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1 Introduction

The topologically twisted index [1] is the partition function for three-dimensional Chern-

Simons-matter gauge theories preserving at least four real supercharges on Σg × S1, with

a partial topological A-twist on the genus g Riemann surface Σg.
1 The index can be

reduced to a matrix model exploiting the localization technique [1] and can be written as

a contour integral,

Z(n, y) =
1

|W|
∑

m∈Γh

∮
C
Zint(m, x; n, y) , (1.1)

of a meromorphic differential form in variables x = eiu (u are the Coulomb branch pa-

rameters), parameterizing the Cartan subgroup and subalgebra of the gauge group G and

1See [2–5] for further developments.
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summed over gauge magnetic fluxes m, living in the co-root lattice Γh of G. The index

is a function of background magnetic fluxes nI and fugacities yI = ei∆I for the global

symmetries of the theory.

Large N evaluation of the index for the three-dimensional ABJM theory [6] was done

in [7, 8] and successfully compared with the entropy of dyonic BPS black holes in the M-

theory background AdS4×S7.2 Extending the results of [7, 8], the large N limit of general

three-dimensional Chern-Simons-matter gauge theories with an M-theory or a massive

type IIA dual was studied in [12, 13]. For the special class of N = 2 quiver gauge theories

where the Chern-Simons levels do not sum to zero the index has been shown to scale as

N5/3 in the large N limit [12], in agreement with a dual massive type IIA supergravity

construction [14–24] (see also [25, 26]).

Motivated by the above results, we look at four-dimensional N = 8 supergravity with a

dyonically gauged ISO(7) = SO(7)nR7 gauge group that arises as a consistent truncation

of massive type IIA supergravity [27] on a six-sphere [28, 29] and its further truncation

to an N = 2 theory with an abelian gauge group R × U(1)3. The electric and magnetic

gauge couplings (g,m) are identified with the S6 inverse radius and the ten-dimensional

Romans mass F̂(0), respectively. In particular, we analyze the supersymmetry conditions

for black holes in AdS4 × S6, with deformed metrics on the S6, in the presence of non-

trivial scalar fields. We mainly focus on the near-horizon geometries which were also

recently analyzed in [24]. For our holographic purposes here we rederive these solutions

in a different way and express the scalars and geometric data in terms of the conserved

electromagnetic charges. For the sake of clarity we focus primarily on the case of three

magnetic charges nj (j = 1, 2, 3) (with one constraint relating them) and equal electric

charges qj = q , ∀j = 1, 2, 3 with the possibility for different horizon geometries of the

for AdS2 × Σg.

The particular model we analyze corresponds to the N = 2 truncation of the N = 8

theory [28] coupled to three vector multiplets (nV = 3) and the universal hypermultiplet

(nH = 1) [24]. We will call this model the dyonic STU model. The route that we take to

constructing the near-horizon geometries is based on a supersymmetry preserving version

of the Higgs mechanism worked out in [30] for the case of N = 2 gauged supergravity.

This allows us to truncate away in a BPS preserving way a full massive vector multiplet

(made from the merging of the massless hypermultiplet and one of the three massless

vector multiplets) that forms after the spontaneous breaking of one of the gauge symmetries

(corresponding to the R in R×U(1)3). The remaining massless N = 2 gauged supergravity

contains only two vector multiplets and is described by the prepotential

F
(
XI
)

= −i3
3/2

4

(
1− i√

3

)
c1/3

(
X1X2X3

)2/3
, (1.2)

where the dyonic gauge parameter is the ratio c ≡ m/g.

2See [9] for a generalization of this setup to AdS4 black holes with hyperbolic horizon. Recent attempts

to compute the logarithmic corrections to the entropy of this class of black holes can be found in [10, 11]. It

is of great importance to develop a new method to study the topologically twisted index beyond the leading

large N contribution. It is naturally desirable to go beyond the numerical methods employed by [10].

– 2 –
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The leading contribution to the black hole entropy is proportional to the area of its

event horizon and it reads

SBH =
Area

4GN
, (1.3)

where GN is the Newton’s gravitational constant. The number of black hole microstates

dmicro should then be given by

dmicro = eSBH . (1.4)

The goal of the current work is to verify this formula by a direct counting in the dual

boundary description in terms of a topologically twisted Chern-Simons-matter gauge theory

with level k given by the quantized Romans mass, m = F̂(0) = k/(2π`s).
3

The superconformal field theory (SCFT) dual to the background AdS4 × S6 arises as

an N = 2 Chern-Simons deformation (at level k) of the maximal N = 8 super Yang-Mills

(SYM) theory on the worldvolume of N D2-branes [18, 31]. We will call this model the D2k
theory. It has an adjoint vector multiplet (containing a real scalar and a complex fermion)

with gauge group U(N) or SU(N) and three chiral multiplets φj (j = 1, 2, 3) (containing a

complex scalar and fermion).

To verify (1.4) we evaluate the topologically twisted index for D2k. The final result is a

function of magnetic charges nj and chemical potentials ∆j for the global symmetries of the

theory. Reducing down to S1, the theory gives rise to supersymmetric quantum mechanics

and the partition function on Σg × S1 computes the Witten index of the N = 2 quantum

mechanical sigma model [32–34]. This naturally leads to a renormalization group (RG) flow

across dimensions, connecting the CFT3 dual to asymptotic AdS4 vacuum in the ultraviolet

(UV) and the CFT1 dual to the near-horizon AdS2 × Σg geometry in the infrared (IR).

Along the RG flow, the UV superconformal R-symmetry of the three-dimensional theory

generically mixes with the flavor symmetries and, at the one-dimensional fixed point, it

becomes a linear combination of the reference R-symmetry and a subgroup of the flavor

symmetries. The R-symmetry that sits in the su(1, 1|1) superconformal algebra in the IR

is determined by extremizing the topologically twisted index, whose value at the extremum

is the regularized number of ground states. This is the so-called I-extremization principle

proposed in [7, 8].

Let us state the main result of our paper. Upon extremizing I(∆j), at large N , with

respect to the chemical potentials ∆j we show that its value at the extremum ∆̄j precisely

reproduces the black hole entropy:

I(∆̄j) ≡ logZ(∆̄j)− i
3∑
j=1

∆̄jqj = SBH(nj , qj) . (1.5)

Furthermore, during the course of our analysis we find a number of intriguing results,

valid at large N .

First, we show that for a class of N = 2 Chern-Simons-matter gauge theories where

the Chern-Simons levels do not add up to zero, the logarithm of the topologically twisted

3`s is the string length.

– 3 –
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index can be written as4

logZ (nI ,∆I) = − 37/6π

5× 210/3

(
1− i√

3

)
(nN)1/3 cr (nI ,∆I)

a (∆I)
1/3

, (1.6)

where n ≡
∑|G|

a=1 ka. Here a (∆I) is the trial conformal ’t Hooft anomaly of a “parent” four-

dimensional N = 1 superconformal field theory on S2×T 2 and cr (nI ,∆I) is the trial right-

moving central charge of the N = (0, 2) theory obtained by a twisted compactification on

S2 [35–37]. Here we use the chemical potentials ∆I/π to parameterize a trial R-symmetry

of the theory. Details about this relation are given in the main text.

Given the interesting connection between the four-dimensional D3-brane theories and

the three-dimensional D2k theories (1.6), it would be intriguing to find the analogous rela-

tion on the supergravity side. In particular, one can expect a close connection between the

supergravity backgrounds discussed here and the black string solutions in five-dimensional

STU gauged supergravity found in [36].

Secondly, we demonstrate another example of the conjecture originally posed in [12]:

− logZS3 (∆j) ∝ F
(
Xj
)
,

I-extremization = attractor mechanism ,
(1.7)

where ZS3 (∆j) denotes the S3 partition function for D2k, depending on trial R-charges

∆j [19]:

logZS3 = − 313/6π

5× 25/3

(
1− i√

3

)
k1/3N5/3 (∆1∆2∆3)2/3 . (1.8)

Quite remarkably, the above correspondence (1.7) holds true including the imaginary part

of the S3 partition function and the prepotential (1.2).

