PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: August 19, 2015
ACCEPTED: October 12, 2015
PUBLISHED: November 4, 2015

Three dimensional bosonization from supersymmetry

Guy Gur-Ari® and Ran Yacoby’
@Stanford Institute for Theoretical Physics, Stanford University,
Stanford, CA 94305, U.S.A.

b Joseph Henry Laboratories, Princeton University,
Princeton, NJ 08544, U.S.A.

E-mail: guyga@stanford.edu, ryacoby@princeton.edu

ABSTRACT: Three dimensional bosonization is a conjectured duality between non-super-
symmetric Chern-Simons theories coupled to matter fields in the fundamental representa-
tion of the gauge group. There is a well-established supersymmetric version of this duality,
which involves Chern-Simons theories with A/ = 2 supersymmetry coupled to fundamental
chiral multiplets. Assuming that the supersymmetric duality is valid, we prove that non-
supersymmetric bosonization holds for all planar correlators of single-trace operators. The
main tool we employ is a double-trace flow from the supersymmetric theory to an IR fixed
point, in which the scalars and fermions are effectively decoupled in the planar limit. A
generalization of this technique can be used to derive the duality mapping of all renormal-
izable couplings, in non-supersymmetric theories with both a scalar and a fermion. Our
results do not rely on an explicit computation of planar diagrams.

KEYWORDS: Supersymmetry and Duality, Duality in Gauge Field Theories, Chern-Simons
Theories, 1/N Expansion

ARX1v EPRINT: 1507.04378

OPEN AcCCESS, (© The Authors.

Articlo funded by SCOAP®. doi:10.1007/JHEP11(2015)013


mailto:guyga@stanford.edu
mailto:ryacoby@princeton.edu
http://arxiv.org/abs/1507.04378
http://dx.doi.org/10.1007/JHEP11(2015)013

Contents

1 Introduction and summary of results 1
2 Preliminaries 5
2.1 U(NV) Chern-Simons vector models 5
2.2 Single-trace operators 6
2.3 Relations between 2-point correlators 8
3 Duality map of the N = 2 theory 11
3.1 Map of single-trace operators 11
4 Bosonization from perturbation theory 13
4.1 3-point functions 13
4.2  4-point function of spin 1 currents 15
4.3 Other correlators 16
5 Bosonization from double-trace flow 17
5.1 Coupling to background vector multiplet 17
5.2 General bosonization argument 18
5.3 Including currents 20
6 Theories with one boson and one fermion 21
61 N=2-N=1 21
62 N=2-N=0 22
7 Discussion 23
A Conventions 26
B Proof that (JO) Correlators Vanish Exactly 26
B.1 Fermionic case 27
B.2 Bosonic case 28

1 Introduction and summary of results

Bosonization in three-dimensional quantum field theories is a recently conjectured duality,
first developed in [1-5], between certain Chern-Simons theories with U(N) or O(NV) gauge
groups, coupled to matter fields in the fundamental representation.! We will refer to this
class of theories as Chern-Simons vector models. The most basic example of 3d bosonization

1t should be straightforward to extend these dualities to USp(2N) gauge theories as well.



states that a Chern-Simons theory coupled to a single fermion ¢ (z) (the ‘fermionic’ model)
is equivalent to another such theory coupled to a scalar ¢(z) at the Wilson-Fisher fixed
point (the ‘critical bosonic’ model). This was later generalized in [6, 7] to a duality of a
Chern-Simons vector model containing both a fermion and a scalar, with the most general
renormalizable matter potential V(,1).2 For a particular choice of V(y,1) the theory
has A/ = 2 supersymmetry, and bosonization becomes equivalent to a Seiberg-like duality,
which was first proposed for a general class of N' = 2 Chern-Simons vector models by
Giveon and Kutasov [8] and later generalized to the particular case described above in [9]
(see also [10, 11]).

So far, the only direct evidence supporting bosonization comes from computations done
in the large N limit [1-7, 12-22] (see also [23-29] for related work). On the other hand,
Giveon-Kutasov duality was tested at finite V. Because the N = 2 duality is much more
well established than the non-supersymmetric one, studying the relation between the two
may give rise to new evidence for 3d bosonization. Motivated by this possibility, in this work
we will explore the relation between the two dualities. In particular, the main question we
wish to address is whether the non-supersymmetric bosonization dualities described above
can be derived from the Giveon-Kutasov duality of the A' = 2 U(N) Chern-Simons theory
with a single fundamental chiral multiplet.

The idea that 3d bosonization can be derived from Giveon-Kutasov duality was already
exhibited in the important paper [7]. In that work, the planar thermal free energy of
the N/ = 2 theory was computed in the presence of relevant, supersymmetry-breaking
deformations. Sending the coupling of one such deformation to infinity decouples the
fermion and leads to the planar free energy of the critical bosonic model; the corresponding
limit in the dual theory decouples the scalar, leading to the free energy of the fermionic
model. The results of [7] constitute strong evidence that the non-supersymmetric theories
are related to the A/ = 2 theory by dual RG flows, at least when N is sufficiently large.

In the present work we will follow a different route. We will derive the non-
supersymmetric duality from the supersymmetric one for a large class of observables, with-
out computing these observables explicitly. Our main results can be stated as follows. If
the duality of the N' = 2 theory is valid, then all correlation functions of single-trace op-
erators in the critical bosonic and fermionic models agree under the bosonization duality
in the planar limit. We will also give a simple derivation of the large N duality map of
the coupling constants in the most general renormalizable potential V' (¢, ), in the theory
that contains both a scalar and a fermion. The duality map for some of those couplings
was not known previously.

Note that in the critical bosonic and fermionic models, all planar 2-point and 3-point
functions of single-trace operators are known explicitly, and were already shown to match
under bosonization. Our results also apply to higher-point functions, whose form is not
generally known.? We stress that planar, connected n-point functions of single-trace op-

2In this case the dual theory is also a Chern-Simons vector model with a fermion and a scalar. The
justification for the name ‘bosonization’ in this theory is that the duality maps operators constructed from
fermion bilinears to those constructed from scalars.

3See [22] for an exception.



erators are generally independent observables for any n, even in conformal field theories
(CFTs).* Therefore, one can view our result as new evidence for bosonization, which goes
beyond the one provided by matching the known planar 2-point and 3-point functions.

Let us now describe our derivation of the duality between the critical bosonic and
fermionic models, which we will approach in two different ways. The first method uses a
perturbative expansion in the multi-trace interactions of the ' = 2 action. (Note that this
is not ordinary perturbation theory, because we treat the gauge interactions exactly.) We
begin by writing down the duality equation for certain correlators of the N’ = 2 theory, and
expanding them perturbatively. By re-arranging the perturbative contributions we obtain
an equality between correlators of the critical bosonic and fermionic theories, in agreement
with the bosonization duality.” In the large N limit the perturbative expansion converges
and the result is exact. We will use this method to derive the bosonization duality of the
4-point function of spin 1 currents, as well as of all 3-point functions (a known result). We
believe that it is possible to extend the same argument to other higher-point functions, but
this becomes tedious. Instead, in section 5 we give a simpler derivation of 3d bosonization
that we will discuss in the rest of the introduction.

Our N/ = 2 theory contains a scalar field ¢ and a Dirac fermion v, both in the
fundamental of the U(V) gauge group. The gauge-invariant operator @¢ has vanishing
anomalous dimension, because it sits in the same multiplet as the conserved U(1) flavor
current. Therefore, the double-trace operator (@g)? is relevant for large enough N. In the
planar limit we may deform the supersymmetric theory by (¢¢)? and flow to an IR fixed
point that is not supersymmetric. The IR theory includes a fermion and a Wilson-Fisher
scalar, both coupled to a gauge field with Chern-Simons interactions.® The Giveon-Kutasov
duality of the UV theory becomes a duality of the non-supersymmetric IR theory.

As we will show, in the planar limit of the IR theory the scalar and fermion are
effectively decoupled for a large class of observables. In particular, planar correlators of
single-trace operators that are composed of the scalar ¢ and the gauge field do not receive
contributions from interactions with the fermion . These correlators are therefore equal
to those of the critical bosonic theory. Similarly, correlators of single-trace operators that
involve only fermions and gauge fields are equal to those of the fermionic theory. Using
this decoupling we will derive the duality of the critical bosonic and fermionic theories. For
this derivation to work, we must know the mapping of all single-trace operators under the
Giveon-Kutasov duality. We will determine this map by working out the arrangement of
these operators inside multiplets of the A/ = 2 superconformal algebra. In the process, we
will uncover signs in the duality map that were not noted previously.

“Indeed, upon using the operator product expansion, such correlators with n > 4 contain non-trivial
contributions from 3-point functions with multi-trace operators; these were never computed explicitly in
the theories discussed in this work.

