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1 Introduction

An intriguing possibility of observing nonperturbative phenomena in particle collisions

and in the early Universe triggered development of powerful semiclassical methods for

description of false vacuum decay [1-4], instanton-like transitions [5-8] and multiparticle

production [9-13]. Although these processes occur with exponentially small rates [14-25]

in weakly interacting theories, they may be important for baryogenesis [8, 26, 27|, stability

of the Higgs vacuum [28-35], or violation of the baryon and lepton numbers at future
colliders [36-39].
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Figure 1. (a), (b) Production of the soliton-antisoliton (SA) pair in the two-particle collision.
(c) A tree-level diagram with 2Ng particles in the final state.

We consider nonperturbative transitions of a new type: classically forbidden creation
of topological soliton-antisoliton pairs in N-particle collisions, see the sketch of the N =2
process in figures la,b. At weak coupling the probabilities of these transitions are expected
to be exponentially suppressed. Indeed, the solitons can be crudely regarded [40] as bound
states of Ng oc 1/g? particles, where g < 1 is the coupling constant. The cross section of
their pair production in the collision of few particles involves the multiparticle factor [9-11]
Prow ~ g4V (2Ng)! ~ exp(—const/g?) due to roughly (2Ng)! tree-level diagrams exempli-
fied in figure lc. This argument, however hand-waving,' suggests a general expression for
the probability

Py(E) ~ e FN(E)/o (1.1)

of the inclusive process N particles — solitons + particles; here Fiy(FE) is the multiparticle
suppression exponent. The suppression should disappear at sufficiently large number of
colliding particles N 2 2Ng when creation of the solitons proceeds classically. Presently
the form (1.1) is supported by unitarity arguments [15-18] and recent calculation [41] in
a quantum mechanical model describing the soliton moduli space. However, no reliable
field theoretical method for evaluating the exponent Fy(E) is known. Below we propose a
general semiclassical method of this kind which is applicable, in particular, to the processes
with N = 2 initial particles.

Recently several dynamical mechanisms for enhancing the rate of soliton-antisoliton
production in particle collisions were proposed [42-47]. They are supported by classical
arguments which cannot be directly extended to quantum level. Our method for com-
puting the exponent in eq. (1.1) will be valuable for tests of these mechanisms and their
phenomenological applications.

So far the processes in figures la,b eluded semiclassical treatment. The reason can be
traced back to the attraction between the topological soliton and antisoliton [48]: taken
at rest, they accelerate towards each other and annihilate? into many particles. Thus, the

In particular, loop corrections are shown [9-11] to be large at g®Ns > 1.
2We do not consider integrable models where annihilation of the soliton and antisoliton may be forbidden
by conservation laws.
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Figure 2. Soliton-antisoliton pair in the external field £.

potential barrier between the soliton-antisoliton pair and multiparticle states is absent. As
a consequence, classically forbidden transitions from particles to solitons cannot be directly
described by the powerful semiclassical methods developed for tunneling processes.

In this paper which extends ref. [49] we solve the above difficulty by relating pro-
duction of the solitons from particles to their Schwinger pair creation in external field.
We illustrate our method with explicit numerical calculations and present details of the
numerical techniques.

The above relation is established in the following way. By definition the topological
soliton and antisoliton can be equipped with the topological charges 4q; we denote by J,,
the respective topological current, 0,J* = 0. We introduce an external U(1) field Afj‘t
coupled to this current,?

AS = / JHAS gy (1.2)

where d is the number of spacetime dimensions. We consider the field Afj‘t = (=&x', 0)
with the constant “electric” component & which pulls the soliton and antisoliton in the
opposite directions, see figure 2. Then the solitons are Schwinger pair produced like the
opposite charges in the ordinary electric field. In our method one starts from the well-
known semiclassical solution describing spontaneous creation of the soliton pair at £ # 0.
Then one adds N particles with energy FE to the initial state and obtains solutions for the
collision-induced Schwinger processes, cf. [50, 51]. Finally, one raises the particle energy
above the kinematic threshold 2Mg of soliton-antisoliton production, where Mg is the
soliton mass, and takes the limit of vanishing external field &€ — 0. In this way one
arrives at the semiclassical solutions describing creation of the solitons from particles. The
semiclassical suppression exponent Fy(E) is computed using these solutions.

To be concrete, imagine that our method is applied to pair production of 't Hooft-
Polyakov monopoles [52, 53] in particle collisions. The modification term (1.2) in this
case couples gauge-invariant magnetic current [54] J, to a small external field £. One
can show [55] that the latter is equivalent to external magnetic field. Then the monopole-
antimonopole pairs are created in the Schwinger process in accordance with the electric-
magnetic duality. Omne therefore obtains the semiclassical solutions relevant for the
monopole-antimonopole production in particle collisions from the solutions [55-58] de-
scribing their creation in the magnetic field.

The main technical difficulty of our method is related to the semiclassical description
of the collision-induced Schwinger processes. Below we use the approach of [20-22, 59]

3The interaction in eq. (1.2) does not need to be consistent at the quantum level. Tt is introduced as an
auxiliary semiclassical tool and will be switched off in the end of the calculations.



Figure 3. (a) Scalar potential V(¢) (solid line) and its modification (dashed line). (b) Soliton (S)
and antisoliton (A) solutions. (c) Potential energy of their interaction.

which involves a family of complex semiclassical solutions satisfying a certain boundary
value problem. The suppression exponent Fy(F) is calculated as a functional on these
solutions. In the end of the calculation we send £ — 0.

An obstacle to the semiclassical method appears in the phenomenologically interest-
ing case of N = 2 colliding particles: the two-particle initial state cannot be described
semiclassically. We overcome this obstacle by appealing to the Rubakov-Son-Tinyakov
conjecture? [59] which states that the multiparticle exponent Fi(E) does not depend on
the initial particle number N at semiclassically small values of the latter i.e. at N < 1/g?,
see [61-64] for confirmations. This means that the two-particle exponent F»(E) coincides
with Fy(F) in the limit g2 N — 0. Calculating semiclassically’® the latter exponent and
taking the limit, we obtain Fy(FE).

We illustrate the above semiclassical method in the (1 + 1)-dimensional scalar field
model,

S = glz/dt da B (0u0)? - V(¢)} , (1.3)
where the coupling constant® g is small, # = (¢, ), and the scalar potential V(¢) has two
degenerate vacua ¢ = ¢, see figure 3a, solid line.

The model (1.3) possesses a pair of kink-like static solutions interpolating between the
vacua: topological soliton (S) and antisoliton (A) shown in figure 3b. Below we consider
their pair production in the N-particle collisions.

Following the general strategy outlined above, we introduce an external field
A/eft = (—&x, 0) coupled to the topological current” J* = ¢ d,¢, where £ is negative
in accordance with figure 2 and e*” is the antisymmetric symbol in two dimensions. Inte-
grating by parts, we rewrite the modification term (1.2) as

AS = —€/¢dtdx . (1.4)

4An alternative strategy involving singular solutions is suggested in [12, 13, 19, 60].

®Recall that the semiclassical description is valid at N > 1, which can hold even in the limiting region
¢°N < 1.

SField rescaling ¢ — g¢ brings this constant in front of the interaction terms in the action.

"The related topological charge is [ Jodz = ¢p(z = 400) — ¢p(z = —00).
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Figure 4. (a) Regimes of transitions in the (E, N) plane of initial data. (b) Numerical results for
the suppression exponent Fiy(FE) of soliton-antisoliton production in the model (1.3).

This interaction can be absorbed in the redefinition of the scalar potential V — V 4 ¢2£¢.
After that ¢_ and ¢ become false and true vacua, V(¢_) > V(¢4). One concludes that
the Schwinger pair production of the kink-like solitons in the external field £ is equivalent [2]
to the spontaneous false vacuum decay via the nucleation of true vacuum bubbles. The
latter is a celebrated tunneling process with well-known semiclassical description [3, 4].

In what follows we modify the scalar potential V(¢) giving negative energy density
V(¢4) = —dp to the true vacuum, dp x |E|. We calculate the rate of false vacuum decay
accompanied by the N-particle collision [19, 20, 25, 65-67] and remove the modification
dp — 0 in the end of the calculation.

Let us visualize the potential barrier between the soliton-antisoliton pair and mul-
tiparticle sector of the modified system. Kink-like soliton and antisoliton at distance [
attract each other with Yukawa force Fyy ox e ™+l where mi =V"(¢4), cf. [48]. Besides,
they are pushed apart by the pressure dp. This leads to the potential energy of the static
soliton-antisoliton pair

U(l) ~ —=Uge ™' —15p + const (1.5)

shown in figure 3c. The barrier U(l) separates the multiparticle sector of the theory from
the static soliton-antisoliton pairs with [ > l.., where [, ~ [log(const-dp)|/my is the
critical distance corresponding to the barrier top. The pairs with [ < [.. annihilate and
therefore should be attributed to the multiparticle sector. Unstable static solution ¢.(x)
describing the soliton and antisoliton at a distance | = [, is the famous critical bubble [1-
4]; its energy E,, determines the height of the potential barrier between the solitons and
multiparticle states. As dp — 0, the critical bubble turns into infinitely separated soliton
and antisoliton at rest: [, — 400 and Ey — 2Mg. In this limit the potential barrier is
hidden below the kinematic threshold E = 2Mg of soliton pair production.

False vacuum decay at E = N = 0 (no initial particles) is described by the bounce
solution [3, 4]. In the main body of the paper we numerically® find similar semiclassical

8We use the scalar potential shown in figure 3a; expression for V(¢) will be given in the main text.



solutions ¢s(t, x) for the decay accompanied by the collision of N particles at energy E.
We observe several regimes of transitions summarized in figure 4a. The shaded region
E < Nm_, where m_ is the particle mass in the false vacuum, is kinematically forbidden.
In the opposite case of high energies and N > 4/¢? (region III in figure 4a) transitions
proceed classically and we obtain Fiy(E) = 0. The latter classical regime is investigated
in [68], see also [69].

At smaller multiplicities the false vacuum decay is classically forbidden, Fxn(E) > 0.
We find that the properties of the respective semiclassical solutions ¢s(t, ) are qualitatively
different at energies below and above the height E, of the potential barrier (regions I and
IT in figure 4a). Solutions with E < E resemble the bounce: they describe formation
of large true vacuum bubbles and imply infinite suppression® Fy(E) o< 6p~! in the limit
dp — 0. High-energy solutions from the region II in figure 4a have smaller spatial extent.
They approach the critical bubble ¢ (x) plus outgoing waves as ¢ — +oo. Thus, at
infinitesimally small dp they describe creation of widely separated soliton-antisoliton pairs
at rest. We explicitly demonstrate that the respective value of the suppression exponent
Fn(E) approaches a finite value as dp — 0.

Our numerical results for the suppression exponent of producing the soliton pair from
particles at dp = 0 are shown in figure 4b. The two-particle exponent F5(FE) is obtained
by evaluating the additional limit g2/N — 0. One observes that at high energies Fy(F) is
finite and (almost) energy-independent which is the expected behavior [15-19, 25].

The paper is organized as follows. We introduce the semiclassical method in section 2
and numerical technique in section 3. Numerical solutions and results for the suppression
exponent are described in section 4. We conclude in section 5. Technical details are

presented in appendices.

2 The semiclassical boundary value problem

Consider false vacuum decay induced by a collision of NV particles at energy E. The inclusive
probability of this process equals

N 2
Pu(E) = S [(FI0(s, )i B, N)| ~ e PN EN, (2.1)
i f

where U is the quantum evolution operator and the infinite time limits ¢; ; — Foo are
assumed. The sum in eq. (2.1) runs over all N-particle initial states with energy F in the
false vacuum and final states |f) containing a bubble of true vacuum. In the approximate
equality we introduced the suppression exponent F(E), cf. eq. (1.1).

At small g2 the action (1.3) is parametrically large and any path integral with exp(iS)
in the integrand can be evaluated in the saddle-point approximation. In appendix A we
review the semiclassical method for calculating the probability (2.1): introduce a path inte-
gral for Py (FE) and derive equations for its (generically complex) saddle-point configuration

9This property can be deduced from the thin-wall approximation [65—67, 70, 71] which predicts large
suppression at low energies but breaks down at E 2 2Mg.
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Figure 5. (a) Contour in complex time for the semiclassical boundary value problem. Crossed
circles represent singularities of the solution. (b) Schematic form of the semiclassical solution
¢s(t,x). Pink/gray region corresponds to ¢ &~ ¢ .

bs(t, x), see refs. [8, 59, 72] for details. The leading semiclassical exponent exp(—Fy/g?)
is given by the value of the integrand at ¢ = ¢s.

Let us describe the saddle-point equations for ¢4(¢, z) which will be solved in the
next sections. This complex configuration should extremize the action (1.3) i.e. satisfy the
classical field equation

0f s — 025 + V' (¢s) =0, (2.2a)

where V' = dV/d¢. We will consider eq. (2.2a) along the complex-time contour in figure 5a
corresponding to evolution of particles prior to collision (part AB of the contour), tunneling
via formation of the true vacuum bubble (part BC) and expansion of the bubble to infinite
size (part CD). The expected structure of the semiclassical solution along the contour is
visualized in figure 5b. The duration 7" of Euclidean evolution is a parameter of the solution.

The field equation is supplemented with the boundary conditions related to the initial
and final states of the process. Namely, in the asymptotic future the solution should be real,

Im ¢5, Im Opps — 0 as t— 400, (2.2b)

due to the inclusive final state in eq. (2.1). In the asymptotic past i.e. at t = ¢T + ¢’ and
t' — —oo, the configuration ¢, should evolve linearly in the false vacuum,

< dk I -
s — O + cos (kx < e Wkl 4 X e"""‘t> as ' — —oc0, (2.2¢
b ot [ conhe) (i i (220)

where w,% = k? + m?% and we expect that the relevant semiclassical solutions are z — —z
symmetric like the soliton pair in figure 3b. The waves in eq. (2.2c) represent free on-
shell particles in the initial state of the process. The initial saddle-point condition relates
negative— and positive-frequency components of these waves,

fr=e"g, (2.2d)



where 6 is the second parameter of the solution. In the special case § = 0 eq. (2.2d) implies
real-valued ¢, at ' — —oo. The initial state in this case is inclusive i.e. optimized with
respect to the multiplicity N at fixed energy F, cf. eq. (2.2b). The semiclassical solutions
at 6 = 0 are called periodic instantons [73], we will consider them in the section 4. At 6 > 0
the solutions are complex at ¢ — —oo. Moreover, at § — +o00 eq. (2.2d) reduces to the
Feynman boundary condition fi = 0. The initial state in this limit is indistinguishable from
the vacuum and therefore contains semiclassically small number of particles, N < 1/g.

Equations (2.2) form the 7'/ boundary value problem [59] which will be used to find
the semiclassical solutions ¢s. The parameters T and 6 of the solutions are Lagrange
multipliers conjugate to the energy E and initial multiplicity NN, respectively. The latter
quantities are given by the standard expressions

¢*F = 2/ dk wi fr9%, ¢*N = 2/ dk frgy.- (2.3)
0 0

In what follows we find ¢, for all possible values of T" and # and compute (E, N) by
egs. (2.3).

