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1 Introduction

The issue of the stability of the Higgs potential in a flat spacetime (often under the assump-
tion of no new physics up to the Planck scale) has been considered in many papers, see for
example [1-7] and the references therein. However, the instability may affect cosmological
evolution of the Universe and to take it into account one should couple the Standard Model
(SM) Lagrangian to gravitational background.

The most pressing cosmological problem of the SM is perhaps the lack of dark matter
candidates and another one is a trouble with generating inflation. Both problems may be
linked to the issue of the instability. Dark matter or an inflaton may come together with
additional new fields stabilizing the Higgs potential [8-10] and in fact even the Higgs field
itself may play a nontrivial role in inflationary scenarios [11].

The flat spacetime analysis of the stability of the SM is important on its own rights,
but it may miss new phenomena that arise from the presence of gravity. For example, the
existence of a non-minimal coupling of scalar fields to gravity which forms the basis of the
Higgs inflation model [12]. It is worthy to note that such terms are actually needed for
the renormalization of any scalar field theory in curved spacetime [13, 14]. The problem
of the influence of gravity on the stability of the Higgs potential was investigated, to
some extent, using the effective operator approach in [15]. Unfortunately, this approach
is based on a non-covariant split of the spacetime metric on the Minkowski background
and graviton fluctuations. Its two main problems (apart from the non-covariance) are the
limited range of energy scales where this split is applicable and the possibility that this
method underestimates the importance of higher order curvature terms like for example



squares of the Ricci scalar, the Ricci tensor and the Riemann tensor. Such terms naturally
arise from the demand of the renormalisation of quantum field theory in curved spacetime.

Analyzing Einstein equations with standard assumptions of isotropy and homogeneity
of spacetime, one can straightforwardly obtain a relation between the second-order curva-
ture scalars (squares of the Riemann and Ricci tensors) and the total energy density. From
this relation we may see that they become non-negligible at the energy scale of the order of
10 GeV. Therefore, the usual approximation of the Minkowski background metric breaks
down above such energy.! On the other hand, the instability of the SM Higgs effective
potential appears at the energy scale of the order of 10! GeV. This raises a question of
the possible influence of the classical gravitational field on the Higgs effective potential in
the instability region.

Addressing the aforementioned issue is one of the main topics of our paper. To do this
we calculated the one-loop effective potential for the gauge-less top-Higgs sector of the SM
on the classical curved spacetime background. We also took into account the presence of an
additional scalar field that may be considered as a mediator between the SM and the dark
matter sector. To this end, we used fully covariant methods, namely the background field
method and the heat kernel approach to calculate the one-loop corrections to the effective
action. Details of these methods were described in many textbooks, e.g., see [13, 16]. On the
application side, this approach was used to construct the renormalized stress-energy tensor
for non-interacting scalar, spinor and vector fields in various black hole spacetimes [17—
21] and in cosmological one [22]. Recently, it was applied to the investigations of the
inflaton-curvaton dynamics [23] and the stability of the Higgs potential [24] during the
inflationary era as well as to the problem of the present-day acceleration of the Universe
expansion [25, 26]. On the other hand, in the context of our research, it is worthy to point
out some earlier works concerning the use of the renormalization group equations in the
construction of the effective action in curved spacetime [27-30].

It is important to note that the method we used is based on the local Schwinger-
DeWitt series representation of the heat kernel (see also [31]), which is valid for large but
slowly varying fields. In the literature there also exists non-local version of the method
engineered by Barvinsky, Vilkovsky and Avramidi [32-34] but it is applicable only to small
but rapidly varying fields. For a more recent development of this branch of the heat kernel
method see, e.g., [35-37].

As a final remark we want to point out two other papers that considered the influence
of gravity on the Higgs effective potential, namely [38] and [39]. In the latter only the
tree-level potential was considered, while calculations in the former were based on the
assumption of a flat Minkowski background metric. For this reason, it was impossible
there to fully take into account the influence of the higher order curvature terms.

1By definition, for the Minkowski metric we have R = R, R"" = RQWL,R“B‘“’ = 0, while for the
Friedmann-Lemaitre-Robertson-Walker metric R ~ Mp2p, RuR"™ ~ (Mp2p)? and Rapu, R ~
(M;Zp)Q, where p is energy density and Mp ~ 10'® GeV is the reduced Planck mass. The above
relations imply that for the energy scale 10'® CGeV we have p ~ (10'° GeV)* and R ~ 10* GeV?,
Ruu R" ~ Rapu ROPH ~ 108 GeV*.



The paper is organized as follows. In section 2 we discuss action functionals for gravity
and the matter sector, we also obtain the one-loop effective action in an arbitrary curved
spacetime. Section 3 is devoted to the problem of the renormalization of our theory, in
particular we derive the counterterms and beta functions for the matter fields. In section 4
we ponder the question of the running of the coupling constants and the influence of the
classical gravitational field on the one-loop effective potential. The last section 5 contains
the summary of our results.

2 The model and its one-loop effective action

As was mentioned in the introduction, in this paper we consider the question of an influence
of a nontrivial spacetime curvature on the one-loop effective potential in a gauge-less top-
Higgs sector with an additional scalar field. The general form of the tree-level action for
this system may be written as

1
- /,ﬁ_gdzlx [MWGB (=R —2Ap) +
+ a1 Ruwpe R*P7 + aop Ry R™ + agBRﬂ , (2.1)

o R -
Sutar = [ V75| (Vi) Vb = widshlghs + Enahphnk = M (Rpfm) +

~ ~ ~ ~ -\ 4 o ~1 ~
+ VXV X — mip X% + ExpXER — Axp (X) . AhXBnghghB] . (2.2)

Sfermion = / Vv —gd4$ QZ)B (i’)ﬂuvu - thBB> Q;Z)B:| ’ (23)

where the subscript B indicates bare quantities.?

When the scalar interaction term is absent, h represents the radial mode of the SM
Higgs doublet in the unitary gauge, zﬁ is a top quark and X stands for an additional scalar
field. The total action is given by

Stot = Sgrav + Smat = Sgrav + Sscalar + Stermion- (24)

To compute the one-loop correction to the effective action we use the heat kernel
method. Details of the method can be found in [13, 14] (we closely follow the convention and
notation assumed there). A formal expression for the one-loop correction in the effective
action is the following;:

ih _
rt = - Indet (2D}, (2.5)

where p is an energy scale introduced to make the argument of the logarithm dimensionless.
In the above relation det means the functional determinant that can be exchanged for the

2We used the following sign conventions for the Minkowski metric tensor and the Riemann tensor:

Tab = dlag(+7 T 7)5 R/\THV = aTFV A +..., R,ul/ = Ruaua'



functional trace by In det = T'r In, where T'r stands for the summation over the field indices
and the integration over spacetime manifold. To find the specific form of the operator ij
for the one-loop effective action we use the background field method. Our fields have been
split in the following way:

X = 7 { } (2.6)
h= 7 [ (2.7)
=X+ (2.8)

where the quantities with a hat are quantum fluctuations and X, h, x are classical back-
ground fields. To find the matrix form of the operator Di?j we need only the part of the
tree-level action that is quadratic in quantum fields, namely

