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ABSTRACT: In leptonic flavour models with discrete flavour symmetries, couplings be-
tween flavons and leptons can result in special flavour structures after they gain vacuum
expectation values. At the same time, they can also contribute to the other lepton-flavour-
violating processes. We study the flavon-induced LFV 3-body charged lepton decays and
radiative decays and we take as example the A4 discrete symmetry. In A4 models, a Z3
residual symmetry roughly holds in the charged lepton sector for the realisation of tri-
bimaximal mixing at leading order. The only processes allowed by this symmetry are
7= — pte e, et pu~, and the other 3-body and all radiative decays are suppressed by
small Zs-breaking effects. These processes also depend on the representation the flavon
is in, whether pseudo-real (case i) or complex (case ii). We calculate the decay rates for
all processes for each case and derive their strong connection with lepton flavour mixing.
In case i, sum rules for the branching ratios of these processes are obtained, with typical
examples Br(7~ — pte e”) ~ Br(t™ — etp p) and Br(t—™ — e7y) &~ Br(t™ — p7 7).
In case ii, we observe that the mixing between two Zs-covariant flavons plays an important
role. All processes are suppressed by charged lepton masses and current experimental con-
straints allow the electroweak scale and the flavon masses to be around hundreds of GeV.
Our discussion can be generalised in other flavour models with different flavour symmetries.
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1 Introduction

A series of solar [1-3], atmospheric [4], accelerator [5, 6] and reactor [7-9] neutrino os-
cillation experiments have proven that neutrinos have masses and mix. The mixing is
described by the so-called Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [10, 11],
which is parametrised by [12]

—id
C12€13 S12€13 S13€ 10 0
— _ _ 70 _ 70 a1 /2
Upmns = 812€23 — €12513523€" C12C93 — 512513523€ C13523 0 elz/ 0 )
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(1.1)
in which ¢;; = cosf;; and s;; = sin6);;. The three mixing angles have been measured to a
good accuracy. Their current best-fit and £1o values from a global analysis of the available
data [13, 14] are given by

sin? f12 = 0.30870013 sin® fa3 = 0.57470095 (0.579100%3)
sin® 013 = 0.021710 9018 (0.022175:0010) (1.2)
for the normal (inverted) ordering of neutrino masses, m; < mg (m1 > mg). We notice

that the atmospheric angle 63 and solar angle 615 are rather large, with 693 possibly being
maximal, and the reactor angle 63 takes a value around 0.1, 613 ~ 9°.



The origin of this distinct mixing structure remains unexplained. Discrete flavour
symmetries have been widely used to address these questions. It is assumed that at some
high energy scale, there exists an underlying discrete flavour symmetry, G, which unifies
the three flavours together. The tetrahedral group A4 [15], which is the smallest group
containing 3-dimensional irreducible representations, is the most famous example of this
type. There are other commonly-used groups, such as Sy [16], A5 [17], A(48) [18, 19],
and A(96) [20]. At a lower energy scale, the flavour symmetry is broken, leading to
nontrivial flavour mixing. Most models are built in the framework of the so-called “direct”
or “semi-direct” approaches [21]. In these cases, different residual symmetries, G; and G,,
subgroups of Gy, are preserved in the charged lepton and neutrino sectors, respectively
after the whole flavour symmetry Gy breaking. By choosing different G; and G, special
flavour structures arise. In the direct approach, the mixing matrix is fully determined
by G; and G, up to Majorana phases and column or row permutations of the PMNS
matrix. In the semi-direct approach, G; and G, cannot fully determine flavour mixing
and an accidental symmetry is necessary. For instance, in models based on Ay, the tri-
bimaximal (TBM) mixing pattern [22-25], which predicts s12 = 1/v/3, sa3 = 1/v/2 and
s13 = 0, can be realised in the semi-direct approach [26-32]. The residual symmetries are
chosen to be G; = Z3 and G, = Zs, while an additional Z} symmetry, not belonging to
Ay, arises accidentally in the neutrino sector. In models of Sy, the residual Zs, Zs, Z} all
belong to S, so TBM can be obtained in the direct approach [33-38]. Sy can predict
another mixing pattern, the bimaximal mixing one (s12 = s23 = 1/v/2, s13 = 0) [39, 40]
by choosing G; = Z4 [41-45]. Some other mixing patterns can be arranged using larger
groups in the direct approach, for instance, the golden-ratio mixing (s12 = v2/v/5 + v/5,
s93 = 1/v/2, s13 = 0) [46] predicted by As [47-50] and the Toorop-Feruglio-Hagedorn
mixing (s12 = s23 = V2/V4 + V3, s13 = 1/(3 + v/3)) predicted by A(96) [20]. It should
be noted that the predicted values of 613 in all these mixing patterns is not in agreement
with the data. This suggests that small corrections should be introduced and the residual
symmetries should be slightly broken.

A common approach to realise the breaking of Gy is to introduce flavons, new scalars
that couple to fermions and have non-trivial properties under the flavour symmetry. These
scalars get vacuum expectation values (VEVs), leading to the spontaneous breaking of
the flavour symmetry and leaving residual symmetries in the charged lepton and neutrino
sectors, respectively. At least two flavon multiplets, one for charged leptons and the other
for neutrinos, have to be introduced to guarantee different residual symmetries in the two
sectors. The well-known and simplest case is the realisation of TBM in A4 models [26—
32, 51]. In models with larger symmetry groups, more flavon multiplets may be needed for
model constructions [18, 19, 34-38, 41-45, 47-49, 52, 53].

The slight breaking of the residual symmetries can be provided by additional inter-
actions of flavons. The latter may be directly from higher-dimensional operators in the
couplings between flavons and leptons [21, 54, 55]. In our recent paper [51], we observe
that cross coupling between neutrino and charged lepton flavons can shift the VEVs from
their original Z3 and Z5 symmetric values. In the models based on A4, we studied in detail
the modification to the TBM flavour mixing pattern, in particular conserving the origin of
non-zero #13 and Dirac-type CP violation.



The interactions of flavons and leptons, in addition to ensuring special Yukawa struc-
tures in the lepton sector, may also contribute to other processes and in particular lead
to lepton-flavour-violating (LFV) processes. Most flavour models assume that the flavour
symmetry is broken at a very high scale such that these processes are too suppressed to be
observed. However, the scale of flavour symmetry is not known and could be much lower
than commonly considered. An electroweak-scale flavour symmetry has recently been dis-
cussed [56-62], see also [63-66]. For instance, some flavons are formed by multi-Higgs
(SU(2), scalar doublets), their VEVs must be below the electroweak scale. If the scale and
the flavon masses are sufficiently low, there would be some testable signatures, especially
in charged LFV decay channels. Measuring these processes would provide important clues
to identify the origins of leptonic flavour mixing.

The LFV decays of charged leptons induced by flavons can be divided into two
classes: those preserving the residual symmetry in the charged lepton sector and those
breaking it. In A4 models, the only processes allowed by the Z3 residual symme-
try are 7 — pte e, 7= — eTu u~, and all other 3-body and radiative decays
are forbidden [67, 68]. The latter can take place if the Z3 symmetry is broken [69],
but are typically suppressed due to the consistency with oscillation data, as shown
later. Current experimental bounds of the branching ratios of LFV 7 3-body de-
cays 7 — ptee ety T, ptum T, ete T, ptpTe, eTe e, and ratiative decays
T~ — p”7, e v are in general around 1078, measured by Belle [70] and BaBar [71], respec-
tively. The upper limit of the p 3-body decay u~ — ete~e™ decay is 1.0 x 107! at 90 %
C.L., from the SINDRUM experiment [72]. The most stringent measurement is = — e~
in the MEG experiment, with branching ratio ~ 4.2 x 10713 at 90% C.L. [73]. A MEG
upgrade (MEG II) is envisaged to reach the upper limit of the branching ratio to 4 x 1014
in the near future [74]. One may expect these experiments provide important constraints
to the scale of flavour symmetry.

In this paper, we develop a generic method to analyse charged LFV processes in mod-
els with discrete flavour symmetries. For definiteness, we choose to work on models based
on Ay, which we review in section 2. In section 3, we give a model-independent discus-
sion of charged LFV processes induced by flavons. We derive the expressions of leading
flavon contributions to Zs-preserving LFV processes and specify different Zs-breaking ef-
fects contributions to Zs-breaking processes. Since the latter are strongly dependent upon
the model construction, we list two models and analyse them in detail in section 4. These
models, which have been constructed in ref. [51], are very economical and consistent with
current oscillation data.

