the bosonic limit of the system
constructed is none other than the U(2)-spin Calogero-Moser model which is a massive
generalization of the U(2)-spin Calogero model [26, 27] in the formulation of [28-30].

6 Concluding remarks and outlook

In this paper, we proposed new models of SU(2|1) supersymmetric quantum mechanics
as a deformation of the corresponding “flat” N' = 4,d = 1 supersymmetric models. The
characteristic features of these models is the use of different types of supermultiplets: dy-
namical, semi-dynamical and pure gauge ones. In considered models, dynamical multiplets
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are the (1,4, 3) ones. The prepotential superfield description of them has provided an op-
portunity to build the WZ action for the (4,4, 0) multiplets and thereby to use the latter
for describing semi-dynamical degrees of freedom. The SU(2|1) version of the superfield
gauging procedure of refs. [17, 18] involving the appropriate gauge multiplets allowed us
to gauge away some of the dynamical and semi-dynamical fields on shell.

We have studied these new SU(2|1) supersymmetric mechanics models both in the
one-particle case and in the multi-particle one. In the latter case the system is described
off shell by the matrix theory with U(n) gauging. After elimination of auxiliary and pure
gauge fields this matrix theory yields new A/ = 4 superextensions of the A,_; Calogero-
Moser model. The mass (frequency) of the physical states is defined by the deformation
parameter of the SU(2|1) supersymmetry.

The N = 4 superextensions of the Calogero-Moser model play a crucial role in applying
the multiparticle integrable Calogero-type systems to the black hole physics. As was argued
in [31], N' = 4 supersymmetric extension of the conformal Calogero model can provide a
microscopic description of the extreme Reissner-Nordstrom black hole in the near-horizon
limit. At the same time, the corresponding physical states are identified with the eigenstates
of the Calogero-Moser Hamiltonian. The deformed N = 4 supersymmetric generalization
of the Calogero-Moser system found here can shed more light on these issues. One can
expect, e.g., that this new multiparticle SU(2|1) model exhibits a trigonometric realization
of the d = 1 superconformal group D(2, 1; «) along the lines of refs. [32-34].

Finally, it is worth pointing out that we have obtained N = 4 supersymmetric exten-
sion of the A,_; Calogero-Moser system by dealing with the matrix model with the U(n)
gauging. Superextensions of the Calogero-Moser models corresponding to other root sys-
tems could presumably be obtained by choosing other gauge groups and/or representations
for the matrix and WZ superfields.
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A Master SU(2|1) harmonic formalism

A.1 Extended harmonic setting

The formalism below is very similar to the bi-harmonic approach developed in [25] for the

harmonic space description of quaternion-Kéhler manifolds. The difference is that in [25]

all three extra co-ordinates 2z, 2** were introduced, while in our case it will be enough to

deal with two such coordinates z**.
Let us consider an extended SU(2|1) harmonic superspace in the w-parametrization of

harmonic variables

(tA,Hi,éi,wgt,z++,z__) = (g:H,z__), (A.1)
where 27~ is an additional coordinate with the following SU(2|1) transformation properties
27T =TT =2 T N T =m0+ 0), AT =m0+ 07). (A2
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All other coordinates are transformed as in section 2. We assume that only generators I°
and F' form the stability subgroup and hence correspond to the homogeneous transforma-
tions of coordinates. Respectively, the general superfield given on (A.1), ®(¢,0,w, z,), is
assumed to transform as (we consider passive transformations)

00 = AT 4 20T FD, Wt =m(n 0t —776%), (A.3)

where I° and F are just the “matrix parts” of the U(1) generators I° and F' counting two
independent external U(1) charges of ®. For sake of brevity we do not indicate these two
charges explicitly. In general, ® possesses also the standard harmonic U(1) charge g,

P'® = ¢,
) )
0_ 1o o e
DO = DY 25t 2
o .0 o 0
DO — v + Y/ -0 —. A4
w= 0wt S T e 0 G Y g (A4)

The covariant derivatives are defined by the following formulas

0 ~ = = 0
++ _ ot (2 ++ (10 0 +p— _ p—a+
DT =D, (z )62+++Z (D°+1") +[1+m(076 00)]32**’
- 0 ~, 0
D++ — At+ 2'9+9+ 04— 9+ ~
w 8w + 27 8,5 + 807 + 89_
+ moTot o0 -2\ _opgtat (A.5)
00~ 00~ ’
D, =D,  +[1+m0T0 —607)] 0 — (z__)Qi(9 +271°
? v dzt+ Dz—— ’
_ _ _ 9 - 9 L
- _l’_ - — + —  n— — — — o — —
D,  =[14m(0T0"—6"0")]0,” + 206 0, + 0 789++6 gy 2mO~— 0" I, (A.6)
0 -0 _ 0 0
D= — —mf~ D= ——— +mb~ A7
a- " g o6~ ™ o (A7)
One should add to this set two more independent covariant derivatives
0 0 0 0 0
—, —— =2\ 0 =0. A.
Dz==" 9ztt’ 9z 0z== " 0ztt 0 (A.8)
It is also easy to define the covariant spinor derivatives D~ and D,
D, :=[D ~,D"], D;:=[D ~,DT]. (A.9)
For brevity, we will not present here their explicit form.
Now it is direct to be convinced that the quantities
o _
++ + +
D=, 8ziiq)’ D"®, DT (A.10)

(as well as D;®, D, ®) transform according to the generic superfield transformation
law (A.3), with taking into account that the covariant derivatives (A.5)—(A.8) themselves
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possess non-trivial 19 and F charges®

z

_ N B _ )
0(p+t+t p—— pt+t Pt _ — _pt _pPt o —
I(Dz , D; ,D,D,az++,az__> (o,zpz . =D", D", 0, -2 >

~ N ;) 11
++ p—— pt Pt _ it Lt
F<Dz , D; ,D,D,az++,az__>_<0,0, 2D,2D,0,0>. (A.11)

Note the useful (anti)commutation relations

0+, 0y =2m 0 (DI DY) =[DI%, D=0, (DI DI ]=0, (A12)
o 1 o o

{3Z++sz ]:D + 17, 5+ D= | =0,
B) B) .

