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from AdS4 × S7 and go to ÂdS5 × B6, where B6 is conformal to a Kähler manifold and
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theory on M2 branes in the UV to a (3 + 1)-dimensional field theory on intersecting M5

branes in the infra-red. The M2 branes completely polarize into M5 branes along the flow
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1 Introduction

Brane polarization is one of the most remarkable and non-trivial aspects of string theory,

arising from the fact that branes couple to forms of all degrees [1]. In the supergravity limit,

brane polarization comes about through the Chern-Simons terms: sources of one type of

brane can be generated through interactions of fluxes usually associated with other types

of branes. Such mechanisms have played a major role in understanding the possible infra-

red phase structure of holographic renormalization group (RG) flows and in the fuzzball

program in which singular sources of branes that would normally back-react into a black

hole can be replaced by smooth cohomological fluxes and thereby generate a smooth,

solitonic, microstates geometries.

Within holographic field theory, one of the earliest and most important examples of

brane polarization appeared in the Polchinski-Strassler flow [2] where the holographic du-

als of confining gauge theories were seen to require brane polarization of D3-branes into

5-branes. The early descriptions of two-charge fuzzballs did not really involve brane polar-

izations directly: such solutions start with the D1-D5 electric charges and then the addition

of dipolar KKM fields and angular momentum yields the smooth supertube backgrounds.
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On the other hand, the three-charge problem and the entire microstate geometry program

uses brane polarization in an essential way. This can be described in many duality frames

(see, for example, [3]) but the simplest such frame is probably the original frame in which

it was discovered [4–6], where three distinct M2-brane electric charges polarize into coho-

mological fluxes associated with magnetic M5 branes. Indeed, these microstate geometries

have three M2-brane charges as seen from infinity, and look like a black hole from a dis-

tance, while the core of the solution has three sets of dipolar M5-brane flux supported on

homology cycles and no localized M2-brane sources. Such a geometric transition has thus

sometimes been described as M2-brane charges dissolved in M5-brane fluxes.

One can see very explicitly how this can arise from the Maxwell equations of eleven-

dimensional supergravity, which may be written:1

d ∗ F (4) + F (4) ∧ F (4) = 0 . (1.1)

This means that the conserved M2 charge is not
∫
∗F but is the “Page charge” defined by:

Q =

∫ (
∗(F (4)) +A(3) ∧ F (4)

)
. (1.2)

Thus, depending on the configuration, the M2 charge can come from electric “M2 sources”

contributing via ∗(F (4)), or from magnetic “M5 sources” contributing via A(3) ∧ F (4), or

through a combination of both.

The geometric transition between M2 and M5 brane sources has played a number of

roles in holographic field theory. At the simplest level, if one starts with the field theory

on a large stack of M2 branes then the holographic dual is simply AdS4 × S7 and turning

on fermion masses or vevs of fermion bilinears necessarily means turning on magnetic M5-

brane fluxes on S7. This has led to some very interesting holographic renormalization

group flows. In particular, one can turn on a particular set of fermion and boson mass

terms and flow to conformal fixed points. Such flows have been extensively studied using

four-dimensional, N =8 gauged supergravity [7–13] and involve turning on scalar fields in

supergravity and moving between different critical points of the scalar potential in four

dimensions [14, 15]. Uplifts to eleven dimensions for some of these solutions have been

obtained and analyzed in [16, 17].

There are also interesting classes of holographic flows in which, from the four-

dimensional perspective, the scalars flow to infinite values at the infra-red end of the

flow. While apparently singular, some of these flows have simple and physically-important

interpretations that become apparent once one uplifts the solution to eleven dimensions.

One class of such flows are the Coulomb-branch flows for which, in the infra-red limit, the

M2 branes spread out into some distribution in space [18–20] much as in the Coulomb-

branch flows for D3 branes [21–23], which correspond to SU(N) gauge theory being broken,

typically, to U(1)N .

While the Coulomb-branch flows do not involve brane polarization, a class of very

interesting generalizations were studied in [24, 25]. The crucial observation in [24] was that

1We are using “old” supergravity conventions.
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there was a manifest U(1) symmetry of a particular truncation of four-dimensional N =8

supergravity that related very different M-theory solutions and apparently very different

holographic field theories. This unexpected U(1) symmetry rotated bosonic bilinears into

fermionic bilinears in the M2-brane field theory and rotated metric modes into flux modes

in M-theory while preserving 16 supersymmetries. This was generalized in [25] to harmonic

families of 1
2 -BPS solutions. The physics underpinning these solutions was that the M2

branes at infinity were becoming dielectrically polarized in the infra-red and giving rise to

two sets of M5 branes wrapping either one of the orthogonal S3 factors in S3 × S3 ⊂ S7.

While these solutions were singular in both four and eleven dimensions, one could easily

extract the physics of the solution once one obtained the uplift to M-theory.

Shortly after these solutions were constructed it was shown that these were special

cases of much more general 1
2 -BPS bubbling solutions, many of which could be arranged to

be smooth in the infra-red limit [26]. Indeed, these “LLM” bubbling solutions are smooth,

horizonless geometries supported by cohomological fluxes in the infra-red and they helped

guide the discovery of a similar geometric transition that led to “bubbling black holes”

and black-hole microstate geometries in five dimensions. The eleven-dimensional LLM

geometries have many possible infra-red limits that are governed by the sets of possible non-

trivial cycles and magnetic 4-form fluxes. These configurations were beautifully encoded

in terms of a fermion droplet model that lives on a space transverse to all the branes.

The initial motivation for this paper was an observation made in [27] that the

SU(3)×U(1)×U(1)-invariant truncation of gauged N =8 supergravity has some similarities

to the SO(4)×SO(4)-invariant truncation that underlies the results in [24]. Specifically, the

supergravity potential in four dimensions has the same unexpected U(1) symmetry, which

we will henceforth denote U(1)ζ , that relates very different M-theory solutions and very

different holographic field theories. The SU(3)×U(1)×U(1)-invariant truncation preserves,

at most, N =2 supersymmetry (the supersymmetries of the N =8 theory that are singlets

under SU(3)) and the bosonic sector of this truncation is exactly that of N =2 supergravity

coupled to one vector multiplet. Indeed, we may view the underlying theory as precisely

N =2 supergravity coupled to one vector multiplet with the R-symmetry arising from one

of the U(1) factors.

Unlike the solution studied in [24], the superpotential considered here is only invari-

ant under a Z3 subgroup of the unexpected U(1)ζ symmetry. Thus the U(1)ζ symmetry

will rotate solutions to the equations of motion into one another but will not generically

preserve supersymmetry. The initial goal was thus to study this rather more complicated

class of solutions with an unexpected U(1) symmetry in the hope that it would admit

generalizations as in [25] and perhaps allow further generalization to smooth holographic

geometries akin to those of LLM [26]. Additionally, the goal was also to test the uplift

formulae of [28–34] and to lift the interesting class of Janus solutions given in [27] to eleven

dimensions. While these results will be detailed in a subsequent paper [35], the reason

for this short note is to highlight some remarkable new flow solutions that emerge directly

from SU(3)×U(1)×U(1)-invariant truncation of gauged N = 8 supergravity and lead to

smooth infra-red limits that are dual to an “almost conformal” (3 + 1)-dimensional theory

on intersecting M5-branes.
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The new solutions presented here have several novel features. First, they are flows

from a UV superconformal fixed point theory in (2 + 1)-dimensions to an infra-red theory

that is an S1 compactification (and non-trivial fibration) of a conformal fixed point theory

in (3 + 1)-dimensions. To be more specific, the UV fixed point is the usual theory on a

stack of M2 branes and is thus dual to AdS4× S7. Along the flow, the M2 branes polarize

into M5 branes. For the supersymmetric flows there is a choice of the parameter, ζ, in

U(1)ζ for which the M2 fluxes dissolve completely in the infra-red leaving only magnetic

M5 fluxes. These emergent M5 branes have (3 + 1) directions in common: the original

M2 brane directions plus the S1 of a non-trivial fibration over a six-dimensional, internal

Kähler manifold, B6. The sets of M5 branes then further wrap two-dimensional sections

of B6. At the UV fixed point, the manifold, B6, is simply CP3 and the fiber is simply the

standard Hopf fibration but in the infra-red the Kähler potential and fiber connection are

deformed away from that of CP3 and S7.