®This argument is close in spirit to an argument made in [2], where it was shown that certain scalar
operators in the bosonic and fermionic theories do not acquire an anomalous dimension. This was done by
perturbatively relating the 2-point functions of these operators to similar 2-point functions in the N = 2
theory, where supersymmetry implies that the corresponding anomalous dimensions vanish.

5The duality of this non-supersymmetric theory was already considered at the level of the thermal free
energy in [7].



The way in which the double-trace deformation [ 3z g(pp)? is embedded within a
supersymmetric deformation plays an important role in our argument. To understand this
embedding, we will use the fact that the IR CFT at the end of the double-trace flow can
be equivalently described by coupling the operator @y to a background field D in the UV
theory, and then making D dynamical; this equivalence can be seen by using the Hubbard-
Stratonovich trick. In the A" = 2 theory, the background field D is the top component
of the background vector multiplet that contains the U(1) flavor current. It follows that
the supersymmetric completion of making a double-trace deformation and flowing to the
IR CFT involves gauging the flavor U(1) symmetry.” Because we know how the flavor
symmetry maps under Giveon-Kutasov duality, we can work out the exact mapping of our
supersymmetry-breaking deformation.

We see that supersymmetry allows us to map the double-trace deformation across the
duality. It is possible to extend this basic strategy to additional deformations by making
other fields in the background vector multiplet dynamical with some particular weights,
analogous to the D? term in the Hubbard-Stratonovich transformation. In particular,
we will use this strategy to derive the large N duality map of the U(N) Chern-Simons
vector model containing both a scalar and a fermion with the most general renormalizable
potential V(p,%). In [6, 7], the duality map of those couplings in V' (¢, 1) that contribute
to the planar thermal free energy was determined. We find perfect agreement with [7],
and also extend their results to all the other couplings in V(p,%). The advantage of our
method is that it provides a very simple derivation of the duality map, which does not
require performing any complicated all-order computations.

There is one important subtlety in making background fields dynamical. Local terms
in the action that are non-linear in the background fields contribute to contact terms of
the correlation functions generated by those fields. Once the background fields are made
dynamical, such terms become ordinary kinetic or interaction terms that can affect the
correlators of the new theory even at separated points. The upshot is that, in order to
derive a new duality using this strategy, one must make sure that the duality in the original
theory extends to certain contact terms. In the present context, we will see that a crucial
role in our derivation is played by the global Chern-Simons term of the background vector
multiplet corresponding to the flavor U(1) symmetry, which must be added for the validity
of the N' = 2 duality [9, 30].

The paper is structured as follows. In section 2 we present the Chern-Simons vector
models and explain how planar 2-point correlators in the ' = 2 theory are related to those
of the non-supersymmetric theories in perturbation theory. In section 3 we determine the
N = 2 duality map of all the bosonic single-trace operators. In sections 4 and 5 we then
prove the non-supersymmetric duality for planar correlators in two different ways, using
perturbation theory in the A" = 2 multi-trace couplings, and using a double-trace flow. In
section 6 we derive the mapping of all renormalizable couplings under the Giveon-Kutasov
duality. Section 7 contains a discussion of our results, and the appendices contain our
conventions and some technical proofs.

"The Hubbard-Stratonovich transformations also contains the deformation f d3xéf72 that can be su-
persymmetrized to an A" = 2 Yang-Mills term. This deformation is irrelevant and can be ignored in the
IR CFT.



2 Preliminaries

In this section we will define the field theories discussed in this work, give a review of their
single-trace spectrum, and provide some properties of 2-point functions that will be needed
in later sections. More details on our conventions can be found in appendix A.

2.1 U(NN) Chern-Simons vector models

Let us define the three main field theories to be discussed in this work. These are all Chern-
Simons theories with U(N) gauge group at level k, coupled to matter in the fundamental
representation of U(N).® The different theories are distinguished by their matter sector:

e The theory Fj, v has a single Dirac fermion ¢ (z), and is commonly referred to as the
regular fermion theory. Its Euclidean flat-space action is given by

ik

SEn (A ) = 5 —Ses(Ay) + Sp(A ), (2.1)

where
Scs(A,) = / Pz P try (A,L(?VAP - ?AMAVAp> : (2.2)
Sy ) =i [ 261D (23)

e The theory ch has a single complex Wilson-Fisher scalar ¢(z), and is commonly
referred to as the critical boson theory. One can flow to it by starting with the regular
boson theory, deforming by a relevant double-trace interaction 45 = f d3x2 N (Pp)?,
and tuning the scalar mass to zero. The action of the deformed theory is given by

cri Zk 5\ _
SB " (A, ) = ISCS(A;L) + Sp(Aps ) + /dsx ﬁ( ©)?, (2.4)
Si(A0) = [@sDIeD,p. (2.5)

The theory By n has a regular complex scalar coupled to a gauge field with Chern-
Simons interactions, and its action is given by (2.4) without the double-trace defor-
mation.

e The supersymmetric N' = 2 theory with a single chiral multiplet in the fundamental
representation will be denoted by 7 n. In Wess-Zumino gauge, the vector superfield

8For a Yang-Mills-Chern-Simons theory with gauge group G and bare level ko, the renormalized Chern-
Simons level in the IR is given by |k| = |ko| + h", where h" is the dual coxeter number of G. In this work
we exclusively use k to denote this renormalized level. In particular, for the U(N) gauge group h" = N,
which implies that |k| > N.

9The gauge field is 4,, = ALT* where T (a=1,...,N 2) are hermitian generators of the gauge symmetry
algebra in the fundamental representation, normalized such that try (7°7°) = %6‘”’. The gauge covariant
derivative acts on fundamentals as D, = Ou¢ — A, and on anti-fundamentals as D¢ = 0,9 + ipA,.
More details on our conventions are given in appendix A.



VY = VT contains the gauge field A, gaugino A, and two real scalars o and D. The
chiral superfield ® contains a complex scalar ¢, a Dirac fermion ¢ and an auxiliary
field F'. The flat-space Euclidean action is given by

1k
STn(®, V) = LSCS(V) +SN(P, V), (2.6)

Scs(V) = /d3 /d4 /dt try VDa( QtVD e Qﬂ))]
- /de try [ew/p (AuayAp - 3AMAVA,)> + 2iocD + )\)\} , (2.7)
SN((I)vv) = /d3$/d49 (fe_QVCI) = /d?’x [DMSZD#QO _ ME,}/MID#w
+ @D — it + g0 g + i (PAY + PAg) — F‘F] , (2.8)

Here, D, and D, are supersymmetric covariant derivatives (see appendix A). After
integrating out the auxiliary fields o, D, A and F', the action of 7 xy becomes

ik
ST (A 0 ) = T Ss(Au) + So(Ayus ) + S5 (A ) + Sy (0,9) (2.9)

- 472 21

St = [ @ |- iee)i0) + oo - TGerew)| . 210

The actions (2.1), (2.4) and (2.6) formally define non-trivial CFTs in the infrared,
and it should be understood that the notation F v, ch and T n refers to these CFTs,
respectively. In this paper we will only consider the planar limit obtained by taking k, N —
oo while keeping the 't Hooft coupling A = N/k fixed. In this limit the CFTs are well
defined. For the critical boson theory Bﬁr}f,, taking the planar limit means that in practice
we compute correlators at finite M1, and then take the limit Ay — oo compared to the
external momenta, discarding any power-law divergences.'”

Three-dimensional bosonization duality is the conjectured equivalence ch ~

Fi_y k|- N> where k& € Z, while Giveon-Kutasov duality is the equivalence 7}7]\; ~
2 b

T4 | —N41 of the N' = 2 theory, where now k € Z + % Planar limit computations
) 2

are not sensitive to the half-integer shifts in the duality map. We will therefore sometimes

omit those shifts in our notations for simplicity.

2.2 Single-trace operators

To leading order in the large N expansion, all correlation functions factorize into products
of correlators of single-trace operators. We will now review the spectrum of these operators
in our theories, focusing on the conformal primaries. In the process, we will provide explicit
expressions for all of these operators, and thus fix our normalization conventions for them.

When A = 0, both the (regular or critical) boson and fermion theories have one single-

trace current for each integer spin s > 1, which we denote by J? ... (z) and JL o (),

0Here we are implicitly assuming a renormalization scheme such as minimal subtraction with a dimen-
sional reduction regulator, in which tuning the scalar mass to zero along the flow is trivial.



respectively, where a; = 1,2 are spinor indices. It is convenient to suppress the spinor
indices of the currents by introducing commuting polarizations y®, and defining Js(z;y) =
Yy -y J . (). In this notation, the currents in the boson and fermion models can

be written explicitly as'!