2 Flavour mixing in the A4 symmetry

2.1 Residual symmetries and tri-bimaximal mixing

For definiteness, we assume the flavour symmetry is the tetrahedral group A4, which is the
group of even permutations of four objects. It is generated by S and T" with the requirement
S? = T3 = (ST)3 = 1, and contains 12 elements: 1, S, ST, TS, STS, T?, ST?, T%S, TST,
S, T?ST, TST?. 1t is the smallest discrete group which has a 3-dimensional irreducible
representation 3. In addition, it has three 1-dimensional irreducible representations: 1, 1’



Figure 1. The tetrahedral group Ay as the full flavour symmetry and its subgroups Zs = <7T'>
and Zy = <S> as residual symmetries in the charged lepton and neutrino sectors, respectively.

and 1”. The Kronecker product of two 3-dimensional irreducible representations can be
reduced as 3 x 3 =1+ 1"+ 1” + 35 + 34, where the subscripts ¢ and 4 stands for the
symmetric and anti-symmetric components, respectively.

We work in the Altarelli-Feruglio basis [27], where T is diagonal. 7" and S are respec-
tively given by

100 -1 2 2
T=10w?0 |, S:§ 2 -1 2 |. (2.1)
00 w 2 2 -1

This basis is widely used in the literature since the charged lepton mass matrix invariant
under 7" is diagonal in this basis. The products of two 3-dimensional irreducible represen-
tations a = (ay,az,a3)” and b = (b1, b, b3)” can be expressed as

(ab)1 = a1b1+asbs+ashs, 2a1b1 —asbs —aszby

(ab)1/ = agbs+aibs+asby , (ab)3s = — | 2asbs—aibs—asb; |,

(ab)lw = a2b2+a1b3+a3b1 s 2agbg—a3b1—a1b3
azbz—azby

(ab)3A = 5 albg—agbl . (2.2)
agbi —a1bs

We assume that Ay is preserved at high energy scale and broken at some lower scale,
which we refer to as the scale of flavour symmetry. In the charged lepton and neutrino
sectors, residual symmetries Z3 and Zo, which are subgroups of A4, are preserved, respec-
tively. The generators of Z3 and Zs, T' and S respectively, generate the full symmetry Aj.
The invariance of the charged lepton mass matrix under Z3 and that of the neutrino mass
matrix under Z, satisfy

MM T = MM, SM,ST = M, . (2.3)

In order to induce the flavour symmetry breaking, we introduce two flavon triplets ¢,
X in the charged lepton and neutrino sectors, respectively. We consider two cases with
different representation properties:

i. The flavons are pseudo-real triplets of A4. In this case, the three components of ¢
satisfy o] = ¢1 and @3 = @3 in the Altarelli-Feruglio basis. This is an economical
case introducing as few degrees of freedom beyond the Standard Model as possible.



ii. The flavons are complex triplets of A4. This case has been used more widely than
case i due to the consistency with supersymmetric and multi-Higgs flavour models
and can be regarded as a simplification of these models.

The representation properties of flavons will have important consequences for LFV pro-
cesses, as will be discussed later.

In order to preserve Z3 and Z,, the flavon VEVs should be invariant under the trans-
formations of T' and S, respectively, i.e.,

T(p)=(p), SO =) (2.4)
The non-vanishing solutions for the above equation are given by
(0) = (10,07, () =117 (2.5)

vn' V3n
Here, n = 1,2 for cases i and ii, respectively, and v, and v, stand for the overall size of
the VEVs and can be treated as A4-breaking scale. Without loss of generality, we assume
Vg, Uy > 0.
The Lagrangian terms for generating lepton masses are represented by some higher-
dimensional operators. The electroweak lepton doublet ¢ = (ESL,EML,ETL)T is often ar-
ranged to belong to a 3 of A4, and the right-handed charged leptons er, ur and 7 belong

to singlets 1, 1’ and 1”, respectively. The relevant Lagrangian terms are given by!

L1 = 5 (Tep)y erH + 2 (119) y urH + 5 (fu0)y, mrH +hc.,
W 7 55T e Y2 (5= 5T pc
Ly = 3 ((gLHH zL)3S x>1 + o (eLHH eL)l +he.. (2.6)

Here, the Higgs H belongs to 1 of A4. A is a new scale higher than v,,v,. It may
be a consequence of the decoupling of some heavy A4 multiplet particles. To generate
tiny Majorana neutrino masses, we apply the traditional dimension-5 Weinberg operator
(PLHHT?S) and Ay is the related scale, which may be different from A. After the flavons
get the VEVs in eq. (2.5), we obtain the lepton mass matrices

Ye 0 0 oo 2a+b —a —a
Mi=|0y, 0 | ==, M, = —a 2a —a+b ]|, (2.7)
0 0 y, 2ni —a —a+b 2a

where v = 246 GeV is the VEV of the Higgs H, a = y10,v?/(4V/3nAAw) and b =
yov? /2Aw. At leading order, M, is diagonal and M, is diagonalised by the unitary matrix

2 L 9
MR

Ursm = —?? 751 (2.8)
V6 V3V2

and have eigenvalues m; = |3a + b|, mg = |b| and m3 = |3a — b|. This gives rise to s13 =0,
s12 = 1/4/3 and s93 = 1/1/2, i.e., the so-called TBM mixing pattern.

"Note that terms such as (¢1x)1/7rH and (((LHH"(3)s5¢), cannot be forbidden by As. These terms
modify the mixing structures and should be forbidden at leading order. In concrete models, it can be
required by introducing additional discrete Abelian symmetry, which will not be discussed here.



2.2 The breaking of the residual symmetries

The TBM mixing has been excluded since it predicts a vanishing #13. To be consistent
with neutrino oscillation data, corrections of order < 0.1

r 1+ s 1+a
S :7’ S :7’ S :7,
BT R NV TR

must be included. In the Standard Model, TBM is modified by radiative corrections
which break the residual symmetries. However, such corrections are too small to pro-

(2.9)

duce an O(0.1) 613. Couplings with different flavon multiplets provide another origin for
flavour mixing corrections. In the charged lepton sector, a direct origin of Zs-breaking
corrections is the interrupt of the flavon triplet x. And in the neutrino sector, the Z-
breaking origin is from ¢. They may contribute to the Yukawa couplings directly through
higher-dimensional operators or indirectly through the shifts of the VEVs induced by cross
couplings in the flavon potential. After these corrections are included, the PMNS mixing
matrix is parametrised as

UpmnNs = UlTUTBMUyPya (2.10)

where U; and U, are unitary matrices representing corrections in the charged lepton sector
and neutrino sector, respectively, and P, is a diagonal phase matrix to render positive
neutrino masses. In this paper, as we focus on the charged lepton sector, we assume
corrections from the neutrino sector to be negligible, i.e., U, — 1 <« U; — 1. Then, the
mixing matrix can be simplified to Upyng = U ZTUTBMPV.

We consider corrections from higher-dimensional operators in the charged lepton sector,
which are written in the following form:

- (5£l = (EXE)]_ €RI_I + (EX,LL) 1/ MRH + (EXT) 1/ TRH + h.C., (211)
where
= ygnvn(m”) :Z lem(mn) = y;ﬂ,n(mn)
Xe = Am—&-n(‘DX 35 Xp= Am_,_n(PX 3, Xr= Am—&-n(‘px 3>
m,n m,n m,n
(2.12)

with m, n sum for m+n > 2. ye, > are dimensionless complex coefficients. For m+n = 2,
we obtain the following combinations of VEVs

<(90X)3s> X (27 -1, _1)T ’ <((10X)3A> X (07 1, _1)T ’ (2‘13)

and ((xx)s) vanishes at this order. For m + n = 3, we get another direction of VEV
combinations

((p)1x) o< ((xx)1x) o< (1,1, 1)T. (2.14)

One can prove that any other Z3-breaking combinations of the flavon VEVs must have the
directions belonging to one of the aboves. After including these corrections, we obtain the
most general form

(Xe) X (1, €2, €e3) (Xp) o< (1, €u2,€u3) (xr) x (1,€r9,€r3) . (2.15)



Another type of correction comes from the vacuum shift of ¢ due to the Zs-breaking
couplings between ¢ and x. The most general VEVs of ¢ takes the form

80 = (176W276503)T v(p? (216)

where €,, and €, stand for the vacuum shift of ¢. To calculate the exact expressions of
the shifts, we expand the flavon potential around the Zs-invariant VEV (¢) = (1,0, O)Tv@
and separate it in the Zs-preserving part Vy(y) and the Zs-breaking part Vi(p). Vo(p)
would result from the self couplings of ¢, e.g., ((gpcp)3(gog0)3)1, and some trivial cross
couplings with the other flavons, e.g., (p¥)1(xX)1, after A4 breaking. The Zs-breaking
Vi(p) include the cross couplings with other flavon multiplets whose VEVs do not respect
the Z3 symmetry, e.g., (pp)17(xx)1 with (x) only preserving Z. In the two cases for ¢

we are considering, we can obtain the expressions of the shifts.

e In case i, where ¢ is a pseudo-real triplet, the most general Z3-preserving and Zs-
breaking terms that are relevant to the vacuum shift at first order are given by

