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1 Introduction

Recent accumulation of observational evidences [1] in favor of certain inflationary improve-

ments of the ΛCDM model has stimulated the search for the symmetry principles governing

the universe evolution [2–8]. An important advance has been reached in the construction of

a few selected families of inflaton superpotentials (representing universal attractors [9–11])

within the frameworks of (conformal) supergravity [12, 13].
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The theoretical interpretations of the new astrophysical data do not, however, com-

pletely rule out the eventual physical relevance of appropriately chosen “pre-big-bang” [14,

15] or “cyclic” [16–19] extensions of the standard ΛCDM universe. In these models the

universe exists previously to the big-bang, in a phase of accelerated or/and decelerated

contraction or expansion. The transition between standard post-big-bang evolution and

these pre-big-bang phases may be achieved by non-singular or singular bounces (leading

to a big-crunch/big-bang “joint” [20]), or else by the conformal identification of the future

space-like infinity of the “previous universe” with our big-bang singularity, as in the con-

formal cyclic cosmology (CCC) models [17]. The conceptual advantage of such models is

that there is no beginning of time and the very special state seen at the big-bang arises

as a result of the pre-big-bang evolution. The challenge consists in arranging this previous

evolution in order to address all the problems that are usually solved by inflation, with-

out introducing any inconsistencies with the null energy condition (NEC) and with the

increasing of entropy, i.e. with the generalized second law. Within the vast variety of cyclic

cosmological models, characterized by the big-crunch-to-big-bang joints, one should also

stand out the cyclic extensions of the post-big-bang eternal (chaotic) inflationary models

with appropriate matter potentials, admitting regions of negative values [19, 21].

Symmetry requirements of a “stringy” origin are known to be an important tool in

the construction of pre-big-bang models [14, 15]. They allow one to define extensions of

the Friedmann-Robertson-Walker (FRW) solutions before the singularity, and to determine

the explicit form of the pre-big-bang matter content: e.g., they fix the equation of state

(EoS) of the fluid, or the potential of the corresponding inflaton or quintessence scalar

fields before the big-bang. The most representative example of such symmetries is given

by the scale factor duality (SFD) — an extension of the superstring T-duality [22] for

time dependent cosmological backgrounds in dilaton gravity, realized as a combination of

scale factor inversions together with time reflections, preserving the form of the Friedmann

equations. It provides alternative pre-big-bang models that admit different cosmic and

conformal time realizations, both in Einstein and in dilaton gravities [14, 23–26].

The present paper is devoted to the further investigation of the cosmological applica-

tions of a conformal time scale factor duality [23], in FRW universes with metric

ds2 = a2(η)

(
−dη2 +

dr2

1−Kr2
+ r2dθ2 + r2 sin2 θ dϕ2

)
. (1.1)

Here the spatial curvature is determined by K = 0,±1, we denote a′ = da
dη , etc., in what

follows, and use units in which 8πG = 1. The duality transformations are composed of the

scale-factor inversion

ã(η̃) = c2
0/a(η), with η̃ = ±η + constant, (1.2a)

followed by the specific transformation for the energy densities ρ and ρ̃ and the pressures

p and p̃ of the matter fluids:

ã2ρ̃(ã) = a2ρ(a), ã2[3p̃(ã) + ρ̃(ã)] = −a2[3p(a) + ρ(a)], (1.2b)
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that may be combined into an expression for the equation of state parameters w(ρ) ≡ p/ρ
of the fluids, reading

w(ρ) + w̃(ρ̃) = −2

3
. (1.2c)

The duality acts in Einstein (and in Gauss-Bonnet) gravity, and is a symmetry of the space

of solutions of the Friedmann equations

1

3
ρ =

(
a′

a2

)2

+
K

a2
, p =

(
a′

a2

)2

− 2a′′

a3
− K

a2
, ρ′ + 3

a′

a
(ρ+ p) = 0. (1.3)

If one knows the evolution of a FRW universe described by a set {a, ρ, w}, then one has

automatically the solution of eqs. (1.3) for the ‘dual’ universe described by {ã, ρ̃, w̃} as well.

As one can see directly from (1.2c), SFD maps accelerated periods into decelerated periods,

and vice-versa — fluids such as radiation or dark matter, for which w > −1
3 , are mapped

into dark energy fluids with w < −1
3 . Further, the weak energy condition is preserved for

fluids with −1 ≤ w(ρ) ≤ 1
3 ; that is, if w(ρ) belongs to this interval, then so will w̃(ρ̃). On

the other hand, the dual of a fluid with w > 1
3 will be a phantom fluid with w̃ < −1, so

SFD also provides the possibility of describing phantom fluids from the knowledge of the

behavior of non-phantom matter. Recent investigation [23] of the self-duality aspects of

the conformal time scale factor duality has demonstrated that it can play an important role

in the description of the post-big-bang phases of the universe evolution, acting as a UV/IR

symmetry relating the final (almost de Sitter) stage of the universe with its (radiation

filled) beginning, and also determining the form of the matter self-interaction.

The problem we address concerns the construction of pre-big-bang and cyclic universes

using conformal time SFD (1.2) as a symmetry principle. That is, given a model of post-

big-bang cosmic evolution then, following refs. [14, 15], its pre-big-bang phase will be

defined by the corresponding dual universe. This is equivalent to implement the most

relevant features of the pre-big-bang models of dilaton gravity, but here in its Einstein-

frame version and replacing the dilaton with an appropriate self-interacting scalar field, as

suggested in ref. [23]. Consider as an example the flat ΛCDM model and its dual:

ρ =
ρr
a4

+
ρd
a3

+ ρΛ, ρ̃ =
ρ̃r
ã4

+
ρ̃dw
ã

+ ρ̃Λ, (1.4)

with ρΛ = Λ being a positive cosmological constant, and ρr and ρd representing radiation

and (barionic plus dark) matter, respectively. The dual, pre-big-bang universe is filled

with another cosmological constant, radiation and a gas of domain walls represented by

ρ̃dw, with the relative densities fixed, according to the first of eqs. (1.2b), as

ρr/ρ̃Λ = ρ̃r/ρΛ = (ρd/ρ̃dw)2 = c4
0. (1.5)

Our main goal is to describe how, although with the same dual matter content, SFD

naturally gives rise to two qualitatively different types of pre-big-bang evolutions. The first

one is obtained from scale factor inversions combined with conformal time translations, and

it consists of a collapsing universe which ends in a decelerated phase leading to a big-crunch
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identified with the big-bang of the subsequent expanding evolution. This is similar in spirit

to the ekpyrotic cosmologies [18, 20] and to the original Veneziano E-frame pre-big-bang

models [27]. In the second possibility, scale factor inversion is combined with conformal time

reflections. Then both the post- and the pre-big-bang phases are expanding universes: one

ends at an accelerated expansion followed by the big-bang of the other, as in the Conformal

Cyclic Cosmologies of ref. [17].

The construction of pre-big-bang phases derived from SFD is developed in section 2.

In section 3 we elaborate on the effect of SFD in matter fields, in particular its description

in terms of a self-interacting scalar field, and introduce the concept of duality and partial

self-duality between the matter fluids filling two consecutive aeons. The similarities and

the differences between SFD cosmologies and CCC, together with the restrictions needed

to construct SFD symmetric models compatible with CCC, are presented in section 4.

It is also shown that the SFD symmetry, when applied to CCC models, selects a family

of cosmological models whose matter content coincides with the SU(1, 1)/U(1) gauged

Kähler sigma models with a specific self-interaction. In section 5 we derive the consistency

conditions imposed on the generalized second law of thermodynamics in the case of the

Gauss-Bonnet extension of these cyclic cosmological models. Our concluding section 6 is

mainly devoted to the discussion of the consequences of the scale factor duality on the

properties of the adiabatic fluctuations of the SFD symmetric FRW backgrounds, with

also some comments on the holographic features of the conformal crossover.

2 Pre-big-bang evolution from SFD

Let ǎ(η̌) be the scale factor of a flat (K = 0) expanding universe with a big-bang. The

SFD transformations gives us a dual universe. We shall describe now what are the allowed

behaviors of the dual scale factor â(η̂) with the dual conformal time η̂.

2.1 SFD-symmetric pre-big-bang extensions

The SFD transformation of the energy density, eq. (1.2b), when combined with the Fried-

mann equations result in1

ǎȞ = ±âĤ. (2.1)

Hence the dual of an expanding universe, with Ȟ > 0, may be either another expanding

universe, with Ĥ > 0, or a collapsing one, with Ĥ < 0. It is eq. (2.1), together with the

inversion of the scale factor, that fixes the relation between η̌ and η̂ to be linear: choosing

η̌ = 0 for some ǎ0 and following the positions of the signs, we have

η̌ =

∫ ǎ

ǎ0

dǎ

ǎ

1

ǎȞ
= ∓

∫ â

c20/ǎ0

dâ

â

1

âĤ
= ∓η̂ + constant. (2.2)

Thus we arrive at the conclusion that, for a given post-big-bang universe, the scale factor in-

versions give rise to two kinds of pre-big-bang extensions : (i) pairs of expanding/expanding

1The “checks and hats” notation adopted in this paper follows Penrose [17]. The ˇ mimics a future

lightcone, and theˆa past lightcone, therefore their usage for post- and pre-big-bang evolutions, respectively.

– 4 –



J
H
E
P
1
1
(
2
0
1
6
)
0
9
0

(henceforth abbreviated as ‘E/E’) dual universes that are related by a conformal time re-

flection plus a translation and (ii) pairs of contracting/expanding (‘C/E’) dual universes,

related by a simple time translation.

It is convenient to place the big-bang, {ǎ = 0}, at η̌ = 0. Then in the case of E/E

universes, eq. (2.2) becomes η̌ = −η̂ and one can further drop the marks on the η’s to write

the scale factor inversion (1.2a) as

ǎȞ = âĤ , ǎ(η) =
c2

0

â(−η)
. (2.3)

For a pair of C/E universes, the contracting one does not have a big-bang. Instead, it

begins with â =∞ (at a de Sitter “vacuum”) and collapses to a big-crunch. We may place

both singularities at η̌ = η̂ = 0, for

η̌ =

∫ ǎ

0

dǎ

ǎ2Ȟ
=

∫ â

0

dâ

â2Ĥ
−
∫ ∞

0

dâ

â2Ĥ
= η̂ + ηf ,

where ηf is the conformal time duration of the universe:

ηf ≡
∫ 0

∞

dâ

â2Ĥ
=

∫ ∞
0

dǎ

ǎ2Ȟ
. (2.4)

So here the scale factor inversion (1.2a) takes a form

ǎȞ = −âĤ , ǎ(η) =
c2

0

â(η − ηf )
. (2.5)

A late-time acceleration of the post-big-bang universe, as it happens in the ΛCDM model,

renders the conformal time duration ηf finite. As a consequence of eq. (2.4), the corre-

sponding dual universe also has the same finite conformal lifetime, and begins at −ηf with

â(−ηf ) = 0 or â(−ηf ) = ∞ in the expanding or contracting cases, respectively.2 This

provides the following picture. As the time parameter η evolves, what we get is a whole

history of an expanding or contracting universe {â, ρ̂, p̂} for η ∈ [−ηf , 0] which is then fol-

lowed by a big-bang and by a dual universe {ǎ, ρ̌, p̌} evolution as η runs forward in [0, ηf ].

Following Penrose [17], we will call each of these two “consecutive cosmological histories”

an aeon.3

2.2 Dual conformal diagrams

The effect of the SFD transformation in the conformal diagrams sheds some insight into

how the causal structures of dual universes are related. The Penrose diagram of a flat FRW

universe is obtained by the usual coordinate transformation (η, r) 7→ (τ, χ),

η =
1

2
sec

(
χ+ τ

2

)
sec

(
χ− τ

2

)
sin τ ; (2.6a)

r =
1

2
sec

(
χ+ τ

2

)
sec

(
χ− τ

2

)
sin χ , (2.6b)

2As mentioned above, SFD maps accelerated into decelerated phases. Thus for a C/E pair, the phases

will be mapped in “reversed order”, i.e. one universe has a late-time and the other an early-time accelerated

phase. This is depicted in figure 1.
3Note that, although “consecutive”, both histories are eternal in cosmic time, e.g. as η → 0−, cosmic

time diverges, t̂→∞. Thus the name “aeon”.
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(a) (b)

Figure 1. Conformal diagram for two consecutive dual universes with two periods of acceleration;

(a) expanding/expanding and (b) contracting/expanding. Red and blue portions depict pre- and

post-big-bang phases, respectively. Singularities are indicated by double lines, and infinities by

dashed lines. Acceleration is positive in dark patches and negative in light ones.

which takes the (flat) FRW line element into

ds2 =
1

4
a2(η) sec2

(
χ+ τ

2

)
sec2

(
χ− τ

2

)
ds2

Einst, (2.7)

where ds2
Einst = −dτ2 +dχ2 +sin2 χ

(
dθ2 + sin2 θ dϕ2

)
is the metric of the Einstein universe

(a 4-cylinder). The patch on the Einstein cylinder covered by a given FRW universe is

bordered by the surfaces corresponding to the zeroes and infinities of the conformal factor

multiplying ds2
Einst above.

