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ABSTRACT: We use a geometric generalization of the Seiberg-Witten map between non-
commutative and commutative gauge theories to find the expansion of noncommutative
Chern-Simons (CS) theory in any odd dimension D and at first order in the noncommuta-
tivity parameter €. This expansion extends the classical CS theory with higher powers of
the curvatures and their derivatives.

A simple explanation of the equality between noncommutative and commutative CS
actions in D = 1 and D = 3 is obtained. The 0 dependent terms are present for D > 5
and give a higher derivative theory on commutative space reducing to classical CS theory
for # — 0. These terms depend on the field strength and not on the bare gauge potential.

In particular, as for the Dirac-Born-Infeld action, these terms vanish in the slowly
varying field strength approximation: in this case noncommutative and commutative CS
actions coincide in any dimension.

The Seiberg-Witten map on the D = 5 noncommutative CS theory is explored in more
detail, and we give its second order f-expansion for any gauge group. The example of
extended D =5 CS gravity, where the gauge group is SU(2,2), is treated explicitly.
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1 Introduction and summary

Noncommutative (NC) actions can be expanded order by order in the noncommutativ-
ity parameter # and be interpreted as effective actions on commutative spacetimes, the
noncommutativity leading to extra interaction terms, possibly capturing some quantum
spacetime effect. These actions involve higher derivatives in the field strengths. For gauge
theory actions one can expand not only the x-products but also the noncommutative fields
in terms of the commutative ones using the Seiberg-Witten (SW) map [1]. This allows to
define NC gauge theories with any simple gauge group in arbitrary representations [2, 3.
In the literature deformations have been studied mainly at first order in 6.

In [4-9], extensions of Yang-Mills and gravity theories have been obtained at second
order in the noncommutativity parameter 6 starting from NC actions. The second order
expansion is needed in the case of D = 4 gravity theories because the first order #-correction
vanishes.!

Some gauge theory actions have the remarkable property of being invariant under
the SW map. This is notably the case for the CS action in 3 dimensions [13] and, if we
consider slowly varying field strengths, for the Dirac-Born-Infeld theory in any dimension [1,

LA complementary route, named 6-exact approach, is to expand the NC actions in power series of the
gauge potential while keeping all orders in 0, see [10, 11] for expansions up to second order in the gauge
potential and quantum field theories applications and [12] for expansions up to third order.



14]. Noncommutative CS actions can be studied in any (odd) dimension [15-18]. In [18]
noncommutativity is given by a Drinfeld twist defined by a set of commuting vector fields
(so-called abelian Drinfeld twist), this noncommutativity including as a special case Moyal-
Groenewold noncommutativity.

In this paper we apply the geometric Seiberg-Witten map [5] (i.e. the geometric gen-
eralization of the SW map that applies to Drinfeld twist noncommutativity) to the non-
commutative Chern-Simons actions in any odd dimension studied in [18]. We obtain the
correction to the classical action up to first order in the noncommutativity parameter 6.
The correction is expressed in terms of the curvature R = df2 — Q2 A Q, of its contraction
along the vector fields determining the noncommutativity and of its covariant derivative.
These terms are covariant under gauge transformations and therefore the correction is truly
gauge invariant (not just up to boundary terms). The construction of these extended com-
mutative CS actions obtained by adding correction terms order by order in 6 applies to
any gauge group G. For slowly varying field strength we show that these correction terms
vanish, so that, as for Dirac-Born-Infeld theory, also noncommutative and commutative
CS theories coincide in any dimension in this approximation.

The variation of the NC Chern-Simons form under SW map has an intriguing struc-
ture. We find that the SW map relates the NC topological terms Tr(R™) and Tr(R" )
and therefore relates the NC CS forms in D and in D+2 dimensions. In fact D-dimensional
CS forms are mapped into double contractions of the (D + 2)-dimensional CS forms, plus
contractions of (D + 1)-forms, plus extra terms that are covariant under gauge transforma-
tions. Since in D dimensions (D + 2)- and (D + 1)-forms vanish, only the extra covariant
terms are relevant in computing the SW map of the CS action. In D =1 and D = 3
the extra covariant terms are absent, which easily explains why in these cases the SW
map is trivial, as first observed by [13]. Our results confirm those of [19], where, using a
different approach based on operator valued fields, a (generalized) NC CS action defined
only in terms of covariant derivatives was shown to be nontrivial under the SW map in
dimension D > 3. We sharpen the findings in [19] by explicitly computing and analyzing
the extra terms in D > 3. Moreover we are not constrained to consider Moyal-Groenewold
noncommutativity, and our commutative limit, never involving the inverse of 6*¥, is well
under control for # — 0.

