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ABSTRACT: In this article we unravel the role of matter effect in neutrino oscillation in
the presence of lepton-flavor-conserving, non-universal non-standard interactions (NSI’s) of
the neutrino. Employing the Jacobi method, we derive approximate analytical expressions
for the effective mass-squared differences and mixing angles in matter. It is shown that,
within the effective mixing matrix, the Standard Model (SM) W-exchange interaction only
affects 615 and 013, while the flavor-diagonal NSI’s only affect 623. The CP-violating phase
0 remains unaffected. Using our simple and compact analytical approximation, we study
the impact of the flavor-diagonal NSI’s on the neutrino oscillation probabilities for various
appearance and disappearance channels. At higher energies and longer baselines, it is found
that the impact of the NSI’s can be significant in the v, — v, channel, which can probed
in future atmospheric neutrino experiments, if the NSI's are of the order of their current
upper bounds. Our analysis also enables us to explore the possible degeneracy between the
octant of f23 and the sign of the NSI parameter for a given choice of mass hierarchy in a
simple manner.
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1 Introduction and motivation

The recent measurement of the moderately large value of the 1-3 mixing angle [1-11],
quite close to its previous upper limit [12, 13], strongly validates the standard three-flavor
oscillation model of neutrinos [14, 15], which has been quite successful in explaining all
the neutrino oscillation data available so far [16-18], except for a few anomalies observed
at very-short-baseline experiments [19]. This fairly large value of 013 greatly enhances the
role of matter effects! [21-23] in currently running and upcoming long-baseline [24-26] and
atmospheric [27-30] neutrino oscillation experiments aimed at determining the remaining
fundamental unknowns, in particular, the neutrino mass hierarchy,? possible presence of
a CP-violating phase J, and the octant ambiguity of 6o [31] if the 2-3 mixing angle is
non-maximal. A clear understanding of the sub-leading three-flavor effects [32, 33] in the
neutrino oscillation probabilities in matter is mandatory to achieve the above goals.

Furthermore, in addition to the Standard Model (SM) W-exchange interaction, vari-
ous models of physics beyond the SM predict non-standard interactions (NSI) of the neu-
trino [21, 34-37], which could affect neutrino propagation through matter. Indeed, such
NSI's? arise naturally in many neutrino-mass models [40-55] which attempt to explain the
small neutrino masses and the relatively large neutrino mixing angles, as suggested by
current oscillation data [16-18], as well as in many other models to be discussed in a later
section. Thus, understanding how the presence of NSI’s would affect the three-flavor neu-
trino oscillation probabilities in matter is crucial in extracting the fundamental unknowns
listed above, and also in searching for new-physics signatures in neutrino oscillation data.

While the three-flavor oscillation probabilities in matter can be calculated numerically
on a computer, with or without NSI'’s, and properly taking into account the changing
mass-density along the baseline, the computer program is a blackbox which does not offer
any deep understanding as to why the probabilities depend on the input parameters in
a particular way. If the mass-density along the baseline is approximated by an average
constant value, then exact analytical expressions for the three-flavor oscillation probabil-
ities can, in principle, be derived as was done for the SM case in refs. [56-59]. But even
for the SM case, the expressions are extremely lengthy and too complicated to yield much
physical insight. Thus, for the SM case, further approximations which simplify the ana-
lytic expressions while maintaining the essential physics have been developed by various
authors [60-71] to help us in this direction. Indeed, approximate analytical expressions of
the SM neutrino oscillation probabilities in constant-density matter have played important
roles in understanding the nature of the flavor transitions as functions of baseline L and/or
neutrino energy E [65-67, 69]. To obtain similar insights for the NSI case, approximate
analytical expressions for the three-flavor oscillation probabilities in constant-density mat-
ter in the presence of NSI's are called for. Once they have provided us with the intuition
we seek, on how and why the oscillation probabilities behave in a particular way, we can
then resort to numerical techniques to further refine the analysis, e.g. taking into account
the non-constant mass-density, if the need arises.

'For a recent review, see ref. [20].
2There are two possibilities: it can be either ‘normal’ if §m3; = m2 —m?2 > 0, or ‘inverted’ if §m3; < 0.
3Present status and future prospects of NSI’s are discussed in recent reviews [38, 39].



In previous works [68, 70], we looked at the matter effect on neutrino oscillation due to
the SM W-exchange interaction between the matter electrons and the propagating electron
neutrinos. Employing the Jacobi method [72], we showed that the said matter effects could
be absorbed into the ‘running’ of the effective mass-squared-differences, and the effective
mixing angles 612 and 613 in matter as functions of the parameter a = 2V2GrN.E , while
the effective values of 023 and the CP-violating phase § remained unaffected. Here, G
is the Fermi muon decay constant, N, is the electron density, and E is the energy of
the neutrino. The approximate neutrino oscillation probabilities were obtained by simply
replacing the oscillation parameters in the vacuum expressions for the probabilities with
their running in-matter counterparts.

This running-effective-parameter approach has several advantages over other ap-
proaches which approximate the neutrino oscillation probabilities directly. First, the re-
sulting expressions for the probabilities are strictly positive, which is not always the case
when the probabilities are directly expanded in some small parameter, and the series trun-
cated after a few terms. Second, the behavior of the oscillation probabilities as functions of
L and E can be understood easily as due to the running of the oscillation parameters with
a, as was shown in several examples in refs. [68, 70]. Third, as will be shown later, it is
very convenient in exploring possible correlations and degeneracies among the mass-mixing
parameters that may appear in matter in a non-trivial fashion.

In this paper, we extend our previous analysis and investigate how our conclusions are
modified in the presence of neutrino NSI’s of the form

o _
LNC-NSI = *22\/§GF5£5 (V" Prvg) (fyuPef) , (1.1)

aBf
where subscripts «, 8 = e, u, 7 label the neutrino flavor, f = e, u,d mark the matter

fermions, C = L, R denotes the chirality of the ff current, and 555 are dimensionless
quantities which parametrize the strengths of the interactions. The hermiticity of the
interaction demands

C Cyx
sga = (siﬁ) . (1.2)
For neutrino propagation through matter, the relevant combinations are
N N
- VA fL | fRY VY
fas = D fapy. = D (ch5+<15) N (1.3)
f:e,u,d € f:e,u,d €

where Ny denotes the density of fermion f. In this current work, we limit our investigation
to flavor-diagonal NSI's, that is, we only allow the e,3’s with o = 3 to be non-zero. The
case of flavor non-diagonal NSI's will be considered in a separate work [73].

In the following, we will show how the presence of such flavor-diagonal NSI’s affect
the running of the effective neutrino oscillation parameters (the mass-squared differences,
mixing angles, and CP-violating phase), and ultimately how they alter the oscillation
probabilities. We find that due to the expected smallness of the £,,’s as compared to the
SM W-exchange interaction, there is a clear separation in the ranges of a at which the
NST’s and the SM interaction are respectively relevant. Furthermore, within the effective



neutrino mixing matrix, the SM interaction only affects the running of 12 and 6,3, while
the flavor-diagonal NSI’s only affect the running of #23. The CP-violating phase § remains
unaffected and maintains its vacuum value.

We note that similar studies have been performed in the past by many authors e.g.
in refs. [69, 74-81]. This work differs from these existing works in the use of the Jacobi
method [72] to derive compact analytical formulae for the running effective mass-squared
differences and effective mixing angles, which provide a clear and simple picture of how
neutrino NSI’s affect neutrino oscillation. We also note that we have addressed the same
problem with a similar approach previously in refs. [82-85]. The current paper updates
these works by allowing for a non-maximal value of 23, a generic value of the CP-violating
phase ¢, a larger range of a, and refinements on how the matter effect is absorbed into the
running parameters.

This paper is organized as follows. We start section 2 with a discussion on neutrino
NSTI’s: how and where they arise, how they affect the propagation of the neutrinos in matter,
and show that the linear combinations relevant for neutrino oscillation are n = (¢, —€+-)/2
and ( = €ee — (eup + €77)/2. This is followed by a brief discussion on the theoretical
expectation for the sizes of these parameters, and their current experimental bounds. In
section 3, we use the Jacobi method to calculate how the NSI parameter n affects the
running of the effective mass-squared differences, effective mixing angles, and the effective
CP-violating phase as functions of @ = a(1+ () for the neutrinos. To check the accuracy of
our method, we also present a comparison between our approximate analytical probability
expressions and exact numerical calculations (for constant matter density) towards the end
of this section. Section 4 describes the advantages of our analytical probability expressions
to figure out the suitable testbeds to probe these NSI's of the neutrino. In this section, we
also present simple and compact analytical expressions exposing the possible correlations
and degeneracies between 23 and the NSI parameter 1 under such situations. Finally, we
summarize and draw our conclusions in section 5. The derivation of the running oscillation
parameters for the anti-neutrino case is relegated to appendix A where we also compare
our analytical results with exact numerical probabilities. In appendix B, we examine the
differences in the exact numerical probabilities with line-averaged constant Earth density
and varying Earth density profile for 8770 km and 10000 km baselines.

2 A brief tour of non-standard interactions of the neutrino

In this section, we first briefly discuss the various categories of models that give rise to
NST’s of neutrino.

2.1 Models that predict NSI’s of the neutrino

NSI's of the neutrino arise in a variety of beyond the Standard Model (BSM) scenar-
ios [38, 82—-86] via the direct tree-level exchange of new particles, or via flavor distinguishing
radiative corrections to the Zvv vertex [87-89], or indirectly via the non-unitarity of the
lepton mixing matrix [90]. BSM models which predict neutrino NSI's include:



1. Models with a generation distinguishing Z’ boson. This class includes gauged L. —L,,
and gauged L.— L, [91, 92], gauged B—aL.— 3L, —vL, (with a4+~ = 3) [89, 93—
97], and topcolor assisted technicolor [87, 98].

2. Models with leptoquarks [99-103] and/or bileptons [104]. These can be either scalar
or vector particles. This class includes various Grand Unification Theory (GUT)
models and extended technicolor (ETC) [105-107].

3. The Supersymmetric Standard Model with R-parity violation [88, 108-111]. The
super-partners of the SM particles play the role of the leptoquarks and bileptons of
class 2.

4. Extended Higgs models. This class includes the Zee model [52], the Zee-Babu
model [53, 112, 113}, and various models with SU(2) singlet [86, 114-117] and SU(2)
triplet Higgses [115, 118, 119], as well as the generation distinguishing Z’ models
listed under class 1.

5. Models with non-unitary neutrino mixing matrices [19, 90, 120-134]. Apparent non-
unitarity of the mixing matrix for the three light neutrino flavors would result when
it is part of a larger mixing matrix involving heavier and/or sterile fields.

Systematic studies of how NSI’s can arise in these, and other BSM theories can be found, for
instance, in refs. [38, 85, 86, 135]. Thus, the ability to detect NSI’s in neutrino experiments
would complement the direct searches for new particles at the LHC for a variety of BSM
models. Next, we focus our attention to see the role of lepton-flavor-conserving NSI’s when
neutrinos travel through the matter.

2.2 Lepton-flavor-conserving NSI’s

The NSI’s of eq. (1.3) modify the effective Hamiltonian for neutrino propagation in matter
in the flavor basis to

1 m% 0 O 1+ €ee €ep Eer
H==|Ul0mo Ul+a| €, eueur (2.1)
0 0 m3 Eer  Eur Err

where U is the vacuum Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [136-138], F
is the neutrino energy, the matter-effect parameter a is given by

_ _ 50172 P E
a = 2V2GpN.E = 7.6324 x 1075(eV?) <g/cm3) (GeV) . (2.2)

For Earth matter, we can assume N, =~ N,, = N, in which case N, =& Nq ~ 3N,. Therefore,

€aB = z-:fﬁ ~ 53/3—1—35354—36%. (2.3)

Since we restrict our attention to lepton-flavor-conserving NSI's in this paper, the

effective Hamiltonian in the flavor basis takes the form

) m? 0 0 l+ce 0 0
H==|U]|0mo Ultal 0 e 0] - (2.4)
0 O m§ 0 0 err



In the absence of off-diagonal terms, we can rewrite the matter effect matrix as follows:

l4+ee 0 0
0 ey O
0 0 err
1+see—w 0 0 o
_ 0 <€/J/J';€TT> 0 4 (6“#—2“57'7') 010
0 ET 001
1 0 0
Epp — ErT
—a(1+€ee_€llu—2i_877—) 0 ( 2 > 0

Euu — €
0 0 _ [ Zpe =TT
(53

+ O(g?) terms + unit matrix term , (2.5)

where we have assumed that the €’s are small compared to 1. Let

nzw, Czeee—w, (2.6)
and
a=a(l+). (2.7)
Note that the NSI parameter 7 introduced here is related to the parameter & which was
used in ref. [82] by

£
Thus, the effective Hamiltonian can be taken to be
) m2 0 0 10 0
H=_-|U 0m3 0|U'+alon 0 . (2.9)
0 0 m3 00 —n

Note that the n = 0 case simply replaces a with @ = a(1 + ¢) in the SM Hamiltonian.
Thus, the effective mass-squared differences, mixing angles, and CP-violating phase have
the same functional dependence on @ as they had on a in the SM case. In other words, a
non-zero ¢ simply rescales the value of a by a constant factor. The presence of a non-zero
7, on the other hand, requires us to diagonalize H with a different unitary matrix from
the n = 0 case, and this will introduce corrections to the effective oscillation parameters
beyond a simple rescaling of a. Next, we discuss the constraints that we have at present
on these NSI parameters.