The suppression exponent in eq. (2.1) is evaluated as a functional on the semiclassical
solution ¢4(t, x),

oo
Fn(E) = 2¢*Im S[¢s] — ¢>(2ET + NO) + 2Im / dz (s — ¢ )Ors o (2.4)
0 i
where the last two terms represent contributions from the nontrivial initial state of the
process. Note that the semiclassical parameter g does not enter the boundary value prob-
lem (2.2). Thus, the exponent (2.4) depends on the combinations g?E and ¢g2N rather than
individually on g, E and N, cf. eqs. (2.3). This feature is in agreement with the Rubakov-
Son-Tinyakov conjecture [59] discussed in the Introduction: the semiclassical exponent
does not depend on N at N < 1/g¢? if the limit
Fy(F) = lim Fy(E 2.5
2(E) i N (E) (2.5)
exists. Then Fy(F) is the suppression exponent of the two-particle processes.
We remark that the method of Lagrange multipliers implies the following Legendre
transforms for T and 6,

2¢°T = —0pFn(E) , g°0 = —ONFy(E) (2.6)

see appendix A for derivation. Below we will keep in mind that T" and 6 are proportional
to the partial derivatives of Fy(E).

Let us comment on the delusively simple final state of the process. First, recall that
the configurations ¢g(t, =) should describe false vacuum decay i.e. contain the bubble of
true vacuum — expanding or critical — at ¢ — +oo (pink/gray region in figure 5b). This
property is nontrivial and will be used as a selection rule for the relevant semiclassical
solutions. Second, one might think that the semiclassical solutions are real at the real
time axis: starting from real ¢, and 0;¢5 in the asymptotic future and solving the classical



field equation backwards in time, one arrives at real ¢s(t, ) at ¢ € R. This simple logic
is, however, not applicable if the solution approaches the critical bubble ¢ (z) in the
asymptotic future [74, 75]. Indeed, the latter is unstable and contains exponentially growing

£lw-It in the spectrum of linear perturbations. At large

and decaying modes d¢ (t,x) x e
positive times one obtains ¢ &~ ¢+ A_dp_ +real waves, and the coefficient A_ is complex
in general. Then the overall solution, although complex-valued at the real time axis,
satisfies eq. (2.2b) asymptotically. We will demonstrate that the semiclassical solutions with
E > E., approach the critical bubble in the infinite future. In this case the asymptotic
reality (2.2b) cannot be imposed at finite real ¢; we overcome this difficulty using the
methods of [64, 74-76].

To summarize, we arrived at the practical method for evaluating the suppression expo-
nent of soliton pair production in particle collisions. One starts by describing the induced
false vacuum decay at dp > 0: finds a family of the solutions ¢s(t, =) to egs. (2.2), relates
their parameters (T, 0) to (E, N) by egs. (2.3) and computes the suppression exponent
Fn(FE) using eq. (2.4). The exponent of the soliton-antisoliton production is recovered in
the limit §p — 0 above the kinematic threshold E > 2Mg. Besides, in the limit ¢g?N — 0
one obtains the exponent F5(F) of the two-particle processes, see eq. (2.5).

3 Numerical methods

3.1 Choosing the potential

Nonlinear semiclassical equations (2.2) do not admit analytic treatment and we solve them
numerically. To this end we specify the scalar potential in dimensionless units,

V(g) = %(gf)—k 1)2 [1 — oW <<;5 ; 1)] , where W (u) =e™* (u+u®+u®) (3.1)
and a = 0.4. This function has a double-well form with false and true vacua at ¢ = ¢_ = —1
and ¢ = ¢4 > 0, respectively. We have V(¢_) = 0 and fix the energy density V(¢4) = —dp
of the true vacuum by tuning the parameter v. In particular, at v = 0.75 the vacua are
degenerate; the respective scalar masses are m_ ~ 1, my =~ 7.6. Below we start from the
solutions at dp > 0 (larger v), then send dp — 0. Function (3.1) is shown in figure 3a
at dp = 0 and 6p = 1 (solid and dashed lines, respectively). The soliton and antisoliton
configurations in the case of degenerate vacua are demonstrated in figure 3b.

Let us explain the choice (3.1) of the scalar potential. First, we do not consider the
standard ¢? theory because evolution of the kink-antikink pairs there is known to exhibit
chaotic behavior [77, 78]. That chaos is related to the fact that the spectrum of linear
perturbations around the ¢? kink contains two localized modes representing its spatial
translations and periodic vibrations of its form. The modes accumulate energy during the
kink-antikink evolution which is therefore described by two'C collective coordinates. This

evolution is chaotic like the majority of two-dimensional mechanical motions. Irregular

10The other two coordinates representing center-of-mass motion and P-odd vibrations of the kink-antikink
pair decouple due to momentum conservation and x — —x symmetry.
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Figure 6. Rectangular lattice superimposed with the schematic form of the semiclassical solution
¢;,i- The time sites ¢; cover the contour ABCD in figure 5a. Solution at x < 0 is reconstructed
using the x — —x symmetry.

dynamics is difficult [79-88] for the semiclassical methods, we avoid it by changing the
form of the scalar potential. We checked that the model (3.1) is not chaotic,'! i.e. there is
a single localized mode in the spectrum of linear perturbations around the soliton.
Second, the potential (3.1) is almost quadratic at ¢ < 0 and essentially nonlinear
at positive ¢. This property is convenient for numerical methods. Indeed, the initial
conditions (2.2¢), (2.2d) should be imposed in the asymptotic past where ¢4(t, ) < 0
describes wave packets linearly evolving in the false vacuum (diagonal lines in the left
part of figure 5b). In the model (3.1) the wave packets remain free almost up to their
collision point, and the initial condition can be imposed at relatively small negative times
(realistically, at Ret; ~ —(6 = 7)/m_). Long nonlinear evolution in other models can be
costly for numerical methods. Note that this problem with slow linearization is specific to
(141)-dimensional systems and should be absent in higher dimensions.

3.2 Discretization

We discretize the semiclassical equations (2.2) using the rectangular (N; + 3) x N, lattice
in figure 6. The sites ¢; and x; of the lattice cover the contour ABCD in figure 5 and the
interval 0 < x < L,, respectively. The solution at x < 0 can be restored from the reflection
symmetry ¢s(t, ) = ¢s(t, —z). Our lattice is as close to uniform as possible. Namely,
x; = i- Az with integer 0 < i < N, — 1 and spacing Az = L, /(N —1). The time spacings
At; =tj41—tj, where —1 < j < N;+1, are constant at the real and imaginary parts of the
contour. Typically, we choose |At;| < Az. This property will be useful for formulating
the boundary conditions. Our unknowns ¢; ; = ¢s(t;, x;) are the (complex) values of the
semiclassical solution at the lattice sites.

We replace the derivatives in the action (1.3) with the second-order finite-difference
expressions

Git1,i — Dj,i _, Giit1 = i

1 Another type of irregular behavior [89] appearing at m4 < m_ is also not met in our model.

~10 -



taking values at the links; below we mark all link quantities with half-integer indices. We
also trade the time and space integrals for the second-order trapezoidal sums, e.g.

Ne+1

s S A fe = AL S (3.3)

j=1 j=1

where the first and second expressions are used for the link and site quantities, respectively.
The last sum involves the “averaged” spacings At; = (At; +At;_1)/2 and At_; = At_1/2,
Atn,+1 = Atp, /2.

Substitutions (3.2), (3.3) turn the action into a function S(¢) of (N¢+3) x N complex
variables ¢; ;. For completeness we present this function in appendix B. The lattice field
equations are then obtained by extremizing S(¢) with respect to the field values at the
interior sites of the contour ABCD:

05/0¢;i =0, 0<j <N and all i . (3.4)

Note that the equations at the last spatial site ¢ = N, — 1 correspond to the Neumann
boundary condition d,¢ = 0 imposed at x = L,. Note also that egs. (3.4) can be derived
by writing the lattice path integral for the probability and evaluating it in the saddle-point
approximation, like in the continuous approach of appendix A.
The final boundary condition (2.2b) implies that the field is real at the last two time
sites,
Imo¢n, ;i =Imen,41,i =0 for all 7 , (3.5)

cf. eq. (3.2). In section 2 we remarked that this condition cannot be used for solutions
approaching the critical bubble at ¢t — +o00. That case will be considered separately.

Discretization of the initial conditions (2.2c), (2.2d) is far less trivial. Let us first
simplify the discussion and consider the system in discrete space {z;} and continuous
time t. Recall that the semiclassical evolution is linear in the beginning of the process
t ~ t_;. We therefore introduce a deviation of the field from the false vacuum ;(t) =
[(t, z;) — ¢_]\/AZ; and leave only quadratic terms in the action. We arrive at the system
of N, coupled oscillators,

Ng—1 Ng—1

925(2) = /dt Z ath Z (s 1, i Pir ’ (36)
=0

where the real symmetric matrix H;  is a discretized version of the operator (—d2 +m?2),

see appendix B for the explicit form. Linear evolution in eq. (3.6) is solved by decomposing

1;(t) in real-valued eigenvectors fl(n) of H with eigenvalues w2,

Ny (n)
¢z(t) :Z €2w (fn —iwn (t— ZT)+g* twnp, (t— zT)) ) (37)

n=1

Here we introduced the integration constants f,, g, and shifted the time by T to keep
contact with eq. (2.2¢). By direct inspection one observes that the the index n, vectors

- 11 -



§i(n) and constants f,, g, are the lattice analogs of k, cos(kx) and fx, g; in eq. (2.2c),
respectively. Thus, the discrete version of the initial condition (2.2d) is f, = ¢ %g,. The
quantities entering this condition are extracted from 1;(t) as

1 (n) , 1 (n) :
n = i n'¥i 0 [ ) n = i n :( 0, ;k )
f me (wati +i0) | g m25 (wnt] +i007) |
(3.8)
where we used eq. (3.7) assuming normalization zf\go_l §§n)£§”) = 0p,n/ and omitting

irrelevant phase factor. To obtain the lattice form of the initial condition, we discretize the
time derivatives in egs. (3.8). The simplest way is to perform the substitutions (3.2), (3.3)
in the quadratic action (3.6), and then define 0;1); at the very first time site as

95 Yilto) — Yilt—1)

2
o =_9 _ 7 Z b
ath‘t_l == 2 8¢i(t_1) At_l + At—l e Hz,z wz (t—l) ) (39)

7

cf. the derivation of the initial conditions in appendix A.

We see that f,, and g, in eqs. (3.8), (3.9) are the linear combinations of ¥;(t—_1), ¥;(to)
and their complex conjugates. This means that the initial condition f,, = e~? g, can be
explicitly rewritten as a set of 2N, real equations on ¥ = {¢;(t_1), ¥y (to)},

Mp-ReW + M;-Im¥ =0 . (3.10)

Constant 2N, x 2N, matrices Mg, M; can be deduced from egs. (3.8), see appendix B.
In the numerical code we explicitly compute'? the eigenvectors and eigenvalues of H;
construct matrices Mg, M, and add egs. (3.10) to the system of discrete equations.

Discretization leaves us with (N; + 1) x N, complex field equations (3.4) and 4N, real
boundary conditions (3.5), (3.10). This is precisely the required number of equations to
determine (IN;+3) x N, complex unknowns ¢; ;. The semiclassical equations will be solved
in the subsequent sections.

Finally, let us introduce lattice expressions for the energy, initial particle number and
suppression exponent. The full nonlinear energy

L
°F = /0 dz [(06)* + (8s6)? + 2V (9)] (3.11)

is directly discretized using the substitutions (3.2), (3.3). We monitor its conservation
to control the discretization errors. The initial energy and particle number (2.3) in the
discrete case have the form,

Ny Ny
PE=2Y wnfug) PN =2 fugy, (3.12)
n=1 n=1
see appendix B. The suppression exponent Fy(E) is computed using the discrete action

S(¢j,i) and quantum numbers (3.12) in eq. (2.4); the last integral in this expression is
discretized in the standard way.

12This is done once for each lattice.

- 12 —



3.3 Fixing the time translations

The continuous semiclassical equations (2.2) preserve time'? shifts. Namely, ¢(t — to, x)
with real t( satisfies the equations if ¢4(t, ) does. This feature, if left unnoticed, leads to
a numerical artifact. Indeed, since the time translations are explicitly broken in the lattice
system, the position ty of the numerical solution is out of direct control: it is fixed by
the discretization and finite-volume effects. Depending on the lattice parameters, it may
become arbitrary large and cause divergence of the numerical procedure.

To cure the above artifact, we notice [21, 22] that due to the continuous time-shift
symmetry one of the lattice equations starts to depend on the others at At — 0,t_1 — —o0.
Indeed, in this limit the total energy of the solution is conserved. It is real due to the final
boundary conditions (3.5) and, on the other hand, proportional to the sum ), wy frg; in
eq. (3.12). Now, consider the initial conditions f, = e %g,, which imply, in particular, N,
relations arg f,, = arg g,. One of the the latter is redundant because the sum ) . wy fng;, is
automatically real. We can exclude the redundant equation without affecting the solution.

Following this line of reasoning, we drop the phase of the initial condition f,, = e ? Ino
at a given n = ng relating only the absolute values

[ fnol = € 1gnol - (3.13)

To keep the number of lattice equations equal to the number of unknowns, we add one
condition fixing the time translation invariance of the solution. Provided the set of the
lattice equations is solved, the arguments of f,, and gy, will be automatically equal up
to discretization errors. In realistic numerical calculations we use eq. (3.13) for a highly
populated mode with'* ng = 2 or 3; the equality of phases is then satisfied with accuracy
better than |arg f,, — arg gn,| < 1072 for all our solutions.

Let us now discuss the additional equation fixing the time translation invariance. It is
convenient to use different conditions at energies below and above the barrier height E.
At low energies we impose the relation [20]

Ly
; dxw(zx)Re 5t¢|tc =0 with w(z) = e 4?1 (3.14)
at the point C' of the time contour in figure 5a. Equation (3.14) places the turning point
09 = 0 of the solution, if there is one, at a given time ¢ = t¢. Even if the solution does
not have turning points, eq. (3.14) keeps the singularities of the solution (crossed circles in
figure 5a) away from the time contour.

At high energies the structure of the semiclassical solutions changes, and we use dif-
ferent constraint for the time translations. Namely, we fix the center-of-mass coordinate R
of the wave packet at the start of the process, see figure 6,

Ly

; dz (r — R) RepE(:U)‘L1 =0, (3.15)

13The spatial translations are fixed by ¢ — —2 symmetry imposed on the semiclassical solutions.
" The respective physical momentum is kn, =~ m(no — 1)/La.
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where pp is the energy density entering eq. (3.11): ¢*F = 2f0L’” dz pg(x). In realistic
calculations we take R ~ 0.7L, to guarantee that the initial wave packet is inside the
lattice range at t =t_;.