2 1 .
VP (p) = AR R
Vi(p) = ervdes + he., (2.17)

respectively, where the real parameters m,, , m, are the masses of 1 and 3, respec-
tively and £ is a complex dimensionless parameter. The accidential Z symmetry can

be recovered if €7 is real. 1/0(2)(90) is invariant under the transformation s — w?ps,

which is required by the Z3 symmetry. The minimisation of VO(2)(<,0) + Vl(l)(go) leads

*

to €pn = €3

= €, with €, defined by e, = —e103/m?,.

e If ¢ is a complex scalar, i.e., case ii, the relevant terms of ¢ are modified to

2 1 " «
Vo (9) = G, 3+ mi,0hes + ml050s + (Mg, 0208 +hc)
Vl(l)(go) = 511)3790; + &Tllvigog +h.c., (2.18)

where my,,, my,, My, are real and me,,,, €1 and €] are in general complex. The
phase of my,,, is unphysical and can always be rotated away by an overall phase
redefinition of the flavon . hq is the real component of @1, p1 = (v, + hy +ia1)/V?2,
and the pseudo-real scalar a; becomes an unphysical massless Goldstone particle after
Ay breaking to Zs. From eq. (2.18), we derive the vacuum shifts

2,2 12 2
_ By T E1Mpnps 9 Gy —E1Mn0s o
€2 = "5 "3 £ Yo €3 =75 3 £ Yp- (2.19)
mz.m —m mz.m —m
w2 M3 203 0213 V23

After considering the direct corrections to Yukawa couplings from higher-dimensional
operators and the indirect corrections from the flavon vacuum shift, the charged lepton
mass matrix becomes non-diagonal:

Ye yu(6u3 + 5@3) yT(e’TQ + 6g02) .
M; = ye(feQ + €<p2) Yu yT(6T3 + 54;73) fTi\ s (2'20)
ye(eeS + €<p3) yu(e;ﬂ + 5502) Yr



leading to the mixing matrix

1 —(€u3 + €p3) —(€r2 + €p2)
Ul = | e+ €y 1 —(ers +€03) | - (2.21)
€rot o €3t €g; 1

As er, pr and 77, take different Z3 charges, their mixing leads to the breaking of the Z3
symmetry. Neglecting the corrections of U,, this can be recast in terms of the mixing
angles given by

1

sin f13 = 72‘67—2 —€u3 t€p2 — 64,03’ )

-5

sinfp = — [1 — Re(ﬁq—Q + €u3 + €p2 + 6493)] ,

-5

sinfa3 = —=[1 + Re(ers + €43)] - (2.22)

S

The Dirac phase at leading order is given by
0= —Arg{eTg — €u3 + €p2 — 6¢3} , (2.23)

and the Majorana phases cannot be determined. In a specific model, these corrections
may not be independent with each other due to additional assumptions, and sum rules of
mixing angles and the Dirac phase could appear.

3 Charged lepton flavour violation in flavour models

We now focus on the analysis of LF'V decays of charged leptons mediated by flavons, includ-
ing 3-body decays [ — l;r l31; and radiative decays [; — 5 . All charged LF'V processes
mediated by flavons in A4 flavour models can be divided into two parts: those consistent
with the Z3 residual symmetry and those violating it. The only allowed Zs-preserving LEV
decays are 7 — pute"e” and 7~ — et~ p~. We only focus on charged LFV processes
induced by flavons. Namely, these LF'V processes originate from the couplings between
flavons and charged leptons that generate charged lepton masses and give rise to special
flavour structures.?

Flavon fields couple to charged leptons, as shown in eq. (2.6) with subleading-order

corrections shown in eq. (2.11). These couplings are suppressed by charged lepton masses.

2In the most general case, dimension-6 operators

Cy — — Co | — Cs — _

w Covtn)y, @)y o (Cote)y Cern)g), w1 (Covle)y, (€7 n) |

Cy — . Cs . Coe ,___ _

A’A; (ZLW;LKL)I/ (ERV“TR) ) Az (eR’Y,u,LLR) (ER’YHTR) , ng (/uwueR) (HRW“TR) . (3_1)

cannot be forbidden by A4 and the electroweak symmetry, and allow the Zs-preserving LFV decays. As-
suming C; ~ O(1), the experimental constraint to the scale A’ is A’ > 15TeV [75]. However, they are
not essential to generate lepton mass matrices with flavour structures, and thus will not be discussed in
this paper.



After the flavour symmetry breaking, the flavon fields gain VEVs, masses and mixing, from
the potential V(p). Generically, one can write out the effective operators of the 3-body
LFV decay [| — l;r I3l after the breakings of the flavour symmetry and the electroweak
symmetry as

Zc%j}fgﬁpl (lapylop,) (Ispylapy) + C}?j}f;}ipl (I3pyl2p,) (lapylapy) (3.2)

where P, = L, R (for i = 1,2,3,4) and the coefficients Cﬁ;‘ﬁf;}}g) P C?;ff;g p, are functions
of charged lepton and flavon mass parameters. Later we will see that due to choices of
representations eg ~ 1, ug ~ 1’, 7 ~ 1” and the large hierarchy m. < m, < m;, the
contribution corresponding to P; = L is subleading in the A4 models and can be neglected
in our discussion. Ignoring charged lepton masses in the final states, we derive the decay
width of I] — IJI51; as

_ F1—7—\ n I l4l2l3ly I3lalaly lalalsly l3lalyaly *
Ly = i) = 3(167)° ‘CLRLR ‘CLRLR - (CLRLR <CLRLR>
*
ulalsh ° | | clslalals |2 lalalsly [ Alslzlaly
Jr‘CRLLR ) RLLR | — (CRLLR (CRLLR) )]v (3-3)

where n = 1,2 for I3 = l4, I3 # l4, respectively and my, is the mass of I;. As for the
radiative decay [| — l5 7, its amplitude is generically written as uTQFifllulle“* [76-78] with

Fifll = iUpqu <Al[2,llpL + AII?ZhPR) s (34)

where R, p = (1 F v5)/2, and the coefficients AlLQll, Aléll are dependent upon charged
lepton and flavon mass parameters. We mention that also due to choices of representations
of er, r, Tr and the large hierarchy of charged lepton masses, Al]fll < Alﬁll. Thus, the
decay rate can be expressed as

m? Alzl1|2
Ll = 17) = AR (3.5)
3.1 Zs-preserving LFV charged lepton decays

From the Lagrangian terms in eq. (2.6), we can write the couplings between flavon and
charged leptons explicitly. In the Altarelli-Feruglio basis, they are given by

m,
Lyt = Te (erer p1 + ALerY2 + TLERP3) VN
©

m . _ -
+U—“ (FLIR®L + TLURY2 + ELURY3) VL
©

m
+- T (TLTR 1 + CLTRY2 + ALTRYS) Vi + hec. (3.6)
©

The Z3 symmetry corresponds to the invariance under the transformation

(er, er, 1) — (er, er, ¥1), (1L, pr, ©2) — WQ(.UD KR, ©2)
(T, TR, ¥3) = wW(TL, TR, ¥3). (3.7)



Namely, ey, er, 1 are invariant under Z3, 71, Tr, ®3 are covariant under Z5 with a charge 1,
and ur, 1R, @2 are covariant under Zs with a charge 2 (or equivalently, contravariant under
Z3 with a charge 1). In the case of transfer momentum much lower than the scale of flavour
symmetry and flavon masses, one can integrate out @1, @2, @3, and derive the effective 4-
fermion interactions. While the Zs-invariant flavon ¢ induces flavour-conserving processes,
the Zs-covariant flavons ¢o and 3 are the main sources for charged LFV processes. As e,
i and 7 take different Z3 charges in A4 models, it is easy to prove that the only allowed
processes are 7~ — uTe~e” and 7~ — e"u~p~. The other 3-body decay and all radiative
decay modes are forbidden at this level [67].

In case i, we recall that ¢ is a pseudo-real triplet, ] = ¢1, ¢5 = 3. As shown in
2 and m?_, and the Z3 symmetry forbids

Y1 ©»27
the mixing between them at leading order. The 4-fermion interactions mediated by ¢; and

eq. (2.17), ¢1 and ¢y have different masses m

(o are given by

2

1
Ly = 2 [meee T muﬁﬂ + 477%?7_ )
mg, | Ve Vy Uy
1 Me . m - o m _ __
Loy = —5 [e (nzer +ermr) + — (Tour + Brer) + — (€L7Tr + TR:“L)}
mg, | Ve Ve Ve

x [m (€RuL + Toer) + L (ARTL + €LuR) + — (TRer + um)] . (38)
Ve Ve Ve

The above Lagrangian terms are compatible with the flavour triality [67], which gives rise to

the LFV decay modes 7= — pute~e™ and 7= — eTp~p~ and their charged-conjugate pro-

cesses. These are the only 3-body LFV charged lepton decays allowed by the Z3 symmetry.

