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1 Introduction

Three dimensional supergravity is one of the simplest models of a consistent extension of

general relativity that includes fermions and local supersymmetry. For this reason it has

been revisited as a workable example in many textbooks and research papers (see for exam-

ple [1] and [2–10]. For recent developments see for ex. [11]). It also provides a manageable

model of superfield supergravity, with a superfield action integrated on superspace.1 That

action (see [10]), supplemented by ad hoc constraints consistent with the Bianchi identities,

provides an off-shell formulation of D = 3 supergravity, local supersymmetry being realized

as a diffeomorphism in the fermionic directions.

On the other hand, the construction of a 3d N=1 supergravity in the rheonomic (a.k.a.

group manifold) approach2 provides a superfield action which yields both the correct space-

time equations of motion, and the constraints on the curvatures. The action is written as

a Lagrangian 3-form integrated over a bosonic submanifold of the complete supermanifold.

As discussed in [12], the same action can be written as the integral over the whole super-

manifold of an integral form, using the Poincaré dual that encodes the embedding of the

3-dimensional bosonic submanifold.

At the moment, however, there is no explicit dictionary between the superfield ap-

proach and the group manifold approach.

In this paper we find a bridge between the two formalisms by a novel technique based

on the integration of integral forms. As is well known, differential forms on superspace

1We distinguish between superspace and supermanifold. The former denotes a flat bosonic spacetime

with additional fermionic coordinates, while the latter the full-fledged supermanifold according to [14].
2for reviews on the group manifold approach see for ex. [17–19] .
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cannot be integrated on a supermanifold SM(n|m) (where n and m refer to the bosonic

and fermionic dimensions, respectively) since there is no top form in the usual complex

of differential forms. Indeed the fermionic 1-forms behave like commuting variables with

respect to the wedge product and therefore there is no upper bound to the number of

fermionic 1-forms. Nonetheless, one can extend the space of forms by including distribution-

like forms (see for example [12–16]). These can be incorporated into a consistent differential

calculus where top forms do exist, and can be integrated on the supermanifold.

The bridge between the superspace action of [1, 10] and the group-manifold formalism

is provided by the group-manifold three-form Lagrangian L, which is closed (in general

dL = 0 when auxiliary fields are present [17]). Multiplied by a suitable closed Poincaré

dual form (known in the string theory literature as Picture Changing Operator or PCO)

it becomes an integral top form, and therefore can be integrated on the supermanifold.

Choosing Poincaré duals in the same cohomology class does not change the action if the

Lagrangian is closed.

In particular there is a canonical Poincaré dual that produces the standard spacetime

action with auxiliary fields of [1, 10]. Another Poincaré dual, differing from the first by

a total derivative, leads to an expression for the action that coincides with the superfield

action of [1, 10]. Since the two Poincaré duals are in the same cohomology class, the two

actions are equal.

Furthermore, the expression of the action written as the integral of a Lagrangian

three-form times a PCO clarifies an additional issue. As recalled above, the superfield

formulation of supergravity is redundant in the sense that one needs some constraints to

limit the number of independent component fields. It would be advantageous to have the

constraints built in directly into the action. This is achieved in the present formulation:

the closure of the PCO implies exactly those constraints.

The paper is organised as follows. In section 2 we discuss the equivalence between

superspace and group-manifold formulations in general terms. In section 3 we provide the

basic ingredients for the superfield and the group manifold formulations of D = 3, N = 1

supergravity: the constraints, the Bianchi identities and their solutions. In section 4 we

prove the equivalence between the group manifold (rheonomic) formulation, the component

spacetime action and the superspace action. In section 5 we list some perspectives for future

work and in the appendices we give some further details on the PCO.

2 Superspace versus supergroup manifold

We want to formulate D = 3 N = 1 supergravity in two frameworks, namely in the group-

manifold approach and the superspace approach. Let us first clarify what we mean by

supersymmetric action in the two frameworks.

2.1 Superspace

First, we parametrize the superspace R(3|2) with a set of coordinates (xa, θα) with a = 1, 2, 3

and α = 1, 2. The same set of coordinates will be also used to parametrize a local patch of

a supermanifold SM(3|2).
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In the case of superspace (see for example the textbook [1]), the Lagrangian is a

superfield F(x, θ), a local functional of the superfields φ(x, θ) of the theory. A superfield

can be expanded in its components φ0, φ1,α, φ2

φ(x, θ) = φ0(x) + φ1,α(x)θα + φ2(x)
θ2

2
, (2.1)

with θ2 ≡ εαβθαθβ and the components are identified with the physical degrees of freedom.