The first nontrivial  dependence occurs in D = 5 NC CS theory. For this case we
compute also the second order expansion in 6.

Next we specialize to NC CS gravity [18] where the gauge group is G = SU(2,2), and
explicitly compute its expansion to first order in 6 in terms of component fields.

In this paper we focus on local properties of CS forms: in particular the connection §2
is always globally defined, and the underlying principal G-bundle is trivial.

It would be interesting to extend our analysis to the D = 5 noncommutative Chern-
Simons supergravity theory constructed in [18], invariant under the local action of the
*-supergroup U(2,2|N) that includes N supersymmetries. In this case the SW map relates
*-supersymmetry to ordinary supersymmetry, so that the #-correction terms of the SW ex-
pansion are separately invariant under ordinary supersymmetry. The result is an extended
D =5 CS supergravity with (locally) supersymmetric higher order terms. This work is in
progress.



The paper is organized as follows. In section 2 we recall a few facts on Chern-Simons
forms and their noncommutative versions. In section 3 we recall the geometric general-
ization of the Seiberg-Witten map. In section 4 we compute the SW variation of the NC
topological term T'r(R"™), of the CS forms and of the CS actions. In section 5 we apply
these results to D = 5 CS and present the first and second order corrections in #; finally
we consider the case of D = 5 CS gravity. In appendix A we give the derivation of the
SW variation of the noncommutative topological term T'r(R™). In appendix B we collect
useful identities, and appendix C contains a summary of D = 5 gamma matrix properties.

2 Chern-Simons forms and their noncommutative versions

Commutative CS forms. The CS Lagrangian in (2n —1)-dimensions is a (2n — 1)-form
given in terms of the G-gauge connection €2 and its exterior derivative df, or equivalently
its curvature 2-form R = d) — Q A Q, by the following expressions (see e.g. [20, 21]):

1 1
L& = n/o TrQ(tdQ — 2Q2)" ) dt = n/o LT Q(R + (1 — )02 at  (2.1)

where we have omitted writing explicitly the wedge product. For example:

LY = Tr() (2.2)
[ 1
LY = Tr |RQ+ 393] (2.3)
G) _ o | 02 I oas . 15
L&y =Tr |R°Q+ §RQ + 1—09 (2.4)
(7 [ 3 2 9q3 1 2 1 5 L 7

These expressions are obtained by solving the condition
2n—1
ALl = Tr(R") (2.6)

The CS form Lgsn ~U contains (exterior products of) the Lie(G)-valued gauge potential
one-form 2 and its exterior derivative. The trace T'r is taken on some representation of
the Lie algebra Lie(G).2

Because of (2.6), the CS action on the boundary M of a manifold M is related to a

topological action in 2n dimensions via Stokes theorem:

(2n—1) n
/6MLCS —/MTT(R ). (2.7)

Infinitesimal gauge transformations are defined by

00 = de — Qe + €9, = 0eR=—Re+¢€R (2.8)

2More generally Tr can be any multilinear function of the Lie algebra, invariant under cyclic permuta-
tions. In this paper T'r stands for the usual matrix trace.



so that T'r(R™) is manifestly gauge invariant. Therefore also the CS action is gauge invari-

ant under infinitesimal gauge transformations.3
Considering ng Y as a function of O and R, a convenient formula for its gauge
variation is (see for example ref. [18])
2n—1 . (2n—1
0-Leg ™V = d(j-LEE ) (29)

where j. is a contraction acting selectively on 2, i.e.
Jel=¢,  JjR=0 (2.10)

with the graded Leibniz rule j.(QQ) = j.(2)Q — Qj(2) = £Q — Qe etc. Considering
instead ng Y as a function of Q and dQ, formula (2.9) holds with the rules j.2 = ¢ and

JedQ = Q) — Qe.

x-Exterior products from abelian Drinfeld twists. The preceding discussion is
based on algebraic manipulations, and relies on the (graded) cyclicity of Tr. As such,
it can be exported immediately to the noncommutative setting, provided we ensure that
cyclicity holds. The noncommutativity we consider here is controlled by an abelian twist,
and amounts to a deformation of the exterior product:

00 1 S\ T
Ay 7_/ = Z E <;> 0A1B1 . QAan(gAl .. ‘EAnT) A (EBl .. .anT/)
n=0 "
. -\ 2
=7AT + %HAB(EAT) A(lpT') + 21|(;> OB (04 La,7) A (LB T') + -+

(2.11)

where 645 is a constant antisymmetric matrix, and ¢4 are Lie derivatives along commuting
vector fields X 4. The product is associative due to [X4, Xp] =0 (= [£4,¢p] = 0). If the
vector fields X4 are chosen to coincide with the partial derivatives d,, and if 7, 7/ are
0-forms, then 77’ reduces to the well-known Moyal-Groenewold product [22, 23]. A short
review on twisted differential geometry can be found for example in [24].