2.3 Existing bounds on the NSI parameters

Before looking at the matter effect due to the neutrino NSI’s, let us first look at what is
currently known about the sizes of the ¢ ag’s and the combinations 1 = (g,, — &--)/2 and

(= €ece — (Eup +77)/2.



2.3.1 Theoretical expectation

Theoretically, the sizes of the NSI's are generically expected to be small since they are
putatively due to BSM physics at a much higher scale than the electroweak scale, or to
loop effects. If they arise from the tree level exchange of new particles of mass A, which
would be described by dimension six operators, we can expect the sig’s to be of order
O(M3,/A?). Loop effects involving a heavy particle of mass A would be further suppressed
by a factor of O(1/47) or more. Processes that lead to dimension eight operators would
be of order O(M;;,/A*). Thus, if we assume A = O(1TeV), we expect the Efg’s, and

consequently 1 and ¢, to be O(1073) or smaller.

2.3.2 Direct experimental bounds

Direct experimental bounds on the flavor-diagonal NSI parameters 6£g’s are available

from a variety of sources. These include vee scattering data from LAMPF [139] and
LSND [140], 7ge scattering data from the reactor experiments Irvine [141], Krasno-
yarsk [142], Rovno [143], MUNU [144], and Texono [145], v.q scattering data from
CHARM [146], v,e scattering data from CHARM II [147, 148], v,q scattering data
from NuTeV [149-151], eTe™ — vvy data from the LEP experiments ALEPH [152-154],
L3 [155-157] OPAL [158-161], and DELPHI [162], and neutrino oscillation data from
Super-Kamiokande [163], IceCube and DeepCore [164, 165], KamLAND [166], SNO [167],
and Borexino [168, 169]. These have been analyzed by various authors in refs. [170-192],
and collecting the results of the most recent analyses, we place the following 90% C.L.
bounds on the flavor-diagonal vectorial NSI couplings:

‘Eze‘ < 017 ’836‘ < 17 |€ge’ < 1,
g6, | < 0.04, et < 0.04, et | < 0.04, (2.10)
le¢.| < 0.6, lev | < 0.05, led | < 0.05.

Note that the current experimental bounds on the NSI couplings agg are weak compared

to the theoretical expectation of O(1073), the 90% C.L. upper bound on their absolute
values ranging from O(1072) to O(1). To combine these bounds into bounds on the g44’s,
we follow the procedure of ref. [183],

sl S y/legl2 + I3kl + 32402 | (2.11)

and find
lece] < 4, leuu] < 0.2, lerr] < 0.6. (2.12)

Neglecting possible correlations among these parameters, these bounds can again be com-
bined to yield

1 1
|77| < \/4‘6,&#’2_‘_ Z|€TT|2 = 03,

1 1
¢l < \/’566|2 + Z|5,uu|2 + Z|577’2 = 4. (2.13)



A tighter bound exists for  which has been obtained directly using solar and atmo-
spheric neutrino data in ref. [174], and more recently in ref. [193] using atmospheric and
MINOS data. In ref. [174], only NSI's with the d-quarks were considered and the following
30 (99.7% C.L.) bounds were obtained:*

—0.03 < &l <0.02,
ed, — e, < 0.05. (2.14)

TT

Since Ny = N, = 3N,, ref. [174] is actually constraining e,4/3, so this result can be
interpreted as

~0.09 < £,r < 0.06,
lepp — err| < 0.15. (2.15)

Rescaling to 1.640 (90% C.L.), we find

Epup — Er7

5 < 0.04. (2.16)

In| =

Ref. [193] gives slightly different 90% C.L. bounds of

leur| < 0.035,
|€pu — €rr| < 0.11, (2.17)
which translates to
| = w < 0.055. (2.18)

Thus, though 7 and (¢ are expected theoretically to be O(1073), their current 90% C.L.
experimental bounds are respectively ~0.05 and O(1).

3 Effective mixing angles and effective mass-squared differences — Neu-
trino case
3.1 Setup of the problem

As we have seen, in the presence of non-zero n and (, the effective Hamiltonian (times 2F)

for neutrino propagation in Earth matter is given by

I RSOl 00 0 100 00 0
Hy=U|0X 0|U =U|0dm} 0 |U+alo00|+an|01 0], (3.1
0 0 A3 0 0 &m3 000 00 -1

N’ N !
=M, =M,
E%O

“The notation used in ref. [174] is e = &, and ¢’ =%, — el .



Parameter Best-fit Value & 1o Range Benchmark Value
om3, (7.50 £0.185) x 107> eV? 7.50 x 107° eV?
dm3, (2.4775059) x 1072 eV? 2.47 x 1073 eV?

sin? fa3 0.4170058 @ 0.5900% 0.41
Bas/° 40.073% @ 50.4713

B3 /rad 0.698T5:957 @ 0.88070-02

sin? 619 0.30 +0.013 0.30
012/° 33.3+0.8

012 /rad 0.580 +0.014

sin? 013 0.023 £ 0.0023 0.023
O13/° 8.670 5

013 /rad 0.15 4 0.01
6/° 300195, 0
§/m 1.6710:37

Table 1. Second column shows the best-fit values and 1o uncertainties on the oscillation parameters
taken from ref. [194]. We use the values listed in the third column as benchmark values for which
we calculate our oscillation probabilities in this work.

where @ = a(1+(). The problem is to diagonalize H, = Ho+anM,, and find the eigenvalues

Ai (i =1,2,3) and the diagonalization matrix U as functions of & and 7.

To this end, we utilize the method used in refs. [68, 70] where approximate expressions
for the \;’s and U were derived for Hy, the n = 0 case, using the Jacobi method [72].
The Jacobi method entails diagonalizing 2 x 2 submatrices of a matrix in the order which
requires the the largest rotation angles until the off-diagonal elements are negligibly small.
In the case of Hy, it was discovered in refs. [68, 70] that two 2 x 2 rotations were sufficient
to render it approximately diagonal, and that these two rotation angles could be absorbed
into ‘running’ values of 12 and ;3. The procedure that we use in the following for H, is
to add on the anlM,, term to Hy after it is approximately diagonalized, and then proceed
with a third 2 x 2 rotation to rotate away the additional off-diagonal terms.

As the order parameter to evaluate the sizes of the off-diagonal elements, we use

~ 0.17, (3.2)

and consider Hy and H,, to be approximately diagonalized when the rotation angles required
for further diagonalization are of order €3 = 0.005 or smaller. Note that we are using a
slightly different epsilon (€) here to distinguish this quantity from the NSI’s (e43).

The eigenvalues A; (i = 1,2,3) and the diagonalization matrix U of H,, are necessarily
functions of & = 2v2GpN.E(1 + ¢). In order to parametrize the size of G, we find it



convenient to introduce the log-scale variable [68, 70]

a
g = —log, oma] (3.3)
so that & = dm3, corresponds to 8 = —2, and @ = |dm3;| corresponds to B = 0. In the
following, various quantities will be plotted as functions of .

Unless otherwise stated, we use the benchmark values of the various oscillation param-
eters as given in the third column of table 1 to draw our plots. These values are taken from
ref. [194] and correspond to the case in which reactor fluxes have been left free in the fit
and short-baseline reactor data with L < 100 m are included. For sin? 6,3, we consider the
benchmark value which lies in the lower octant and CP-violating phase d is assumed to be
zero. These choices of the oscillation parameters are well within their 3o allowed ranges
which are obtained in recent global fit analyses [16-18]. We also present results considering
other allowed values of sin? fs3 and § which we discuss in section 3.5. In the evaluation of
the sizes of the elements of the effective Hamiltonian, we will assume 613 ~ 0.15 = O(e),
cos(2012)/2 = 0.2 = O(e), and | cos(26023)| ~ 0.18 = O(e). We also assume that the NSI
parameter 7 is of order €2 = 0.03 (or smaller), since the current 90% C.L. (1.640) upper
bound on |n| was ~ 0.05, cf. egs. (2.16) and (2.18), though we allow it to be as large as 0.1

in our plots to enhance and make visible the effect of a non-zero 7.

3.2 Diagonalization of the effective Hamiltonian
3.2.1 Change to the mass eigenbasis in vacuum

Introducing the matrix
Qs = diag(1,1,€?) (3.4)

we begin by partially diagonalizing the Hamiltonian H, as

H) = QUTH,UQ;

0 0 0 100 00 0
—loom3 0 |+aQiut|ooo|UQs+anQiut|o1 0 |UQs, (3.5)
0 0 6&m3 000 00 -1
N’
M, M,
= M(;(9127013;923)J = Mé(012,013,923,6)
= H(’]

where
UaUer UsUe2 UG Ues
M (012,013, 023) = Qng UXUer UUe2 USU3 | Q3
U:3Uel U:3U62 U:3U63
clyCls  c128120%5 12013813
= 8128126%3 8%20%3 $12€13513 | > (3-6)

2
C12€13513 S12€13513 513

~10 -



and
UiUnt UpnUpa Ui Uns | [ URUn U2 Uy UZ Uz
M)(612,613,023,0) = QLS | UryUpt UioUpz UioUps | — | UkyUrt UlyUra UyUss | 3 Qs

T

sin(26012) sin(2623)s13 cos § + (839 — ¢35573) cos(2623)
= (S%Qe_i‘S - C%Qeié)slg sin(2693) — (1 + 5%3)812612 cos(2623)
—812C13 Sin(2923)6_i6 + €12513€13 COS(2923)

(5356 — 2,e7) 513810 (2093) — (1 + 573)s12¢12 cOS(2023)
— sin(2612) sin(2643)s13 cos & + (¢35 — s35575) cos(2023)
€12€13 sin(2623)e*i5 + $12813¢13 c0s(26023)
—519¢13 510 (2693)e T + c19513¢13 cos(26023)
c12¢13 51 (2093)e T + s19513¢13c08(2023) | . (3.7)
—c24 cos(2023)

Using cos(2623) = O(e€) and 013 = O(€), we estimate the sizes of the elements of M, to be:

M, = | 0(1) 0(1) : (3.8)

and those of M, to be

M, = | O(e) O(e) O(1) | . (3.9)

Given that we have assumed n = O(€?) or smaller, the off-diagonal elements of nM,
are suppressed compared to those of M,, and only become important for & 2 \5m§1|, or
equivalently, 8 2 0.

3.2.2 Diagonalization of a 2 X 2 hermitian matrix

The Jacobi method entails diagonalizing 2 x 2 submatrices repeatedly. For this, it is
convenient to note that given a 2 x 2 hermitian matrix,

A  BeP 1 0 ||AB||1L O

: = . . A B,C,DeR 3.10
Be P C [o eI |BC| |0 eZD] ’ T ’ (3.10)

the unitary matrix which diagonalizes this is given by

Cuw 5,6 1 0 co Sol |1 0
U = . = : . 3.11
—swe P ey 0e Pl |=sy cu| |0€eP| (3:-11)
h
. Cw = COSW 5, = sin tan2w = 2B (3.12)
w 9 w w 9 — C — A . .

11 -
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That is,

where

A  BeP Ai 0
Ut . = 3.13
Be P 0 Ao ’ ( )
A AR -Cst (A+O)FV(A-C)2+4B?
1= 2 —s2 2 ’
2 — As? A ++/(A-C)2+4B2
Ay — CZ;J - :;sw _ 4+0 \/(2 C)? + ’ (3.14)

the double signs corresponding to the two possible quadrants for 2w that satisfy eq. (3.12).

In applying the above formula to our problem, care needs to be taken to choose the correct

quadrant and sign combination so that the resulting effective mixing angles and mass-

squared eigenvalues run smoothly from their vacuum values.

3.2.3 mn = 0 case, first and second rotations

As mentioned above, we will first approximately diagonalize H{,, and add on the cAqu’7 term

afterwards. Here, we reproduce how the Jacobi method was applied to H|, in refs. [68, 70].

There, a (1, 2) rotation was applied to H}, followed by a (2, 3) rotation, which was sufficient

to approximately diagonalize Hy).

1. First rotation. Define the matrix V as:

where

Cp = COSQP,

cp Sp 0
V = |=5,¢, 0| , (3.15)
0 01

ac?y sin 2019

<0§<p<g—612> .
(3.16)

S, = sing tan2p = —
s ’ dm3, — acly cos 261’

- 12 —
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0.6/ N 7

sin[6,'] =Xk
0.4} - & e A
| S ]
0.2 ] -3t acos[fp] -
| ~4f :
B R S I 1 2 e 1 2

B B
(a) (b)
Figure 2. (a) The dependence of s}, = sin/, and ¢}, = cosb, on 8 = —log, (a/|ém3,]). (b)

The dependence of as}, and acjy on 3. The values are given in units of |§m%;|. The asymptotic
value of acy is dm3;s1acia/cly ~ 0.014 |dm3,| = O(2|dm%,]).

Then,
A 0 achyc13513
H) =VH)V = 0 N, asiycizsiz | (3.17)
dC/12613513 &8/12613513 5m§1 + &5%3
where
g =coslly, siy=sinb,, 05=>01+¢, (3.18)
and
- (acts +0m3y)  \/(acts — 0m3,)* + daciysT,oms3) (3.19)
5 . .