S

r 2s T~ as—T
Jb = Z(—) <2r>3 e "y, (2.11)
r=0

s—1
2s —
f—,a B _\r+1 r s—r—1
Ji =9y ;:0( ) <2T+1>8 Pa 05 g, (2.12)

where 0 = iy“ySy" 50, We will always leave the U(IV) indices on the fields implicit, it being
understood that they are contracted to form U(N) singlets. When X\ # 0 we can make J°
and Jsf in (2.11) and (2.12) gauge invariant by simply replacing ordinary derivatives with
covariant ones. The currents of spin s = 1 and s = 2 correspond to the U(1) current and
the stress-tensor, respectively, and are therefore exactly conserved also in the interacting
theories. As shown in [1, 2], the conservation of the currents with s > 2 is only violated by
multi-trace operators, implying that their anomalous dimensions vanish in the planar limit.
In addition, the fermion theory has a scalar operator of dimension 2 + O(1/N),

Oy = —idw, (2.13)
while the regular scalar theory contains a scalar primary operator of dimension 1+ O(1/N),
O = 3p. (2.14)

The critical boson theory has a scalar operator Oy, of dimension 2 + O(1/N). In order to
compute correlators of 6;, by using the Lagrangian description (2.4), we insert MOy and
take the IR limit as explained above.

In the N = 2 theory, the set of bosonic single-trace primary operators consists of Oy,
Oy and all of the currents .J, b and J f 12 These operators are packaged into multiplets of the
3d N = 2 superconformal algebra, as we now describe. When X = 0, the N' = 2 theory has
a single conserved higher-spin multiplet J,,...a,, for each integer spin s > 1.3 The Jy,..as.
are real superfields that satisfy the conservation constraint D Joay--as. = D JTaag--az, = 0
on-shell. They can be written in components as

Tocrame = Joraze T 107X gy s + 107X oy-ans + 020 Ty e+ (2.15)

where J, x and J are conserved currents of spin s, s+%, and s+1, respectively. The omitted
terms in (2.15) are determined in terms of these currents by the conservation constraints.

1 One can easily verify explicitly that these currents are conserved and traceless, and that they are unique
up to an overall normalization.

121 addition, there are fermionic single-trace operators of the form @d%y. We will not consider those in
this work.

13Gee [31] for a recent discussion of conserved higher-spin multiplets in 3d theories with various amount
of supersymmetry.



More explicitly, up to an overall constant, the form of the higher-spin superfields (2.15)
(in terms of the chiral superfield) is uniquely fixed and is given by

Ts

QA2s
Y T s,

yor
}:vy{(i)a&aSRb+;< % >WD@&?T¥D®, (2.16)
r=0

2r+1

where D = y*D,, and D = y®D,,. By expanding equation (2.16) in the superspace coordi-
nates, the bosonic components of the J; superfields (2.15) can be expressed in terms of Jé’
and Jsf . This results in the identifications

Jo=Jb—Jf, J=J+J!. (2.17)

When A # 0 the J; are no longer conserved for all s > 1 (i.e., D*7,... and D% 7,... are no
longer zero). As in the non-supersymmetric theories, one can show that the conservation is
only violated by multi-trace operators, implying that the J; still have canonical dimension
in the planar limit [31]. Note that J,g is an R-multiplet, whose components include the
U(1)r current J,g, the supercurrent x.g, and the stress-tensor jaﬁﬁﬂ;, all of which are
conserved currents also at finite N.'* The fact that D*Jup = Dajag = 0 is only violated
by multi-trace terms implies that .J,g is, in fact, the exact R-current of the superconformal
theory in the planar limit (see also [32]).

The scalar operators O and Oy are contained in a linear multiplet [Jy defined by the
condition D27y = D?Jy = 0. In particular, Jy = @6_2]}(1), and after integrating out the
auxiliary fields it can be written in components as

_ 4 L
Jo = Oy + 60 <Of+I:O§> +o0y"0J, + -, (2.18)
ju: J3+J;{ :i(@DuS@_Du@'W)_QE’Wﬂﬁ- (2.19)

Note that ju is a conserved flavor current, and therefore Jy has dimension A = 1 for all
N and k.

2.3 Relations between 2-point correlators

Some planar correlators of single-trace operators in the N’ = 2 theory can be written in
terms of correlators in the non-supersymmetric theories. In this section we explain these
relations, which are used extensively in this work.

As a basic example, consider the planar 2-point function (O,Of)7 in the supersymmet-
ric theory. This correlator vanishes at separated points, because Oy and Oy have different
conformal dimensions. However, (OOy)7 is not zero in momentum-space, because it con-
tains a non-trivial contact term. The planar contributions to this correlator take the form
shown in figure 1. Each matter loop can include any planar configuration of gauge bosons,

MThe canonically normalized R-current is %Jag.
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Figure 1. A generic planar contribution to (O,O)7. Dashed lines represent scalar propagators,
solid lines represent fermion propagators, and crosses denote the operator insertions.

Figure 2. A generic planar contribution to (O;Op)7. The notation is the same as in figure 1.

15 Therefore, the momentum-space correlator in the su-

which are not shown explicitly.
persymmetric theory can be written in terms of correlators of the regular bosonic and
fermionic theories as follows.

ko= [ (4r)2 "
(OvOf)Tiw = = > [ 12 (Ob00)B, wOfOf) Fin |- (2.20)
n=1

The correlator can be computed explicitly using the known results for planar 2-point func-
tions [5, 12], but we will not require its explicit form. We see that contributions to (OyOf)T
factorize through the double-trace (@¢)(¢1)) vertex. Other planar correlators of Oy, Oy
and of the currents in the supersymmetric theory have similar contributions, that factorize
through the multi-trace vertices of the supersymmetric theory. We claim that the rela-
tion (2.20) is not affected by renormalization, so it is an exact relation of the continuum
theories in the planar limit. This follows from the fact that the theories involved are not
renormalized in the planar limit: there are no logarithmic divergences, and therefore no
need to introduce counter-terms for either the couplings or for the operators [2].

Next, consider the correlator (OyOp)7. A typical planar contribution is shown in
figure 2, and we can write this correlator as

A7
(ObOp) 75, v = (ObOp)5;, v |1 — ?<0b0f>n,N : (2.21)

The value of the contact term (OpO¢)7 can be shifted by introducing a conformally-
invariant term in the action of the form [ 3z ﬁ&, where D and & source Oy and Oy
respectively. Introducing this term would invalidate the equality (2.21) because this term
does not affect (O,Op)7. Therefore, for the rest of this section we set this term to zero, as
well as any other finite counter-term that can affect correlators at coincident points.

The same idea can be used to compute correlators in the critical bosonic theory, where
contributions factorize through the double-trace vertex (¢y)?. The critical bosonic theory

5Diagrams with matter loops that appear inside other matter loops include additional boundaries, and
so are not planar. Diagrams that contain tadpole corrections to the propagators also vanish if we use a
scheme such as dimensional regularization.



has a scalar operator 65, of dimension 2 + O(1/N). As explained above, we compute
correlators of this operator by flowing to it from A4O,. For example, to compute the
2-point function we consider the correlator

Vi (On(P)Op) e, = A (Ou(p)Ob)B, D (M (Op(p )Ob>8k,N> : (2.22)

n=0

Taking the IR limit 5\21 |p| — 0 and discarding a linear divergence, we find that

o~ ~ N2
0,0 orit, = — . 2.23
< b b(p)>8k’N <Ob0b(p)>8k’N ( )
Using the known result of the bosonic 2-point function, we find that
~ ~ A4TAN
erit. = ——————|p|. 2.24
(OO =~ 7 (2.24)

Next, let us consider 2-point functions of currents. For a fermionic current Jf in the
supersymmetric theory, perturbation theory in the multi-trace couplings tells us that

2
50 = )5+ () VIO OO0 (0401,

(2.25)

Here, the currents have arbitrary polarizations, which we do not write explicitly to avoid
clutter. We would now like to argue that the correlator <J§c Oy) that appears on the right-
hand of (2.25) vanishes. This may seem obvious due to conformal symmetry, but this
argument only applies to the correlator at separated points. If (Jsf Oy) contains a non-
vanishing contact term, which is equivalent to a polynomial in the momentum, then this
term would contribute to (.J Z J. Sf )T even at separated points. This is because the overall term
on the right-hand side of (2.25) would not be a contact term in this case. In appendix B
we prove that all planar correlators of the form (JO), with one current and one scalar
operator insertion, vanish in our theories even at coincident points. We therefore have the
relation

<J!Jg>77c,N = <Jéfjéf>.7'—k,N : (2'26)

A similar argument for bosonic currents leads to the following equalities for planar 2-point

functions in Chern-Simons vector models.

(ST T = (TSI pre = (TSI
(J! J§>7—,€,N =0. (2.27)

These relations are exact in the planar limit, and hold even at coincident points (i.e.
including contact terms). Similar relations for 3-point functions will be derived in section 4.