A generic superfield might also contain some auxiliary fields to complete the spectrum so

that there is a match between off-shell bosonic and fermionic degrees of freedom.

The superspace action is the functional

Ssusy[φ] =

∫
[d3xd2θ]F(x, θ) (2.2)

where the symbol [d3xd2θ] refers to the integration variables. The integration over the θ’s

is given by the Berezin integral. Varying the action under an infinitesimal deformation of

the superfields φ, we obtain the superfield equations of motion. In the case of supergravity,

the superfields φ entering (2.2) are subject to constraints, and their variations have to be

compatible with these constraints. Given (2.2), one can compute the Berezin integral by

expanding the action in powers of θ and then selecting the highest term

Ssusy[φ] =

∫
[d3x] D2F(x, θ)

∣∣
θ=0

(2.3)

which is the component action written in terms of the physical fields. The superderivative

is defined as Dα = ∂α + (θ̄γa)α∂a where (∂a, ∂α) are the ordinary derivatives with respect

to (xa, θα). In addition, D2 = εαβDαDβ .

The supersymmetry of the action is easily checked: since F(x, θ) is a superfield, its

supersymmetry variation is simply

δF(x, θ) = εαQαF(x, θ) , (2.4)

Qα being the supersymmetry generator satisfying the algebra {Qα, Qβ} = 2iγaαβ∂a where

γaαβ are the Dirac matrices for D = 3. The supersymmetry generator is defined as Qα =

∂α − (θ̄γa)α∂a
The property (2.4) follows from the fact that F(x, θ) is built out of superfields φ, their

derivative ∂a and superderivative Dα and products thereof.

In the case of rigid supersymmetry, the action is invariant because the variation of the

Lagrangian is a total derivative.

In the case of local supersymmetry, one needs to impose the vanishing of QαF(x, θ) = 0.

There are several advantages in having a superspace action as in (2.2). It is the

most economical and compact way to describe the complete action for all physical degrees

of freedom of supergravity, it encodes all symmetries, it provides a powerful quantization

technique, known as supergraph method, which minimises the amount of Feymann diagrams

needed for a single scattering amplitude. The supersymmetry cancellations and the non-

renormalization theorems are mostly manifest.
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The main drawback of (2.2) is the lack of a fully geometrical interpretation, since it

cannot be understood as an integral of a differential form on a manifold. The expression

for the superfield action is usually dictated by scaling properties and Lorentz covariance,

but it is not very intuitive and for constrained superfields it does not always exist. In that

respect the group-manifold approach seems to overcome these problems.

2.2 Supergroup manifold

The logic of this approach is algebraic: one starts from a superalgebra, and to each gen-

erator TA corresponds a one-form (vielbein) field σA on the supergroup manifold G. The

vielbein satisfies the Cartan-Maurer equations:

dσA +
1

2
CABCσ

B ∧ σC = 0 (2.5)

The fields of the theory are identified with the various components of the vielbein σA,

labelled by the adjoint index A. For the fields to become dynamical, they must be allowed

to develop a nonzero curvature, that is to say the right-hand side of the Cartan-Maurer

equations must be nonvanishing in general. This is achieved by considering deformations

of the supergroup manifold, i.e. a “soft” supergroup manifold G̃.

A systematic procedure [17–19] leads to the construction of d-form lagrangians, whose

restriction to a d-dimensional bosonic manifold reproduces the d-dimensional spacetime

supergravity lagrangians. The local symmetries of the theory are the superdiffeomorphisms

on G̃, and include the supersymmetries as diffeomorphisms in the fermionic directions of

G̃. In this respect supersymmetry transformations have a geometric interpretation similar

to the one in the superfield approach.

The supervielbein field σA is a 1-superform living in G̃. The coordinates of G̃ are

the spacetime coordinates xµ, corresponding typically to the translation subgroup of G,

Grassmann coordinates θα, corresponding to the fermionic generators of G, and other

coordinates corresponding to gauge directions. Diffeomorphisms in these last coordinates

produce gauge transformations, and the dependence of the fields on these coordinates can

be removed via a finite gauge transformation. At the end of the game all fields depend on

x and θ.

Still one has a great redundancy, since σA is expanded as a superspace 1-form as

σA(x, θ) = σA(x, θ)adx
a + σA(x, θ)αdθ

α (2.6)

Typically the fields one wants to retain as dynamical fields in this formulation are

given by σA(x, θ = 0). In other words one has to eliminate the extra degrees of freedom

due to the θ dependence and to the dθ components.