The remainder of this paper is arranged as follows. In section 2 we shall give a short

review of the topologically twisted index and its large N limit. We focus on a class of

three-dimensional supersymmetric Chern-Simons-matter gauge theories arising from D2-

branes probing generic Calabi-Yau three-fold (CY3) singularities in the presence of non-zero

quantized Romans mass. We also derive the formula (1.6). Then we move to evaluate the

twisted index for the N = 2 D2k theory. In section 3 we switch gears and discuss our

supergravity solutions dual to a topologically twisted deformation of the D2k theory. This

section contains a brief overview of the four-dimensional N = 2 dyonic STU model, as

constructed in [24], and the supersymmetric conditions for the existence of black hole

solutions. We then proceed to analyze in more detail the exact UV and IR limits of

the general equations, recovering the asymptotic AdS4 and the near-horizon AdS2 × Σg

geometries. We finish this section by commenting on the general existence of full BPS flows

between the UV and IR solutions that we have. In section 4 we compare the field theory and

the supergravity results, and we show that the I-extremization correctly reproduces the

black hole entropy. Finally we have appendix A with all the fine details of the supergravity

model and solutions that are only sketched in section 3 for the sake of clarity.

4A similar relation between the three-sphere free energy − logZS3 (∆I) and the anomaly coefficient

a (∆I) was found in [19].
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Note added: the counting of microstates for black holes with constant scalar fields —

equal fluxes along the exact R-symmetry of three-dimensional SCFTs — and horizon topol-

ogy AdS2 × Σg, (g > 1) has been recently considered in [38]. While we were completing

this work, we became aware of [39] which we understand has overlap with the results

presented here.

2 The topologically twisted index

The topologically twisted index of a three-dimensional N = 2 supersymmetric gauge theory

is defined as the partition function of the theory placed on the background Σg × S1, with

a partial topological A-twist along the genus g Riemann surface Σg, in the presence of

background magnetic fluxes nI , parameterizing the twist, and fugacities yI = eivI for the

global symmetries [1]. The index can be interpreted as a trace over a Hilbert space of

states H on Σg,

Z(nI , vI) = TrH(−1)F ei
∑

I ∆IJI e−βH , (2.1)

where JI are the generators of the flavor symmetries. The Hamiltonian H on Σg explicitly

depends on the flavor magnetic fluxes nI and the real masses σI . Due to the supersymmetry

algebra Q2 = H − σIJI only states with H = σIJI contribute. The index is a holomorphic

function of vI with vI = ∆I + iβσI .
5 We also identify ∆I with flavor flat connections.

Furthermore, we limit ourselves to the case of Σg = S2 since the generalization to an

arbitrary Riemann surface is straightforward, see section 6 of [2].

The topologically twisted index can be computed using supersymmetric localization

and it is given by a contour integral over the zero-mode gauge variables x = ei(At+iβσ),

parameterizing the Cartan subgroup of the gauge group G, and it is summed over a lattice

of gauge magnetic charges m, living in the co-root lattice Γh of G (up to gauge transfor-

mations), on S2 [1]. Here At is a Wilson line on S1 which runs over the maximal torus

of G and σ is the real scalar in the vector multiplet which runs over the corresponding

Cartan subalgebra. We focus on Chern-Simons quiver gauge theories with bi-fundamental

and adjoint chiral multiplets transforming in representations RI of G and a number |G| of

U(N) gauge groups with equal Chern-Simons couplings ka = k (a = 1, . . . , |G|). Explicitly,

the index can be written as6

Z(nI , yI) =
1

|W|
∑

m∈Γh

∮
C

∏
Cartan

(
dx

2πix
xkm

) ∏
α∈G

(1−xα)
∏
I

∏
ρI∈RI

(
xρI/2 y

1/2
I

1− xρI yI

)ρI(m)−nI+1

,

(2.2)

where the index I runs over all matter fields in the theory. Given a weight ρI of the

representation RI , we employed the notation xρI = eiρI(u). Here α denote the roots of the

gauge group G and |W| is the order of the Weyl group of G.

In the next section we shall evaluate the index at large N for real vI , setting all real

masses σI to zero. One can easily extend it to the complex plane employing holomorphy.

5β is the radius of S1.
6Supersymmetric localization chooses a particular contour of integration C and the final result can be

recast in terms of the Jeffrey-Kirwan residue. We refer the reader to [1, 2] for a thorough analysis of the

contour of integration.
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2.1 The large N limit of the index for a generic theory

We are interested in the large N limit, N � ka with
∑|G|

a=1 ka 6= 0, of the index for Chern-

Simons-matter gauge theories with massive type IIA supergravity duals AdS4 × SY5 [14–

24]. Here SY5 denotes the suspension of a generic Sasaki-Einstein five-manifold Y5. These

theories describe the dynamics of N D2-branes probing a generic Calabi-Yau three-fold

(CY3) singularity in the presence of a non-vanishing quantized Romans mass m [40]. At

large N , it is natural to describe the eigenvalues u(a) in terms of their density ρ(u) with

the constraint
∫

dt ρ(t) = 1 — equivalently, we shall introduce a Lagrange multiplier µ.

Taking the ansatz u(a)(t) = N1/3 (it+ v(t)) for the eigenvalue distribution [19, 41], one can

show that the so-called long-range forces cancel automatically if the conditions

TrR = |G|+
∑
I

(nI − 1) = 0 , Tr J = π|G|+
∑
I

(∆I − π) = 0 , (2.3)

are met by the Chern-Simons-matter gauge theories [12]. Here the trace is taken over

bi-fundamental fermions and gauginos in the quiver. For quivers with a four-dimensional

“parent”,7 these conditions are equivalent to the absence of anomalies for the R- and the

global symmetries of the theory in four dimensions. The above constraints (2.3) guarantee

that the index scales like N5/3 in the large N limit [12]. The Bethe potential V, whose

extremum gives the pole configurations of the contour integral (2.2), is then given by [12]

V (ρ(t), v(t),∆I)

N5/3
= n

∫
dt ρ(t)

{
−it v(t) +

1

2

[
t2 − v(t)2

]}
+ i
∑
I

g+(∆I)

∫
dt

ρ(t)2

1− iv′(t)
− iµ

(∫
dt ρ(t)− 1

)
,

(2.4)

where we introduced the polynomial functions

g+(u) =
u3

6
− π

2
u2 +

π2

3
u , g′+(u) =

u2

2
− πu+

π2

3
, (2.5)

assuming that 0 ≤ ∆I ≤ 2π, and

n ≡
|G|∑
a=1

ka = |G|k . (2.6)

We need to extremize the local functional V (ρ(t), v(t),∆I) with respect to the continu-

ous functions ρ(t) and v(t). The solution for
∑

I∈a ∆I = 2π, for each term Wa in the

superpotential, is as follows:8

v(t) = − 1√
3
t ,

ρ(t) =
31/6

2

[
n∑

I g+(∆I)

]1/3

− 2

33/2

[
n∑

I g+(∆I)

]
t2 , (2.7)

7They describe D3-branes probing the same CY3 singularity.
8The support [t−, t+] of ρ(t) can be determined from the relations ρ(t±) = 0.

– 6 –



J
H
E
P
1
0
(
2
0
1
7
)
1
9
0

t± = ±35/6

2

[∑
I g+(∆I)

n

]1/3

,

µ =

√
3

4

(
1− i√

3

)
n1/3

[
3
∑
I

g+(∆I)

]2/3

.

One can explicitly check that

V(∆I) ≡ −iV
∣∣∣
BAEs

=
3

5
µN5/3 . (2.8)

This is indeed equal to − logZS3 , cf. eq. (3.26) in [19], up to a normalization [37]. Here ZS3

is the partition function of the same N = 2 theory on the three-sphere [42–44].