S/Wal4

A X
(0
where we skipped indices of ij. Generally this operator is of the form

D?=0+1, (2.10)

where O = V,V# is the covariant d’Alembert operator and U stands for all non-derivative
terms. To calculate the one-loop correction we use the following relation [16]:

r® — %lndet(u_QDQ) _ _7’271/ /—gd4x tr{/o (isK(xjxas)}, (2.11)

where s is a parameter called proper time and K (z,x, s) represents the coincidence limit
of K(z,2',s). The quantity K(x,z’,s) is the heat kernel of the operator D? and obeys

iaaK(x,$/,s) = D*K(z,2', s) (2.12)
s

with boundary condition lims_,og K (z, ', s) = d(x,2’). In the case at hand, in which fields
are slowly varying, the heat kernel admits a solution in the form of the Schwinger-DeWitt

proper time series
. /
K(z,2',s) = i(4mis) " %exp [w(;v:n)] A%//f/[(x ) F(z,7',s), (2.13)

where n is the number of spacetime dimensions, o(x,z’) is half of the geodesic distance
between x and 2/, Ay s is the Van Vleck-Morette determinant

_ _ ~9%0(x,2)
AV 1/2 / 1/2 )
A, ) = ~lg(o)| M2l | 2ot | G (2.14)



and F(z,2,s) = Z;’io(is)jaj(x, z'), where a;(x, 2) are coefficients given by an appropriate
set of recurrence relations [16]. Putting all this together the one-loop corrections are given
by the formula

- Z/ V-gd'z (47r1)"/2 ““”{ / OO d(is)z(is)kg1ake_iS[U+éR]}’ (219

0 k=0

where we used the partially summed form of the heat kernel [40, 41] and the trace is
calculated over the fields (with the correct sign in the case of fermionic fields). The quantity
i has the dimension of mass and was introduced to correct the dimension of the action.
To simplify the notation we introduce M? = U + 1R After integration over s we get

—h/fd" ) s i %r{%jF(k—Z)akM”—?’f}. (2.16)

Unfortunately, summing the above series is generally impossible. But for our calculation
we need only its expansion for small s, for two reasons. The first is that beta functions are
defined by the divergent part of the action which is given by the three lowest coefficients
(in four dimensions). The second reason is that we are working with the massive slowly
changing fields for which % < 1. This amounts to discarding terms that are propor-
tional to M2 and higher negative powers of M?. Having this in mind we may retain only
the following terms [40, 41]:

do =1, (2.17)
ay =0, (2.18)

| 1 | 1 |
Gy = 4 ——R,, R" + — R, R + —0OR p 1+ —OM? + —W,oaWo? 2.19
2 { T AR T R 39 } FtM + pWasW, (219)

where Wog = [V, V3] (it should be understood as acting on the appropriate component
of the fluctuation field [X' , h,1]). Using the dimensional regularization we obtain the form
of the one-loop correction to the effective action

B e L L T O R T

—~v+In(4m), v is the Euler constant and n = 4 —¢ is the number of dimensions.

_h/\ﬁd‘l

where 2,

2
€

Returning to the specific case at hand we find that

-0 o0 0
D*=1|0 -O - (2.21)
0 0 2V,
—m% + ExR — 3\, X2 — X2 ~AnxhX 0
n “AxhX —m} + &R — 3\ph? — MEX? — 2y x
0 —%th _%yth



As one may see, due to the presence of the fermionic field, this operator is not of the form
O+ U. To remedy this we make the following field redefinitions:?

X =X,
h — ih, (2.22)

~

1.
P — b [iV"'V ), — Oreg 1.

At this point it is worthy to note that the purpose of the transformation of the fermionic
variable is to transform the Dirac operator to the second order one. Since the exact form
of this transformation is arbitrary, it introduces ambiguity in the non-local finite part of
the effective action as claimed in [42]. This change of variables in the path integral gives
the Jacobian

10 0

J = sdet |0 i 0 , (2.23)
00 —3 (i7"Vy — breg)

where sdet is the Berezinian. For the matrix M that has fermionic («, #) and bosonic (a, b)
entries it is given by

sdetM = sdet [5 b

“ 0‘] = det(a — ab~'8)/ det(b). (2.24)
In the case at hand its contribution to the effective action is (omitting irrelevant numerical

constants)
J— e%ihlndet(i’yﬂvuforeg), (225)

which is proportional to the terms at least quadratic in curvature (R?, Ric?, Riem?). From
now on we will work in the limit 6, = 0. After the above redefinition of the quantum
fluctuations the operator D? takes the form

o0 0 00 0
D*= (000 + |00 -5uxy"Vu| +
000 00 Lyhy"V,

m% — Ex R+ 30\, X2 + 28X ]2 AnxhX 0
+ AnxhX m2 — &R+ 3\A2+ X2 0 | (2.26)
0 —Z5ux —iR

where we used the fact that y#V,7V, = 0 — *R. From the relation (2.26) one can see
that D? becomes
D? =01+ 2r"V, +11, (2.27)

where 1 is a unit matrix of dimension six and hA* and II are matrices of the same dimension.
This is not exactly the form of D? that we discussed while explaining how to obtain the

3The parameter ;¢ was introduced to ensure invertibility of the considered transformation and it should
not be identified with the fermionic mass. Moreover, the matter part of the effective action is well behaved
in the limit of #;c;, — 0 as can be seen for example in [13].



one-loop action via the heat kernel method, nevertheless the formula (2.20) is still valid
provided we make the following amendments [13]:

Wap = [Va, V] 1+ 2V hg) + [ha, hg], (2.28)
1
M? =T+ g BL = Vil =y (2.29)
In the above expression both W and M? represent matrices with bosonic and fermionic

. « . . .
entries of the form . To take this into account in our expression for the one-loop

corrections to the effective action we replace tr with str, where str Z’ Z] = tr(a) — tr(b).
The explicit form of IT and h* can be easily read from (2.26), which gives
m¥% — (Ex — LR+ 3M\, X2 + 2xp? AnxhX 0
M? = AnxhX m? — (& — R+ 3M\h2 + X X2 0| +
0 0 0
0 0 0
0,2
+10 0 Q%V,éxv“ + Y hy . (2.30)
i2 1 2 _ i
0 —%X — 5 R+ 4%h? - ;—\%Vuh'y“
On the other hand, W, can be computed from the expression (2.28) to be
00 0
2
Wag = {00 —3%5 (Vaxs — VaxTa) — §hX (a8 — ¥870) . (231

. 2
00 2 Rapum "y + 225 (Vahys — Vhya) = 5% (a8 — 187a)

To summarize the calculations, we present below the full form of the renormalized one-
loop effective action (T") for the matter fields propagating on the background of the classical
curved spacetime. The details of the renormalization procedure will be given in the next
section. In agreement with our approximation, we keep only the terms proportional to the
Ricci scalar, its logarithms, the Kretschmann scalar (Ragu,,RO‘BW) and the square of the
Ricci tensor. Moreover, we discard terms proportional to the inverse powers of the mass
matrix and renormalize the constants in front of higher order terms in the gravity sector
to be equal to zero (a1 = ay = a3z = 0) at the energy scale equal to the top quark mass.
Additionally, we disregard their running since it is unimportant from the perspective of
the effective action of the matter fields. The final result is