The deformed exterior product differs from the undeformed one by a total Lie deriva-
tive, indeed since [/4,¢p] = 0 we can write

TAT = T/\T/—i-EAlZﬁ (;) HAIBI~-6’A”B"(£A2~~£An7')/\(€BlgB2"'EBnTI)

n=1

=TAT + 04, QM (2.12)

where for brevity we have renamed the summation Q4. In particular when 7 A 7 is a top

/7’/\*7’/:/7'/\7', (2.13)

3Notice that this argument does not work for finite gauge transformations because not all finite gauge

form we have

transformations on the boundary 0M are induced by finite gauge transformations in the bulk M. In general
under finite gauge transformations the CS form changes by a locally exact form, related to a winding number.
Hence only the equations of motion are invariant under finite transformations.



for suitable boundary conditions; indeed fﬁAlQAl = [(ia,d + dia,)Q4" = 0 because
dQ41 = 0 since Q4! is a top form, and J diAlQAl = ( if we integrate on a manifold without
boundary or if the forms 7 and 7" have suitable boundary conditions. The equality (2.13)
implies that the integral of x-wedge products of homogeneous forms has the usual graded
cyclic property [7 A, 7/ = (—1)de(m)dea(™) [/ A 7 Notice however that in general
JrneT Nt £ [T AT AT

If we now consider homogeneous forms 7,7’ that are Lie algebra valued, the trace of
the As-product of forms is still graded cyclic up to total Lie derivative terms:

Tr(T A T') = (—1)38 M 4T T (T AL T) + £4Q4 (2.14)
and for suitable boundary conditions the integral of the trace has the graded cyclic property.

Noncommutative CS forms. We define noncommutative Chern-Simons actions by re-
placing A-products with A,-products in the commutative Chern-Simons action. This proce-
dure is unique if we integrate over manifolds without boundary or if the fields are properly
behaving at the boundary; it is not unique for CS forms because of the cyclic ordering

ambiguities (2.14), that are however irrelevant in the present paper. We denote by Lgsn*_l)
any one of the NC generalizations of the CS form L(gsnfl).
The check that the exterior derivative of the commutative CS form ng - gives

Tr(R™) is algebraic, and relies only on the Leibniz rule property of the exterior deriva-
tive and on the graded cyclicity of the trace. Since the exterior derivative satisfies the
Leibniz rule also in the noncommutative case, and the graded cyclicity of the trace holds
up to total Lie derivatives, we can conclude that the noncommutative Chern-Simons form
satisfies the relation

dLEEY = Tr(RM™) 4 £0QBPM € (2.15)

where Q"¢ is due to cyclic reorderings and is a sum of wedge products of Lie derivatives
of connections and of their exterior derivatives.

We note that Q¢ is local in the noncommutative connection, in the sense that
expanding the A,-product, for any finite order in 6 there is a finite number of Lie or
exterior derivatives.

In the noncommutative case the gauge group G usually has to be extended, because
*-commutators in general do not close in the original Lie algebra Lie(G). For example

QAQ = QA QP TOT? (2.16)
1 1
= 5% A Q° — Qb A, QO[T T + 5 (@ A Q° + Qb AL QYT T,

with the second term nonvanishing because the A,-product is not antisymmetric. We
therefore consider Lie algebras with representations 7% that close under the usual matrix
product (i.e. under commutators and anticommutators). Note however that this restriction
can be lifted when using the Seiberg-Witten map (see section 5).

It is easy to prove the invariance of the noncommutative Chern-Simons action under
infinitesimal x-gauge transformations defined by:

QY =de —Qre+exQ, = 0)R=—Rxe+e*xR. (2.17)



Indeed
5 / L& = / (L5 ) = 0 (2.18)

for suitable boundary conditions. This is so because in the x-deformed case the variation
formulae (2.9), (2.10) still hold true under integration.
For example the D = 5 x-Chern-Simons action reads

1 1
/Lg’é*:/Tr [R/\*R/\*Q-FQRA*Q/\*Q/\*Q—FmQ/\*Q/\*Q/\*Q/\*Q]

(2.19)
and is invariant under the x-gauge variations (2.17).