The angle 0], = 012 + ¢ can be calculated directly without calculating ¢ via

dm2, sin 261 T
tan 20, — 21 : (0 <@, < f) . 3.20
1 &1 5m%1 cos 26019 — dc%i,) 12 ="12 =79 ( )
As S is increased beyond —2, the N, asymptote to
Ny = acty +dm3y sty
N = dm3cy . (3.21)

The dependences of 0], and X, on (3 are plotted in figure 1. Note that 6}, increases
monotonically from 612 to /2 with increasing 5. The S-dependence of s}, = sin 6/, and
|y = cosfiy are shown in figure 2(a). As 3 is increased beyond —2, that is @ = dm3,,
1o grows rapidly to one while ¢}, damps quickly to zero. In fact, the product ac}, stops
increasing at around 8 = —2 and plateaus to the asymptotic value of dm3;s12ci2/cly ~
0.014 |6m3,| = O(£?)|dm3,| as shown in figure 2(b). That is:

asyy = [om3;| O(eP) |

achy = [om3; | O(e™ ™) < [6mE | O(e?) - (3.22)
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Figure 3. The dependence of (a) ¢ and (b) ;5 = 613+ ¢ on 3 = —log_ (a/|6m3,|) for the normal
(NH) and inverted (IH) mass hierarchies.

Note also that the scales of N, are given by

N, = O(max(dm3;,a)) = [om3] O(e~max(8,-2))
X = O(min(dm3,,a)) = |5miy| O ™). (3.23)

2. Second rotation. Given that the (1, 3) element of H/, namely ac)5ci3s13, is at most
of order |§m3,|O(e?) for all a, whereas the (2,3) element as/,c13513 will continue to increase
with a, it is the (2,3) submatrix that needs to be diagonalized next. The matrix W which
diagonalizes the (2,3) submatrix of H{/ is

1 0 0
W =10 Cop Sop| > (3.24)
0 —S¢ Cop
where cg = cos ¢, s4 = sin ¢, and
2&8’12513613 - a sin 2913

tan2¢ = (3.25)

dmiy + asty — N, T (6m2, — 0m2,s%,) — acos2013
The angle ¢ is in the first quadrant when dm2; > 0 (normal hierarchy) and increases from
zero to § — 613 as 3 is increased. ¢ is in the fourth quadrant when dm%, < 0 (inverted
hierarchy) and decreases from zero to —613 as 3 is increased. This -dependence of ¢ is

shown in figure 3(a) for both mass hierarchies.

Using W, we obtain

HY = WTHIW

/ ~ ~
. —acC19C135135¢ AC19C13513C¢
~ "
= [ —ac19C135135¢ )\$ 0 5 (3.26)
~ "
acC19C13513C¢ 0 Ai

— 14 —



~log,|A/6m?, |
—logel)t/ém%l |

(a) Normal Hierarchy (b) Inverted Hierarchy

Figure 4. The -dependence of X| for the (a) normal and (b) inverted mass hierarchies.

where the upper signs are for the §m3; > 0 (normal hierarchy) case and the lower signs
are for the 6m3%; < 0 (inverted hierarchy) case, with

[Ny + (6m3, + asts)] + \/[/\/+ — (0m3, + asiy)]? + 4(as]yci3513)?

N = 5 (3.27)
As (3 is increased beyond 0, the X[ asymptote to
Np = a -+ 0m3ysts + dm3 sirets
N = Sm3icls + om3ysiysis (3.28)

for both mass hierarchies. Note that \” < 0 for the §m3, < 0 case. The B-dependences of
N1 are shown in figure 4. Order-of-magnitude-wise, we have

N = [om}| O(e~ max(min(3.0),=2)) =\ = |6m3, | O(e~max(B0)) | if §m3;, >0,
N = |om3,| O(emax(8.-2)y | | = |om3,|0(1), if om3, < 0.
(3.29)
In particular, in the range 5 2 0 we have
N = |6m3,]0(1), N = |6md|O(eP), if om3; >0, (3.30)
N = |6m3,| 0 P), |\ | = |6m3|0(1), if dm3, < 0. ‘

For the off-diagonal terms, since acj, = |dm3,|O(€?), c13 = O(1), s13 = O(€), s4 = O(1/e€),
cy = O(€e/1), we have

—achyci3s1384 = O(€%/e),
achacizsizcy = O(et/€%). (3.31)

Thus, looking at the sizes of the elements of H/ in that range we find:

O(e?)  O(e/e) O(e*/e)
HY' = |0m3,] |O(e3/e*) O(1/eP) 0 , (3.32)
O(et/e®) 0 O(e7P/1)
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where the elements with two entries denote the two different mass hierarchies, O(NH/IH),
and we can see that further diagonalization only require angles of order O(e®). Therefore,
H{'" can be considered approximately diagonal.

3.2.4 m # 0 case, third rotation

Let us now consider the n # 0 case. If we perform the same (1,2) rotation V' on H, =
Hj + anM, as we did on Hy, the M, part is transformed to

VIM; (612,613, 623,0)V = M/ (612 + ¢, 613, 023, 6)
——

=012
= M, (62, 013,023,9) - (3.33)
Using 6}, — %, as, — a, and acj, — O(€?)|6m3;| as B is increased beyond —2, we can
approximate
. . ™
CL’I?MTII (932, 913, 923, 5) ~ CL’I?]\L/7 <§, 913, 923, 5) (334)
cos(26023) €513 8in(2093) —e'cy35in(2023)
= an | e Ysy3sin(2093) —s35c08(203) s13¢13 COS(2093)

—6_16613 sin(2923) 513C13 COS(2023) —0%3 COS(2923)

Performing the (2,3) rotation W next, we find:

W*M;@,elg,em,a)w - M,;<72’,913 9, 023,5>
N——

=013
- M,;(g, '13,923,5> (3.35)
cos(263) €55 8in(2023) —e'ch5 sin(2623)
= | e Ps|,sin(2093) —s3 cos(20a3) sh5ch5co8(26023) |

—e 70 5 5in(2093) 8)5¢)5 c08(2023) —cF cos(2643)

where s}3 = sinf]; and }3 = cosf)5. The angle 6]5 = 013 + ¢ can be calculated directly
without the need to calculate ¢ using

tan26,, = (0m3, — dm3, s3,) sin 26,3

(6m3, — om3, s%,) cos2013 —a (3:36)
and its S-dependence is shown in figure 3(b). As can be seen, 0/, increases rapidly to 7 /2
when dm3; > 0, while damping quickly to zero when dm3; < 0, once J is increased above
zero. Consequently, acos@); for the dm3; > 0 case, and asin @), for the dm3; < 0 case
plateau to c13513(1 — €2s25)[0m3;| = O(€)|dm3,| as B is increased as shown in figure 5. Note
that in the dm3; > 0 case, G cos 6}, increases to O(1)|dm3,| in the vicinity of 8 = 0 before
plateauing to O(e€)|dm3;|. This will cause a slight problem in our approximation later. We
now look at the normal and inverted mass hierarchy cases separately.
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for the (¢) normal and (d) inverted mass hierarchies.

1.0F: 1LOF: e
cos[63' cos[63' | |
0.8f 0.8f ; ; ]
0.6 0.6! ? : -
04} 04} i
0al sinlés1] 0al sin6is1] :
0.0b w 0.00 w i \
-4 -3 -4 3 -2 0 1 2
B
(a) Normal Hierarchy (b) Inverted Hierarchy
2 : 2
1 1 ]
. a sin[6;3'] a cos[613']
F O o GE
S IS
* . N ,
Eﬂw b A A i @ cos613']
| .
3L
_af
-4 -3 -2 -1 6 i 2‘
B
(c) Normal Hierarchy (d) Inverted Hierarchy
Figure 5. The dependence of sin {5 and cos {5 on 3 = —log, (a/|6m3,]) for the (a) normal and
(b) inverted mass hierarchies. The dependence of @sin#{; and acosfiz on 8 = —log (a/|0m3,|)

1. dm2; > 0 case. For the dm3; > 0 case acj3 — O(€)|dm3;| as 3 is increased beyond 0.
Therefore, we can approximate

H)' = WiviH VW

~ HY 4 an) (g 0.5, 0os, 5)
N4 ancos(2093)  ane®s|ysin(2023) 0
~ |ane ™ sh5sin(2093) N — ans’E cos(2023) 0 | (3.37)
0 0 NI

where we have dropped off-diagonal terms of order O(e®)|dm2,| or smaller. (This ap-

proximation breaks down in the vicinity of S = 0 where both as}; and ac)4 are of order

o)

ém3,|.) Define the matrix X as
Cx
X = | —sye
0

sxei‘; 0
—id Cy 0 ,
0 1

17 -
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where ¢, = cos x, s, = sinx, and

2ams 5 sin(2623)
tan2y =
X (N = M) —an(1 + s3) cos(2623)
N 2am sin(2623) (3.39)
[0m3, i3 — 0m3; (cly — $72513)] — 2an cos(2623) '
Note that
0§X<g—023 forn>0, —fy <y <0 forn<0. (3.40)

The S-dependence of x is shown in figure 6 for several values of 7, both positive (figure 6(a))
and negative (figure 6(b)).
Using X, we find

N0 0
HY = XTH'X ~ | 0 M, 0], (3.41)
0 0 N
where
" (N +N_+anc cos 2023) + \/[/\’i —X_—an(1+53) cos 2023]2+4(ans! 5 sin 203 )2
(3.42)
Thus, H,’]'j; is approximately diagonal. The asymptotic forms of \Y_ at 8> 0 are
mo g+ M3, cgsyy + dm3 (¢t 023 + s79573553)  for >0
* 5m§10%3023 + 5m21(‘3% 523 + 3%25%3033) forn <0
" aln| + Im3Ci3C33 + 0mi) (csy + sTysiacsy)  forn >0 (3.43)
5m31013523 + 5m21(c12023 + 312513523) forn <0

The S-dependence of XY | are shown in figures 6(c) to 6(f).

2. dm32; < 0 case. For the dm3; < 0 case we have as}3 — O(€)|dm3;| as 3 is increased
beyond 0. Therefore, we can approximate

"' = WViH VW
~ H/// + gmM;] (g,9/13,923,5>

N4 ancos(2093) 0 —ane’c),sin(203)
0 N 0 , (3.44)
—ame~Pc)3sin(2023) 0 N’ — anc’ cos(2023)

%

where we have dropped off-diagonal terms of order O(e3)|0m%| or smaller. Unlike the
5m§1 > 0 case, this approximation is valid in the vicinity of 5 = 0 since as}5 never exceeds
O(e)|6m?3,| for all a.
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Figure 6. The (-dependence of x and \{, for several values of 1 with s

Define the matrix Y as

(3.45)

)

|

0
Cyp
(
[[0m3,|cl3 4 dm3; (g — s19573)] + 2a7) cos(2623)

1

¢y 0 fswei‘s
0
s¢e_i6 0

= cos®, sy = siny, and

where ¢y,

—
[
[\
D
3\
S~—
w0
o
)C
—~
BZB
I =
QO
[\
/u\l(l
L=
7200 N
» <
~5| <
SR
]
NG
>
f
x|
=<
SN—
11l
=
[}
=]
<
o

(3.46)

2023

2an sin

l

~
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Figure 7. The S-dependence of ¢ and Ay, for several values of n with 535 = 0.4.
Note that

gy < <0 forn<0, 0§¢<g—923 forn > 0. (3.47)

Comparing eq. (3.39) and eq. (3.46), we can infer that 1(n) ~ x(—n), the small difference
due to the §m3; term in the denominator of the expressions for tan2y and tan2¢. This
can be seen in figure 7 where the S-dependence of 1 is shown for several values of 1, both
positive (figure 7(a)) and negative (figure 7(b)).
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Using Y, we find

MY, 0 0
" "
H" =YH"Y ~ | 0 X, 0 |, (3.48)
0 0 XN/
where,
» (N 4+ +ansi cos 2093) + \/)\” N_—an(1+cB) cos 20932 +4(anc 5 sin 2093)2
Y+ = 5 .
(3.49)
Thus, H,;’ﬁ is approximately diagonal. The asymptotic forms of \{’, at 3> 0 are
m A —|dm3|ci5s55 + 0m3; (clachs + sTasigsss)  forn >0
v+ = aln|+ 2 1.2 2 2 (2
—[0m3, [e1zcaz + 0ma, (012523 + 512513023) for n <0
—[0m3, |cT3s53 + 57"21(012023 + 512513523) for n <0

The S-dependence of Ay, are shown in figure 7(c) to figure 7(f).

3.3 Effective mixing angles for neutrinos

We have discovered that the unitary matrix which approximately diagonalizes H,, is U =

UQ3VW X when 5m§1 > 0, and U= UQsVWY when 5m§1 < 0. Introducing the notation

cosf sinfe 0_
Ri12(0,0) = |—sinfe® cosf 0
0 0 1
[ cos® 0 sinfe
R15(0,9) = 0 1 0
—sinfed 0 cosf
1 0 0 |
Ro3(0,6) = |0 cosf sinfe ™ (3.51)
0 —sinfe® cosh
the PMNS matrix U in vacuum can be parametrized as
U = Ry3(023,0) R13(613,6) R12(612,0)
C12C13 $12€C13 s13e” %
= | —s12C23 — C12513523€"  C12C23 — S12513523¢% 13593 (3.52)
512823 — C12513C23€"° —C12893 — 512513C23€¢" C13C23

In the following, we rewrite the mixing matrix in matter U into the analogous form

U = R23(523,0)R13(513,E)R12(51270),

— 21 —
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absorbing the extra mlxmg angles and CP phase into appropriate definitions of the ‘running’

parameters 012, «913, 923, and 3. Frequent use is made of the relations

R12(0,0)Q3 = Q3R12(0,0) ,
R13(0,0)Q3 = Q3R13(6,0) ,
R23(0,0)Q3 = Q3Ra3(6,—0) , (3.54)

where Q3 was defined in eq. (3.4).