1 1
F=-—— [ —gd* 2A V—gd*zq x |iv"V, — —=yh
167TG/ gd z(R + )+/ 7 x{x [w Vi = 59 ]x+
1 1 A A
+ SV, AVPR — = (m} — &y R) B2 — Zhpt - DX p2x2y
2 2 4 4
1 1 A
+ 5 VuXVIX = o (mk — ExR) X? — TXX4+

ho[1, (. 1 3 b )
+ ) {zyfx (z*y”V“ + Qﬂyth> X — §yt2VMhV“h — 242 1n (/ﬂ) V,hV" h+



1 b
—tr<Daln< >>+ Ob1n (2> —tr<a ln( >)+3tra +8b21n< b >—12b2
3 p? 1 2 I
1 212 b 4 4 b
—i-gythm(,u )R y h™1 7 +
4 a_ b
_ af aﬁlw st i
180( Rap R4 Ropyu < < ) (u2> 2ln<u2>>+
4 b
afuv
— gRaﬁﬂV‘R s h’l (/,L2>:| }, (232)

where a and b are given by

= S — 2.
b=Suh” — R (2.33)
_|mk = (6x — PR+ 3AX2 4 Ah? AnxhX (2.34)
AxhX mj — (&, — DR+ 3M\h2 + 2 X2 T

The eigenvalues of the matrix a are

1 2 1 1
at+ = 2{ [m§< +mj — (fx +&h — 6)R+ (3)\h + 2>\hx)h2 + <3)\X + 2)\hX)X2]+

2 2
+ \/[m?x—m%— <§X—§h>R+ (;)\hX_3)\h>h2+<3/\X_;)\hX>X2:| +4()\hXhX> }

(2.35)

3 Divergent parts of the one-loop effective action and beta functions

3.1 Divergences in the one-loop effective action

Divergent parts of the one-loop effective action of our theory can be straightforwardly read
from the expression (2.20) and they are given by the sum of terms proportional to g In

our case
1 h 2 1 1
4 4 11 vpo
—qstrM=+2st — »RH voo RFP7P+—0OR|1
dw /\/ o )24{3 rM™+2str [( 180R“ R 18OR” po R +30 R) +
1
+6DM2 + mwagwaﬁ] } (3.1)

The terms proportional to [ are full four divergences and can be discarded due to the
boundary conditions. Moreover, we also neglect the terms that are of the second and
higher orders in the curvature, since they contribute only to the renormalization of the
gravity sector. A precise form of this contribution is well known and can be found for
example in [14]. Having this in mind the only relevant terms are strM* and strWW?2. We
may write the matrix M? in the following form:

012
55 VaXa" + 5hx

a
M? = 2V2 ) 3.2
X b= UVt (32)



where a and b were defined in (2.33) and (2.34). Having this in mind, the only relevant
entries of M* are the diagonal ones (off-diagonal entries do not contribute to str)

2_l.2¢(_sopy ol
M — a” — Y X < MV Qﬂyth> X o . (3.3)
B b2 — gytv hy*N , hy” —zfytbv hH

From this we obtain

1
strM* = tr(a®) — y?x [—m“vu — Qﬂyth} x — 8b% + yfVMhV“h. (3.4)
In the above expression we have doubled fermionic contributions to restore proper numerical
factors changed due to nonstandard form of the fermionic gaussian integral used by us. The
second term that contributes to the divergent part of the one-loop effective action comes

from
1 1 0
ZStrEWagwaﬁ = 65tr< [O ;] ), (3.5)
with
1
¢ = JeRapw B 7" = b (Yavs = 1570) B 0"+
1
= gt (Vahs=V5h1a) (Vo‘hvﬂ -V’ hv“) 32.%1% Ropu"y” ('y‘”‘vﬁ —vﬁvo‘) +
1
+ =it (s — ) (197 = 7°) | (3.6)

where we omitted the terms proportional to the odd number of gamma matrices. Com-
bining above expressions with the one for the M* divergent part of the one-loop effective
action gives (after discarding purely gravitational terms of the order O(R?) , where R?
represents terms quadratic in Ricci scalar, Ricci and Riemann tensors)

2 h 1
divp T = 1 {str(M4) - 6tr(cz)} , (3.7)
2 h 1 A 2
. 1) _ 2 2 hX ;2
2 )‘hX 2 ?

1 1.2
+ 202 A2 X2 — 2y {—ny — Qﬁyth] X —2 [yth — 6R} + ythty

1
+ 22V ,AVFh — BthhQR}. (3.8)

3.2 Counterterms and beta functions

After finding the divergent part of the one-loop effective action we shall discuss the renor-
malization procedure in detail. The matter part of the tree-level Lagrangian in the terms
of bare fields and Couplings can be written as

1 A A
LB matt = V hgVehp — 3 [mip — &npR] hE — ZB hh — th hpXp+




)\
XB Xé—F

1

+ )ZB [W“Vu — ﬂhB:| XB- (3.9)

The same Lagrangian can be rewritten in terms of renormalized fields and coupling con-
stants. Appropriate relations between bare and renormalized quantities are

hg = 2y *hy™3, Xp =2 Xp"3, X = Z/*xu" s,

AnB = Zh Zxp = Ay AxB = 22 2o EAx,  Anxs = 25 25 2y o XS
yn = 2,2, Z,u%y

m%B = Zﬁlzmhm%a m%{B = Z)_(lZme%(,

&g = Z; ' Ze, &n, Exp = Zx" ZeEx, (3.10)

where we introduced mass scale u to keep quartic and Yukawa constants dimensionless.
Using the above formulae and splitting the scaling factors as Z, = 1 + d, we may ab-
sorb divergent parts of one-loop corrections to the effective action divp V. One-loop
counterterms are

§Zn = —i(4i)22y3, §Zx =0, 62y = —i(;)Q;yf,
52y, = i(;)Q :18)\ + ;Ajlf 2%1 . 67, = i<4i)2yf,
57y = i(;)Q :m T ;fx} = (42)2 [6A + 6A0 + 4Ny ]
omi = 2(42)2 _6)\h + AhXZ%] . omk = 2(477?)2 [6>\X + Ahxn"gf;] :
0 = 1( h) 2 ¢, [6)\;1 (Eh - é) + Anx <€X - é) - ;yf} ;
0x = i(;)Q;{ [6)\){ (fx - é) + Anx <§h - é)] : (3.11)

Using the above form of counterterms we may compute beta functions for the quartic and
Yukawa couplings

B = st (312)
[18)\ — 2yt + Ay, + )‘hX] (3.13)
{18)\)( + o\ } : (3.14)
Banx = ( [4>\hx + 6Anx (An + Ax) + 22X xy?] - (3.15)
Analogous calculations give us beta functions for masses and non-minimal couplings
Bz = (4:)2 [6Arm] + 2y7my + Apxmk ], (3.16)

~10 -



Bz = ()2 [6Aem% + Anxmi], (3.17)
h 1 1 1
= 6\ A ==+ 22 -2, 3.18
Be, )2 [ h<€h 6) + hx<§ 6) + 2y; <§h 6>} (3.18)
h 1 1
= —— [6A - = A ——. 1
Bex ()2 [6 X(éx 6> + Anx (&L 6)] (3.19)
For completeness, we also give the anomalous dimensions for the fields (computed according
to the formula 4 = %d;?nzj)
h
T = rmgyf? (3.20)
vx =0, (3.21)
h 1,
= —yi. 22
Tx (47_[_)2 4yt (3 )

At this point we can compare our results for the beta functions of the nonminimal couplings
of the scalars to gravity with those obtained for the pure Standard Model case [24]. If
we disregard the modification of f¢, stemming from the presence of the second scalar,
namely the )\, x component, we are in agreement (modulo numerical factor due to different
normalizations of the fields and the absence of vector bosons in our case) with the results
from the cited paper.