3 The Seiberg-Witten map

In the framework of Moyal deformed gauge theories, Seiberg and Witten showed how to
relate noncommutative fields (that transform under deformed gauge transformations) to
ordinary fields, called also classical fields, transforming with the usual gauge variation laws.
The Seiberg-Witten map expresses the NC fields as functions of the ordinary fields in such a
way that usual gauge variations on the latter induce x-gauge variations on the former. The
map is nonlinear, and is determined order by order in the noncommutativity parameter 6.

Under this map, a NC action can be re-expressed in terms of classical fields. The result
is invariant under usual gauge variations (since the NC action is invariant under x-gauge
variations), and can be written as the classical action plus higher order 6 corrections, each
of which is separately gauge invariant under usual gauge variations (because usual gauge
variations do not involve #). This map provides therefore an interesting mechanism to
generate extensions of usual commutative actions, with interaction terms that depend on
6 (for gravity actions see [5-9)]).

Denoting by Q the NC gauge field, and by £ the NC gauge parameter, the Seiberg-
Witten map relates Q to the ordinary €, and € to the ordinary ¢ and to € so as to satisfy:

Q(Q) 4 6:0(Q) = QQ + 6.Q) (3.1)

with
0:Q =de+¢Q—Qe, (3.2)
) =de+Ex 0 —QxE. (3.3)

Thus the dependence of the NC gauge field on the ordinary gauge field is determined
by requiring that ordinary gauge variations of €2 inside Q(Q) produce the noncommutative
gauge variation of Q.

The condition (3.1) is satisfied if the following differential equations in the noncom-
mutativity parameter #47 hold [1, 5]:

N o ~ i N U
500 = 0P 0 = ié&AB{QA,EBQ + Rl (3.4)
808 = 6048 6§AB§: %59/43{@,535}*7 (3.5)



where:

) A, R 4 are defined as the contraction i 4 along the tangent vector X 4 of the exterior
forms Q, R, i.e. Q4 =140, Rga =i4R.

e The bracket {, }. is the usual x-anticommutator, for example {Q4, Rp}, = Q4 *
Rp + RpxQ4.

The differential equations (3.4)—(3.5) hold for any abelian twist defined by arbitrary
commuting vector fields X4 [5]. They reduce to the usual Seiberg-Witten differential
equations [1] in the case of a Moyal-Groenewold twist, i.e. when X4 — 0.

We can solve these differential equations order by order in 6 by expanding Q and

£ in power series of #, so that (the factor i is inserted for ease of later notation) Q=

2
. nAB 1pgABpyEF i e i
Q+ 30270 5 — 507705 Qg pp + ... where 50 p = 5755 Qp=o etc., and similarly for

€. For example up to first order in 6 from (3.4) and (3.5) we immediately find
Q=0+ iHAB{QA, (pQ+ Ry} + 0(62), (3.6)
F=ct iQAB{QA,EBs} +O0?) . (3.7)

Recursive formulas were found in [25] for the Moyal-Weyl product, and generalized for
the geometric SW map in [5]. Typically Qs a power series in 0 of sums of products of
commutative connections, also contracted and differentiated (e.g. 24,74dQ2, £40B<2, etc.).
Again we say that Q is local in the commutative connection because for every power of
0 only a finite number of exterior derivatives appears. It follows that in this framework
noncommutative Lagrangians are power series in € of commutative Lagrangians that are
local in the connection 2.

4 The SW variation of NC Chern-Simons forms

In the following we omit the hat denoting noncommutative fields, the x and A, products,
and simply write {, }, [, | for the x-anticommutator and the x-commutator {, }«, [, ]«

SW variation of Tr(R™). An expression equivalent to (3.4) for the SW variation of

the connection 1-form is
52 = %59AB{QA,]LBQ —dQg) . (4.1)

The “fat” Lie derivative Lp is defined by Ly = {5+ L where L is the covariant Lie
derivative along the tangent vector X pg; it acts on every field P as

LgP =/{pP —[Q,P].
In fact the covariant Lie derivative Lp can be written in Cartan form:

Lp=1iD + Dip, (4.2)



where D is the covariant derivative: DP = dP — [, P] for P even form, DP = dP —{Q, P}
for P odd form. In particular DR = 0 (Bianchi identity) follows from the definition of R.
Moreover LyR =i14DR+ DiyR = DRy4.