For this class of Chern-Simons-matter quiver gauge theories the topologically twisted

index, at large N , reads [12]

logZ = −

[
|G|π

2

3
+
∑
I

(nI − 1)g′+(∆I)

]
N5/3

∫
dt

ρ(t)2

1− iv′(t)
. (2.9)

Plugging the solution (2.7) into the index (2.9), we obtain the following simple expression

for the logarithm of the index

logZ (nI ,∆I) = −37/6

10

(
1− i√

3

)
n1/3N5/3

∑
I

[
3
πg+(∆I) +

(
nI − ∆I

π

)
g′+(∆I)

]
[
∑

I g+(∆I)]
1/3

. (2.10)

Remarkably, it can be rewritten as

logZ (nI ,∆I) = − 37/6π

5× 210/3

(
1− i√

3

)
(nN)1/3 cr (nI ,∆I)

a (∆I)
1/3

. (2.11)

Here a (∆I) is the trial a central charge of the “parent” four-dimensional N = 1 supercon-

formal field theory on S2 × T 2, with a partial topological A-twist on S2, and cr (nI ,∆I)

is the trial right-moving central charge of the two-dimensional N = (0, 2) theory on T 2

obtained from the compactification on S2.9 They read [35–37]

a (∆I) =
9

32
TrR3 (∆I)−

3

32
TrR (∆I) ,

cr (nI ,∆I) = 3 TrR3(∆I) + π
∑
I

[(
nI −

∆I

π

)
∂ TrR3(∆I)

∂∆I

]
,

(2.12)

where the R-symmetry ’t Hooft anomaly of four-dimensional N = 1 SCFTs is given in

terms of quiver data

TrRα(∆I) = |G| dim SU(N) +
∑
I

dim RI

(
∆I

π
− 1

)α
. (2.13)

Here α = 1, 3 and dim RI is the dimension of the respective matter representation with

R-charge ∆I/π. Notice that eq. (2.11) is consistent with the index theorem of [12]

logZ (nI ,∆I) = − 2

π
V (∆I)−

∑
I

[(
nI −

∆I

π

)
∂V (∆I)

∂∆I

]
. (2.14)

9We refer the reader to [35–37, 45–49] for a detailed analysis of superconformal theories obtained by

twisted compactifications of four-dimensional N = 1 theories and their holographic realization.
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2.2 The index of D2k at large N

So far the discussion was completely general. Let us now focus on the N = 2 Chern-

Simons deformation of the maximal SYM theory in three dimensions [18, 31]. In N = 2

notation, the three-dimensional maximal SYM has an adjoint vector multiplet (containing

a real scalar and a complex fermion) with gauge group U(N) or SU(N) as well as three

chiral multiplets φj (j = 1, 2, 3) (containing a complex scalar and fermion). This theory

has U(1)R × SU(3) symmetry, with SU(3) rotating the three complex scalar fields in the

chiral multiplets. The quiver diagram for this theory is depicted below.

Nφ1,2,3

k

It has a cubic superpotential,

W = Tr (φ3 [φ1, φ2]) . (2.15)

We assign chemical potentials ∆j ∈ [0, 2π] to the fields φj . The invariance of each monomial

term in the superpotential under the global symmetries of the theory imposes the following

constraints on the chemical potentials ∆j and the flavor magnetic fluxes nj associated with

the fields φj ,
3∑
j=1

∆j ∈ 2πZ ,
3∑
j=1

nj = 2 , (2.16)

where the latter comes from supersymmetry. Since 0 ≤ ∆j ≤ 2π we can only have∑3
j=1 ∆j = 2πs , ∀s = 0, 1, 2, 3. The cases s = 0, 3 are singular while those for s = 2

and s = 1 are related by a discrete symmetry ∆j = 2π − ∆j . Thus, without loss of

generality, we will assume
∑3

j=1 ∆j = 2π. We find that

3∑
j=1

g+ (∆j) =
1

2
∆1∆2∆3 ,

3∑
j=1

g′+ (∆j) =
1

4

[(
∆2

1 + ∆2
2 + ∆2

3

)
− 2 (∆1∆2 + ∆2∆3 + ∆1∆3)

]
.

(2.17)

Finally, the “on-shell” value of the Bethe potential (2.8) and the index (2.10), at large N ,

can be written as

V (∆j) =
313/6

5× 28/3

(
1− i√

3

)
k1/3N5/3 (∆1∆2∆3)2/3 ,

logZ (nj ,∆j) = − 37/6

5× 25/3

(
1− i√

3

)
k1/3N5/3 (∆1∆2∆3)2/3

3∑
j=1

nj
∆j

,

(2.18)

which is valid for
∑3

j=1 ∆j = 2π and 0 ≤ ∆j ≤ 2π. Note also that

logZ (nj ,∆j) = −
3∑
j=1

nj
∂V (∆j)

∂∆j
, (2.19)

as expected from the index theorem (2.14).
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10d massive IIA

4d N = 8 ISO(7) N = 2 dyonic STU

S6 truncation [18, 28]

Cartan truncation [24]

Figure 1. Sequence of consistent truncations from massive type IIA supergravity in ten dimensions,

to the dyonic STU model in four dimensions.

3 AdS4 black holes in N = 2 dyonic STU gauged supergravity

We now turn to the gravity duals of the field theories we have discussed so far. Following the

logic and analysis of [7], where a succesful microscopic entropy counting for AdS4×S7 black

holes was performed at leading order in the large N limit, we search for four-dimensional

black hole solutions which interpolate between an AdS2 × Σg near-horizon region and an

asymptotic AdS4 vacuum. These preserve supersymmetry due to a topological twist on the

Riemann surface Σg. We find that the gravity dual is a black hole solution which can be

embedded in massive type IIA supergravity and is asymptotic to the N = 2 supersymmetric

AdS4 × S6 background of [18].

The instance of AdS4/CFT3 correspondence we aim to explore here was finalized in [18]

and states that the D2k theory admits a dual description as massive type IIA string theory

on asymptotically AdS4 × S6 backgrounds. Of particular importance is the consistent

truncation of massive type IIA supergravity on S6, to the dyonically gauged maximal

supergravity in four dimensions with ISO(7) gauge group [18, 28].

Before discussing the main features of the supergravity theory we consider, let us

elaborate on the desired type of black hole solutions. The first examples of such analytic

solutions appeared in [50] and were further studied in [51–55]. They are solutions of N = 2

supergravity with a gauged U(1) R-symmetry group. The aforementioned topological twist

consists of the cancellation of the spin connection on Σg by the R-symmetry gauge vector

field, and requires that the black hole solutions carry non-trivial abelian magnetic charges.

In the case of the maximally supersymmetric SO(8) gauged supergravity this allows one to

consider only an abelian U(1)4 truncation (often called “STU model”), as was the case in [7].

These considerations lead us to look at the N = 2 truncation of the dyonic ISO(7)-

gauged supergravity constructed recently in [24], as the analogue of the STU model. It

corresponds to picking the maximal abelian subgroup of the original ISO(7) gauge group

and arranging the resulting four abelian vectors in an N = 2 gravity multiplet and three

vector multiplets. Due to the characteristics of the supergravity theory under considera-

tion, there is the requirement that the four vectors couple to a hypermultiplet, so that they
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effectively gauge some of the isometries of the scalar manifold. The details can be found

in the original reference [24]. Here we review the main data for constructing uniquely the

supergravity Lagrangian; more details can be found in appendix A. The three complex

scalars in the three vector multiplets parameterize the special Kähler scalar (SK) manifold

MSK = [SU(1, 1)/U(1)]3 and the additional hypermultiplet, the so-called universal hyper-

multiplet (often arising in string theory compactifications), parameterizes the quaternionic

Kähler (QK) manifold MQK = SU(2, 1)/(SU(2)×U(1)).

We follow the conventions of [56] adapted to the most general N = 2 dyonically

gauged supergravity theory spelled out in [57]: the vector multiplet sector is defined by a

prepotential

F = −2
√
X0X1X2X3 , (3.1)

where the holomorphic sections XΛ, Λ = 0, 1, 2, 3 parameterize the SK manifold. The

symplectic vector (XΛ, FΛ ≡ ∂F/∂XΛ) can be parameterized by three complex scalars s, t

and u as

(X0, X1, X2, X3, F0, F1, F2, F3) = (−stu, −s, −t, −u, 1, tu, su, st) . (3.2)

The QK manifold is parameterized by four real scalars {φ, σ, ζ, ζ̃}. The four vector fields

are used to gauge two commuting isometries of the universal hypermultiplet metric,10

generated by the Killing vectors

k0 = ∂σ , k0 = c∂σ , k1,2,3 = −ζ̃∂ζ + ζ∂ζ̃ , k1,2,3 = 0 , (3.3)

where the indices 0 to 3 refer to the four vectors; a lower index is associated to the ordinary

(electric) gauge field, whereas an upper index to the dual (magnetic) gauge field, as is the

standard to keep track of symplectic covariance. The constants m and g correspond to the

magnetic and electric gauge coupling constants respectively, and in what follows we will

make use of the ratio

c ≡ m

g
. (3.4)

Note that although all four abelian vectors participate in the gauging of the above isome-

tries, only two different isometries are actually being gauged: one corresponding to the

non-compact group R, gauged by a linear combination of the electric and magnetic gauge

fields A0 and A0, and a U(1) isometry gauged by the linear combination A1 + A2 + A3.