If we choose the origin of conformal time such that the big-bang is placed at η = 0,

we see that the SFD transformation (2.3) relating E/E universes, η̂ = −η̌, is equivalent to

τ̂ = −τ̌ . Also, the inversion of the scale factor maps singularities into conformal infinities

and vice-versa. The overall effect is that, given a Penrose diagram, its dual will be the

mirrored image over the invariant line τ̌ = τ̂ = 0, with the roles of the lines corresponding

to singularities and infinities interchanged. This can be seen, e.g. in figure 1(a). Thus we

map initial into final conditions for the Friedmann equations, and vice-versa. The null-

cone structure is, of course, mapped into itself. But note that a future null-cone in a

universe is mapped into a past null-cone in its dual. In particular, this means that the

particle and event horizons are mapped into each other (cf. [23]). This fact may be derived

explicitly by writing the particle and event horizon radii, respectively, ηp(a) =
∫ a

0
da
a2H

and

ηh(a) =
∫∞
a

da
a2H

, as functions of the scale fator, then using eq. (2.3) to find

η̌p = η̂h , and η̌h = η̂p. (2.8)

An interesting consequence of eqs. (2.8) is to show how if the big-bang at {ǎ = 0} is space-

like — a characteristic of decelerated expansion —, then so is the future infinity {â =∞}
of the dual universe — a characteristic of accelerated expansion, as it was to be expected.

– 6 –
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{ǎ = ∞
}

{ǎ = 0}

 {â
 =

 0
}

{â = ∞}

(a)

{ǎ = ∞
}

{ǎ = 0}

 {â = 0}

{â = ∞}

(b)

Figure 2. Causal diagrams for dual universes filled with fluids with constant equation of state

parameters. The blue diagrams represent decelerated expansion (w̌ > − 1
3 ) and have only a particle

horizon. The dual red diagrams are both accelerating (ŵ < − 1
3 ). (a) Expansion/Expansion: the

dual red diagram has accelerating expansion and only an event horizon. (b) Expansion/Contraction:

the red diagram has accelerated contraction and only a particle horizon.

For a pair of C/E dual universes we do not have the τ 7→ −τ mapping, and thus

there is no “flipping” of the conformal diagram. We may, however, as has been noted

above, choose the origin of conformal times such that conformal infinity and the dual big-

bang coincide. The scale factor inversion, nevertheless, still exchanges the roles of these

asymptotic surfaces. The overall effect for a universe with a finite conformal lifetime can

be seen in figure 1(b). As to what regards the horizons, we have now: ηp =
∫ a
∞ da(a2H)−1

and ηh =
∫ 0
a da(a2H)−1, which leads us to conclude that η̌p = η̂p. A similar calculation is

valid for event horizons η̌h = η̂h. Therefore the particle horizons of the expanding and the

contracting universes are mapped into each other, and so are the respective event horizons.

We shall be concerned in this paper with universes like the ones appearing in figure 1,

in which there are two different phases of acceleration (such as in the ΛCDM model),

thus possessing both kinds of horizon and marked by a finite total conformal time duration

ηf =
∫∞

0 da (a2H)−1 = ηp + ηh. This may, of course, not be always the case. For example,

universes filled with a single perfect fluid with constant equation of state parameter w̌ >

−1
3 , and their duals, with ŵ < −1

3 , have, each, only one kind of horizon as shown in figure 2.

Then either ηp or ηh are infinite, resulting in an infinite ηf so eq. (2.5), for example, has

to be modified. The crucial point here is this: when both boundary surfaces {a = 0}
and {a = ∞} are space-like, as in figure 1, we may identify the coinciding boundaries of

consecutive aeons as one single space-like hypersurface X , which we shall call a ‘crossover

surface’. It is conformally equivalent to the Euclidean 3-dimensional space (that is, a

constant-time-surface in Minkowski space-time), and with our choice of conformal time,

X = {η = 0}. Now in the case of figure 2, one cannot define properly a transition

surface because this would amount to identify hypersurfaces with different signatures. For

example, in a C/E pair the contracting universe ends in a null hypersurface while the

– 7 –
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expanding universe begins in a space-like big-bang (figure 2(b)). As for the transition in a

E/E pair, it may be well defined but it can be done only once; that is, it existis only for

“two consecutive aeons”, and one cannot naturally build a “chain” of aeons, as it will be

done presently in section 2.3.

2.3 Cyclic SFD extensions

The rather unusual realization of the transition between expanding/expanding SFD uni-

verses — with the future infinity of one aeon being identified with the initial big-bang of

the next — suggests that the pattern should repeat itself indefinitely. That is, it is natu-

ral to define a sequence of aeons, each being related to its following neighbor by an SFD

transformation. We denote by

Aj = {aj(ηj); ηj ∈ [(j − 1)ηf , jηf ]; j ∈ Z} (2.9)

each aeon in the sequence. See figure 3. We thus partition the real line η ∈ R into a set of

intervals [(j − 1)ηf , jηf ], with the same length, which are the domains of the scale factors

aj(ηj): we have aj(jηf ) = ∞ and aj ((j − 1)ηf ) = 0. Note that the order of the indices

j follow the positions of the “ends of the universe”, e.g. A2 terminates at η = 2ηf , A1 at

η = 1ηf , A0 at η = 0, etc. Note also that, by construction and as it should be, according

to eq. (2.4), every aeon Aj in the sequence has the same conformal “lifespan” ηf .

Our construction depends upon ηf being finite. As discussed in the preceding sec-

tion 2.2, this implies that the surfaces Xj ≡ {η = jηf} are 3-dimensional space-like

crossover surfaces between the aeons. Alternativelly,

Xj ≡
{
aj(jηf ) =∞ ≈ aj+1 (jηf ) = 0

}
.

See figure 3(a).

The scale factor aj(ηj) of each aeon determines the scale factor of the next one via the

SFD transformation, which reads

aj+1(ηj+1) =
c2

0

aj(−ηj+1 + 2jηf )
; aj−1(ηj−1) =

c2
0

aj(−ηj−1 + 2(j − 1)ηf )
. (2.10)

Accordingly, the densities and pressures of the fluids are related by the periodic analogs of

eqs. (1.2a), (1.2b) and (1.2c):

a2
j ρj = a2

j+1 ρj+1, a2
j (3pj + ρj) = −a2

j+1(3pj+1 + ρj+1),

wj + wj+1 = −2

3
. (2.11)

Eqs. (2.9)–(2.11) define the sequence of aeons we have proposed. Regardless of the infinite

number of aeons, this cyclic SFD model consists of a repetition of the same dual pair

{aj , aj+1 = c2
0/aj}. Indeed, it is an important consequence of the “cyclic Z2 form” of the

scale factor inversions in (2.10), that aj−1 = aj+1, as can be seen in figure 3(b). Naturally,

the matter content presents analogous relations, with ρj−1 = ρj+1 and pj−1 = pj+1, while

ρj is related to as ρj+1 =
a4
j

c40
ρj , etc. An explicit example of our construction is given in

appendix A.
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�2

�1

�0

�-1

�-2

A1

A2

A-1

A0

(a)

a

Η f

-Η f

2Η f

-2Η f

Dual

Dual

(b)

Figure 3. Sequences of aeons. Same colors indicate aeons with identical matter and scale factor.

(a) Conformal diagram representing the sequence with its space-like crossover surfaces Xj ; double

lines indicate a singularity (aj = 0), and dashed lines a conformal infinity (aj = ∞). (b) The

conformal time evolution of the scale factors, as given implicitly by ηj(aj). The black dots mark a

sequence of dual instants related by SFD according to eq. (2.10).

3 Scale factor duality for matter fields

The matter content of the SFD-symmetric pre-big-bang cosmologies consists of pairs of

barotropic fluids or, alternatively, pairs of self-interacting scalar fields. The pre- and post-

big-bang equations of state of the fluids, as well as the corresponding scalar field potentials,

are related by the transformations (1.2b). In this section we investigate the most general

consequences and restrictions imposed by these extension rules on the matter constituents.

We are mainly interested on their interrelations, such as ρ̂(ρ̌) and σ̂(σ̌).

3.1 Dual and partially self-dual fluids

According to the requirement of SFD symmetry, for each given post-big-bang density ρ̌(ǎ),

one can easily determine the form of its dual,

ρ̂(â; ρ̂J) =
1

c4
0

ǎ4 ρ̌(ǎ; ρ̌J). (3.1)

We have introduced explicitly here the collections of relative densities parameters ρ̌J and

ρ̂J , because (3.1) implies relations between them and the SFD parameter c0. For example,

the ΛCDM parameters, ρJ ≡ {ρr, ρd, ρΛ}, relate to their dual as in eq. (1.5). We shall

consider a special class of cosmological models satisfying an additional partial self-duality

condition4 by requiring that the forms of the fluid densities and pressures (and of their

EoS) are preserved by SFD transformations, but allowing changes in the values of the fluid’s

parameters ρ̂J 6= ρ̌J . For example, a universe with radiation and cosmological constant is

partially self-dual since, if ρ̌ = ρ̌rǎ
−4 + ρ̌Λ, then from (3.1) the dual aeon has the same

constituents: ρ̂ = ρ̂Λ + ρ̂râ
−4, but with different relative densities ρ̌J and ρ̂J , which are

4It is similar (but not identical) to the partial self-duality concept introduced in section 3 of ref. [28],

within the framework of 3D New Massive Gravity Holography.
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related by ρ̌r/ρ̂Λ = c4
0 = ρ̂r/ρ̌Λ. We note that partial self-duality is a weaker version of

the more restrictive condition of (complete) self-duality introduced in [23]. The latter is

realized by further demanding ρ̂J = ρ̌J , in which case both aeons are completely identical.5

A particularly relevant family of two interacting fluids for pre-big-bang extensions is

given by the modified Chaplygin gas model [29–31]

ρ =
(
ρδΛ + ρδr a

−4δ
) 1
δ
, p =

1

3
ρ−

4ρδΛ
3

ρ1−δ, 0 < δ ≤ 1. (3.2)

We have chosen to study the cyclic extensions for a subclass of models determined by

the restriction 0 < δ ≤ 1. The upper limit for δ comes from the requirement that the

corresponding curvatures R(δ) = 2ρδΛ (ρ)1−δ are monotonically decreasing functions of the

density ∞ ≥ ρ ≥ ρΛ. The lower limit δ > 0 selects matter fluids which give rise to a finite

conformal time lifespan, η ∈ (0, ηf ), and behave asymptotically as a cosmological constant

for a → ∞ and as radiation when a → 0. By construction they imply the existence of

big-bang singularity followed by a decelerated and then an accelerated period of expansion

in the post-big-bang phase.6 Acceleration changes sign (i.e. vanishes) at a critical value of

the scale factor, a = acr, or, alternatively, a critical value of the energy density, ρ = ρcr,

such that

acr =

(
ρr
ρΛ

) 1
4

, ρcr = 2ρΛ, (3.3)

when the deceleration parameter q(a) ≡ 1
2

(
1 + 3pρ

)
vanishes. The modified Chaplygin

models are in fact the only ones to behave asymptotically as a cosmological constant within

a very general class of partially self-dual fluids [23], which makes them particularly useful

in the construction of SFD symmetric CCC models, realized in section 4 below. Their

conformal lifetime is given by:

ηf =

√
3

4δ (ρrρΛ)
1
4

[
Γ
(

1
4δ

)]2
Γ
(

1
2δ

) , (3.4)

as one can easily confirm from the analytic form [23] of the (implicit) scale factor η = η(a)

evolution. Details concerning a particular example of δ = 1/2 model and its cyclic extension

are presented in appendix A.

The relation between the parameters ρJ = {ρr, ρΛ} for two dual aeons is fixed by (3.1)

to be

c4
0 = ρ̌r/ρ̂Λ = ρ̂r/ρ̌Λ, (3.5)

which keeps invariant (3.4); i.e. η̌f = η̂f = ηf as was to be expected. The dual pre-big-bang

evolution also contains both periods, with the SFD transformations mapping accelerated

5E.g. the only self-dual perfect fluid, with a constant EoS parameter w, is the string gas model with

w = −1/3 and ρ(a) = ρstr/a
2. For a self-dual composition of two fluids, see ref. [23].

6Notice that one of its SFD dual geometries describe a contracting universe with monotonically increasing

curvature starting from the initial de Sitter state of ρΛ and reaching the bing-crunch singularity at ρ→∞.
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into decelerated phases and vice-versa, as discussed in section 1. The simple form the fluid

density (3.2) allows us to derive from eq. (3.1) a relation between the post- and pre-big-bang

energy densities:

ρ̂δ − ρ̂δΛ =
ρ̂δΛρ̌

δ
Λ

ρ̌δ − ρ̌δΛ
, (3.6)

which shows explicitly how the SFD transformations act on the matter content exchanging

initial and final conditions. For example, the duality between the scale factors ǎ = 0 and

â =∞ at η̂ = 0 = η̌ relates ρ̌(0) =∞ to ρ̂(∞) = ρ̂Λ and vice-versa. The above high-to-low

densities transformation7 highlights the intrinsic UV/IR nature of conformal time scale

factor duality.