Constraints (3.14), (3.15) are discretized in the standard way using the substitu-
tions (3.2) and (3.3). We repeat that exchanging one complex equation f,, = e gy,
for the two real — eq. (3.13) and one of egs. (3.14), (3.15) — one keeps the number of
equations equal to the number of unknowns.

3.4 Solving the equations

Let us select the appropriate values of the lattice parameters. To this end we regard the
schematic form of the semiclassical solution ¢; ; in figure 6.

First of all, the site numbers N;, N, should be large enough to ensure small dis-
cretization errors O(At?), O(Az?). Note, however, that the characteristic frequencies of
the solutions are estimated as wy ~ E/N, see egs. (3.12). They become higher at larger
energies and smaller multiplicities. In these regions the solutions are sharp and require fine
lattice resolution. On the other hand, large Ny and N, are costly for numerical algorithms.
In practical calculations we use lattices Ny x N, = 3200 x 150 and 11000 x 500 below and
above E,, respectively. We keep track of the discretization errors and stop'® obtaining
solutions whenever the relative accuracies become worse than 1%.

Next, we want to keep the nonlinear part of the solution at x, Re ¢ ~ 0. Then
the initial time Ret; = t_; should be large negative to ensure linear evolution at the
start of the process. We find that'6 Ret_; = —(6 = 8) is large enough: in this case the
relative contributions of nonlinear interactions at ¢t ~ t_; are smaller than 1073. Besides,
the spatial volume |z| < L, should encompass the entire solution. Since the initial wave
packets propagate inside the lightcone (diagonal lines in figure 6), we require L, > |[Ret_1].
In practice it is convenient to fix'” L, = 7, then choose t_; to keep the wave packets at
|z| < L,. We checked that our results are insensitive to the value of L, at the relative
level 10~%. Finally, we explained in section 2 that the solutions with E < E are real at
the real time axis. In this case we reduce the part CD of the time contour to two sites
tn,, tn,+1 where the condition (3.5) is imposed. At E > E the solution becomes real-
valued only asymptotically at ¢ — 400, and we are obliged to extend the contour to large
positive times. We choose ty,+1 ~ |Ret_1|. Then the waves emitted in the interaction
region remain within the lattice range, see figure 6.

We performed several tests of the numerical procedure, see appendix C for details. The
overall conclusion is that the linearization and finite-volume effects cause relative errors
smaller than 1073, while the relative discretization accuracies remain below 1%.

We proceed by describing the numerical procedure to solve the set of algebraic lattice
equations. Our choice of the numerical method is limited because the field equation (2.2a)
is of hyperbolic and elliptic types at the Minkowski and Euclidean parts of the time con-
tour, respectively. In addition, the semiclassical solution ¢s(t, x) is complex and satisfies

153ee [25] for the study of the high-energy region.
16Recall that in our units m_ = 1.
17 At low energies we use L, = 8 = 15 due to larger sizes of the respective true vacuum bubbles.
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the boundary rather than initial conditions. The most convenient numerical technique
in this case [20-22] is based on multidimensional Newton-Raphson method. To simplify
notations, let us denote the complete set of lattice field equations (3.4) and boundary con-
ditions (3.5), (3.10), (3.13), (3.15) by F; x(¢) = 0. In the Newton-Raphson method one
starts from the approximation ¢§OZ) to the solution and repeatedly refines it by finding the
correction 8¢ = ¢s — $(©). The latter is obtained from the set of linear equations

OFk
S 0¢j,i =0 3.16
oo | 8% (316)

$(0)

Fir(@?)+ >
7,1

in the background of ¢(©). After obtaining the correction, one redefines the approximation
#0 — $0 4+ 54 and repeats the procedure. The iterations stop once d¢ becomes smaller
than the predetermined numerical error.

The Newton-Raphson method converges quadratically [90]. Typically, the acceptable
precision ¢ < 1071 is achieved in 5 — 6 interactions. However, this method is extremely
sensitive to the very first approximation ¢(?): even slightly incorrect choice of the latter
may cause divergence of the iterative procedure.

We therefore use a careful strategy for finding the numerical solutions. First, we obtain
the “simpler” solution at some particular values of the parameters (7, 0) = (7o, o).
The obvious candidate is the bounce [3, 4]. It satisfies the semiclassical boundary value
problem (2.2) at Ty = +o0, 6y = 0 and, on the other hand, can be computed using half-
analytic methods. In the next section we will discuss an extended one-parametric family
of “simpler” solutions. Second, we apply the Newton-Raphson method to find the solution
at (T, 0) = (To + AT, 6y + A6) using the one at (Tp, 0y) as the first approximation. At
sufficiently small AT, Af the method has to converge. Third, starting from the new
solution, we change (T, 6) by a small step, again, and obtain yet another solution. We
repeat this procedure until a complete two-parametric family of the numerical solutions is
found.

We finish this section with a remark that the Newton-Raphson method requires nu-
merical solution of the sparse linear system (3.16). This is the most time-consuming part
of the numerical procedure. We perform it using two alternative algorithms described in
appendix D. Our “fast” algorithm arrives at the solution in CPU time tcpy o N;- N2 oper-
ations but has poor stability properties. We find that it works for the high-energy solutions
but accumulates round-off errors at E' < E, see explanation in appendix D. In the latter
region we use stable (yet slower) algorithm involving tcpy oc Ny - N2 operations. Both our
algorithms are highly parallelizable and implemented at the multiprocessor cluster.

4 Numerical results

4.1 Periodic instantons

We start by considering the periodic instantons [73] — semiclassical solutions at = 0 and
arbitrary 7. The boundary conditions (2.2b), (2.2¢) and (2.2d) in this case imply reality
of ¢s(t, ) in the beginning and at the end of the process i.e. along the Minkowski parts
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AB and CD of the time contour in figure 5a. Further insight is gained if we assume that
the solutions have turning points at the corners B and C of the contour,

Then the semiclassical evolution along the Euclidean part BC also proceeds with real-valued
¢s(t, z). The solutions satisfying eq. (4.1) are 2T -periodic in Euclidean time.

Physical arguments [73] suggest that all relevant periodic instanton solutions satisfy the
Ansatz (4.1). Indeed, consider a somewhat different process: transition between the sectors
of the false and true vacua at temperature 3~1. Its rate I'(3) is obtained by integrating
the multiparticle probability (2.1) with the Boltzmann exponent,

I'(B) ~ / dE dN e PE-Fn(BE)/g* . (4.2)

where the prefactors are ignored. The integral (4.2) is saturated near the saddle point
B4+ 0pFN/¢g?=B8—-2T=0, ONFn=—-g%0=0, (4.3)

where we used the Legendre transforms (2.6) in the first equalities. One sees that the saddle-
point parameters § = 0 and 7' = $/2 in eq. (4.3) correspond to a periodic instanton.'®

Using eq. (2.4) at real ¢, we obtain the thermal rate
I ~ ¢~ 2m S[os] (4.4)

suppressed by the Euclidean action of this solution. One finds it natural that real Euclidean
solutions with period S = 2T describe thermal transitions.

In our study the very first periodic instanton is obtained from the critical bubble
oep() — the static true vacuum bubble at the verge of collapse. In figure 7 we show ¢ep()
at dp = 0.4. Since the critical bubble is unstable, the spectrum of linear perturbations in its
background contains an exponentially growing mode §¢_ () with eigenfrequency w? < 0.
This means that the configuration

o(t, ) = dep(x) + A_ d¢_(x) cosh(Jw_|t) (4.5)

solves the field equation at small A_. The approximate solution (4.5) is periodic in Eu-
clidean time with turning points at ¢ = 0 and ¢t = 7i/|w_|. It satisfies the boundary
condition (4.5) and therefore represents the periodic instanton with T' = 7 /|w_|.

To compute numerically the approximate configuration (4.5), we solve the static field
equation and find the critical bubble ¢ (). The spectrum of its linear perturbations
is given by the matrix-diagonalization routine of section 3.2, see the inset in figure 7.
Picking up the negative mode §¢_ with w? < 0 and choosing A_ = 0.3, we construct the
approximate solution (4.5).

Now, we are ready to find the entire family of the periodic instantons. We numerically
solve the field equation along the Euclidean part BC of the time contour with the boundary

!8Tf such solution exists. At high temperatures 8 < 2m/|w_|, where w_ is defined below, the integral (4.2)
is saturated near the barrier top £ = E¢p.
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Figure 7. Critical bubble ¢ (z) and the spectrum w? of linear perturbations in its background;
dp=04and L, =7.

conditions (4.1). We use the Newton-Raphson method described in the previous section.
The very first solution (figure 8c) is obtained at T' = 7 /|w_| + AT, where AT is small. In
this case the configuration (4.5) serves as a zeroth-order approximation for the numerical
procedure. Next, we increase the parameter 7" in small steps finding one solution at a time.
The starting configuration at each step is provided by the last known solution. Examples
of the periodic instantons are plotted in figures 8a-c. Their energies E(T') are given by
eq. (3.11) (squares in the lower panel of figure 8).

One sees a clear distinction between the low— and high-energy solutions in figures 8a
and 8c. While the latter resembles the critical bubble, the former is nearly rotationally-
invariant and has large Euclidean period T. At F — 0 the solutions approach the bounce
thus describing spontaneous decay of the false vacuum. The periodic instantons are absent
in the opposite region E > E.

Now, consider the limit dp — 0 of the solutions with # = 0. In appendix E we
remind that the sizes of the true vacuum bubbles become infinite at small dp justifying
the celebrated thin-wall approximation [3, 4, 19, 65-67, 70, 71, 91, 92]. The respective
solutions ¢,(t, x) can be obtained analytically. Their action equals

292 M?2 . Tdp Tép < Tép )2
2Im S = S | arcsin + 1-—
4] ap 9*Ms — g*Ms 9>Mgs

at T < g*Mg/ép

(4.6)
and stays constant at larger periods, see appendix E and [70, 71]. Note that the typical
values of T and 2Im S in eq. (4.6) are proportional to 1/dp implying infinite suppression
Fn(E) — 400 at dp — 0. This comes with no surprise, since transitions between the
degenerate vacua are energetically forbidden below the threshold E = 2Mg of soliton pair
creation. On the other hand, at finite 7" and dp — 0 the rate (4.4), (4.6) reduces to the
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Figure 8. (a)—(c) Three-dimensional plots of the periodic instantons ¢(¢,z) € R at different T
these solutions have § = 0. Only Euclidean parts ¢ € [¢T, 0] of the solutions are shown. Red/dark
and blue/light regions correspond to ¢s > 0 and ¢ < 0, respectively. Lower panel: Parameters
T(E) of the periodic instantons. Circles with letters correspond to the solutions (a)—(c).

Boltzmann probability
[ ~ e 2MsPB

)

of finding the soliton pair in the thermal ensemble at temperature 3~ = (27)~!, cf. [93].

In figure 9 we compare the actions of the periodic instantons at different dp (dashed
lines) with eq. (4.6) (solid line). One observes nice agreement which becomes almost perfect
if one extrapolates the numerical results to dp = 0 (empty points in figure 9).

4.2 Solutions below E.

Solving the field equation backwards and forwards in time, we continue the periodic instan-
tons to the parts AB and CD of the time contour. We thus obtain the complete solutions,
see the one in figure 10a. At large negative times they describe wave packets in the false
vacuum which collide at ¢t ~ ¢T" producing expanding bubbles of the true vacuum. We
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Figure 9. Euclidean action of the periodic instantons at different dp (dashed lines) and their limit
dp — 0 (empty points) versus the thin-wall result (4.6) (solid line).
A

B C

4 0 0
Ret —Imt Ret —Imt

(a) arg o (b)

Figure 10. Solutions at E < E,. (a) The periodic instanton with (T, 0) = (5.2, 0), ¢*(E, N)
(5.0, 3.8). (b) Real part of the solution Re ¢s(t, ) at (T, ) = (5.0, 0.76) and (¢*E, g>N)
(5.0, 2.0). Only the central regions of moderately small |t| and |z| < 5 are shown. The points A,
B, C, D of the time contour are marked above each solution. Color represents arg ¢;.

~
~
~
~

compute the in-state quantum numbers (F, N) of the solutions by eqs. (2.3). The line of
the periodic instantons is shown with filled squares in the (E, N) plane of figure 11.

Starting from the known solutions at # = 0, we find the ones with positive 6. To this
end we increase the value of 6 in small steps keeping T' = const. At each step we numerically
solve!? the boundary value problem (2.2). An example of the solution Re ¢ (¢, z) with § > 0
is shown in figure 10b. It is complex and contains sharp wave packets at large negative
time, see the color representing arg ¢;.

Evaluating the quantum numbers (E, N) of the solutions by egs. (2.3), we mark them
with points in the initial data plane of figure 11. One sees that the numerical data cover
the region £ < E,4 and N > 1.4/g% at small N the solutions become sharp and require

19Recall that the lattice analogs (3.5), (3.14) of the final boundary conditions are imposed at the point C
of the time contour. After solving the equations, we continue each solution to the part CD of the contour.
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Figure 11. Parameters (E, N) of the numerical solutions at £ < E.. Empty and filled points are
situated along the lines T' = const and 6 = const, respectively; the value of the constant parameter
is written near each line in black for T' and in green/gray for 6. Circles with letters represent
parameters of the solutions in figure 10. Filled squares are the periodic instantons (6 = 0).
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Figure 12. The thin-wall prediction (4.8) (solid line) and numerical results for the two-particle
exponents F»(FE) at E < 2Mg and different dp (dashed lines). Points are obtained by linearly
extrapolating the numerical data to dp = 0.

better lattice resolution. On the other hand, the high-energy region will be explored in the
next section. The suppression exponent Fy(E) is computed using eq. (2.4).

The thin-wall arguments of the previous section suggest that the exponent is inversely
proportional to dp at small values of the latter. Thus, its Laurent series expansion starts
with the singular term,

_ Fy,a(B)

Fn(E) 5p

+FN70(E) —I-(’)(ép) . (47)
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Figure 13. The unphysical “reflected” solution at E > Eu; (T, 0) = (1.866, 0.3) and ¢g?(E, N) ~
(6.11, 4.1).

In appendix E we deduce

E E E?
Fn, _1(E) =2¢" M3 [arccos < 1

— — 4.
2M5> 2Mg 4M§ (4.8)

considering dynamics of the thin-wall bubbles, see also [70, 71]. The function (4.8) is shown
by solid line in figure 12. It does not depend on N and decreases with energy reaching zero
at £ = 2Mg. At higher energies eq. (4.8) does not give any sensible result: in appendix E
we argue that the thin-wall approximation breaks down in that region. Presumably, this
means that the limit dp — 0 of the suppression exponent exists at £ 2 2Mg.

Let us compare the numerical results for Fy(E) with the thin-wall expression (4.8).
Since the periodic instantons with § = 0 have been already studied, we consider the opposite
case  — +oo or g?N — 0. In this limit Fy(E) coincides with the exponent Fy(E) of
transitions from the two-particle initial states, see the conjecture (2.5). We extrapolate the
numerical data for Fiy(E) to g? N = 0 and obtain the dashed lines in figure 12; the details of
this extrapolation will be discussed in section 4.6. One observes that the numerical graphs
approach eq. (4.8) at smaller dp and coincide with it after the additional extrapolation to
dp = 0 (empty points).