4 Running of couplings and stability of the effective scalar potential

4.1 Tree-level potential and the running of the couplings

Our theory consists of two real scalar fields (corresponding to the radial mode of the Higgs
scalar in the unitary gauge and an additional scalar singlet) and one Dirac type fermionic
field that represents the top quark. From now on, we will call the second scalar the (heavy)
mediator. To solve the RGE equations for our theory we need boundary conditions. A
scalar extension of the Standard Model was extensively analyzed in the context of recent
LHC data (for up to date review see [10]). We use this paper to obtain initial conditions
for RGEs of the scalar sector of our theory. An energy scale at which these conditions were
applied has been set to u; = 173 GeV.
Form of the tree-level potential

Vivee (B, X) %(mx £xR) X2 4 /\XX4 n )\hX ARX p2 2,
3 (m} —GuR) 4 %h (4.1)
we may find the tree-level mass matrix
M = m% — xR+ 3Ax X2 + 25X p? AxhX (42)
AxhX m} — &, R+ 3\ph? + X X2

- 11 -



At the reference energy scale pi; the Vyee(h, X ) has one local maximum h = 0, X = 0, two
saddle points h = 0, X # 0 and h # 0, X = 0 and one local minimum

A
m2 — &R+ Aph?® + %XQ =0,

A
mk — ExR+ Ax X2+ %FF —0. (4.3)
We identify this minimum with the electroweak minimum (electroweak vacuum) where the
mass matrix (4.2) takes the form
2Ax X2 ApxhX
M2 = | (4.4)
AnxhX 2\ph

Replacing the fields by their physical expectation values h = v, X = vx we may define
physical masses as the eigenvalues of the above matrix

m%t = ()\ngg + )\hv,% — \/()\ng( — )\hU]%)Q + ()\thth)2> s (4.5)
m%u = ()\X’U%{ + Apvs + \/()\XU§< — Av3)? + ()\thth)2> . (4.6)
For concreteness, we set these masses to my_ = 125.5GeV and mpy, = 625GeV. This

choice amounts to identifying the lighter of the mass eigenstates with the physical Higgs
and the heavier one with the scalar mediator outside the experimentally forbidden window.
Moreover, we take vev of the Higgs to be v, = 246.2 GeV. The expectation value of the
second field can be expressed by the parameter tan(3) = ;’—;‘( This parameter is constrained
by the LHC data to tan(8) < 0.33 for the mpy, < 700GeV [10], we fix it to the value
tan(8) = 0.33. From the Lagrangian of the scalar sector of the theory at hand one can
see that it is described by five parameters, namely two masses and three quartic couplings.
So far, we specified four parameters: two masses (mass eigenstates) and two vevs of the
scalars so we have one more free parameter. This parameter is the mixing angle between

mass eigenstates H_ and H, and the gauge eigenstates X and h

H_ cosa —sin« h
<H+) - [sina cos « ] (X) ' (47)

We fix it as sin(a) = 0.15. Remembering that the above rotation matrix diagonalizes the
mass matrix (4.4), we find an explicit expression for the mixing angle a (-5 < a < )

sin 2a = AXUnOX : (4.8)
\/(/\h’l)}% — )\Xv_%()2 + ()\thth)Q
by 2 A 2
cos 2 = XX Wi (4.9)

\/()\h’U}QL — /\ng()2 + ()\thth)2
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Using the formula for the sin(2«) and relations (4.5) we express the quartic couplings in
terms of physical masses, vevs and «

- ) ) , )
mH_ mH _mH_ . 2 mH_ 2 mH+ ) 2
Ay = 21}}21 + +2v,% sin (a)] = [ 2@}% cos”(a) + 20}% sin®(a) |, (4.10)
ro2 2 2 9 9
m m —m m m
Ax = 2;‘ + H+2v2 H_ cos2(oz)] = [2;_ sin2(a) + 2;+ COSQ(Q)] ’ (4.11)
X X X %
- )
myg, —myg_ .
Anx = =y sin(2a) | 412
hX 20r0x sin( a)] ( )

In figure 1 we present the dependence of the quartic coupling on the mixing angle for
tan(3) = 0.33 and physical masses and vevs chosen as stated above. From this plot we
may infer that as we increase the mixing angle the Higgs quartic coupling (\;) and the
interaction quartic coupling (Apx) increase while the heavy mediator quartic coupling (Ax)
decreases. Moreover, there are two non-interacting regimes. The a = 0 case corresponds
to the two non-interactive scalars with quartic selfinteraction. Additionally, from the form
of the beta function for A\px we may infer that the interaction between these two fields
will not be generated by the quantum corrections at the one-loop level. The second regime
corresponds to a = 7, but since for this value of the mixing angle also Ax is zero the addi-
tional scalar is tachyonic. As the final step we express mass parameters of the Lagrangian
in terms of our physical parameters. To this end, we use equations (4.3) and obtain

A

—m% = Axv% + %vz — ¢xR, (4.13)
A

—m2 = \d + %z& — &R, (4.14)

The remaining parameters of the scalar sector are the values of the non-minimal coupling to
gravity &, and £x and the field strength renormalization factor for the h field. We have cho-
sen Zp = 1 at the reference energy scale p; and for a nonminimal coupling we considered two
different cases. The first one was &, = £x = 0 which results in &, and £x becoming negative
at high energy. The second one was &, = &, = é for which &, and £x stay positive at high
energy. The choice of the initial conditions was arbitrary but allowed us to present two types
of the behavior of the running of the nonminimal couplings, that will be discussed shortly.