~10 -



3 Duality map of the N/ = 2 theory

Our goal in this section is to determine how the single-trace conformal primary operators
of the N = 2 theory Ti y map under Giveon-Kutasov duality. As we saw in section 2, for
each spin s the theory 7T n has two single-trace conformal primaries JY and Jsf , but only
one single-trace superconformal multiplet J,. What we will determine is how J? and Jéf
mix under the duality.

Let us first briefly summarize how the global symmetry charges of 7 y transform
under Giveon-Kutasov duality [8, 9]. The theory has two global U(1) symmetries, one of
which is the flavor symmetry generated by ju =J 3 + J[j , under which ® has charge 1. The
other U(1) is an R-symmetry generated by %Ju = % (Jﬁ — Jﬂ: ), under which ¢ has charge
r= % and the gaugino \ has charge 1.6 As we discussed in section 2.2, in the planar limit
this is the exact R-current of the SCFT T, .

Let Tk, n, denote the ‘electric’ N = 2 theory. Its ‘magnetic’ dual is given by a U(Ny, ),
Chern-Simons gauge theory coupled to a chiral superfield ® in the anti-fundamental rep-
resentation, with the identifications

1
k= —ke, No=|ke|+5 = Ne. (3.1)

Moreover, ® has charge —1 under the flavor U(1) and the R-charges are the same as in the
electric theory (in particular, ® has R-charge 1 — r = %) By a suitable field redefinition,
the magnetic theory can be written in terms of a chiral multiplet in the fundamental
representation (with the same global symmetry charges as above); namely, it can be written
as the theory Tz, n,.-

3.1 Map of single-trace operators

Let us now deduce the duality map of single-trace operators in the theory 7 n. As we saw
in section 2.2, the theory 7y n has one multiplet J; for each integer spin (s = 0,1,2,...). Js
includes single-trace operators, plus possible multi-trace corrections that are not important
for us. The dual theory 7_j x—n41/2 has the same spectrum of single-trace multiplets.
Because there is only one single-trace multiplet of each spin, under the duality 7, n —
T_kk-N+1/2 the Js multiplets must map to themselves. We will now determine the
overall numerical factors that can appear in the transformation

jS _> chS . (3.2)

Note that |cs| depends on the overall normalization of the J; that was defined in sec-
tion 2, but there can also be signs in the duality map. In fact we will show that, in our
normalization, Js — (—)**1 7, under Giveon-Kutasov duality, and in components

Oy — —0y, Op— 05, J°'— (=)Jf, JI— (-, (3.3)

s

The derivation is slightly technical and can be safely skipped by the reader.

5The topological U(1) symmetry generated by JP = g—frawp tr(F*") is equivalent to the flavor current

j# by the equations of motion.
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The multiplets Jop and J; transform according to the duality maps of the flavor and
R symmetries, respectively, which implies that ¢y = —1 and ¢; = 1.!7 In particular,
the duality map of the components Oy, Oy, Jf and Jlf , of the superfields Jy and J;
(see (2.15), (2.16) and (2.18)) is determined to be

Op —+ -0y, Of = 0Oy, J{) — —J{, Jlf — —J{). (3.4)

In determining the remaining constants ¢ it is useful to consider the duality map in
the basis of J? and JL. Let M be the 2-by-2 duality transformation matrix defined by

b b
(}) M, (}) . (3.5)

To determine Mg, first note that because J; with different s values do not mix we have'®
(Ts1Ts) =O(1/N) = (To1 Ts)lgg = (Js Js) = O(1/N). (3.6)

Plugging into (3.6) the expression (2.16) of .J, and J, in terms of J? and J{, we obtain
LI T = (LT3 + O(U/N). (3.7)

Using also the fact that (J7 J! )Tew = O(1/N), which is easy to prove diagrammatically,
we conclude that the matrix of planar 2-point functions of J? and J! is proportional to the
identity. Therefore, the transformation matrix M, must be proportional to an orthogonal
matrix in order to preserve the matrix of 2-point functions.

The rest of the argument follows by induction, whose basis is given in (3.4). Assume
we have already determined that J? ;| — (—)“”flJ‘f_1 and Jg_l — (=)*71Jb |, for some
s > 2. In particular, Js_1 — (—)°*Js—1, implying that Js — (—)Sjs. Going to the J?, J{
basis we conclude that M7’ has an eigenvector (1,1) with eigenvalue (—)*. To summarize,

My-MT 1, MT. (1) — () G) . (3.8)

The equations (3.8) have two solutions for the duality map, given by

we learned that

1) Jo— (=) gl Jf = (-)s gL, (3.9)
2) Jb = (=g, Tl = ()Tl (3.10)

The second solution is readily seen to be inconsistent with the duality. Indeed, using (3.4)
it implies that in the planar limit we have the identities

(JLIVT) T n
<ObJ{)‘]g>77q,N

(_)S<J{J{Jg>7~,k7\k\4\r ) (311)
()OI IO - (3.12)

1"The mapping of the flavor U(1) multiplet Jo is exact, but that of the R-multiplet 7; is only valid in
the planar limit. At next-to-leading order in 1/N the flavor and R-current can mix, (J,J,) = O(1/N), and
the multiplet we call J; is then not the superconformal R-multiplet.

8The correlators we are considering in this section are all at separated points.
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In a free scalar theory, (JS J? J° ) is non-zero if and only if s1+s2+s3 = even (see e.g., [33]).
Let us turn on a weak coupling, so that both the theory and its dual are interacting. If s is
even then the left-hand side of (3.11) is still non-zero in the weakly-coupled theory, while
the right-hand side is identically zero in the planar limit (cf. equation (4.9) below). If s is
odd then we reach the same conclusion by considering equation (3.12). This concludes the
derivation of the mapping (3.3).

4 Bosonization from perturbation theory

In this section we show that, for a large class of planar correlators, the supersymmetric
duality and non-supersymmetric bosonization dualities are equivalent. For this purpose we
use perturbation theory in the multi-trace couplings of the A/ = 2 theory, as explained in
section 2.3. We will first prove this statement for all 3-point functions, and then extend
the proof to the 4-point function of spin 1 currents, all at separated points.

4.1 3-point functions

The supersymmetric duality implies the following relations.

<J§1J§2J§3>EE,N6 = (_)81+S2+S3<Jg1Jéf2Jg3>77cm,Nm ) (41)
<J§1 J§20b>7—ke,N5 = (_)81+82+1<J,§f1 JéfQOb>77cm,Nm ?

(12,0000 75, w, = (=) (T ObOB)T;,,, v,
We will now prove that they are equivalent to the non-supersymmetric bosonization
relations
(I T Tt g, = (oo LI (4.4)
(T2, 78,00 g, = (=) (—AmA) (T TL,00) 71, (4.5)
<J§16b6b>gz§m = (=)* (47A)* (JL OO 7, (4.6)

These hold in the planar limit at separated points, for any positive spins si, s9, s3.17 At
the level of 3-point functions, the relations above imply the following mapping of operators
between the bosonic theory BZ‘ZE\@ and the fermionic theory Fi,. n,.:

Op = —47A\0f, Jo = (=)*Jf. (4.7)

S

The minus signs in the duality map of the currents were not noticed previously; they are
consistent with all the explicit computations of correlation functions that were done in
the past, as those particular correlators were not sensitive to those signs.

We begin with the 3-point function of fermionic currents, which can be written as

47\ 2
L TL I )7 = LTI ) 7 + (k) (T,00) 7 5 (0000 T3y (O TL L) 7y
(4.8)

Y The correlator <5b555b)30m. and its fermionic counterpart are pure contact terms, and will not be
considered here.
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where the remaining terms all include factors of <J5f Oy) Fin- We show in appendix B that
these 2-point functions vanish (also at coincident points), so we find an equality between
the 3-point functions in the supersymmetric and fermionic theories. (As explained in
section 2.3, factorization relations such as (4.8) hold when all the finite counter-terms that
affect correlators at coincident points are set to zero.) Extending this argument to other
3-point functions, we find the relations

(JLIL T 1 = (TLTLTL) 7y
(T ) T = T8 T o) mgme = (T8 T8, 6 ) B
b 7b
<Jsf1 J52J83>77c N = 0,
(JLTLIE )7 (4.9)

These relations hold for any positive spins s1, s9, s3. The duality of the supersymmetric the-
ory implies that (J{, JZ,JL) = (=)t (gl gb by ., and the equality (4.4)
follows.

Tke,Ne

Next, consider correlators with two bosonic currents of spins s1, so and with one scalar
insertion. In the supersymmetric theory, we can write these as

4
IO, . = 1= {00, . | IO

4m 1
[1 — —(005) i, v, } (000 0))5,, v, (T T, On(P)) e

ke
= Ewbob(p)m% (T, T5, On(p)) i, - (4.10)
In the second line we used the following relation between the regular and critical bosonic
theories.
<Jb Jb Ob( )>Bif1]€7 = S\hi?oo 5\4<Jb J Bk N ZO [— ObOb )>Bk,N]
<ObOb( )>Bk,N .
The supersymmetric duality (4.2) implies that the correlator in (4.10) is equal to*
S S S S 47T
() T TLON) R v = ()T =L TLO1(0)) A v (0000 (0D T
(4.12)

This proves the bosonization relation (4.5) (notice that (OpOp)7 is invariant under the
duality). A similar calculation proves (4.6). Note that we did not need to use the explicit
form of the 2-point functions.