1. &m2, > 0 case. Using eq. (3.54), it is straightforward to show that
31

U =UQVWX
= Ro3(623,0)R13(013, 6) R12(612,0) Q3 Ri2(¢, 0) Ra3(,0) Ri2(x, —0)
e N e

U v W X
= Ro3(623,0)Q3R13(013,0)R12(012,0) R12(p, 0) Raz (¢, 0) R12(x, —9)

= Ro3(623,0)Q3R13(013,0)R12(012 + ¢, 0)Ra3(¢, 0) Ri2(x, —0)
——
= 9’12
= Ro3(623,0)Q3R13(013,0) R12(61, 0) Ras (¢, 0) Ri2(x, —0) , (3.55)

where in the last and penultimate lines we have combined the two 12-rotations into one. We
now commute Rog(¢,0)R12(x,0) through the other mixing matrices to the left as follows:

e Step 1: commutation of Raz(¢,0) through Ry2(6]5,0).

In the range 8 = 0, the angle 6, is approximately equal to 7/2 so we can approximate
geo Ly, 12

010
™
Ris(#)5,0) ~ R (5,0) — |-100] . (3.56)
001
Note that
7T m
Riz (5.0) Ras(6,0) = Rua(6,0)Ruz (5,0) (3.57)

for any ¢. On the other hand, in the range 5 < —1 the angle ¢ is negligibly small so
we can approximate

100
Ra3(¢,0) ~ R23(0,0) = |[010| = Ri3(0,0). (3.58)
001
Note that
Ria(019,0)R23(0,0) = Ri3(0,0)Ri2(0,0) (3.59)
for any 60),. Therefore, for all 8 we have
R12(61270)R23(¢7 0) ~ R13(¢7 0)R12( /1270) ) (360)
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and

~

U = Ro3(023,0)Q3R13(613,0)R12(0]5, 0) Ras (e, 0) Ria(x, —9)
~ Ro3(6a3,0)Q3R13(613,0) R13(¢, 0) R12(6,0) R12(x, —0)
= Ro3(023,0)Q3R13(613 + ¢,0)R12(615,0) Ri2(x, —9)
)
= Ro3(023,0)Q3R13(013,0) R12(01,0) Ri2(x, —9) - (3.61)

e Step 2: commutation of Ri2(x, —0) through Ry2(6}5,0).

In the range 5 2 0, the angle 0}, is approximately equal to 7/2 as we have noted
above and we have the approximation given in eq. (3.56). Note that

Ri2 (gvo) Ri2(x, —0) = Ria(x,0)R12 (gﬂ) (3.62)

for any x. On the other hand, in the range 5 < 0, the angle x is negligibly small so
we can approximate

100
RlZ(X, —(5) ~ R12(0, —5) = 010 = R12(0,5) = R23(0, —5) . (3.63)
001
Note that
Ri2(012,0)R12(0, =0) = Ri2(0,6)Ri12(619,0) (3.64)

for any 6},. Therefore, for all 5 we see that
Ria(019,0) Ri2(x, —0) ~ Riz(X,6)R12(01,0) (3.65)
and
U ~ Ry3(f23,0)Q3 R13(6}3, 0) Riz(x, 6) Rz (6, 0) . (3.66)

e Step 3: commutation of Ria(x,d) through Ri3(6]3,0).

When dm2; > 0 we have 05 ~ 5 in the range 8 2 1 so we can approximate

0 01
v
Ri3(0}5,0) ~ R (5,0) =10 10]. (3.67)
—-100
Note that
T v
Ri3 (570) Ri2(x,0) = Ras(x, —0)Ri3 (57()) (3.68)

for any y. On the other hand, in the range § < 0 the angle x was negligibly small so
that we had eq. (3.63). Note that

Ry3(013,0)R12(0,8) = Ra3(0, —0)Ru3(613,0) , (3.69)
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for any 5. Therefore, for all § we see that
Ry3(013,0)Ria(x, 0) ~ Ras(x, —0)Ri3(013,0) , (3.70)

and using eq. (3.54) we obtain

U ~ Ro3(023,0)Q3Ra3(x, —0) Ri3(613,0) Ri2(615,0)
= Ra3(023,0) Ra3(x, 0) Ri3(013, 0) R12(012,0) Q3
= Ry3(fa3 + x,0)R13(013,8) R12(05,0
23(023 + X, 0) R13(613, 0) R12(012,0) Q3
= 03
= Ro3(03,0) R13(013,0) R12(05,0)Qs (3.71)
where in the last and penultimate lines we have combined the two 23-rotations into

one. The matrix Q)3 on the far right can be absorbed into the redefinitions of Majo-
rana phases and can be dropped.

Thus, we find that the effective mixing matrix U in the case 5m§1 > () can be expressed
as eq. (3.53) with the effective mixing angles and effective CP-violating phase given ap-
proximately by

512%9/12 = O top,
013 ~ 015 = 013+ 6,
523%953 = O3+ x,
5. (3.72)

2. 6m3, < 0 case. Using eq. (3.54), we obtain

U =UQVWY
= Ro3(623,0)R13(013, 6) Ri12(612,0) Q3 Ri2(¢, 0) Ra3(4,0) Riz(—1, —6)
~ e e N e e e
U 1% w Y
= Ro3(6a3,0)Q3R13(013,0) R12(615, 0) Ras (¢, 0) Ryz(—1, —0) . (3.73)

We now commute Ra3(¢,0)R13(—1), —d) through the other mixing matrices to the left and
re-express U as in eq. (3.53), absorbing the extra mixing angles and CP phase into 612,

513, 523, and g The first step is the same as the 6m§1 > 0 case, the only difference being
the S-dependence of 05, which is also shown in figure 3(b).

e Step 2: commutation of Ri3(—1, —9d) through Ri2(65,0).

In the range § 2 0 the angle 6}, is approximately equal to 7/2 as we have noted
previously, and we have the approximation given in eq. (3.56). Note that
7

R”(z

70) Ri3(=1,—0) = Ras(¢), —6) Rz (;0) (3.74)
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for any 1. On the other hand, in the range 8 < 0 the angle v is negligibly small so

that

100

R13(—1ﬁ, —5) ~ ng(o7 —(5) = |010| = R23(0, —5) = R13(O,5).

001

Note that

Ri2(02,0)R13(0,—6) = R3(0,—0)R12(6}5,0) .

Therefore, for all 5 we see that

Ri2(012,0)R13(—1, —6) ~ Ra3(, —6)R12(015,0) ,

and

U ~ Ro3(623,0)Q3R13(0'5,0) Rag (v, —8) R12(614,0) .

e Step 3: commutation of Ry3(1), —d) through Ri3(6]3,0).

When §m3; < 0 we have ;5 ~ 0 in the range 3 > 1 so that

R13(9/13,0) ~ 313(0,0) =

Note that

R13(0,0)Ra3(v), —6) = Ra3(v, —)R13(0,0)

100
010
001

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

for all ). On the other hand, in the range 5 < 0 the angle 1) was negligibly small so
that we had the approximation eq. (3.75). Note that

R13(615,0)R23(0,—0) = Ra3(0,—8)Ry3(613,0)

for all 6}4. Therefore, for all 3 we see that

Ri3(013,0)Rag(1, —6) ~ Ra3(v), —6)Ri3(63,0) ,

and using eq. (3.54) we obtain

~

U =~ Ra3(023,0)Q3Ra3(¢), —6) Ri3(613,0) R12(615,0)
= Ry3(623,0) Ra3(1), 0) Ry3(013, 6) Ri2(012,0)Q3
= Ra3(023 + ¥, 0)R13(03,0) R12(012,0)Q3

/
= 923

= Ry3(053,0)R13(013,0) Ri2(0]2,0)Q3

(3.81)

(3.82)

(3.83)

where in the last and penultimate lines we have combined the two 23-rotations into

one. The matrix (3 on the far right can be absorbed into redefinitions of the Majo-

rana phases and can be dropped.
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Figure 8. The (-dependence of 05, for the (a) normal and (b) inverted hierarchies for several
values of 7 with s3; = 0.4.

Thus, we find that the effective mixing matrix U in the case dm3; < 0 can be expressed
as eq. (3.53) with the effective mixing angles and effective CP-violating phase given ap-
proximately by

012 = b1y = b2+,
013 = 013 = b13+ ¢,
O3 ~ 053 = o3+,
o~ 0. (3.84)

3.4 Summary of neutrino case

To summarize what we have learned, inclusion of the anl;, term in the effective Hamilto-
nian shifts a3 to 0 = a3+ x for the dm3; > 0 case, and to O3 = a3+ for the dm3; < 0
case. For both cases, 055 can be calculated directly without calculating x or ¢ first via the

expression
2 2 2 /2 2 .2 :
[6m3;c13 — dm3; (1o — 879573)] sin 2023

tan 264, ~ (3.85)

[0m3ci3 — 0m3; (cly — s1573)] cos 2023 — 2an
Note that as § is increased, 055 runs toward g if dm%;n > 0, while it runs toward 0 if
dm3;n < 0. The B-dependence of 055 is shown in figure 8. The CP-violating phase § is
unaltered and maintains its vacuum value.

The running of the effective mass-squared differences are also modified in the range

B 2 0. For the 6m§1 > 0 case, A\; and Ay show extra running, while for the 5m§1 < 0 case,
it is A1 and A3 that show extra running, cf. figures 6 and 7.

3.5 Discussion at the probability level

So far we have focused our attention on how the flavor-diagonal NSI parameter n modifies
the running of the effective mass-squared differences, mixing angles, and CP-violating phase
as functions of @ = a(1 + () for the neutrinos. We derived simple analytical expressions
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for these effective parameters using the Jacobi method. We have discussed the running of
these effective neutrino oscillation parameters for both the normal (§m%; > 0) and inverted
(6m3, < 0) neutrino mass hierarchies. The modifications induced by 1 and ¢ in the running
of effective oscillation parameters in the case of anti-neutrino are discussed in detail in ap-
pendix A. At this point, we look at how these lepton-flavor-conserving NSI parameters alter
the neutrino oscillation probabilities for various appearance and disappearance channels.

In the three-flavor scenario, the neutrino oscillation probabilities in vacuum® for the
disappearance channel (initial and final flavors are same) take the form

DAY .9 A
P(Va = va) = 1 —4|Uss|? (1 = |Uaz|?) sin’ % — 4|Ua3]? (1 = [Uas?) sin? =22
A A
+2 |Ua2|2|Ua3|2 (4 Sin2 % Sin2 % + sin Agy sin A31> , (386)
and for the appearance channel (initial and final flavors are different) we have
.9 A .2 A
P(vy — vg) = 4|Uns|?|Usa|? sin? % + 4 |Ups|?|Ugs|? sin? %
. . 9o oAz )
+2 R (UagUﬁgUQQUIBZ) 4 sin > sin —~ + sin Aoy sin Asq

-4 (U

[0}

A A
3U53Ua2U52) (Sil’l2 % sin Ag; — sin? % sin A21> . (3.87)

In the above equations, we define

Im?2, dm2.\ [ GeV L
Aii = —2L = 2,534 Y — om?2 = m?2 —m?2. 3.88
’ 2F (eV2 )( E )(km> My = T (3:88)

The transition probabilities in eq. (3.86) and eq. (3.87) contain several elements of the
PMNS matrix U which are expressed in terms of three mixing angles 619, #o3, 613, and
a CP-violating phase ¢ as shown in eq. (3.52). The oscillation probabilities for the anti-
neutrinos are obtained by replacing U,; with its complex conjugate.

The neutrino oscillation probabilities in the presence of matter are obtained by replac-
ing the vacuum expressions of the elements of the mixing matrix U and the mass-square
differences A;; with their effective ‘running’ values in matter [21-23]:

~ ~ A — A
Um‘ — Um' (912 — 9/12,013 — 9/13, 923 — 953) s Aij — Aij = oF J L s (389)
and for the anti-neutrinos
5 - - — < XZ -\
Um; — UM' (012 — 9/12, 913 — 0/13, 023 — 9,23) s Aij — Aij = oF JL . (3.90)

To demonstrate the accuracy (or lack thereof in special cases) of our approximate analytical
results, we compare the oscillation probabilities calculated with our approximate effective

5We follow the conventions, notations, and the expressions for various neutrino oscillation probabilities
in vacuum as given in the appendices A.1 and A.2 of ref. [70].
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Figure 9. v, — v, transition probability as a function of neutrino energy F in GeV for 2300 km
(8770 km) baseline in upper (lower) panels. We compare the analytical expressions of this work and
Asano-Minakata [69] against the exact numerical result assuming 7 = 0.1,¢ = 0 (left panels) and
n = —0.1,¢ = 0 (right panels). The solid black curves portray the standard three-flavor oscillation
probabilities in matter without NSI’s. In all the panels, we consider #2353 = 40°, § = 0°, and normal
mass hierarchy.

running mixing angles and mass-squared differences with those calculated numerically for
the same baseline and line-averaged constant matter density along it. For the mixing angles
and mass-squared differences in vacuum, we use the benchmark values from ref. [194]
as listed in table 1. In some plots, we take different values of sin®6y3 and & which we
mention explicitly in the figure legends and captions. In this paper, all the plots (except
in appendix B) are generated considering the line-averaged constant matter density for
a given baseline which has been estimated using the Preliminary Reference Earth Model
(PREM) [195]. In appendix B, we compare the exact numerical probabilities with line-
averaged constant Earth density and varying Earth density profile for 8770 km and 10000
km baselines.