We have to also mention another important feature of every partially self-dual SFD

model, and in particular of the modified Chaplygin gas (3.2), namely their invariance under

another conformal SFD transformation, acting now within each aeon Aj , that maps the

early-time decelerated phase into the late-time accelerated phase as follows:

ãj(ηj) =
c2

0c(j)

aj(ηf − ηj)
, c4

0c(j) =
ρ

(j)
r

ρ
(j)
Λ

=

(
ρ

(j)
d

ρ
(j)
dw

)2

. (3.7)

Observe that here we have a (very specific) combination of time reflection and translation

(with a fixed point ηc = ηf/2). The composition of the two different SFD transformations

— one acting within each aeon with the intrinsic parameter c2
0c(j), followed by the inter-

aeonic SFD given by eqs. (2.10) and (2.11) — defines a double SFD Z2 × Z2 symmetry. It

is expressed between two consecutive aeons as

˜̌a(η) =
č2

0c

ǎ(ηf − η)
=
č2

0c

c2
0

â(η − ηf ) =
č2

0cĉ
2
0c

c2
0
˜̂a(−η)

=
c2

0

˜̂a(−η)
. (3.8)

The identity c4
0 = č2

0cĉ
2
0c, automatically satisfied by the parameters c4

0 = ρ̂r/ρ̌Λ = ρ̌r/ρ̂Λ,

č2
0c =

√
ρ̌r
ρ̌Λ

and ĉ2
0c =

√
ρ̂Λ
ρ̂r

, ensures the consistency of these double SFD transformations.

3.2 Dual scalar fields

We next consider the equivalent scalar field description of the pairs of dual fluids, and

the SFD transformations between them. Each of the pre- and post-big-bang fluids can be

replaced by corresponding scalar fields σ̂ and σ̌, with potentials V̌ (σ̌; ρ̌J) and V̂ (σ̂; ρ̂J),

such that

ρ̌ =
1

2
(σ̌′/ǎ)2 + V̌ (σ̌), p̌ =

1

2
(σ̌′/ǎ)2 − V̌ (σ̌), (3.9)

and the same for σ̂, V̂ (σ̂), etc. Then the SFD transformations (1.2b) can be rewritten as

V̂ (σ̂) =
1

3
V̌ (σ̌) +

2

3
(σ̌′/ǎ)2, (σ̂′/â)2 =

4

3
V̌ (σ̌)− 1

3
(σ̌′/ǎ)2. (3.10)

7Together with a similar duality relation for the curvatures, viz. R̂ = 2ρ̂δΛ (ρ̂)1−δ and Ř = 2ρ̌δΛ (ρ̌)1−δ.
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Given the potential V̌ (σ̌; ρ̌J) of the post-big-bang model, our goal is to find the explicit

form of the scalar fields duality transformation σ̂ = σ̂(σ̌) and to use it further in the deriva-

tion of the corresponding dual or partially self-dual pre-big-bang potential V̂ (σ̂; ρ̂J). The

Friedmann equations (1.3), when combined with eqs. (3.9), lead to the auxiliary relations

(σ̌′)2 = − ǎ
3

3

dρ̌

dǎ
, V̌ (ǎ) = ρ̌+

ǎ

6

dρ̌

dǎ
,

dσ̌

dǎ
= ±

√
ǎdρ̌dǎ

3K − ǎ2ρ̌
, (3.11)

which allow to realize the scalar field as a function of the scale factor — i.e. given ρ̌(ǎ) to

find σ̌(ǎ). In the cases when its inverse ǎ(σ̌) can be obtained (and so ρ̌(σ̌) as well), one

derives from eqs. (3.1), (3.9) and (3.10) the pre-big-bang potential and the scalar fields

SFD transformations:

V̂ (σ̂) =
ǎ4(σ̌)

c4
0

(4

3
ρ̌(σ̌)− V̌ (σ̌)

)
; σ̂(σ̌) = ±

∫ √
3V̌ − ρ̌

3(ρ̌− V̌ )
dσ̌ + σ0, (3.12)

where we have also used the scale factor inversions in the form: â(σ̂) = c2
0/ǎ(σ̌). A

partially self-dual fluid, naturally, gives rise to a partially self-dual potential, such that

V̂ (σ̂; ρ̂J) = V̌ (σ̂; ρ̂J).

For the modified Chaplygin gas (3.2), the explicit solution for the the scale factor a(σ)

is given by [23]

ǎ(σ̌) =

(
ρ̌R
ρ̌Λ

) 1
4

[sinh (δ(σ0 − σ̌))]−
1
2δ , (3.13)

with σ̌ ≤ σ0, and a similar one for â(σ̂). Then, from eqs. (3.10), one can easily find σ̂(σ̌),

sinh (δ(σ̂ − σ0)) =
1

sinh (δ(σ̌ − σ0))
, (3.14)

and the corresponding partially self-dual potential

V̂ (σ̂) =
ρ̂Λ

3

{[
cosh2 (δ(σ̂ − σ0))

] 1
δ + 2

[
cosh2 (δ(σ̂ − σ0))

] 1−δ
δ

}
. (3.15)

Due to the difference between the vacuum densities of the two aeons, ρ̂Λ 6= ρ̌Λ, the dual

fields σ̂ and σ̌ have different masses related by

m̂2
σ̂ =

ρ̂Λ

ρ̌Λ
m̌2
σ̌, m̂2

σ̂ = V̂ ′′(σ̂ = σ0) = 2δ(3− 2δ)
ρ̂Λ

3
. (3.16)

Since the potential (3.15) is symmetric under reflections about σ0, we may choose

σ0 = 0 and to further consider its “left side” only, i.e. σ < 0. Then as a consequence

eq. (3.14), both σ̌ and σ̂ will run on this chosen side. There is an expanding solution for

the scale factor (3.13), with the field σ̂ rolling from the big-bang at V (∞) =∞, down to the

de Sitter vacuum at V (0) = ρΛ. Its SFD dual solution, obtained from eq. (2.5), describes a

contracting universe, starting at the vacuum, where the field climbs the potential towards
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Σ

V
(i)

(ii)

0

-∞ ← �
{a = 0} {a = ∞}

(a)

Σ

V

(i)

(ii)

(iii)

(iv)

0

-∞ ← �
{a = 0} {a = ∞}

(b)

Figure 4. The possible pre-big-bang evolutions of σ associated with the potential (3.15). (a) E/E

case: both dual fields roll down the potential towards the de Sitter vacuum. (b) C/E case: the

pre-big-bang field σ̂ (white ball) begins at the vacuum and rolls up to the big-crunch; then the dual

post-big-bang field σ̌ (black ball) rolls down from the big-bang to de Sitter.

a big-crunch. Let us assume that σ̌ represents an expanding solution. If we differentiate

eq. (3.14), we find that

dσ̌

dη̌
= −

(
cosh δσ̂

cosh δσ̌ sinh2 δσ̂

)
dη̂

dη̌

dσ̂

dη̂
.

The expression in parenthesis is always positive, therefore we can have two different cyclic

extensions, of the E/E or C/E type, as presented in figure 4. For simplicity, we now

take V (σ) to be “completely self-dual”, i.e. ρ̌Λ = ρ̂Λ, so that both dual universes may be

described with one single potential.

If dη̂/dη̌ < 0, the field σ̂ and its dual σ̌ roll down8 the potential in both universes.

This corresponds to an E/E dual pair for which, indeed, dη̂/dη̌ = −1, as seen in section 2

(cf. eq. (2.3)). The behavior of the fields is symbolically depicted on figure 4(a). Here, the

de Sitter vacuum is conformally identified with the big-bang at the crossover surface, viz.

{σ̌ = 0} ≈ {σ̂ = −∞} ≈ X . In other words, when the field σ̂ reaches the de Sitter vacuum,

eq. (3.14) implies that its dual σ̌ “reappears” at the top of the potential and yields a new

big-bang and a new expanding universe as it rolls down.

The other possibility has dη̂/dη̌ > 0. This is a C/E dual pair, for which dη̂/dη̌ = +1

(cf. eq. (2.5)). As depicted in figure 4(b), if σ̌ rolls down, so that dσ̌/dη < 0 and the

universe expands, then σ̂ rolls up and the dual universe collapses. One may describe the

evolution with (i) σ̂ beginning in the de Sitter vacuum and (ii) σ̂ climbing the potential

towards the big-crunch, which is (iii) identified with the big-bang, and (iv) then σ̌ returns

down to the vacuum. It is important to mention that this kind of evolution is similar

to the weak-coupling version of pre-big-bang and cyclic models9 discussed in section 3 of

8Both could also climb the potential, leading to dual contracting universes, the time-reversal of the E/E

pairs. We are, as always, not considering such cases.
9The similarity to the weak-coupling regime stems from our choice of σ < 0.
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ref. [20]; it is, however, different from the original dilaton gravity strong-coupling pre-

big-bang scenario [15, 27]. Notice that (as it also happens in the E/E case) the SFD

transformation (3.14) exchanges the “boundary conditions” of the scalar field, that is:

the configuration (i) is dual to (iii), etc. Finally, note that the identification of steps (i)

and (iv), and the endless repetition of the cycle just described is straightforward. A few

applications of these results will be discussed in section 6.

4 SFD symmetric conformal cyclic cosmologies

The pairs of scale factor dual FRW solutions (â, ρ̂, p̂) and (ǎ, ρ̌, p̌), joined at their time

limits (η = 0 and η = ±ηf ), define pre-big-bang and cyclic cosmological models that might

suffer of certain inconsistencies related to discontinuities of the scale factor derivatives.10

One expects to overcome the eventual “gluing problems” by an appropriate choice of their

matter content or else by calling for quantum or string corrections to make them smooth.

The conceptually different nature of the transition region in the expanding/expanding

universes offers however another option.

4.1 Conformal crossover

As we have shown in section 2, the conformal crossover consists in the identification of

the asymptotic space-like 3D surface, representing “de Sitter-like” future infinity of the

past aeon with the big-bang singularity of the present aeon. In other words we identify

the poles of â ≈ 1/η with the zeros of ǎ ≈ η and more generally â2 ≈ η1+3w ≈ 1/ǎ2, as

required by scale factor duality (2.3). Hence the description of such “conformal crossover”

junction involves a pair of metrics belonging to the conformal (Weyl) equivalence class of

transition metrics, known to be the hallmark of the conformal cyclic cosmologies [17, 32].

In fact the asymptotic behavior of SFD expanding/expanding universes is nothing but a

particular realization of the Penrose’s “reciprocal hypothesis”

Ωω = −1, dš2 = ω2 ds2 , dŝ2 = Ω2 ds2 , ds2 = −dη2 + dx2, (4.1)

that indicates how to choose one finite at η = 0 (i.e. without zeros and poles) representative

of this equivalence class of metrics. Since by construction we have that ω vanishes and Ω

diverges at η = 0, therefore eq. (4.1) ensures that ds2 ∝ Ω2dš2 = ω2dŝ2 remains finite.

The negative sign in eq. (4.1) is required for ω to be a function with non-zero derivative

which can be extended to the “opposite” aeon continuously: it simply vanishes at the

big-bang and then becomes negative. Assuming that the space at the transition region is

homogeneous and isotropic one can easily relate “reciprocal hypothesis” (4.1) to the scale

factor inversions (2.3)

ω(η) =


1

c0
ǎ(η)

− 1

c0
ǎ(−η)

and Ω(η) =


− 1

c0
â(−η), η > 0

1

c0
â(η), η < 0

(4.2)

10Similar to the “graceful exit” problems of the pre-big-bang models of dilaton gravity [15] and of the

more general contracting/expanding cosmologies as well.
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-ηf

{η=0}

η

Figure 5. The conformal factors across the infinity/big-bang surface. The blue line gives ω(η) and

the red lines give Ω(η); the dotted portions indicate the extensions to the opposite aeon.

as shown on figure 4.1. It gives for the conformal factors the appropriate form at their

respective aeons, where they are proportional to the scale factors (e.g. ω2(η) ∼ ǎ2(η) for

η > 0). The change of sign in the arguments at the “opposite” aeons (e.g. ω2(η) ∼ ǎ2(−η)

for η < 0) are necessary since the functions ǎ(η) and â(η) are only defined, each respectively,

at the disjoint intervals η ∈ [0, ηf ) and η ∈ [−ηf , 0). Thus eq. (4.2) provides the most

natural “extension” of both metrics (4.1) to the whole interval [−ηf ,+ηf ].