These gaugings, via supersymmetry, generate a non-trivial scalar potential, which has a

critical point corresponding to an AdS4 vacuum.

Our aim is therefore to find supersymmetric black hole solutions in the theory we just

described. We will do so in several steps, leaving all detailed calculations to the appendix;

for each step we find useful to dedicate a subsection. First, we describe the black hole ansatz

and supersymmetry equations derived by [53, 59]. We then concentrate separately on the

conditions for the asymptotic AdS4 vacuum and the near-horizon AdS2 × Σg geometry.

We manage to rewrite the near-horizon data in a particularly simple form in order to

10See, for example, appendix D of [58] for an explicit realization of all eight isometries of the universal

hypermultiplet metric forming the group SU(2, 1).
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facilitate the match with the field theory. We finish the supergravity analysis by presenting

arguments for the existence of a full BPS flow between the UV and IR geometry. Ultimately,

the existence of the complete geometries is best justified by the successful entropy match

with field theory.

3.1 Black hole ansatz and BPS conditions

Static BPS AdS4 black holes in general models with dyonic hypermultiplet gauging, were

considered in [59] generalizing earlier work of [50–55]. The reader can find all the details

about the bosonic ansatz and BPS equations in appendix A. Here, for the sake of clarity,

we repeat the form of the metric,

ds2 = −e2U(r)dt2 + e−2U(r)dr2 + e2(ψ(r)−U(r))dΩ2
κ , (3.5)

where the radial functions U(r), ψ(r) and the choice of scalar curvature κ for the horizon

manifold, uniquely specify the spacetime. Electric and magnetic charges, eΛ(r) and pΛ(r),

are present for each gauge field, and can have a radial dependence due to the fact that some

of the hypermultiplet scalars source the Maxwell equations. The spacetime symmetries also

impose a purely radial dependence for the SK complex scalars s(r), t(r), u(r) and the QK

real scalars φ(r), σ(r), ζ(r), ζ̃(r), as well as the phase α(r) of the Killing spinors that

parameterize the fermionic symmetries of the black hole.

We systematically write down the conditions for supersymmetry and equations of mo-

tion in the appendix, while here we only discuss the most important points about the solu-

tion. In particular we find that we can already fix three of the four hypermultiplet scalars

ζ = ζ̃ = 0 , σ = const. , (3.6)

where the particular value of σ is not physical as it is a gauge dependent quantity that drops

out of all BPS equations. The remaining hypermultiplet scalar however has in general a

non-trivial radial profile governed by the equation

φ′ = −gκλeK/2−U Im
(
e−iα(X0 − cF0)

)
, (3.7)

where the Kähler potential eK and λ = ±1 are discussed in the appendix. The scalar φ

precisely sources the Maxwell equations, which read

p′0 = ce′0 = −ce2ψ−3Ue4φRe
(
e−iα(X0 − cF0)

)
, (3.8)

while all other charges p1,2,3 and e1,2,3 are truly conserved quantities. These two equations

highlight an important physical feature of the black holes in massive IIA supergravity:

due to the presence of charged hypermultiplet scalars there are massive vector fields that

do not have conserved charges. The charges of the massive vectors are not felt by the

field theory, which explains why there were only three different charges considered in the

previous section. These are the magnetic charges p1,2,3 as here we will further simplify

our ansatz and put e1,2,3 = e to be fixed by the magnetic charges. However, one still

needs to solve consistently the BPS equations for the massive vector fields, which presents

a particularly hard obstacle computationally, and has prevented people from writing down

exact analytic solutions for black holes with massive vector fields before [53].

– 11 –



J
H
E
P
1
0
(
2
0
1
7
)
1
9
0

3.2 Constant scalars, analytic UV and IR geometries

Let us now concentrate on the two important end-points of the full black hole flow: the

asymptotic UV space AdS4 and the IR fixed point, AdS2 × Σg. Due to the symmetries of

these spaces the scalars and charges are constant there, which means (3.7)–(3.8) can be

further constrained by setting their left-hand sides to zero. This immediately implies

X0 − cF0 = 0⇒ X0 = (−c)2/3(X1X2X3)1/3 , stu = −c , (3.9)

which presents a strong constraint of the vector multiplet moduli space. In fact the re-

maining scalars (e.g. freezing s in favor of t and u) are consistent with the simplified

prepotential11

F? = −3

2
(−c)1/3(X1X2X3)2/3 . (3.10)

Notice that in this constant scalar case, the BPS equations automatically lead us to

an effective truncation of the theory to a subsector, by “freezing” some of the fields. In

particular, we see that the massive vector field has “eaten up” the Goldstone boson σ,

and together with the massive scalars ζ, ζ̃, φ and the complex combination of stu can be

integrated out of the model. This corresponds to a supersymmetry preserving version of the

Higgs mechanism discussed in [30] and a truncation12 to an N = 2 theory with two massless

vector multiplets and no hypermultiplets. The remainders of the gauged hypermultiplet

are constant parameters gauging the R-symmetry, known as Fayet-Iliopoulos terms, ξI =

P x=3
I , I ∈ {1, 2, 3}. Therefore the effective, or truncated, prepotential F? is indeed the

prepotential defining the Higgsed theory. This mechanism is in fact the reason why we are

able to write down exact analytic solutions in the UV and IR limits where the constant

scalar assumptions holds. Note that one could have in principle performed this truncation

of the full theory looking for full black hole solutions there. However, this turns out to be

a too strong constraint; in particular we will see that in the UV we have

〈e2φ〉UV = 2c−2/3 , (3.11)

while in the IR in general

〈e2φ〉IR =
2c−2/3

3(H1H2H3)1/3
, (3.12)

with HI particular functions of the charges. Imposing the constraint that φ is constant

throughout the flow φUV = φIR leads to a black hole solution with only a subset of all

possible charges, in particular to the so called universal twist dating back to [60] and

studied for this theory in [23], recently described holographically by [38].

11Note that directly substituting X0 in the original prepotential (3.1) leads to a different normalization.

Such a different prefactor does not lead to a change in physical quantities, but we prefer to comply with

the correct normalization of the kinetic terms as imposed by the choice of parameterization in (3.2).
12Note that strictly speaking we have not proven that this is a consistent truncation as the proof in [30]

only considered electrically gauged hypermultiplets. For the analogous proof in the general dyonic case

one needs to use the full superconformal formalism of [57] where the general theory is properly defined.

However, here we never need to go to such lengths since we use the Higgs mechanism to clarify the physical

picture, not as a guiding principle in deriving the BPS equations.
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3.2.1 Asymptotic AdS4 vacuum

As already noticed in [61] the black hole is only asymptotically magnetic AdS4, which

means that the black hole solution even asymptotically never recovers the full AdS sym-

metry. For this reason the BPS equations are only solved at r →∞. We can nevertheless

analyze the exact AdS4 vacuum, which constrains the scalar fields to obey the maximally

supersymmetric conditions derived in [30]. These conditions, as shown in more detail in

the appendix, not only constrain the scalars to be constant with ζ = ζ̃ = 0 and stu = −c
but further impose the particular vacuum expectation values

〈s〉AdS4 = 〈t〉AdS4 = 〈u〉AdS4 = (−c)1/3,

〈e2φ〉AdS4 = 2c−2/3 ,
(3.13)

which can be checked to explicitly solve all the equations (A.24) at r → ∞. The metric

functions in this limit become

lim
r→∞

(re−ψ) = lim
r→∞

e−U =
LAdS4

r
, LAdS4 =

c1/6

31/4g
, (3.14)

as already found in [23].

3.2.2 Near-horizon geometry and attractor mechanism

The attractor mechanism for static supersymmetric asymptotically AdS4 black holes was

studied in detail in [59], generalizing the results of [51] to cases with general hypermultiplet

gaugings. The near-horizon geometry is of the direct product type AdS2×Σg and preserves

four real supercharges, double the amount preserved by the full black hole geometry. We

solve carefully all equations in the appendix, while here we present an alternative derivation

which, although incomplete as we explain in due course, is more suitable for the comparison

with field theory.