20The relations in this section are all correct up to O(1/N) corrections; O(1) shifts of the level are ignored.
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Figure 3. Planar diagrams contributing to the 4-point function of bosonic spin-1 currents in the
N = 2 theory. The notation is the same as in figure 1.

4.2 4-point function of spin 1 currents

In this section we prove that the supersymmetric duality relation for the 4-point function
of spin 1 currents,

(BIII 7 = AT (4.13)

implies the non-supersymmetric duality

(LI T T e, = (I T T )R (4.14)
The supersymmetric 4-point function can be written as
(JV(P1) 7 (p2) 7 (03) T} (p)) T, v, =
(Y (1) J7 (92) T7 (93) Y (P)) B, v, +
ar\? b b b
T (J1(p1)Jy (p2)0b>8ke,Ne<J1 (p3)J7 (P4)Ob>BkE,NE (OfOf(pl +p2)>77€5,1ve
+ (two permutations) . (4.15)

This is shown diagramatically in figure 3.
On the magnetic side, we have

(J{ (1) (02) I (03) I (01)) 72, s, =
I ()T (02) T (93) T (00)) 7, +

47\ ?
(1) G0 221075, 0 021 (9000115, (OO + P v,

+ (two permutations) . (4.16)

Using (4.5) and (4.11), we can write the 3-point function as

~ ke (J1770u(p))5
b 1b ) _ e 1“1 ke,Ne
<J1J10b(p)>l3’z‘;"tjve T 4r <Ob0b(P)>Bke,N€ : (417)

This holds true at separated points, but in our derivation it will be important that it is

1

! 7f =—
(1 J1 05 (D)) Fp i = AT

also true at coincident points. The reason for this was explained in the discussion below
equation (2.25): a scheme dependent contact term in the 3-point function (i.e. a polynomial
in the momenta) will affect the 4-point functions (4.15) and (4.16) even at separated points.
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It is therefore important that all such terms map correctly under bosonization. We will
prove that this is indeed the case below.
Continuing with this assumption, equation (4.13) implies that

J (p1)J{ (92) T (03) T (01)) 7, v, =
(J2(p1) T2 (p2) I2 (p3) i’<p4>>ske,Ne+
(2 (1) (92)O8) 5, . (T2 (03) T3 (1) Ob) By, X

(OuO0y(p1 + P2)) 75, v,
(Oy0y(p1 + p2))7

Bre,Ne

4m
() 050001+ . -

+ (two permutations) . (4.18)

Now, consider the critical bosonic theory. The 4-point function can be written as

<Jf(p1)Jf(P2)Jf(m)ﬁ(m)hgr;}jve =
(TP (P1) 7 (2) T3 (p3) I3 (P4)) By, v, +
(T (1) TE (02)O0) By, (T (03) T2 (P2) Op) ., (ObOs (01 + p2)) pgriv
+ (two permutations) . (4.19)

It is easy to check that the right-hand sides of (4.18) and (4.19) are equal, and this proves
the bosonization relation (4.14).2! Note that, again, we did not need to use any explicit ex-
pressions for the 2-point functions, but only simple relations that follow from perturbation
theory in the multi-trace couplings.

It is left to show that the 3-point function <J1f Jlf O¢) maps correctly under the bosoniza-
tion, including contact terms. We assume that universal (scheme-independent) contact
terms agree under the duality, because such terms are physical observables. On the other
hand, scheme-dependent contact terms (which correspond to polynomials in the momenta)
can be shifted by local counter-terms that are composed of the background fields. Such
contact terms might not agree under the duality unless we tune the corresponding counter-
terms, but we had already set all such counter-terms to zero. In other words, if we find
scheme-dependent contact terms whose value does not map correctly under the duality,
then our argument does not go through. The only scheme-dependent contact term that we
can write down in (J,{ Jlf 0] f> is 0,,,. This term is ruled out because it is not conserved.

4.3 Other correlators

It is plausible that the argument above can be generalized to other higher-point functions.
The argument for 4-point functions of currents with general spins goes through as-is, except

21This follows from the relations

ke <Ofob>7—k N,
0.0 = e S B keiNe
(OfOf) T, n. 41 (OpOb) By, n.

4
(OO T, . = (OO Ti, v, = (OWOW) 5,y 1= 740500, | (4.20)

and from equation (2.23).
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that one must now prove that the 3-point functions of the form (JJO) have no scheme-
dependent contact terms (or that such contact terms, if they exist, map correctly under the
duality). For other correlators such as (JJJO), or for 5-point functions and above, pertur-
bation theory in the multi-trace couplings becomes more cumbersome. One complication is
that, for most correlators, both the (@) (1/%) and the (@p)? vertices of the supersymmetric
theory appear in the factorization. Instead of following this route, in the next section we
will present an argument that proves the bosonization of all planar correlators.

5 Bosonization from double-trace flow

In this section we will give a simpler derivation of the basic bosonization duality from the
Giveon-Kutasov duality, which applies to all planar correlators in those theories. To make
contact with the non-supersymmetric theories we add a (gp)? double-trace deformation
to the N' = 2 action and flow to a CFT in the IR. The induced duality of that non-
supersymmetric CFT will be shown to imply the duality B,‘ir}@ ~ F_j,k|-n- The double-
trace deformation (pyp)? is equivalent to coupling the flavor U(1) current to a background
vector superfield, and making the top component of the latter dynamical. We therefore
start in section 5.1 by reviewing how to carefully couple both sides of Giveon-Kutasov
duality to this background vector multiplet.

5.1 Coupling to background vector multiplet

Let V be a background vector superfield for the flavor U(1) symmetry of the theory Ty n.
The action of the electric theory 7y, n. coupled to Vis given by

Se(®,V;V) = Sk, n. (2, V3 V), (5.1)
R 14 “
Sen(®,V;V) = i—ﬂScs(V) +Sn(®,V + V), (5.2)

where Scg and Sn were defined in (2.7) and (2.8). Below, we will always use a hat to
denote a background field.

In general, if we demand that our theory be gauge invariant in the background vec-
tor fields that source global symmetry currents, then we must add certain Chern-Simons
terms in these background fields. This is due to the parity anomaly [34-36]. If we also
insist on supersymmetry, then we need to add supersymmetric Chern-Simons terms in the
background vector superfields. The same terms are necessary for the validity of the super-
symmetric duality [9]. Indeed, these global Chern-Simons terms generate contact-terms
in the correlation functions of currents; these terms must be added to the dual theories
appropriately such that the contact terms match under the duality. In our case, we can
account for the contact terms in the 2-point function of the flavor current multiplet by
shifting the action of the magnetic theory by

_ik‘pF ~ _’ik?FF 3 Teav ip L 33 oA
5Sm = 5 Scs(V) = = / B [GWA 8 AP + M+ 2i6D) (5.3)
sgn(k, 1
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Here, we are only interested in the effect of these terms on the duality, so for convenience
we moved the total contribution to the magnetic theory. The subscript F'F' denotes the fact
that these terms affect the Flavor-Flavor 2-point function. The global Chern-Simons terms
are determined on both sides of the duality by the parity anomaly, up to an integer shift.
The integer part can be determined (for example) by comparing the S? partition function
on both sides of the duality [30]. Notice that the global Chern-Simons terms include a term
proportional to &1, which shifts the value of the correlator (OpOf)7. Therefore, another
way to determine kpp is to demand that the correlator (O,Of)7 (a pure contact term)
maps correctly under the duality.??

In the 7 theory, the Chern-Simons term (5.3) only serves to ensure that contact terms
in certain 2-point functions agree under the duality. However, our next move will be to
define a new theory, 7~', by making the field D dynamical. In this theory the term Dé
becomes dynamical and affects correlators at separated points. Therefore, it is important
to correctly add the Chern-Simons term to the 7 theory before proceeding.

Taking the global Chern-Simons term (5.3) into account, the action of the magnetic
theory is given by

Sn(@,V: V) = S, v, (8, V: —V) + HZ; " Ses(V) . (5.5)

Giveon-Kutasov duality then implies the following identity for the partition function

A~

Zi,n[V] of the theory Ty n:

N N 1K ~
Zk,N[V] = Z—k,|k|—N+1/2[_V] X exp |:— 2§F Scs(V):| , (5.6)

ZinV] = / D®DY e~ Sen(2VV) (5.7)

The identity (5.6) exhibits the equivalence Ty Ny =~ T_j |x—n+1/2 at level of correlators of
the current multiplet, obtained by taking derivatives with respect to V.