4.2 Conformal cyclic cosmology

The relation between the “reciprocal hypothesis” (4.1) and conformal time scale factor du-

ality (2.3) suggests that an appropriate implementation of SFD as a symmetry of conformal

cyclic cosmologies might take place. In order to make such a “CCC/SFD correspondence”

more precise, we find worthwhile to briefly stand out the main CCC characteristics. Ac-

cording to the standard cosmological model the fate of our universe is to expand at an

accelerated rate forever and become cold and empty. Penrose further assumes [17] that in

the very far future (almost) all the matter will be swallowed by black holes and these, in

turn, will completely evaporate.11 The massive particles which eventually escape falling

into a black hole will, by then, have lost their rest mass due to an “anti-Higgs” mecha-

nism resulting in spontaneous enhancement of the symmetries (see [17] for a more detailed

discussion). The universe will then be filled only with cold radiation and, therefore —

conformally (Weyl) invariant. On the other hand, the early universe, shortly after the

big-bang, is also conformally invariant, filled with hot radiation, so one may conformally

transform the old universe into the early one and vice-versa. The conformal identification

is done, not for the beginning and the end of one same universe, but for two consecutive

eternal universes, each named an ‘aeon’. Thus the big-bang singularity of an aeon and the

conformal infinity of its predecessor are identified at one single surface X . The metrics

of each aeon, close to this surface ĝµν = Ω gµν and ǧµν = ω gµν must satisfy the recip-

rocal hypothesis (4.1). Notice however that the pair of CCC metrics (ĝµν , ǧµν) are not

11Due to “supercooling” bellow the temperature of thermal equilibrium with Hawking radiation.
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in general of FRW type and therefore the conformal factor inversion in CCC is only an

asymptotic symmetry that also keeps untouched the space-time causal structure. In the

transition “crossover” region where this symmetry is valid, “there is no one metric”, but an

equivalence classes of metrics and as a consequence, there is no notion of scales, distances

or of a “cosmic time”. Therefore within the frameworks of the Penrose’s CCC concepts

for Universe evolution the massless matter, the radiation and the gravitational waves are

eternal and everpresent, e.g. freely transiting between the consecutive aeons and the only

effect of their bypassing through the crossover surfaces X is the change in their frequencies,

amplitudes, energies, etc. reflecting the conformal principle that at X ’s all the distances,

momenta, etc. are in fact equivalent.

Another distinctive feature of CCC is the so-called ‘suppressed rest-mass hypothesis’

(SRM). It ensures the intrinsic consistency and continuity at η = 0 for the derivatives of the

conformal factors, representing the two (oppositely oriented ) normal vectors Ňµ = γ̌∂µΩ

and N̂µ = γ̂∂µω to the surface X = {ω = 0}. Written in terms of ω it reads12

N̂µN̂
µ = γ̂2∂µω ∂

µω = −1 + (2−Q)ω2 +O[ω3], ŇµŇ
µ|X = − 1 = N̂µN̂

µ|X ,

γ̂ =

√
3

c2
0ρ̂Λ

=

√
3c2

0

ρ̌r
= γ̌, c4

0 =
ρ̂r
ρ̌Λ

=
ρ̌r
ρ̂Λ

(4.3)

where Q is an “universal constant” to depend upon the matter content of both aeons and

on the details of mass generation mechanism in the new aeon as well (see the appendix A

of ref. [32], as well as ref. [33]). In fact eq. (4.3) imposes the correct initial/final conditions

at η = 0 needed to guarantee that the unit normals remain time-like and their norms are

close to unity up to second order terms in the vicinity of X . The missing linear term is a

specific requirement, forbidding that non-relativistic matter (dust) ρd ≈ 1/â3 to contribute

in the neighbors of crossover X ; it is closely related to the initial conditions for the Yamabe

equation [17, 32, 33], assumed to govern the matter induced by the conformal factor Ω in

the present aeon.

The above mentioned CCC requirements assure the consistency of crossover transi-

tion and the desired matter content that provides the asymptotic conformal symmetry.

However they do not exhaust all the conditions that CCC must obey. As emphasized by

Penrose [17] the most important ingredient of the Conformal Cyclic Cosmology concerns its

thermodynamical (TD) properties — the definition of their entropy and the compatibility

of the second law with the cyclic nature of the CCC evolution. We postpone the discussion

of the some of thermodynamical aspects of CCC models and the problem concerning TD

consistency of their SFD symmetric versions to section 5 below.

4.3 CCC vs. SFD — Matter transformations

The scale factor inversion (2.3) can be easily recognized as a particular discrete Z2 Weyl

transformation Ω(a) relating the metric of two consecutive aeons:

dš2 = Ω−4 dŝ2, â = Ω2(ǎ)ǎ, Ω2(ǎ) =
c2

0

ǎ2
, (4.4)

12Notice the difference between Penrose’s signature (+−−−), the opposite of ours. Also, in refs. [17, 32]

the authors use a different normalization of the vectors Ňµ, N̂µ, namely with γ̌ = 1 = γ̂, which corresponds

to fixing ρ̂Λ = 3 = ρ̌Λ, c20 = 1.
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as one can see from eqs. (4.2). Notice, however, the important difference: while the SFD-

symmetric CCC models are invariant under such a restricted Weyl transformation (4.4)

within the whole interval [−ηf ,+ηf ], the original CCC proposal [17] manifests an even

more general conformal (Weyl) invariance, but in the transition region η ≈ 0 only.

This observation allows to relate the matter content of the two aeons, by adapting the

SFD methods described in section 3 to the case of CCC models. The “field” responsible for

this mechanism is the conformal factor Ω of one aeon, when extended into the opposite one.

For any conformal transformation of the metric, like ǧµν = Ω−4ĝµν , the Einstein tensor

Ǧµν = Řµν − 1
2Ř ǧµν transforms as

Ĝµν = Ǧµν + 2ΥµΥν − 2∇̌µΥν + 2ǧµν ǧ
αβ∇̌αΥβ + ǧµν ǧ

αβΥαΥβ , (4.5)

where Υµ ≡ 2∂µ log Ω. Such transformations, considered as symmetries of the pre-big-bang

SFD universe (and of the crossover region of generic CCC models), have to preserve the

form of the Einstein equations at both aeons

Ĝµν = T̂µν and Ǧµν = Ťµν , (4.6)

with Ťµν and T̂µν appropriately related. Therefore, we must incorporate the extra terms

at the right-hand-side of eq. (4.5) into the stress-tensor, reading the transformation of the

Einstein tensor as an effective transformation between the stress tensors of the present and

past aeons:

T̂µν = Ťµν + tµν , where (4.7)

tµν =
4

φ2
∇̌µφ ∇̌νφ+

4

φ
∇̌µ∇̌νφ−

(
4

φ
�̌φ− 8

φ2
ǧαβ∇̌αφ ∇̌βφ

)
ǧµν , with φ ≡ 1/Ω

The tensor tµν represents the contribution to T̂µν from the Weyl rescaling of the metric

ǧµν of its dual universe. It is then natural to consider such pairs of aeons as being different

descriptions of the same universe seen from two non-equivalent conformal frames. Within

the frameworks of Conformal Cyclic Cosmology the above results also suggest that certain

gravitational degree of freedom13 (encoded in Ω) is transmitted from one aeon to the matter

content of the consecutive aeon, via the peculiar double-role of the “gravitational/matter

field” φ [34].

The SFD symmetric CCCs possess an important new feature — although the confor-

mal symmetry is broken, they remain invariant under a residual discrete Weyl transforma-

tion (4.4). It acts as an UV/IR duality symmetry relating the large scales behavior (at late

times) of one aeon to the small scales (at earlier times) of its dual and vice-versa. Thus,

given the past aeon fluid density, it allows to determine the matter content of the present

aeon. In order to derive the SFD counterpart of CCC’s stress-tensor transformations we

replace φ = 1
c0
ǎ(η) into eqs. (4.7). As expected, the result of this substitution reproduces

the matter fluid SFD transformations (1.2b): the 00-component is simply ǎ2 ρ̌ = â2ρ̂, while

from the ii-components we get the pressure transformation ǎ2 (3p̌+ ρ̌) = −â2 (3p̂+ ρ̂).

13They are not, however, “pure gauge” degrees of freedom, since the local conformal (Weyl) symmetry is

broken outside of the transition region between the two aeons.
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In order to highlight the CCC features of the SFD extensions of modified Chaplygin gas

cosmology (3.2), we have to further implement the “reciprocal hypothesis” (4.1) and of the

asymptotic Weyl symmetry (in the neighborhood of X ) for the pair (σ̂, σ̌) of matter fields as

well. As it was shown in section 3, the corresponding partially self-dual matter Lagrangians

L̂(σ̂, ρ̂J) and Ľ(σ̌, ρ̌J) contain “almost identical” potentials (3.15), with different masses

m̂2
σ̂ 6= m̌2

σ̌, that are related by the SFD transformations (3.14), (3.12) and (3.16). The

expanding/expanding nature of the CCC evolution implies that we have to restrict the

values of the scalar fields, say −∞ < σ̂ ≤ 0, thus considering only “the expanding halves” of

the potentials V̂ and V̌ and “gluing” them at X by conformal identification of the “de Sitter

vacua final state” σ̂vac = 0 of the past aeon with the “initial big-bang state” σ̌bb = −∞ of

the present aeon. Notice that the SFD mapping realized around the conformal crossover

is transforming the accelerated dark energy dominated phase σ̂cr ≤ σ̂ ≤ 0 (i.e. small σ̂

values)14 of the past aeon into the decelerated radiation dominated phase −∞ < σ̌ ≤ σ̌cr
(i.e. large σ̌ values) of the present aeon and vice versa. The consistent SFD description of

the conformal crossover requires to further extend the conformal (Weyl) equivalence class

of the transition metrics to include the matter fields as well. The problem is that the

SFD transformation (3.14) of the pair of canonical scalar fields (σ̂, σ̌) has not the desired

Weyl form. One can use the fact that the Weyl transformations for the scale factor are

well defined in the conformal time frame (see also eq. (2.6a)) as a guide of how to convert

the σ̌(σ̂) transformation into a standard Weyl form by an appropriate change of the fields

variables σ → Φ, such that the infinite range of values of σ ∈ (−∞,∞) is mapped into a

finite interval for Φ ∈ [−Φ0,Φ0]. An important hint is given by the following equivalent

forms of the conformal factor Ω(ǎ) and SFD matter transformations (for σ0 = 0):

Ω2(ǎ) =
c2

0

ǎ2
=

√
ρ̌Λ

ρ̂Λ
(sinh (δσ̌))

1
δ ,

(
ρ̂Λ

ρ̌Λ

)δ
tanh2(δσ̂) = Ω−2δ

(
ρ̌Λ

ρ̂Λ

)δ
tanh2(δσ̌), (4.8)

obtained from eqs. (3.13) and (3.14). As suggested in ref. [23], it is then natural to introduce

a new field variable having however a non-canonical kinetic term :

Φ̂2 = φ̂
¯̂
φ = 6

(
ρ̂Λ

ρ̌Λ

)δ
tanh2(δσ̂), Φ̌2 = φ̌ ¯̌φ = 6

(
ρ̌Λ

ρ̂Λ

)δ
tanh2(δσ̌),

−
√

6

(
ρΛ

ρ̂Λ

)δ/2
≤ Φ̂ ≤ 0, 0 ≤ Φ̌ ≤

√
6

(
ρ̂Λ

ρ̌Λ

)δ/2
. (4.9)

In fact, the substitution (4.9) transforms the self-dual Chaplygin gas model (3.15) into the

“gauged” SU(1, 1)/U(1) Kähler sigma model minimally coupled to Einstein gravity

K̂ = − 1

2δ2
ln

(
1−

ρ̌δΛ
6ρ̂δΛ

φ̂
¯̂
φ

)
, V̂ (Φ̂) =

ρ̂2−δ
Λ

9

(
6

6ρ̂δΛ − Φ̂2ρ̌δΛ

) 1
δ

(9ρ̂δΛ − Φ̂2ρ̌δΛ) (4.10)

with the gauge fixing of U(1) symmetry realized as φ̂ =
¯̂
φ = Φ̂, and the same for the dual

fields φ̌. We have adopted the standard Kähler sigma model notations:

L̂matter(φ̂,
¯̂
φ) = gφ̂

¯̂
φ∇̂µφ̂∇̂µ ¯̂

φ− V̂ (Φ̂), gφ̂
¯̂
φ = ∂φ̂∂ ¯̂

φ
K̂, (4.11)

14Where σ̂cr = 1
2δ

ln(1+
√

2) = σ̌cr is determined as a zero acceleration value of the scalar field, q(σcr) = 0.

– 18 –



J
H
E
P
1
1
(
2
0
1
6
)
0
9
0

where, due to the specific choice of the Kähler potential K̂(φ̂,
¯̂
φ) in eq. (4.10), the resulting

Kähler metric gφφ̄ has a constant curvature RK = −4δ2. Within the framework of the

above “Kähler representation” of CCC model, the new matter fields SFD transformation

takes the proper Weyl form we were seeking:

Φ̂ = Ω−2δΦ̌, â = Ω2(ǎ)ǎ, Ω2(Φ̌) =
c2

0

ǎ2
=

(
Φ̌2ρ̌δΛ

6ρ̌δΛ − Φ̌2ρ̂δΛ

) 1
2δ

. (4.12)

Let us mention one “unexpected SUSY feature” of this Kähler sigma model realization of

SFD-symmetric CCC (4.11) discovered in ref. [23]: it turns out to be identical with the

bosonic part of the N = 1 supergravity with one chiral matter supermultiplet [12, 35] and

a very special form of its matter superpotential |Ẑ| =
√

ρ̂Λ
3 e

δK̂ =
√

2
3 ρ̂, that gives rise to

the partially self-dual potential (4.10).

The above discussion of the CCC properties of the pre-big-bang extension of modified

Chaplygin gas model (3.2) has demonstrated the advantages of the SFD methods in the

selection of the matter fields self-interactions as well as in the description of their behavior

both around the conformal crossover and far from it. We have also accumulated several

evidences that its Kähler form appears to be a promising candidate for SFD-symmetric

CCC with physically relevant matter content of a certain supergravity origin. It remains,

however, to verify whether it also satisfies all the other CCC conditions [17].