The near-horizon metric functions are given by

U = log(r/LAdS2) , ψ = log(LΣg · r/LAdS2) , (3.15)

where LAdS2 is the radius of AdS2 and LΣg that of the surface Σg.

We start with the BPS condition coming from the topological twist for the magnetic

charges (valid not only on the horizon but everywhere in spacetime)

g
3∑
I=1

pI = −κ , (3.16)

with κ the unit curvature of the internal manifold on the horizon (κ = +1 for S2 and

κ = −1 for Σg>1). The general attractor equations imply in particular that the horizon

radius is given by

L2
Σg

= iκ
Z
L

= −i
∑

I(eIX
I − pIFI)

g(X1 +X2 +X3)
. (3.17)
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where in the last equality we already used the model specific information that X0−cF0 = 0

which implies X0 = (−c)2/3(X1X2X3)1/3. Notice that the same equation is found by

directly using the truncated prepotential, F?, since by construction

FI(X
0 = (−c)2/3(X1X2X3)1/3) = F ?I , ∀I ∈ {1, 2, 3} ,

⇒ L2
Σg

= iκ
Z?

L?
.

(3.18)

This shows that we can equally well use the truncated prepotential for this attractor equa-

tion. To solve it, we define the weighted sections X̂I ≡ XI/
∑

J X
J such that

∑
I X̂

I = 1,

and find

3∑
I=1

(
pI F̂ ?I − eIX̂I

)
= gL2

Σg
, (3.19)

where we used the shorthand notation F ?I (X̂I) ≡ F̂ ?I . This expression is extremized at the

horizon

∂X̂J

[∑
I(p

I F̂ ?I − eIX̂I)
]∣∣∣
X̂horizon

= 0 , (3.20)

fixing the weighted sections, X̂I
horizon ≡ HI in terms of the electric and magnetic charges.

Let us now concentrate on what we call “purely magnetic” solution, i.e. let us work

under the assumption that we only have independent magnetic charges and all electric

charges are equal eI = e. The equations simplify to

∂X̂J

(∑
Ip
I F̂ ?I

)∣∣∣
HI

= 0 , (3.21)

given
∑

I X̂
I = 1. We find the following solutions:

3HI = 1±
∑
J,K

∣∣εIJK(pJ − pK)∣∣
2
√(√

Θ± pI
)2 − pJpK , (3.22)

where the ± signs are not correlated so we have four solutions. Here εIJK is the Levi-Civita

symbol and

Θ(p) ≡
(
p1
)2

+
(
p2
)2

+
(
p3
)2 − (p1p2 + p1p3 + p2p3

)
. (3.23)

The sign ambiguities are to be resolved in the full geometry as proper normalization of the

scalar kinetic terms require that 0 < Im(s, t, u) < 1 everywhere in spacetime, including the

horizon values. It is now straightforward to derive the physical scalars from the weighted

sections HI ,

s =
eiπ/3c1/3H1

(H1H2H3)1/3
, t =

eiπ/3c1/3H2

(H1H2H3)1/3
, u =

eiπ/3c1/3H3

(H1H2H3)1/3
. (3.24)

At first it might seem that there is an ambiguity in the attractor equation, since at the

moment we have allowed for an arbitrary parameter e which sets the value of the three

equal electric charges. This is however misleading, because we have in fact not yet solved
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the original equation (3.17). The electric charges there play the crucial rôle of making sure

the radius of the horizon is indeed a positive real quantity,

Z
L

= −κ
g

(
(−1)4/3c1/3(H1H2H3)2/3∑

I(p
I/HI)−

∑
IeIH

I
)

= −κ
g

(
e−2iπ/3c1/3(H1H2H3)2/3∑

I(p
I/HI)− e

)
= −iκL2

Σg
.

(3.25)

The imaginary part of the last equation fixes the radius of the Riemann surface,

L2
Σg

= −
√

3

2g
c1/3(H1H2H3)2/3

3∑
I=1

pI

HI
(3.26)

while the real part fixes the value of the electric charges,

e =
1

2
c1/3(H1H2H3)2/3

3∑
I=1

pI

HI
= − g√

3
L2

Σg
. (3.27)

However, (3.17) can only get us this far, and one needs to solve the other near-horizon

equations in order to write down the full solutions, as we have done in the appendix. This

way one can fix the massive vector charges p0, e0, as well as the hypermultiplet scalar φ:

p0 = ce0 =
gc1/3

3
√

3(H1H2H3)1/3
L2

Σg
, e2φ =

2c−2/3

3(H1H2H3)1/3
. (3.28)

The AdS2 radius is also fixed from the remaining near-horizon BPS equations analyzed in

the appendix, and it can also be expressed in terms of the functions HI as

LAdS2 =
33/4c1/6(H1H2H3)1/3

2g
. (3.29)

Finally, for completeness, we write the Bekenstein-Hawking entropy for black holes with

spherical horiozn (κ = +1):13

SBH =
Area

4GN
=
πL2

S2

GN
= − π

√
3

2gGN
c1/3(H1H2H3)2/3

3∑
I=1

pI

HI
. (3.30)

3.3 Existence of full black hole flows

The main challenge in constructing the full black hole spacetime interpolating between the

UV and IR geometries we presented above, is the non-trivial massive vector field we need

to consider. We have seen that in the constant scalar case we can effectively decouple the

massive vector multiplet but this is not the case for the full flow, if we wish to have the

most general spacetime. For the BPS equations, it is useful to define the function

γ(r) ≡ cF0 −X0 = c+ s(r)t(r)u(r) , (3.31)

13A precise counting of microstates for g = 0 case implies matching of the index and the entropy for all

values of g (see section 6 of [2]).
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which vanishes both in the UV and the IR. The function γ(r) is in principle fixed by the

BPS equations determining the scalars s, t, and u, and in turn governs the flow of the

hypermultiplet scalar field φ as well as the massive vector charge p0 via (3.7) and (3.8),

respectively. The remaining first order BPS equations involve also the metric functions U

and ψ, as well as the Killing spinor phase α while the conserved charges e1,2,3 and p1,2,3

remain constant and have been fixed already at the horizon. Therefore we have a total

of eight coupled differential equations for eight independent variables14 {s, t, u, φ, p0, U ,

ψ, α}. All these fields have been uniquely fixed in the UV and IR as shown above and

more carefully in the appendix. A similar set of equations with running hypermultiplet

scalars has been considered in [53] with the result that one can always connect the UV and

IR solutions with a full numerical flow, whenever the number of free parameters matches

the number of first order differential equations, as is also the case here. It is of course

interesting to find such solutions explicitly but we leave this for a future investigation as

the main scope here is the field theory match of our results, to which we turn now.

4 Comparison of index and entropy

In this section we shall derive the Bekenstein-Hawking entropy (3.30) — including the

numerical factor — for a class of dyonic BPS black holes discussed in the previous sec-

tion from a microscopic counting of supersymmetric ground states in D2k, at the leading

order N5/3.

4.1 The I-extremization principle

The Bekenstein-Hawking entropy of a dyonic BPS black hole in AdS4 with a charge vector

(nj , qj) can be obtained by extremizing I(∆j) ≡ logZ (∆j) − i
∑3

j=1 ∆jqj , in the large

N limit,
∂I (∆j)

∂∆2,3

∣∣∣∣∑
j ∆j=2π

(∆̄j) = 0 , (4.1)

and evaluating it at its extremum ∆̄j :

I
∣∣
crit

(nj , qj) = SBH(nj , qj) , (4.2)

with a constraint on the charges that the entropy be real positive. This procedure, dubbed

I-extremization in [7, 8], comprises two steps:

1. Extremizing the index unambiguously determines the exact R-symmetry in the uni-

tary N = 2 superconformal quantum mechanics in the IR.