The variational principle involves variations of the fields, and variations of the embed-

ding in G̃ of the bosonic submanifold. The resulting equations yield the usual spacetime

field equations, together with the constraints needed to remove the redundant degrees of

freedom (“rheonomic constraints”).

– 4 –
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In terms of these ingredients, the D = 3, N = 1 rheonomic action is defined as the

integral over a bosonic submanifold M(3) of the supermanifold SM(3|2) as follows

Srheo[σ,M(3)] =

∫
M(3)⊂SM(3|2)

L(3)(x, θ, dx, dθ) (2.7)

and depends on the superforms σ and on the embedding of M(3) into the supermanifold

SM(3|2). Changing the embedding corresponds to a diffeomorphism and it can be com-

pensated by a change of the Lagrangian L(3)(x, θ, dx, dθ), generated by a Lie derivative.

Therefore the variational equations can be obtained by varying the fields for an arbitrary

embedding, and considering the resulting equations as 2-form equations on the whole su-

perspace. Projections of these equations in the fermionic directions (dθ directions) yield

the rheonomic constraints, necessary to remove unwanted degrees of freedom. The correct

component action is retrieved by setting θ = 0 and dθ = 0 (see the textbook [17]) .

The supersymmetry of the action is expressed as a diffeomorphism in the fermionic

directions of the supermanifold and therefore the variation of L(3) is given by

δL(3) = `εL(3) = d(ιεL(3)) + ιεdL(3) . (2.8)

If the Lagrangian satisfies

ιεdL(3) = 0 (2.9)

the variation of L(3) is a total derivative and the action is invariant. Condition (2.9) is in

fact equivalent to the rheonomic constraints mentioned above.

The form of L(3) has a direct correspondence with the component action, to which it

reduces after setting θ = 0 and dθ = 0. It is less compact than the superfield formulation,

but more transparently related to the component action.

We have argued that the local symmetries of the group manifold action are the diffeo-

morphisms on the supergroup manifold. This certainly holds true if one considers a group

manifold action resulting from the integration of a top form on G̃. Since the past litera-

ture on group manifold actions for supergravity makes little reference to superintegration

theory, this point has needed some clarification, reported in [12, 20], and involves Poincaré

duals and integral top forms.

2.3 Equivalence

The component action obtained in the two formulations must be the same or, at least,

related by field redefinitions. Therefore there must exist a mother action which interpolates

between the two formulations. This action is the rheonomic action. The way to integrate

a 3-form on a submanifold of a bigger manifold is by constructing a Poincaré dual of that

submanifold, and denoting it by Y(0|2) the supersymmetric action is given by

Ssusy[φ] =

∫
SM(3|2)

L(3|0) ∧ Y(0|2) (2.10)

where L(3|0) is the rheonomic Lagrangian used in (2.7) and the integration is on the com-

plete supermanifold. The Poincaré dual (also known as PCO) localizes the full superman-

ifold to the submanifold. Integration on supermanifolds is discussed in several papers (see
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for example [12] for the definition of the Poincaré dual on supermanifolds). Only the inte-

gral forms can be integrated. The complex of differential forms on a supermanifold contains

the pseudo-forms which are polynomials in dxa, dθα, δ(p)(dθα) (where δ(r) are r-derivatives

of the delta function) . They are characterized by two numbers (p|q): the form degree p

and the picture number q where the latter counts the number of delta functions. In general

(p|q)-forms are integral forms on SM(p|q), and can be integrated on this supermanifold.

The integral forms of SM(3|2) are those with (3|2) and they can be integrated on SM(3|2).

Thus the Lagrangian L(3|0) ∧ Y(0|2) is an integral form, built as the product of the rheo-

nomic action L(3|0), which is a (3|0)-superform (constructed as discussed above), and the

Poincaré dual/PCO Y(0|2), which is a (0|2)-form.

The Poincaré dual/PCO Y(0|2) is closed and not exact (it belongs to the cohomology

class H(0|2)(d,SM(3|2))), and its variation under the change of the embedding ofM(3) into

SM(3|2) is d-exact:

δY(0|2) = dΩ(−1|2) (2.11)

where Ω(−1|2) is an integral form with negative form degree (derivatives of the delta func-

tions act as negative degree forms: for example dθδ′(dθ) = −δ(dθ)). Then, any variation

of the embedding is ineffective if L(3|0) is closed (the action does not depend on the em-

bedding). Also, if two Y’s are related by d-exact terms, namely if they belong to the same

cohomology class, the corresponding actions are equivalent.