Having fully specified the scalar sector, we now turn to the fermionic one. It possesses
two parameters, namely the field strength renormalization factor and the Yukawa coupling
constant. The first one is naturally set to unity at u; and we set the top Yukawa coupling
as 4 = 0.9359, where the physical top mass was chosen as m; = 173GeV. In figure 2
we present the running of the Yukawa and quartic couplings. For the described choice
of the parameters point, at which the Higgs quartic coupling becomes negative, is given
by t ~ 52.2, which corresponds to the energy scale u ~ 10'° GeV. We also observe that
the most singular evolution will be that of the heavy mediator quartic coupling Ax and,
indeed, this coupling hits its Landau pole around ¢t ~ 59. In figure 3 we depicted the
running of the mass parameters of the scalar fields. This running is quite big and amounts
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Figure 1. The dependence of the initial value of the quartic couplings on the mixing angle a.
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Figure 2. The evolution of the Yukawa and quartic couplings of the scalar fields. The running
scale range is from pg = 2.7K t0 tmax = 10! GeV.

to an increase of more than 50% around ¢ ~ 50. Figure 4 presents the running of the
non-minimal couplings and field strength renormalization factors. In figure 4b we may see
that the non-minimal couplings run very mildly and they are positive for the low-energy
region and become negative for high energy regions. Just to remind, our initial condition
for them was &, = {x = 0 at the reference point y = m; = 173 GeV. On the other hand, if
we choose initial values for &, and x to lay above the so-called conformal point £ = %, they
will stay positive in the whole energy region. This type of behavior is visible in figure 4c.
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Figure 3. The running of mass parameters for the scalar fields. The energy range is from pg = 2.7K
t0 fimax = 101! GeV.

4.2 One-loop effective potential for scalars in curved background

In this subsection we present the form of the one-loop effective potential for the Higgs-
top-heavy mediator system propagating on curved spacetime. In the framework of the
R-summed form of the series representation of the heat kernel (the subset of the terms
proportional to the Ricci scalar is summed up exactly) and on the level of the approximation
discussed earlier we may write it as

M _Ax
4 4

h 2 a+ 2 a— 3 9 2 2 b
—i—647r2[—a+ln<lu2>—aln<u2>+2(a++a)+86 In E +
2 1 212 b 414 b
—12b +§yth In 2 R—y;h"In 2 +
4 o B ay a— b
~ %0 (—RQBR + Rogu R > In 2 + In 2 —2In 2 +

4 b
afuy
~ 3 Rapu R In <u2>] } (4.15)

1

1 A
Vone_loop = { -3 (m? — €,R) h? ht — %hQXQ -3 (m% — ¢xR) X2 X4y

where b is given by (2.33) and as is defined by (2.35). Let us recall that in our ap-
proximation we are discarding terms of the order O(%j), where a; = {a;,a_,b} and R?
stands for all possible terms that are of a third order in curvature. Since we specialize our
considerations to the cosmological case we take the background metric to be of Friedmann-
Lemaitre-Robertson-Walker type, for which

.. N\ 2
A A
—_g | 2= il 4.1
R 6 A+<A> , (4.16)
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(a) The running of the field renormalization factors for h and
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(b) The running of the non-minimal couplings to the gravity for the
scalar fields, the initial conditions were &, = {x = 0 at the yu = mq.
The energy range is from po = 2.7K t0 pimax = 10 GeV.
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(¢) The running of the non-minimal couplings to the gravity for the
scalar fields, the initial conditions were &, = £x = % at the p = my.
The energy range is from po = 2.7K t0 fimax = 10 GeV.
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where A is the scale factor, namely the metric is ds? = dt?— A?(dx?+dy?+dz?). Meanwhile,
the Einstein equations reduce to the so-called Friedman equations

o\ 2
A o 2 o 1 - -2
2% + H?=—Mp (4.18)

where M p72 = 8n( is the reduced Planck mass, p is energy density and p is pressure.
Using the above equations we may tie the Ricci scalar to the energy density and pressure

o 1
R=—3Mp > [—p—i— 3/)] . (4.19)

The other useful scalars are

A 4(
—RapR*” + Ropu RO = —12H = 2Mp4p< p+p> = 3(Mp ) . (4.20)
R RO =12 2

H*+ (ﬁ)Ql =12Mp* ;pQ—i—i(;p—i-p)Q ( ) (4.21)

where the last equalities are valid in the radiation dominated era, where p = % p. Now let

us discuss what the above statements mean in the context of our approximation. From
relations (4.20) we may infer that R? ~ (M ]32;))3. On the other hand, our expression
for the one-loop effective action is valid when terms that are of higher order in curvature
are suppressed by the field dependent masses a4, a—_,b. This means that in order to
investigate the influence of a strong gravitational field on the electroweak minimum (small
fields region) we must have 2—3 <@g, where m ~ 102 GeV is the mass scale. This leads

us to the relation ~ 10% = 102 GeV2. To connect the energy density to the energy

M2
scale we use the formula p = ov* + pu*, where p is the running energy scale (as introduced
in RGE) and o is a numerical constant. For our particular choice of y = \y}h we have
p=ovt+ (ﬁh) . We choose v = 109 GeV and o in such a way that our approximation is
valid at the electroweak minimum.

At this point an additional comment concerning the running energy scale is in order.
In the previous section we presented results concerning the running of various couplings
in the model. To this end we considered the energy scale present in RGEs as an external
parameter, but this is sometimes inconvenient for the purpose of presenting the effective
potential. For this reason, in this section we adopt the standard convention (in the context
of studies of the stability of the Standard Model vacuum) of connecting the energy scale
with a field dependent mass. In the theory at hand this leads to the problem of a non-
uniqueness of such a choice since we have three different mass scales (a4, a—, b). To make
our choice less arbitrary we follow some physical guiding principles. First of all, the energy
scale should be always positive. Secondly, the relation between fields and the energy scale
should be a monotonically increasing function. This condition ensures that an increase of
the value of fields leads to an increase of the energy scale. Moreover, we expect that for
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a single given fields configuration we get a single value of the energy scale. Having this in
mind we discard a4 and a—, because they are not monotonic functions of the fields. This
leads us to the choice y = b= %h, where we discard the gravity dependent term R since
it is zero at the radiation dominated era.

After explaining the choice of the running energy scale in more detail, we want to
elaborate on the physical meaning of the connection between the total energy density
and the running energy scale. At the electroweak minimum we still may observe large
gravitational terms due to the fact that most of the energy is stored in a degree of freedom
other than the Higgs field, this is represented by the constant (field independent) term v.
On the other hand, we expect that in the large field region h > v a significant portion of
the total energy density will be stored in the Higgs field itself (in the scalar field sector in
general). The amount of this portion is controlled by the parameter o.

Since the reduced Planck mass is of the order of 10'® GeV, this leads us to the conclu-
sion that the maximum energy scale at which our approximation to the one-loop effective
potential around the electroweak minimum is valid is of the order v ~ 109 GeV. Above this
energy scale terms that are of higher order in curvatures become large and we need another
resummation scheme for the heat kernel representation of the one-loop effective action. It
is worthy to stress that despite the fact that the finite part of the one-loop action becomes
inaccurate above the aforementioned energy scale, the running of the coupling constants is
still described by the calculated beta functions. This is due to the fact that the UV diver-
gent parts get contributions only from the lowest order terms in the series representation
of the heat kernel.