2. The value of the index at its extremum is the regularized number of ground states.

Interestingly, this is equivalent to the attractor mechanism for BPS black holes,

see (3.19)–(3.20), in N = 2 gauged supergravity in four dimensions [50–52, 59].15

14Note that in the “purely magnetic” ansatz the phase of the complex scalars has been fixed, therefore

we count s, t, u as each is carrying a single degree of freedom.
15See also [62] for an extremization principle for the entropy of supersymmetric AdS5 black holes.
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4.2 AdS4 × S6/D2k correspondence

Now we are in a position to confront the topologically twisted index of D2k, to leading

order in N , (2.18) with the Bekenstein-Hawking entropy (3.30). Let us first note that the

relations between SCFT parameters (N, k) and their supergravity duals in massive type

IIA, to leading order in the large N limit, read16

1

2GN
=

21/331/6

5
k1/3N5/3 ,

m

g
=

(
3

16π3

)1/5

kN1/5 . (4.3)

We may choose the magnetic coupling constant

m = 33/2g7 , (4.4)

such that the UV AdS4 metric has unit radius of curvature (see eq. (3.14)).

From here on we set qj = q , ∀j = 1, 2, 3. The topologically twisted index of D2k (2.18)

as a function of ∆2,3 is extremized for

3∆̄2

2π
= 1∓ |n3 − n1|√(√

Θ± n2

)2 − n1n3

,
3∆̄3

2π
= 1∓ |n1 − n2|√(√

Θ± n3

)2 − n1n2

, (4.5)

where we defined the quantity

Θ ≡ n2
1 + n2

2 + n2
3 − (n1n2 + n1n3 + n2n3) , (4.6)

which is symmetric under permutations of nj . Upon identifying

∆̄j

2π
= Hj ,

nj = 2gpj , qj = − ej
2gGN

, for j = 1, 2, 3 ,
(4.7)

(4.5) are precisely the values of the weighted holomorphic sections X̂j at the horizon (3.22).

The constraint
∑

j ∆j ∈ 2πZ is consistent with
∑

j X̂
j = 1 valid in the bulk. Plugging

the values for the critical points (4.5) back into the Legendre transform of the partition

function (2.18), and employing (4.3) and (4.4) we finally arrive at the conclusion that (4.2)

holds true. We thus found a precise statistical mechanical interpretation of the black hole

entropy (3.30). Obviously, the above discussion goes through for the most general case

with three unequal electric charges and different horizon topologies.

It is worth stressing that the imaginary part of the partition function (2.18) uniquely

fixes the value of the electric charges qj = q , ∀j = 1, 2, 3 such that its value at the critical

point is a real positive quantity in agreement with the supergravity attractor mechanism

and the general expectations in [8]. This precise holographic match therefore presents a

new and successful check on the I-extremization principle in the presence of a non-trivial

phase which is new with respect to previous examples such as the index of ABJM.

16See for example [18, 19].
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A Supergravity details

In this appendix we elaborate on the supergravity theory and the black hole solutions we

consider in the paper. In particular, we focus on the end of the sequence of massive type

IIA supergravity truncations in figure 1, what we call the “dyonic STU model”.

A.1 Dyonic STU model

We start with the bosonic part of the Lagrangian for the dyonic STU model, following the

notation and conventions of the standard reference [56],

1√
−g
Ldyonic STU =

R

2
− Vg,m − gij̄∂µzi∂µz̄j̄ − huv∇µqu∇µqv +

1

4
IΛΣH

ΛµνHΣ
µν

+
1

4
RΛΣH

Λµν ∗HΣ
µν −m

εµνρσ

4
√
−g

B0
µν∂ρA0σ

− gm εµνρσ

32
√
−g

B0
µνB

0
ρσ .

(A.1)

This is supplemented by a fermionic counterpart which we do not present here. It is

however instructive to look at the covariant derivative of the gravitino,

∇µψνA =

(
∂µ −

1

4
ωabµ γab +

i

2
Aµ

)
ψνA +

(
∂µq

uωuA
B − ig

2
〈Px,Aµ〉σxAB

)
ψνB . (A.2)

Many of the above quantities require explanation, and in what follows we will discuss

independently several of the sectors of the theory.

Gravity multiplet. The gravity multiplet consists of the graviton gµν , a doublet of

gravitini ψµA, which transform into each other under the R-symmetry group U(1)R ×
SU(2)R, and a gauge field called the graviphoton with field strength Tµν . Due to the

presence of three additional vector multiplets in the theory the total number of gauge

fields is four, denoted by AΛ
µ , Λ ∈ {0, 1, 2, 3}. The graviphoton field strength is a scalar

dependent linear combination of the four field strengths FΛ
µν . The theory we consider

is gauged, meaning that some of the original global symmetries of the theory have been

made local.
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Universal hypermultiplet. An N = 2 hypermultiplet consists of four real scalars qu

and two chiral fermions ζα called hyperini. The scalar moduli space is a quaternionic

Kähler manifold with metric huv(q) and three almost complex structures which further

define three quaternionic two-forms that are covariantly constant with respect to an SU(2)

connection ωx, x ∈ {1, 2, 3}. The particular model that comes from the truncation of

N = 8 ISO(7) gauged supergravity has a single hypermutiplet, which universally appears

in various string compactifications, hence called the universal hypermultiplet. The moduli

space is the coset space SU(2, 1)/U(2). The metric, written in terms of real coordinates

{φ, σ, ζ, ζ̃}, is

h =


1 0 0 0

0 1
4e4φ −1

8e4φζ̃ 1
8e4φζ

0 −1
8e4φζ̃ 1

4e2φ(1 + 1
4e2φζ̃2) − 1

16e4φζζ̃

0 1
8e4φζ − 1

16e4φζζ̃ 1
4e

2φ(1 + 1
4e2φζ2)

 . (A.3)

The isometry group SU(2, 1) has eight generators; two of these are used for gauging in

the model under consideration, generating the group R×U(1). The corresponding Killing

vectors are

kR = ∂σ , kU(1) = −ζ̃∂ζ + ζ∂ζ̃ . (A.4)

These two isometries are gauged by a particular linear combination of the four vector

fields in the theory. One defines Killing vectors with index Λ corresponding to each of

the four gauge fields, such that the hypermultiplet scalar covariant derivative that appears

in (A.1) reads

∇µqu ≡ ∂µqu − g〈Ku,Aµ〉 = ∂µq
u − gkuΛAΛ

µ + gku,ΣAΣ,µ , (A.5)

where g is the gauge coupling constant and the operation 〈., .〉 is the symplectic inner

product which will be discussed further when we move to the vector multiplet sector.

What is important to notice here is that we allow for the hypermultiplet isometries to be

gauged not only by the “ordinary” electric fields AΛ
µ but also by their dual magnetic fields

AΛ,µ. In the particular model here, the non-vanishing Killing vectors are

k0 = kR , k0 = ckR , k1,2,3 = kU(1) , c ≡ m

g
, (A.6)

which means that the magnetic gauge field A0,µ explicitly appears in the covariant deriva-

tive of the scalar σ with an effective coupling constant m related to the Romans mass of

the massive type IIA supergravity.

One can also define moment maps (or momentum maps) associated with each isometry

on the quaternionic Kähler manifold. Using the metric and SU(2) connection on the

universal hypermultiplet scalar manifold (see e.g. appendix D of [58]) we find

P0 =
(

0, 0, −1
2e2φ

)
, P 0 =

(
0, 0, −1

2ce
2φ
)
,

P1,2,3 =
(
ζ̃eφ, −ζeφ, 1− 1

4(ζ2 + ζ̃2)e2φ
)
, P 1,2,3 =

(
0, 0, 0

)
. (A.7)
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These are the moment maps that appear in the gravitino covariant derivative (A.2) as a

symplectic vector Px = (P x,Λ, P xΛ). Even in the absence of hypermultiplets the moment

maps can be non-zero, signifying that the R-symmetry rotating the gravitini is gauged.

STU vector multiplets. Each N = 2 vector multiplet consists of one gauge field,

a doublet of chiral fermions λA called gaugini, and a complex scalar field z. We already

mentioned that the STU model has three vector multiplets and hence three complex scalars

zi, labeled by s, t, and u: z1 ≡ s, z2 ≡ t, z3 ≡ u. The scalar manifold is a special Kähler

space whose metric can be derived from a prepotential F , which for the STU model is,

F = −2
√
X0X1X2X3 . (A.8)

XΛ = XΛ(zi) define the holomorphic sections X ≡ (XΛ, FΛ) where

FΛ ≡
∂F
∂XΛ

. (A.9)

X transforms as a vector under electromagnetic duality or symplectic rotations which

leave the solutions of the theory invariant. Other symplectic vectors are the Killing vectors

Ku = (ku,Λ, kuΛ), the moment maps Px = (P x,Λ, P xΛ), the gauge fields Aµ = (AΛ
µ , AΛ,µ), and

finally the vector of magnetic pΛ and electric eΛ charges, Q = (pΛ, eΛ), giving the name to

the duality.