In figure 9, we present our approximate v, — v, oscillation probabilities (blue curves)
as a function of the neutrino energy against the exact numerical results (red curves) consid-
ering® = 0.1, ¢ = 0 (left panels) and n = —0.1, ¢ = 0 (right panels). The upper panels are

SWe take ¢ = 0 in our plots since we expect it to be hidden in the uncertainties in the matter density
and neutrino energy.
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drawn for the baseline of L = 2300 km, which corresponds to the distance between CERN
and Pyhisalmi [196-198] with the line-averaged constant matter density of p = 3.54 g/cm?.
In the lower panels, we give the probabilities for the baseline of L = 8770 km, which is the
distance from CERN to Kamioka [199] assuming p = 4.33 g/cm?®. Here, in all the panels,
we assume sin? a3 = 0.41 (fa3 = 40°), § = 0°, and normal mass hierarchy (§m3, > 0). To
see the differences in the oscillation probability caused by the NSI parameters, we also give
the exact numerical SM three-flavor oscillation probabilities in matter in the absence of
NSTI’s which are depicted by the solid black curves with figure legend ‘SM, Exact.” It has
been already shown in ref. [70] that our approximate expressions for the n = 0 case match
extremely well with the exact numerical results for all these baselines and energies. We
also compare our results with the approximate expressions of Asano and Minakata’ [69]
(dashed green curves). The correspondence between our 7 and ¢ and the NSI parameters
€ee, Epp, and e used in refs. [69, 201] can be obtained via egs. (2.4), (2.7), and (2.9) which
suggest the changes: a — @ = a(1+ (), €ce = 0, €4 — 1, and e, — —n. We can see
from figure 9 that for the 2300 km baseline, the Asano-Minakata expressions give better
matches compared to our results, while for the 8770 km baseline, our expressions agree
better with the exact numerical results.

The accuracy of our analytical approximations as compared to the exact numerical
results for different vacuum values of #o3 is demonstrated in figure 10. Here we consider the
minimum (35°) and maximum (55°) values of #23 which are allowed in the 30 range [194].
We also present the results for the maximal mixing choice. All the plots in figure 10 have
been generated assuming § = 0° and normal mass hierarchy (5m§1 > 0). We consider the
same choices of 7 and ( as in figure 9 and results are given for 2300 km (upper panels) and
8770 km (lower panels) baselines. As is evident, our approximation provides satisfactory
match with exact numerical results for different values of 6s3.

Figure 11 compares our approximate probability expressions (solid curves) against the
exact numerical results (dashed curves) assuming four different values of the CP-violating
phase § (0, 90, 180, and 270 degrees) at 2300 km. Here, we consider o3 = 40° and §m3; > 0.
These plots clearly show that our approximate expressions work quite well even for non-
zero § and can predict almost accurate L/E patterns of the oscillation probability for finite
6 and 7. It also suggests that one can explain qualitatively the possible correlations and
degeneracies between § and n using these analytical expressions which cannot be tackled
with numerical studies.

In figure 12, we plot the v, — v, survival probability in the presence of NSI for
two different vacuum values of 633 (40° and 50°) at 8770 km. We show the matching
between the analytical and numerical results assuming n = 0.1,{ = 0 (left panel) and
n = —0.1,¢ = 0 (right panel). We also give the exact numerical standard three-flavor
oscillation probabilities in matter without NSI'’s so that one can compare them with the
finite n case. In both the panels, we assume § = 0° and ém3; > 0. Figure 12 shows that
our approximate expressions match quite nicely with the numerical results. Note that at

"For comparison, we take eq. (36) of ref. [69] where the authors adopted the perturbation method [80, 200]
to obtain the analytical expressions for oscillation probability in presence of NSI’s for large 6135. The same
analytical expressions are given in a more detailed fashion in egs. (8) to (13) in ref. [201].
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Figure 10. Comparison of our analytical expressions (solid curves) to the exact numerical results
(dashed curves) for various values of 623 assuming § = 0° and dm3; > 0. Upper (lower) panels are

for 2300 km (8770 km) baseline.
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Figure 11. Comparison of our analytical expressions (solid curves) to the exact numerical results
(dashed curves) for four different values of the CP-violating phase § at 2300 km assuming 623 = 40°

and dm3; > 0.

higher energies, the impact of NSI's are quite large in the v, — v, survival channel and
there is a substantial difference in the standard and NSI probabilities for both the choices
of f33 which can be probed in future long-baseline [202, 203] and atmospheric [204-206]

neutrino oscillation experiments.
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Figure 12. v, — v, survival probability as a function of neutrino energy E in GeV for two
different values of 623 at 8770 km baseline. Comparison between the analytical and numerical
results assuming n = 0.1, = 0 (left panel) and n = —0.1,¢ = 0 (right panel). The standard
three-flavor oscillation probabilities in matter without NSI'’s are also shown. In both the panels, we
assume § = 0° and dm3; > 0.

Another important point to be noted that in the absence of NSI, the standard proba-
bility curves for both the values of 623 almost overlap with each other at higher energies,
whereas with NSI, there is a large separation between them. It immediately suggests that
the corrections in the probability expressions due to the NSI terms depend significantly
on whether the vacuum value of 23 lies below or above 45° [31]. Figure 12 also indicates
that there are degeneracies between the octant of 623 and the sign of NSI parameter n for
a given choice of hierarchy. For an example, P,, (023 = 50°,7 = 0.1) in the left panel
is almost same with P, (623 = 40°,7 = —0.1) in the right panel for the energies above
12GeV or so. Again, P, (623 = 40°,7 = 0.1) in the left panel matches quite well with
P, (023 = 50°,m = —0.1) in the right panel. These kinds of degeneracies can be well ex-
plained qualitatively with the help of our analytical expressions. We discuss this issue in
detail in the next section which is one of the highlights of this work.

4 Possible applications of analytical expressions

In this section, we discuss the utility of our analytical probability expressions to deter-
mine the conditions for which the impact of the NSI parameter n becomes significant.
We also give simple and compact analytical expressions to show the possible correlations
and degeneracies between 3 and 7 under such situations. We begin our discussion with

electron neutrinos.

4.1 v, — v, oscillation channels

Let us first consider the v, — v, (o = e, p, 7) oscillation channels in matter in the presence
of the NSI parameter 1. Since we expect the effect of 1 to become important in the range
B 20, we set iy ~ 1, |5 ~ 0 (which is valid in the range 8 > —2, see figure 2(a)), which

~ 31—



0.8
0.6
0.4+
0.2 sin®(2613")
000
(a) Normal and Inverted Hierarchy (b) Normal Hierarchy

Figure 13. S-dependence of (a) sin®(26)3) for the normal (6m3, > 0) and inverted (dm3, < 0)
hierarchies, and (b) that of s for various values of 1 for the normal hierarchy case. The dashed
peak in (b) indicates the behavior of sin?(26,) when dm3, > 0.

leads to the following simple expressions:

~ A
P(ve — ve) = 1 —sin®(26}3) sin® % , (4.1)
~ A
P(ve — v,) = sk sin?(26,) sin® % , (4.2)
~ A
P(ve — vy) ~ ¢ sin?(26)3) sin? % (4.3)

Recall that when dm3; > 0, the effective mixing angle 0/, increases monotonically toward
7/2, going through 7/4 around 8 ~ 0, while in the 6m§1 < 0 case, it decreases mono-
tonically toward 0, cf. Figure 3(b). This will cause sin?(26}3) to peak prominently around
B ~ 0 for the normal hierarchy case, but not for the inverted hierarchy case as shown
in figure 13(a). As discussed in ref. [70], demanding that sin2(£32 /2) also peaks at the
same energy leads to the requirements of L ~ 10000 km and E ~ 7 GeV. Thus, measuring
;(l/e — V) survival probability at this baseline and energy will allow us to discriminate
between the normal and inverted mass hierarchies irrespective of the value of 6s3 [207].
Also, around 8 ~ 0, 132 is not affected by n provided n < 0.1 (see middle and bottom
panels of figure 6), allowing this channel to determine the mass hierarchy free from any
NSI effect.

To see the effect of 7, we need to observe the running of #55. This could be visible in
the v, — v, and v, — v, appearance channels for the normal hierarchy case as a change
in the heights of the oscillation peaks around E ~ 7 GeV provided 65 deviates sufficiently
from the vacuum value of o3 at that energy. The running of s for various values of 7 is
depicted in figure 13(b). At a ~ dm3,, eq. (3.85) tells us that

shy A shy (4.9)

showing the possible shift in #23 due to n in a simple and compact fashion which clearly
establishes the merit of our analytical approximation. Eq. (4.4) also shows compactly pos-
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Figure 14. The oscillation probabilities (a) P(ve — v,) and (b) P(ve — v;) for the normal
hierarchy case with s3; = 0.4. The red lines are the standard oscillation probabilities with 1 = 0
and § = 0,90,180, and 270 degrees. The blue lines are our approximate analytical results with
n = 0.1 and the black dashed lines are the numerically calculated probabilities with n = 0.1. In
both the cases, we plot the probabilities for four values of § = 0,90,180, and 270 degrees. Note
that P(ve — v,,) is enhanced by about n, while P(v, — v,) is suppressed by an equal amount.

sible correlations and degeneracies between 623 and 7. Such correlations and degeneracies
could also be found numerically, but the reason for those features will not be so transpar-
ent. Note that eq. (4.4) suggests that a positive value of 1 would enhance P(v. — v,,)

while suppressing ]NJ(V6 — v;), and a negative 1 would do the opposite. Figure 14 confirms
this feature where we plot the ve — v, (ve — v7) transition probability in the left (right)
panel. In both panels, the standard oscillation probabilities in matter without NSI's for
four different values of CP phase® § are given by the solid red lines. Blue lines (black dashed
lines) depict the approximate analytical (exact numerical) probabilities with 7 = 0.1 and
four different values of §. Figure 14 infers that the effect of 7 is visible in these channels
provided the vacuum value of 23 is sufficiently well known and 7 is also large enough.

4.2 v, — v, oscillation channels

Next, let us consider v, — vo (o = p,7) oscillation channels. In addition to assuming
S > —2, which allows us to set s, ~ 1, ¢}, ~ 0, we further restrict our consideration to
the range 5 > 1, which allows us to set sj3 ~ 1, ¢j3 ~ 0 or sj3 = 0, ¢|5 = 1 depending
on whether §m3; > 0 or ém3; < 0 (see figure 3(b)). With these conditions, we obtain the
following simple expressions:

~

~ Aoy A
—_ 2 2 2 2 12 2 231
P(Vu - Vu) ~ 1 —4sy3s5;(1 313523)Sﬂf1 72 — 4eysas (1 — 013523)51n N
Kzl . z 1 N Y
42558 shy | 4sin? — - sin 23 + sin Ag; sin Agy (4.5)

8Figure 14 shows that the impact of the CP phase § is quite weak around 8 ~ 0. In this region,
01, approaches to m/2 so that siy &~ 1 and cj, ~ 0. Therefore, the Jarlskog Invariant [208] in matter
J = §i5¢has5ci3shschs sind almost approaches to zero diminishing the effect of §. This argument works
even in the presence of the NSI parameter . Our simple and compact approximate probability expressions
given by eq. (4.2) and eq. (4.3) also validate this point as there are no d-dependent terms in these expressions.
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Figure 15. The running of sin®(26%3) for various values of 7 for the (a) normal and (b) inverted
mass hierarchies with s, = 0.4. The blue/green lines indicate positive/negative values of 1.

~

A21

1 — sin?(26)3) sin? —— (6m3; > 0)
B£>1 23 £2 31 ’ (4.6)
1 — sin?(26};) sin? % (6m3, < 0)

~ A A
P(v, — v7) ~ sin(2643) [3'143 sin’ % + it sin? %

A Ay 1%
+ 5'1230'123 (2 sin® % sin? % + 5 sin Ao sin A31) (4.7)
zm
< 92 / 2 2
< sin®(2653) sin® —— (0m3; > 0)
Q} 23 £2 31 . (48)
sin?(2643) sin® % (6m3; < 0)

In the absence of 7, #; does not run and sin?(26%;) will maintain its vacuum value close to
one. In the presence of a non-zero 1, however, 6, will run towards either g or 0 depending
on the sign of dm%,n, as was shown in figure 8, and sin?(26),) will run toward zero in both
cases. This is depicted in figure 15.