We propose the two different choices

Y(0|2)
st = θ2δ(dθ) , Y(0|2)

susy = V a ∧ V bγαβab ιαιβδ
2(ψ) , (2.12)

where (V a, ψα) are the components of the supervielbein EA. ια is the derivative of the

delta function with respect to its argument and δ2(ψ) = εαβδ(ψ
α) ∧ δ(ψβ). Inserting the

first PCO Y(0|2)
st we project the Lagrangian to L(3|0)(x, 0, dx, 0) yielding the component

action. The second choice leads to the superspace action in (2.2). The main goal of the

present work is to prove this equivalence.

In a related work [21], the equivalence of the different formulations of N = 1 super

Chern-Simons theory has been studied. The flat version of Y(0|2)
susy is discussed and its

properties are described in that paper.

3 D = 3, N = 1 supergravity in the two frameworks

The theory contains a vielbein 1-form V a with 3 off-shell degrees of freedom (d(d − 1)/2

in d dimensions), and a gravitino ψα with 4 off-shell degrees of freedom ((d− 1)2[d/2] in d

dimensions for Majorana or Weyl). The mismatch can be cured by an extra bosonic d.o.f.,

here provided by a bosonic 2-form auxiliary field B. As recalled, the group-geometric

procedure to build supergravity actions starts from a superalgebra. In the case at hand

the superalgebra is the superPoincaré algebra, generated by Pa, Lab and Qα (the transla-

tion generators, the Lorentz generators and the supersymmetry charges). The structure

constants of the superalgebra are encoded in the Cartan-Maurer equations

dσA +
1

2
CABCσ

B ∧ σC = 0 (3.1)

– 6 –
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where the left-invariant one-forms σA are a cotangent (vielbein) basis, dual to the tangent

vectors on the supergroup manifold G. In the present case the cotangent basis is given

by the vielbein V a, the spin connection ωab and the gravitino ψα. The algebra is further

extended with a 2-form B in order to match the degrees of freedom (and thus becomes a

Free Differential Algebra (FDA), see for ex. [17]).

The generalized Cartan-Maurer equations of the FDA yield the definitions of the

Lorentz curvature, the torsion, the gravitino field strength and the 2-form field strength:

Rab = dωab − ωac ωcb (3.2)

Ra = dV a − ωab V b − i

2
ψ̄γaψ ≡ DV a − i

2
ψ̄γaψ (3.3)

ρ = dψ − 1

4
ωabγab ψ ≡ Dψ (3.4)

H = dB − i

2
ψ̄γaψ V a (3.5)

where D is the Lorentz covariant derivative, and exterior products between forms are

understood. The Cartan-Maurer equations are invariant under rescalings

ωab → λ0ωab, V a → λV a, ψ → λ
1
2ψ, B → λ2B (3.6)

Taking exterior derivatives of both sides yields the Bianchi identities:

DRab = 0 (3.7)

DRa +Rab V
b − i ψ̄γaρ = 0 (3.8)

Dρ+
1

4
Rabγab ψ = 0 (3.9)

dH − i ψ̄γaρV a +
i

2
ψ̄γaψ Ra = 0 (3.10)

invariant under the rescalings (3.6).

As explained above, the redundancy introduced by promoting each physical field to

a superfield has to be tamed by imposing some algebraic constraints on the curvature

parametrizations. They are known as conventional constraints in the superspace language

and as rheonomic parametrizations in the group-manifold approach. We use the following

parametrizations

Rab = Rabcd V
cV d + θ̄abc ψ V c + c1 f ψ̄γ

abψ (3.11)

Ra = 0 (3.12)

ρ = ρabV
aV b + c2 f γaψ V a (3.13)

H = f V aV bV cεabc (3.14)

df = ∂af V
a + ψ̄Ξ (3.15)

with

θ̄abc,α = c3 (ρ̄ [a
c γb])α + c4(ρ̄abγc)α Ξα = c5 ε

abc(γaρbc)α (3.16)

– 7 –
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The coefficients c1, c2, c3, c4, c5 are fixed by the Bianchi identities to the values:

c1 =
3i

2
, c2 =

3

2
, c3 = 2i, c4 = −i, c5 = − i

3!
(3.17)

The V V V component f of H scales as f → λ−1f , and is identified with the auxiliary

scalar superfield of the superspace approach of ref [10]. Note that, thanks to the presence

of the auxiliary field, the Bianchi identities do not imply equations of motion for the

spacetime components of the curvatures. To compare with the superspace approach and

the superspace action, we have to clarify the role of the superfield f .

The superspace formulation of supergravity in D = 3 follows a different path, and

considers the supervielbein EA and the spin connection ωAB as fundamental fields, with

A=a, α. The index of the supervielbein now runs only on the superspace directions, and

EA contains the fields of the rheonomic approach as Ea = V a, Eα = ψα.