In Model I, operators for 7~ — uTe~e™ and 7~ — eTp~pu~ can be expressed as

MM

m,m _ . _ __
——— (ezur) (ez7rR) ,  —5——- (BreL) (BLTR) » (3.9)
VMo, VMo,

respectively, with both coefficients C'5] » and C}//, suppressed by p and 7 masses. We

just list the leading contribution here. Terms such as (egur)(er7r) and (firer)(@rTL) are
2

also allowed, but sub-leading, suppressed by /325~ or #, and will not be considered in
Moy e

the following. Then, we get approximatively equal branching ratios of these two processes
Br(r— = pute e )~Br(r- —wetp ), (3.10)

mﬂmﬂ)2
72
Moy Ve

both suppressed by ( )2. If we assume the scale of flavour symmetry v, and flavon
masses to be around the electroweak scale v = 246 GeV, the branching ratios will be smaller
than 1071, One highlighted feature is that both Zz-preserving processes have the same
branching ratios. This is because e Trp2 and [if Tr3 have the same coefficient as shown in
eq. (3.6), and 9 is the complex conjugate of ¢3. Essentially, it is a consequence of the Z3
symmetry remaining from the breaking of A4 and the economical choice of the pseudo-real
presentation of .

In case ii, as ¢ is a complex triplet of A4, the mixing between the Z3-covariant flavons

2 and 3 should be considered in the Z3-preserving processes. As shown in eq. (2.18), the

~10 -



Z3 symmetry cannot forbid the off-diagonal mass term miQ% (p2p3 +h.c.). We need to go

into the mass basis 5 and ¢} with mass eigenvalues m, and m,, thanks to the rotation:

P2

/ p—
AR SR R (3.11)
¥3 Sy Cy Y3

with sy = sind, ¢y = cos? and tan29 = 2m32¢3/(m23 - m?m), —45° < 19 < 45°. Then,

integrating the massive scalars out, we obtain the coefficients of the 4-fermion processes
7T = pute e and 7T —etuTp as

. . 2 2
cener mym, [ sin 29 _sin 29 cment mym, [ 2sy n 2cy (3.12)
LRLR U?a m2 , m2 , ’ RLLR v(% m2 , m2 , ’
3 2 P2 ¥3

respectively.  Compared with case i, where the coefficients of (efur)(er7r) and
(Zirer)(@rTr) are the same, the coefficients in case ii are in general different. This fea-
ture could be used to establish if ¢ is in a pseudo-real or complex representation if future
experiments observe the signatures. We emphasise that since the mixing between ¢ and
3 is in general large, even maximal, branching ratios for both channels should be at the
same level, both proportional to m,m,. The above equation reduces to eq. (3.9) in the

2 2

limit mg, — 00 and 9 — 45°, or mg, — 00 and 9 — —45°. Only in the limit ¥ — 0,
2

3
77 — pte e is suppressed, as discussed in [69)].

3.2 Zs-breaking LFV charged lepton decays

The Zs-breaking LFV processes have three sources, depending on their connection with
flavour mixing. One is the mixing of charged lepton mass eigenstates, characterised by
€u3 + €43, €72 + €42 and €-3 + €,3 in the last section. The left-handed charged lepton mass
eigenstates are superpositions of ey, pr and 71, which obviously break the Z3 symmetry:

€r, €y,
pr | = U | pL | - (3.13)
TL TL

There is also mixing of the right-handed charged leptons er, ur and 7g, but their mixing
is suppressed by both €, and the hierarchy of charged lepton masses,® and thus can be
safely neglected. Charged LFV processes induced by this effect is easy to be calculated.

The other two are related to the Z3-breaking property of the flavon triplet . When
the vacuum shift results in the mixing between charged leptons, it also results in the mixing
and mass corrections of different components of ¢. The mixing between the Zs-invariant
flavon ¢; and the Zs-covariant flavons @9 and 3, and the mass splitting of the two real
degrees of freedom for each Z3-covariant complex flavons contribute to LE'V processes.

To calculate the mass corrections to and the mixing of ¢, we expand the Z3-preserving
potential Vj(¢) to the third order and the Z3-breaking potential V;(¢) to the second order

3This is due to the typical feature in A4 models that er, pur and 7 are always arranged as singlets 1,
1’, 1”7 of Ay.
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around the Zs-invariant VEV (¢) = (1,0,0)%v,. Taking a pseudo-real flavon triplet as an
example, the Zz-preserving terms are expressed as

V() = gkww‘i’ + kavp1950n + S (kswh + k305°) (3.14)

Here, ki, ko are real, required by the Hermiticity of the potential. If the potential is
renormalisable, k3 is also real, since all the renormalisable A4-invariant combinations of
¢, including (p)1, ((99)359)1: (PP)1(9P)ar, ((PP)ss(pp)as),, are real. Once higher-
dimensional operators are included in the potential, e.g., A((cp90)1/)3 + A" ((@@)1//)3, k3 can
be complex. Since the vacuum is shifted, a small mass term which splits the masses of two
components of the complex 2 and a mixing term between 1 and (o can be generated by
the cubic couplings proportional to ke and ks in eq. (3.14), respectively. After the flavon
VEV shifts from (p) = (1,0,0)Tv, to (p) = (1,6@,62)T%, the cubic term VO(S)(QD) will
contribute a small mass term for the flavons

sV = eovs (k219 + ksw3) + hee.. (3.15)

The quadratic terms of Vi(yp) can also generate such mass terms. In general, they are
given by
(2) _ 2 * 2 2
Vi7(p) = eavgip195 + e30,903 + hec., (3.16)

where €9 and €3 are in general complex parameters. 1/1(2)(@) obviously can originate
from cross couplings between ¢ and x, including the renormalisable terms, i.e., (¢x)1,
((e9)35X)1s (9@)17(xX)1, and the higher-dimensional terms, i.e., (((gpgp)gs(<pg0)35)3s ©);
[(p0)1/]2(xx)1/- The 2 and e3 terms can give another mass term, splitting masses of the
two components of ¢ and mixing of ¢ and g, respectively.

We include the contributions from 5V0(2)(g0) and V1(2)(<p), as well as the leading or-
der result VO(Q)(QO). The two Zs-breaking effects of ¢ mentioned above can be discussed
analytically. The first one is the mixing between the Zs-invariant (¢1) and Zs-covariant
flavons (p2). To rotate it to the mass eigenstates of flavons, we need do the following

transformation:
p1 — p1+ (6221@2%2 + 6@1@2@5) ;
P2 = P2 — €p1paP1 (3.17)
where ( o2
kQQp +e9)v
€o1p0 = mZ —m2 L. (3.18)
w2 ©1
The second one is the mass splitting of the two components of the complex scalar o:
2 2
My a5 = Mgy (13 2|€nya,1) - (3.19)

with the two components hs and ao defined by

1 0 0
hy = 7 <<p2 exp <z }g@) + 5 exp <—z’h;a2>> :

—1 . 9h2a2 * . 0h2 az
_ _ _;Vhaas 3.20
as 7 <g02 exp (z 5 ) 05 €Xp ( 1 5 , ( )

€hoay = k3€, + €3 and 0,4, being the phase of €, q,.
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Fields ¢;, er,pr, 7R N H ¢ x 7
A, 3 1,11 3 1 3 3 1
z5 1 1 11 -1 1
Zi‘ ) ) 7 1 1 -1 -1

Table 1. Transformation properties of fields in the flavour symmetry Ay x Z3 x Z}.

Branching ratios for the Zs-breaking charged LFV processes can be derived after in-
cluding the three Z3-breaking sources: the correction to the mixing of charged leptons, the
correction to the mixing of flavons and flavon mass splitting. For the pseudo-real triplet
flavon in case i, these three effects are analytically listed in egs. (3.13), (3.17) and (3.19).
For the complex triplet flavon in case ii, the flavon potential is more complicated and it is
hard to extract the general analytical expressions for the later two Z3-breaking sources. By
imposing additional assumptions, e.g., some Abelian symmetries, can simplify the flavon
potential and also the Z3-breaking sources. This scenario will be discussed in the second
model in the next section.

4 Zsz-breaking LFV charged lepton decays in concrete models

In this section, we will study Zs-breaking LFV charged lepton decays in two models.
These models have been proposed and the phenomenology of their flavour mixing has
been studied in detail in ref. [51]. After a brief introduction of these models, we will
calculate contributions of flavons to the Z3-breaking processes and discuss the experimental
constraints. For more details about the model constructions and properties of flavour
mixings in both models, we refer to [51].

4.1 Model constructions

The flavour symmetry is assumed to be A4 x Z5 x Z} in both models, with field contents
listed in table 1. One right-handed neutrino triplet N and two flavon triplets ¢, x and one
flavon singlet n of A4 are introduced. The singlet n is used to obtain the correct neutrino
mass spectrum. The only difference between these two models is that the flavon multiplets
in Model I are pseudo-real representations of A4 (case i), while all flavon multiplets in
Model IT are in complex representations (case ii).