4.4 CCC vs. SFD — Suppressed rest-mass conditions

The SFD counterpart of Penrose’s SRM hypothesis can be obtained by replacing the SFD

form (4.2) of the conformal factor ω into eq. (4.3), which now reads:

γ̌2∂µω ∂
µω = −1 +

(2−Q)

c2
0

ǎ2(η) +O[ǎ3(η)], for η > 0, (4.13a)

γ̂2∂µω ∂
µω = −1 + c2

0(2−Q)â−2(η) +O[â−3(η)], for η < 0. (4.13b)

On the other hand, by using once again eq. (4.2) for ω, we can directly calculate the norms

of the vectors Ňµ = γ̌∂µΩ and N̂µ = γ̂∂µω,

γ̌2∂µω ∂
µω = − 3

ρ̌r
(ǎ′(η))2 = − 1

ρ̌r
ǎ4 ρ̌, for η > 0, (4.14a)

γ̂2∂µω ∂
µω = − 3

ρ̂Λ

(
â′(η)

â2(η)

)2

= − 1

ρ̂Λ
ρ̂, for η < 0. (4.14b)

At the last step of these equalities we have used the Friedmann equations. Note that both

the norms of Ňµ and N̂µ turn out to be proportional to the density of the first aeon ρ̂ = ǎ4

c40
ρ̌.

The identification of the r.h.s. of eqs. (4.13) and (4.14) furnishes the explicit SFD form of

the original SRM condition (4.3).

When the expansion (4.13) contains only integer power of the scale factor, we may

include the terms up to fourth order,

γ̌2∂µω ∂
µω = −1 +

(2−Q)

c2
0

ǎ2 − Q̌3

c2
0

ǎ3 − Q̌4

c2
0

ǎ4 + · · · for η > 0, (4.15)
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and accordingly for η < 0, so the implementation of the SRM condition on SFD models

may be written as

ρ̌ =
ρ̌r
ǎ4

+
ρ̌str
ǎ2

+
ρ̌dw
ǎ

+ ρ̌Λ + · · · , for ǎ→ 0, (4.16a)

ρ̂ = ρ̂Λ +
ρ̂str
â2

+
ρ̂d
â3

+
ρ̂r
â4

+ · · · , for â→∞. (4.16b)

Thus, stoping at fourth order in the expansion (4.15), the universe is filled with a composi-

tion of perfect fluids, and the original SRM requirement that the term linear in ω must be

excluded from the expansion in (4.13a) is, as expected, equivalent to the absence of a dust

component in ρ̌ on the beginning of the the post-big-bang phase, i.e. ρ̌d = 0. Meanwhile,

the requirement of normalization of Ňµ and N̂µ imply that the dominating components,

near X , at the corresponding aeons are radiation (ρ̌r/ǎ
4) and a cosmological constant ρ̂Λ.

The second order term in (4.13a) turns out to be related to the presence in both aeons of

a string gas component, with relative densities ρ̌str = ρ̌r
c20

(Q− 2) and ρ̂str = c2
0ρ̂Λ(Q− 2).15

Similarly, Q̌3 is related to a gas of domain walls (ρ̌dw), and Q̌4 to a cosmological constant

ρ̌Λ in the post-big-bang phase. We have

ρ̌dw =
1

c3
0

Q̌3ρ̌r , ρ̌Λ =
1

c4
0

Q̌4ρ̌r ; ρ̂d = c3
0Q̂3ρ̂Λ , ρ̂r = c4

0Q̂4ρ̂Λ. (4.17)

The coefficient Q in eq. (4.3) is assumed by Penrose [32] to be “universal” in the sense that

it is the same in avery aeon. If we assume this of the other coefficients, so that Q̌3 = Q̂3

and Q̌4 = Q̂4, then eqs. (4.17) fixes relations between ratios of densities in both aeons, viz.

ρ̂str/ρ̌str = c4
0(ρ̂Λ/ρ̌r) , ρ̂d/ρ̌dw = c6

0(ρ̂Λ/ρ̌r) , ρ̂r/ρ̌Λ = c8
0(ρ̂Λ/ρ̌r). (4.18)

These are the same relations imposed by SFD with, also, ρ̂r/ρ̌Λ = c4
0 (cf. eq. (1.4)). We

may then turn the argument around and conclude that SFD fixes Q̌3 = Q̂3 and Q̌4 = Q̂4.

The allowed presence of the dust component ρ̂d/â
3 in the pre-big-bang phase stems

from the fact that we are considering its “future asymptotic”, and the SRM condition

forbids the presence of dust in the “past asymptotic”, i.e. near the big-bang. But we have

been considering only one pair of dual aeons. We now turn to the implementation of the

SRM condition on the cyclic extension composed of an infinite chain of aeons described in

section 2.3. Then, the surface â = 0 is another crossover, in the vicinity of which ρ̂ must

satisfy an expansion of the same form of (4.16a), i.e. we must have ρ̂d = 0 and this reflects

on the following aeon, since eq. (4.18) then forces ρ̌dw = 0. Therefore the SRM condition,

imposed on a chain of SFD aeons with perfect fluids, forbids both dust and its dual, a gas

of domain walls.

This prohibition of even a late-time dust component moves us to consider models which

are more elaborate than the simple composition of independent perfect fluids. The most

15Therefore the condition Q = 2 obtained in ref. [33] is equivalent to the absence of a string gas. The

result that the aeons are filled by perfect fluids as a consequence of an expansion around the crossover has

also been found in [36].
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relevant here is the modified Chaplygin gas density (3.2), whose asymptotic limit near X ,

ρ̌ = ǎ−4(ρ̌δr + ρ̌δΛǎ
4δ)1/δ = ρ̌rǎ

−4 +
ρ̌δΛ
δρ̌δr

ǎ−4(1−δ) +O[ǎ−4(1−2δ)] for ǎ→ 0 (4.19)

is indeed “SRM consistent” if δ ∈ [1/2, 1]. If we also assume that the expansion is in integer

powers of ǎ, then the SRM condition selects three values of δ = 1
2 ,

3
4 , 1. The case with δ = 3

4

represents a particularly interesting SFD-symmetric CCC model, that manifests many of

the properties of the Chaplygin-like quintessence models [29, 31]: at early times (ǎ ≈ 0)

it is approximated by radiation and domain walls ρ̌ ≈ ρ̌r/ǎ
4 + ρ̌dw/ǎ, while at late times

(ǎ ≈ ∞) it gets a contribution from the cosmological constant and dust, ρ̌ ≈ ρ̌Λ + ρ̌d/ǎ
3.

In other words, it is an example of the desired cosmological model which has a late-time

dust-like behavior while still respecting the SRM condition. Note that since every aeon in

a SFD chain is filled with a Chaplygin gas with the same δ (but possibly different values of

ρr and ρΛ), the consistency of ρ̌ in eq. (4.19) above is sufficient to assure the consistency

on every crossover of the chain. Note also that both the Chaplygin gas and the consistent

composition of perfect fluids discussed above turn out to be partially self-dual.

When we consider the scalar field counterpart of the Chaplygin gas, the condition

δ = 1
2 ,

3
4 , 1 fixes the curvature of the Kähler metric to be RK = −1,−9

4 ,−4. But the most

important consequence of the SRM conditions is that they provide consistent initial and

final conditions (on X ) not only for the scale factor â and its dual ǎ, but for the pairs fields

(σ̂, σ̌) and (Φ̂, Φ̌) as well — it is enough to take into account eqs. (3.10), (3.13) and (4.9).

In other words they guarantee the “crossover consistency” for the solutions of the matter

fields equations of the considered partially self-dual massive SU(1, 1)/U(1) Kähler sigma

model (4.11).

4.5 CCC and SFD — Comparison

Our investigation of the consequences of the implementation of scale factor duality to Pen-

rose’s CCC models has revealed certain similarities and diferences, in comparison with

SFD-symmetric pre-big-bang and cyclic cosmologies. Their main common feature is the

conformal crossover. In fact, both represent two different (but interrelated) implementa-

tions of the same symmetry principle of restricted and/or asymptotic conformal (Weyl)

invariance. In SFD models, the scale factor inversion is an exact symmetry between the

whole evolution of the universe background and its dual. It is, however, more restrictive

then the CCC’s asymptotic symmetries — SFD is a symmetry of the Friedmann equations

only, and thus not valid when fluctuations are considered. Furthermore, it is not a “full”

conformal transformation, but rather a particular discrete Z2 subgroup of it. One conse-

quence of these diferences is that SFD models satisfy rather rigid restrictions on the matter

contents of the two aeons, while in the CCC models the “suppressed rest-mass” condition,

although compatible with scale factor duality, turns out to be much less restrictive since it

acts only in the vicinity of the crossover. Therefore, one may regard

SFD as a “broken extension” of CCC: “broken” because the scale factor

inversion is a particular (discrete) Weyl transformation, and “extended”

because it isn’t valid at a small vicinity of the crossover only.
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The main result presented in this section is that non-trivial SFD-symmetric CCC models do

exist. In other words, the CCC requirements may be implemented within the frameworks

of the cyclic SFD expansion/expansion models by self-dual SFD cyclic cosmologies with

manifest double Z2 × Z2 Weyl symmetry (4.12) (see also eqs. (3.7) and (3.8)). They

provide explicit examples of consistent CCC models, whose matter content is given by

certain gauged Kähler sigma models (4.10), (4.11).

Within the considered “SFD/CCC context”, we can also have SFD symmetric ex-

panding/expanding cosmologies that are not exactly of CCC-type, in which the suppressed

rest-mass hypothesis is not satisfied but the continuity of the derivatives of the conformal

factors is respected. In other words, the normal vectors Ňµ = γ̌∂µΩ and N̂µ = γ̂∂µω are

continuous on the crossover surfaces X = {ω = 0}, but we may include the term linear in

ω in eqs. (4.3) and (4.14). This “weak CCC condition” is compatible, for example, with

the ΛCDM model

ρΛCDM = ρΛ +
ρr
a4

+
ρd
a3
, (4.20)

which we note that, however, produces a sequence of aeons alternating with universes which

contain domain walls instead of dust.

5 On the thermodynamics of SFD symmetric CCC models

The interest in studying the thermodynamics of “unconventional cosmologies” such as the

pre-big-bang versions of dilaton gravity [15, 37] and the CCC models [17] has to do with

the attempts to explain the low entropy of the early universe and/or to reach an alternative

description of its inflationary phase. Despite the complexity of the thermodynamical phe-

nomena that occur during the evolution of the observable universe and the lack of complete

understanding of the gravitational contributions to the universe entropy, certain model in-

dependent estimations of the asymptotic initial and finite values of appropriately defined

generalized entropy are available [38, 39] (see also refs. [40, 41]). Their implementation to

the case of considered SFD symmetric pre-big-bang and cyclic cosmologies is not straight-

forward and it turns out to involve several additional requirements and restrictions. The

desired thermodynamic features, expected to takes place in the original CCC scenario [17],

are known to be quite far from the relatively simple adiabatic thermodynamics of the

considered partially self-dual SFD symmetric cyclic models. Nevertheless, the established

SFD/CCC relations allows us to gain some important insights on the universal asymptotic

(near the crossover) thermodynamical features of the proper CCC models as well.

5.1 SFD thermodynamics

The thermal history of each “SFD aeon”, filled by a barotropic fluid,16 is known to be an

adiabatic process (see, e.g. [42]) characterized by

s =
1

T
(p+ ρ) =

S

V
, E = ST − pV, ds =

dρ

T
,

dρ

dT
=

1

T
(p+ ρ)

dρ

dp
, (5.1)

16We assume here that ρ(T ) and p(T ) are functions of the temperature, and that the entropy S(V, T )

of the physical volume V = V0a
3, where V0 is a given constant comoving volume, is an extensive quantity

with density s.
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derived from the first law of thermodynamics17 dE = TdS − pdV , where E = ρV denotes

the internal energy within the physical volume V = a3V0. For each fluid with a given EoS

p = w(ρ)ρ, the above eqs. (5.1) allow to deduce the thermal evolution of ρ(T ), s(T ) and

a(T ). One of the most important thermodynamical features of such fluids is that the 2nd

TD law, dS/dt ≥ 0, is trivially satisfied, since the comoving entropy density S and the

entropy of the physical volume V remain constant during the universe evolution:

sa3 = S = const, S = SV0 = const. (5.2)

The SFD transformations of the thermodynamical quantities of the consecutive aeons,

say Ŝ = Ŝ(Š), etc., may be derived by taking into account eqs. (2.11) together with the E,

S and T relation (5.1), which allows to exclude the pressure p, so that

Ej
aj

=
Ej+1

aj+1
,

1

aj

(
SjTj −

2

3
Ej

)
= − 1

aj+1

(
Sj+1Tj+1 −

2

3
Ej+1

)
. (5.3)

We next consider the modified Chaplygin gas models (3.2), whose thermodynamic

evolution may be written as

ρ

(
1−

ρδΛ
ρδ

)4− 3
δ

= 4σ T 4, S ≡ sa3 =
4

3

(
4σρ3

r

)1/4
, ∞ > ρ ≥ ρΛ, (5.4)

obtained from the last of the eqs. (5.1). The constant of integration 4σ, where σ =
π2K4

B
60~3

is the Stephan-Boltzmann constant (c = 1 is assumed in all the formulae), has been chosen

in such a way that for pure radiation, i.e. for ρΛ → 0, eq. (5.4) becomes the Stephan-

Boltzmann law, ρ = 4σ T 4. Notice that the above expression for T (ρ) leads to three

qualitatively different thermal histories [44]:

• For 0 < δ < 3
4 , the temperature T (a) is not a monotonic function, and diverges at

both limits ρ→ ρΛ and ρ→∞. Thus the initial big-bang stage and the final (nearly

de Sitter) stage are equally hot. The behavior of such models is in disagreement with

the expected cooling down of the expanding universe along with the (monotonic)

decrease of its curvature. The origin of this rather unphysical behavior turns out

to be related to their thermodynamical instability [44], namely the sound velocity

square v2
s = dp

dρ for the models with δ < 3
4 , becomes negative for a certain range of

values of the fluid density.18

• For all the models with δ > 3
4 , the temperature is monotonically decreasing for

T ∈ (∞, 0).