5.2 General bosonization argument

The general derivation of 3d bosonization from Giveon-Kutasov duality proceeds as follows.
Consider the supersymmetric theory 7 n coupled to a background vector multiplet V for
the flavor U(1) symmetry. The D (top) component of V acts as a source for Oy = @y
(see (2.8)). Let us introduce a term — fd?’:c%fﬂ in the action, and make D dynamical.
This is equivalent to adding a double-trace O} deformation, via the Hubbard-Stratonovich
trick. To emphasize that D is now dynamical we change our notation for it by removing its
hat: D — D. We also introduce a source By for the new dynamical field D. We preform
this deformation on both sides of the duality by multiplying both sides of equation (5.6) by

1 . 1 .
exp |— /dgaz ——D?—k.ByD )| =exp |— /d?’x —— D%+ k,BoD ||, (5.8)
4g 4g

*2The value of krp can also be obtained from a perturbative calculation of (ObO¢) 75, n.» Which gives
ke sin?(7)e/2)
4m

in the planar limit. Indeed, this result is invariant under the duality only if we shift the
magnetic theory action by [ d®z 6D with the coefficient given in (5.3), (5.4).
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and path-integrating over D. We then flow to the IR fixed points. The resulting non-
supersymmetric CFTs in the IR will be denoted by T k,N- In the T kN theories iD2 is
irrelevant and can be dropped (at least at large N).

Notice that D now appears linearly in both the electric and magnetic actions. In the
electric theory (5.1) the path integral over D leads to the constraint, O, = k.By. On the
other hand, in the magnetic theory (5.5) the constraint we obtain is Op = km Bo — k{—f&,
due to the contact term (5.3); this difference will be crucial to the derivation of the correct
duality map. Plugging the constraints back into the actions of the electric and magnetic

theories, we find?3

§e=§ke,Ne+/d3x [(47rf}o+er) of—keBOD+~-] , (5.9)

s 3 3 A 2kpr\ . 5 krr

Sm—Skm,Nm+ d’z||4nBy — | 1+ 2 o Of— kmBO_TU D+ ,(5.10)
m T

where the action §k N is given by

S = JoSes(A) + i)+ Sy(w) + [ DOy 20| . 511
and Scs , Sy and Sy were defined in (2.2), (2.5) and (2.3), respectively. The omitted terms
in (5.9) and (5.10) contain additional couplings of sources to the operators (@) and jﬂ
(defined in (2.17)), as well as terms that depend only on the background fields. Those
terms will not be important for us. The (¢)(1)) interaction is expected to be exactly
marginal in the planar limit. In addition, it does not affect planar correlators of bosonic
single-trace operators, and we can therefore ignore it for our purposes.

Moving on, we define the partition function of the ’7~7C N theory

~ A A _S, (a3 13} A f
Zy,n(B3, Bf] = / DDy DADD & v (BED+5{05)

(5.12)
At large N, from (5.4) we see that kpp — —k;, /2, and the N' = 2 duality (5.6) implies the
identity

~ « . 1 ~ A 1 S
Zi. N |—kBo,47 | By + —¢& =7Z_4 k|- N k{Byo+—6).,47By| . (513)
’ 47 ' 47

The relation (5.13) should be understood as an identity of correlators of D and Oy at
separated points, obtained by taking derivatives w.r.t. By and 6. In particular, we find
that under 7~7€ N — 7~’_k’| k|—n, the operators Oy and D get mapped to each other according
to the prescription

41

D _
7T

k
O, Op—-D. (5.14)

This agrees with the mapping (4.7) that was derived using perturbation theory in the
multi-trace couplings of the AN/ = 2 theory (note that D is equal to O,/N).

ZWe have made the change of variables D — —D in the magnetic theory.
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In the planar limit the above duality can be directly related to the 3d bosonization
duality between the boson theory Bgr}f] and the fermion theory F_j, j—n, whose actions
were given in (2.4) and (2.1) . Indeed, it is not hard to verify that at the level of planar
correlators of the operators D and Oy, the theory 7Tj n factorizes into a decoupled product

of the B,?}f,‘ and Fj, v CFTs. In particular,?*

(D(z1) - -- D(mn»%f;” = (D(21) -- -D(mn>>‘;§§§r, (5.15)
(Of(z1) - of(xn»%a;ar = (Op(@1) -+~ Op(wn)) " (5.16)

)

Another way to reach this conclusion is to turn on a mass for the fermion. In the planar limit
the scalar propagator does not receive corrections from the fermion, so the scalar remains
massless and we flow to the critical bosonic theory in the IR. Under the duality (5.14), the
deformation maps to a relevant deformation involving the bosonic D which does not correct
the fermion propagator. In the IR the scalar decouples, and we flow to the fermionic theory.

We conclude that under Bgr}f, — F_j,|k|-N, the operators D and Oy also map to each
other according to (5.14). In fact, one can verify that the k/4m factor in (5.14) agrees with
known results for 2-point and 3-point functions [5, 12]. Note that correctly accounting for
the N' = 2 duality map of the contact term in the 2-point function of the flavor U(1) current
was crucial in deriving this factor. We view the above arguments as a proof that (5.14)
must hold in any n-point function of D and Oy in the theories B,‘;r}{:, and Fj n, given that
Giveon-Kutasov duality of the theory T n is correct.

5.3 Including currents

The above arguments can be easily generalized to include correlators of the other single-
trace operators J° and JI, given in (2.11) and (2.12). We simply couple these operators to
sources in the N' = 2 action and follow the same derivation leading to (5.13). In this case
the duality map in the Tk ~ theory is the same as the one of the N' = 2 theory, which was
given in (3.3). As before, from the point of view of planar correlators of D, .J?, O ¢ and J! ,

crit.

the Tk ~ CFT factorizes into a decoupled product of the Bk7 ~ and Fj. n theories. Therefore

under Bff}f, — F_k,|k|—N, We must have that Jb — (—)SJJ in agreement with (4.7).

There is an important loophole in the above argument that we must address. It is
possible that for the N' = 2 duality to be valid in the presence of sources for the currents,
one must shift the action of the magnetic theory by a local functional of those sources and
of D. In the presence of such terms the constraint imposed by integrating over D would
be modified, and our conclusions could be invalidated. Indeed, the flavor-flavor contact
term (5.3), which includes a term proportional to 156, was crucial in deriving the duality
map (3.3). We will now show that it is not possible to write another local functional of the
sources that would end up contributing to correlators in the bosonic and fermionic theories
at separated points.

24One way to obtain (5.15) and (5.16) is to integrate out the gauge field A, in the theory Ty n in light-
cone gauge [13]. The interactions between the fermion ¢ and the scalars ¢ and D in the resulting non-local
action have no effect on planar correlation functions of D and Oy.
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To see this, let us denote the sources of J? and J! by Bf; and BI. We take these
tensors to be symmetric and traceless. The local functionals we consider are of the form
Sc,t.(f), g, ES, B!, ...), where (...) denotes the fundamental fields, and where all terms are
at least quadratic in the sources. First note that we only have to consider functionals that
are at most linear in & and Bi”f , but can otherwise have any positive power of D. This is
because non-linear terms in ¢ and Bﬁ’f would only affect contact terms in the transformed
theories (in which Dis dynamical). We will show that there are no such terms that include
a factor of Bﬁ’f ; similar considerations rule out terms that involve only D, or both D and
& (except for the term 156). The most general local functional we can write down, which

satisfies the above requirements, is

N0 ..lbs Db,
/d3a:D OrL-ts gl (5.17)

Here n > 0, and O is an operator of dimension A and spin s. The operator O may be
any product of a local operator with a differential operator whose derivatives act on BbS ,
but its particular form will not be important. One can now easily check that the twist of
Ois A —s=1-2n < 0. In order to have negative twist, O must include factors of ¢,,
Or €., but then the counter-term vanishes by assumption (the sources are assumed to be
symmetric and traceless). This concludes the proof.

6 Theories with one boson and one fermion

In this section we will derive the duality map of various supersymmetry breaking deforma-
tions of the N/ = 2 theory. In particular, we reproduce the duality map presented in [7]
for the theory with both a scalar and a fermion, and also extend their results to other
deformations.