Returning to the holomorphic sections, we pick the standard parameterization

(X0, X1, X2, X3, F0, F1, F2, F3) = (−stu, −s, −t, −u, 1, tu, su, st) . (A.10)

The metric on the moduli space follows from the Kähler potential,

K = − log(i〈X , X̄ 〉) = − log(iX̄ΛFΛ − iXΛF̄Λ) = − log(i(s− s̄)(t− t̄)(u− ū)) , (A.11)

as gij̄ ≡ ∂i∂j̄K with ∂i = ∂/∂zi. We therefore find that gij̄ is diagonal

gss̄ =
1

4(Im(s))2
, gtt̄ =

1

4(Im(t))2
, guū =

1

4(Im(u))2
. (A.12)

Using the Kähler potential we introduce the rescaled sections

V = eK/2X = (eK/2XΛ, eK/2FΛ) ≡ (LΛ,MΛ) (A.13)

and covariant derivatives

DiV = (fΛ
i , hi,Λ) ≡ eK/2

(
(∂iX

Λ +XΛ∂iK), (∂iFΛ + FΛ∂iK)
)
. (A.14)

Moving on to the kinetic terms for the vector fields, the magnetic gauging of the R
isometry in (A.6), leads to the appearance of the magnetic field A0,µ in the covariant deriva-

tive of the scalar field σ. Consistency with supersymmetry then requires the introduction

of an auxiliary tensor field B0
µν as derived in [63, 64]. The Lagrangian (A.1) therefore

contains the modified field strengths

H0
µν ≡ F 0

µν +
1

2
mB0

µν , H i=1,2,3
µν ≡ F iµν , (A.15)

where FΛ
µν are the field strengths of the electric potentials AΛ

µ . The kinetic and theta

term for the field strengths H involve the scalar-dependent matrices, IΛΣ ≡ Im(N )ΛΣ and

RΛΣ ≡ Re(N )ΛΣ. The matrix N can be computed from the prepotential via e.g. [59, (2.6)].
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Scalar potential. The last part of the Lagrangian (A.1) left to discuss is the scalar

potential Vg,m which depends on the electric and magnetic gauge coupling constants g and

m and is given by the general formula

Vg,m = g2
(

4huv〈Ku,V〉〈Ku, V̄〉+ gij̄〈Px, DiV〉〈Px, D̄j̄V̄〉 − 3〈Px,V〉〈Px, V̄〉
)
. (A.16)

Vg,m can be further evaluated explicitly for the dyonic STU model but we will not need its

expression.

The theory is now fully specified by the data of the hypermultiplet moduli space, the

vector multiplet moduli space, derived from the prepotential F in (A.8), and the Killing

vectors (A.6) specifying the gauging.

Tensor fields. Due to the presence of the auxiliary tensor field B0 (the other auxiliary

fields can be immediately decoupled from the theory), there is an additional constraint

arising as an equation of motion for B0,

GΛ,µν = FΛ,µν +
1

2
mB0

µν , (A.17)

where GΛ,µν is the dual field strength defined by GΛ = (2/
√
−g) ∗ δL/δFΛ. This leads to

GΛ,µν =
1

2
IΛΣH

Σ
µν +

1

4
√
−g

εµνρσRΛΣH
Σ,ρσ . (A.18)

The appearance of the magnetic gauge field A0 in the Lagrangian leads to the following

equation of motion constraining the auxiliary tensor field

1

4
εµνρσ∂µB

0
νρ = −2

√
−ghuvku,0∇σqv , (A.19)

while the rest of the equations of motion are the standard Einstein-Maxwell equations (with

sources) and the scalar equations, stemming from (A.1). We discuss these below after

specifying the metric ansatz. Note that the BPS conditions together with the Maxwell

equations imply the rest of the equations of motion.

A.2 BPS black holes

In this subsection we write down a black hole ansatz and derive the corresponding BPS

equations.

A.2.1 Black hole ansatz

We are interested in supersymmetric asymptotically AdS4 black holes, which in [59] were

considered for general models with hypermultiplets and dyonic gaugings, extending earlier

work [50–55]. Reviewing these results, we write down the bosonic field ansatz and the

final form of the supersymmetry conditions to be solved, which also imply all equations of

motion. The metric is given by

ds2 = −e2U(r)dt2 + e−2U(r)dr2 + e2(ψ(r)−U(r))dΩ2
κ , (A.20)
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where dΩ2
κ = dθ2 +f2

κ(θ)dϕ2 defines the metric on a surface Σg of constant scalar curvature

2κ, with κ ∈ {+1,−1}, and

fκ(θ) =
1√
κ

sin(
√
κθ) =

{
sin θ κ = +1 ,

sinh θ κ = −1 .
(A.21)

The scalar fields depend only on the radial coordinate r, while the electric and magnetic

gauge fields (AΛ, AΛ) and the tensor fields (BΛ, BΛ) are given by

AΛ = AΛ
t dt− κpΛf ′κ(θ)dφ , AΛ = AΛtdt− κeΛf

′
κ(θ)dφ ,

BΛ = 2κp′Λf ′κ(θ)dr ∧ dφ , BΛ = − 2κe′Λf
′
κ(θ)dr ∧ dφ . (A.22)

In the theory we consider the only relevant tensor field is B0, as the rest can be consistently

decoupled. The magnetic and electric charges (pΛ, eΛ) are defined as

pΛ ≡ 1

vol(Σg)

∫
Σg

FΛ , eΛ ≡
1

vol(Σg)

∫
Σg

GΛ , vol(Σg) =

∫
fκ(θ)dθ ∧ dφ . (A.23)

Note that the charges can depend on the radial coordinate in general, since the Maxwell

equations are sourced by the hypermultiplet scalars due to the gauging.

A.2.2 BPS and Maxwell equations

The above ansatz is subject to a set of conditions required for supersymmetry, which after

a number of manipulations can be recast into a set of algebraic and first order differential

equations, given by (3.74) in [59] in a manifestly symplectic covariant way,

E = 0 ,

ψ′ = −2κe−U Im(e−iαL) ,

α′ +Ar = 2κe−URe(e−iαL) ,

q′u = κe−UhuvIm(e−iα∂vL) ,

Q′ = −4e2ψ−3UHΩRe(e−iαV) ,

(A.24)

where

E ≡ 2e2ψ
(
e−U Im(e−iαV)

)′ − κe2(ψ−U)ΩMQxPx + 4e2ψ−U (α′ +Ar)Re(e−iαV) +Q .

(A.25)

As earlier introduced, Q = (pΛ, eΛ), Px = (P x,Λ, P xΛ) and Ku = (ku,Λ, kuΛ). Aµ is the U(1)

Kähler connection, and α an a priori arbitrary phase of the Killing spinor, which depends

only on the radial coordinate (derivatives with respect to which are given by primes).

Furthermore,

Qx ≡ g〈Px,Q〉 = gP xΛp
Λ − gP x,ΛeΛ , Wx ≡ g〈Px,V〉 = gP xΛL

Λ − gP x,ΛMΛ ,

Z ≡ 〈Q,V〉 = eΛL
Λ − pΛMΛ , L ≡

∑
xQ

xWx , (A.26)
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and

H ≡ g2(Ku)ThuvKv , M =

(
I + RI−1R −RI−1

−I−1R I−1

)
, Ω =

(
0 −1

1 0

)
. (A.27)

The above equations are further supplemented by the constraints

HΩQ = 0 , Kuhuvq′v = 0 , QxQx = 1 . (A.28)

As already noted, in addition the BPS equations, the Maxwell equations need to be

imposed. The rest of the equations of motion then follow. The Maxwell equations sourced

by the hypermultiplet scalars evaluated on the specified bosonic ansatz lead to [59] a pair

of coupled first order differential equations

A′t = −e2(U−ψ)ΩMQ , Q′ = −2e2(ψ−2U)HΩAt . (A.29)

They are immediately satisfied given the fifth row of (A.24) together with the extra

constraint

2eUHΩRe(e−iαV) = HΩAt . (A.30)