Having obtained such a supersymmetric flow at a specific value of ζ, we then use this

solution and the U(1)ζ action to a find a family of non-supersymmetric flows with the same

infra-red structure at generic values of ζ.

Remarkably, when the flow is arranged so that only M5’s remain in the infra-red, the

supergravity solution asymptotes to ÂdS5×B6 where ÂdS5 means that one takes the stan-

dard Poincaré metric on AdS5 and periodically identifies one of the three spatial directions

of the Poincaré slices and then fibers the resulting circle over B6 using a connection induced

from the Kähler potential of B6. Note that this circle still retains the same radial factor

as the other space-time directions of the Poincaré slicing. Thus the dual field theory is a

(3 + 1)-dimensional conformal theory that lives on the common intersection of M5 branes

but one of those directions is compactified, or periodically identified. The non-trivial su-

pergravity fibration presumably represents a non-trivial configuration, or twisting, of the

fields on the M5 branes.

The form of the S1 fibration over B6 that we encounter here is very reminiscent of

the constructions in which M5 branes are wrapped on Riemann surfaces with a topological

twist [36, 37]. The difference here though is that the twisted compactification of M5 branes

emerges in the infra-red starting from M2 branes in the UV whereas, in the more standard

construction, the M5 branes are compactified and twisted in the UV and a new, lower-

dimensional field theory emerges in the infra-red.

At first glance, the holographic flows presented here might seem to challenge the usual

wisdom of renormalization group flows: the number of degrees of freedom should not

increase as one flows to the infra-red and yet we appear to flow from a theory in (2 + 1)

dimensions to one in (3+1) dimensions. However, one should remember that we are looking

at the infra-red limit of a strongly-coupled, large N theory and its string theory dual and

in such a context it is well-known that an extra dimension can emerge in the infra-red. One

of the more celebrated examples of this dates back to the early days of the “second string

revolution,” where it was argued [38] that eleven-dimensional supergravity is an emergent

low-energy, strong-coupling phase of type IIA string theory. In particular, the solitonic,

charged black holes become massless in the strong coupling limit of the IIA theory and

these new low-mass degrees of freedom may be interpreted as the Kaluza-Klein modes of
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the emergent extra dimension. Following on from this, in strongly-coupled N = 2 Yang-

Mills theory one can interpret the monopole and dyon spectrum as winding states of a little

string in five or six dimensions [39–45]. More recently, there have been discussions of how

extra dimensions can emerge from Coulomb branch flows for large N theories. (See, for

example, [46, 47].) Thus, we expect that the emergence of the extra dimension in our flow

should signal an interesting new strongly-coupled phase of the M2-brane theory in which

families of charged, solitonic objects are becoming massless. This may also have interesting

implications for phases of the ABJM theory [48] but one should note that the orbifold that

leads to the ABJM theory will generically break the N = 2 supersymmetry that underlies

our supersymmetric flows. On the other hand, as observed in [17], such a relatively mild

breaking of supersymmetry does not appear to modify other flows to infra-red fixed points.

In section 2 we describe the details of the SU(3)×U(1)×U(1)-invariant truncation of

gauged N =8 supergravity and find the BPS equations for these flows. We also find some

non-trivial integrals of the motion so that the entire family of flows can be solved implicitly

via algebraic equations. In section 3 we give the uplift of our flows to eleven-dimensional

supergravity. We then focus on one particular supersymmetric flow, with ζ fixed to π/3,

because this has the most interesting infra-red behavior. We show that the metric in the

infra-red is that of ÂdS5 ×B6 and we show that only magnetic M5-brane fluxes survive in

this limit. We also note the apparent coincidence that our internal manifold B6 is exactly

the same as that of the non-trivial conformal fixed-point theory of [16, 17]. In section 4

we analyze the supersymmetry of our solutions and show how the dielectric polarization

causes the supersymmetries to interpolate between those of M2 branes and those of M5

branes. In section 5 we generalize our interesting supersymmetric flow with ζ = π/3 to

non-supersymmetric flows at generic ζ but with the same interesting IR features. Section 6

contains our conclusions and a discussion of the possibilities for more general classes of

flows like the one exhibited here.

2 Gauged supergravity in four dimensions

2.1 The action and BPS equations

The SU(3)×U(1)×U(1)-invariant sector of gauged N = 8 supergravity contains one real

scalar and one pseudo-scalar that combine naturally into a single complex scalar, z.2 The

scalar manifold is the coset SU(1, 1)/U(1) with the Kähler form

K = −3 log(1− zz̄) , (2.1)

and so the scalar kinetic term is given by the canonical sigma-model expression:

Kzz̄ =
3

(1− zz̄)2
. (2.2)

The holomorphic superpotential, V(z), is a cubic:

V =
√

2(z3 + 1) , (2.3)

2Our discussion here follows [27] where this and other truncations of gauged N = 8 supergravity with

the same scalar coset are presented in a unified framework.
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and the real superpotential, W , is defined by

W ≡ eK/2 |V| =
√

2 |z3 + 1|
(1− |z|2)3/2

. (2.4)

The potential, P(z, z̄), can be obtained from a holomorphic superpotential, V(z), via:

P = eK(Kzz̄∇zV∇z̄V − 3VV) , (2.5)

where the covariant derivatives are defined in the usual way:

∇zV = ∂zV + (∂zK)V , ∇z̄V = ∂z̄V + (∂z̄K)V . (2.6)

Explicitly, one finds that the potential reduces to a very simple result:

P = −6 (1 + |z|2)

1− |z|2
. (2.7)

Note that P does not depend upon the phase of z. This is the unexpected U(1)ζ
invariance. It is unexpected because, in eleven dimensions, the real part of z (a four-

dimensional scalar) comes from internal metric mode while the imaginary part of z (a four-

dimensional pseudoscalar) comes from a mode of the tensor gauge field, A(3). Thus rotating

the phase of z has an extremely non-trivial effect on the eleven-dimensional solution. Also

note that the superpotential, W , is only invariant under a Z3 subgroup of U(1)ζ .