Again there is a huge redundancy in that formulation, and one has to impose some

constraints. First, one imposes the soldering constraint on the spin connection

ωAB =

(
ωab 0

0 1
4(γab)αβωab

)
, (3.18)

where the off-diagonal pieces are set to zero and the spinorial part of the connection is

related to the Lorentz spin connection. As a consequence the supercurvature

RAB = dωAB − ωAC ∧ ωCB (3.19)

has nonvanishing components Rab, Rαβ = 1
4(γab)

α
βR

ab with

Rab = RabrsE
r ∧ Es +RabrσE

r ∧ Eσ +RabρσE
ρ ∧ Eσ , (3.20)

The superfields Rabrs, R
ab
rσ and Rabρσ correspond to the analogous terms in (3.11). Similarly,

one considers the supertorsion

TA = dEA − ωAB ∧ EB (3.21)

which has the following expansion on the supervielbein basis

T a = T arsE
r ∧ Es + T arσE

r ∧ Eσ + T aρσE
ρ ∧ Eσ ,

Tα = TαrsE
r ∧ Es + TαrσE

r ∧ Eσ + TαρσE
ρ ∧ Eσ . (3.22)

To reduce the independent components, one imposes the conventional constraints

T aρσ =
1

2
iγaρσ , T arσ = 0 , Tαρσ = 0 , Tαrσ = 2i(γr)

α
σR , (3.23)

The Bianchi identities then imply Rabρσ = 0 and T ars = εarsR, where R is a superfield

containing the scalar auxiliary field as first component, the gravitino curvature as mixed

component, and the Ricci scalar as θ2 component. The solution for the other components

can be found in [10, 22]. The supertorsion T a differs from Ra defined in (3.3) by a term

bilinear in fermions, and this reflects into the first constraint given above.

– 8 –
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Using these constraints, one finds that the only independent off-shell degrees of freedom

(vielbein, gravitino and scalar auxiliary field) are contained in the components Eαµ and Eαm
of the superform expansion Eα = Eαµdθ

µ + Eαmdx
m. Using the gauge symmetries, one can

identify the physical and auxiliary fields.

Comparing the analysis in the superspace and the analysis in the rheonomic approach,

we find that the auxiliary superfield f has to be identified with R. Indeed we observe that,

by a change of the spin connection, one can set to zero the last term in the parametrization

of the curvature Rab in (3.11), namely Rabρσ = 0. This change in the spin connection

produces a change of Ra in (3.12) such that Rars = εarsf . Comparing with the constraint

T ars = εarsR of the superfield approach one finds f = R.

4 The actions and their equivalence

To uncover the relation between the superspace action (2.2), the rheonomic action (2.7)

and the component action, we have to discuss them in the corresponding frameworks.

With the usual group-geometrical methods, the action is determined as in (2.7) and

the Lagrangian L(3) reads

L(3) = RabV cεabc + 2iψ̄ρ+ α

(
fH − 1

2
f2V aV bV cεabc

)
(4.1)

This action is obtained by taking for the Lagrangian L(3) the most general Lorentz scalar

3-form, given in terms of the curvatures and 1-form fields (cotangent basis of G̃), invariant

under the rescalings discussed above, and then requiring that the variational equations

admit the vanishing curvatures solution

Rab = Ra = ρ = H = f = 0 , (4.2)

and also imply the constraints, arising from the δωab and δf variations:

Ra = 0, H = fεabcV
aV bV c . (4.3)

The remaining parameter α is fixed by requiring the closure of L(3) , i.e. dL(3) = 0. This

yields α = 6, and ensures the off-shell closure of the supersymmetry transformations given

below. The action is invariant under off-shell supersymmetry transformations which are

easily computed by taking the Lie derivative of the fields along the fermionic directions

(tangent vectors dual to ψα):

δεV
a = −iψ̄γaε (4.4)

δεψ = Dε (4.5)

δωab = θ̄abc εV
c − 3if ψ̄γabε (4.6)

δεB = −iψ̄γaεV a (4.7)

δεf = 0 (4.8)

and close on all the fields without need of imposing the field equations.

– 9 –
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Varying ωab, V a, ψ, B and f leads to the equations of motion:

Ra = 0 (4.9)

Rab = 9f2V aV b +
3i

2
f ψ̄γabψ (4.10)

ρ =
3

2
γaψ V a (4.11)

df = 0 (4.12)

H = f V aV bV cεabc (4.13)

Notice that the equations of motion are obtained from the rheonomic action principle

(as explained in the textbook [17]), by varying the action keeping the submanifold fixed.