DIf| = D | =1°. Al
o] o, P (A13)
Defining

B)
D = pFE — el (A.14)

we also find
[DtT, D] =D°. (A.15)

While checking (A.12), (A.13), one should take into account the matrix U(1) charges as-
signment (A.11). Also note that the SU(2|1) transformations of objects D¥*®, as distinct
from DF*®, reveal some deviations from the generic superfield law (A.3). For instance,
D@, with [°® = p®, F® = [P, transforms as

0

Do = AT pDTTR L 20D — 2>\+782’i(1)' (A.16)

A.2 Eliminating z dependence

We wish to deal with the superfields containing no dependence on the extra coordinates
2z+% . As the first step, we impose the manifestly covariant conditions

0

a) (D0+j0)q):0, ) W

®=0, (A.17)

which eliminate the dependence on z* from both the superfield ® and covariant deriva-
tives.® Now

9 N 0
__ — -2 9 ——70 0 0 _ 9,
D" =Dy (Vg =t I, DDy -2 (A-18)

®And of course the standard harmonic U(1) charges in accord with the numbers of + and — indices.
In some cases there is no need to impose (A.17a), still dealing with the 2" "-independent superfields
(see footnote 3).
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Eliminating z=~ dependence is more subtle and admits three different possibilities.
Before explaining this, let us pass to another form of the transformation law (A.3) for @(,),
such that it is chosen to be active with respect to 627~ = A7~ — 2T~ 27—

0
0z—~

5(1)(2) = )\+_D2)(I)(z) + 2w+_l*:'<1>(z) -\ (I)(Z) , (A‘lg)

where we made use of (A.18) and the constraint (A.17a).

Now we are prepared to discuss three options for eliminating z~~ dependence.

I. The simplest possibility is to put

o
027~
DIt =D D, =D, -2 D%,  D"—DY. (A.20)

2 =0, Dy = o(t,0,w), 6 = AT DY+ 2wt Fgp,

In this case Dt = ag— , Dt = —8% and one can impose the SU(2|1) covariant Grassmann

analyticity conditions a%qb = a%qb = 0 without any need for the constraint D} "¢ = 0,
as opposed to the harmonic formalism of [3], in which Grassmann analyticity conditions
imply the vanishing of the ++ harmonic derivative of the analytic superfield. We also
note that the action of the second covariant harmonic derivative D7~ on ¢ produces a
superfield with a linear dependence on z=~, D; "¢ = D~ ¢ — 2z~ D% ¢, unless DY ¢ = 0.
Correspondingly, D, ~¢ transforms through the superfield ¢ itself. One can show that the

same subtleties take place for the spinor derivatives D~ ¢ and D~ ¢.

IT. The harmonic formalism of [3] is recovered, when the 2=~ dependence of @,y is fixed
in a more sophisticated way, by imposing the constraint

Dit®,=0— Dy =—[14+mOT6 —0767)] 'DiTd,. (A.21)

z

This condition expresses all the coefficients in the 2™~ power series expansion of @) =
B(t,0,w)+2" "¢t (t,0,w)+...in terms of powers of D}t = [1+m(#6~—0-61) D+
acting on the lowest coefficient, i.e. on ¢. The transformation law (A.19) is reduced to

b =AT"D2p+ 2w Fop+A""DFT g, (A.22)

that is precisely the generic superfield SU(2|1) transformation law postulated in [3]. The

harmonic derivatives D} and D~ coincide with those defined in [3], [DF, D, ~] = D9.
The objects D "¢, Dy ~¢ and D*¢ = (50= + mb~Df")p, Do = (—55- —mb~ D)o

are transformed according to (A.22).” The harmonic Grassmann analyticity for ¢ implies
the constraint D¢ = 0.

"The same is true for the z-independent parts of the covariant spinor derivatives D™, D~ in which the
substitution (A.21) has been made.
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ITII.  Yet one more way to fix the 2=~ dependence of @, is to impose the condition like
the well-known Scherk-Schwarz reduction condition

-+

_ 0 = - JN -
D,y = € o'(t,0,w), 5,8 = ¢ gy, 100t =2t (A.23)

60 = AT D0 + 2wt T EFy — AT (A.24)

The corresponding version of the SU(2|1) harmonic formalism is just the one constructed

and discussed in section 2. In particular, D}t = D+ 4 I+, where Dt is now just (2.18)

written in the (w

7 7
tions (A.17).8 The covariant derivative D~ defined in (2.16) coincides, on the same
subclass of SU(2|1) superfields, with D, ~. Actually, the option III is very similar to the
option I. Like in the latter case, the Grassmann analyticity requires ItT¢ = 0, but not

Dft¢=0asin [3].

z*t1) basis and restricted to the superfields satisfying the condi-
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