Model I. The most general renormalisable flavon potential of ¢ invariant under the

symmetry is written as

V(p) = %ui(soso)l + % [ﬁ((w)l)2 + fa(pp)1 (@)1 + f3((s090)3s(90<p)3s)1] ;o (41)

in which all the coefficients ui and fi 23 are real. Once the relations ,u?o < 0 and fo >
fs > —f1 are required, we can derive the VEV (p) in eq. (2.5). The masses of ¢; and @9
are given by

m2 = 2(f1 + fa)vl,m}, = (fa— fs)v. (4.2)

~13 -



With replacements ¢ — x and f; — g; in eq. (4.1), we get the potential of y. By assuming
a different relation g3 > g2 > —gi, we obtain the VEV (x) in eq. (2.5). All the cross
couplings between ¢ and x are expressed as

1 1

Vi, x) = ge1(ee)1 (00 + 7 [ea(wp)rr (or +hee ] + %63((90@)350()()35)1 , (43)

where €1 and €3 are real and €5 is complex, and the €5 term is the only term that will break
the Zs residual symmetry at first order. The relation of €3 and 1 in eq. (2.17) is given
by 1 = %ezvi/v?p. The €3 term will contribute to the breaking of Zs in (). By assuming
the VEV vy, to be significantly higher than v, e.g., |vy| 2 2|v,|, this contribution can be
neglected.

The Lagrangian generating lepton masses is the same as in eq. (2.6). Here, we assume
the contribution from higher-dimensional operators to be negligible and all the correction
to TBM come from one single complex parameter €,. In this case, the mixing parameters
are simplified to [51]

sinf13 = V2|e,sin |,

1

sinfp = —=(1 — 2[ey| cosby,) ,
V3
1

sinflyg = — (1 4 |e,| cosb,,) ,

V2
5 _ { 270° — 2|e,|sinb,, 0,>0,

4.4
90° — 2|e,|sinf,, 6, <0. (44)

From the above expression, we see that both 613 and ¢ originate from the same source,
the imaginary part of e, and almost-maximal CP violation is predicted, with § + v/26013 ~
90°, 270°. In addition, there are sum rules of mixing angles

r? 45?2 =4leyl?, s+2a=0. (4.5)

As shown in ref. [51], this scenario is compatible with current neutrino oscillation data in
the case 7 > s, which results in |e,| ~ /2 ~ 0.1, or equivalently, |e,| ~ 613/v/2.

Model II. In this model, the flavon multiplets are in complex representations. The
potential for ¢ is altered to

V(e) = po(pe)1 + f1((@¢)1)2 + fo(@0)1(P0)17 + f3((29)35(0)35)4
+f4((95§0)3,4 (9590)3,4)1 + f5((§590)3s (9590)3,4)1 s (4'6)

where f; are real and @ = (¢, ¢3, ¢5) also transforms as a 3 of A4. Terms related to the
antisymmetric combination (p¢)s, are included due to the complex property of . After
¢ gets the VEV (p) = (1,0,0)Tv,/v/2 and Ay is broken to Zs3, ¢1, @2 and 3 get masses
with mass eigenvalues

2

me, =2 st miymdy = (5=t fokJen e g 0 afE)
(4.7)
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The mixing angle 9 is given by cot 20 = 2f5/(2f2 + f3 — f1).* The potential of y can be
obtained with the replacements ¢ — x, and f; — ¢; in eq. (4.6). In order to achieve the
successful breaking of A4 — Z3 and Z5 in charged lepton and neutrino sectors, respectively,
the following conditions must be satisfied:

fit+f3>0, 2fs —5f3+ f1> 0, 2(fa — f3)(fa—3f3) — f2 >0,
g1 +g2 >0, 3g3 —6go +g4 >0, 4(g2 — 93)(392 — g4) —g% >0. (4.8)

The cross couplings between ¢ and x are given by

Ve, x) = 2e1(¢0)1(Xxx)1 + [e2(29)17(XX) 17 + hoc.] + 2e3((@9)35 (XX)35) 1
+2e4 ((29)3,4 (XX)3.4) 1 + 265((290)35 (XX)34)1 + 266 ((P0)3, (XX)35), 5 (4.9)

in which €5 is complex and €1, €3, €4, €5 and €g are real parameters, which we assume to be
small. Here, the €5 term is the only one that modifies the VEV of ¢ at first order. Taking
into account its contribution of this term, we finally obtain the corrections to the VEVs,
see eq. (2.16),

€2 = (1 — K)eyp, o3 = (14 K)e, (4.10)
with
€902 [(mQ, +m?2, > - (m2, —m?2, )sin219} <m2, —m?2, >cos 20

€. = — X ¥3 2 3 2 o — ©h ol

L 2 2 ) = .
4m=, m=, 2 2N (.2 2 \.

P3Py (m¢§+mw’2> (mcpfn, mwé)sm 29
(4.11)

When the mixing between o and 3 is maximal, sin29 = 41, k vanishes, and we get
the same structure of the VEV shift as in Model 1. Furthermore, €, takes the value
—62U>2< / (2m(2p,3) and —egv? / (Zmié) for ¢ = 45° and —45°, respectively.

The Lagrangian terms led to lepton masses is also eq. (2.6), the same as Model I. Since
the s-related asymmetric correction is included in the VEV (¢), the expressions for the
mixing parameters are modified, approximating to [51]

sinfiz = |e,| \/2/@2 cos? 0, + 2sin? 0, ,

sin 019 = \}5[1 — 2le,| cosby]
sin fog = \2 [1+ (14 K)|ey| cosby]
0= Arg{ [ —isinf, — ﬁcosew} [1 —ilep](2+ k) sin9¢]} . (4.12)

The combination of x and the real part of €5 provides new sources for 13 and CP violation.
It can induce sizable 613 while not affecting CP conservation in some specific region of the
parameter space [51]. In the case of maximal mixing between ¢9 and @3, cos 29 = 0, leading
to k = 0, we recover 613 = \/ﬂe(p sin f,| and nearly maximal Dirac-type CP violation, the
same result as in Model 1.

4As mentioned in the last section, the convention —45° < 9 < 45° is used. This is equivalent to that
in [51], in which both —90° < ¥ < 90° and the mass ordering Mgy < My, are required.
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4.2 Zs-breaking LFV charged lepton decays in Model 1

We now discuss the Z3-breaking charged LFV processes induced by the cross couplings
between ¢ and x in Model I. The mixing and mass splitting of different components of
¢ induced by ez can be expressed in terms of €,,,, = ce, and €p,0, = €, With ¢ =
(mg,2 + mil) / (m?o2 - mi .)- As all the Z3-breaking effects are essentially dependent upon
€,, we expect all the LE'V charged lepton decay modes to be suppressed by \e@\z, or
equivalently, suppressed by 72 + s? = 25%3 +(1—- \/3312)2.

The effective 4-fermion operators for 7= — p*pu~e™ after integrating out ¢; and (9
are given by

my My 1T 1 - 1 -
- 2%7 [mgm (p) (€L7R) + mL (BrpL) (€LTrR) + ey (eLur) (MLTR)} - (413)

Here, we have considered all contributions of order e,m,m/ vé. They include those due to
the mixing of left-handed charged leptons er, pr, 71 and to the mixing between flavons ¢y

and @o. The effective 4-fermion interaction relevant for 7= — pu*u~p~ and 77 — eTe ™
are given by
« MMy T 1 L
26, —5— | — (ap) (ArTr) + —5 (FrRPL) (ALTR)|
Yo LMy Mg,
m,m; 1 L
—2¢,— 5 —5— (Brew) (€Lr) | (4.14)

® ©2

respectively. From egs. (4.13) and (4.14), we obtain simple relations of the non-zero effective
coefficients of the 4-fermion interactions of these processes

BRPT ¥ et myums
(CLRLR) = CLprLr = _2€‘Pv2m2 )
Mo,
peer \* _ eputr myms
(CRLLR) =Clpir = _Q%W’
LS
BRAT \* _ ~PHET (T \* peer \*
(CRITR) = CRiTr = (CLHIR) + (CRIIR) (4.15)

and the other coefficients will not contribute to the decays at leading order. These simple
relations result in sum rules for the branching ratios of the 7 LFV decays

2 (Bu+u‘6‘ - QBN"'/FM_)Q + (5Be+e‘u‘ + 108+ -y — 6Bu+u‘e‘) Betre—y- =0,

Bete-y- =2 (r2 + 52) Br(r~ = utee), (4.16)
where B+ ,,-c—, B+~ Bete—,~ are branching ratios of 7= — ptp~e™, 77 — ptpupu”
and 77 — eTe pu, respectively. In the limit my,, < my,, we get Bt y-e— = 2Byt - py- >
Be+e-,—, and on the contrary, we have B+~ - &~ 4B+, ,~ & 2Bet¢— ).