• One of the preferred CCC fluids, with δ = 3/4 (see end of section 4.4), gives

rise to a rather interesting thermal evolution with a non zero finite temperature

TΛ =
(ρΛ

4σ

)1/4
= T∗, and with a Stephan-Boltzmann law almost identical to the

radiation one.
17Which is known to be equivalent to the Friedmann equations (1.3), and vice-versa [43].
18For a proof of this statement, together with the detailed description of TD features of the considered

SFD symmetric cosmologies, see our recent preprint [44].
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Hence the modified Chapliging gas models (3.2) are thermodynamically consistent for

δ within the interval 3/4 ≤ δ ≤ 1 only. Let us remember that the upper limit is imposed in

order to avoid certain “unphysical” behavior of the Ricci curvature R = 2ρδΛ (ρ)1−δ, which

for δ > 1 vanishes at the (still singular) big-bang, and then increases up to a finite value

RΛ = 2ρΛ.

The advantage of SFD symmetric models is that once we know the matter content

and its thermodynamical characteristics at a given aeon (say, at arbitrary instant −η∗),
then the SFD transformations uniquely determine their values at all the other aeons. The

temperature and the entropy of a “past aeon” Â filled by a modified Chaplygin gas with

δ ∈ [3/4, 1] is given by eqs. (5.4). By construction, the “present aeon” Ǎ has the same

matter content (3.2), but with different relative densities ρ̂r 6= ρ̌r and ρ̂Λ 6= ρ̌Λ, while

the physical volume entropies are related by the SFD transformations as Š =
(
ρ̌r
ρ̂r

) 3
4
Ŝ.

Although the direct relation between temperatures, Ť = Ť (T̂ ), has a rather complicated

form, in the limiting cases δ = 3/4 and δ = 1 it simplifies to:

δ =
3

4
: Ť 3 =

T̂ 3

T̂ 3 − 1
; δ = 1 : Ť =

(
ρ̂Λ

ρ̌Λ

) 1
2 1

T̂
; T̂ =

T̂

T̂∗
, T̂∗ =

(
ρ̂Λ

c

4σ

)1/4
. (5.5)

The above transformations demonstrate that under certain additional restrictions on the

EoS of considered Chapligin-like fluids, i.e. for 3/4 ≤ δ ≤ 1 only, the UV/IR features of

the SFD symmetry takes place. Namely, the late time low temperatures characterizing the

accelerated phase of Ǎ are mapped to the early time (nearly big-bang) high temperatures

in the decelerated phase of Â. In the case of self-dual models, despite the changes of the

energy and the temperature in the vicinity of the crossover, the entropy of the considered

physical volumes remains unchanged, i.e. we have Ŝ = Š due to ρ̂r = ρ̌r. We should

mention that the TD’s of a given physical volume is “causally consistent” when considered

far enough from the crossover. It becomes however problematic in the vicinity of the

crossover (when it is approached from the final de Sitter region ǎ→∞ of the past aeon),

since now a part of the physical volume becomes unobservable — causally disconnected

due to the fact that its size overpasses the event horizon. A more consistent description of

the thermodynamics of the observable universe can be reached by considering the entropy

of the matter within the event or apparent horizons.

5.2 SFD for horizons thermodynamics

The apparent horizon is a marginally anti-trapped spherical surface centered at the observer

position, its physical radius ΥA = 1/|H| (for K = 0), coincides with the Hubble radius

where the velocity of space-time expansion becomes grater than the speed of light. Because

of its (local) causal nature, one may assign a kind of Bekenstein-Hawking thermodynamics

to apparent horizons, with entropy and temperature19 [45, 46]

TA =
1

2πΥA
, SA =

1

4G
(4πΥ2

A) =
8π2

H2
, (5.6)

19Recall that we use units in which G = 1/8π.
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such that the Clausius relation dQ = TAdSA indeed holds as a consequence of the Fried-

mann equations (1.3) and vice-versa [45]. Due to the relations H =
√
ρ/3 = 1/ΥA, the

SFD transformations of the apparent horizon TD quantities can be easily obtained from

eqs. (2.3):

Υ̂A/â = Υ̌A/ǎ (that is r̂A = řA), and âT̂A = ǎŤA, ŜA/â
2 = ŠA/ǎ

2, (5.7)

where rA is the apparent horizon’s comoving radius.

In the case of partially self-dual SFD symmetric CCC models based on modified Chap-

lygin gas (3.2), the entropy dependence of the scale factor reads: a−4δ =
ρδΛ
ρδr

(
SδΛ
SδA
− 1
)

.

Then, given the past aeon apparent horizon entropy ŜA, the SFD transformation (5.7)

determines the entropy ŠA at the present aeon as

ŠA =
ŠΛ

ŜΛ

(
ŜδΛ − ŜδA

) 1
δ
, SΛ ≡

24π2

ρΛ
, (5.8)

with SΛ denoting the maximal value of the apparent horizon entropy in the asymptotic

future, defined as one forth of the event horizon area at the crossover. It coincides in this

limit with the event horizon entropy (and indeed with the actual space-time entropy) of de

Sitter space.

The entropy of the observed universe includes, of course, the contribution of the entropy

Sf of the matter within the apparent horizon. So we have the total (generalized) entropy

St = Sf + SA = s× VA + 2πAA, (5.9)

VA =
4

3
πH−3, AA = 4πH−2, Sf = S 4π

3
r3
A =

4π

3

S
(aH)3

, rA = 1/(aH),

where VA e AA are the physical volume and area of the apparent horizon. The transfor-

mation of this total entropy between aeons is non-homogeneous and given by

Št =

(
ρ̂Λ

ρ̌Λ

) 3
4

Ŝf +

(
ρ̂Λ

ρ̌Λ

)
ŜA

(
ŜδΛ
ŜδA
− 1

) 1
δ

, (5.10)

which in the self-dual case, when ρ̂Λ = ρ̌Λ, simplifies to

Št = Ŝt + ŜA

[(
ŜδΛ
ŜδA
− 1

) 1
δ

− 1

]
. (5.11)

The proof is a straightforward consequence of the SA transformations (5.8) and of the fluid

entropy SFD law Ŝf =
(
ρ̌Λ
ρ̂Λ

) 3
4
Šf .

Differently from the constant entropy of an arbitrary physical volume (see eq. ( 5.2)),

the matter fluid entropy Sf is now time dependent and it turns out to satisfy the 2nd law

in a decelerated matter/radiation phase only, i.e. when q(a) = 1
2

(
1 + 3pρ

)
≥ 0, since

Ṡf =
2π

3

Sa
(aH)4

(ρ+ 3p) ≥ 0. (5.12)
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The origin of the violation of the 2nd law for Sf during the accelerated phase of the universe

(i.e for q < 0) is related to the decreasing of the comoving volume VA of the apparent horizon

in this case.

The problem we are obliged to face up here is about the conditions that might ensure

the validity of the generalized 2nd law, Ṡt ≥ 0, during the evolution at a given aeon. For

the modified Chaplygin gas (3.2), we have

dSt
da

=
96π2ρδr
a4δ+1

1(
ρδΛ + ρδra

−4δ
) 1
δ

+1

1 +

√
3S

8πρδra
3

(
ρδr − ρδΛa4δ

)(
ρδΛ + ρδra

−4δ
) 1

2δ

 ≥ 0, (5.13)

where we have used H =
√

ρ
3 with ρ given by eq. (3.2). We must consider the validity of

the above inequality only within the physical interval where 3/4 ≤ δ ≤ 1. The result may

be summarized in the following statement:

The 2nd law holds during the entire evolution of the observable universe,

i.e. for all η ∈ [0, ηf ], only for the δ = 3/4 model, and provided its vacuum

density satisfies a distinct upper bound

ρ
1/4
Λ ≤ 2π

√
3

(4σ)1/4
. (5.14)

(c = 1 = ~; σ the Steffan-Boltzmann constant.) This restriction on the

maximal allowed value of the cosmological constant introduces a lower

bound, SΛ ≥ 2σ
3π2 , on the maximal entropy of the universe filled with the

δ = 3/4 modified Chaplygin gas.

Its proof is presented in appendix B. This result establishes the TD consistency of a distinct

cosmological model (3.2) within the framework of one particular thermodynamical descrip-

tion of the observable universe involving apparent horizons [45, 46]. It also illustrates the

difficulties inherent to the definition of a generalized entropy in cosmology. When the uni-

verse enters an accelerated phase, the comoving radius of the apparent horizon shrinks, as

noted in eq. (5.12), and in fact it vanishes as one asymptotes towards de Sitter space-time.

Therefore the total (adiabatic) entropy of the fluid inside it naturally decreases, as the

sphere inside this horizon becomes empty. If one simply adds this decreasing entropy of

the fluid with the Bekenstein-Hawking entropy of the horizon itself, the resulting “total

entropy” St will only obey the 2nd Law for very specific cases in which the increasing (phys-

ical) area dominates the decreasing (comoving) volume. Eq. (5.13) shows that, although

relatively “rare”, such universes do exist. It is more natural however to seek for another

definition of the generalized entropy that ensure the validity of the 2nd Law for the observ-

able universe filled by physically relevant fluid densities, say for the ΛCDM model at least.

A different approach to the total entropy, based on a new area-theorem [41], was recently

proposed in ref. [40]. Their assertion is that the generalized entropy — matter entropy

inside a volume, plus one quarter of the corresponding area — always increases monotoni-

cally along a specifically constructed hypersurface called the holographic Q-screen, which

(generally) differs slightly from the apparent horizon.
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5.3 Gauss-Bonnet extension and crossover entropy

Once we choose to work with the generalized entropy (5.9), the problem arises of whether

one can extend the above results to the cyclic SFD symmetric CCC models — what are

the eventual additional conditions to be imposed on the behavior of the entropy St in the

vicinity of the crossover? Should we assign a certain amount of entropy to each crossover

surface Xj? Must the generalized entropy also increase from one aeon to the next one

during the cyclic evolution of the universe?

The first problem to be solved, however, concerns the zero value of the total entropy

at the big-bang in a radiation dominated early universe: for a→ 0,

St ≈
4π
√

3

ρ3
r

S a3 +
24π2

ρr
a2 → 0. (5.15)

Such an “unphysical” zero entropy initial state of the universe evolution is due to the

fact that the radius of the apparent horizon vanishes at the big-bang. Therefore, on the

vicinity of the crossover, its area AA = 4πH−2 becomes smaller than the Planck area,20 i.e.

AA < Apl = 4πl2pl = 16π2G, which is beyond of the scale of validity of classical Einstein

gravity. One solution to this problem consists in the modification of the apparent horizon’s

entropy by an additive constant: S̄A = SA + S0. The extra entropy S0 could be related

to quantum corrections of the Einstein action, or else to scale (or conformal) invariant

terms added to it in order to describe the degrees of freedom prescribed to the conformal

crossover. Gauss-Bonnet (GB) Gravity, with action21

SGB =

∫ √
−g d4x

16πG

{
R− λL2

[
2R2 − 8RαβR

αβ + 2RαβµνR
αβµν

]
+ Lmatter

}
, (5.16)

represents a quite reasonable example for such an improvement of Einstein Gravity that

provides an explicit form of the desirable new constant term (for λ < 0) in the apparent

horizon entropy [45, 47–49]:

S̄A = 8π2 1

H2

(
1− 2λL2H2

)
= SA + S0, S0 = 8π2|λ|L

2

l2pl
. (5.17)

An important feature of the GB term is that it is scale invariant, and being also a topological

invariant it does not contribute to the equations of motion. Thus the Friedmann eqs. (1.3)

keep their form and, as a consequence, their SFD properties remain unchanged. Therefore,

all the SFD constructions and the CCC and TD restrictions on the matter content we

have derived (for Einstein Gravity) in sections 3, 4 and 5 are still valid for the GB gravity

as well.