4.3 Going to E > E

Since the thin-wall bubbles do not describe transitions at £ > E, one expects to find new
properties of the semiclassical solutions in that region. In realistic calculations we observe
somewhat different effect: at energies above?’ E, our numerical method either diverges
or produces unphysical “reflected” solutions exemplified in figure 13. The latter satisfy
the semiclassical equations but approach the false vacuum at ¢ — 4+o00. They apparently
cannot describe transitions between the vacua. One immediately identifies [74, 75] the
root of the problems: a condition forcing the solutions to interpolate between the two

*OMore precisely, this happens at E > E;(N) ~ E.. We ignore small difference between these two
thresholds in what follows.
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vacua is not present in the semiclassical boundary value problem (2.2). As a consequence,
the numerical procedure can produce unphysical solutions even if the ones with correct
properties exist.

The problem of fixing the qualitative behavior of the saddle-point configurations is
rather general. We solve it using the e-regularization technique of refs. [64, 74-76]. To
this end we recall that in our numerical method the solutions with shrinking bubbles
are continuously obtained from the physical ones by decreasing the parameter T below
some value T, (). The “boundary” solutions at T" = Ti(#) are very special: their true
vacuum bubbles neither shrink nor expand but survive to ¢ — 4o0o. The main idea of

)

the e-regularization is to exclude all “boundary” configurations from the set of accessible
semiclassical solutions. Once this is achieved, one cannot obtain solutions with shrinking
bubbles from the physical ones by continuous deformations. Then at £ > E., we will find
solutions with correct properties (if they exist).

With this logic in mind, we add [74, 75] a small imaginary term to the classical action,
S = Se = S[¢] + ieTin[9] (4.9)

where the modification parameter e and functional T, are positive-definite. Importantly,
we require special properties of Tin[¢]: it should take finite values on any configuration
interpolating between the vacua and diverge if ¢(¢, ) contains a static finite-size bubble
in the final state. Then the latter “boundary” configurations with static bubbles represent
singularities of the modified action S, — +ico and cannot coincide with its extrema.
To the contrary, the semiclassical solutions in the modified system extremize S, and do

)

not belong to the class of “boundary” configurations. We conclude that the modified
solutions cannot change qualitative properties in the course of continuous deformations;
finding their continuous family at F > E. and sending ¢ — 40, one arrives at correct
high-energy solutions.

Let us construct the functional Ting[¢] with the desired properties. We choose

Toulo] = 5 [ did () Wi <¢’ ‘f*) , (4.10)

where f(x) = e /%77 and Wine(u) = ue™*; @ = 0.4. The function f(z) restricts the
spatial integral to the central region |z| < oy, where oy = 0.4 in our numerical calcula-
tions. At the same time, Wiy is vanishingly small at ¢ ~ ¢+ and takes positive values
between the vacua, ¢_ < ¢ < ¢4. Accordingly, the time integral in eq. (4.10) diverges if
the configuration ¢(t, x) contains a static finite-size bubble at t — +oco. However, if the
configuration is physical and the bubble expands, the value of the field at |z| < o tends
to ¢4 at large times and the t-integral converges. We conclude that the functional (4.10)
discriminates between the “boundary” and physical configurations. Note that the modifi-
cation (4.9), (4.10) simply deforms the scalar potential,

V 5 Vil 2) = V(@) — ief () Wi (¢ - ¢+) , (4.11)

a

introducing minimal changes of the numerical code.
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Figure 14. Modified solutions at § = 0.3, E ~ 6.11/g* > E,;, and different values of the regulariza-
tion parameter: (a) e =5-1072, (b) € = 1073. The other parameters are (a) T = 0.75, g?N ~ 4.14,
(b) T =0.7, >N =~ 4.13.

Figure 15. A complete set of numerical solutions in the (E, N) plane; dp = 0.4, notations of
figure 11 are used. For simplicity the results at F > E,; are obtained at nonzero e¢ < 1072 using the
smaller lattice N, x N, = 3200 x 150. Solutions with the highest energies g? £ > 11 and smallest
multiplicities g2 N < 1.6 are not shown: they need better lattice resolution. Circles with letters are
the solutions in figures 16a,b.

We remark that the regularization (4.9) is pretty general: it was successfully applied
in quantum mechanics [64, 74-76, 88, 94], field theory [21, 22] and gravity [95]. Besides,
it can be justified by adding a constraint to the path integral with the Faddeev-Popov
trick [64, 76], cf. [96].

Following the above recipe, we pick up some physical solution at £ < E, introduce
regularization (4.11) with € = 5- 1072 and find the modified solution with the same T
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Figure 16. Solutions at £ > E., € = 5-107% and 6p = 0.4. Their parameters are indicated
by circles with letters in figure 15. Namely, the solution (a) has (T, 0) = (1.8 - 1073, 0.1) and
g*(E, N) =~ (8.0, 3.8), in the case (b) (T, §) = (81073, 0.6) and ¢g*(E, N) ~ (10.0, 2.1).

Figure 17. Transition to the high-energy region £ > E;, at € > 0. The graphs show the parameters
N (left panel) and T (right panel) of the modified solutions as functions of energy F along the line
0 = 0.3. Large circles mark the solutions in figures 14a,b.

and 6. After that we decrease T' obtaining the set of modified solutions at £ > E, see
figure 14a and cf. figure 13. As expected, all these solutions contain expanding bubbles
at t — 400 and therefore describe transitions between the vacua. We finally decrease the
modification parameter to infinitesimally small values ¢ < 1073, figure 14b, and continue
to explore the plane of initial data by changing the parameters T' and 6 in small steps.
Eventually, we obtain all possible solutions at £ > E, see figure 15.

Figure 16 displays two solutions at E > Eg; their quantum numbers (E, N) are
marked by circles with letters in figure 15. The initial wave packets in these solutions
are composed of high-frequency modes, their true vacuum bubbles are small, cf. figure 10.
Besides, the respective periods T of Euclidean evolutions are short. This allows us to use
the faster numerical algorithm of appendix D. Recall that the solutions become singular in
the limits of small N and high F; for our best lattice this bounds the accessible region to
N >1/¢g? and E < 14/g%.
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Figure 18. (a) Fixed-time sections of the numerical solution Re ¢4(t, z) with E > FE. and in-
finitesimally small e. Numbers near the graphs are the values of Ret. Solid line shows the critical
bubble ¢ (x). The parameters of the solution are (T, §) = (1073, 0.1) and ¢?(E, N) =~ (8.6, 3.8);
dp = 0.4. (b) The limit € — 40 of the suppression exponent Fiy and energy E at (T, ) = (0.01, 0.6),
g*(E, N) =~ (9.5, 2.1) and dp = 0.4. Dashed lines are the quadratic fits of the data points.
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Figure 19. The suppression exponent Fy(E) of collision-induced false vacuum decay at high

energies and g?N = 2; 6p = 0.4. The graph is obtained in the limit ¢ — 40 using the largest lattice
N; x N, = 11000 x 500.

We stress that the transition to the region E > E;, is smooth at € > 0. In particular,
the parameters N and T of the modified solutions change smoothly along the lines 6 =
const, see figure 17. However, this crossover becomes sharper at smaller e suggesting
continuous rather than differentiable changes in the ¢ = 0 solutions across E.

Now, consider the limit ¢ — 40 of the semiclassical solutions. Figure 14 displays two
solutions with £ > E, at different values of the regularization parameter e. The true
vacuum bubble in the solution with smaller ¢ remains static for a notably longer period
before it starts to expand. This suggests that the original solution with ¢ = 0 contains a
static finite-size bubble in the final state (¢ — +00). The latter property becomes apparent
once we plot the t = const sections of the solution Re ¢s(t, ) with infinitesimally small
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Figure 20. Parameters (E, N) corresponding to the classically allowed transitions at dp = 0.4
(dots) and their lower boundary Npin(E) (dashed line). The solid line is the same boundary
extracted from the semiclassical results.

€, see figure 18a, dashed lines. At large times this solution approaches the critical bubble
(solid line):

¢s(t, ) = dep(x) + outgoing waves as t— 4o00. (4.12)

Importantly, we find that the asymptotics (4.12) holds for all original (¢ = 0) solutions
above E, not just the ones at the boundary of this region. Thus, all high-energy solutions
are unstable and cannot be obtained by direct numerical method.

The unusual behavior of the solutions at F > E.;, suggests that the respective processes
of false vacuum decay proceed in two stages. First, the critical bubble is created with
exponentially small probability; the energy excess E — E, is dropped in the form of the
outgoing waves. Second, the critical bubble, being classically unstable, decays producing a
growing bubble of true vacuum with probability of order one. Similar tunneling mechanisms
appear in multidimensional quantum mechanics [64, 74-76, 8287, 94] and other models of
field theory [21-24].

Finally, consider the limit € — 40 of the quantum numbers (E, N) and exponent Fy
at fixed T" and 6. We find that these quantities are regular functions of e: the data points in
figure 18b are well fitted with the quadratic polynomials (dashed lines). We quadratically
extrapolate them to e = 0 and obtain the exponent Fi(E) of false vacuum decay at high
energies. The numerical errors related to this extrapolation procedure are negligibly small.
The suppression exponent is plotted at g? N = 2 and 6p = 0.4 in figure 19.

4.4 Classical over-barrier transitions

An important test of our semiclassical method involves classically allowed decay of the
false vacuum filled with many particles. These processes proceed with unsuppressed prob-
abilities, Fy(F) = 0, their initial quantum numbers (E > E, N) occupy the upper right
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corner in figure 15. Importantly, the minimal particle number N = N,y (E) required for
such transitions can be obtained in two ways: by studying the real classical solutions and
by finding the region Fy(E) = 0 from the classically forbidden side. Comparing the two
results, one checks the semiclassical method at high energies.

We studied the classically allowed decay of the multiparticle states in the false vacuum
in [68] using the stochastic sampling technique of [69]. Namely, we constructed many sets
of random Cauchy data {¢(¢;, x), Op(t;, )} in the false vacuum and obtained a classical
solution for each set. We selected the solutions arriving to the true vacuum, i.e. those
containing expanding bubbles at ¢ — +o0co0. Finally, we calculated the initial quantum
numbers (E, N), egs. (2.3), for the selected solutions and indicated them with green/gray
dots in figures 15 and 20. We arrived at the region in the (E, N) plane corresponding to the
classically allowed decay of the false vacuum; its lower boundary (dashed line in figure 20)
gives the minimal initial multiplicity Nmin(E) of classical over-barrier transitions.

On the other hand, the function Ny, (E) can be obtained using the semiclassical results
of the previous section. One notes that any real solution to the classical field equations
satisfies the boundary value problem (2.2) at T = 6 = 0 and gives Fy(E) = 0. Thus,
at T, 0 — +0 the semiclassical solutions become real and their quantum numbers (E, N)
approach the boundary N = Ny, (E) of classical over-barrier transitions. Besides, since
Fx(FE) vanishes at the latter boundary,

dNmin _ dN [QT}

= — =— i
dE ~ dE|p, 5y T.0ss0| 6

(4.13)

where the Legendre transforms (2.6) were used in the last equality. Relation (4.13) implies
that the limit 7', & — 0 should be performed at ¥ = /T = const, where ¢ parametrizes
the curve Npin(E). An exemplary semiclassical solution with small 7" and 6 is plotted in
figure 16a, its quantum numbers are marked by the circle in figure 15.

In figure 20 we plot the boundary Npyin(F) extracted from the semiclassical results
(solid line). It almost coincides with that obtained from the real classical solutions. This
supports our semiclassical method in the high-energy region £ > E.

4.5 Soliton-antisoliton production: dp — 0

So far we have considered the collision-induced decay of the false vacuum. In this section we
send Jp — +0 and extract the exponent Fy(F) of the soliton-antisoliton pair production
in particle collisions.

Keeping E > E4 and € > 0, we decrease the energy density of the true vacuum to
dp ~ 0.02 = 0.06. We arrive at the semiclassical solutions exemplified in figure 21a. Their
true vacuum bubbles expand at small constant velocities without any apparent acceleration.
Sending, in addition, ¢ — +0, we obtain the solutions arriving at the static critical bubble
dep(x). Recall that the spacial size of ¢, is logarithmically large at small dp.

As expected, we find that the semiclassical exponent Fy(F) is not very sensitive to
dp in the high-energy region F > E.,. Moreover, at small dp its dependence is linear, see
figure 21b. This means that the singular term in the “thin-wall” expansion (4.7) is absent
and the limit §p — 0 of the exponent exists. Linearly extrapolating Fx(FE) to dp = 0 at
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Figure 21. (a) The semiclassical solution at dp = 0.03; its parameters (FE, N) are the same as in
figure 16b. (b) Linear extrapolation of the suppression exponent to dp = 0 at g?(E, N) = (9, 2).
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Figure 22. Suppression exponent Fy(E) at g2 N = 2 and different dp. Solid line is obtained by
linearly extrapolating the data to dp = 0.

fixed F and N (dashed line in figure 21b), we obtain the exponent of soliton-antisoliton
production in particle collisions.

In figure 22 we plot the semiclassical exponent at g? N = 2: dashed lines represent the
numerical data at different values of dp, solid line is the result of extrapolation to dp = 0.
The results for Fiy(E) at dp = 0 are also shown in figure 4b at different values of g?N.
One observes that the exponent decreases with energy approaching constant at £ > 2Mg.
In [25] we argued that this is the expected behavior for the collision-induced tunneling
at £ — 4o0.

Note that numerical extrapolation to dp = 0 is harder to perform near the threshold
E. = 2Mg because the asymptotic expansion of Fy in dp has different form at smaller
energies. However, the thin-wall arguments of appendix E suggest near-threshold behavior

Fn(E) = ¢1(N) 4 co(N)|E — 2Mg|'/? at  E~2Mg, (4.14)
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Figure 23. (a) Extrapolating the suppression exponent to g? N = 0 at g = 10 and Jp = 0.06. (b)
Two-particle exponent F5(F) at different dp (dashed lines) and the result of its linear extrapolation
to dp = 0 (solid line).

where ¢; and ¢o are unknown functions of N. We find that the numerical results in figures 22
and 4b are consistent with the asymptotics (4.14) (dotted lines in both figures).