To parametrize everything more explicitly, it is convenient to write the scalar in the

following polar form:

z = tanhλ eiζ . (2.8)

Then one has

W =
√

2

√
cosh6 λ+ sinh6 λ+ 2 sinh3 λ cosh3 λ cos 3ζ , (2.9)

P = −6 cosh 2λ . (2.10)

One can easily check that

P =
1

3

[(
∂W

∂λ

)2

+
4

sinh2(2λ)

(
∂W

∂ζ

)2 ]
− 3W 2 . (2.11)

As usual we take the four-dimensional space-time to consist of (2 + 1)-dimensional

Poincaré sections and a radial coordinate, r:

ds2
4 = e2A(r) ηµνdx

µdxν + dr2 . (2.12)

The effective particle action that encodes all field equations is then:

L = 3 e3A

[
(A′)2 − z′z̄′

(1− |z|2)2
+ 2g2

(
1 + |z|2

1− |z|2

)]

= e3A

[
3(A′)2 − 3 (λ′)2 − 3

4
sinh2(2λ)(ζ ′)2 + 6g2 cosh(2λ)

]
,

(2.13)

where g is the gauge coupling within the underlying gauged supergravity.

– 6 –



J
H
E
P
1
1
(
2
0
1
5
)
1
7
0

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

Figure 1. RG-flow trajectories in the (λ cos ζ, λ sin ζ)-plane. The background contours are of the

real superpotential W (α, ζ). The ridge trajectories have constant ζ with cos 3ζ = 1 (green) and

cos 3ζ = −1 (red), respectively.

Note that the ζ-independence of this action implies that there is a conserved momen-

tum:

e3A sinh2 2λ ζ ′ = const. (2.14)

The BPS equations are simply:

A′ = ±gW , λ′ = ∓g
3

∂W

∂λ
, ζ ′ = ∓ 4 g

3 sinh2(2λ)

∂W

∂ζ
. (2.15)

In the following we choose the top sign for which the UV fixed point is at r →∞.

2.2 Integrating the flow

Solutions to the BPS equations (2.15) fall into two classes as illustrated in figure 1: the

generic flows with varying ζ and the “ridge flows” for special values of constant ζ. Indeed,

it follows immediately from (2.15) that ζ is constant along a supersymmetric flow if and

only if ζ = nπ/3 for n ∈ Z. Moreover, one can also see that ζ ′ → 0, or ζ asymptotes to a

constant value as |λ| → ∞.

The generic solutions can be obtained algebraically using two integrals of the motion:

I1 = e3A ∂W

∂ζ
= −e3A 3

√
2 sinh3 α cosh3 α sin 3ζ√

2 sinh3 α cosh3 α cos 3ζ + sinh6 α+ cosh6 α
, (2.16)

and

I2 =
W 2

(cosh 2λ+ cos ζ sinh 2λ)3

sin 3 ζ

sin3 ζ

=
(4 cos2 ζ − 1)

2 sin2 ζ

(3 + (cosh 2λ− 2 cos ζ sinh 2λ)2)

(cosh 2λ+ cos ζ sinh 2λ)2
,

(2.17)
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Figure 2. Ridge flows for cos 3ζ = −1 (red) and cos 3ζ = 1 (green) with A0 = 0.

for the first order system (2.15). Note that I1 is just the conserved momentum (2.14) sim-

plified using (2.15). The second integral, I2, appears to be special and does not correspond

to any obvious symmetry of the Lagrangian (2.13).

Given the two independent integrals of the motion for the BPS flow and parametrizing

everything in terms of the field λ(r) rather than the “unphysical coordinate,” r, one can use

I2 to obtain, implicitly, ζ(λ). In particular, I2 relates the initial direction of the flow out

of λ = 0 to the asymptotic value as λ→∞. Using I1 one can then determine A(λ). There

are therefore no differential equations to be solved: everything is determined implicitly

from I2 and then explicitly from I1.

However, this does not work for the ridge flows where I1 and I2 either vanish or are

singular and so do not directly yield a solution. For such flows the first order system (2.15)

reduces to the following two equations:

A′ =
√

2 g (cosh3 λ± sinh3 λ) ,

λ′ = − g√
2

sinh 2λ (coshλ± sinhλ) ,
(2.18)

where the sign on the right-hand side is determined according to cos 3ζ = ±1. Using the

UV boundary condition, λ(r)→ 0 as r →∞, we then find

arccoth(eλ)± arctan(eλ)∓ π

2
=

g√
2

(r − r0) , (2.19)

and

A(r) = A0 − log(e4λ − 1) +

{
3λ for cos 3ζ = +1

λ for cos 3ζ = −1
(2.20)

where r0 and A0 are integration constants. The solutions (2.19) and (2.20) are regular for

r > r0, but become singular in the infra-red as r → r0. (See figure 2.) It is this singularity

that we want to explore further.

– 8 –
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2.3 Asymptotics

We now consider the infra-red limit, r → r0, in which λ→∞. Using

arccothx ∼ 1

x
+

1

3x3
+O

( 1

x4

)
, arctanx ∼ π

2
− 1

x
+

1

3x3
+O

( 1

x4

)
, x→∞ , (2.21)

we obtain two different asymptotic expansions3 for the solutions (2.19) and (2.20):

cos 3ζ = +1 : eλ ∼ 2
√

2

3g

1

(r − r0)
, A(λ) ∼ −λ+A0 , (2.22)

cos 3ζ = −1 : eλ ∼ 2
√

2

g

1

(r − r0)
, A(λ) ∼ −3λ+A0 . (2.23)

It turns out that the first expansion also applies to flows with generic ζ. For the sake of

brevity and interest, here we will focus only on cos 3ζ = −1 and defer the more general

discussion to [35].

From the expansion (2.23), we find that to leading order as λ → ∞, the four-dimen-

sional metric (2.12) becomes

ds2
4 ∼ e−6λ ηµνdx

µdxν +
8

g2
e−2λdλ2 +O(e−10λ)

=
g6

512
(r − r0)6 ηµνdx

µdxν + dr2 +O((r − r0)10) .

(2.24)

The four-dimensional metric thus appears to be very singular as λ→∞. For example, its

Ricci scalar diverges as4

R ∼ −45

4
g2 e2λ +O(e−2λ) . (2.25)

As we will see, the eleven-dimensional solution is far better behaved.

3 The solutions in M-theory

The complete uplift of the foregoing RG-flows to solutions in M-theory can be obtained

using the well-established uplift formula for the metric [28] and the more recent formulae

for the flux [32–34]. We have verified that the M-theory equations of motion are then indeed

satisfied and that the supersymmetric flows in five dimensions lift to supersymmetric flows

in eleven dimensions. This works for all flows in section 2. The details of the calculation

will be presented elsewhere [35]. In the following we summarize the results for general flows

and then specialize to the ridge flows of interest.

3.1 The metric uplift to eleven dimensions

The M-theory metric obtained by the uplift formula [28] is of the form

ds2
11 = ∆−1ds4 + ds2

7 , (3.1)

3Equivalently, one can simply solve (2.18) in the asymptotic region.
4For the generic flows, R ∼ −(3/4)g2e6λ + O(e2λ), and the singularity is more severe.
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where ds2
4 is the metric (2.12). By evaluating the internal metric, ds2

7, and the warp factor,

∆, and for a judicious choice of frames, we arrive at the following result for the metric (3.1):

ei = X
1
6
+ Σ

1
3 eA(r) dxi , i = 1, 2, 3 ; e4 = X

1
6
+ Σ

1
3 dr ; e5 = aX

− 1
3

+ Σ
1
3 dχ ;

e6 = aX
1
6
+ Σ−

1
6 cosχdθ ; e7 =

a

2
X

1
6
+ Σ−

1
6 cosχ sin θ σ1 ;

e8 =
a

2
X

1
6
+ Σ−

1
6 cosχ sin θ σ2 ; e9 =

a

2
X

1
6
+ Σ−

1
6 cosχ sin θ cos θ σ3 ;

e10 = aX
2
3
+ Σ−

2
3 sinχ cosχ

((
dψ +

1

2
sin2 θ σ3

)
+

(X+ −X−)

X+
dφ

)
;

e11 = aX
− 1

3
+ Σ−

2
3

(
dφ+ cos2 χ

(
dψ +

1

2
sin2 θ σ3

))
. (3.2)

where a is related to the four-dimensional gauge coupling constant [30],

a =

√
2

g
, (3.3)

and the warp factors are given by:

X±(r) ≡ cosh 2λ± cos ζ sinh 2λ , Σ(r, χ) ≡ X+ sin2 χ+X− cos2 χ . (3.4)

It is also convenient to define the function

H0(r, χ) ≡ X
1
2
+ Σ e3A . (3.5)

Note that H
1/3
0 is the warp factor in front of the differentials dxi.