The SW variation of the connection implies the following variation for the curvature
2-form R = dQ — Q A (an easy derivation uses equation (A.4) with P = Q = Q),

5oR = idGAB({QA,LBR} (R, Ra)) . (4.3)

From this formula and iterated use of (A.4) the SW variation of the trace of R" can be

proven to be (see appendix A):

SyTr(R") = 556" P T (n !

o ont1) |, L spAB c
—iBiaR )+259 (dUAB +€CQAB) (4.4)

where the (2n — 1)-form Uyp is given by

n—1
Uap =Tr (Z RT'DR4(R™) B}) (4.5)

=2

with (R"")p = ig(R"%). Antisymmetrization in the indices 4 p has weight one (i.e.
(A B] = % AB— % B A). The precise expression (see appendix A for details) of the 2n-form
Qng local in the NC connection, will not be relevant in the following.

SW variation of Tr(R"™) on a 2n-dimensional manifold M. If the forms are de-
fined on a 2n-dimensional manifold M, Tr(R™) has top degree and its SW variation (4.4)
simplifies since R"*! = 0 being a (2n + 2)- form. Moreover, writing /¢ = icd + dic and
observing that dQSz = 0 because it is a (2n + 1)-form, we obtain the SW variation of the
top form Tr(R"):

i ,
STr(R™) = 559ABd(UAB +icQ%s).- (4.6)

Let’s comment on the nontrivial information in this formula. The exactness of d9Tr(R™)
is a trivial consequence of considering R™ a top form. We write doTr(R") = dn and
compare this expression with the SW variation of (2.15) that when R" is a top form reads
0pTr(R™) = d59L(ng*_1) —dicdsQP™ €. Recalling the differential equation (3.4) we see that
7 is local in the NC connection (i.e., that expanding the A,-product, for any finite order in
0 we have a finite number of Lie or exterior derivatives in the NC connection).

The nontrivial information in (4.6) is that n4p, defined by 7 = 6048145, is given by
the sum Ugp —i—icQgB where the second term is a contraction of a 2n-form (local in the
NC connection), and the first term is expressed only in terms of products of curvatures,
their contractions and covariant derivatives, i.e., in terms of only gauge covariant fields.

SW variation of Lgsn*_l). The SW variation of L(CQS:U can be inferred from eq. (2.15):

dLgSn*_l) = Tr(R")+£cQPMC where the Lie derivative term on the right hand side comes
from cyclic reorderings (in the commutative limit Q"¢ = 0 since the trace in that case



is cyclic). Using this relation in (4.4) yields the SW variation of dng*_l) in a manifold of

arbitrary dimension,

. i 1 "
Spd LY = 50647 <n 1ZBZA(L<§S“>) +UAB> (4.7)
i -1 .. . n
+559AB <n+ lszAeCQ@ +2)¢C +eCQ§B> + Lo (6pQPMCY

For forms living in a 2n-dimensional manifold M, this becomes
e 1 . . n
Spd LEmY = 5MABd(UAB +icQSp) + dic(5,QBMC)

where we used the identity o = icd + dic and the vanishing of forms of degree higher
than 2n. Equivalently on M we have

SoLig ) = 206°8 (Uap +i0Q5p) +ic(0sQC) + dg
for some (2n — 1)-form ¢ written in terms of the connection, of exterior derivatives and of
contraction operators along the noncommutative directions.*

We now consider a (2n — 1)-dimensional submanifold N of M and choose commuting
vector fields {X 4} on M that restrict to vector fields on N. In this case ng{l) is a top
form on N, and QG = 59Q™M ¢ = 0 being 2n-forms on the (2n — 1)-dimensional manifold
N. The SW variation of the CS action on a manifold N with no boundary or with fields

that have appropriate boundary conditions is therefore

5 / Lenh = %59AB / U (4.8)
. n—1
? . .
— 559/‘3 / Tr <§2 RTIDRA(R™Y) B)

. n—3
— %59AB / Tr (RDRA > (k+ 1)R"—3—’fRBRk>
k=0

where in the last equality we have evaluated the contraction operator i on (R"~%), inte-
grated by parts and cyclically reordered the terms in the sum.

This variation is zero for n = 1,2. The first non vanishing SW variation of a Chern-
Simons action occurs for n = 3. In particular in three dimensions the SW expansion of the
noncommutative Chern-Simons action equals the commutative Chern-Simons action; this
result, for Moyal-Groenewold noncommutativity, was obtained in [13].?

In higher dimensions the variation is nonvanishing, and is expressed in terms of the

gauge covariant quantities R, R4 and their covariant derivatives.

4The local structure of ¢ follows observing that the SW map is local in the sense discussed at the end
of section 3.