For the processes 7~ — eTe~e™ and u~ — ete~ e, coefficients for the related opera-
tors are

MeMm 1 1
Ciiin = Citfin =25 (o + )

2 2 2
Vg mg,  mg,
mem 1 1
eeept  _ ~eeept o ok ltelltpn
Crrir = Crirr = =26, 5 5t (4.17)
Ve My, M,
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both suppressed by the electron mass. Taking v, ~ my, ~ m, around the electroweak
scale, we obtain branching ratios smaller than 10716 and 107!®, respectively, far below
the current experimental upper limit. The Z3-breaking terms will also contribute to the
channels 7= — pte"e™ and 7= — eT ™. They are subleading, generically suppressed
by €,, and will not be considered here.

The radiative decay I; — [ v is allowed after the flavon cross couplings are included.
We calculate them in detail in the appendix and we show the results here. For 7= — e,
there are two main contributions: one is due to the mixing between e; and 7; and the
other to the mixing between Zs-invariant and Zs-covariant flavons ¢1 and ¢s. After the

transformation in eqs. (3.13) and (3.17), we obtain the corresponding operators:>
me s _ .
o [ELTR (92 = Eop1) + 77 (01 + Eo0d)] (4.18)
©

where €, = (1 + c)e, = 26¢m§,2/(m?&2 = m?m). For 7= — p~ 7, the main sources are the
mixing between puy and 77, and the one between p; and ¢s2. Operators related to these

contributions are
mr ~ _ -
TT [MLTR (@; - 6?;901) +7TT (<P1 + 6:;902)] (4.19)
©
For u~ — e+, the main contributions come from the mixing between py, and 7, the mixing
between ey, and 77, and the mass splitting between ho and as. ¢ is not involved in this
channel. After going into the charged lepton mass basis and replacing ¢o by e~/ 2(hg +

iaz)/V/2 in eq. (4.27), the relevant operators are

0o
e'2 my__ .
J5 o TR (L= gD o+ i (1 e as)
e_i%p m m
+ s [ + ST [ (U lee o i (= leabaz] . (4.20)

In the above equation, we keep the term Truz at the m;/v, level but keep Trug at the
my /v, one. The reason is that the former contribution is proportional to m, and the latter
contribution is proportional to m,, as shown in eq. (A.3) of the appendix.

Starting from the effective couplings in eqgs. (4.18), (4.19) and (4.20), and following the
calculation in the appendix, we finally arrive at

1€€LMr

AY = ——— [F - F
R (4,“_)2,[}(129 [ (902) (901)] )
ie€sm
ART — T T g _F
R (47_‘_)21](% [ (902) (@1)] ;
—2ieetm m2 m2 7
A% = S i i i 1 T - 4.21
R (4m)%vl ma, °8 m2, T3) (421)

"We just keep the terms directly to the process. Some Hermitian terms not relevant to I} — I are
not given here.
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Figure 2. The current and near future constraints on Model I from the 1~ — e~y experiments. |e,|
is fixed at 0.1 for generating the reactor angle 613. The current constraint of the MEG experiment
is set to be Br(u~ — e77) < 4.2 x 10713 [73], and the future constraint of MEG 1II is set to be
Br(p~ — e y) <4 x 10714 [74].

where

2 2
Flp;) = —= <1og i 4) . (4.22)
m%‘ m%‘ 3

We emphasise that we have taken account of all three contributions from the mixing of
charged leptons, the mixing between Zs-invariant and Zs-covariant flavons ¢ and s,
and the mass splitting between two components of the Zs-covariant flavon s, as shown in
egs. (3.13), (3.17), and (3.19), respectively. As mentioned in the last subsection, we prove in
the appendix that Alel1 < Al}%ll is satisfied in all three channels, as imposed by the structure
of charged lepton mass matrix. Here, one more sum rule for branching ratios is satisfied:

Br (7'7 — effy) ~ Br (7'7 — ;f’y) . (4.23)

Taken the scale of the flavour symmetry to be at the electroweak scale, the branching
ratio of 7= — e“y and 7~ — pu 7 are in general less than 107!, at least 3 orders of
magnitude below the current experimental upper limits. The = — e~ channel has been
measured most precisely and gives the strongest constraint on the model. In figure 2, we
show regions of v, and m,, allowed by current experiments and testable at the near future
experiments. The current upper limit of the branching ratio is 4.2 x 10~13, measured by the
MEG experiment [73]. By fixing the flavon VEV v, = v/v/2, v, 2v = 175, 246, 492 GeV,
we obtain the lower limit of the @2 mass: my, > 700, 500, 200 GeV, respectively. The
MEG II experiment will reach the upper limit of the branching ratio to 4 x 107! in the
near future [74]. This experiment has the potential to prove the scale of flavour symmetry
around electroweak scale or push it to a higher scale.

4.3 Zs-breaking LFV charged lepton decays in Model II

Flavon cross couplings shift the Z3-preserving VEVs and open the Z3-breaking LFV chan-
nels. Similar to Model I, the shift of flavon VEVs in Model II results in three contributions
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to the Zz-breaking processes. They are
e the mixing between left-handed charged leptons. To get the Lagrangian in the charged

lepton mass eigenstates, we do the transformation
er — e+ (14 /{)EZ;ML + (1 —K)e,Tr,
pr = L+ (1 + ke — (1= K)eger

T — 1 — (1+ H)GZ,@L — (1 —R)eppr, - (4.24)

e the mixing between Zz-invariant flavon h; and Zsz-covariant flavons ¢, ¢f. It leads
to the following transformation to the flavon mass eigenstates:
h1 = h1 +cpo (6:;(,0/2 + 6@0’2*) + c13 (eq,gog + e:,apg*) ,
¥ = ¢y — cr2€pht + casleg| o
P53 — P — cizepht — caleg| ol (4.25)

in which

2 2 2 /99520
_m(pé—i—mcp1 m(pg 2 — 2sin 29

“2 = m2 m2 2 2 2 2 ’
L m m —(m=, —m sin 29
e W ( ot %) ( # %)
m?2, +m? m2, v/2 + 2sin 29
_ __¥3 #1 2
s = m2 m2 2 2 2 2 ’
Lo — — in 2
A 01 (mpg + m%) (m(p,3 m%) sin 299
2 2 )2 2 2 )2
2 (m,+m,) —3(m,—m,) cos 49| cos 29
¥3 Y2 ¥3 2
Co3 = . (4.26)
<m2, —m2,> [(mz, +m2,) — (mz, —m2,) sin219}
P3 P2 ®3 253 ©3 (253

e the mass splitting between h/, and aj, and that between hf% and af, in which k), ab,
R and af are mass eigenstates of ¢, and ¢ given by

! Oy . Oy 1 0, N Oy
hg—\/i<g02exp<z 2>+4pzexp< i 2)), hs = ﬂ(gpgexp<z 2>+<p3exp( i 5 )

_ i AN AN 0 o (0
az= 5 (pzexp (i Jmerexp| =i )], as = —p{esexp (i |mesep (i

(4.27)
e corrected masses of them are respectively given
Th ted f th pectively gi by
mi,%aé = mi,z(l + caoley]), migﬂé = mig(l + c33l€,]) (4.28)
with
s 2 232 _ (2 2 )2 : :
oy (1 — sin 209) [(mwé + m%) (m(pé m%) (1 +6(1 + sin 20) sin 209)]
2 2 2N (12 2 V< ;
2mZ, [(mg&é + m%) (mw,3 m%) sin 219
: 2 292 _ (12— 02 V201 — 6(1 — < .
s (1 + sin 299) [(m% + m%) (m(pé msoé) (1 —6(1 — sin29) sin 20)] (4.29)
2 2 2N (2 2 ) :
2m?, [(mwé +m,) = (mf, —m?,)sin 20|

The terms 1 £ cpa|€,| and 1+ c33]€,| must be positive to stabilise the vacuum.
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Here, we would like to mention two special cases, ¢ = +45°:

e In the case ¥ = 45°, we have c12, cog3 and cog vanish, ci3 takes the same value as ¢
in Model I, and ¢33 = 2. In this case, hy and @5 (as well as b and a}) are identical
with @1, @2 (as well as hy and az) in Model I, respectively. There is no e, -induced
mixing between ¢4 and hq, nor that between 5 and %

e In the case ¥ = —45°, we have c13, co3 and c33 vanish, c¢io takes the same value as
¢ in Model I, and cgg = 2. Therefore, hy and ¢/, (as well as b/, and a)) are identical
with @1, 2 (as well as hp and az) in Model I, respectively, and there is no e, -induced
mixing between ¢%° and hq, nor that between ¢4 and ¢b.