The first four frames in (3.2) are simply the obvious frames for the four-dimensional

metric (2.12) multiplied by the warp factor ∆−1/2 = X
1/6
+ Σ1/3. The frames e6, . . . , e9 are

frames for CP2 multiplied by aX
1/6
+ Σ−1/6 cosχ and the SU(3) symmetry acts transitively

on this CP2. The one-form (dψ+ 1
2 sin2 θ σ3) is the standard Hopf fiber over CP2 that would

extend it to S5 and this one-form is also SU(3) invariant. The metric is invariant under

ψ and φ translations and these are the U(1) actions of the complete SU(3)×U(1)×U(1)

invariance. For λ = 0, e5, . . . , e10 give the set of frames for CP3 and e11 is the Hopf fiber

completing it to S7. To preserve the Poincaré invariance on the branes and the internal

SU(3)×U(1)×U(1) symmetry, the warp factors and other fields can only have non-trivial

dependence on the internal coordinate, χ, and the radial coordinate, r.

3.2 The Maxwell potential

The Maxwell potential, A(3) = A
(3)
st + A

(3)
tr , necessarily has a term, A

(3)
st , proportional to

the volume of the M2 branes. By the Poincaré and the SU(3)×U(1)×U(1) symmetry, it

must be of the form

A
(3)
st = h0(r, χ) e1 ∧ e2 ∧ e3 , (3.6)

where h0(r, χ) is a function that will be determined below. The potential, A(3), can also

have components purely in the other eight directions transverse to the brane. We can
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choose a gauge in which the dr components of A
(3)
tr vanish, in other words A

(3)
tr can be

arranged to have components only along the original S7 directions. Obviously A
(3)
tr must

be SU(3)×U(1)×U(1)-invariant (up to gauge transformation). This dramatically limits

the possibilities but still leaves several functions of both r and χ to be determined.

Fortunately an uplift formula for A
(3)
tr in the same gauge has been obtained in [32–34].

Applying it here and using the frames above, we arrive at a startlingly simple result:

A
(3)
tr = p(r) (e6 ∧ e9 + e7 ∧ e8 − e5 ∧ e10) ∧ e11 , (3.7)

where

p(r) =
1

2
sinh 2λ sin ζ . (3.8)

It is somewhat surprising that the coefficient function, p(r), is only a function of r: all the

possible highly non-trivial χ-dependence lies in the frames.

Another very nice feature of the internal components of A(3) is that they have a

symplectic structure that suggests a natural complex structure. As we will see, this is

not an accident. In particular, e6 ∧ e9 + e7 ∧ e8 is proportional to the Kähler form on

the CP2.

The uplift of the A
(3)
st part of the three-form potential is somewhat more involved

since the existing uplift formulae are for the field strength, F
(4)
st = dA

(3)
st , rather than for

the potential itself. In particular, unlike in the uplifts of the metric and the transverse

potential above, one must use the BPS equations (2.15) to extract the function h0(r, χ).

The field strength, F
(4)
st , can be obtained in a number of ways: one can use the “older”

uplift formula in [29–31], which gives the part of F
(4)
st proportional to the four-dimensional

volume and then the Bianchi identity, dF
(4)
st = 0, to determine the remaining components.

The result is

F
(4)
st =

g

3
√

2
e3A dx1 ∧ dx2 ∧ dx3 ∧ (U dr + V dχ) , (3.9)

where

U(r, χ) = −3(1− 2 cos 2χ) sinh 2λ cos ζ − 9 cosh 2λ ,

V (r, χ) =
3

2g2
sin 2χ (4 cos ζ λ′ − sinh 4λ sin ζ ζ ′) .

(3.10)

Another method is to use the recent uplift formula for the dual six-form potential A(6)

in [34]. By dualizing its field strength, one arrives at the same result (3.9)! Finally, and

computationally the simplest, is to use the BPS equations of M-theory from which, given

the metric (3.1) and the internal flux (3.7), the remaining flux components are determined

algebraically [35].

One can integrate the field strength (3.9) to its potential (3.6) using the BPS equa-

tions (2.15). This yields

h0(r, χ)=
X

1/2
+

2
√

2W

(
2

(
cosh 2λ− 1

2
cos ζ sinh 2λ

)
−(2−cos 2χ)

sinh2 2λ sin2 ζ

Σ

)
, (3.11)

and completes the uplift of any supersymmetric SU(3)×U(1)×U(1)-invariant RG-flow.
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One should note that the uplift in (3.1), (3.7) and (3.9) yields a solution of the equations

of motion in eleven dimensions for any domain wall type solution (cf. (2.12)) of the equations

of motion in four-dimensions that follow from the particle Lagrangian (2.13). This means

that we can still use these uplift formulae when we consider non-supersymmetric flows in

section 5. It is only in deriving the potential (3.6) and in the proof of supersymmetry in

section 4 that one uses the four-dimensional BPS equations (2.15).

3.3 IR asymptotics in eleven dimensions

Again we consider the limit in which λ→ +∞ but now in eleven dimensions we find a very

different picture. Here we focus on the supersymmetric solution corresponding to the ridge

flow with ζ = π/3. Note that reversing the sign of ζ amounts simply to reversing the sign

of the internal components of A(3), as is evident from (3.7). For ζ = 0, π, the internal flux

vanishes and the uplift given in (3.1) and (3.9) reduces to the known solution [18] dual to

the Coulomb branch.

Recall that ζ limits to a constant value at infinity. The various warp factors behave

as follows as λ→ +∞:

X± ∼
1

2
(1± cos ζ) e2λ , Σ ∼ 1

2
e2λ Σ̂ , Σ̂ ≡ (1− cos ζ cos 2χ) . (3.12)

Using (2.23) we can change to the more physical parametrization in terms of λ:

dλ ∼ − 1

2 a
eλ dr , eA ∼ Re−3λ , (3.13)

where R = eA0 is an integration constant. Then for ζ = π/3 the leading terms in the

metric are

ds2
11 ∼ 2−

4
3 3

1
3 Σ̂

2
3

[
a2 dρ

2

ρ2
+ρ2R2 (−dx2

1+dx2
3+dx2

3)

+
64

27
ρ2 a2

(
dφ+

3 cos2 χ

2 Σ̂

(
dψ+

1

2
sin2 θ σ3+

2

3
dφ

))2

+
4

3
a2

(
dχ2+

3

2 Σ̂
cos2 χds2

CP2

+
9

4 Σ̂2
sin2 χ cos2 χ

(
dψ+

1

2
sin2 θ σ3+

2

3
dφ

)2 )]
,

(3.14)

where

ρ ≡ e−2λ , Σ̂ ≡
(

1− 1

2
cos 2χ

)
, (3.15)

and the subleading terms vanish as λ → ∞. Note that this metric contains a factor

corresponding to compact six-dimensional slice whose metric is conformal to

d̂s6
2 =

Σ̂

(1 + cos ζ)
dχ2 + cos2 χds2

CP2

+
(1 + cos ζ)