4.6 Two-particle processes

Now, consider creation of the soliton-antisoliton pairs in the two-particle collisions (N = 2).
These processes are natural from the viewpoint of collider physics but cannot be described
by direct semiclassical methods. We compute their leading exponent Fy(FE) using the
Rubakov-Son-Tinyakov conjecture (2.5), i.e. evaluating the limit g2 N — 0 of the multipar-
ticle exponent Fy(E). Recall that the semiclassical solutions develop a singularity in this
limit. Thus, we cannot address them directly. In what follows we extrapolate the numerical
results to g? N — 0 using an educated guess on the behavior of the multiparticle exponent.
One finds that vanishingly small initial particle number is achieved at 6§ — 4o00: in
this case the initial condition (2.2d) reduces to the Feynman one, and the initial state of
the process becomes semiclassically indistinguishable from the vacuum. Besides, since the
combination e~? enters the semiclassical equations, one expects regular expansion

N =ni-eO4ny-e 24 .. = 0 = —log(g°N) + 6o+ 61 (¢°N) +... , (4.15)

where n; and 6; are the energy-dependent Taylor coefficients. Now, we integrate the Leg-
endre transform (2.6) at fixed energy,
N 400
Fy=Fy — / G0 dN = Fy — g’ N6 — / g>N db, (4.16)
0 O(N)
where Fy — Fy and ¢?dN — 0 at g>N — 0; besides, we integrated by parts in the

second equality. Substituting the expected behavior (4.15) into eq. (4.16), we obtain the
asymptotic form

6, (E
Fn(E) + ¢°NO ~ Fy(E) — ¢?N + h(B). (PN +... .

5 (4.17)
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of the exponent at small g?N. This behavior, if confirmed, automatically implies that the
limit g? N — 0 of the multiparticle exponent exists.

In figure 23a we compare the numerical data for the quantity Fy + ¢?N@ (points)
with the expectation (4.17) (dashed line). One observes a consistent fit involving two
parameters, F> and ;. Changing the number of data points in the fit, we learn that the
result for F5(F) is stable with relative precision of order 1%.

The final numerical graphs of the two-particle exponent F5(E) are shown in figure 23b:
dashed and solid lines are obtained at dp > 0 and dp — 0, respectively. The last graph
corresponding to soliton-antisoliton production is repeated in figure 4b.

5 Concluding remarks

In this paper we developed a new semiclassical method to calculate the probability of
the topological soliton-antisoliton pair production in particle collisions. Our main idea was
previously reported in [49], here we presented the details, confirmations and generalizations
of the method.

In spite of all technicalities, the essence of our approach is simple: it is based on expec-
tation that the semiclassical solutions describing classically forbidden transitions continu-

2l With this idea in mind, we introduced

ously depend on parameters of the transitions.
a small external field £ coupled to the topological charges of the soliton and antisoliton.
We started from the well-known solutions describing spontaneous Schwinger creation of
the soliton pairs in the field £. Then we added colliding particles to the initial state of
the process and obtained the solutions for the collision-induced Schwinger processes. Fi-
nally, we gradually increased the collision energy E above the threshold 2Mg of soliton
pair production and switched off the field, £ — 0. In this way we continuously arrived at
the solutions describing soliton-antisoliton production in particle collisions.

We illustrated the above semiclassical method with the explicit numerical calculations
in the (14 1)-dimensional model of a scalar field. In particular, we demonstrated that
the above-mentioned semiclassical solutions continuously depend on the parameters £ and
0p x |&| of the induced Schwinger process. We showed that these solutions reproduce the
thin-wall results at low energies and correctly describe classical over-barrier transitions at
F > 2Mg and high initial multiplicities. Finally, we computed the semiclassical suppression
exponents of the soliton-antisoliton pair production in the N-particle and two-particle
collisions, see figure 4b.

We believe the semiclassical approach of this paper will be useful in other mod-
els/setups of particle and condensed matter physics.
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A Deriving the equations

In this appendix we review the semiclassical method of [59], see also [8, 72]. To this
end we introduce path integral for the probability (2.1) and evaluate it in the saddle-
point approximation. We obtain equations for the saddle-point configuration ¢4(t, z) and
expression for the suppression exponent Fy(E).

Semi-inclusive initial states in eq. (2.1) have fixed energy E and multiplicity N. The
projector Pg v on the subspace of these states simplifies [59] in the coherent basis [100],

—i%° 4Td
272

(|l = -

100

exp {2ET + N6 + /dk Yk aZbk} , Ve = e 2kT=0
(A.1)
where |a), |b) are the eigenstates of the false-vacuum annihilation operators a; with eigen-
values ay, by and normalization (a|b) = exp (f dk a,’;bk). Integrals over T" and 6 run along
the imaginary axes. Expression (A.1) can be proven [72] by acting on the Fock states
d};l . dln|0> in the coherent-state representation. We transform eq. (A.1) into the config-

uration representation using
(pila) = exp {; / dk (—aga—i — wii(k)di(—k)/g* + 2v/ 2wy ak¢i(k)/g)} :

where ¢; (k) stands for the spatial Fourier transform of ¢;(z). Here and below the prefactors
are omitted. We obtain the matrix elements

(¢il P, |0} = / dTdf *ETHNI+Bo: 41 (A.2)

100

denoting with

wy, dk . ) /
b= / a2z =1 L0k D) (Gu(k)ou(—h) + (k) (k) — 4mdi(W)oi(—R)] . (A3)

the quadratic functional of ¢; and ¢.
Next, we write the probability (2.1) in the path integral form,

Pn = /D@; D Doy (04U (L, t:)| i) (9 P, |65 (85U (s, t:) )

,00

In the first line of eq. (A.4) we integrate over all initial and final-state configurations ¢;,
¢, and ¢y projecting onto the relevant subspace of initial states with PE ~- In the second
line the path integrals for the evolution operators U and Ut were introduced. We assume
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that the configurations ¢ and ¢’ describe false vacuum decay: they are close to the false
vacuum at ¢t = ¢; — —oo and contain expanding bubbles as ¢t =ty — +oo.

The integral (A.4) can be evaluated in the saddle-point approximation at large S and
Bie. at g? < 1, see egs. (1.3) and (A.3). In this case the dominant contribution to the
integral comes from the vicinity of the saddle-point configuration {¢(t, x), ¢.(t, ), T, 0}
which extremizes the integrand in eq. (A.4). This means that the saddle-point fields ¢
and ¢/, satisfy the classical field equations §5/6¢ = §S/d¢' = 0. Boundary conditions for
the latter equations are obtained by varying the integrand with respect to ¢; = é(t;, x),

¢, and ¢y,

i (k) + widi(k) = e (1d40k) + wrdi(k)) (A.5)
idi(k) — wid (k) = (id)z‘(k) - wkd%(k)) ,

where the dots denote the time derivatives coming from the variations of the action, e.g.
3S/6¢ps = ) ¢/ g%. Finally, differentiation with respect to 7' and 6 gives equations

0B 0B
2 = —— N=—-"—— A7
or”’ 00’ (A7)
where B is defined in eq. (A.3).
Two observations greatly simplify the semiclassical equations. First, ¢ originates from

the complex conjugate amplitude suggesting

Pu(t,x) = [¢s(t, 2)]" . (A.8)

This Ansatz is compatible with egs. (A.5) if the saddle-point values of T' and 6 are real,

and we assume that as well. Second, in the infinite past the solution ¢4(t, x) describes free

waves (2.2¢) in the false vacuum. Hence,
by — 1

¢s,i(k) = N

At this point of calculation the initial time ¢; is real; it will be continued to complex values

in section 2. Substituting egs. (A.8), (A.9), into egs. (A.6), (A.5), (A.7), one obtains the
boundary conditions (2.2b), (2.2d) and expressions (2.3) relating (T, 0) to (E, N).

We finally substitute the saddle-point configuration into the integrand of eq. (A.4) and

f\k:\ efiwk(tifiT) + g|*k| ez’wk(tifiT) ) (A9)

obtain the leading suppression exponent
FN(E) = —¢*(2ET + NO) + 2¢°Im S[¢] — ¢° Blos i, 65 3] - (A.10)

Rewriting the last term with help of eq. (A.9) and the boundary condition (2.2d), we arrive
at the standard expression (2.4).

We finish derivation with two remarks. First, the solution ¢ and all equations will be
considered along the complex-time contour in figure 5 corresponding to tunneling. In this
case the initial time ¢; is taken complex because the exponent (2.4) does not depend on it
anyway. Second, the functional (A.10) depends on E, N explicitly and via the saddle-point
configuration {¢s, T, 6}. However, since we have already extremized this functional with
respect to ¢, T and 0, its E and N-derivatives are given by egs. (2.6).
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B Lattice formulation

In this appendix we list the discretized action and finite-difference semiclassical equa-
tions (2.2), see [20-22] for similar approaches.

Our lattice {t;, x;} is defined in section 3.2. Performing the substitutions (3.2)
and (3.3) in the action (1.3), we obtain,

Ny Ni+1 Ni¢+1
Ng—1 o2 Na72 b )2 N1

§2S = Z AZ; (%H’ZAL&%’Z) B Z AF; W _9 Z At; Az V(9).4).
j=-1 Jj=0 J=0

(B.1)

Recall that the lattice field equations are the derivatives of this expression at the internal

points 0 < j < N, of the time contour. Assuming for simplicity 1 < i < N, — 2, we obtain,

Fo= i1, —_¢>j,i 94— (bjf_u _ Qjir1 + Pji-1 — 204
G AtjAtj Atj_lAtj Ax?

where V' is the derivative of the scalar potential. Equations at the spatial boundaries, i.e.

+V'(¢;:) =0, (B.2)

at i =0 and i = N, — 1, are derived in similar manner.

We assume that the evolution is linear in the beginning of the process. In this case the
potential reduces to V &~ m? (¢ — ¢_)?/2. Substituting it into the above action, we obtain
eq. (3.6) with discrete time and

2 Oit1,i + 0iir+1
Hoo=(m2 = \g , _ 0Ly T o4l
b < AZL‘2> B Ax/AZ; ATy
We directly compute the real eigenvectors fz(n) and eigenvalues w? of this symmetric matrix
by QR decomposition. The coefficients f,, and g, of the linear solution (3.7) are then given
by egs. (3.8), where the time derivative (3.9) simplifies,

S e o, = e MG st e ) my

Using explicit expressions for f, and g,, we rewrite the initial condition f, = e~ %g, in the
matrix form,

-1

Zfi(”) {(1 —e Nw,Rey; — (1 +e79) Im({)ﬂﬁi}t =0,

Zfz‘(n) {(1 +e ) w, Imap; + (1 —e ) Re 8t,¢i}t =0,

-1
7

where the discrete operator 0 is defined in eq. (B.3). One reads off the matrices Mp and
M7 in eq. (3.10) from the above equations.
We directly discretize the nonlinear energy (3.11),

Ng—1

i - ¢ 17._¢.7,2
ngj+1/2: Z Aazi( j+1,4 _ JZ)

P Atj

= (G — 050 | R~
+{Z %—i— Z Aw¢V(¢j,i)+(j—>j+1)} . (B4)

=0 1=0
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Figure 24. (a) Full and linear energies of the semiclassical solution with (E, N) =~ (9.0, 2.8)/g>
at Ret < 0. (b) The exponent Fy as a function of N at different lattice spacings. The space-time

box in both figures is L, = 7, Re (tn,+1 — t—1) = 15.

It conserves, i.e. does not depend on j up to O(At?) numerical errors. Somewhat different
discretization procedure is natural for the energy of the linear system (3.6) at t =t_1. We

start from the expression

Np—1 Np—1
E= @i, + 3 vt (B.5)
= i,1=

in continuous time and discrete space. Substituting the solution (3.7), we obtain the first
of egs. (3.12). The respective formula for the initial multiplicity is then easily deduced

from egs. (2.3).

We finish this appendix with the lattice expression for the suppression exponent??
N 90.i — d-1.i
Fy(E) = —g*(2ET+N0)+2¢Im S+Im > AZ; ($-1,i+0,i—26-) (’Ni‘l , (B.6)
; -1
=0

where the action is given by eq. (B.1).

C Tests of the numerical procedure

We subdued the lattice solutions to a number of consistency tests which support the nu-
merical methods of section 3 and allow us to estimate the numerical errors.

For a start, we checked sensitivity of the results to the spatial cutoff L,. To this end
we increased the cutoff from L, = 7 to 14 at a fixed lattice spacing Az = L,/(N, — 1).
The integral quantities £, N and F) stayed independent of L, up to relative errors of
order 1074,

22The last integral in this expression is O(At) and O(Az?) accurate. In practice the first-order correction
in At is negligible because |At| < Az. All other lattice expressions in our study are second-order both in

space and time.
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Figure 25. The integral quantities £, N and Fy as functions on the (a) time and (b) spatial
lattice spacings at (T, ) = (0.026, 0.5) and (E, N) ~ (7.8, 2.5)/¢g%; E > E.. The dashed lines are
the linear fits of the data points. We use the space-time box from figure 24.

Another source of numerical errors is related to the finite extent ¢ty < ¢ < ¢y, of
the temporal lattice. Recall that the semiclassical solutions should describe free waves in
the false vacuum at ¢t ~ t_1. This property is conceptually important, it was used in the
derivation of the initial condition (2.2d). We estimate the effect of nonlinear interactions
in the beginning of the process by evaluating the energy of the linearized system given
by egs. (3.12), (3.8) at different time sites ¢; and comparing it with the full conserved
energy (3.11), see figure 24a. The graphs stay close at t ~ t_; ~ —8.5, separating in the
nonlinear region ¢ 22 —3. The relative error due to nonlinear interactions in the begin-
ning of the process is estimated as |Eqy — Elinear|/Fran < 1072, One concludes that the
semiclassical evolution at ¢t ~ t_; is, indeed, free thanks to the clever choice of the scalar
potential in section 3.1.

Let us turn to discretization effects which should be O(At?) and O(Az?) small in the
second-order finite-difference scheme. First of all, one observes that conservation of the full
energy in figure 24a is violated at the level of AEgy/Erg < 1073, This is the effect of time
discretization because energy conservation is restored at At — 0 and finite Az. Second,
we directly estimate the finite-difference errors comparing numerical results at different
lattices, see figures 24b and 25. Recall that our reference-point lattices are different at
energies below and above Fy: N, x N, = 3200 x 150 and 11000 x 500, respectively. In
the former case the relative errors in F, N and Fy stay below 1% reaching maximum
at the smallest N. Fine lattice resolution at high energies gives errors well below 1% at
E ~ Eg4 =~ 6.1 and high N. The errors grow, however, to 1% at E > 14/¢* and/or small
multiplicities. In what follows we exclude the results with ¢g?E > 14 and ¢?N < 1 due to
improperly high discretization errors.
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Figure 27. Partial derivatives of the suppression exponent with respect to the (a) energy E and
(b) initial particle number N. The graphs are plotted along the lines (a) 7' = 0.026 and (b) 6 = 0.5.

To conclude, we keep the finite-difference effects below the relative level of 1%. Fig-
ure 25 shows that most of the integral quantities linearly depend on Az? o« N2 and
At? x N[2, like they should in the second-order discretization scheme. The only ex-
ception is the energy E (lower panel in figure 25b) which receives small nonpolynomial
correction from adiabatic high-frequency waves in the solution. This effect is negligible
in the region £ < 14/¢? which we consider (see, however, the study of the high-energy
solutions in [25]).