After considering the three effects of Z3-breaking, we can repeat the procedure as in
Model I to calculate the LFV charged lepton decays and derive the 4-fermion interactions
for 7= — pTpTe, 7T = ptpTpT, T = eteuT, 77 — efee” and pm — eteTe”
Here, we list the coefficients that will contribute to the decays at leading order:

2 A 2
m,m 1—1—11 m 1 1
er plttr AD sﬂ PhP1 .
CLRLR = —€o 02 o +\f013319 ——5—+(1+k)sin 20 ||
® <P1 501 <p’2 LP1 ©h ©h vl
2 Am? 2 2
m,m 1+/<; Am?, m ¢ s
CRITR = —€o—g w—%[omé’ﬁw—i—?(l—m) v+,
v ms,  mZ,
v L wl w1l Mo, A 2 25
m,m [ o582 Caac2
Ce,u,pfr = —¢ plher ) 22 19_'_ 33Cy .
LRLR ® 2 mz m2 )
¢ L ©3 A
2 A 2
m,m 1—|—/<; Amz, m, 1 1
R pT * pthtT 2¥1 P3P1 .
CLRLR = —€, ) m2 \[0125ﬂ7+\60130ﬂ72 —+(1—k)sin20( ———— ||,
¥ 1 M, ©h w1l vy P
2 Am? 2 2
m,m 1+/£ Am mg, s ¢
Ciiir = —€o—5— \[612519 %%Jr\[clgcg#—ﬂhrn) 2|
V2 m2 , / ms,  m2,
@ w1 me, @5 ©5 ©h A
Leer w MM 2+2/<: cost¥—cog 8in 29 2—2k cos Y + ¢33 sin 20 -
Criir = ~€o 3 2 + " (Frer)(€LTR);
/ ’
¥ L P2 P3
Am? Am?,
ce meMr 1—|—H‘, ©h 901 P1 : 1 1
CLRLR = —€p 2 | 2 \fc12619 . \[61381973 (14k) sin 29 ||
4 ¥1 LP1 Lp <p1 ‘P3 ‘P/z SOQ,
MeMm 1—|—n Am?2, Am?2, s2 2
CRILR = —€o— 5 %% \[0138ﬁ73W+2(1 #)| =2 _,_719 ;
U2 m m / o
4 L ¥1 Y1 Lp Lpl ‘Ps ©h A
2 Am
mem, [ 1—# Amg, 1
Cott = —€—5 1" #4_\[013&9# (1—k) sin 20 - 7
v m2 m? m?
® L ¥ sal ©h 4’1 SP
r 2 2
mem, | 1—k Am?, Am?Z, 52 2
Caitin = —e,—+ 2 747# +V2e13090 —2- +2(1+k) | ——+ %
RLLR ¢ 2 m2 m2 mZ m2 2 T2 )
» L ¥1 ®1 <p w1l ) A
(4.30)
respectively. Here, Am?, = m?2, — m and Am?, =m?, — m . All these channels
hep1 ©h ®1 et A

are suppressed by both €, and charged lepton masses strongly dependent upon the mixing
between the two Zs-covariant flavons 9 and 3. In addition, the last two channels 7= —
ete~e” and u~ — ete~e™ are highly suppressed by the electron mass. From the above
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effective interactions, one can directly obtain branching ratios for these channels, which
are of the same orders of magnitude as those in Model I.
Finally, we discuss the modification to the branching ratio of [;7 — I5v. The coefficients
Al}?ill corresponding to 7~ — e~ 7y, 77 — p~y and u~ — e~ 7y are respectively given by
1EELMT

AR = m [— (1 + Kk + \6612619 + \[2013519> F(hl)

+V2¢y <C12 —V2sy(1 + H)) F(ph) + V2sy <C13 +V2ey(1 4+ /f)) F(#5)

(2c9s9(1 + k) + 2¢3(1 — k) m2 N (2c9s9(1 + k) — 253(1 — K)) m?2
6(47r)2m30 6(47r)2mi ’

/ /
2 3

eet m,

A’;{ = (4;’#@3) [— (1 — K — \@Clgsﬁ + \/5013619> F(hy)

—\/§Sq9 (012 + \@Cﬁ(l — /i)) F((plz) + \/5019 (013 + \/5819(1 — /i)) F((pg)
(2c9s9(1 — k) + 253(1 + K)) m?2 N (2¢9s9(1 — k) — 2¢3(1 + k) m2

2002 2012
6(4m) mey 6(4m) me,

I

R

—2%ieerm m m2 5 1

_ PR 2 3

A = (4@2@3} {mi,, [cmcﬁ <log mi/ + 2) + D (o2 sin 29 + 2 cos 209 + 2k)
2 2

m=, ’
¥3 3

m? 9 m2 5 1 .
+—5— |c33cy | log p— + 5~ E(ng, sin 29 + 2 cos 29 + 2k)

(4.31)

Here, the analytical result of =~ — e~ is only valid in the case of small mass difference
between hf and @) and that between h§ and af, i.e., |co2|, |c33] S 2. Again, ¢ does not
affect u= — e77. We recover the results of Model I in the limit ¥ — 45° and m?pé — 00,
or in the limit ¥ — —45° and mié — 00.

We perform the numerical analysis to show how Model II is constrained by current
experiments. 77 — e~y and 7~ — u~y are safe for current experimental limit by assuming
the flavour symmetry scale around the electroweak one. Also for Model II, the strongest
constraint is also from the = — e~ searches. In order to avoid the situation where the
perturbation theory is not valid, we directly apply egs. (A.6) and (A.7) in the appendix
into our numerical calculation. We fix v, = v/ V2 = 175GeV, vary the mixing angle 1
and show the allowed regions of the mass parameters myy, and my, by current and the
expected future experiments in figure 3. Some comments follow:

o Masses My, and My as low as 200 to 400 GeV are still allowed for some values of 4,
much lower than the mass my, in Model I. This corresponds to the cancellation of
contributions of 2 and 3.

e The mass eigenvalues of hj, a5 and hj, a3 in general deviate from m,, and my, and

2
the relative deviations are characterisd by Fcasle,| and +cas|e,|, respectively. Nu-

merically, we have checked that |coa|, |cs3| < 2 hold in most of the allowed parameter
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Figure 3. The current and near future constraints on the mass parameters m, and m., from the
i — ey experiments. v, = 175 GeV is assumed.

space in figure 3. Thus, the deviations of my,, mg, from mg, as well as those of

my:, mgy from m,, are in general small, and we can treat m,  and m, as their
3 as ¥3 Y2 ¥3

masses at leading order.

e We have also checked that in all the allowed parameter space, |caz€,|, |c33€,| < 1. In

2 2 2 2

other words, positive masses mj,, mZ, , my,, m;, > 0 are guaranteed.
2 2 3 3

e For ¢ = 45°, cyy vanishes, no mass deviation between hf and af, arises, and the
contributions of h} and af cancel with each other. Thus, there is no constraint on
Mgy . The current experimental upper limit allows the mass of ¢4 to be larger than
700 GeV. In the future, a mass smaller than 1TeV would be ruled out. This is
consistent with the results of ¢y in Model I in figure 2. We have also checked that

A and the upper limit of the ¢/, mass

is also around 700 GeV, which is not shown in figure 3.

for ¥ = —45°, there will be no constraint on m

5 Conclusion

Varies of flavour models with discrete flavour symmetries have been proposed to under-
stand the mystery of lepton flavour mixing. Essential ingredients are flavon fields which
couple among themselves and with leptons. The flavon potential generates special vacuum
expectation values for flavons and trigger flavour symmetry breaking. And the couplings
with leptons are responsible for Yukawa couplings with special flavour structures after the
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flavons get VEVs. These couplings will unavoidably contribute to other lepton-flavour-
violating processes beyond neutrino oscillations. In this paper, we discuss the LF'V decays
of charged leptons induced by these couplings.

All charged LFV processes have the same origin as leptonic flavour mixing, as they
originate from the effective couplings of flavons and couplings between flavons and leptons.
For definiteness, we assume that the flavour symmetry is A4 and lepton flavour mixing is tri-
bimaximal at leading order after A4 breaking. The flavon coupling to the charged leptons,
p, is a triplet of A4 and its VEV should roughly preserve a Z3 residual symmetry after Ay
breaking. Zs is phenomenologically necessary for realising TBM at leading order and has
theoretically been realised in a lot of models. Depending on the different representation
properties of ¢, we consider two cases: i. @ is a pseudo-real triplet of A4, an economical case
which introduces as few degrees of freedom as possible to the model, and ii. ¢ is a complex
triplet, a generalised case which can be regarded as a simplification of supersymmetric and
multi-Higgs models. The breaking of A4 — Z3 results in three physical parameters in case
i: the scale of flavour symmetry breaking vy and flavon masses my,, and my,. In case ii,
the mixing between two Zs-covariant flavons introduces a mixing angle ¥, as well as one
more flavon mass, which cannot be neglected. It is natural to assume the flavon masses to
be of the same order of magnitude as v,.

The only Zs-preserving LFV processes are 7= — uTe e, 7= — et~ pu~. They are
triggered by the exchange of Z3-covariant flavons and their branching ratios are dependent
upon the flavour symmetry scale v, and the flavon masses. In case i, both channels
are mediated by the same flavon ¢o and their branching ratios are approximately equal.
In case ii, the two branching ratios are in general different from each other due to the
presence of the mixing between the two Zs-covariant flavons. If their mixing is maximal,
the branching ratios are equal again. To be compatible with charged lepton masses, these
processes in both cases are suppressed by ratios of charged lepton masses to the scale of
flavour symmetry, to be exact, suppressed by m,m,/ vi. Once we assume v, around the
electroweak scale, their branching ratios are much lower than current experimental limits.