Σ̂
sin2 χ cos2 χ

(
dψ +

1

2
sin2 θ σ3 +

2 cos ζ

(1 + cos ζ)
dφ

)2

,

(3.16)
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for ζ = π/3. We have temporarily restored ζ because the appearance of this finite compacti-

fication manifold is a feature of all the flows. This metric is Kähler with a Kähler form:

Ĵ ≡ − sinχ cosχdχ ∧
(
dψ +

1

2
sin2 θ σ3 +

2 cos ζ

(1 + cos ζ)
dφ
)

+ cos2 χJCP2 (3.17)

= d
[1

2
cos2 χ

(
dψ +

1

2
sin2 θ σ3 +

2 cos ζ

(1 + cos ζ)
dφ
)]
, (3.18)

where JCP2 is the Kähler form on CP2.5

Many of the components of F arising from (3.7) and (3.11) vanish in the infra-red and

we find that this limiting Maxwell field is simply given by

F
(4)
IR = dA

(3)
IR , A

(3)
IR =

√
3 a3

4 Σ̂
cos4 χ JCP2 ∧

(
dψ +

1

2
sin2 θ σ3 +

2

3
dφ

)
. (3.19)

Note, in particular, that the space-time components parametrized by h0 vanish in this limit

and so F
(4)
IR is purely magnetic and lives entirely on the conformally Kähler six-manifold.

The infra-red limit is thus sourced entirely by M5 branes.

The first and rather remarkable surprise is that the warp factor, H
1/3
0 , defined by (3.5)

and lying in front of frames parallel to the M2-branes (3.2), is not singular in the infra-red

for ζ 6= 0, π. For ζ = 0, π, H0 is expected to be singular because such a flow has no internal

fluxes and H0 is a harmonic function describing M2 branes spreading on a Coulomb branch.

However there is no singularity for generic ζ and, for ζ = ±π/3, (3.14) shows that this

warp factor actually vanishes in the IR (as is required for an AdS geometry). Thus there

are no singular sources of M2 branes in the infra-red.

The second surprise is that all the M2-brane fluxes, in fact, vanish in the infra-red

and all that remains is a very simple non-singular magnetic (M5-brane) flux (3.19) on a

finite-size, conformally Kähler, six-dimensional manifold, B6. One can also easily verify

that as χ→ π/2 this manifold is smooth. The limiting metric (3.14) is almost like that of

AdS5 ×B6: the five dimensional manifold that we label as ÂdS5 is AdS5 in Poincaré form

with one spatial direction compactified and fibered over B6. Holographically it suggests

that the infra-red phase is almost a CFT except that one spatial direction has been “put

in a periodic box” of some fixed scale and that some interactions have been turned on so

that this direction becomes non-trivially fibered. Thus the infra-red phase is almost a CFT

fixed point.

There is evidently a geometric transition in which the M2 branes dissolve into smooth

M5-brane fluxes leaving a finite size “bubble” in the form of a six-dimensional Kähler

manifold. This is very reminiscent of the kind of transition one finds in microstate geome-

tries [4–6].

As we will see below, the supersymmetry analysis shows that the infra-red limit con-

tains three species of M5 branes. These branes all share the original M2-brane directions

and the fiber direction defined by e11. The three different species are then distinguished

5This Kähler metric arises here by the same mechanism as in the general construction in [49] (also

see [50]).
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by how the two remaining directions wrap the three sets of complex directions in B6. Thus

the infra-red physics is entirely dominated by families of M5 branes with (3 + 1) common

directions, one of which is compactified. This is why there are now three spatial directions

on the same footing when it comes to the radial scaling and this is what gives rise to the

ÂdS5 factor.

Interestingly enough, the metric (3.14) also has warp factors arranged so that if one per-

forms a dimensional reduction to five dimensions on B6 then the resulting five-dimensional

metric is exactly that of ÂdS5 without any factors of Σ̂. Thus the infra-red supergravity

limit may really be thought of as a truly five-dimensional theory dual to a compactified

and twisted, conformal (3 + 1)-dimensional field theory on intersecting M5 branes.

3.4 The infra-red fixed point of the CPW flow

There is something of a coincidence that is worth noting at this juncture. There is an-

other apparently unrelated but well-known holographic flow to a conformal fixed point in

(2+1) dimensions [7, 16]. This involves turning on rather different pseudoscalars in four

dimensions corresponding to different eleven-dimensional fluxes, and flowing to a solution

that is AdS4 ×M7. The infra-red limit of this flow has an eleven-dimensional metric [16]:

ds2
11 ∼

1

3
a2 Σ̂

2
3

[
dρ2

ρ2
+

3
√

3

a2
ρ2 (−dx2

1 + dx2
3 + dx2

3)

+

(
dφ+

3 cos2 χ

2 Σ̂

(
dψ +

1

2
sin2 θ σ3 +

2

3
dφ

))2

+ 2

(
dχ2 +

3

2 Σ̂
cos2 χds2

CP2

+
9

4 Σ̂2
sin2 χ cos2 χ

(
dψ +

1

2
sin2 θ σ3 +

2

3
dφ

)2 )]
, (3.20)

where Σ̂ is exactly as in (3.12) with ζ = π/3. Note that the overall warp factor, compact

fiber and base metric on B6 are all exactly the same as those of our flow (3.14).

This seems a remarkable coincidence and perhaps reflects some similar core physical

relationship between the infra-red fixed point theory of [16, 17] and the infra-red theory

dual to the solution obtained here. On the other hand it is possible that this coincidence

merely reflects the restricted class of conformally Kähler metrics that can be accessed

within the consistent truncation to N =8 supergravity in four dimensions. It would also be

interesting to understand how the flows considered in this paper relate to the observations

in [46] about higher-dimensional Coulomb branch flows related to the CPW flow.

4 The supersymmetry in eleven dimensions

Since we are dealing with an N =2 supersymmetric solution arising through brane polar-

ization, it is natural to expect that the supersymmetries of our solution to be defined most

naturally through projectors that reflect the underlying almost-complex structure and a

dielectric projector much like those encountered in [24, 51–53].
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4.1 Defining the supersymmetries through projectors

To define the four residual supersymmetries along our flow we will require that the eleven-

dimensional supersymmetry, ε, obeys three (commuting) projection conditions:

Π0 ε = Π1 ε = Π2 ε = 0 . (4.1)

We also require that ε be independent of all coordinates except, possibly, r, χ, φ and ψ.

As we will see below, the dependence on φ and ψ is easily determined through the actions

of the U(1) symmetries.

The first, and most obvious projector arises from the fact that the Killing spinor must

be a singlet under the holonomy group, SU(3), of CP2. The simplest way to implement

this is to take:

Π1 ≡
1

2
(1 + Γ6789) , (4.2)

where e6, . . . , e9 are the frames along CP2.