®We mention that the solution to (3.1) is not unique. For example if A is a solution, any finite non-
commutative gauge transformation of A gives another solution. Another source of ambiguities is related to
field redefinitions of the gauge potential. Use of a nonstandard solution to SW map may lead to different
results, see [26] where a nontrivial second order in 6 expansion of the D = 3 CS action is constructed via a
nonstandard solution to SW map.



Slowly varying fields and invariance of NC CS action under SW map. In [1]
(section 4.1) it is shown that for slowly varying field strength the noncommutative and
commutative Dirac-Born-Infeld actions coincide (up to a redefinition of the coupling con-
stant and of the metric). In our geometric framework, where the noncommutativity is
given by the vector fields {X 4}, we can consider field strengths that are slowly varying
just along the noncommutative directions. The gauge covariant formulation of the slowly
varying field strength condition is Ly R ~ 0. In this case the noncommutative and commu-
tative CS actions coincide. Indeed DRy = iaDR+ DiyR = LaR ~ 0, and hence U g ~ 0
(cf. (4.8)).

This result holds in particular in the U(1) case where the slowly varying field strenght
condition on commutative spacetime reads 4 Reo™mutative 0 For nondegenerate Moyal-
Groenewold noncommutativity this is equivalent to 8uR,Cf(’,mmutati"e ~ 0 that is the condition
considered in [1].

5 Extended CS actions from NC CS actions

Consider the Taylor series expansion of a NC CS action in powers of # (the 6 dependence
is due to the x-product and to the SW map),

@n-1) _ [r@n-1) | Coap (1) Loapgpr -1 3
/Lcs* = /Lcs + 50 /Lcs ap — gf"0 Lés appr + 0007)  (5.1)
2n—1 2n—1 ; 2n—1)’ 2n—1 .
where fL(Cg ) = fL(CSn* )\9:0, %IL(CgAB) = C,waﬁfL(CS"* )|9:0, etc.. The right hand
side is a higher derivative action on commutative spacetime. It is an extension, with 6
corrections, of the commutative CS action [ ng “U. The result of the previous section
gives the first order #-correction to the commutative CS theory, so that the action of the

extended CS theory reads

. n—3

/ L&Y 4 047 / T (RDRAZ(k:Jr 1)Rﬂ3kRBRk> . (5.2)
k=0

We notice that this action is well defined for any gauge group G, and that it has the same

(off shell) degrees of freedom as the usual CS action. Like in modified gravity theories the

0 correction is just a further interaction term among the fields.

Note. In section 2 we had to consider NC CS actions with fields valued in a Lie alge-
bra representation 7% closed under the matrix product rather than under commutators
(recall (2.16)). This in general is a severe restriction on the gauge group G (typically
requiring G = U(V)). Here however, the SW map relates the noncomutative fields corre-
sponding to products of generators T%T" . .. to the classical gauge fields of any gauge group
G [2, 3]. Thus the SW map allows to define NC CS actions for any gauge group.

5.1 D =5 CS form to second order in 6

To evaluate the second order variation of [ Lg*,

59 / L8 = %5059“ / RDRARp (5.3)

,10,



we need the SW variation of Rp and DR 4. The first one is easily obtained by applying
the contraction operator ip to the SW variation of the curvature 2-form R, eq. (4.3).
The second one is obtained by summing the SW variation of dR4 to the SW variation of
{Q, R4}, that is evaluated using (4.1) and (A.4). The result is

i
doliz = £0°P ({00, LoRs} — 2 Rep, Ro})
i
§oDR 4 = 19013 ({QC,]LDDRA} +2{DRc, Rpa} — LA[RC,RD]) . (5.4)

Next with the help of (A.4) we compute dgDR4Rp and finally using (B.3) we obtain®

5950 / L) = Los0® / Tr(R DRARp) (5.5)
1
= _ZaaABaecD / Tr (DRA ({RBR, Rep} +{Rp, RepR} + 2{Rpc, Rp}R +
+2{Rpc, RpR} — 2[Rp, ReRp) + 2[Rsc, [R, Rp)] — 2z‘D(DRB)DRC>).

The expansion at second order in power series of 6 of the D = 5 noncommutative CS
action (2.19) is then given by

5 5 { 1 5) "
/ng - /ng + QHAB/TT(RDRARB) - 89A390D/Lg§ sep + 0% (5.6)
where Lg% :;BCD is the integrand in (5.5).