Z3 is not an exact symmetry due to the interrupt with other fields. The breaking of Z3
is also supported by the phenomenological requirement that TBM must gain corrections to
match current oscillation data. In presence of Z3 breaking, other 3-body LFV decays and
all radiative decays forbidden by Zs3 can take place, but are suppressed by the small Z3-
breaking effects. We identify three Z3-breaking effects: the mixing of charged lepton flavour
eigenstates, the mixing between the Zs-invariant and Zs-covariant flavons, and the mass
splitting of the two real degrees of freedom of each Zs-covariant complex flavons. Under
the assumption that the corrections to TBM come mainly from the Zs-breaking effects,
strong relations between mixing angles, especially 013, with charged LF'V processes arise.

Zs-breaking charged LFV processes depend on the explicit structure of a concrete
model. We consider two models in cases i and ii, respectively. These models have been
proposed in our former work [51] and fit well with current oscillation data. We derive ana-
lytical expressions for branching ratios of all processes and numerically check the constraints
on the Ay-breaking scale and flavon masses for each model. The results in Model I are
quite simple. In special, a sum rule of 7= — puTp~e™, 77 — pTpp” and 7T — ete "y~
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is obtained and all these processes are suppressed by 28%3 + (1 - \/5312)2 compared with
the Zs-preserving ones. Another relation is Br(7— — u~7) =~ Br(7— — e7 7). The most
stringent constraint is from the y~ — e~ measurement. The main contributions are the
mixing of charged leptons and the mass splitting of the Z3-covariant flavons induced by the
breaking of the Z3 symmetry. In Model I, the only unknown parameters contribute to this
process are the scale v, and the Z3-covariant flavon mass m,. Their allowed parameter
space can be derived from the current upper limit for this process. Setting v, around the
electroweak scale, we arrive at my,, > 500 GeV. The results in Model II are strongly depen-
dent upon the mixing between the Z3-covariant flavons. They match with those in Model 1
in the limit ¥ = £45° and one of the Z3-covariant flavons decouple from the processes. In
both models, branching ratios of 7= — eTe~e™ and u~ — ete"e™ are much weaker than
the other processes due to the suppression of electron mass. The flavon masses and their
mixing angle ¥ will influence the branching ratio. Tuning these parameters, tiny masses,
300-400 GeV, for the Zs-breaking flavons are allowed by experiment constraints.

In conclusion, we have studied flavon-induced charged LFV processes. These flavons
give explanation to lepton flavour mixing in flavour models and contribute to the other
LFV processes beyond neutrino oscillations. Different from most models assuming the
flavour symmetry at very high energy scale to avoid the strong constraints from charged
LFV processes, we have checked that a relatively low-scale flavour symmetry, not far from
the electroweak scale, is consistent with current experiment constraints from charged LFV
processes. The main reason is that since these models give explanation to the flavour
mixing, the couplings between flavons and charged leptons should be reasonably suppressed
by the charged lepton masses. Furthermore, the approximative residual symmetry in the
charged lepton sector, strongly suggested in most flavour models and supported by current
oscillation data, can give an additional suppression factor O(0.01) for most LE'V processes
of 3-body charged lepton decays and all radiative decays. The method we developed here
for calculating flavon-induced charged LFV processes can be extended into models with
different flavour symmetries, such as Sy and As.
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A Radiative decays mediated by complex scalars
Some of the scalars in our models (e.g., p2 in Model I, and ¢}, ¢4 in Model II) are complex

scalars. Their couplings to fermions are strongly dependent upon the chirality of fermions.
Thus, the chirality of fermions should be taken into account carefully when we calculate
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I7 — 15 . It is useful for us to re-express AlfllPL + AléllPR in eq. (3.4) as
ARNPL + A PR = griOF] () + 9rrOZR(¢) + grrOBL (9) + 91rOER (), (A1)

where O%;};l(go) (for P, P, = L,R) stand for the following loop integral excluding the
owq” part:

P P
(2m)4" 7% (p2 —p)2 —m, T (p1 —p)2=m; Tp—mk’

[y ) i ) a2)
and gp,p, are the relevant coeflicients. Neglecting subleading terms, we derive the following

expression for Oﬁ%ll}% (p) as

OFM () = (4;)2:% (10g;:§0 + g) Py,

) = camyrong (1w s+ 3) P

O (p) = (4;)2 :;l; x %PL,

O%wzéngﬁm, (A3)

For 7= — e v,u ™y, my, = m;. For p= — e, my, = my, and thus, O, O%; <
O} ,0% . These results are compatible with [76-78].

In Model I, we use the Lagrangian in eqs. (4.18), (4.19) and (4.20) to calculate the
radiative decays. With the help of eq. (A.3), we derive

2
A mT eTr eT eT er
AT P+ AR Pr = Z@%T [O%R(p2) + OTr(p2) — OFR(¥1) — OfR(¢1)] ,

A‘”PL + A“ Pr = 266 — [O%}(g&z) + OLR(QDQ) O%%((pl) — 0%}(@1)] ,
go

APy 4 APy = ice™® ™7 {m, (4O (hs) — Of(a)] + mr [OF(ha) — Offn(as)])
<p
(A.4)

for 7= — ey, 77 — p~y and p~ — e 7, respectively. A direct calculation shows
that Ogg( ) + OlQT( ) = F(p)/mPg (for lo = e,p) and m,Ofp(p) + m:0fs(¢) =
muF () /m-Pr. And using the approximation

2 2 7
F(hs) — Flag) = —4le,| T<% T+), (A.5)
@a m2 3

we finally obtain the results in eq. (4.21).
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In Model II, the related Lagrangian terms for 7= — e7 7, 7~ — pu~ vy and u~ — e v
are respectively given by

m
J@TR[ — (1 + \/5012019 + \/5613819) eph1 + \@Cﬁgolg + \/5819@3*}

Ve
m A .
+T;ﬁTR _hl + (612 - \/5519) 6<p90/2* + (013 + \/5019) €<p60§_
m ) ]
—i—vf;ﬁﬁ; _h1 + (612 + \/§C§> €y + <C13 + \/5819) ewg_ ,
m
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LTRTL { (—s9 + (1 + K)|ep|cy) hy —i(s9 + (1 + K)|eplco) al

5\3

(o + (L+ K)eglsg) g + i (cg — (1 + Rleglso) d

0 My, .
+eTtF T”TLTR[(% — (1= r)leplso) hy +i(cy + (1 — K)l€p]s9) ay
©
(50 + (1= B)leglea) By + (59 — (1= ¥)legles) ab] - (A.6)

They results in expressions of AlffllPL + Al]fthR given by

ie€,—- 2 { (1 + K+ V2eyc12 + \[519613> [Of{R(hl) + OETR(hl)]

+thﬂ0% + OFa(92)] = 2s9co(1 + K)OFalp2) +263(1 = K)OTx(p2)]
+V25p013[Offplip3) + Of(ps)] + 250 (1 + R)OFR(, 93) + 253(1 — WOTa(s)] }

1e€ —{ (1 — K — \fSﬂCm + \[Cﬂcl3> [O?%%ml) + Olfﬁ'—%(hl)]

—\fSﬁCm (O R (¢2) LR(W )] — 2s9cs(1 — K)Ofp(2) + 255(1 + K) O (02)]

+V2¢yc13 [0l (03) + Of 3 (03)] + 2s9c9(1 — K)Ol(3) + 2¢5(1 + %)O%(%H} ,
wzg {e’”’*”m ?9[0 r(h2) = Ofp(a2)] — e emrcysy [0 (ha) — Ofp(a2)]

+e Pem,s5[0% (hs) — Ofn(as)] + e Pemyrcysy [0, (hs) + Oy (as)]

ey (¢ = 53 + k) [Of(h2) + Offy(a2) = OFpy(hs) — OFplas)] | (A7)

for = = e7y, 77 = pu~y and u~ — e~ 7, respectively. We express O 2l1( ) and O%lRl (p)

in F(p), expand my;, my, and my;,, mg, around my, and m,, respectively, and finally,

we obtain eq. (4.31).
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Compared with A24 A%ll is negligibly small in all three channels. The reason is
that er, ur and 7g are singlets of A4. Each column of the charged lepton mass matrix in
eq. (2.20) is proportional to one charged lepton mass. This kind of flavour structure leads
to very small mixing of er, ur and 7g (suppressed by both €, and charged lepton mass
ratio), and thus terms such as €7, 7grp; are highly suppressed. The feature Alffll < Agll isa
feature in models where right-handed charged leptons belong to singlet representations of
the flavour symmetry. Considerable mixing among right-handed charged leptons is possible
in some other models. In that case, the contribution of Alfll should be included in the
decay I7 — 15 7.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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