They are 2-form equations and can be expanded on the basis V a, ψα.

Let us move to the superspace action. As we have seen in the previous section, after

imposing the constraints we are left with a superfield R which contains the auxiliary field,

the Ricci scalar and the Rarita-Schwinger term. To build the action we therefore consider

the expression

F(x, θ) = R Sdet(E) (4.14)

where Sdet(E) is the superdeterminant of the supervielbein EA. The expression in F(x, θ)

is a superfield and transforms as discussed in section 2. By expanding at the second or-

der in θ’s, one can retrieve the component action. However, the computation is rather

cumbersome already in the present simplified context. A better way to derive the compo-

nent action from (4.14) is the use of the ectoplasmic integration theory [23–26]. We refer

to [1, 10] for a complete discussion and for the equations of motion in superspace.

Finally, we are ready to discuss the relation between the two actions. As explained

in the introduction, the mother theory interpolating between the rheonomic action, the

superspace action and the component action is described by the superintegral:

SSG =

∫
SM(3|2)

L(3|0) ∧ Y(0|2) (4.15)

where the Lagrangian L(3|0) is the rheonomic action given in (4.1). It is a (3|0)-form and

it is closed because of the parametrizations (3.11)–(3.15).3 The choice of the Poincaré

dual/PCO Y(0|2) allows us to interpolate between the component action and the super-

space action.

To retrieve the usual spacetime action one chooses for the Poincaré dual/PCO the

following (0|2)-form:

Y(0|2)
st = εαβθ

αθβ εγδδ(dθ
γ)δ(dθδ) (4.16)

It is closed and not exact, and it is an element of the cohomology H(0|2)(d,SM(3|2)).

The integration over the dθ’s is performed by integrating on the Dirac delta functions,

3The dependence of the fields on the gauge (Lorentz) coordinates factorizes, and reduces to a multiplica-

tive factor in front of the integral over the superspace.
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that imposes dθ = 0. Berezin integration in (4.15) yields an ordinary spacetime action,

integrated on M(3):

SSG =

∫
M(3)

L(3|0)(θ = 0, dθ = 0) (4.17)

where all forms depend only on x because of the two θ’s in Y(0|2)
st . Notice that the su-

persymmetry variation of Y(0|2)
st is not zero, but is exact, and therefore the integrand is

supersymmetric only up to a total derivative.

The action (4.15) depends in general on the choice of the bosonic M3 submanifold.

This choice is encoded in the Poincaré dual/PCO Y(0|2)
st . Varying the submanifold via a

diffeomorphism in the θ directions corresponds to a variation of Y(0|2)
st given by an exact

form, since the Lie derivative Lε = iεd + diε applied on Y(0|2)
st yields d(iεY

(0|2)
st ). Then the

variation of the action due to the variation of the submanifold is:

δSSG =

∫
SM3|2

L(3|0) ∧ d(iεY
(0|2)
st ) (4.18)

Integrating by parts and noting that 0 = iε(dL(3|0) ∧ Y(0|2)
st ) since dL(3|0) ∧ Y(0|2)

st = 0

(because it exceeds the maximal rank of an integral form), we find that δSSG = 0 if

iεdL(3|0) = 0 (4.19)

Another Poincaré dual can be chosen as follows

Y(0|2)
susy = V aV bγαβab iαiβδ

2(ψ) (4.20)

with

iα ≡
δ

δψα
, δ2(ψ) ≡ εγδδ(ψγ)δ(ψδ) (4.21)

We prove in the appendix that Y(0|2)
susy is connected to the Poincaré dual/PCO in (4.16) by

a θ-diffeomorphism. Therefore their difference is exact (since a Lie derivative acting on a

closed form gives an exact form), and we find the equivalence:

SSG =

∫
SM(3|2)

L(3|0) ∧ Y(0|2)
st =

∫
SM(3|2)

L(3|0) ∧ Y(0|2)
susy (4.22)

since dL(3|0) = 0. The choice of Y(0|2)
susy is also dictated by Hodge duality: indeed it is the

Hodge dual of the (3|0)-form:

ψ̄γaψV
a (4.23)

which is closed (by the 3d Fierz identity) and not exact. Since Hodge duality maps (3|0)-

cohomology classes into (0|2)-cohomology classes [27] we know a priori that Y(0|2)
susy is closed

and not exact, and fulfills the requirements for a Poincaré dual.