We plot the one-loop effective potential in the Friedmann-Lemaitre-Robertson-Walker
background spacetime in figure 5. The total energy density that defines curvature terms
was set as p = ov? 4 p*, where 0 = 50, v = 10° GeV and p = %h. Figure 5a represents
the small field region (the region around the electroweak minimum). For given parameter
choices the expectation values of the field are v, = 246.2 GeV and vy ~ 746 GeV. The
black line in this figure represents the set of points in the (X, h) plane for which our one-
loop approximation breaks down. For these points one of the eigenvalues of the matrix (3.2)
becomes null and terms (discarded in our approximation as subleading ones) proportional
to the inverse powers of this matrix become singular. Moreover, to the left of this line
the one-loop potential develops an imaginary part due to the presence of the logarithmic
terms. In figure 6 we present the influence of the gravity induced terms on the effective
potential in the radiation dominated era. To make the aforementioned influence of the
gravitational terms clearly visible, we choose a single point in the field space. Namely, we
choose the electroweak minimum for which h = vy and X = vx. We may see that for large
total energy density this minimum becomes shallower. In figures 7 and 8 we also plot this
influence for other cosmological eras, namely matter dominated and the de Sitter ones.
From figure 8 we may infer that for the de Sitter era and positive £ the minimum becomes
even more shallow and this effect is orders of magnitude bigger than for the radiation
dominated era. This is mainly due to the fact that terms which contribute most are from
the tree-level part of the effective potential. On the other hand, from figure 7 we infer that
for the de Sitter era and & = 0 the one-loop gravitational terms (tree-level ones are zero
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Figure 5. The one-loop potential for the scalar fields in (a) small and (b) large field regimes. The
running energy scale was chosen as y = %h, o =50 and v = 10° GeV. The thick black line in (a)
represents a set of points for which a— = 0. The dashed line in (b) represents the line along which

v =o.

due to £ = 0) lead to the deepening of the electroweak minimum. The magnitude of this
effect depends on the total energy density.

Another interesting question is how big should the gravity induced parts be to qualita-
tively change the shape of the effective potential. To get the order of magnitude estimate

we consider only the Higgs part of the effective potential. For now, we specify the back-
ground to be that of the radiation dominated epoch, for which we have p = % pand R =0.
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Figure 6. The influence of the gravity induced terms on the one-loop potential for fixed values of
fields (h = v, X = vx). The running energy scale was set to be equal to the top mass p = mcp.

Total energy density is given by p = Uuﬁotal =ovt+ mé‘op.
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Figure 7. The influence of the large curvature on the electroweak minimum for various equations
of state: rad — radiation dominance (p = 1p), dS — de Sitter like (p = —p), matt — matter
dominance (p = 0). The energy density was given by p = ov* + u*, where 0 = 1 and p = % The
non-minimal couplings were &, = {x = 0 at u = m;. The insert shows a close up of the behavior
of the gravitational corrections for the radiation dominated era.
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dominance (p = 0). The energy density was given by p = o(v* + p?), where 0 = 1 and pu = %
The non-minimal couplings were &, = £x = % at 4 = my. The insert shows a close up of the
behavior of the gravitational corrections for the radiation dominated era.

In the small field region the most important fact defining the shape of the potential is
the negativity of the mass square term m% < 0. Meanwhile, gravity contributes to the
following terms:

1 4 a a_ b
v = —[—Ra R L R, ,,Raﬁw] (%) sm (%) —2m( =
grav 647T2 { 180 ﬁ + 5# n ,LL2 + n /,1/2 n ,LL2 +

4 b
afuv
+ gRaB/wR K In </L2> } . (4.22)

With our convention for the running energy scale we see that the fermionic logarithm

In <:2> is equal to zero and the remaining two logarithmic terms are positive and of the

order of unity, see figure 9a. Let us call their total contribution b. Having this in mind, we
may write

1 1 4
V(h?) = —m2h? —
(h%) = 5mih™ + 512 Tx0

1 1 4 b
- [mQ + (_RaﬁRaﬁ + Ra,BIJVRaBMV) h2] h2 =

(~Ras R + Ragu R ) b=

2" T 6472180

1, 1 44/ ,\°b

2
_ |t = 2w i h? = mZ.h? 4.23
[2mh+647r2 1803( P p) 12 heffs (423)

|h=vp

where we put A = 1. Since we are interested in the influence of the gravity on the elec-
troweak minimum, we make the following replacement in the bracket: h = vy, also for the
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Figure 9. The logarithms of {a_,a,b} for the chosen form of the running energy scale u = %h.

chosen physical Higgs mass, vev and mixing angle we have m,QL = —6.1-10*GeV2. Now our
goal is to determine the energy density at which mgﬁr > 0. It is given by

135 -
p = dmup|mp| %MI% (4.24)

and corresponds roughly to the energy scale v ~ 10'? + 10! GeV (under the assumption of
p = v*). This value is slightly above the energy scale for which our approximation is valid
(in the case of the small field region), nevertheless it is reasonably below the Planck scale.
For the de Sitter case, on the other hand, the dominant contribution comes from the tree-
level term representing the non-minimal coupling of the scalar to gravity. Straightforward

calculation gives
1

28
which leads to the energy scale of the order of v ~ 1010 GeV.

p= - NI3|m3l, (4.25)
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Before we proceed to the large field region we want to consider the temperature de-
pendent correction to the effective potential. Specifically, we will focus on the influence
of the curvature induced term on the critical temperature for the Higgs sector of our the-
ory. The leading order temperature dependent terms in the potential will contribute as
Viemp & BhQTQ, where B is a constant that depends on the matter content of the theory.

First, let us focus on the beginning of the de Sitter era when most of the energy is
still stored in the fields excitations.* In this case we may assume 7 = v, p = ov* and the
dominant curvature contribution comes from the tree-level non-minimal coupling term

1 ~ 1 1 ~ _
V(h?) = im% + BT* - 25,13} h? = [—2|mi| + Bv? + 26, Mp2avt| b2, (4.26)
where we used the Einstein equation to express the Ricci scalar by the energy density
and assumed that &, > 0. From the above relation we may find the critical temperature
(critical energy scale v,), for which the origin becomes stable in the direction of h. After
some algebraic manipulation we obtain

1 8 8 Ao lm?)|
2 = 7M2 I — - ]. ~7,h . 4.2
v, 2 P 26-}10' + 25’10_ + /82M% ( 7)

Expanding the square root in the last equation in its Taylor series and relabeling v, = T,
we get the following formula for the critical temperature:

_ [um3 mEPae
c 9 B 2ﬁ3M%7

where we keep only the first two terms in to the Taylor series. Comparing it with the flat

(4.28)

2
spacetime result TCﬂat = %I%)hl’ we can see that the gravity contribution is suppressed by

M;Q. Actually, this result also applies to the matter dominated era (up to a numerical fac-
tor that stems from the modification of the relation between R and p in matter dominated
era).

On the other hand, deep in the de Sitter era the energy stored in matter fields is diluted
by the expansion and the only relevant source of temperature is the de Sitter space itself®
(this amounts to setting 5 = 3\, in first part of (4.26)). This temperature is given by
T = %, which can be expressed through the Einstein equations by the energy density as
ds _ Mp' /b

2\/§7r
plugging the result into (4.26) one obtains

. Using the last relation to express the energy density by temperature and

1 1
TS — [ im2— — 4.29
c \/6|mh| \n + 8726, (4.29)

4We did not consider the preinflationary era but the short de Sitter period in the middle of the radiation

dominated era that sometimes is introduced to dilute the relic density of the dark matter.
>The Hawking temperature T% enters through de Sitter fluctuations of the scalar field substituted into
the quartic term in the Higgs effective potential.
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This expression gives the critical temperature above which the electroweak minimum be-
comes unstable. It is interesting to note that, contrary to the previous case, the gravity
contribution is multiplicative and inversely proportional to the non-minimal coupling con-
stant &;,. This implies that if &, is big, like for example in the case of the Higgs inflation
where it is of the order of 10%, the critical temperature may be an order of magnitude smaller
in comparison to the one calculated with the assumption of flat background spacetime.