The second projector comes from assuming that another pair of frames extend the

complex structure of CP2 to some form of almost-complex structure. A priori one does

not know exactly how this extra complex pair of frames emerges from e4, e5, e10, e11 and so

one has to allow some frame rotations to set up the projectors. To do this, we define:

Γ4̂ ≡ cosαΓ4 + sinαΓ5 , Γ5̂ ≡ cosαΓ5 − sinαΓ4 , (4.3)

Γ1̂0 ≡ cosω Γ10 + sinω Γ11 , Γ1̂1 ≡ cosω Γ11 − sinω Γ10 , (4.4)

where α = α(r, χ) and ω = ω(r, χ) are, as yet, undetermined functions.

We then take

Π2 ≡
1

2
(1− Γ5̂781̂0) . (4.5)

Finally there is the dielectric projector. It is required to commute with Π1 and Π2 and

be a dielectric deformation of the standard M2-brane projector. This constrains the form

significantly, but does not uniquely fix it. There are essentially two different classes of such

projectors: the ones that are variations on those used in [24, 51–53] and something that is

equivalent to taking:

Π0 ≡
1

2

(
1 + cosβ Γ123 + sinβ Γ4̂

)
, (4.6)

where β = β(r, χ) is some, as yet, undetermined function. It turns out that this is the

correct choice.

Using the identity Γ1...11 = 1 and the projectors (4.2) and (4.5), we can replace Γ4̂

in (4.6) by any one of the following

Γ12369 1̂1 , Γ12378 1̂1 , Γ1235̂1̂0 1̂1 . (4.7)

These projector components make the interpretation of our projection conditions more

apparent: Π0 is a dielectric projector reflecting the polarization of the original M2 branes

into three sets of M5 branes and the angle β reflects the extent of the polarization. As

mentioned earlier, these sets of M5 branes have four common frame directions, 1, 2, 3 and
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1̂1, and also wrap one of each pair of complex frames (5̂, 1̂0), (6, 9) or (7, 8). Thus these

M5 branes intersect on a common (3 + 1)-dimensional space.

When only the M5 branes survive in the infra-red, then the common intersection

space of the M5 branes, defined by e1, e2, e3 and e1̂1, must all be on the same footing

within the solution. It is the field theory on this common intersection that leads to the

(3 + 1)-dimensional infra-red fixed point theory whose dual is the “Poincaré” ÂdS5 factor

in (3.14).

4.2 The supersymmetry along the flow

We find that the supersymmetries defined above satisfy the eleven-dimensional BPS con-

ditions provided that we take:

cosα =
(2 cos 2χ− 1)X

1/2
+

Ω1/2
, sinα = −

√
2 sin 2χW

Ω1/2
,

cosω = −
(2− cos 2χ)X

1/2
+

Ω1/2
, sinω =

sin 2χ(X+ − 3X−)X
1/2
+

2 Ω1/2
,

(4.8)

and

cosβ = −
X

1/2
+

2
√

2 ΣW
(X2

+ sin2 χ+ (X+X− − 2)(cos 2χ− 2) + 3X2
− cos2 χ) ,

sinβ =
sinh 2λ sin ζ√

2 ΣW
Ω

1
2 ,

(4.9)

where

Ω = X+(2 cos 2χ− 1)2 + 2 sin2 2χW 2 . (4.10)

It easy to show that cos β is related to the time component of the flux by simple relation:

h0(r, χ) = −1

2
cosβ . (4.11)

With these angles we find that the fluxes and metric defined in section 3 satisfy the

eleven-dimensional BPS conditions and equations of motion provided that one uses the

four-dimensional BPS equations, (2.15).

4.3 The infra-red supersymmetries

Again we consider the limit λ→∞ for ζ = π/3. We find in this limit:

h0(r, χ) = −1

2
cosβ = 0 , ω = 0 , (4.12)

and

cosα =
2 cos 2χ− 1

2− cos 2χ
, sinα = −

√
3 sin 2χ

2− cos 2χ
. (4.13)

Thus we see that cos β vanishes precisely because it is proportional to the M2-flux

function, h0(r, χ), and this reflects the fact that there are only M5 fluxes in the infra-red.

The projector (4.6) becomes Π0 = 1
2(1 + Γ4̂) and, as we noted above, we can replace Γ4̂
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by any of (4.7) and this is consistent with the infra-red limit only consisting of M5 branes

and their fluxes as in (3.19). The fact that ω = 0 means that Γ1̂0 = Γ10 and Γ1̂1 = Γ11 and

hence the common internal M5 direction is indeed defined by e1̂1 = e11, which is consistent

with the asymptotic form of the metric (3.14).

Thus the structure of the supersymmetries in the infra-red is completely consistent

with the interpretation coming from the flux and metric analysis.

5 Non-supersymmetric flows

We now return to the original reason that piqued our interest in this family of flows: the

supergravity potential is completely independent of ζ while the uplift to eleven dimensions

and the physics have very non-trivial dependence on ζ. This suggests that might be a

parallel with the 1
2 -BPS story [24–26] leading to brane polarization and smooth geometries

in the infra-red limit of the flow. What makes the difference here is that, unlike the example

in [24], the superpotential depends upon ζ and so supersymmetric flows are sensitive to

the phase of the pseudoscalar. However, we can still find families of interesting flows with

ζ arbitrary and fixed: they are simply not supersymmetric for general ζ.

One should recall that any solution to the BPS equations (2.15) automatically solves

the equations of motion derived from (2.13). If one sets ζ = ±π/3 and, as before, takes

the top choice of sign in (2.15), then the BPS equations explicitly yield (as in (2.18)):

A′ =
√

2 g (cosh3 λ− sinh3 λ) , λ′ = −
√

2 g e−λ coshλ sinhλ , ζ ′ = 0 . (5.1)

It follows that the solutions to the equations (5.1) also solve the equations of motion for

any fixed value of ζ.

Flows described by (5.1) are non-supersymmetric unless ζ = ±π/3. Moreover, apart

from the lack of supersymmetry, our other inferences and conclusions largely remain valid.

First, as λ→ +∞ we have

eλ ∼ 2
√

2

g

1

(r − r0)
, A(λ) ∼ −3λ+A0 , (5.2)

and

X± ∼
1

2
(1± cos ζ) e2λ , Σ ∼ 1

2
e2λ Σ̂ , Σ̂ ≡ (1− cos ζ cos 2χ) , (5.3)

The uplift formulae are almost all algebraic in the scalar fields. This means that the

eleven-dimensional metric coming from (3.2) is asymptotic to

ds2
11 ∼

1

2
(1 + cos ζ)

1
3 Σ̂

2
3

[
a2 dρ

2

ρ2
+ ρ2R2 (−dx2

1 + dx2
3 + dx2

3)

+
8

(1 + cos ζ)3
ρ2 a2

(
dφ+

(1 + cos ζ)

Σ̂
cos2 χ

(
dψ +

1

2
sin2 θ σ3 +

2 cos ζ

(1 + cos ζ)
dφ
))2

+
2

(1 + cos ζ)
a2

(
dχ2 +

(1 + cos ζ)

Σ̂
cos2 χds2

CP2

+
(1 + cos ζ)2

Σ̂2
sin2 χ cos2 χ

(
dψ +

1

2
sin2 θ σ3 +

2 cos ζ

(1 + cos ζ)
dφ
)2
)]

. (5.4)
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This is, once again, of the form ÂdS5 × B6 where the metric on B6 is conformally Kähler.

Indeed, note that the metric on the B6 sections is given precisely by a conformal multiple

of (3.16) with Kähler form (3.18). This time, however, ζ is arbitrary.