A.2.3 Solution to the constraints

Without making any further assumptions, we can already solve for some of the scalar fields

using the constraints (A.28) that need to hold everywhere in spacetime. The first equation

in (A.28) gives

gp0 −me0 = 0 , (ζ2 + ζ̃2)

3∑
I=1

pI = 0 , (A.31)

while the last one further fixes

g

3∑
I=1

pI = ±1 . (A.32)

Hence,

ζ = ζ̃ = 0 . (A.33)

The second equation in (A.28) then yields

σ = const. . (A.34)

Following the above results,

Qx = g
∑

Ip
Iδx,3 = ±1δx,3 ≡ λδx,3 ,

Wx = geK/2
[∑

IX
I − 1

2
e2φ(X0 − cF0)

]
δx,3 ,

Z = eK/2
∑

I(eIX
I − pIFI) + eK/2e0(X0 − cF0) ,

L = λgeK/2
[∑

IX
I − 1

2
e2φ(X0 − cF0)

]
,

(A.35)
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and the only components of the matrix H that remain non-vanishing are

H00 =
1

4
e4φ , H00 =

1

4
c2e4φ , H0

0 = H0
0 =

1

4
ce4φ . (A.36)

We have already solved for three of the four hypermultiplet scalars, so it is worth writing

explicitly the differential equation that determines the remaining scalar φ, coming from

the fourth equation of (A.24):

φ′ = −gκλeK/2−U Im
(
e−iα(X0 − cF0)

)
. (A.37)

The scalar φ is exactly the source that does not allow the charges p0 = ce0 to be conserved

as it appears in the matrix H on the right-hand side of the Maxwell equations,

p′0 = ce′0 = −ce2ψ−3Ue4φRe
(
e−iα(X0 − cF0)

)
. (A.38)

Therefore, the charges p0, e0 cannot actually “be felt” by the field theory at the asymptotic

AdS4 boundary.

The equations have been simplified, and are given by the scalar equation (A.37), the

Maxwell equation (A.38), and the first three equations in (A.24). Note that in the absence

of the hypermultiplet equations, (A.37) and (A.38) are solved trivially, and the remaining

equations in (A.24) can be solved analytically using standard special geometry identities.

Here, we are unable to present an analytic solution for the full black hole geometry, exactly

due to the complication of solving (A.37) and (A.38). We are however able to present

an analytic solution for the two end-points of the black hole geometry, due to the extra

condition of the scalars and charges being constant.

Before moving to the “constant scalars and charges” case, let us give the relevant

components of the matrix M which allow us to write down the first equation in (A.24):

M00 = −8eK|s|2|t|2|u|2, M0
0 = −8eKRe(s) Re(t) Re(u) ,

M01 = −8eKRe(t) Re(u)|s|2 ,
M02 = −8eKRe(s) Re(u)|t|2 ,
M03 = −8eKRe(s) Re(t)|u|2 ,
M10 =M01, M1

0 = −8eKRe(s) ,

M11 = −8eK|s|2 , M12 = −8eKRe(s)Re(t) ,

M13 = −8eKRe(s)Re(u) ,

M20 =M02, M2
0 = −8eKRe(t) ,

M21 =M12 , M22 = −8eK|t|2 ,
M23 = −8eKRe(t)Re(u) ,

M30 =M03, M3
0 = −8eKRe(u) ,

M31 =M13 , M32 =M23 ,

M33 = −8eK|u|2 ,
M00 = −8eK, M0

0 =M1
1 =M2

2 =M3
3 = −8eKRe(s) Re(t) Re(u) ,
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M0
1 =M1

0 , M0
2 =M2

0 ,

M0
3 =M2

0 ,

M1
0 = −8eKRe(s)|t|2|u|2 , M2

0 = −8eKRe(t)|s|2|u|2 ,
M3

0 = −8eKRe(u)|s|2|t|2 ,
M1

2 = −8eK|t|2Re(u) , M1
3 = −8eK|u|2Re(t) ,

M2
1 = −8eK|s|2Re(u) , M2

3 = −8eK|u|2Re(s) ,

M3
1 = −8eK|s|2Re(t) , M3

2 = −8eK|t|2Re(s) . (A.39)

A.2.4 Constant scalars and charges

The condition that all scalars and charges are constant,

s′ = t′ = u′ = 0 , q′u = 0 , Q′ = 0 , (A.40)

(based on the symmetries of AdS4 and AdS2×Σg), upon imposed on (A.37)–(A.38) yields

X0 − cF0 = 0 . (A.41)

This is a strong constraint on the special Kähler manifold, leading to

stu = −c , (A.42)

and therefore (X1, X2, X3, F1, F2, F3) = (c/(tu),−t,−u, tu,−c/t,−c/u), which are consis-

tent with the prepotential

F? = −3

2
(−c)1/3(X1X2X3)2/3 . (A.43)

Asymptotic AdS4. The constant scalars and charges assumption holds for the AdS4

vacuum, which satisfies the BPS equations asymptotically with

U = log(r/LAdS4), ψ = log(r2/LAdS4), (A.44)

and

s = t = u = eiπ/3c1/3, e2φ = 2c−2/3 . (A.45)

If substitute the above field configuration in (A.24), as r →∞, we find

α = −π
6
, LAdS4 =

1

g

c1/6

31/4
, (A.46)

which can be easily seen to solve the second and third equations in (A.24). The remaining

one, E = 0, is also asymptotically solved as can be verified by

2

LAdS4

Im(e−iαV) = −κΩMQxPx = 3gceK(c1/3,−2c−1/3,−2c−1/3,−2c−1/3, c−2/3, 1, 1, 1) .

(A.47)

Note that there is no way of fixing the asymptotic values of the massive vector charges

p0 = ce0, but in the process we have fixed uniquely λ to be aligned with κ so that

κλ = −1 or λ = −κ , (A.48)

for a choice of positive electric coupling constant g > 0.
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Near-horizon geometry. The near-horizon equations are more involved than the

asymptotic ones but we are again in the constant scalar case which guarantees that

stu = −c solving the fourth and fifth equation in (A.24). The general near-horizon so-

lution was analyzed in [24] but here we make an inspired ansatz for the scalars in a way

that enforces stu = −c:

s =
eiπ/3c1/3H1

(H1H2H3)1/3
, t =

eiπ/3c1/3H2

(H1H2H3)1/3
, u =

eiπ/3c1/3H3

(H1H2H3)1/3
, (A.49)

under the condition that H1+H2+H3 = 1. With this ansatz we have imposed equal phases

of the three scalars meaning we are killing some of the degrees of freedom, and practically

restricting the solution to what we call “purely magnetic” solution (see the discussion in

the main body of the paper). The metric function ansatz is naturally given by

U = log(r/LAdS2), ψ = log(LΣg · r/LAdS2), (A.50)

where LAdS2 is the radius of AdS2 and LΣg that of the surface Σg. With this ansatz we

solve the second and third equation in (A.24) by setting

α = −π
6
, LAdS2 =

e−K/2(H1H2H3)1/3

2gc1/3
. (A.51)

The remaining symplectic vector of equations E = 0 can be solved in several steps. The

condition that p0 = ce0 imposes the constraint that E0 = cE0 which leads to

e2φ =
2c−2/3

3(H1H2H3)1/3
, p0 = ce0 =

gc1/3

3
√

3(H1H2H3)1/3
L2

Σg
, (A.52)

while the electric charges are fixed by the components E1,2,3 to be

e1 = e2 = e3 = e = − g√
3
L2

Σg
. (A.53)

Note that the electric charges are equal and eventually fixed in terms of the magnetic

charges, so they are not independent degrees of freedom. However, from the explicit ex-

pression it is clear that the value of e is strictly not allowed to vanish, in accordance with

the results in [23, 24]. Finally, equations E1,2,3 = 0 become

2gL2
Σg

3
√

3c1/3(H1H2H3)2/3
=

p1

H1(3H1 − 2)
=

p2

H2(3H2 − 2)
=

p3

H3(3H3 − 2)
, (A.54)

which are solved by

L2
Σg

= −
√

3

2g
c1/3(H1H2H3)2/3

3∑
I=1

pI

HI
, (A.55)

together with

3HI = 1±
∑
J,K

∣∣εIJK(pJ − pK)∣∣
2
√(√

Θ± pI
)2 − pJpK , (A.56)

where εIJK is the Levi-Civita symbol and Θ is defined in (3.23).
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