5.2 Extended D = 5 CS gravity to first order in @

CS gravities and supergravities [27-31] present interesting alternatives to standard (su-
per)gravities in odd dimensions. Indeed CS gravities are a particular case of Lovelock
gravities [32], with at most second order equations for the metric. Moreover the gauge
(super)group contains the anti-de Sitter (super)algebra, so that the theory is translation
invariant and does not have dimensionful coupling constants. One can use group contrac-
tion to recover the (super)Poincaré algebra, but retrieving the Einstein-Hilbert term in this
limit is problematic. There are however techniques (S-expansion method [33]) to recover
Poincaré gravity from CS gravity with a particular “expanded” gauge algebra.

We study here the example of D = 5 Chern-Simons AdS pure gravity. The commuta-
tive SU(2,2) connection and curvature are given by

1 i 1 i
Q:*aba_*aa - = aba_*aa )
AW Vab 2V’y, R 4R Yab 2R’y (5.7)
with
R® = dw® — w™wl + VoV, R*=dV®—wiV© (5.8)

5The last two terms are obtained from the term —2DRA(LpRB)LcR by use of the Cartan identity
Lp =ipD+ Dip, integrating by parts the exterior covariant derivative, observing that DDRa = —[R, R4
and renaming indices.
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all indices a, b, ... running on five values. The D = 5 gamma matrices ~,, together with
their commutators v, = 5[va, ], close on the D = 5 AdS algebra SU(2,2) ~ SO(2,4).
The SU(2,2) connection contains both the vielbein V¢ and the spin connection w®, and
correspondingly the SU(2,2) curvature contains both the AdS curvature R* and the torsion
R®. After applying the SW map to the D = 5 noncommutative CS action (2.19), and using
the expression for the first order correction in (5.6), we obtain the extended D = 5 AdS
gravity action:
1 2 1
/ L8, = / S Cabede <RabRCdVe + G ROVEVIVE 4 5Vav”VCVdW) + (5.9)
1
+50*B( RUDRE RIS + 2RV R4 Rl + R™DRG R +
+RPRYVCRY + RUD(RYRY) + 2R VIR Ry, + R“Rf’fVCR‘ZBb) +0(6?),

where D is the SO(1,4) Lorentz covariant derivative (with connection w®).
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A The SW variation of T'r(R")

We first recall some formulas for the variation of a A,-product of fields [6]. We omit writing
explicitly star products.

Lemma 1. Let P,Q be arbitrary exterior forms. Then

{900, L PIQ + P{Q4, Ly Q} + 204, Pl Q = {Q4, L (PQ)} + 2L, PLQ, (A1)

where we recall that the bracket 4 p) denotes antisymmetrization of the indices A and B
with weight 1, so that for example QL) = %(QA]LB —QplLy).

The proof is by a straightforward calculation.

Lemma 2. Let P,Q be arbitrary exterior forms and P[/AB]v Q’[A Bl be defined by their vari-
ations via the equations

SoP = %&QAB({QA,]LBP} + P[’AB]> , (A.2)

]

80Q = 16047 (124, L5Q} + Qlug)) - (A3)
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Then
09(PQ) = 269’43 ({QA,LB(PQ)} +2L,4PLsQ + P[/AB]Q + PQI[AB}) ) (A.4)

This result easily follows from the previous lemma and from the A,-product variation
P Nigrsy @ =P Ayy Q+ 260480, P N, 5Q.

We can now apply formula (A.4) to JgR™ written as do( RR"!). Recalling the SW
variation of R given in (4.3), and defining (R”fl)’[ Ap) from

n— i n— n—
bR = 20048 ({04, Lo R~} + (") ) (A.5)
one finds
SoR™ = %60A3<{QA,LBR”} +2L4RLER™ — 2RARpR" + R(R")] AB]) . (A6)
Comparison with dyR" = £5048 ({Q A, LR"} + (R")’[ A B]) leads to the recursive relation

(Rn)/[AB} — 2L[ARLB]Rn_1 o 2R[ARB]R7L—1 + R(Rn_l),[AB]

= 2DR4D(R" ") g = 2R R R"' + R(R" ') 4. (A7)
with initial condition RE AB] = —[Ra, Rp] = —2R4Rp). This recursive relation is easily
seen to be solved by
(R"){ap =2 RT'DRD[R" ) -2 RT'RuRpR" . (A.8)
i=1 i=1

Using this expression, the Leibniz rule for Ly and the identity L4 = Rpa, we can
rewrite the SW variation of Tr(R") as