The internal fluxes, (3.7), only depend upon the function, p, in (3.8) and so the large-λ

asymptotics for generic fixed ζ is much as before. The only part of the uplift formula that

depends upon derivatives of fields are the space-time components of the Maxwell fields,

given by (3.9). It is, however, easy to integrate (3.9) based upon (5.1) for fixed ζ and

we find

h0 = − 3√
2 g

X
− 1

2
+ e−λ

(
1 +

(1 + cos ζ)

2 Σ
sinh 2λ

)
. (5.5)

From this it follows that the space-time components of the Maxwell field still die off at infini-

ty as e−2λ and so there are also no M2 branes in the core of these non-supersymmetric flows.

We conclude that all the essential physical features of the supersymmetric flows with

ζ = π/3 remain true for the non-supersymmetric flows defined by (5.1) for general ζ. The

M2 branes at infinity dissolve into a cloud of M5 branes, leaving no M2 branes. While

we do not have the guidance from the supersymmetry projectors, the asymptotic form of

the metric and fluxes suggest that the distributions of the M5 branes is also similar and,

in particular, the M5 branes all share (e1, e2, e3, e11) as common directions leading to an

“almost conformal” (3 + 1)-dimensional field theory in the IR.

6 Conclusions

One of the original motivations for studying the SU(3)×U(1)×U(1)-invariant flow was the

possibility of parallels with the 1
2 -BPS story [24–26] leading to brane polarization and

smooth geometries in the infra-red limit of the flow. It is also interesting to note that the

potential, P, given in (2.10) is always bounded above and so satisfies the “good” condition

of [58] for apparently singular “flows to Hades” in the infra-red. Thus one has a better

expectation of finding something more physical in such an infra-red limit, as indeed we do.

We have largely focussed on the most interesting example of a supersymmetric flow

with ζ = π/3 because it exhibits a remarkable infra-red limit in which only M5-brane fluxes

survive and whose dual field theory is almost conformal in 3 + 1 dimensions. The infra-red

geometry, ÂdS5 × B6, is smooth up to possible orbifold singularities at fixed points of the

U(1) orbits. In the dielectric polarizations of the 1
2 -BPS geometries [24, 25], it required a

lot more work to find the smooth bubbled geometries [26], however, here we have found

examples directly within gauged N =8 supergravity and this is somewhat remarkable.

We have also used the special (ζ = π/3) class of supersymmetric flows to construct

non-supersymmetric flows that exhibit exactly the same remarkable infra-red structure but

at general values of ζ. The existence of such non-supersymmetric flows is a simple conse-

quence of the fact that the scalar potential, P, is independent of ζ while the superpotential

depends upon ζ. The non-supersymmetric flows coincide with the supersymmetric ones

when ζ = ±π/3.

The other supersymmetric flows (ζ 6= π/3) are also interesting and will be discussed

further in [35], here we will simply comment that the infra-red limit is also smooth (up
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to orbifolds) but rather different from the one encountered here. For generic ζ, there is

still some M2 flux surviving in the infra-red limit, the compactification manifold, B6, is

still conformally Kähler and the scale factors for this part of the metric and the metric

along the M2 branes limits to a finite value. The radial coordinate and the remaining U(1)

fiber conspire to make an orbifold of R2 fibered over B6. There is no hint of conformal

behavior in the infra-red and the U(1) fiber scales to zero size while the M2-brane part of

the metric retains a finite scale, which means that the infra-red limit is still intrinsically a

(2 + 1)-dimensional field theory on the M2 branes.

For holography, the class of flows considered here are extremely interesting. They

start from the (2 + 1)-dimensional conformal field theory of M2 branes and “flow up in

dimensions” to a field theory on the common (3+1)-dimensional intersections of M5 branes.

Moreover, the theory on the M5 branes is almost conformal: the AdS5 has one spatial

direction compactified and fibered. The compactification is relatively straightforward but

presumably the non-trivial fibration corresponds to adding background fields and twisting

the theory on the M5 branes. As we discussed in the introduction, we expect that this

signals a new strongly-coupled phase of the holographic field theory on the M2 branes in

which families of charged solitonic objects are becoming massless. It would be extremely

interesting to understand this in more detail for the M2-brane theory and for its orbifolds

that lead to the ABJM theory [48].

From the pure supergravity side, this work also provides the first and a highly non-

trivial application of the uplift formulae [28, 30–34] to four-dimensional solutions other

than stationary points of the potential. It also shows both the power and usefulness of

such formulae. It is also interesting to observe, once again, that while gauged N = 8

supergravity is a very powerful tool in generating interesting new solutions, the solution

we consider here appears singular in four dimensions while its eleven-dimensional uplift is

regular and far more physically interesting than the four-dimensional perspective would

remotely suggest. Once again, it illustrates the point noted long ago that to properly

understand a holographic flow one must always look at it from the higher-dimensional

perspective [54].

There are many questions that arise from this work and the first, and most obvious,

is the extent it might be generalized. There are some obvious first steps that are virtually

guaranteed to work. The SU(3) invariance of our solution required that the manifold

B6 be foliated by CP2’s with the Fubini-Study metric. Based on the experience coming

from [16], we expect that CP2 can easily be replaced by S2×S2 or any other Kähler-Einstein

four-manifold. In addition, the N = 2 supergravity coupled to one vector multiplet that

underlies our analysis can easily be generalized to N = 2 supergravity coupled to three

vector multiplets while still remaining within gauged N = 8 supergravity. The relevant

truncation was considered in [55] and the holomorphic superpotential replaces (2.3) by

V =
√

2(1 + z1z2z3) , (6.1)

where the zi are the complex scalars of the three vector multiplets. Our results here may be

thought of as the special case with the three vector multiplets set equal and, in particular,

z1 = z2 = z3 = z. While the uplift formulae will be far more complicated, it is not difficult
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to guess that the infra-red limit will involve a more general Kähler manifold with a U(1)3

symmetry. It may also have some non-trivial moduli in that the ζ = π/3 condition may

simply become a constraint on the overall phase of z1z2z3. These moduli would probably

be related to the three distinct sets of M5-brane fluxes on the Kähler manifold. We are

investigating this further.

There is also the question of the infra-red limit as a separate compactification. The

metric and fluxes on ÂdS5 × B6 are defined in a very canonical manner in terms of the

Kähler structure on B6. Indeed our results are rather reminiscent of some of the conclusions

of [56] on the classification of M-theory compactifications down to AdS5 × B6. However,

we have explicitly checked that the infra-red limit of our solutions does not by itself satisfy

either the equations of motion or BPS conditions of supergravity: it is simply not a separate

and independent solution. The infra-red limit of our flow is thus still inextricably linked to

the flow that created it and some of the radially dependent terms contribute to the solving

of the equations of motion in the infra-red limit. In this respect the solution that we obtain

here is similar to the experience in bubbling black holes: while one starts with M2 brane

charges, the infra-red is controlled by M5 brane fluxes but one simply cannot decouple the

infra-red limit from the asymptotic solution in which it belongs.

Having accepted that one must consider the whole flow and not the infra-red fixed

point alone, it still raises the very interesting question as to whether one can make flows

like this by replacing S7 by any Sasaki-Einstein manifold, M7. While we suspect that

such generalizations are indeed possible, they will have to be rather non-trivial. One of the

complications is that the base, B6, does not have a Kähler form along our flow however B6

can be thought of as a family of Kähler manifolds parametrized by the radial coordinate.6

On the other hand the observation of section 3.4 came as rather a surprise: the Kähler

metric on B6 obtained here is exactly the same as the corresponding six-manifold that

emerges at the conformal fixed point of the flow in [16]. This suggests that the flows

constructed here might be very special and the infra-red field theory on the intersecting

M5 branes could be linked to the conformal fixed point in 2 + 1 dimensions. It is also

possible that this “Kähler coincidence” is simply an artefact of the high level of symmetry

and the specialized truncation of N =8 supergravity. It would be most interesting to seek

generalizations of our new flow if only to shed light on the possible links between their

infra-red limits and the conformal fixed point in 2 + 1 dimensions.