6.1 N=2-N=1

Let us start by breaking N' = 2 supersymmetry only partially, such that we obtain an
N =1 duality. To do that we first rewrite the action (5.2) of the N' = 2 theory Tj n in
N =1 language.?> The N = 2 chiral superfield ®(z,6,6) can be written in terms of an
N = 1 complex scalar superfield ¢(x,#). The N' = 2 vector multiplet V(z, 0, §) decomposes
into an N' = 1 vector multiplet 'y (z, ) plus a real scalar multiplet B(z,6). Similarly, we
will denote the A/ = 1 components of the background vector multiplet v, by I', and B.
The superfield B is auxiliary and can be integrated out. After B has been eliminated the
action of Ty, defined in (5.2), can be written in terms of the remaining N' = 1 variables as

S (0. il B) = o500 + a6 |25 Do~ 21 (60
+ [0 [0 (16D — i (Dad) & + Fado) + Boo] . (6)

_ 1 2i 1
S8 (Ta) = 3 /d% 020 tr [mrﬁparﬁ—;Darﬁ{ra,rﬁ}—6{ra,rﬁ}{ra,rﬁ}] ., (6.2)

#5More details on the A’ = 1 decomposition of A" = 2 Chern-Simons matter actions can be found in [37].
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where Dy¢ = Do — il o¢ and Dy = DG +ip ™. Moreover, in terms of N = 1 variables
the abelian Chern-Simons term Scg(V) that appears on the r.h.s. of the identity (5.6) is
given by

Scs(V) = é / d3d?0 [Dafﬁpafﬁ —2B?] (6.3)

Let us now multiply both sides of the identity (5.6) by e%% with 65 = 5 ( )B +
ﬁéz, and then path-integrate boths sides over B. The choice of parameters in 65
is such that p and w coincide with the definitions of [7]. After B has been eliminated by
using its equations of motion, we are left with an identity that exhibits the self-duality of
an N’ =1 U(N) Chern-Simons theory coupled to a fundamental scalar superfield ¢ with

an arbitrary renormalizable superpotential. The action of this A/ = 1 theory is given by

_ zk 27rz
S 0.00) = oSN + [0 D6 Do~ 2in(G0) - FuiGor] . (64)
The duality map of the parameters in (6.4) is found to be?®
2 3—w
N = |kl-N, k— —k — .
SN, ko ko w2 (65)

where we set the coefficient kpp of the contact-term action in (5.6) to its large N value:
Kpp — —km /2. This is precisely the duality map for x4 and w that was found in [7].

6.2 N=2-3N=0

The same reasoning that carried us so far can be used to obtain the bosonization duality
map for the most general renormalizable Chern-Simons vector model with one scalar and
one fermion. We multiply the identity (5.6) by e~%9, where 65 is now the most general
renormalizable functional of the auxiliary fields &, )\ X and D in the background vector
multiplet. In particular, 6.5 is given by

0S5 = /d?’x [a1&+ 042&2 + 04363 —i—ﬂlf) —l—,BQ@'D —i—’ylj\j\ + o (5\2 + j\2>} . (6.6)

The full action of the electric theory, after integrating out the auxiliary fields of the dy-
namical vector multiplet V, can be written as

SEN(Au ) + 65 + /d?’x I:DOb +& <Of + 4]:0,3) + 620y + idy + iix} . (6.7)

Here, we set the background gauge field A to zero, and defined y = @1 and Y = . The
action of the magnetic theory is

. 4 . R
ST e (A 0, %) + 65 + /d3w [_DOb -6 <Of - ]:02> + 620 — i\x — z’)\x]

™

+ “ZF F / &z [i&+ zi&b} . (6.8)

260ne can also read off the duality map of the U(1) current that couples to background A/ = 1 gauge
field Ia.
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We now integrate over the background auxiliary fields on both sides of the identity (5.6),
where the full actions on both sides are given by (6.7), (6.8). To match our conventions
with those of [7] we introduce the parameters my, m¢, bs, x4, x¢, ¥4 and yj, and identify
these with the parameters in §S according to

k [my (8bs(1 — x4) +mys(1 — day + 336)) + 4mi(zs — 1)?]

_ 6.9
a1 1671'(1'4 — 1)3 ’ ( )
ok [Abaea — 1) - my (4] — 3r — 1) (6.10)
2= 167 (zq — 1)3 ’ ‘
klxe + 4xa(1 — 24) — 1]
_ 11
a3 oy 1) , (6.11)
kmy
_ kmy 6.12
b= Am(zg— 1) .
k
ke 6.13
52 471_(:174 — 1) ) ( )
ik 1+y)
_ ik 6.14
N T (U4 — 4y o
k 1!

2 (L +y4)? — 4y?

After the auxiliary fields &, ﬁ, A and X have been integrated out in the electric theory,
we are left with the most general U(/N) Chern-Simons theory coupled to a fundamental
scalar ¢ and fermion v, with the matter potential®”

47h A drx
V(p,b) =m0y +myOyp + k40b + 807 + 3 20404
2wy 2wy
I T (X (6.16)
Repeating this in the magnetic theory, we find that the self-duality map is
1 1-—
k——-k, x4——, xzg—1+ 3x6, mf%—ﬁ,
T4 $4 T4
1 31— 2 1 31—z
2 2 6
- —— b by — — b
my x4mb+4 7 f+ me 4, 4 x4(4+4 o mf>,
1 1 16y}
/ — 3 8 , /! — . 6.17
SRRV Y VR YT 4 (g - 3)? (6.17)

The mapping that we found agrees with [7]. The transformation rules for the couplings v/
and yj are new. Note that the point x4 = x¢ = —yj = 1 and my, = my = by = 0 is a fixed
point of (6.17), which corresponds to the N = 2 Giveon-Kutasov duality.

7 Discussion

Let us summarize our results. We proved that all planar correlators of single-trace operators
must map correctly under the 3d bosonization map given in (4.7) if the Giveon-Kutasov

2"We discard a constant shift in the potential V (¢, ) that is independent of the fields.
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duality is correct. In the process we have uncovered signs in the duality transformation
that were not noticed previously. Moreover, we gave a new derivation of the transfor-
mation (6.17) of the most general renormalizable matter potential V(¢,) in the Chern-
Simons vector model with both a scalar and a fermion; the transformation rule for some of
the couplings in V' (p, ) was not known previously. The main advantage of our approach
is that it is simple, and does not rely on making complicated computations.

We exhibited the relation between the N/ = 2 theory and the non-supersymmetric
bosonic and fermionic models in two different ways. In section 4 we showed that planar
correlators of the A/ = 2 theory can be expressed algebraically in terms of correlators of
the non-supersymmetric theories. On the other hand, in section 5 we have seen that these
theories are related by a double-trace flow, followed by a mass deformation to decouple
either the boson or the fermion. At large N, these two approaches are related. For
example, the critical O(N') model is related to the free O(N) model by a double-trace flow,
and the planar correlators of the critical O(N) model are algebraically related to those of
the free model. These relations can be seen by re-summing the perturbative series in the
double-trace interaction, similarly to our approach in section 4. Alternatively, by re-writing
the double-trace deformation using the Hubbard-Stratonovich trick, the correlators of the
two theories are seen to be simply related by a Legendre transform [38-40]; this is similar
in spirit to our approach in sections 5 and 6.

The relations between the A/ = 2 and non-supersymmetric theories can be used to
derive the duality of the latter from that of the former. In order to apply this strategy, we
derived the N' = 2 duality map of our supersymmetry-breaking double-trace deformation.
This map was shown to be related to the known transformation of the flavor U(1) current
multiplet, via the Hubbard-Stratonovich trick. A crucial ingredient in the derivation was
that we had to extend the ANV = 2 duality such that it held also for the contact term in the
2-point function of the U(1) current multiplet.

The manipulations used in sections 5 and 6 involved deforming the actions of two dual
theories by background fields, and then path-integrating over them. These manipulations
are rather formal, and one may ask whether they are still valid after renormalization.
Here we rely on the fact that our theories are essentially finite in the planar limit. In-
deed, in this limit the R symmetry of the N' = 2 theory is not renormalized, and its
supersymmetry-breaking multi-trace deformations do not lead to logarithmic divergences.
Our path-integral manipulations are therefore completely well defined in the planar limit.

There are several goals one might hope to achieve through a better understanding of
the relation between the A/ = 2 and non-supersymmetric dualities, which we leave to future
work. Most importantly, this understanding could lead to evidence for non-supersymmetric
bosonization at finite N. The main obstacle to extending our arguments (or those of [7]) to
finite IV, is that this would require taking renormalization effects into account. Moreover,
recall that our argument relied on the decoupling of the Wilson-Fisher scalar and the
fermion in the CFT ’7~7C ~, which arises by flowing to the IR from the N = 2 theory T n.
At finite N this flow might require a fine-tuning of the classically marginal interactions
(Yp) (1) and ((1/3@0)2 + c.c.). In the planar limit this subtlety was avoided because these
deformations are exactly marginal. It would be interesting to check whether they become
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relevant or irrelevant at finite N. Even if we could understand the Tp n — ’7~7C N How
at finite N, beyond the planar limit it is no longer true that the scalar and fermion are
decoupled in E ~- We would then need to show that one can flow from ﬁ N to the bosonic
and fermionic models.