In section 3.3 we traded the initial condition arg f,, = arggn, at a given ng for the
artificial constraint fixing the time-translation invariance. We argued that the omitted
condition will be automatically satisfied once the other lattice equations are solved correctly.
In figure 26 we demonstrate that this is, indeed, the case: at ng = 2 the related numerical

error is smaller than 1073,

A good piece of our qualitative and quantitative results is based on the Legendre
transforms (2.6) which should hold with acceptable numerical precision. In figure 27 we
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plot the partial derivatives (OpFx, OnFn)/g? of the suppression exponent and compare
them to —27 and —6 (dashed horizontal lines). One observes that the Legendre transforms
hold with absolute precision AT, Af < 1073,

To summarize, the relative finite-volume and discretization effects in our solutions are
smaller than 1073 and 1072, respectively. The other numerical errors are vanishingly small.

D Solving the linear system

Each iteration of the Newton-Raphson method involves solution to the system of (N 4 3) x
N, > 10% complex linear equations (3.16). This is the major CPU time-consuming part of
the numerical procedure. We decrease its computational cost using the sparse structure of
the lattice field equations.

In what follows we suppress the spatial indices working with the N,-dimensional vector
field ¢; = (¢j,0, ---, ¢j N,—1). Recall that the linear system (3.16) is obtained by substi-
tuting ¢; = ¢j0) + 0¢; into the lattice equations and expanding them to the linear order
in 6¢;. In particular, the discrete field equations (B.2) take the form,

Cj-0¢;=1Lj-0¢pj_1+ Rj-0¢pjr1 — Fj (D.1)

where F; is their left-hand side at ¢ = ) while Cj, Lj and R; are the N, x N, coefficient
matrices which can be deduced from egs. (B.2), e.g. (C}); ir = 0F; i/0¢;, it 40~ Note that
eq. (D.1) is sparse: it relates d¢;_1, 0¢; and 0¢j41. Besides, the matrices L; and R;
are diagonal, while C} is three-diagonal. We will use both these facts while solving the

linear system.
Our “stable” algorithm [63] eliminates equations from the set (D.1). Namely, suppose
we express 0¢; from the j-th equation,

0pj = Cj_l (Lj-6¢pj—1+ Rj-0¢j41 — Fj) , (D.2)

and substitute it into the neighbouring (j F 1)-th equations. The latter will keep the
form (D.1) albeit with new coefficient matrices. In particular, the (j — 1)-th equation will
relate 5¢j_2, 5¢j—1 and 5¢j+1 with

i1=Cj1— R Ci L Ly =Lj,

3-_1 =R;, C;l R;, ‘F]/'—l =Fj1+Rj C;l Fi. (D.3)

Repeatedly using egs. (D.3), we eliminate all field equations except for the very first and
last ones at j = 0, N;. To make this procedure more stable, we first apply (D.3) to the
equations with odd j, then eliminate odd equations from the remaining set, etc. Once we
are left with the equations at j = 0 and V; relating d¢p_1, d¢o, d¢n,, ddN,+1, we add the
linearized boundary conditions and solve the resulting linear system by the direct method
of LU decomposition. The complete solution {d¢;} is restored from the boundary values
of ¢ and egs. (D.2).

The above elimination process is apparently ineffective. Indeed, the substitutions (D.3)
do not preserve the sparse form of the coefficient matrices thus requiring general matrix
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multiplications and inversions at the second stage of the elimination process. One concludes
that ¢N; N2 operations with ¢ ~ 1 are needed for obtaining the solution. Note, however,
that the disadvantages of this “slow” algorithm are compensated by its exceptional stability
properties. We exploit it at F < E. where the faster procedure accumulates round-off
errors and causes divergence of the Newton-Raphson iterations.

Our “fast” method benefits from the sparse form of the coefficient matrices in eq. (D.1).
It is based on Cauchy problem for the lattice field equation. Consider the N, x (2N, + 1)
matrix Z; satisfying the analog of eq. (D.1),

Cj-Ej=L;j-Zj_1+R;-Zj11— (0,0, F}) , (D.4)

where the last matrix term in the right-hand side contains the vector F; in the last column;
the bold 0 and 1 denote zero and unit N, x N, matrices. We solve the Cauchy problem
for the “propagator” = with the initial conditions

2, =(1,0,0), Zo=(0,1,0). (D.5)

This procedure involves multiplications of Z; by the diagonal and three-diagonal matrices
Lj, Rj_1 and Cj, i.e. c¢N;N? operations, ¢ ~ 1.
Given the propagator =, we introduce a convenient representation of the solution,

0p-1
5p; =% | d¢o | , (D.6)
1

where the (2N, + 1)-vector in the right-hand side is composed from the boundary fields
d¢_1 and d¢p. One can check that the vector (D.6) satisfies eq. (D.1). Equation (D.6)
relates, in particular, d¢n,, don,+1 to d¢_1 and d¢g. Adding these two relations to the
set of boundary conditions, we obtain a closed linear system for d¢_1, d¢o, dpn, and
0¢pN,+1. We solve the latter using the LU decomposition method. Given d¢_; and d¢g, we
Cauchy-evolve eq. (D.1) determining the solution {d¢;}.

In the “fast” method we arrive at the solution in c¢N;N? operations, a factor of N,
faster than in the “slow” algorithm. The N2 and N? scalings of the CPU times in our
“slow” and “fast” codes are illustrated in figures 28a,b.

Let us point at the reason behind the poor stability properties of the “fast” algorithm
at low energies. We argued in section 4 that the distinctive property of the semiclassical
solutions at E < E, is long periods T' of their Euclidean evolutions. Linear perturbations
0¢; grow exponentially in Euclidean spacetime magnifying the initial round-off errors.
They cannot be correctly evolved within the “fast” Cauchy approach as opposed to the
homogeneous “slow” algorithm. As a consequence, we exploit the “fast” procedure only
for almost-Minkowskian solutions at E > E,.

Both our algorithms can be performed in parallel. To this end one divides equa-
tions (D.1) into the subsets with index ranges j = 0... Ng, Ni...2Ny, etc., and performs
computations in every subset at a separate processor. At the second stage of the algorithm
one combines the data from all processors. For example, in the parallel version of the “fast”
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Figure 28. Scaling with the lattice size N, of the CPU time required for: (a) elimination of the
equations in the “slow” algorithm, (b) computation of the propagator = in the “fast” one. Eight
processors are used. Regard drastically different lattice ranges in figures (a), (b): N; = 3200,
N, =100 + 250 and N; = 11000, N, = 250 =+ 2000, respectively.
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Figure 29. The time for computing the propagator = at Np,oc = 2 + 11 processors; Ny x N, =
11000 x 250. The data points scale as ¢/Nppo. (dashed line).

algorithm the propagators Egk) in all subsets are computed, and the original propagator
= is restored as their product. In figure 29 we demonstrate that the elapsed real time for

obtaining = scales as ¢/Npyoc with the number of processors.

E Thin-wall approximation

The semiclassical solutions describing false vacuum decay can be found analytically if the
sizes of their true vacuum bubbles are parametrically large compared to the widths of the
bubble walls. We will see that this thin-wall regime [3, 4, 19, 65-67, 70, 71] occurs at
0p — 0and F < Eg.

Consider some Euclidean field configuration with a large true vacuum bubble, see
figure 30a. At a crude level it can be characterized with the positions of the bubble walls
x1(7) and z2(7), where 7 = it is a Euclidean time. The corresponding Euclidean action
receives large contributions from the constant energy density (—dp/g?) inside the bubble
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Figure 30. Thin-wall configurations in Euclidean spacetime (7, x): general configuration (a) and
the stationary solutions with (b) T' < Ry and (c) T > R,. Pink/gray and white regions are filled
with the true and false vacua, respectively.

and tension of its walls, cf. eq. (1.3),

0
SE%MSL—épAQQ:/ dT[MS 14+ @2+ Mg\/1+ 32 —0p(x0 —x1)/g%| . (EA
/ . 1+ V145 —dp( )/ (E.1)

Here A is the spacetime area occupied by the true vacuum, L is the length of its boundaries;
in the second equality we expressed A and L in terms x1(7), x2(7) denoting the 7-derivatives
with dots. Anticipating the limit dp — 0, we identified the wall tension with the soliton
mass Mg. In what follows we treat the action (E.1) as a functional of z1(7) and z2(7).
Now, let us construct the periodic instantons, i.e. solutions to the Euclidean field
equations with the boundary conditions (4.1). One notes that these are the extrema of the
Euclidean action in the interval 7 € [-T, 0]. Indeed, the Neumann conditions (4.1) mean
that the action is stationary with respect to the boundary values of the fields at 7 = =T
and 0. Working in the thin-wall approximation, we extremize the action (E.1) by varying
z1(7) and z2(7). One can draw some intuition here by noting that the latter action is
similar to the static energy of a soap bubble in two space dimensions. Its extremum is
achieved if the bubble walls 1 and x5 form circular arcs with fixed curvature radius

M
Ry=9"5
op
Extremization with respect to the boundary values of 1 and xo gives conditions &1 = &9 =
0 at 7 = —T and 0. The only exception appears if the arcs x1 and xo meet at one point as
in figure 30b; then the boundary condition changes to &1 = —s.

The stationary thin-wall configurations at T' < Ry and T' > R}, are shown in figures 30b
and 30c, respectively. Substituting them into the action (E.1), one obtains,

(E.2)

g~ IM§ |20t sin2aat T = Rysina < Ry,
E= 9650 1 1 at T >Ry,
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where « is the half-angle between the arcs in figure 30b. One obtains eq. (4.6) for the
Minkowski action S = iSg in terms of the half-period T

Let us find out when the thin-wall approximation is trustworthy. One naively expects
this regime to be solid at small §p because all bubble sizes are proportional to Ry o< 1/dp.
However, the distance between the bubble walls in figure 30b vanishes at o — 0 as a?Ry,.
Comparing it with the typical wall width m;l, one obtains the correct condition

a> (myRy)~Y?, (E.3)

for the thin-wall approximation. This inequality breaks down when the solution approaches
the critical bubble. Indeed, consider the thin-wall energy

E =2Mgcosa , (E4)

which is easily deduced from eq. (E.1) and figure 30b. It tends to 2Mg as o, T'— 0. Thus,
at small dp the thin-wall approximation is trustworthy below the barrier height FE., but
breaks at E 2 E,.

Next, we consider transitions from the semi-inclusive initial states with fixed energy
FE and multiplicity N. Note that the periodic instantons describe particular processes of
this kind with N = Np;(FE), see figure 11. Their in-states are obtained by continuing
the solutions from 7 = it = —T to the initial part AB of the time contour in figure 5a.
One notices [70, 71], however, that the 7 = —T sections of the thin-wall configurations
in figures 30b,c do not depend on Jp. This suggests that the initial states of the periodic
instantons and their matrix elements with the states of smaller multiplicities are also inde-
pendent of dp. Thus, decreasing the initial multiplicity from N = Np; to N = 2 one at best
gets O(6p°) correction to the exponent Fy(FE). We conclude?® that the leading 1/dp part
of Fiy(E) does not depend on N. Expressing the action (E.2) in terms of energy (E.4) and
substituting it into eq. (2.4), one obtains the thin-wall result (4.7), (4.8) for the suppression
exponent at ¥ < E,.

Finally, let us guess the behavior of Fiy(E) near the point F ~ 2Mg where the asymp-
totic expansion in dp breaks down. Inequality (E.3) shows that the thin-wall approximation
is valid at

|E — 2Mg| > e (E.5)
g*Ms
where we used eq. (E.4) and m; ~ ¢g?Mg. One expects that the terms of the thin-wall
expansion (4.7) become comparable at the boundary of this interval. In particular,

Fy, 1 _ 4g*My?
dp 30p

Fi,0 ~ 2M, — E|*?

where the explicit form (4.8) was used. We express dp from eq. (E.5), and obtain Fy g ~
const - |E — 2M, 5|1/ 2. Assuming some regular contribution besides this singular term, we
arrive at eq. (4.14).

ZDirect calculation [19] of the thin-wall exponent at N = 2 confirms this conclusion.

— 41 —



Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] LY. Kobzarev, L.B. Okun and M.B. Voloshin, Bubbles in metastable vacuum, Sov. J. Nucl.
Phys. 20 (1975) 644 [Yad. Fiz. 20 (1974) 1229].

[2] M. Stone, Semiclassical methods for unstable states, Phys. Lett. B 67 (1977) 186 [INSPIRE].

[3] S.R. Coleman, The fate of the false vacuum. 1. Semiclassical theory, Phys. Rev. D 15 (1977)
2929 [Erratum ibid. D 16 (1977) 1248] [INSPIRE].

[4] S.R. Coleman, The uses of instantons, Subnucl. Ser. 15 (1979) 805.

[5] A.A. Belavin, A.M. Polyakov, A.S. Schwartz and Y.S. Tyupkin, Pseudoparticle solutions of
the Yang-Mills equations, Phys. Lett. B 59 (1975) 85 InSPIRE].

[6] R. Jackiw and C. Rebbi, Vacuum periodicity in o Yang-Mills quantum theory, Phys. Rev.
Lett. 37 (1976) 172 [INSPIRE].

[7] C.G. Callan Jr., R.F. Dashen and D.J. Gross, The structure of the gauge theory vacuum,
Phys. Lett. B 63 (1976) 334 [INSPIRE].

[8] V.A. Rubakov and M.E. Shaposhnikov, Electroweak baryon number nonconservation in the
early universe and in high-energy collisions, Usp. Fiz. Nauk 166 (1996) 493 [Phys. Usp. 39
(1996) 461] [hep-ph/9603208] [INSPIRE].

[9] M.B. Voloshin, On strong high-energy scattering in theories with weak coupling, Phys. Rev. D
43 (1991) 1726 [INSPIRE].

[10] D.T. Son, Semiclassical approach for multiparticle production in scalar theories, Nucl. Phys.
B 477 (1996) 378 [hep-ph/9505338] [iNSPIRE].

[11] M.V. Libanov, V.A. Rubakov and S.V. Troitsky, Multiparticle processes and semiclassical
analysis in bosonic field theories, Phys. Part. Nucl. 28 (1997) 217 [INSPIRE].

[12] S. Yu. Khlebnikov, Semiclassical approach to multiparticle production, Phys. Lett. B 282
(1992) 459 [INSPIRE].

[13] D. Diakonov and V. Petrov, Nonperturbative isotropic multiparticle production in Yang-Mills
theory, Phys. Rev. D 50 (1994) 266 [hep-ph/9307356] [INSPIRE].

[14] T. Banks, G.R. Farrar, M. Dine, D. Karabali and B. Sakita, Weak interactions are weak at
high-energies, Nucl. Phys. B 347 (1990) 581 [INSPIRE].

[15] V.I. Zakharov, High-energy production of scalar bosons in weak coupling theories, Phys. Rev.
Lett. 67 (1991) 3650 [INSPIRE].

[16] V.I. Zakharov, Unitarity constraints on multiparticle weak production, Nucl. Phys. B 353
(1991) 683 [NSPIRE].

[17] G. Veneziano, Bound on reliable one instanton cross-sections, Mod. Phys. Lett. A 7 (1992)
1661 [INSPIRE].