With this “GB renormalization”, the total entropy becomes

St = Sf + SA + S0. (5.18)

20In the units used in this paper, with 8πG = 1, we have Apl = 2π, i.e. l2pl = 1/2.
21Here λ is a new dimensionless “gravitational coupling” constant, while L is a new length scale which

can be chosen as L = lpl by an appropriate redefinition of λ; the cosmological constant ρΛ = Λ > 0 is

included in the potential V (σ) of the matter Lagrangian Lmatter.
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The addition of a constant GB entropy S0 slightly modifies the transformation law (5.10). If

we do not impose any additional requirements relating Ŝ0 and Š0, the SFD transformation

for the GB improved total entropy (5.18) takes the from

Št =
(
ρ̂Λ
ρ̌Λ

) 3
4
Ŝf +

(
ρ̂Λ
ρ̌Λ

)
ŜA

(
ŜδΛ
ŜδA
− 1

) 1
δ

+ Š0 (5.19)

or, in the self-dual case, Št = Ŝt + ŜA
[( ŜδΛ
ŜδA
− 1
) 1
δ − 1

]
+ Š0 − Ŝ0. The main importance of

S0 resides in that we may regard it as an entropy of the crossover, related to the specific

conformal field theory valid at the immediate vicinity of X . On the “past” side of X ,

the pre-big-bang entropy is given by Ŝt = ŜΛ (cf. eq. (5.8)). If there was no GB entropy,

on the “future” side of X , we would have (the problematic) Št = 0. Thus the conformal

theory on the crossover would be responsible for a “complete loss of memory” between two

consecutive aeons. The effect of the presence of Š0 is, therefore, that it allows us to keep

a “partial persistency of the memory” across the crossovers.

Let us look in detail at what happens to entropy when one passes between consecutive

aeons in a cyclic sequence, say A0, A1 and A2 = A0. We further denote A0 = Â and

A1 = Ǎ. There are two crossovers X0 and X1, cf. figure 3. Each has a corresponding GB

entropy and we shall assume that the GB scales L̂ and Ľ are different, with L̂ ≤ Ľ (such

that Ŝ0 ≤ Š0), while the GB coupling λ remains unchanged. The total entropies behave,

near the first crossover X0, as Ŝt|â→∞ = Ŝ0 + ŜΛ and Št|ǎ→0 = Š0. Therefore, the entropy

losses on each crossover are given by:

∆SX0 = (Ŝ0 + ŜΛ)− Š0 =
4π2

l2pl

[
2|λ|(L̂2 − Ľ2) + L̂2

dS

]
,

∆SX1 = (Š0 + ŠΛ)− Ŝ0 =
4π2

l2pl

[
2|λ|(Ľ2 − L̂2) + Ľ2

dS

]
, (5.20)

where we have used the de Sitter radii LdS , with ρ̌Λ = 3/Ľ2
dS and ρ̂Λ = 3/L̂2

dS . Note that

there is one special choice for the GB coupling,

|λ| =
L̂2
dS

2(Ľ2 − L̂2)
, (5.21)

that ensures the continuity of the entropy on X0 (and on all the equivalent crossovers

X0 = X2 = X4 = · · · ), viz. ∆SX0 = 0. But it is impossible to make it continuous on the

next (or on the previous) crossover as well, since now we have ∆SX1 = 4π2

l2pl

(
Ľ2
dS + L̂2

dS

)
.

In the self-dual case, i.e. for ρ̌Λ = ρ̂Λ and for equal GB scales Ľ = L̂, the losses of entropy

at the different crossovers are identical: ∆SX0 = ∆SX1 = · · · = SΛ, as well as its evolution

inside all the aeons — it always increases from S0 to S0 + SΛ.

An important ingredient defining the described entropy evolution is the specific choice

of GB entropy contributions at different aeons. Within the framework of the SFD symmet-

ric cosmologies, one can also consider another semi-infinite SFD extension, representing a

chain of aeons Aj with different GB scales L2
j = (j + 1)l2pl at different aeons. This chain
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begins with a “primordial crossover” X0 of minimal entropy S0 = 4π2|λ|, and the total

entropy of a future aeon Aj is given by

St(j) = Sf (j) + SΛ(j) + (j + 1)S0, (5.22)

where S0(j) = (j+1)S0 is the GB contribution. The effect of this particular form of the GB

entropies S0(j) may be also interpreted as an extension of the SFD entropy definition, that

permits an accumulation of the “primordial GB entropy” S0 = 4π2|λ| along the consecutive

self-dual aeons. We may depict the evolution as follows:

X0 || S0 ↪→ S0 + SΛ ||X1|| 2S0 ↪→ 2S0 + SΛ ||X2|| 3S0 ↪→ 3S0 + SΛ ||X3|| · · ·

It is clear that all the entropy losses ∆SXj are now identical by construction,

∆SXj = SΛ − S0 =
4π2

l2pl

(
L2
dS − 2|λ|l2pl

)
, (5.23)

and we have an equal partial loss of entropy at each crossover. Therefore, we may reach the

continuity of the entropy on all the crossovers by choosing |λ| = L2
dS/2l

2
pl. Such a choice

ensures not only the continuity, but also the “eternal” increasing of the entropy (say for

δ = 3/4 model (3.2)) considered for the entire infinite chain of aeons.

The above two examples of different choices of the values of the GB parameters demon-

strate how the additional requirement on the form of the GB term at different aeons can

give rise to qualitatively different behaviors of the entropy evolution in the SFD symmetric

expansion/expansion models. Hence a more complete investigation of the crossover fea-

tures is needed in order to select one among the many allowed entropy evolutions of such

CCC-like models.

6 Concluding remarks

Veneziano’s idea [14] of using scale factor inversion as a symmetry principle for constructing

pre-big-bang extensions of the FRW solutions of Dilaton Gravity has been shown to have a

successful implementation for pre-big-bang and cyclic cosmologies also in Einstein Gravity

(and its Gauss-Bonnet extension), when the conformal time SFD transformations [23]

are imposed as a symmetry of these cosmological models. The possibility of combining

the scale factor inversions with conformal time translations (2.5) or with reflections (2.3)

gives rise to two distinct pre-big-bang evolutions — the contraction/expansion and the

expansion/expansion ones.

In the present paper we have chosen to study in more detail the geometric and ther-

modynamical consistency of SFD symmetric models of the expansion/expansion type and

their application in the construction of relevant examples of Penrose’s Conformal Cyclic

Cosmologies [17]. The fact that the employment of the scale factor duality ideas to CCC

models is an unexplored area that deserves to be investigated is only one of our motivations.

The results presented in sections 4 and 5 demonstrate the power of the SFD requirement

— when applied to CCC, it allows us to describe all the physical quantities characterizing
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the present aeon in terms of the ones of the past aeon and vice-versa. It also imposes

certain restrictions on the evolution of the total entropy of the observable universe in the

SFD dual aeons (and on its behavior on the crossover), compatible with the generalized TD

second law. Finally, the SFD symmetry picks out a family of relevant examples of self-dual

cosmologies, whose matter content coincides with the SU(1, 1)/U(1) gauged Kähler sigma

models with the specific self-interaction (4.10).

Our concluding remarks concern some of the virtues and the drawbacks of these pre-

big-bang and cyclic cosmological models, in search for convincing arguments about the

relevance of conformal time SFD as an asymptotic UV/IR symmetry of the universe evo-

lution. The comparison of the main features of the CCC-like expansion/expansion models

with their contraction/expansion relatives aims to clarify the benefits of the employment

of the former as unconventional cosmological models. Within the description of the phys-

ically consistent realizations of the restrictions imposed by scale factor duality, we will

briefly discuss some consequences of the SFD requirement on the properties of the adia-

batic fluctuations around the SFD symmetric FRW backgrounds.

6.1 More on contraction/expansion SFD models

As we have shown in sections 2 and 3, for each choice of dual (or self-dual) pairs of matter

fluids, one finds two kinds of SFD symmetric FRW solutions, corresponding to the two real-

izations (2.3) and (2.5) of the conformal time scale factor duality (1.2). The different nature

of the pre-big-bang phases of the expanding/expanding (E/E) and contracting/expanding

(C/E) solutions lead to very different transitions between the corresponding dual phases:

(i) the big-crunch/big-bang singularity at â = 0 = ǎ, versus (ii) the conformal crossover,

where one identifies ǎ =∞ with â = 0. Let us recall the action of the SFD transformations

used to “glue” such pairs of dual solutions: in the case of C/E models, they map the initial

pre-big-bang accelerated contraction phase into the initial decelerated expansion phase of

the next post-big-bang epoch, while for the E/E models, the initial decelerated expansion

phase of the past aeon is the SFD “image” of the final accelerated expanding phase in the

future aeon and vice-versa.

The SFD symmetric C/E models, studied in sections 2 and 3, provide examples of

contraction/expansion FRW backgrounds with a reasonable matter content satisfying the

weak energy condition. The self-duality of the matter potential V (σ) (3.15), defining

cosmological models with modified Chaplygin gas EoS (3.2), is the main responsible for

the continuity of the scale factor a(η), of the scalar field σ(η) and of their derivatives

at the big-crunch/big-bang singularity at η = 0. Their partially self-dual counterparts

offer an interesting C/E cosmological scenario with initial and final “de Sitter states” of

different cosmological constants ρ̌Λ 6= ρ̂Λ. However, the derivatives of the scale factors at

the singularity now present finite jumps due to the different relative radiation densities

ρ̌r 6= ρ̂r. It is worthwhile to mention that these features are also shared by the C/E

cosmology involving ΛCDM model and its SFD dual (1.4).

The cosmological feasibility of the contraction/expansion models depends on the even-

tual instabilities and ghosts problems that might be caused by the requirement of scale

factor duality as an asymptotic symmetry of the universe evolution. The appearance of
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such inconsistencies (and the ways they might be avoided) are mainly related to the prop-

erties of the adiabatic fluctuations around the contraction phase of the SFD symmetric

backgrounds. The similarity of certain features of our C/E models with those of the Pre-

big-bang Scenario, and the Ekpyrotic and Cyclic cosmologies, suggests that we can make

the discussion of their flaws shorter by borrowing and readapting some of the arguments

from the extensive critical analysis of those models presented in refs. [18, 19, 37, 50–52].

One should stand out a few of the problems to be faced — the chaotic anisotropic Belinskii-

Khalatnikov-Lifshitz-like (BKL) singularities [53, 54]; the gradient and thermodynamical

instabilities and the absence of ghosts, phantoms and other WEC breaking inconsistencies.

The cosmological models whose EoS parameter is bounded as w < 1 in the contrac-

tion phase are known to develop chaotic BKL “mixmaster” behavior near the singularity.

Therefore all the considered SFD dual and self-dual C/E models indeed suffer from BKL

inconsistency,22 due to the “SFD restrictions” −1 ≤ w(ρ) ≤ 1/3 imposed on the weak

energy conditions.

In the ekpyrotic/cyclic models [18] the BKL chaotic singularity is avoided via a mech-

anism that makes the (effective) EoS parameter w � 1 as the universe collapses. A new

ekpyrotic (with low density and low curvature) slow contraction phase is created by a spe-

cific scalar field potential with a negative valley, or else by considering a “ghost condensate”

matter content [55, 56]. Although they are not free from certain “ekpyrotic ghost” incon-

sistencies [51], they turn out to provide a reasonable contracting pre-big-bang alternative

of the standard inflation scenario. It is then natural to try to incorporate the particular

features of these models within SFD symmetric C/E cosmologies, in order to make them

free of BKL singularities. However, the SFD dual of an ekpyrotic phase with ŵ � 1 must

have w̌ = −ŵ − 2
3 � −1. So it turns out that the WEC is then strongly violated in the

expanding post-big-bang phase of these ekpyrotic SFD models and, as a consequence, they

are subject to dangerous “phantom” [51, 57] and gradient instabilities [52]. We have to

also notice that the SFD symmetric ekpyrotic cosmologies do not reproduce one of the ba-

sic features of the original ekpyrotic/cyclic models, namely that their post-big-bang phase

should be given by a standard ΛCDM model.

In brief, the problems of SFD symmetric C/E models demonstrates that their ekpyrotic

(BKL free) improvements also fail to represent consistent cosmologies, due to the presence

of ghosts and gradient instabilities induced by the SFD requirement.

6.2 On the scale factor duality of adiabatic fluctuations

Fluctuations around the homogeneous and isotropic backgrounds are expected to break

down the scale factor duality, mainly due to the extra scales involved in the observed non-

homogeneous and anisotropic evolution of the universe. In the case of SFD symmetric

C/E models, the construction of a smooth bounce (that should replace the singularity)

also necessarily introduces certain higher derivative “quantum corrections” to Einstein

gravity (i.e. powers of the curvature invariants), that are known to be incompatible with

22We have to remind that the SFD models with EoS (3.2) for δ < 0 are in fact non-singular but represent

certain TD consistency problems [44] and due to v2
s < 0 they might develop gradient instabilities as well.
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the scale factor duality. Such a problem is, however, absent in the considered CCC-like

models, due to the special features of the conformal crossover as the transition between

two consecutive aeons. The cosmological applications of such models and the use of their

late time accelerated phase as a “pre-big-bang inflationary” phase crucially depends on the

existence of a consistent mechanism for the transmission of the fluctuations through the

conformal crossover.