Let us see how the A factors in eq. (4.6) and eq. (4.8) behave in the range 8 2 1. For
the normal hierarchy case, we have

L= XL~ 2aln) (n#0)
o1 ~ X+ X , 4.9
. {/\// = AL = dmiici; (n=0) (4.9)
while for the inverted hierarchy case, they take the form
N~ 20l (1#0)
031 ~ Y= Y+ . (410)
{ N =M & —|om3, ey (n=0)

Since the sign of §\;; does not affect the value of sin2(£ij /2), both mass hierarchies lead to
the same asymptotic oscillation probabilities. We will therefore only consider the normal
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Figure 16. The running of (a) 521/ 2 and (b) sin2(£21/ 2) for various values of 7 for the normal hier-
archy case with L = 10,000km and p = 4.53 g/cm®. The blue/green lines indicate positive/negative
values of 7, while the red lines are drawn for n = 0 case.

hierarchy case in the following. Recalling (see eq. (2.2)) that

L _ 5/ 172 p E
0 = 2V2GpN.E = 7.6324 x 10-%(eV?) <g/cm3) (Ge\/) , (4.11)

(where we have set ( = 0) and

~ 5)\1] GeV L
s, (%) (%) ()

— 1.934 (2”) <g/é’m3> (104Lkm> : (4.12)

we find
Aoy 0A2
o T ap’

N <5nfl> <g/fm3) <1O4Lkm) ~ 30 (va) (104Lkm) (n=0)

(4.13)

Therefore, for fixed baseline L and matter density p, as the neutrino energy F is increased,
A9y /2 damps to zero when 1 = 0, but asymptotes to a constant value proportional to |n]
when 7 # 0. This is demonstrated in figure 16 for the baseline L = 10000 km with average

3

matter density p = 4.53g/cm®. Consequently, when 1 = 0, the factor sin®(26}3) stays

constant while Sin2(£21 /2) damps to zero as we increase F, while in the 7 # 0 case, the

factor sin?(26%;) damps to zero while sin?(Ag;/2) asymptotes to a constant value as E is

increased. In either case, the v, — v, oscillation probability is suppressed at high energy.

The difference between the 7 = 0 and 1 # 0 cases could manifest itself at the v, — v,
oscillation peak which happens at
Agy

g L = B~ 20GeV, 8~ 06, (4.14)
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Figure 17. 0, and sin®(20};) as a function of positive and negative values of 7 for a fixed s3; = 0.4
(s35 = 0.6) in the left (right) panel. The upper (lower) signs are applicable for the normal (inverted)
hierarchy case.

for L = 10000 km, p = 4.53 g/cm? case. 3 ~ 0.6 is on the borderline of the applicability of
our 5 2 1 approximation. Nevertheless, let us examine what our approximation suggests.

Expanding eq. (3.85) for small an, we find

dsin(2923)
053 = b3+ —5—5-n+ (4.15)
dm3; cis
which at 8 = 0.6 yields
9’23 =~ 923 + 37] . (4.16)

In the above equation, upper (lower) sign is applicable for the normal (inverted) hierarchy
case. It suggests that there is a degeneracy between the choices of sign of (5m§1 and the
sign of 1 which give rise to same amount of corrections in f23. To observe the shift in the
oscillation probability, we keep terms up to order n? since the linear term is suppressed
due to the fact that a3 is close to m/4. Therefore, we have

sin(2653) = sin(2023) 4 2 cos(2023)0023 — 2sin(26093)(6623)% + - - -
~ sin(2623) + 6 cos(2623)n — 18sin(26043)n> . (4.17)

For the benchmark value of s3; = 0.4 (0.6) in the lower (higher) octant, above equation

can be written as

sin(2023) £ 1 — 1892 (s33 = 0.4)

in(205;) ~ 4.18
sin(2023) sin(2623) F n — 181> 53, =0.6) ’ (4.18)
23

where upper (lower) signs are for the normal (inverted) hierarchy. The above equations
clearly reveal that for a given choice of hierarchy, there are degenerate solutions” of the
octant of 023 and the sign of NSI parameter n (s33 = 0.4, = £0.1 and s33 = 0.6, = F0.1),
giving rise to same value of sin(2653). Figure 17 shows the variation in 6, and sin?(26};)

9We have already seen this degeneracy in the P(v, — v,) oscillation channel in figure 12.

— 36 —



L=10000 km, 623=40°, Normal Hierarchy L=10000 km, 623=40°, Normal Hierarchy
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Figure 18. (a) v, — v, and (b) v, — v, oscillation probabilities for s3; = 0.4, L = 10,000 km,
and p = 4.53g/cm?. The red lines are the standard oscillation probabilities with n = 0. The solid
blue (green) lines are our approximate analytical results with n = 0.1 (n = —0.1). The black dashed
lines are the numerically calculated probabilities. In both the panels, we take § = 0° and §m3; > 0.

as a function of positive and negative values of 7 for a fixed s3; = 0.4 (s3; = 0.6) in the
left (right) panel. The upper (lower) signs correspond to the normal (inverted) hierarchy
scenario. We can see from the left panel of figure 17 that assuming normal hierarchy and
s35 = 0.4, the value of sin?(2643) gets reduced by substantial amount for n = —0.1 case as
compared to n = 0.1 as given by eq. (4.18). It means that negative values of 1, which shifts
63 further away from 7 /4, would lead to a larger suppression of the v, — v, oscillation
probability, and enhancement of the v, — v, survival probability. The left and right
panels of figure 18 exactly show this behaviour where we plot the approximate analytical
and exact numerical v, — v, (left panel) and v, — v, (right panel) probabilities for
n = £0.1 assuming s3; = 0.4, dm%; > 0 and L = 10000 km, p = 4.53 g/cm?. The situation
gets reversed completely for cases in which s3; > 0.5 which is quite evident from the right
panel of figure 17 where we consider 333 = 0.6. All these observations in figure 17 and
figure 18 suggest that our approximate calculations are valid.

5 Summary and conclusions

Analytical studies of the neutrino oscillation probabilities are inevitable to understand how
neutrino interactions with matter modify the mixing angles and mass-squared differences in
a complicated manner in a three-flavor framework. In previous papers [68, 70], we showed
that the neutrino oscillation probabilities in matter can be well understood if we allow
the mixing angles and mass-squared differences in the standard parametrization to ‘run’
with the matter effect parameter a = 2v/2GpN.E, where N, is the electron density in
matter and F is the neutrino energy. We managed to derive simple and compact analytical
approximations to these running parameters using the Jacobi method. We found that
for large 63, the entire matter effect could be absorbed into the running of the effective
mass-squared differences and the effective mixing angles 615 and 63, while neglecting the
running of the mixing angle 623 and the CP-violating phase 4.
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In this paper, we extended our analysis to study how the running of the neutrino
oscillation parameters in matter would be altered in the presence of NSI’s of neutrinos
with the matter fermions. Such NSI's are predicted in most of the new physics models
that attempt to explain the non-zero neutrino masses, as well as in a wealth of various
other BSM models. There, the NSI's are simply the effective four-fermion interactions at
the energy scales relevant for neutrino oscillation experiments that remain when the heavy
mediator fields of the full theory are integrated out. These NSI’s give rise to new neutral-
current type interactions of neutrinos (both flavor-conserving and flavor-violating) during
their propagation through matter on top of the SM interactions, causing the change in the
effective mass matrix for the neutrinos which ultimately affect the running of the oscillation
parameters and hence change the oscillation probabilities between different neutrino flavors.
These sub-leading new physics effects in the probability due to NSI’s can be probed in
upcoming long-baseline and atmospheric neutrino oscillation experiments.

In this work, we restricted our attention to the matter effect of flavor-conserving, non-
universal NSI’s of the neutrino, relegating the discussion of the flavor-violating NSI case
to a separate paper [73]. The relevant linear combinations of the flavor-diagonal NSI’s
were 1) = (€uu — €77)/2 and = €ce — (€uu + €77)/2, where a non-zero ¢ led to a rescaling
of the matter-effect parameter a — a = a(1 + {), while a non-zero n led to non-trivial
modifications on how the running oscillation parameters depend on a.

Utilizing the Jacobi method, as in refs. [68, 70], we obtained approximate analytical
expressions for the effective neutrino oscillation parameters to study how they ‘run’ with
the rescaled matter-effect parameter a, and to explore the role of non-zero n in neutrino
oscillation. We found that in addition to the two rotations, which were required for the SM
matter interaction and were absorbed into effective values of 015 and 643, a third rotation
was needed to capture the effects of n, which could be absorbed into the effective value
of f23. Thus, within the neutrino mixing matrix, the effect of 1 appears as a shift in the
effective mixing angle 23, while the SM matter effects show up as shifts in 612 and 613.
The CP-violating phase § remains unaffected and maintains its vacuum value. The running
of all the effective neutrino oscillation parameters were presented for both the normal and
inverted neutrino mass hierarchies. The changes caused by 7 in the running of the effective
oscillation parameters for the anti-neutrino case are discussed in detail in appendix A.

We have also studied the impact of the lepton-flavor-conserving NSI parameters on the
neutrino oscillation probabilities for various appearance and the disappearance channels.
To demonstrate the accuracy (or lack thereof in special cases) of our approximate analyti-
cal expressions, we compared the oscillation probabilities estimated with our approximate
effective ‘running’ mixing angles and mass-squared differences with those calculated nu-
merically for the same choices of benchmark oscillation parameters, energy, baseline, and
line-averaged constant matter density along it. We found that our approximation provided
satisfactory matches with exact numerical results in light of large 013 for different values
of 053, CP-violating phase d, and for positive and negative values of the NSI parameter 7.
A comparison of our results with the approximate expressions of Asano and Minakata [69]
for the v, — v, appearance channel has also been presented.

Finally, we examined the merit of our analytical probability expressions to identify the
situations at which the impact of the NSI’s become compelling. It was found that at higher
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baselines and energies, the impact of 1 can be quite significant in the v, — v, survival
channel if |n| is of the order of its current experimental upper bound. A considerable
difference between the SM and NSI probabilities can be seen irrespective of the vacuum
value of 623, and the sign of the NSI parameter n. We note that this feature may be
explorable with the upcoming 50 kiloton magnetized iron calorimeter detector at the India-
based Neutrino Observatory (INO), which aims to detect atmospheric neutrinos and anti-
neutrinos separately over a wide range of energies and path lengths [209]. Using our
analytical approach, we showed in a very simple and compact fashion that the corrections
in A3 due to the n depend significantly on whether the vacuum value of 23 lies below or
above 45°, suggesting a possible degeneracy between the octant of f235 and the sign of 7 for
a given choice of mass hierarchy.
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A Effective mixing angles and effective mass-squared differences — Anti-
neutrino case

In this appendix, we study the matter effect due to the anti-neutrino NSI’s. We again
utilize the Jacobi method to estimate how the NSI parameter n alters the ‘running’ of the
effective mixing angles, effective mass-squared differences, and the effective CP-violating
phase ¢ in matter for the anti-neutrinos. Like the neutrino case, we also present here a com-
parison between our approximate analytical probability expressions and exact numerical
calculations towards the end of this appendix.

A.1 Differences from the neutrino case

For the anti-neutrinos, the effective Hamiltonian is given by

o0 00 0 100 00 0
H, =U"|0X0|U'=U"|06m3, 0 |U'—=a|000|—-an|01 0
0 0 X3 0 0 om3, 000 00 -1
~—— ———
=M, =M,
—H,
(A1)
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The differences from the neutrino case are the reversal of signs of the CP-violating phase
0 (and thus the complex conjugation of the PMNS matrix U), and the matter interaction
parameter @ = a(1 + ¢). We denote the matter effect corrected diagonalization matrix as

U (note the mirror image tilde on top) to distinguish it from that for the neutrinos.

A.2 Diagonalization of the effective Hamiltonian

A.2.1 Change to the mass eigenbasis in vacuum

Using the matrix @3 from eq. (3.4), we begin by partially diagonalize the effective Hamil-

tonian Fn as

H, = Q:UTH,U"Q}

0 O 0 100 00 0
= 00m% 0 | —aQUT [000|U*Q5—anQsUT |01 0 |U*Q;, (A2)
0 0 dm3 000 00 -1
—_—— —_—
M, M,
= M;(HI% 0137 023) = M;(ng, 913, 923, 5)
7,
where
. UaUf) UaUly UaiUZ cyC3s 12812035 C12C13513
M (612,613,023) = Q3 | UeaUZ, UedUZy UeaUZy | Q5 = | c12812¢33  $39C%5  S12C13513
UesU;) UesUgy UesUls C12€13513 S12C13813  Si3
= M, (612,613, 023) , (A.3)
and
., UulU;jl UulU;Zz UulU;?, UTIU:1 UTIU:—E UrlU:?;
M, (012,613, 023,6) = Q3 q | Up2Upsy Up2Upsp UpUps | — | Ur2UZy UraUzy UnaUy 3
UM3U;1 Uu3U;2 UH3U;3 U73U;"1 U73U;k2 Ur3 :3

sin(26012) sin(20a3)s13 cos § + (s34 — c35573) cos(2623)
= | (82567 — c2ye7)s138i0(2023) — (1 + 525)s12¢12 cO8(2623)
—S812C13 8111(2923)6—WS + C12513C13 COS(2923)
(535677 — c2yeT) 513 5in(2023) — (1 + 575)s12¢12 cO8(2623)
— 8in(2612) sin(26093)s13 cos § + (3 — s295%5) cos(2623)
C12C13 Sin(2923)6+i6 + S$12813C13 COS(2923)

—812C13 Sin(2023)6_i5 + C12513€C13 COS(2023)
C12C13 Si1’1(2923)€_uS + 5$12513C13 COS(2023)
—c25 cos(2023)

— M (012,013, 023, 6) . (A.4)
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A.2.2 n = 0 case, first and second rotations

As in the neutrino case, we will first approximately diagonalize ﬁg and then add on the
CALT}M:? term later. The Jacobi method applied to Fg is as follows.