[18] M. Maggiore and M.A. Shifman, Multi-instantons at high-energies: premature unitarization

and supercritical behavior, Phys. Rev. D 46 (1992) 3550 [INSPIRE].

— 492 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1016/0370-2693(77)90099-5
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B67,186"
http://dx.doi.org/10.1103/PhysRevD.15.2929
http://dx.doi.org/10.1103/PhysRevD.15.2929
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D15,2929"
http://dx.doi.org/10.1016/0370-2693(75)90163-X
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B59,85"
http://dx.doi.org/10.1103/PhysRevLett.37.172
http://dx.doi.org/10.1103/PhysRevLett.37.172
http://inspirehep.net/search?p=find+J+"Phys.Rev.Lett.,37,172"
http://dx.doi.org/10.1016/0370-2693(76)90277-X
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B63,334"
http://dx.doi.org/10.1070/PU1996v039n05ABEH000145
http://arxiv.org/abs/hep-ph/9603208
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9603208
http://dx.doi.org/10.1103/PhysRevD.43.1726
http://dx.doi.org/10.1103/PhysRevD.43.1726
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D43,1726"
http://dx.doi.org/10.1016/0550-3213(96)00386-0
http://dx.doi.org/10.1016/0550-3213(96)00386-0
http://arxiv.org/abs/hep-ph/9505338
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9505338
http://dx.doi.org/10.1134/1.953038
http://inspirehep.net/search?p=find+J+"Phys.Part.Nucl.,28,217"
http://dx.doi.org/10.1016/0370-2693(92)90669-U
http://dx.doi.org/10.1016/0370-2693(92)90669-U
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B282,459"
http://dx.doi.org/10.1103/PhysRevD.50.266
http://arxiv.org/abs/hep-ph/9307356
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9307356
http://dx.doi.org/10.1016/0550-3213(90)90376-O
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B347,581"
http://dx.doi.org/10.1103/PhysRevLett.67.3650
http://dx.doi.org/10.1103/PhysRevLett.67.3650
http://inspirehep.net/search?p=find+J+"Phys.Rev.Lett.,67,3650"
http://dx.doi.org/10.1016/0550-3213(91)90322-O
http://dx.doi.org/10.1016/0550-3213(91)90322-O
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B353,683"
http://dx.doi.org/10.1142/S021773239200135X
http://dx.doi.org/10.1142/S021773239200135X
http://inspirehep.net/search?p=find+J+"Mod.Phys.Lett.,A7,1661"
http://dx.doi.org/10.1103/PhysRevD.46.3550
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D46,3550"

[19]

[20]

[21]

[22]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

M.B. Voloshin, Catalyzed decay of false vacuum in four-dimensions, Phys. Rev. D 49 (1994)
2014 [hep-ph/9309237] [INSPIRE].

A.N. Kuznetsov and P.G. Tinyakov, False vacuum decay induced by particle collisions, Phys.
Rev. D 56 (1997) 1156 [hep-ph/9703256] [INSPIRE].

F.L. Bezrukov, D. Levkov, C. Rebbi, V.A. Rubakov and P. Tinyakov, Semiclassical study of
baryon and lepton number violation in high-energy electroweak collisions, Phys. Rev. D 68
(2003) 036005 [hep-ph/0304180] [INSPIRE].

F.L. Bezrukov, D. Levkov, C. Rebbi, V.A. Rubakov and P. Tinyakov, Suppression of baryon
number violation in electroweak collisions: numerical results, Phys. Lett. B 574 (2003) 75
[hep-ph/0305300] [INSPIRE].

D.G. Levkov and S.M. Sibiryakov, Induced tunneling in QFT: soliton creation in collisions of
highly energetic particles, Phys. Rev. D 71 (2005) 025001 [hep-th/0410198] [INSPIRE].

D. Levkov and S. Sibiryakov, Real-time instantons and suppression of collision-induced
tunneling, JETP Lett. 81 (2005) 53 [hep-th/0412253] [Pisma Zh. Eksp. Teor. Fiz. 81 (2005)
60] [INSPIRE].

S. Demidov and D. Levkov, High-energy limit of collision-induced false vacuum decay, JHEP
06 (2015) 123 [arXiv:1503.06339] [INSPIRE].

V.A. Kuzmin, V.A. Rubakov and M.E. Shaposhnikov, On the anomalous electroweak baryon
number nonconservation in the early universe, Phys. Lett. B 155 (1985) 36 [INSPIRE].

A. Riotto and M. Trodden, Recent progress in baryogenesis, Ann. Rev. Nucl. Part. Sci. 49
(1999) 35 [hep-ph/9901362] [INSPIRE].

V. Krive and A.D. Linde, On the vacuum stability problem in gauge theories, Nucl. Phys. B
117 (1976) 265 INSPIRE].

N.V. Krasnikov, Restriction of the fermion mass in gauge theories of weak and
electromagnetic interactions, Yad. Fiz. 28 (1978) 549 [INSPIRE].

G. Degrassi et al., Higgs mass and vacuum stability in the standard model at NNLO, JHEP
08 (2012) 098 [arXiv:1205.6497] [INSPIRE].

D. Buttazzo et al., Investigating the near-criticality of the Higgs boson, JHEP 12 (2013) 089
[arXiv:1307.3536] [INSPIRE].

V. Branchina and E. Messina, Stability, Higgs boson mass and new physics, Phys. Rev. Lett.
111 (2013) 241801 [arXiv:1307.5193] [INSPIRE].

V. Branchina and E. Messina, Stability and UV completion of the standard model,
arXiv:1507.08812 [iNSPIRE].

F. Bezrukov and M. Shaposhnikov, Why should we care about the top quark Yukawa
coupling?, J. Exp. Theor. Phys. 120 (2015) 335 [Zh. Eksp. Teor. Fiz. 147 (2015) 389
[arXiv:1411.1923] [INSPIRE].

A.V. Bednyakov, B.A. Kniehl, A.F. Pikelner and O.L. Veretin, Stability of the electroweak
vacuum: gauge independence and advanced precision, arXiv:1507.08833 [INSPIRE].

A. Ringwald, High-energy breakdown of perturbation theory in the electroweak instanton
sector, Nucl. Phys. B 330 (1990) 1 [INSPIRE].

43 —


http://dx.doi.org/10.1103/PhysRevD.49.2014
http://dx.doi.org/10.1103/PhysRevD.49.2014
http://arxiv.org/abs/hep-ph/9309237
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9309237
http://dx.doi.org/10.1103/PhysRevD.56.1156
http://dx.doi.org/10.1103/PhysRevD.56.1156
http://arxiv.org/abs/hep-ph/9703256
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9703256
http://dx.doi.org/10.1103/PhysRevD.68.036005
http://dx.doi.org/10.1103/PhysRevD.68.036005
http://arxiv.org/abs/hep-ph/0304180
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0304180
http://dx.doi.org/10.1016/j.physletb.2003.09.015
http://arxiv.org/abs/hep-ph/0305300
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0305300
http://dx.doi.org/10.1103/PhysRevD.71.025001
http://arxiv.org/abs/hep-th/0410198
http://inspirehep.net/search?p=find+EPRINT+hep-th/0410198
http://dx.doi.org/10.1134/1.1887914
http://arxiv.org/abs/hep-th/0412253
http://inspirehep.net/search?p=find+EPRINT+hep-th/0412253
http://dx.doi.org/10.1007/JHEP06(2015)123
http://dx.doi.org/10.1007/JHEP06(2015)123
http://arxiv.org/abs/1503.06339
http://inspirehep.net/search?p=find+EPRINT+arXiv:1503.06339
http://dx.doi.org/10.1016/0370-2693(85)91028-7
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B155,36"
http://dx.doi.org/10.1146/annurev.nucl.49.1.35
http://dx.doi.org/10.1146/annurev.nucl.49.1.35
http://arxiv.org/abs/hep-ph/9901362
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9901362
http://dx.doi.org/10.1016/0550-3213(76)90573-3
http://dx.doi.org/10.1016/0550-3213(76)90573-3
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B117,265"
http://inspirehep.net/search?p=find+J+"Yad.Fiz.,28,549"
http://dx.doi.org/10.1007/JHEP08(2012)098
http://dx.doi.org/10.1007/JHEP08(2012)098
http://arxiv.org/abs/1205.6497
http://inspirehep.net/search?p=find+EPRINT+arXiv:1205.6497
http://dx.doi.org/10.1007/JHEP12(2013)089
http://arxiv.org/abs/1307.3536
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.3536
http://dx.doi.org/10.1103/PhysRevLett.111.241801
http://dx.doi.org/10.1103/PhysRevLett.111.241801
http://arxiv.org/abs/1307.5193
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.5193
http://arxiv.org/abs/1507.08812
http://inspirehep.net/search?p=find+EPRINT+arXiv:1507.08812
http://dx.doi.org/10.1134/S1063776115030152
http://arxiv.org/abs/1411.1923
http://inspirehep.net/search?p=find+EPRINT+arXiv:1411.1923
http://arxiv.org/abs/1507.08833
http://inspirehep.net/search?p=find+EPRINT+arXiv:1507.08833
http://dx.doi.org/10.1016/0550-3213(90)90300-3
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B330,1"

[37]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

O. Espinosa, High-energy behavior of baryon and lepton number violating scattering
amplitudes and breakdown of unitarity in the standard model, Nucl. Phys. B 343 (1990) 310
[INSPIRE].

P.G. Tinyakov, Instanton like transitions in high-energy collisions, Int. J. Mod. Phys. A 8
(1993) 1823 [INSPIRE].

D.E. Morrissey, T.M.P. Tait and C.E.M. Wagner, Proton lifetime and baryon number
violating signatures at the CERN LHC in gauge extended models, Phys. Rev. D 72 (2005)
095003 [hep-ph/0508123] [INSPIRE].

A K. Drukier and S. Nussinov, Monopole pair creation in energetic collisions: is it possible?,
Phys. Rev. Lett. 49 (1982) 102 [INSPIRE].

C. Papageorgakis and A.B. Royston, Rewvisiting soliton contributions to perturbative
amplitudes, JHEP 09 (2014) 128 [arXiv:1404.0016] [INSPIRE].

T. Romanczukiewicz, Creation of kink and antikink pairs forced by radiation, J. Phys. A 39
(2006) 3479 [hep-th/0501066] [INSPIRE].

S. Dutta, D.A. Steer and T. Vachaspati, Creating kinks from particles, Phys. Rev. Lett. 101
(2008) 121601 [arXiv:0803.0670] INSPIRE].

T. Romanczukiewicz and Ya. Shnir, Oscillon resonances and creation of kinks in particle
collisions, Phys. Rev. Lett. 105 (2010) 081601 [arXiv:1002.4484] INSPIRE].

A.M. H.H. Abdelhady and H. Weigel, Wave-packet scattering off the kink-solution, Int. J.
Mod. Phys. A 26 (2011) 3625 [arXiv:1106.3497] [INSPIRE].

T. Vachaspati, Soliton creation with a twist, Phys. Rev. D 84 (2011) 125003
[arXiv:1109.1065] [iNSPIRE].

H. Lamm and T. Vachaspati, Numerical exploration of soliton creation, Phys. Rev. D 87
(2013) 065018 [arXiv:1301.4980] [INSPIRE].

N.S. Manton, The force between 't Hooft-Polyakov monopoles, Nucl. Phys. B 126 (1977) 525
[INSPIRE].

S.V. Demidov and D.G. Levkov, Soliton-antisoliton pair production in particle collisions,
Phys. Rev. Lett. 107 (2011) 071601 [arXiv:1103.0013] [INSPIRE].

A. Monin and M.B. Voloshin, Photon-stimulated production of electron-positron pairs in
electric field, Phys. Rev. D 81 (2010) 025001 [arXiv:0910.4762] [INSPIRE].

A. Monin and M.B. Voloshin, Semiclassical calculation of photon-stimulated Schwinger pair
creation, Phys. Rev. D 81 (2010) 085014 [arXiv:1001.3354] [INSPIRE].

G.’t Hooft, Magnetic monopoles in unified gauge theories, Nucl. Phys. B 79 (1974) 276
[INSPIRE].

A.M. Polyakov, Particle spectrum in the quantum field theory, JETP Lett. 20 (1974) 194
[Pisma Zh. Eksp. Teor. Fiz. 20 (1974) 430] [INSPIRE].

R. Rajaraman, Solitons and instantons. An introduction to solitons and instantons in
quantum field theory, Noth-Holland, Amsterdam The Netherlands (1982).

LK. Affleck and N.S. Manton, Monopole pair production in a magnetic field, Nucl. Phys. B
194 (1982) 38 [INSPIRE].

— 44 —


http://dx.doi.org/10.1016/0550-3213(90)90473-Q
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B343,310"
http://dx.doi.org/10.1142/S0217751X93000771
http://dx.doi.org/10.1142/S0217751X93000771
http://inspirehep.net/search?p=find+J+"Int.J.Mod.Phys.,A8,1823"
http://dx.doi.org/10.1103/PhysRevD.72.095003
http://dx.doi.org/10.1103/PhysRevD.72.095003
http://arxiv.org/abs/hep-ph/0508123
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0508123
http://dx.doi.org/10.1103/PhysRevLett.49.102
http://inspirehep.net/search?p=find+J+"Phys.Rev.Lett.,49,102"
http://dx.doi.org/10.1007/JHEP09(2014)128
http://arxiv.org/abs/1404.0016
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.0016
http://dx.doi.org/10.1088/0305-4470/39/13/022
http://dx.doi.org/10.1088/0305-4470/39/13/022
http://arxiv.org/abs/hep-th/0501066
http://inspirehep.net/search?p=find+EPRINT+hep-th/0501066
http://dx.doi.org/10.1103/PhysRevLett.101.121601
http://dx.doi.org/10.1103/PhysRevLett.101.121601
http://arxiv.org/abs/0803.0670
http://inspirehep.net/search?p=find+EPRINT+arXiv:0803.0670
http://dx.doi.org/10.1103/PhysRevLett.105.081601
http://arxiv.org/abs/1002.4484
http://inspirehep.net/search?p=find+EPRINT+arXiv:1002.4484
http://dx.doi.org/10.1142/S0217751X11054012
http://dx.doi.org/10.1142/S0217751X11054012
http://arxiv.org/abs/1106.3497
http://inspirehep.net/search?p=find+EPRINT+arXiv:1106.3497
http://dx.doi.org/10.1103/PhysRevD.84.125003
http://arxiv.org/abs/1109.1065
http://inspirehep.net/search?p=find+EPRINT+arXiv:1109.1065
http://dx.doi.org/10.1103/PhysRevD.87.065018
http://dx.doi.org/10.1103/PhysRevD.87.065018
http://arxiv.org/abs/1301.4980
http://inspirehep.net/search?p=find+EPRINT+arXiv:1301.4980
http://dx.doi.org/10.1016/0550-3213(77)90294-2
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B126,525"
http://dx.doi.org/10.1103/PhysRevLett.107.071601
http://arxiv.org/abs/1103.0013
http://inspirehep.net/search?p=find+EPRINT+arXiv:1103.0013
http://dx.doi.org/10.1103/PhysRevD.81.025001
http://arxiv.org/abs/0910.4762
http://inspirehep.net/search?p=find+EPRINT+arXiv:0910.4762
http://dx.doi.org/10.1103/PhysRevD.81.085014
http://arxiv.org/abs/1001.3354
http://inspirehep.net/search?p=find+EPRINT+arXiv:1001.3354
http://dx.doi.org/10.1016/0550-3213(74)90486-6
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B79,276"
http://inspirehep.net/search?p=find+J+"JETPLett.,20,194"
http://dx.doi.org/10.1016/0550-3213(82)90511-9
http://dx.doi.org/10.1016/0550-3213(82)90511-9
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B194,38"

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

(73]

[74]

A.K. Monin and A.V. Zayakin, Monopole decay in a variable external field, JETP Lett. 84
(2006) 5 [hep-ph/0605079] [INSPIRE].