SoTr(R"™) = iéHABTrOLB{QA,R"} +{Rap,R"} =2 R™'RARpR" ' +
i=1
n—1

+2) Ri—lDRAD(R”—i)B)
i=1

= %59ABT7* (53{9 A, R"} + RapR™ — nRARpR™ ' + (cQS 5 +

n—1 n—1 n—1
+) RRA(R"")p—> RTRsR(R*)p+D) Rl—lDRA(R"—l)Lu,)
i=1 i=1 i=1

(A.9)

where in the third line we have used cyclic reorderings to simplify the first line; the effect
of these reorderings is the addition of a total Lie derivative term ECQ(;;B that can be
explicitly computed. The last line is the rewriting of the second line using the Leibniz rule
for D: R™'DRyD(R"")p = D(R"'DRs(R" ")) — R"™'DDRA(R"")p and DDR, =
—RRA+ RAR.
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We next use the Leibniz rule for the contraction operator in the form Ra(R" %)p =
RARpR" "1 4 RAR(R"_i_l)B and then cyclic reorder the first and second terms in the
last line: they drastically simplify to just two summands (up to a total Lie derivative
absorbed in the term EcQgB), and we obtain

6Tr(R") = %59ABT7“ <fB{QA, R"} + RapR" — RaARpR" ' — RyR(R" ")p +

n—1
+DY RT'DRA(R™ )p + ch§B>

i=1

= %59/43%« (ZB{QA,R"} + ipiaR™! +€oQ§B) +

n+1

i n—1 ) A

+50047 dTr < > R%—lpRA(Rn—Z)E;) : (A.10)
i=2

To derive the last equality we observe that up to cyclic reorderings (absorbed in the EcQg B

term):

° TT(iBiARn+1) = (n+1)Tr[RspR"— RA(R")p] = (n+1)Tr[RsapR" —RARpR" ! —
RAR(R" )],

e the covariant derivative can be replaced by the exterior derivative,

e the first term in the sum 660484 Tr( Sl R™DR4(R"")B), i.e.
604BdTr(DRs(R" 1)), vanishes.”

In conclusion the SW variation of Tr(R™) is given by

. n—1
P | v hAB i—1 n—i
1ZBZAR ) + 559 dTr ( E R DRA(R )B)

) 1
SyTr(R") = %59ABT7~ (n "
=2

+%59AB£CQA?B (A.11)
where the sum Tr({p{Qa, R"} + £cQS ) has been renamed £cQ9 5.

B Useful identities

Cartan formulae. The usual Cartan calculus formulae simplify if we consider commut-
ing vector fields X 4, and read

Oy =iad+dig, Li=1iaD + Diy
[la,lB] =0, [La,Lp| =iaiBR
[0a,ig] =0, [La,ig] =0
inip +igia=0, dod=0, DoD=-R.

"One proves that up to cyclic reorderings 1'r (DRA(R"_I) B) is a total derivative, and therefore its
exterior derivative vanishes (since d* = 0). Indeed T’I“(DR[A(Rm)B]) = TT(X:;";O1 DR[ARjRB]Rmfjfl)
and the terms in this sum combine in pairs to give total derivatives (for m odd the central term is by itself
a total derivative). For example up to cyclic reorderings Tr(D]:i[ARjRB]Rmfj*1 + DR[ARmfjflRB]Rj) =
TT(DR[ARjRB]Rm_j_l + R[BRjDRA]Rm_j_I) = TT(D(R[ARjRB]Rm_j_I)) = dTT(R[ARjRB]Rm_j_I).
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Other useful identities are (cf. also [6]):
0B LALpP = —%HAB[RAB,P]
048 L0 = 04PRp
eAB/Tr({QA,LB(PQ)}+2LAPLBQ) - HAB/Tr<{RAB,P}Q)

where LoAP =0, P — [QA,P], La=/ls+Lyand Ry =iaR, Ragp = ipiaR.

C Gamma matrices in D =5

We summarize in this appendix our gamma matrix conventions in D = 5.

nab = (1a_17_1a_1a_1)7 {Waa’yb} = 217(11)7 [’}/aa’yb] — 2’7aba
Yor12¥3va = —1, 01234 = V1B =1,
Y = Y0720,

W =CnC0t,  CP=-1, COf=CT=-C.

C.1 Gamma identities

Ya Vb = Yab + Mab

1
Yabe = ieabcde'yde

e
Yabed = —€abcde”Y

1
YabYe = MbcVa — NacTb + ieabcde'?/de

o o 1 de
YeYab = NacVb — MbcVa + 2€abcde’7

b
’Yab’)/cd = _3":abcale’)/6 - 45{27 ]d] - 25?3

(B.1)
(B.2)

(B.3)

(C.9)

(C.10)

where 6% = 1(546% — 6%64), and indices antisymmetrization in square brackets has total

weight 1.
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