Computing now the term with Y0|2
susy, we see that only the first two terms of L(3|0)

contribute, and using the curvature parametrizations for Rab and ρ one finds:

SSG = 6i

∫
M(3|2)

fεabcV
aV bV cδ2(ψ) = 6i

∫
[d3xd2θ]fSdet(E) (4.24)
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where E = (V a, ψα) is the supervielbein in superspace and we have used

Vol(3|2) = εabcV
a ∧ V b ∧ V c ∧ δ2(ψ) = Sdet(E)d3xδ2(dθ) (4.25)

Recalling that f is identified with the scalar superfield R we finally conclude that the two

actions are indeed equivalent.4

The present formulation permits also the introduction of a cosmological constant term.

This is achieved by shifting the superfield f by a constant term f → f+
√

Λ or equivalently,

in the superspace framework, by shifting the superfield R. The result is that the action

acquires a new term proportional to the volume form Vol(3|2). It is interesting to notice

that this new term

Ω(3|2) =
(√

ΛĒγaEE
a − 6iΛεabcE

aEbEc
)
, (4.26)

is closed using the rheonomic parametrizations (3.11)–(3.15).

In conclusion, the group-manifold rheonomic Lagrangian L(3|0), integrated on super-

space, yields both the usual spacetime D = 3 and N = 1 supergravity action, and its

superspace version. The essential ingredients of the proof are Poincaré duals differing

by a total derivative, and the rheonomic constraints with the auxiliary field that ensure

dL(3|0) = 0.

5 Outlook and perspectives

With the present work, we have established a precise mathematical relation between two

different superspace formulations of supergravity. We have used the N = 1, D = 3 super-

gravity for simplicity. Nonetheless, the present formulation is applicable to any supergrav-

ity model and in particular to N = 1, 2, 4, . . . D = 4 supergravity and higher dimensional

models. The mathematical framework permits to explore different choices of PCO inter-

polating different superspace formulations. An important remark: the equivalence between

the different formulations holds because the Lagrangian L(3|0) is closed, and this is a con-

sequence of the existence of the auxiliary fields for the model at hand, i.e. the existence of

an off-shell formulation of the theory. This agrees with the common belief about the exis-

tence of an action principle in superspace. Note however that the rheonomic formulation

of supergravity models (such as for example D = 11 and D = 10 N = 2 supergravities)

is available even in absence of auxiliary fields and it would certainly be interesting to test

the present analysis on such models.

As a final comment we observe that the form L(3|0) ∧Y(0|2) is integrable on the super-

manifold SM(3|2), but is definitely not the only one. One can wonder whether it would be

possible to construct a supergravity action as a non-factorized (3|2) integral form

SSG =

∫
SM(3|2)

L(3|2) (5.1)

where L(3|2) =
∑2

l=0 L(3|l) ∧ Y(0|2−l). Indeed, it can be shown that in N = 1 D = 3 case,

there exists such a possibility and it will be discussed separately.

4The relation between integral forms and superspace formulation has also been used to formulate massive

supergravity in the multivielbein formulation in [28].
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A Properties of the susy PCO

Closure. The closure of Y(0|2)
susy may be inferred by Hodge duality with the cohomology

class ψ̄γaψV
a. In this appendix we prove it directly. We use here the superspace notations

for the supervielbein Ea = V a, Eα = ψα. We check that, by using the conventional

supergravity constraints, the PCO

Y(0|2) = Ea ∧ Eb(γab)αβιαιβδ2(E) (A.1)

is closed and not exact where δ2(E) ≡ ερσδ(Eρ)δ(Eσ).

It is invariant under Lorentz symmetry since all tangent indices are contracted with

Lorentz invariant tensors. It is also closed. To prove it, we observe

d
(
Ea ∧ Eb(γab)αβιαιβ (ερσδ(E

ρ)δ(Eσ))
)

= 2
(
T a ∧ Eb(γab)αβιαιβ (ερσδ(E

ρ)δ(Eσ))
)

+2
(
Ea ∧ Eb(γab)αβιαιβ (ερσιγδ(E

ρ) ∧ T γ ∧ δ(Eσ))
)

(A.2)

We expand the torsion TA in the vielbein basis: TA = TABCE
B ∧ EC and we obtain for

the first term:

T a ∧ Eb(γab)αβιαιβ (ερσδ(E
ρ)δ(Eσ))

= (T acdE
c ∧ Ed + T aδγE

δ ∧ Eγ) ∧ Eb(γab)αβιαιβ (ερσδ(E
ρ)δ(Eσ))

= (RεacdE
c ∧ Ed + 2iγaδγE

δ ∧ Eγ) ∧ Eb(γab)αβιαιβ (ερσδ(E
ρ)δ(Eσ)) (A.3)

where we have used the parametrization of the torsion. Due to antisymmetrization, we can

recast the first term as follows

Rεacdε
cdbE3(γab)

αβιαιβ (ερσδ(E
ρ)δ(Eσ)) = 0 (A.4)

where E3 = 1
3!εabcE

a ∧ Eb ∧ Ec, εacdεcdb = ηab, and the term vanishes because of the

antisymmetry of γab. The second term in (A.3) can be written as

2iγaδγ(γab)
αβιαE

δ ∧ ιβEγ ∧ Ebερσδ(Eρ)δ(Eσ) = 0 (A.5)

where we have used ιαE
β = δ β

α by definition.