A K. Monin and A.V. Zayakin, Nonperturbative decay of a monopole: the semiclassical
preexponential factor, Phys. Rev. D 75 (2007) 065029 [hep-th/0611038] [INSPIRE].

A K. Monin and A.V. Zayakin, Semiclassical treatment of induced Schwinger processes at
finite temperature, JETP Lett. 87 (2008) 709 [arXiv:0803.1022] [INSPIRE].

V.A. Rubakov, D.T. Son and P.G. Tinyakov, Classical boundary value problem for instanton
transitions at high-energies, Phys. Lett. B 287 (1992) 342 [iINSPIRE].

S.V. Iordanskii and L.P. Pitaevskii, Multiphoton boundary of the excitation spectrum in He
II, Sov. Phys. JETP 49 (1979) 386 [Zh. Eksp. Teor. Fiz. 76 (1979) 769].

P.G. Tinyakov, Multiparticle instanton induced processes and B wviolation in high-energy
collisions, Phys. Lett. B 284 (1992) 410 [INSPIRE].

A.H. Mueller, Comparing two particle and multiparticle initiated processes in the one
instanton sector, Nucl. Phys. B 401 (1993) 93 [INSPIRE].

G.F. Bonini, A.G. Cohen, C. Rebbi and V.A. Rubakov, The semiclassical description of
tunneling in scattering with multiple degrees of freedom, Phys. Rev. D 60 (1999) 076004
[hep-ph/9901226] [INSPIRE].

D.G. Levkov, A.G. Panin and S.M. Sibiryakov, Signatures of unstable semiclassical
trajectories in tunneling, arXiv:0811.3391 [INSPIRE].

M.B. Voloshin and K.G. Selivanov, On particle induced decay of metastable vacuum (in
Russian), Yad. Fiz. 44 (1986) 1336 [InSPIRE].

M.B. Voloshin, An illustrative model for nonperturbative scattering in theories with weak
coupling, Nucl. Phys. B 363 (1991) 425 [INSPIRE].

A. Monin and M.B. Voloshin, Semiclassical calculation of an induced decay of false vacuum,
arXiv:1004.2015 [INSPIRE).

S.V. Demidov and D.G. Levkov, Soliton pair creation in classical wave scattering, JHEP 06
(2011) 016 [arXiv:1103.2133] [INSPIRE].

C. Rebbi and R.L. Singleton Jr., Computational study of baryon number violation in
high-energy electroweak collisions, Phys. Rev. D 54 (1996) 1020 [hep-ph/9601260] [INSPIRE].

V.A. Rubakov, D.T. Son and P.G. Tinyakov, Initial state independence of nonperturbative
scattering through thin wall bubbles in (1 4 1)-dimensions, Phys. Lett. B 278 (1992) 279
[INSPIRE].

V.G. Kiselev, The Fualse vacuum decay induced by a two particle collision in two-dimensions,

Phys. Rev. D 45 (1992) 2929 [InSPIRE].

C. Rebbi and R.L. Singleton, Jr, Numerical approaches to high-energy electroweak baryon
number violation above and below the sphaleron barrier, hep-ph/9706424 [INSPIRE].

S. Yu. Khlebnikov, V.A. Rubakov and P.G. Tinyakov, Periodic instantons and scattering
amplitudes, Nucl. Phys. B 367 (1991) 334 [InSPIRE].

F.L. Bezrukov and D. Levkov, Transmission through a potential barrier in quantum
mechanics of multiple degrees of freedom: Complex way to the top, quant-ph/0301022
[INSPIRE].

45 —


http://dx.doi.org/10.1134/S0021364006130029
http://dx.doi.org/10.1134/S0021364006130029
http://arxiv.org/abs/hep-ph/0605079
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0605079
http://dx.doi.org/10.1103/PhysRevD.75.065029
http://arxiv.org/abs/hep-th/0611038
http://inspirehep.net/search?p=find+EPRINT+hep-th/0611038
http://dx.doi.org/10.1134/S0021364008110040
http://arxiv.org/abs/0803.1022
http://inspirehep.net/search?p=find+EPRINT+arXiv:0803.1022
http://dx.doi.org/10.1016/0370-2693(92)90994-F
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B287,342"
http://dx.doi.org/10.1016/0370-2693(92)90453-B
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B284,410"
http://dx.doi.org/10.1016/0550-3213(93)90299-5
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B401,93"
http://dx.doi.org/10.1103/PhysRevD.60.076004
http://arxiv.org/abs/hep-ph/9901226
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9901226
http://arxiv.org/abs/0811.3391
http://inspirehep.net/search?p=find+EPRINT+arXiv:0811.3391
http://inspirehep.net/search?p=find+J+"Yad.Fiz.,44,1336"
http://dx.doi.org/10.1016/0550-3213(91)80028-K
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B363,425"
http://arxiv.org/abs/1004.2015
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.2015
http://dx.doi.org/10.1007/JHEP06(2011)016
http://dx.doi.org/10.1007/JHEP06(2011)016
http://arxiv.org/abs/1103.2133
http://inspirehep.net/search?p=find+EPRINT+arXiv:1103.2133
http://dx.doi.org/10.1103/PhysRevD.54.1020
http://arxiv.org/abs/hep-ph/9601260
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9601260
http://dx.doi.org/10.1016/0370-2693(92)90193-8
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B278,279"
http://dx.doi.org/10.1103/PhysRevD.45.2929
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D45,2929"
http://arxiv.org/abs/hep-ph/9706424
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9706424
http://dx.doi.org/10.1016/0550-3213(91)90020-X
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B367,334"
http://arxiv.org/abs/quant-ph/0301022
http://inspirehep.net/search?p=find+EPRINT+quant-ph/0301022

[75]

[80]

[81]

[82]

F.L. Bezrukov and D. Levkov, Dynamical tunneling of bound systems through a potential
barrier: complex way to the top, J. Exp. Theor. Phys. 98 (2004) 820 [Zh. Eksp. Teor. Fiz.
125 (2004) 938] [quant-ph/0312144] [nSPIRE].

D.G. Levkov, A.G. Panin and S.M. Sibiryakov, Unstable semiclassical trajectories in
tunneling, Phys. Rev. Lett. 99 (2007) 170407 [arXiv:0707.0433] INSPIRE].

D.K. Campbell, J.F. Schonfeld and C.A. Wingate, Resonance structure in kink-antikink
interactions in ¢* theory, Physica 9D (1983) 1.

P. Anninos, S. Oliveira and R.A. Matzner, Fractal structure in the scalar M\(¢? — 1)? theory,
Phys. Rev. D 44 (1991) 1147 xSPIRE].

O. Bohigas, S. Tomsovic and D. Ullmo, Manifestations of classical phase space structures in
quantum mechanics, Phys. Rept. 223 (1993) 43 [INSPIRE].

A. Shudo and K.S. Tkeda, Complex classical trajectories and chaotic tunneling,
Phys. Rev. Lett. 74 (1995) 682.

A. Shudo and K.S. Tkeda, Stokes phenomenon in chaotic systems: pruning trees of complex
paths with principle of exponential dominance, Phys. Rev. Lett. 76 (1996) 4151.

T. Onishi, A. Shudo, K.S. Tkeda and K. Takahashi, Tunneling mechanism due to chaos in a
complex phase space, Phys. Rev. E 64 (2001) 025201 [n1in/0105067].

T. Onishi, A. Shudo, K.S. Ikeda and K. Takahashi, Semiclassical study on tunneling
processes via complez-domain chaos, Phys. Rev. E 68 (2003) 056211 [n1in/0301004].

K. Takahashi and K.S. Ikeda, Complez-classical mechanism of the tunnelling process in
strongly coupled 1.5-dimensional barrier systems, J. Phys. A 36 (2003) 7953.

K. Takahashi and K.S. Ikeda, An intrinsic multi-dimensional mechanism of barrier
tunneling, Europhys. Lett. 71 (2005) 193.

K. Takahashi and K.S. Tkeda, Anomalously long passage through a rounded-off-step potential
due to a new mechanism of multidimensional tunneling, Phys. Rev. Lett. 97 (2006) 240403.

K. Takahashi and K.S. Ikeda, A plateau structure in the tunnelling spectrum as a
manifestation of a new tunnelling mechanism in multi-dimensional barrier systems, J. Phys.
A 41 (2008) 095101.

D.G. Levkov, A.G. Panin and S.M. Sibiryakov, Complex trajectories in chaotic dynamical
tunneling, Phys. Rev. E 76 (2007) 046209 [n1in/0701063].

P. Dorey, K. Mersh, T. Romanczukiewicz and Y. Shnir, Kink-antikink collisions in the ¢°
model, Phys. Rev. Lett. 107 (2011) 091602 [arXiv:1101.5951] [INSPIRE].

W.H. Press et al., Numerical recipes: the art of scientific computing, Cambridge University
Press, Cambridge U.K. (2007).

B.I. Ivlev and V.I. Mel'nikov, Tunneling and activated motion of a string across a potential
barrier, Phys. Rev. B 36 (1987) 6889 INSPIRE].

J. Garriga, Instantons for vacuum decay at finite temperature in the thin wall limit, Phys.
Rev. D 49 (1994) 5497 [hep-th/9401020] [IxSPIRE].

D. Yu. Grigoriev and V.A. Rubakov, Soliton pair creation at finite temperatures. Numerical
study in (1 + 1) dimensions, Nucl. Phys. B 299 (1988) 67 [INSPIRE].

— 46 —


http://dx.doi.org/10.1134/1.1757681
http://arxiv.org/abs/quant-ph/0312144
http://inspirehep.net/search?p=find+EPRINT+quant-ph/0312144
http://dx.doi.org/10.1103/PhysRevLett.99.170407
http://arxiv.org/abs/0707.0433
http://inspirehep.net/search?p=find+EPRINT+arXiv:0707.0433
http://dx.doi.org/10.1103/PhysRevD.44.1147
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D44,1147"
http://dx.doi.org/10.1016/0370-1573(93)90109-Q
http://inspirehep.net/search?p=find+J+"Phys.Rept.,223,43"
http://dx.doi.org/10.1103/PhysRevLett.74.682
http://dx.doi.org/10.1103/PhysRevLett.76.4151
http://dx.doi.org/10.1103/PhysRevE.64.025201http://dx.doi.org/10.1103/PhysRevE.64.025201
http://arxiv.org/abs/nlin/0105067
http://dx.doi.org/10.1103/PhysRevE.68.056211
http://arxiv.org/abs/nlin/0301004
http://dx.doi.org/10.1088/0305-4470/36/29/305
http://dx.doi.org/10.1209/epl/i2004-10538-1
http://dx.doi.org/10.1103/PhysRevLett.97.240403
http://dx.doi.org/10.1088/1751-8113/41/9/095101
http://dx.doi.org/10.1088/1751-8113/41/9/095101
http://dx.doi.org/10.1103/PhysRevE.76.046209
http://arxiv.org/abs/nlin/0701063
http://dx.doi.org/10.1103/PhysRevLett.107.091602
http://arxiv.org/abs/1101.5951
http://inspirehep.net/search?p=find+EPRINT+arXiv:1101.5951
http://dx.doi.org/10.1103/PhysRevB.36.6889
http://inspirehep.net/search?p=find+J+"Phys.Rev.,B36,6889"
http://dx.doi.org/10.1103/PhysRevD.49.5497
http://dx.doi.org/10.1103/PhysRevD.49.5497
http://arxiv.org/abs/hep-th/9401020
http://inspirehep.net/search?p=find+EPRINT+hep-th/9401020
http://dx.doi.org/10.1016/0550-3213(88)90466-X
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B299,67"

[94] D.G. Levkov and A.G. Panin, Long quantum transition times due to unstable semiclassical
dynamics, Phys. Rev. A 80 (2009) 052110 [arXiv:0903.3916].

[95] F. Bezrukov, D. Levkov and S. Sibiryakov, Semiclassical S-matriz for black holes,
arXiv:1503.07181 [INSPIRE].

[96] 1. Affleck, On constrained instantons, Nucl. Phys. B 191 (1981) 429 [InSPIRE].

[97] M.V. Berry and K.E. Mount, Semiclassical approximations in wave mechanics, Rept. Prog.
Phys. 35 (1972) 315 [INSPIRE].

[98] D.G. Levkov, A.G. Panin and S.M. Sibiryakov, On the over-barrier reflection in quantum
mechanics with multiple degrees of freedom, Phys. Rev. A 76 (2007) 032114
[arXiv:0704.0409] [iNSPIRE].

[99] D.S. Gorbunov et al., Valerii Anatol’evich Rubakov (on his 60th birthday), Phys. Usp. 58
(2015) 202 [Usp. Fiz. Nauk 185 (2015) 221].

[100] L.D. Faddeev and A.A. Slavnov, Gauge fields: an introduction to quantum theory, Frontiers
in Physics, Westview Press (1993).

47 —


http://dx.doi.org/10.1103/PhysRevA.80.052110
http://arxiv.org/abs/0903.3916
http://arxiv.org/abs/1503.07181
http://inspirehep.net/search?p=find+EPRINT+arXiv:1503.07181
http://dx.doi.org/10.1016/0550-3213(81)90307-2
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B191,429"
http://dx.doi.org/10.1088/0034-4885/35/1/306
http://dx.doi.org/10.1088/0034-4885/35/1/306
http://inspirehep.net/search?p=find+"Prog.Phys.,35,315"
http://dx.doi.org/10.1103/PhysRevA.76.032114
http://arxiv.org/abs/0704.0409
http://inspirehep.net/search?p=find+EPRINT+arXiv:0704.0409

	Introduction
	The semiclassical boundary value problem
	Numerical methods
	Choosing the potential
	Discretization
	Fixing the time translations
	Solving the equations

	Numerical results
	Periodic instantons
	Solutions below E(cb)
	Going to E>E(cb)
	Classical over-barrier transitions
	Soliton-antisoliton production: delta rho to 0
	Two-particle processes

	Concluding remarks
	Deriving the equations
	Lattice formulation
	Tests of the numerical procedure
	Solving the linear system
	Thin-wall approximation