There are other future research directions that are interesting even if we restrict our-
selves to the large N limit. Supersymmetry makes it possible to compute many interesting
observables, such as partition functions on curved manifolds and correlation functions of
Wilson loops. These quantities are currently not known in the non-supersymmetric theo-
ries even in the planar limit. It would be interesting if we could use the supersymmetric
results to learn about these observables in the non-supersymmetric theories. In addition,
there is a large class of dualities in A/ = 2 Chern-Simons matter theories. It is possible
that the simple arguments given in this paper could be extended to find new examples of
non-supersymmetric dualities.

It is plausible that our arguments could be extended to the critical fermion and regular
boson theories. For example, one could imagine that there is a flow to the N/ = 2 theory
from a non-supersymmetric critical fermion plus regular boson model in the UV. The UV
theory is self-dual and the fermion and scalar are decoupled at large IV, similarly to the
’774;7 N theory in this paper. It would be interesting to verify whether this scenario is correct
and to flesh out its details.

There is an additional open question that is related to our study of n-point functions
in Chern-Simons vector models. These theories are conjectured to be holographically dual
to Vasiliev theories of higher-spin gravity in AdSy [41-43], which have an infinite tower
of parity violating couplings. One of those bulk couplings was matched with the ‘t Hooft
coupling on the CFT side [44], while the interpretation of the other couplings is unknown.
The structure of Vasiliev’s equations suggests that those additional parameters may only
affect boundary 5-point functions and higher, which have never been computed. If these
couplings do have a physical effect then it leads to a puzzle in the holographic duality,
because there are no obvious marginal parameters on the CF'T side that could correspond
to those parameters. In particular, one would expect that the bosonic and fermionic models,
that are dual to one another under bosonization, are holographically dual to bulk theories
with generally different values of these parameters. The bosonization duality could then
fail at the level of planar 5-point functions and higher. Since our results give evidence that
all planar n-point functions agree under bosonization, they also give indirect evidence that
those bulk couplings are not physical. It would be interesting to better understand this
issue, for example by counting solutions to the conformal bootstrap, as was done in [45],
but for theories with slightly broken higher-spin symmetry.
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A Conventions

In this appendix we collect some details on our conventions regarding N' = 2 supersym-
metry in 3d. We work in 3d Euclidean space with flat metric 6,,, = diag(1,1,1), where
p,v = 1,2,3. The Dirac matrices are defined to be the usual Pauli matrices, (y*),” = o*,
where a, 8 = 1,2. Spinor indices are raised and lowered from the left with the antisym-

12 =

metric tensors £,4 and e where 19 = —1. When indices are suppressed their

contraction is defined using the North-West to South-East convention,

VE= Pl =&, YYE =Yt () Es = —6vMy. (A.1)

The spinors 1 and ¢ are independent in Euclidean space, whereas in Minkowski space
they would be hermitian conjugates. In particular, the Grassmann coordinate on N = 2
superspace are given by two independent complex spinors 8¢ and #%. The supersymmetric
covariant derivatives are defined by

0 ~ _ 0
D,=— —i(y* D,=—— +i(y* A2
o« = 5pa i(7"0)a0,, Da o9 +i(v"0)a0, (A.2)
and satisfy the algebra
{Do,Dg} ={Dys,Ds} =0, {Da,Dg} = —2i0up. (A.3)

In order to construct supersymmetric actions we use the following conventions for
superfields. Chiral superfields ®(z, 0, §) are defined by the constraint D,® = 0 and can be
written in components as

V2

Similarly, anti-chiral superfields ® satisfy D,® = 0, and are given in components by

® = p(x) + V200(x) + i07"00,0(2) 0207+ 0 1b () — %92@[&,0 +0*F(z). (A4)

- 1

® = pla) —VAY(a) ~ i800,5(0) —

A vector multiplet is described by a real superfield V, VI = V, whose components in

520, ()76 — %92@[&; _PF@).  (A5)

Wess-Zumino gauge are

_ _ i o i
VY = 0"0A, — i000c — —0*O\ + —
7y u —woo \/5 \/§

Integration over superspace is defined by

/d29 62 = /d2e‘(§2 = /d49 0%0° = 1. (A7)

B Proof that (JO) Correlators Vanish Exactly

_ 1 .-
620\ — 592921). (A.6)

In this section we prove that correlators of the form (JO), where J is a current and O is a
scalar, vanish exactly in the planar limit. The proof holds when all the finite counter-terms
that affect contact terms of 2-point functions are set to zero (see section 2.3).
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Let JSf be a current with spin s > 0, and let Oy be the scalar operator in the fermionic
theory Fj n. The correlator <Jsf Oy) vanishes at separated points because of conformal
symmetry. We will show that the correlator ( 10 ) vanishes exactly in the planar limit,
even at coincident points. In other words, we will prove that this correlator does not
contain contact terms. This is true both in the fermionic and in the A/ = 2 Chern-Simons
vector models, and a similar result will be shown for correlators of the form (J°Oy) in the
regular bosonic and N = 2 theories. Using perturbation theory, it is then easy to check
that (J{Op) and (JPOy) also vanish in the ' = 2 theory.

B.1 Fermionic case

In this section we distinguish between correlators that vanish only up to contact terms, and
correlators that vanish exactly. Regarding the operator .J, éf , we assume that it is symmetric,
conserved and traceless inside any planar 2-point function of single-trace operators, but
only up to contact terms.?® Consider the momentum-space correlator (Jsf (p)Oy)F in the
fermionic theory. The most general form it can take is

(L 0)OF)F = Py () (B.1)

where P, ..., (p) is a polynomial in the momentum p,, of dimension s, corresponding to
contact terms in the z-space correlator.
The corresponding correlator in the supersymmetric A" = 2 theory is given by

47
(T oss P)OF) Ty = |1 = =% (O6(P)Of) 73 (T e 0)O8) 7 =T (P)OF) i

(B.2)

where c¢ is a non-vanishing function of N, k. Here we are using the fact that the 2-point
function in the supersymmetric theory can be written in terms of correlators of the non-
supersymmetric theories. This can be seen by using a perturbative expansion in the
(@) (1)) vertex of the supersymmetric theory, as discussed in section 2.3. Therefore,
in order to show that the correlator vanishes in both theories it is enough to show it for
the fermionic theory.

Let us now prove that the polynomial P(p) vanishes. First, let us show that P, ..., (p)
is symmetric, conserved and traceless. To see this, consider the 2-point function of the
current in the supersymmetric theory. We can write it as?’

Thois O )T = T DT )+ (B.3)

2
(4;:> (T}, (D)OF) Fun - (Ob(D)OW) 7oy - (OF (D)) Frox -

Z8Note that our currents are generally conserved and traceless only up to multi-trace operators, but such
operators do not affect the planar 2-point functions we are considering here. Therefore, for the purposes of
this section the currents are conserved and traceless, at least at separated points.

29In this section we consider only dynamical contributions to correlators, ignoring contributions due to
counter-terms that are composed of background fields. This statement includes correlators that show up as
sub-diagrams in other correlators, such as the correlator (OyOp)7 in (B.3).
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Conformal symmetry implies that (Oy(p)Oy) o |p|~!. Using also (B.1), the 2-point function
can be written as
C/
irons @V = Tl @) P + P @) P (0), (BA)

where ¢ is a non-vanishing function of N, k. By assumption, the correlators (J fgf ) in both
the fermionic and supersymmetric theories are conserved at separated points. Therefore,

;p“lpm...us (p)Py,...,(p) = polynomial in p. (B.5)
This is only possible if P, .., is conserved. A similar argument shows that P, .., is
symmetric and traceless.

We conclude that P,,.., (p) is a conserved, symmetric, and traceless tensor of di-
mension s. It is easy to see that such an object must vanish. Indeed, define Py(p;y) =
yH1 -yt Py, (p), where the y are commuting and null polarizations (i.e., y-y = 0). Since
Py, .. (p) is symmetric and traceless, it is uniquely determined from Ps(p;y). Moreover,
because P; has dimension s and the y are null, it can only take the form Ps = ¢ (y - p)®,
for some constant ¢. Finally, by imposing conservation, p - 0y Ps(p;y) = 0, we conclude
that ¢ = 0.

B.2 Bosonic case

In this section we prove that (J°Op) vanishes in both the regular bosonic (without a (@g)?
deformation) and supersymmetric N” = 2 theories, in the planar limit. Here J? is a current
with s > 1, and O, = @¢ is the bosonic scalar operator. As in the fermionic case, the
correlator of the bosonic theory is proportional to the one in the supersymmetric theory,
and therefore it is enough to show that the bosonic correlator vanishes. The most general
form of this correlator in momentum space is

(78, (P)OB) = Quyep (D) (B.6)

where @) is again a polynomial in p. @ has dimension s — 1, which implies that it must
include a factor of e. If ) is symmetric then no such term can be written down, and
therefore @ vanishes. It is left to show that () is symmetric, and this can again be shown
by considering the 2-point function of the current in the supersymmetric theory. This
concludes the proof.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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