Finally there are interesting questions relating to black-hole physics. First, we have

already noted that the dissolving of M2-brane charges into M5-brane fluxes is one of the

core ingredients in the microstate geometry program for resolving black hole singularities

and obviating the appearance of horizons [4]. Here we are seeing the same thing and indeed

the observation just before (6.1) shows that we really do have a “three-charge” family in

which all three charges have been set equal, just as in the minimal ungauged supergravity

relevant to black-hole physics. Unlike the black-hole story, here the UV families of M2

branes involve only one species and yet there are potentially three sets of M5 branes in the

6The exterior derivative of the complex structure is always proportional to dr, where r is the radial

coordinate.
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infra-red. In black hole physics, each pair of M5 branes intersect on a common (3 + 1)-

dimensional space, but all three species only intersect in a (1 + 1)-dimensional space. In

addition, the M5 branes emerging in the infra-red limit of the microstate geometries do not

obviously produce a dielectric polarization of the supersymmetry but there are suggestions

in which this may indeed be happening on evanescent ergospheres [57]. So we apparently

have two rather different polarizations of M2 branes into M5 branes. It would be extremely

interesting to see if there is, in fact, a deeper relationship and use the results here to further

inform black-hole physics, or vice versa.

One might also examine a more direct relationship to black-hole physics by generalizing

our solutions so as to include other charge sources. One could start with some of the

possible black-hole solutions in AdS4 and turn on the scalar field considered here. There

would probably be a very interesting competition in the infra-red between our scalar and

the formation of a black hole. One might even find something akin to an AdS5 black hole

in the infra-red of what looks like an AdS4 black hole in the UV.

It is evident that the new class of flows described here lead to a host of interesting and

open problems.

Acknowledgments

We would like to thank Ibrahima Bah, Iosif Bena and Nikolay Bobev for helpful discussions

and comments on an early draft of the manuscript. This work was supported in part by

DOE grant DE-SC0011687.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] R.C. Myers, Dielectric branes, JHEP 12 (1999) 022 [hep-th/9910053] [INSPIRE].

[2] J. Polchinski and M.J. Strassler, The string dual of a confining four-dimensional gauge

theory, hep-th/0003136 [INSPIRE].

[3] I. Bena, N. Bobev, C. Ruef and N.P. Warner, Supertubes in Bubbling Backgrounds:

Born-Infeld Meets Supergravity, JHEP 07 (2009) 106 [arXiv:0812.2942] [INSPIRE].

[4] I. Bena and N.P. Warner, Bubbling supertubes and foaming black holes, Phys. Rev. D 74

(2006) 066001 [hep-th/0505166] [INSPIRE].

[5] P. Berglund, E.G. Gimon and T.S. Levi, Supergravity microstates for BPS black holes and

black rings, JHEP 06 (2006) 007 [hep-th/0505167] [INSPIRE].

[6] I. Bena and N.P. Warner, Black holes, black rings and their microstates, Lect. Notes Phys.

755 (2008) 1 [hep-th/0701216] [INSPIRE].

[7] C.-h. Ahn and K. Woo, Supersymmetric domain wall and RG flow from 4-dimensional

gauged N = 8 supergravity, Nucl. Phys. B 599 (2001) 83 [hep-th/0011121] [INSPIRE].

– 21 –

http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1088/1126-6708/1999/12/022
http://arxiv.org/abs/hep-th/9910053
http://inspirehep.net/search?p=find+EPRINT+hep-th/9910053
http://arxiv.org/abs/hep-th/0003136
http://inspirehep.net/search?p=find+EPRINT+hep-th/0003136
http://dx.doi.org/10.1088/1126-6708/2009/07/106
http://arxiv.org/abs/0812.2942
http://inspirehep.net/search?p=find+EPRINT+arXiv:0812.2942
http://dx.doi.org/10.1103/PhysRevD.74.066001
http://dx.doi.org/10.1103/PhysRevD.74.066001
http://arxiv.org/abs/hep-th/0505166
http://inspirehep.net/search?p=find+EPRINT+hep-th/0505166
http://dx.doi.org/10.1088/1126-6708/2006/06/007
http://arxiv.org/abs/hep-th/0505167
http://inspirehep.net/search?p=find+EPRINT+hep-th/0505167
http://dx.doi.org/10.1007/978-3-540-79523-0_1
http://dx.doi.org/10.1007/978-3-540-79523-0_1
http://arxiv.org/abs/hep-th/0701216
http://inspirehep.net/search?p=find+EPRINT+hep-th/0701216
http://dx.doi.org/10.1016/S0550-3213(01)00008-6
http://arxiv.org/abs/hep-th/0011121
http://inspirehep.net/search?p=find+EPRINT+hep-th/0011121


J
H
E
P
1
1
(
2
0
1
5
)
1
7
0

[8] C.-h. Ahn and K.-s. Woo, Domain wall and membrane flow from other gauged D = 4, N = 8

supergravity. Part 1, Nucl. Phys. B 634 (2002) 141 [hep-th/0109010] [INSPIRE].

[9] C.-h. Ahn and T. Itoh, An N = 1 supersymmetric G-2 invariant flow in M-theory, Nucl.

Phys. B 627 (2002) 45 [hep-th/0112010] [INSPIRE].

[10] C.-h. Ahn and T. Itoh, The eleven-dimensional metric for AdS/CFT RG flows with common

SU(3) invariance, Nucl. Phys. B 646 (2002) 257 [hep-th/0208137] [INSPIRE].

[11] C.-h. Ahn and K.-s. Woo, Domain wall from gauged D = 4, N = 8 supergravity. Part 2,

JHEP 11 (2003) 014 [hep-th/0209128] [INSPIRE].

[12] N. Bobev, N. Halmagyi, K. Pilch and N.P. Warner, Holographic, N = 1 Supersymmetric RG

Flows on M2 Branes, JHEP 09 (2009) 043 [arXiv:0901.2736] [INSPIRE].

[13] N. Bobev, N. Halmagyi, K. Pilch and N.P. Warner, Supergravity Instabilities of

Non-Supersymmetric Quantum Critical Points, Class. Quant. Grav. 27 (2010) 235013

[arXiv:1006.2546] [INSPIRE].

[14] N.P. Warner, Some Properties of the Scalar Potential in Gauged Supergravity Theories, Nucl.

Phys. B 231 (1984) 250 [INSPIRE].

[15] N.P. Warner, Some New Extrema of the Scalar Potential of Gauged N = 8 Supergravity,

Phys. Lett. B 128 (1983) 169 [INSPIRE].

[16] R. Corrado, K. Pilch and N.P. Warner, An N = 2 supersymmetric membrane flow, Nucl.

Phys. B 629 (2002) 74 [hep-th/0107220] [INSPIRE].

[17] M. Benna, I. Klebanov, T. Klose and M. Smedback, Superconformal Chern-Simons Theories

and AdS4/CFT3 Correspondence, JHEP 09 (2008) 072 [arXiv:0806.1519] [INSPIRE].
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