The well known S-duality extension [58] of the original SFD symmetry23 of Dilaton

Gravity provides an indication about the possible realizations of the SFD transformations of

the tensor modes (i.e. of helicities ±2) of metric fluctuations g±(η, xi) ≈ a2(η)(1+h±(η, xi))

that keep invariant their energy density. By considering the second order terms in the

expansion of the Einstein Gravity action, one can derive the contribution of the tensor

fluctuations to the corresponding Hamiltonian density:

H =
1

2

∫
d3x

[
Π2

a2(η)
+ a2(η) (∇h)2

]
=

1

2

∫
d3k

[
|Πk|2

a2(η)
+ k2a2(η)|hk|2

]
, (6.1)

where h is either one of the transverse traceless modes h± (i.e. hjj = 0 and ∇jhji = 0)

of the gravitational wave; Π = a2h′ their canonically conjugate momenta; hk, Πk the

corresponding Fourier modes (with wavenumber k) and the abreviations |hk|2 = hkh−k
and k2 = |k|2 = kiki have been assumed. It may be easily verified that the Hamiltonian

and, consequently, the equations of motion for the fluctuations hk and for their momenta

Πk are invariant under the transformations

a 7→ ã(η̃) = c2
0/a(η) , hk 7→ h̃k(η̃) = − 1

c2
0 k

Πk(η) , Πk 7→ Π̃k(η̃) = c2
0 khk(η), (6.2)

consisting of the scale factor inversion (1.2a) along with an appropriate exchange of the

fields with their momenta. Such an enhancement of the SFD symmetry by a particular

canonical transformation allows to completely determine the tensor modes ȟk(η) of the

metric fluctuations in the early time (radiation/matter dominated) post-big-bang phase in

terms of their SFD dual (late-time) accelerated pre-big-bang counterparts ĥk(−η),

ȟk(η) =
1

c2
0 k
â2(−η)ĥ′k(−η), 0 ≤ η ≤ ηf . (6.3)

It remains however to establish the prescription of how to follow these metric perturba-

tions through the crossover surface X , i.e. to define appropriate matching rules for the

solutions ȟk and ȟk at η = 0. The SFD symmetry requirement (6.3), together with the

natural condition for (asymptotic) vanishing of the fluctuations h̄(η) = a(η)hk(η) at the

homogeneous and isotropic initial/final stages of the universe evolution, can be satisfied

by imposing ˆ̄hk(0) = 0 = ˇ̄hk(0) and permitting a finite jump ∆h̄k = ˆ̄h′k(0)− ˇ̄h′k(0) of their

derivatives. It is worthwhile to mention that in the case of δ = 1/2 self-dual model, where

the fluctuation equations are exactly solvable, the above “crossover conditions” allow to

23See section 2 of ref. [23] for a comparison of its similarities and differences with the considered conformal

time SFD (1.2).
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determine the (k-dependent) coefficients of the solutions for ĥk(−η), ȟk(η) and the exact

form k2
n of their discrete spectrum as well.

The scalar modes Ψ(η, xi) of the metric perturbations in longitudinal gauge (and in

the absence of anisotropic stresses), ds2 = a2(η)[−(1 + 2Ψ)dη2 + (1 − 2Ψ)δijdx
idxj ] obey

the equations

u′′k + [k2 − z′′

z
]uk = 0, uk = zΨk, z = a2σ

′

a′
, (6.4)

that are similar to the ones for the tensor modes, when written for h̄k = ahk. However the

difference between their Barden potentials (Vh̄ = a′′

a and Vu = z′′

z ) as well as the different

SFD transformation properties of the variables a and z do not permit24 to extend the

background scale factor duality (1.2) as we have done for the corresponding tensor modes.

Although now one cannot use the SFD symmetry in order to define the post-big-bang scalar

fluctuations in terms of the corresponding pre-big-bang ones, an important question to be

addressed concerns the consequences of their SFD dual matter content (and of the specific

SFD symmetric backgrounds) on the properties of fluctuations and of their spectra. The

background SFD symmetry in fact completely determine the potentials V̂û(ẑ) 6= V̌ǔ(ž) of

the scalar mode fluctuation equations at two consecutive aeons. For example, the near

crossover approximation of the potentials Vu = z′′

z corresponding to the self-dual SFD

models (3.2) takes a rather familiar (but different) form at the both sides of the crossover

surface X = [{â→∞} ∼ {ǎ→ 0}]:

û′′k + [k2 −
ν2 − 1

4

η2
]ûk = 0, for η̂ → 0−, and ǔ′′k + k2ǔk = 0, for η̌ → 0+ (6.5)

(with ν = 2δ − 3
2), which are derived by using a simplified z = −2

(ρr
3

) δ
2 a1−δ(aH)−δ form

in the evaluation of the limits â → 1
η and ǎ → η. Their solutions are indeed well known

and it seems quite reasonable to impose for ûk and ǔk a crossover prescription similar to

the one used for the tensor modes. Although such a choice provides consistent answers for

δ = 1 and δ = 1/2 self-dual models, the derivation of the generic form of the scalar modes

crossover matching conditions requires further investigations.

The proper structure of all the SFD symmetric CCC models opens a room for certain

speculations about the eventual double role of the accelerated asymptotically dS4 phase at

the vicinity of crossover. One may try to derive the restrictions under which it can serve

as a pre-big-bang inflationary phase of superluminal expansion and cooling up to almost

zero temperature, and even more — that the conformal crossover could play the role of a

kind of reheating transition to the radiation dominated (high temperature) post-big-bang

phase. The solutions of the horizon and flatness problems in these considered CCC models

are quite similar to those offered by the well known dilaton gravity pre-big-bang models

and some of the cyclic models as well. The question concerning the existence (or not) of

conditions favorable for the complete realization of such pre-big-bang inflationary scenario

is, however, out of the scope of the present paper.

24With an exception of the particular cases, when z ∼ a, as for example for perfect fluids.
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6.3 Towards the conformal crossover holography

As we have shown in section 4.1, the origin of the asymptotic SFD symmetry of CCC

models is closely related to the “reciprocal hypothesis” and to the conformal crossover,

i.e. the existence of conformal (Weyl) equivalence class of metrics defining the transition

between the future infinity of one aeon to the big-bang singularity of the next one. We have

deduced a set of SFD requirements concerning the conformal properties of the crossover

and also a particular mechanism for the explicit breaking of this crossover’s conformal

symmetry, namely by adding certain relevant operators preserving unbroken the subgroup

of scale factor inversions. We consider these results as a step towards the realization of

the 4D conformal field theories25 describing these transition regions. The similarity of the

primordial conformal crossover, introduced in section 5.3, to the original ideas of conformal

and pseudo-conformal initial stage of the universe evolution [4, 5, 59–61], suggests that they

could be realized within the frameworks of the SFD symmetric CCC models as well.

Another conformal byproduct of our investigation of the SFD/CCC correspondence are

the following two indications of how one can implement the dS4/CFT3 holographic meth-

ods26 [65, 66] for the description of the conformal crossovers in terms of certain euclidean

three dimensional conformal theories. The first one is the specific holographic relation

m2
σL

2
dS = 2δ(3− 2δ)

between the 4D de Sitter scale L2
dS and 4D scalar field mass mσ with the anomalous scaling

dimensions ∆σ = 2δ of the perturbing relevant operators with 2δ < 3 in the corresponding

CFT3. The second one concerns the value of the central charges

aE = SΛ = 4π2L
2
dS

l2pl
= cE

of these crossovers euclidean CFT3’s, directly related to the asymptotic limit of the corre-

sponding horizons entropy [48] or its GB improved version [47–49]:

aGB(j) = S0j + SΛ =
4π2L2

dS

l2pl

(
1 +

2|λ|L2
j

L2
dS

)
, (6.6)

but now with aGB 6= cGB (see [48, 64]). According to our discussion in section 5.3 above,

the values of the central charges aGB(j) of the sequence of CFT3(Xj) are determined by the

specific choice of the GB scales Lj at different aeons Aj , related to the conditions imposed

on the entropy jumps or by requiring its continuity on each crossover (when it is possible).

For example, in the case of equal GB scales Lj = L ∝ lpl all the crossovers are represented

by a unique CFT3, which in the CCC framework corresponds to the complete loss of the

entropy SΛ created at the precedent cycle. No primordial crossover needs to be introduced

in this case, and indeed the evolution of such SFD symmetric CCC model turns out to be

completely cyclic.

25Which might contain Weyl gravity or/and the conformal coupling of a scalar field to Einstein gravity,

with conformal invariant self-interaction.
26And their off-critical (perturbed CFT3)/(asymptotic dS4) version [62–64].
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We should mention in conclusion that our partially self-dual CCC-like models also pro-

vide all the remaining ingredients needed for the complete realization of their holographic

description in terms of the “RG flows” in the dual perturbed CFT3 [62–64], namely —

their exact beta functions, the explicit form of the corresponding relevant (and irrelevant)

3-d operators and finally - the non-perturbative form of their correlation functions that

can be used for the holographic reconstruction of the density fluctuations spectrum of such

CCC-like cosmological models.
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A Cyclic SFD models

Here we give an explicit example of the construction of a chain of dual aeons described in

section 2, representing a cyclic evolution of an universe with deceleration and acceleration

periods and with a finite conformal-time lifespan. A specially appropriate case is the

Chaplygin gas (3.2), with δ = 1/2. As stated in section 4, it satisfies the SRM hypothesis.

Also, it is partially self-dual, as described in section 3.1. The scale factor evolution may

be readily integrated:

a1(η1) =

(
ρr1
ρΛ1

) 1
4

tan

[
π

2
η1/ηf

]
. (A.1)

where ηf = 3π
2(ρr1ρΛ1)1/4 . This aeon, A1, has a big-bang at η = 0 and ends at η = ηf , so

η1 ∈ [0, ηf ]. We may use eq. (2.10) to find an adjacent aeon, either A0 or A2. Let us choose

the former, with a0(η0) = c2
0/a1(−η0), i.e.

a0(η0) = c2
0

(
ρΛ1

ρr1

) 1
4

cot

[
− π

2
η0/ηf

]
=

(
ρr0
ρΛ0

) 1
4

tan

[
π

2
(η0 + ηf )/ηf

]
. (A.2)

In the last equality, we have used a trigonometric identity, cot(−x) = tan(x + π/2), and

the relation (3.5) between the parameters. Comparison between this equality and (A.1)

illustrates explicitly the partial self-duality of the model: the dual functions a1(η1) and

a0(η1) have exactly the same form, the difference being only in the values of the parameters

{ρr1, ρΛ1} and {ρr0, ρΛ0}.
It is instructive to find now A−1, since according to the Z2 property of (2.10) its scale

factor must be identical with (A.1), including the same values of the parameters. Indeed,

we have

a−1(η−1) =
c2

0

a0(−η−1 − 2ηf )
=

(
ρr1
ρΛ1

) 1
4

tan

[
−π

2

(η−1 + 2ηf )

ηf

]
=

(
ρr1
ρΛ1

) 1
4

tan

[
π

2
η−1/ηf

]
as expected. In the last equation we have used a property of the periodicity of the tan x

function to demonstrate our point that a−1(η−1) = a1(η1).
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Figure 6. Profile of the function f(a) for δ = 3/4.

The explicit use of trigonometric identities and the special property of the model being

partially self-dual may be misleading, suggesting that our “chain of aeons” could only be

constructed for such periodic solutions for the scale factor. This is, of course, not the case.

To illustrate that it is not so, consider now a generic scale factor a1(η1) = g(η1), where g

is an appropriate function, i.e. g(0) = 0 e g(ηf ) =∞ for some ηf . We have

a2(η2) =
c2

0

g(−η2 + 2ηf )
,

and

a3(η3) =
c2

0

a2(−η3 + 4ηf )
= g(η3 − 2ηf ),

which is the original function with a shifted argument. The important point here is that

the domain of g(x) is always the same interval of the real line, namely x ∈ [0, ηf ], although

the domain of a1(η1), a2(η2), etc. are indeed different from each other. Therefore the

“periodicity” of the chain has nothing to do with an eventual periodicity of g.

B Proof of the 2nd law for modified Chaplygin gas models

The 2nd law for the generalized entropy inside the apparent horizon in a universe filled

with a modified Chaplygin gas (3.2) is guaranteed within the range of validity of the

inequality (5.13) only. Clearly it is equivalent to the positivity of the term in the brackets.

Let us denote this term by

f(a) = 1 +

√
3S

8πρδr

(
ρδr − ρδΛa4δ

)
a3
(
ρδΛ + ρδr a

−4δ
) 1

2δ

. (B.1)

We will be concerned only with the physically reasonable range of δ, considered in section 5,

viz. 3
4 ≤ δ ≤ 1. We must have f(a) > 0 for all a > 0. We first take the limit a → ∞ and

realize that f > 0 is equivalent to a4δ−3 < 8πρδr√
3SρδΛ

. This inequality is however violated for

sufficiently large values of a whenever δ > 3
4 . Therefore the only possibility that remains is

δ = 3
4 . In this case, it is immediate to verify that f(a) is a monotonic decreasing function,
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cf. figure 6. The asymptotic inequality

1 <
8πρ

3/4
r

√
3Sρ3/4

Λ

,

(again for a→∞) becomes identical to the stated one (5.14), once one takes into account

the Steffan-Boltzmann law to write S = 4
3(4σ)1/4ρ

3/4
r (cf. eq. (5.4)).
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