1. First rotation. Define the matrix V as

Cp 3,0
V= |-5,¢0|, (A.5)
0 01
where
~ 2 .
acys sin 2019
¢, = COSp, S, =sinp, tan2yp = — 13 , (012 <9<0).
“ ot e new dm3, + ac?, cos 20y (=012 <7 =0)
(A.6)
Then,
=N =t =
HO — V H[)V
X/_ 0 *&6/12013813
- -
— 0 /\+ —CLS/12613813 5
—dE,12613813 —d§/12013813 —(AIS%-S + 5m§1
(A.7)
where
6’12 = COS 9_32 5 532 — Sin 0_,12 5 0_,12 — 912 + ¢ 3 (AS)
and ) )
X, = (6m3y — acty) £ /(0m3 + aciy)® — dactysi,oms, (A.9)
5 . .
The angle §;, = 612 + @ can be calculated directly without calculating @ via
- dm3, sin 20 .
tan 20, = T BRI (0< By < fr) (A.10)

2 ")
dm3, cos 2012 + acyy

The dependences of ;, and X/i on [ are plotted in figure 19.

Note that in contrast to the neutrino case, 9’12 decreases monotonically from 615 to
zero as f3 is increased. The (-dependences of 5, = sin 5/12 and ¢}, = cos 5/12 are shown in
figure 20(a). As f is increased beyond = —2, ¢, grows quickly to one while 5}, damps
quickly to zero. The product as), stops increasing around S = —2 and plateau’s to the
asymptotic value of dm2; s12c12/cly = [dm3,|O(€?) as shown in figure 20(b). That is:

@5y, = |6m3;| O(e ™72 < [om3y | O(e)
achy = [0m2,|O(e7P) . (A.11)

Note also that the scales of Xli are given simply by

N = -0(@) = —[om3|0(c?)
X+ = O(émgl) = ‘5m:231|0(€2) ) (A.12)

since no level crossing occurs in this case.
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Figure 19. (a) The dependence of 5/12 on 3 = —log (a/|dm%,]). (b) The 3-dependence of Xli.
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Figure 20. (a) The 8-dependence of 5}, = sin 5112 and ¢4 = cos 5/12. (b) The S-dependence of a5,
and acj,. The asymptotic value of as), is 6m3;s12c12/c33 ~ 0.014|6m3,| = O(e2|6m3,]).

2. Second rotation. Since ¢}, continues to increase with g while s}, does not, we
perform a (1, 3) rotation on Fg next.
Define the matrix W as

Co S¢
W=|0 10/, (A.13)
=S¢ 0 Gy
where ¢4 = cos @, 54 = sin ¢, and
— 2a¢; a sin 26
tan2p = —— o208 it (A.14)

N ) 2 2\ 14 :
dm3, — asy — N (0m3, — om3,s1) + G cos 2613

The angle ¢ is in the fourth quadrant when dm3; > 0 (normal hierarchy), and in the

first quadrant when 6m§1 < 0 (inverted hierarchy). The S-dependence of ¢ is shown in
figure 21(a) for both mass hierarchies.
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(NH) and inverted (IH) mass hierarchies.

Using W, we obtain

== 1575
o, = W HW
~ ey _
)\jF (579C135135¢ 0
— | At = 3 P -
= | aS5c1351354 Ay — 515135150 | (A.15)
Ail p— N
0 —a819C13513C¢ )‘:i:

where the upper signs are for the §m3, > 0 case and the lower signs are for the dm3; < 0
case, with

L (6m3y — asty) + N )£ [0md, — asty) — N ] + d(aysisers)?
Ny = 5 . (A.16)

As ( is increased beyond 0, the Xl asymptote to

4 2 2 2 2 2

Ay = Omgicig + 0my 512813

N o—a+ Sm2 525 + omiy s29cis (A.17)
for both mass hierarchies. Note that A~ < 0 < X/J/r for the dm3; > 0 case, while both
Xi < 0 for the §m3; < 0 case. The S-dependences of X;/E are shown in figure 22. Order-of-

magnitude-wise, we have

! _ ! .
X = om0 ), X = o), if om3, > 0,
Xy = —[6m3,|O(e~mnB0) X = —|6m3,|O(emax(B0)) - if §m3; < 0.
(A.18)
In particular, in the range 8 2 0, we have
No= —em3 0By, XL = |sm3|0(), if 5m2, >0, (A.19)
No o= —lomZ o), X = —|omZ|O( ), ifémd, <0. '
For the off-diagonal terms, we have a3}, = |dm3,|0(€?), c13 = O(1), s13 = O(e), and
56 = O(e), % = O(1), %f 5m§1 >0, (A.20)
56=0(1), ¢4=0(, if omg; < 0.
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Figure 22. The pS-dependence of Xl for the (a) normal and (b) inverted mass hierarchies.

Thus, looking at the elements of HS’ in that range, we find:

O(e78/1) O(e*/e?) 0
Hy = [6m2,| | O(e*/e) O(e2) O(e/eb) | , (A.21)
0 0(63/64) O(l/e_ﬁ)

where the elements with two entries denote the two different mass hierarchies, O(NH/IH),
and we see that further diagonalization require angle of order O(e®). Therefore, F’OH is

approximately diagonal.

A.2.3 n # 0 case, third rotation
—/

Next, we consider the n # 0 case. Performing the same (1,2) rotation V on H:] =Hy—
&nM; as we did on Fg, the M; part is transformed to

VTM:,(Ql% 013, 003,0)V = M;(Glz +©, 013, 023,0) = M;@/m,@lg, 023,6) . (A.22)
—
=01

o . S o
Using 0}, — 0, acjy — @, asjy — O(€?)|dm3,| as B is increased beyond —2, we can

approximate
(AIUM;] (5/12, 913, (923, 5) ~ dnﬂ; (0, (913, 923, (5) (A23)
—S‘%g COS(2923) —6i5813 sin(26’23) 813013 COS(2(923)
= &77 —6_15813 sin(2923) ‘ COS(2923) €_Z6613 sin(2023)
s13¢13 c08(2093)  €¥cy3sin(26093) —0%3 cos(2693)

Performing the (1,3) rotation W next, we find
WTM;(O, 013,023,0)W = DM, (0,013 + ¢, 03, 0)
—

b3
-/ —/
—§’123 cos(2093)  —€'0%) 5 sin(2643) 5/136/13 cos(2623)
= | —e"?F), sin(2643) cos(26s3) e ¢ 5 5in(2093) |
3h3Ch5 c08(2093) €05 sin(2003)  —E cos(2023)

— 44 —



L0 : : : : ‘ = L0
cos[631] : ] cos[615']
0.8} § § - 0.8}
0.6} - 0.6}
041 04f
0.2[ sin[013] 1 02]
0.0k . \ \ ] 0.0k
-4 3 2 -1 0 1 2 -4 3 2 -1 0 1 2
B B
(a) Normal Hierarchy (b) Inverted Hierarchy
2 2
1 : 1
P SR S aeostonl - o asinlfrs |
S S S
* U *x R _
g, asltw) g, S aoosti |
i i i
—3L 3 _3f
4l : 4l
e 0 1 2 e 0 1 2
B B
(c) Normal Hierarchy (d) Inverted Hierarchy
Figure 23. The dependence of sin 65 and cos 65 on 8 = —log (a/|6m%|) for the (a) normal and
(b) inverted mass hierarchies. The dependence of @sin#{; and acosfiz on 8 = —log, (a/|0m3,|)

for the (¢) normal and (d) inverted mass hierarchies.

where 53 = sin@llg), Ty = 0055/13. The angle 5/13 = 613 + ¢ can be calculated directly
without the need to calculate ¢ using
(6m3, — dm3,s%,) sin(2013)

tan 20;, = . A.25
13 (5m§1 — 6m§15%2) cos(2013) + a ( )

and its S-dependence is shown in figure 21(b). In contrast to the neutrino case, 5/13 increases
rapidly to m/2 when dm3; < 0, while damping to zero when dm3; > 0 once J is increased
above zero. Consequently, &0085,13 for the 6m?; < 0 case, and &singlm for the dm3; > 0
case plateau to c13s13(1 — €2s%,)|6m3;| = O(e)|6m3,| as B is increased as shown in figure 23.
Note that in the 6m2; < 0 case, &cos?llg increased to O(1)|0m3;| in the vicinity of 3 = 0
before plateauing to O(e)|dm3,|. As in the neutrino case with dm2; > 0, this will cause
a slight problem with our approximation later. We now look at the normal and inverted
mass hierarchy cases separately.

1. dm2; > 0 case. In the dm3; > 0 case asy3 — O(¢)|dm?, | as B is increased beyond 0.
Therefore, we can approximate

Y = WVH, VW ~ Ty — and,)(0, 813, 023, 6)
Py 0 0
~ 10 X/Jr — ancos(20a3) —ane ¢ 4 sin(2023) | , (A.26)

0 —ane'e,; sin(2623) Xl + anc cos(20a3)
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Note that

—f3 < x <0 forn>0, O§X<g—923 forn < 0. (A.29)
The [-dependence of X is shown in figure 24 for several values of 7, both positive (fig-
ure 24(a)) and negative (figure 24(b)).
Using X, we find

1!

A0 0

HY = XHE/X ~ |0 X 0], (A.30)
/"
0 0 Nyy

where

— (Xl—i-xr—dn?’fg cos 2043) + \/ X L an(1+T3) cos 203)2+4(anc, 5 sin 263)2

X+ = 5
-/ . . . . e (A31)
Thus, H, is approximately diagonal. The asymptotic forms of Ay at 5> 0 are
NS aln|+ 57”310%3023 +0m3 (cfys3; + stostsc3;)  forn >0
* Imicl3s33 + 0m3, (ciacls + sipsiysds) forn <0
X0 S —aln| + 57”310%3523 +0m3, (cfyc3y + s1y813533)  for >0 (A.32)
Imiycl3chy + 0m3 (cTy833 + siysizeds)  forn <0

Note that Xl)/(li have the same asymptotics as AY, for the neutrino case except with the

n > 0 and n < 0 cases reversed. The -dependence of X’;’éi are shown in figures 24(c) to (f).

2. dm3; < 0 case. In the §m3; < 0 case ac3 — O(e)|dm% | as B is increased beyond 0.
Therefore, we can approximate
H = W'VH, VW ~ Hy — anhl,(0,0,3,023,6)
X” + ansiy cos(2023) aneds);sin(2023) 0
~ | ane™"F) 5 sin(2623) X/Jr — an cos(2623) B, . (A.33)
0 0 A

where we have dropped off-diagonal terms of order O(e3)|dm3;| or smaller. Define the
matrix Y as

Y=|-8pe™ 2 0], (A.34)

where ¢, = cos 1), 5y = sin 9, and

— 2am38} 5 sin (2693
tan2y = ———— }3 (7/2 )
(AL = Ay) + an(1 + 513) cos(2023)
2&7] sin(2023)

Q

_ A . (A.35)
[0m3, 5 — 0m3, (cfy — s79513)] + 2an cos(2693)
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(A.36)

—f3 < b <0 forn<0.

forn >0,

023

The (-dependence of v is shown in figure 25 for several values of 7, both positive (fig-

ure 25(a)) and negative (figure 25(b)).
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where

o (Xl —I—X,Jr —aned cos 20a3) £ \/ X L an(1 + 53) cos 20932 +4(ans) 5 sin 2023)?

Y:t pu— 2 .
(A.38)
Therefore, H _ is approximately diagonal. The asymptotic forms of )\Yi at 8> 0 are
Xl}lf/+ = alnl+ —|0m3, |3¢3s + 0m3, (clys3s + 512313023) for n >0
—|5m31|613523 + 57”21(0%2023 + 31231352 ) forn <0
X;/// s —aln| + |5m31|013523 + 5m21(0%2023 + 51231352 ) forn>0 (A.39)
—[6m3; |cT3¢35 + Im3y (cRos5y + sTasTach)  for <0

Note that X/{//i have the same asymptotics as Ay, for the neutrino case except with the

n > 0 and 1 < 0 cases reversed. The S-dependence of 1) and X;//,i are shown in figure 25.

A.3 Effective mixing angles for anti-neutrinos

We have discovered that the unitary matrix which approximately diagonalizes H is U* =
U*Q3V W X when ém3, > 0, and U* = U*Q3V W'Y when dm3, < 0. Taking the complex
conjugate, these are respectively U=U Q3VW X" when 5m§1 > 0, and U=U QsVWY"
when ém3, < 0.

In the following, we rewrite the mixing matrix in matter U into the form

“

U = R23(52370)R13(513,3)312(51270)7 (A.40)

absorbing the extra mixing angles and CP phase into appropriate definitions of the ‘running’

parameters 012, 613, 023, and . As in the neutrino case, frequent use is made of eq. (3.54).

1. dm32, > 0 case. Using eq. (3.54), it is straightforward to show that
U=UQVWX"

= Ro3(0a3,0)R13(013, ) R12(012,0) Q3 R12(%, 0) R13(9,0) Ras (X, —0)
ne Y
U vV w X

= Ro3(023,0)Q3R13(613,0) R12(012, 0) R12(, 0) R13(¢, 0) Ras (X, —9)

= Ro3(623,0)Q3R13(613,0) R12(012 + B, 0) R13(0, 0) Ras (X, —9)

——

= 512
= Ry3(023,0)Q3R13(613, 0)312@/127 0)R13(¢, 0) Raz (X, —9) , (A.41)

where in the last and penultimate lines we have combined the two 12-rotations into one. We
now commute R13(¢,0)Ra3(X,d) through the other mixing matrices to the left as follows:

e Step 1: commutation of Ry3(¢,0) through ng(élm, 0).