As the next case we consider the radiation dominated era. To find the critical temper-
ature we need to solve the equation

1 4 b
2 (—RaﬂRaﬁ + Raf;WRO‘W”) 2 1 AT? =0, (4.30)

1
2™t 542 180

where b is defined as in (4.22). Using Einstein equations to eliminate the squares of the
Riemann and Ricci tensors, assuming 7' = v, introducing a new variable z = v? and
14 4b

defining a small coefficient ag = W@ﬁ]\_f;‘l we may rewrite the above equation as
h

~ 1
agrt + B — ilm%] =0. (4.31)

The formulae for the general roots of the fourth order polynomial are quite unwieldy and
can be found for example in [43]. Using Mathematica computer algebra system we found
that this equation possesses only one real positive solution, with a series representation
(the Maclaurin series in «g) given by

2 214 )
fmal _Amil” oy 0(al?). (4.32)
26 1635

From the above relation we find the critical temperature for the radiation dominated era

m3| mit 1 16b _
28 16p3° 6472 64007 T

T.= (4.33)
The first observation is that the gravitational terms induce only an additive correction to
the critical temperature. The second one is that this correction is suppressed by the factor
M 134 so its influence on the aforementioned temperature is very small. This is in contrast
with the de Sitter case where the gravitational correction may, in principle, change the tem-
perature even by an order of magnitude due to the multiplicative nature of these corrections.

Now we turn our attention to the large field region. The most important term of the

potential is ’\Zﬁ h*, where \og contains factors coming from the running of the Higgs quartic

coupling and the usual field dependent parts coming from the one-loop correction (in the
absence of gravity). Taking the gravity into account, the relevant part of the potential is

V(hY) = Aei(h)h‘* + VL. (4.34)

From figure 9b we may see that in the large field region h ~ 3 +4-10'9 GeV all logarithms
are of the order of unity. Although all logarithms are roughly of the same order, the leading
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contribution comes from the fermionic one. This is due to the fact that in Vg(rgv the contri-

butions dependent on a4 are multiplied by the prefactor that is ten times smaller than the
term %RWWRO‘WV In u% . Now we may write the relevant part of the effective potential

Aeii (R) 1 4 b
4y _ Neff 4 oy _
V(h ) = Th + @gRaﬁm/R K In <M2) =

1 4 48/ _ ,\*¢@ 1<
=1 !Aeﬂ(h) t 51233 (Mp2ﬂ> h4] ht = erﬁ(h)hle (4.35)
|h=ho

where ¢ = In <;2> is a number of the order of unity. In the large field region hg ~

3-10'° GeV we expect that Aeg(ho) = d < 0. Now we want to address the issue of how
big should the energy density be in order to make At (ho) positive. The straightforward
calculation gives

9d
32¢

p=Anh2M? (4.36)
For d = |[Aeg| ~ 0.02 we obtain the energy scale v ~ 10'* GeV. This is again slightly
above the region of validity of our approximation (which is v ~ 10'© GeV for the large
field regime), but still much below the Planck scale. Turning again to the de Sitter era we
find that the dominant contribution comes from the non-minimal coupling of the scalar to
gravity. Writing the relevant piece of the potential as

1 R

V(h') = 1 [/\eff(h) - 2§hh2:| ‘h_h ht, (4.37)

we may deduce that the critical energy density is given by
1
8&h

In the above formula hg and d are defined in the same manner as for the radiation domi-

P M2Eh2d. (4.38)

nated era. For the same value of hy and d like in the previous case we obtained the following
energy scale at which the discussed effects are important: v ~ 7-10'3 GeV. Obviously, if
&5, becomes negative, for example due to the running (figure 4b), we always get worsening
of the stability, Aeg becomes negative for the lower energy scale than in the flat spacetime
case. The discussed effects are illustrated in figures 10 (for negative &) and 11 (for positive
€). Although the obtained energy scales seem to be high (for both radiation dominated
and the de Sitter eras), the associated energy density is of the order p ~ 10721 = 10"20pp,
where pp = Mj‘; is the Planck energy density.

Figure 5b presents the large field region of the effective potential. The thick dashed
line represents a set of points for which V' = 0. Below and to the right of this line the
effective potential becomes negative which indicates the region of instability in the field
space. This region starts around the point (X = 0GeV,h ~ 4-10° GeV) and expands
towards the larger values of h and X fields. In figure 12 we depicted the effective potential
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Figure 10. The effective quartic Higgs coupling, as defined by the relation Ap. rr(h) =
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shows a close up of the difference between the flat spacetime and the radiation dominated era.
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Figure 11. The effective quartic Higgs coupling, as defined by the relation A\pess(h) = v h4(h),
for various equations of state: flat — flat spacetime result, rad — radiation dominance (p = % 0)s

dS — de Sitter like (p = —p). The energy density was given by p = ppe + (%)4, where pp. was
specified by the relation (4.36) and equal to pj. = (2.04-104GeV)*. The X field was constant and
set as equal to X = vy. The non-minimal couplings were &, = £x = % at the p = my. The insert

shows a close up of the difference between the flat spacetime and the radiation dominated era.
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Figure 12. The one-loop effective potential along the trajectory connecting the electroweak min-
imum and the region of the instability at high fields values. The running energy scale was set as
W= %h The spacetime curvature was given by the energy density p = ov* + p*, where o = 50
and v = 10° GeV.

one-dimensional trajectory in the field space starting at the electroweak minimum and
ending in an instability region. For this purpose we fixed values of X field by the following
conditions: X = vy or X = Ah+ B. In the latter case the coefficients A and B were chosen
in such a way that the straight line connects points (vp,vx) and (hm,,0), where hy, lies in
the instability region. From the discussed figure we may infer that the actual trajectory
connecting the electroweak minimum and the instability region is not very important. The
energy barrier between these two regions is almost identical. For comparison, we also plot
the tree-level effective potential with the running constants calculated at the one-loop level
in figure 13. We see that the tree-level potential barrier is lower by roughly two orders of
magnitude with respect to the one-loop case. Moreover, the instability region for the tree-
level potential starts around h = 1.5-10'° GeV and approximately coincides with the point
at which A, becomes negative. On the other hand, for the one-loop potential this region
is shifted towards the larger field value, namely h ~ 4.5 - 10’0 GeV. A similar conclusion
concerning the influence of the higher loop corrections on the stability of the Higgs effective
potential were obtained for the case of the Standard Model Higgs in flat spacetime [4].