Let study the second piece in (A.2)

Ea ∧ Eb(γab)αβιαιβ
[
ερσιγδ(E

ρ) ∧
(
T γcdE

c ∧ Ed + T γcδE
c ∧ Eδ

)
∧ δ(Eσ)

]
= Ea ∧ Eb ∧ EcT γcδ(γab)

αβερσιαιβ

[
ιγδ(E

ρ) ∧ Eδ ∧ δ(Eσ)
]

= εabcT γcδ(γab)
αβερσιαιβ

[
ιγδ(E

ρ) ∧ Eδ ∧ δ(Eσ)
]
E3

= Rεabc(γc)
γ
δ(γab)

αβερσιαιβ

[
ιγδ(E

ρ) ∧ Eδ ∧ δ(Eσ)
]
E3 = 0

– 13 –
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where we have used T γcδ = R(γc)γδ, the fact that ιαιβιγ is totally symmetric with respect

to the spinorial indices, and the Fierz identity in D = 3.

Relation between Y(0|2)
st and Y(0|2)

susy . There are two ways to compute the difference

between Y(0|2)
st and Y(0|2)

susy . The first uses the fact that they are, from the mathematical point

of view, the Poincaré duals of embeddings of a submanifold M(3) into SM(3|2). Therefore,

if the two embeddings gives two submanifolds in the same homology class the corresponding

Poincaré duals belongs to the same cohomology class. Thus, the difference is d-exact. The

second way to verify this is to observe that the variation under a diffeomorphism ξ (in the

supermanifold) of the PCO is d-exact

δY(0|2) = LξY(0|2) = d
(
ιξY(0|2)

)
(A.6)

Therefore, we can relate two PCO’s by infinitesimal changes of the background. With that

we can relate Y(0|2)
susy with the flat one

Y(0|2)
susy/flat = V a ∧ V b(γab)

αβιαιβδ
2(ψ) (A.7)

where V a = dxα + 1
2 iθ̄γ

adθ and ψα = dθα.

The flat Cartan-Maurer equations immediately imply that dV a = i
2dθ̄γ

adθ, dψ = 0

and therefore

dY(0|2)
ss/flat = iψ̄γaψ ∧ V b(γab)

αβιαιβδ
2(ψ)

= iιαιβ(ψ̄γaψ) ∧ V b(γab)
αβδ2(ψ)

= 2iγaαβ(γab)
αβV bδ2(ψ) = 0 (A.8)

It is manifestly invariant under supersymmetry, and satisfies an interesting equation.

In D = 3, with N = 1 we have the following Chevalley-Eilenberg cohomology class

representative

ω(3|0) = ψ̄γaψV
a , (A.9)

which is supersymmetric (it is written in terms of supersymmetric variables) and is closed:

dω(3|0) = 0 by using the Fierz identities. Now we can construct a (3|2) form as follows

Y(0|2)
ss/flat ∧ ω

(3|0) = V a ∧ V b(γab)
αβιαιβδ

2(ψ) ∧ V cψ̄γcψ

= εabcV
a ∧ V b ∧ V cεαβδ(ψ

α)δ(ψβ) = Vol(3|2) , (A.10)

which is the volume form of the supermanifold SM(3|2). In this sense, the PCO Y(0|2)
susy/flat

is the Hodge dual to the Chevalley-Eilenberg cohomology class (A.9). Expanding the flat

bosonic vielbeins V a and using the derivative on the Dirac delta functions, we can rewrite

Y(0|2)
susy/flat as follows

Y(0|2)
susy/flat = d

[
Ω(−1|2)

]
+ Y(0|2)

st (A.11)
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where Ω(−1|2) is a (−1|2) form in the space of integral forms. This proves that the dif-

ference between the supersymmetric flat PCO and the spacetime PCO is an exact term.

The difference between flat and curved supersymmetric PCO’s is again d-exact (since it

is produced via a diffeomorphism), so that Y(0|2)
st and Y(0|2)

susy indeed belong to the same

cohomology class.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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