In the range f 2 0, the angle 0], is approximately equal to zero, so we

can approximate
100

R12(015,0) ~ R12(0,0) = [010] . (A.42)
001
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Note that
R12(0,0)R13(¢,0) = Ri(¢,0)R12(0,0) (A.43)

for any ¢. On the other hand, in the range 3 < —1 the angle ¢ is negligibly small,
So we can approximate

100
Ri13(6,0) ~ Ry3(0,0) = |010]| . (A.44)
001
Note that
— —
R12(912,0)R13(0,0) == R13(010)R12(01270) (A45)
for any 5/12. Therefore, for all 5 we have
R15(012,0)R13(6,0) ~ Ri3(6,0)Ri2(612,0) , (A.46)

and

“

U = Ra3(623,0)Q3R13(613, 0) R12(815, 0) Ri3(¢, 0) Ros (X, —0)
~ Ra3(63,0)Qs Ru3(613, 0) Ri3($, 0) Ria (B}, 0) Ras (X, —0)
= Ry3(023, 0)@3313(@::@ 0) R12(0)2,0) Ras (X, —0)
= 013
= Ry3(023,0)Q3R13(013,0) R1a(8)5, 0) Ras(X, —0) , (A.47)

where in the last and penultimate lines we have combined the two 13-rotations into
one. The B-dependence of 5’13 was shown in figure 21(b).

Step 2: commutation of Ra3(%,0) through R12(§/12’ 0).

In the range 5 2 0, the angle 5/12 is approximately equal to zero as we have noted
above and we have the approximation given in eq. (A.42). Note that

R12(0,0)Ra3(X, —0) = Ra3(x,—0)R12(0,0) (A.48)

for any Y. On the other hand, in the range 5 < 0, the angle ¥ is negligibly small so
we can approximate

100
Ros(X,—0) ~ Rg3(0,—d) = [010] . (A.49)
001
Note that
Ri2(8,5,0)R23(0,8) = Ras(0,8)R12(0y5,0) (A.50)
for any 5,12. Therefore, for all 3 we see that
R1(02,0)Ras(X, —0) ~ Ra3(X,—0)Ri2(0}5,0) , (A.51)
and
U ~ Rys(023,0)Q3R13(0,4,0) Ras (X, —0) Ri2(0)5,0) - (A.52)
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o Step 3: commutation of Ra3(, —0) through R13(§,13, 0).

When 5m§1 > 0 we have 5’13 ~ 0 in the range 5 2 1 so we can approximate

100
Ri13(6)3,0) ~ Ry3(0,0) = [010] . (A.53)
001
Note that
R13(0’ O)R23(Y7 _5) = R23(Y7 _5)R13(O) O) (A54‘)

for any ¥. On the other hand, in the range § < 0 the angle ¥ was negligibly small so
that we had eq. (A.49). Note that

Ri3(6}5,0)R12(0, =) = Ro3(0, —8)Ri3(615,0) , (A.55)
for any 5’13. Therefore, for all 3 we see that
Ru3(y3,0)Ro3(X, —0) ~ Ros(X, —0)Ri3(013,0) (A.56)
and using eq. (3.54) we obtain
U~ Ro3(03,0)Q3Ra3(X, —6) R13 (013, 0) R12 (015, 0)
= Ry3(693,0)Ra3(X, 0)313(5/137 5)R12(§/127 0)Q3
= Ro3(fa3 + X, 0)R13(0)4, 8) R12(8'5, 0
23( 237/ X 0) Ri3(613,6) Ri2(012,0)Q3
= 923
= Ry3(03,0)R13(03,0) Ri2 (615, 0)Qs , (A.57)

where in the last and penultimate lines we have combined the two 23-rotations into
one. The matrix (3 on the far right can be absorbed into the redefinitions of Majo-
rana phases and can be dropped.

Thus, we find that the effective mixing matrix U in the case dm3; > 0 can be ex-
pressed as eq. (A.40) with the effective mixing angles and effective CP-violating phase
given approximately by

O ~ 01y = 12+,
O3~ 013 = O3+,
fos ~ Oyy = a3+ X,
5~ 0. (A.58)
2. 6m32, < 0 case. Using eq. (3.54), we obtain
U=UQVWY"
= Ry3(023,0)R13(013,6) R12(012,0) Q3 R12(%,0) Ri3(¢,0) Ria(1), 6)
U w Y
= Ra3(63,0)Q3R13(013,0) Ri2 (B9, 0) Ri3 (6, 0) Ri2 (v, ) - (A.59)

<
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We now commute Ri3(¢,0)Ri9(1,8) through the other mixing matrices to the left and
re-express U as in eq. (A.40), absorbing the extra mixing angles and CP phase into 62,

513, 523, and 8. The first step is the same as the 5m§1 > 0 case, the only difference being
the B-dependence of 5/13, which is also shown in figure 21(b).

e Step 2: commutation of Ry2(¢,d) through R12(5/12,O).

In the range 5 = 0 the angle ?12 is approximately equal to zero as we have noted
previously, and we have the approximation given in eq. (A.42). Note that

R12(0,0)Ri2(1,6) = Ri2(¥,0)R12(0,0) (A.60)
for any 1. On the other hand, in the range 8 < 0 the angle 1 is negligibly small
so that

100
Ri2(,6) ~ R12(0,6) = [010] . (A.61)
001
Note that
Ri12(8,5,0)R12(0,8) = Ri2(0,8)R12(}5,0) (A.62)
for any 5/12. Therefore, for all 3 we see that
Ri5(012,0)R12($,0) ~ Riz(¥,0)Ri2(f)5,0) , (A.63)
and
U ~ R23(023, 0)Q3R13(§/13, O)R12 (a, 5)R12(§/12, 0) . (A.64)

e Step 3: commutation of Ry2(1),d) through R13(5/13,O).

When dm%; < 0 we have 5,13 ~ 75 in the range 3 2 1 so that

0 01
Rig(015.0) ~ Riz (5.0) = |0 10] . (A.65)
—-100
Note that
m — — T
R3 (57()) Ri2(1),0) = Ras(v), —0)Ri3 (5,0> (A.66)

for all 4. On the other hand, in the range $ < 0 the angle ¥ was negligibly small so
that we had the approximation eq. (3.75). Note that

Ri3(6)3,0)R12(0,8) = Ra3(0, —0)R13(6)3,0) (A.67)
for all @13. Therefore, for all 5 we see that

Ri3(0}3,0)Ri2(¥,8) ~ Ra3(ih, —0)Ri3(615,0) (A.68)
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Figure 26. The -dependence of 5,23 for the (a) normal and (b) inverted hierarchies for several
values of  with s3; = 0.4.

and using eq. (3.54) we obtain

U ~ Ras(63,0)QaRas (6, —6) Ruz (65, 0) Rua (8, 0)
= Ro3(23,0) Ra3(,0) Ru3 (03, 6) Ri2(85, 0) Qs
= Ro3(023 + 9, 0) Ri3(0)3, ) R12(612, 0)Qs
~——
= b3
= Ry3(fly3,0) Ris (013, 0) Ra(0)5,0)Qs , (A.69)
where in the last and penultimate lines we have combined the two 23-rotations into

one. The matrix Q3 on the far right can be absorbed into redefinitions of the Majo-
rana phases and can be dropped.

Thus, we find that the effective mixing matrix U for anti-neutrinos in the case dm3; <0
can be expressed as eq. (A.40) with the effective mixing angles and effective CP-violating
phase given approximately by

0o~ 01y = 012+,
13 ~ 015 = 013+ 8,
03 ~ Oy = O3+,
S0, (A.70)
A.4 Summary of anti-neutrino case

To summarize what we have learned, the inclusion of the anh, term in the effective
Hamiltonian shifts 693 to 5’23 = 63 + X for the (5m§1 > 0 case, and to 5’23 = @3 + 9 for thE
6m§1 < 0 case. For both cases, 63 can be calculated directly without calculating X or v
first via the expression

[57”%10%3 - 5m%1(¢%2 - 5%23%3)] sin 2053

tan 205, ~ (A.71)

[6m3 3y — Om3, (3 — $39893)] cOs 2093 + 2an
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Figure 27. 7, — v, transition probability as a function of anti-neutrino energy E in GeV for
2300 km (8770 km) baseline in upper (lower) panels. We compare the analytical expressions of
this work and Asano-Minakata [69] against the exact numerical result assuming n = 0.1, = 0 (left
panels) and n = —0.1, = 0 (right panels). The solid black curves portray the standard three-flavor
oscillation probabilities in matter without NSI’s. In all the panels, we consider f3 = 40°), 6 = 0°,
and inverted mass hierarchy.

Note that as (8 is increased, 5/23 runs toward 3 if dm3;n < 0, while it runs toward 0 if
dm3;n > 0. The S-dependence of @;3 is shown in figure 26. The CP-violating phase ¢
remains unaffected and maintains its vacuum value.

The running of the effective mass-squared differences are also modified in the range
B 2 0. For the 6m3; > 0 case, A2 and A3 show extra running, while for the dm3; < 0 case,
it is A\; and Ay that show extra running, cf. figures 24 and 25.

A.5 Discussion at the probability level

Now, we demonstrate how these lepton-flavor-conserving NSI parameters affect the anti-
neutrino oscillation probability for the various appearance and the disappearance channels.
In figure 27, we compare our approximate 7, — 7, oscillation probabilities (blue curves) as
a function of the neutrino energy against the exact numerical results (red curves) assuming
n = 0.1, = 0 (left panels) and n = —0.1,{ = 0 (right panels). The upper (lower) panels
are drawn for 2300 km (8770 km) baseline. Here, in all the panels, we assume 6a3 = 40°,
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Figure 28. Comparison of our analytical expressions (solid curves) to the exact numerical results
(dashed curves) in case of anti-neutrino for various values of 3. We assume § = 0° and dm3; < 0.
Upper (lower) panels are for 2300 km (8770 km) baseline.
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Figure 29. Comparison of our analytical expressions (solid curves) to the exact numerical results
(dashed curves) in case of anti-neutrino for different values of the CP-violating phase ¢ at 2300 km.
To generate these plots, we consider fp3 = 40° and dm3; < 0.

6 = 0°, and inverted mass hierarchy (5m§1 < 0). We also compare our results with the

approximate expressions of Asano and Minakata [69] (dashed green curves).

The accuracy of our analytical approximations as compared to the exact numerical
results for different values of a3 is shown in figure 28. All the plots in figure 28 have been
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Figure 30. 7, — v, survival probability as a function of anti-neutrino energy F in GeV for two
different values of f23 at 8770 km baseline. Comparison between the analytical and numerical results
assuming n = 0.1, = 0 (left panel) and n = —0.1,{ = 0 (right panel). The standard three-flavor
oscillation probabilities in matter without NSI’s are also shown. In both the panels, we assume
§ =0° and dm3; < 0.

generated assuming § = 0° and inverted mass hierarchy (6m3; < 0). We take the same
choices of 7 and ¢ like in figure 27 and results are given for 2300 km (upper panels) and 8770
km (lower panels) baselines. We find that our approximation provides satisfactory match
with exact numerical results for different values of fo3. Figure 29 presents a comparison of
our approximate probability expressions (solid curves) against the exact numerical results
(dashed curves) assuming four different values of the CP-violating phase § at 2300 km.
Here, we take 63 = 40° and dm3; < 0.

In figure 30, we depict the , — 7, survival probability in the presence of NSI for two
different values of #53 (40° and 50°) at 8770 km baseline. We present the matching between
the analytical and numerical results assuming 17 = 0.1, = 0 (left panel) and n = —0.1,{ =
0 (right panel). In both the panels, we consider § = 0° and 5m§1 < 0. Figure 30 portrays
that our approximate expressions match quite nicely with the numerical results.

B Comparing probabilities with constant & varying Earth density profile

So far, we considered the line-averaged constant Earth matter density for a given baseline
which has been estimated using the PREM profile to present our results. Now, it would
be quite interesting to study how the exact numerical probabilities would be affected if
we consider the more realistic varying Earth density profile instead of the line-averaged
constant matter density for the baselines as large as 8770 km and 10000 km. In figure 31,
we show the exact numerical probabilities considering the constant and varying Earth
density profiles for 8700 km (upper panels) and 10000 km (lower panels) baselines. In the

)

figure legends, the line-averaged constant matter density cases are denoted by ‘pave’ and
the varying Earth density cases are labelled by ‘PREM’. We perform these comparisons

for both the SM and NSI scenarios. For the NSI’s, we take n = 0.1, = 0 (left panels), and
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Figure 31. v, — v, transition probability as a function of neutrino energy F in GeV for 8770
km (10000 km) baseline in upper (lower) panels. We compare the exact numerical probabilities
considering the constant (denoted by ‘pave’), and varying (labelled by ‘PREM’) Earth density
profiles for both the SM and NSI cases. We also plot our approximate analytical expressions in the
presence of NSI. For the NST’s, we take n = 0.1, = 0 (left panels), and n = —0.1,¢ = 0 (right
panels). In all the panels, we consider 235 = 40°, § = 0°, and normal mass hierarchy.

n = —0.1,¢ = 0 (right panels). For the sake of completeness, we also plot the approximate
probability expressions in the presence of NSI that we derived in this paper assuming
the line-averaged constant Earth matter density based on the PREM profile. Figure 31
clearly shows that though the line-averaged constant matter density probability does not
completely overlap with the PREM-based varying matter density profile probability, it is
still fairly accurate. Moreover, the effect due to the inclusion of flavor-diagonal NSI’s is
correctly captured in our approximate analytical expressions.

Open Access. This article is distributed under the terms of the Creative Commons
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