5 Summary

In this paper we have investigated the problem of the influence of the gravitational field
on the stability of the Higgs one-loop effective potential. We focused on the effect of the
classical curved background as opposed to the usual flat (Minkowski) background plus
gravitons corrections. To this end, we used a local version of the heat kernel method, as
introduced by DeWitt and Schwinger, which allows to investigate the case of large but
slowly varying curvature of spacetime. To represent our quantum matter sector we used
gauge-less top-Higgs sector (we chose the unitary gauge for the Higgs field and specialized to
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Figure 13. The one-loop (V1) and the tree level (V () effective potentials along the trajectory
connecting the electroweak minimum and the region of the instability at high fields values. The
running energy scale was set as yu = %h. The spacetime curvature was given by the energy density
p=ov* + u*, where 0 = 50 and v = 10° GeV. The insert shows the behavior of potentials around
the maximum of the tree-level potential.

its radial mode). We also considered the presence of the second heavy real scalar coupled
to the Higgs field via the quartic term. This scalar, when not possessing the vacuum
expectation value, may be dark matter candidate or when it possesses the vev it may
be considered as the mediator to the dark matter sector. We focused on the latter case.
Moreover, we considered both fields to be non-minimally coupled to gravity.

Applying the heat kernel method, we obtained the divergent and finite (up to terms of
the second order in curvatures) parts of the one-loop effective action. From the divergent
part we got the beta functions for the theory at hand. We have found that, in agreement
with the general results, the beta functions for various scalar quartic couplings, top Yukawa
coupling and gamma functions for the scalars masses and field strength renormalization
factors are the same as in the flat spacetime case. This is due to the fact that we con-
sidered purely classical gravitational background (without gravitons). We have also found
beta functions for the non-minimal coupling constants (&,/x) of the scalar fields in the
model (3.18), (3.19). After investigating the running of these coupling constants we con-
clude that if we assume that they are initially zero (&, /x(m¢) = 0, where m; is top mass)
they run towards negative values at the high energy scale (figure 4b). On the other hand,
if we postulate that they are initially above conformal value (&, = %) they run towards
larger positive values in the high energy region (figure 4c).

We have also given the explicit form of the one-loop effective action containing terms up
to second order in curvatures. Namely, our action contains terms linear in the Ricci scalar
(R), quadratic in the Ricci scalar and the Ricci tensor (wa) and linear in the Kretschmann
scalar (K = R, agRMP) (2.32).

After confirming that, like in the flat spacetime case, our model possesses an insta-
bility region for the large Higgs field value (figure 5b), we turned to the investigation of
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the influence of the gravity induced terms on the shape and the stability of the effective
potential. Firstly, we considered the radiation dominated era and found that the one-loop
induced terms (the tree-level ones are absent as the consequence of Friedman equations and
the equation of state, namely in this era we have R = 0) give small positive contribution
to the effective potential at the electroweak minimum (figure 6). The magnitude of this
contribution is dependent on the total energy density. Figures 7 and 8 represent the same
kind of effect but also for the de Sitter and matter dominated eras. The main difference
between these two figures is the fact that for the first one we have &, x(m:) = 0, while for
the second one &,/ x (M) = é In the absence of the tree-level terms (;,/x = 0 case) the
gravitational terms contribute negatively to the effective potential in the de Sitter and mat-
ter dominated eras. Moreover, this effect appears at the one-loop level. On the other hand,
when &,/ x > 0 the gravity induced contributions are positive also for the aforementioned
eras and they are in fact orders of magnitude bigger than for the radiation dominated era
even for small values of &, /x (§,/x ~ O(1)).

The last problem relevant for the small field region which we considered was the influ-
ence of the gravity induced terms on the critical temperature needed for the destruction of
the electroweak minimum. Focusing on the qualitative description of the problem we have
found the formulae for the critical temperature for the de Sitter and radiation dominated
phases of the Universe evolution. They are given by expressions (4.28), (4.29) and (4.33),
respectively. The obtained relations indicate that there are two types of corrections. The
first one is additive and is suppressed by negative powers of the Planck mass. The sec-
ond one is multiplicative and is inversely proportional to the scalar non-minimal coupling
constant (£5,). This type of correction is important for the de Sitter era and may change
the critical temperature even by an order of magnitude (for large £) in comparison to the
flat spacetime one. On the other hand, for the radiation dominated era we have only an
additive negative contribution that is suppressed by ]\7[;4.

Since we used the truncated series representation of the heat kernel, a comment about
the validity of presented results is in order. In fact, all the results summarized so far are

obtained in the region where R < m?% , or R? < m%}; for the radiation dominated era,

where m?%; is the physical Higgs mass squared (mpy_ ~ 125GeV) and R? represents terms
that are quadratic in Riemann and Ricci tensors. In this region our approximation is a

very good one.

We also pursued the question of how big energy density should be in order to in-
duce a qualitative change in the one-loop effective potential for the scalar fields. To this
end, we investigated regions of small (around electroweak minimum) and large (around
instability scale) fields. In the small fields region we found that the gravity induced term
contributes positively to the effective scalar mass parameters (m(h)pers and m(h)xers) in
the Lagrangian if we are in the radiation dominated era or if we have a positive value of
the non-minimal coupling constants in de Sitter and matter dominated eras. We defined
the effective mass parameter in a manner similar to the definition of the effective quartic

(
coupling in large field region, namely m(h)gff =2V ,3("). Our calculations revealed that

for the energy scale of the order v ~ 10'! GeV, with the standard assumption that p = /4,
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this contribution is large enough to change the sign of m(h)i IXeff) which leads to the dis-
appearance of the electroweak minimum. Since this energy scale lies slightly above the one
allowed by our approximation (v ~ 10? GeV), we treat this result rather as an indication
that gravity induced effect should be investigated more carefully even for the energy scales
well below the Planck one than the statement of the actual effect.

As far as the large field region is concerned, we investigated the influence of gravi-
tational terms on the effective scalar quartic self-coupling of the Higgs field (defined as

A(R) e = 4V(hli(h) ). We presented results for the radiation dominated and de Sitter eras
in figure 10 and figure 11. We found that for the sufficiently high energy density we get
an improvement of the stability for the radiation dominated era and also for the de Sit-
ter era for the positive non-minimal coupling constants. This means that gravity induced
terms contribute positive factors to A(h)xers. On the other hand, if &, is negative at large
energy then the stability is worsened. We calculated the order of magnitude of the energy
density for this effect to take place and we found that it is equivalent to the energy scale
v ~ 1013 = 10" GeV, while the Higgs field is of the order h ~ 10'9 GeV. This means that
most energy is not stored in the Higgs field. Again, this is the above region of validity of
our approximation v ~ 10'Y GeV and should rather be treated as an indication of the pos-
sible effects. Nevertheless, we found it interesting that gravity may induce non-negligible
effects at energy densities much below the Planck density, in the considered case we have
p~ 10721 = 107%pp, where pp is the Planck energy density.

As the final remark we point out that it would be very interesting and important for the
problem of the stability of the Standard Model to go beyond limits of our approximation.
Unfortunately, this requires another representation or a resummation technique of the heat
kernel that could be applied to the case of large and slowly varying background fields, which
at the present time we are unaware of.
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