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1 Introduction

In the standard textbook discussion of two-dimensional conformal field theories (CFTs),
one crucial ingredient is the celebrated Kac determinant formula [1, 2]. In light of recent ex-

I a natural question

citing developments in conformal bootstrap [3, 4] in higher dimensions,
is whether there is a generalization of the Kac determinant formula to higher-dimensional
CFTs, and if yes whether the formula is useful at all for the study of D > 2 CFTs.

The goal of this small note is to point out that the there is indeed such a formula for
a general semi-simple Lie algebra, and that it is relevant in the study of conformal blocks.
We also comment on possible generalizations to supersymmetric CFTs. The utility of the
determinant formulas (and more sophisticated Kazhdan-Lusztig theory [8]) is illustrated
further in a recent preprint [7] with J. Penedones and E. Trevisani.

This short note grew out of the author’s desire to bring higher-dimensional CFTs closer
in spirit to the textbook treatment of 2d CFTs, where significant part of the structure is
encoded in the representation theory of the Virasoro algebra. We believe that there are
a lot of rich mathematical structures yet to be uncovered in the representation theory of
parabolic Verma modules, and we would like to urge the representation-theory experts to
take this subject seriously (if they have not done so already). For example, very little seems
to be known about explicit expressions of null states,? except for the three-dimensional
CFT case worked out in [7]. As commented later in section 3, a better understanding of
the representation theory of parabolic Verma modules will be a crucial ingredient in the
systematic study of general correlators (such as correlators of currents and stress-energy
tensors) for superconformal field theories in various dimensions and various amount of
supersymmetry.

See [5, 6] for early pioneering papers, and references [5-26] of [7] for a more complete list.
2The null states give rise to conformal-invariant differential equations, and are identified with the so-
called partially massless fields in the AdS dual, see e.g. [9-11].



2 Determinant formula

2.1 Parabolic Verma modules

The representation theory of the conformal (or superconformal) algebra has a long history
(see e.g. [12-17] for an incomplete list). We here highlight the importance of parabolic
Verma modules (also known as generalized Verma modules). This module can be regarded
as a higher-dimensional CF'T counterpart of the well-known Verma module for the Virasoro
algebra.> While known to experts, these Verma modules deserve more attention from a
wider spectrum of physicists interested in CFTs.

The conformal group in D dimensions is given by SO(D,2) in Lorentzian signature,
which group is generated by dilatation D, translations P*, special conformal transfor-
mations K*, and rotations J*”, with p,v = 1...D. For our considerations (except the
discussion of the unitarity bound towards the end of this paper) the signature of the group
is not important,* and we instead consider the group G' = SO(D + 2). We denote the
associated semisimple Lie algebra by g = so(D + 2).

The conformal algebra g has the following decomposition

g:n+@[@n_, (21)
where the subalgebras [,n; and n_ are defined by
L= (D, Juw), ng = (K,), n_:=(P,) . (2.2)

The subalgebra [ = u(1) @ so(D), which is sometimes called the Levi subalgebra (hence the
notation), is a subalgebra which acts on the Hilbert space of the radially-quantized CFT.
The decomposition (2.1) satisfies

Lyct, [[ny] Cng, my,n_]Cl. (2.3)

This in particular means that the decomposition (2.1) is preserved by an adjoint action of
an element of [. Of course, this is expected since [ is a subalgebra generated by rotations
and the dilatation.

Given a decomposition (2.1), a conformal primary is specified by a representation V)
of I, where X is a highest weight.® If we choose a basis {|2) dflVA of this representation,
we have

h|Q%) ka )BI0%),  Vhel, (2.4)

*Historically D.N. Verma in his thesis considered a Verma module for a semisimple Lie algebra, before
people started discussing Verma modules for the Virasoro algebras. Since the conformal group in higher
dimensions is finite-dimensional, the structure of the Verma module for a higher-dimensional conformal
group is on the one hand much simpler than in the two-dimensional conformal group involving an infinite-
dimensional algebra. One the other hand, higher-dimensional case is more complicated in that we are
interested in the generalized concept of the Verma module, namely a parabolic Verma module.

4Mathematically it is enough to have a complex form of g.

50r lowest weight in more physics-oriented conventions.



where m ) is a matrix representation of V. Note that the highest weight A for the subalgebra
[in (2.2) is given by a pair (A, f), with A specifying the operator dimension and the non-
negative integers [ specifying the spins of the rotation group. The constraint (2.4) then says
that |€2)) is a state with a specific operator dimension A (energy in radial quantization)
and spins L.

So far there is a representation only of [, and we wish to extend this to a representation
of the full algebra g. Now the crucial point is that we need to impose the primary constraint:

0y Q) =0 (2.5)

Starting with the conformal primary |€2)) we can consider its descendants. These are
generated by the action of the subalgebra n_, which spans the parabolic Verma module:

My (X) := span{g1g2...gx|Q%) | 91,92, .- g En_} . (2.6)

(We will comment on the meaning of the index p momentarily.) In our case at hand, this
is nothing but the conformal family of the primary |Q,):

M, <)\ — (A, f)) .= span {P“lPW ...

a_ M>} . (2.7)

We study this parabolic Verma module M, (\) in the rest of this paper.

Here are some supplementary remarks. First, let us explain the reason for the name
“parabolic” (and the notation M, ). From the decomposition (2.1) we can define a parabolic
subalgebra p by

pi=ny el. (28)

The primary constraints ((2.4) and (2.5)) then imply that |€2)) is a representation of p.
Given such a representation V) (whose highest weight we denote by \), we can define the
associated parabolic Verma module by’

My(X) = My(Vy) := U(g) @y Vi, (2.9)

where $(g) and {U(p) are the universal enveloping algebras for g and p, respectively, and V)
here is naturally regarded as a representation of the universal enveloping algebra U(p). We
can verify that this general definition reduces to our previous definition of the parabolic
Verma module M,(\) for the conformal algebra. Let us note that compared with the
general discussion of parabolic Verma modules, our discussion of conformal algebras is
simpler, in that both n; and n_ are Abelian, and that Vj is a trivial representation of n .8

Second, instead of the decomposition (2.2) we can consider the triangular decompo-
sition of the Lie algebra, with [ given by the Cartan subalgebra. The parabolic Verma

5This decomposition is known as the Levi decomposition of a parabolic subalgebra.

"This is an example of an induced representation, and is sometimes denoted by Indp (Va).

8In fact, by abuse of notation we are using the same symbol A for the highest weight, both for a
representation of p and for that of [.



module then reduces to the ordinary Verma module, and the parabolic subalgebra p co-
incides with the Borel subalgebra. This case is familiar from the representation theory of
the Virasoro algebra, in which case the decomposition (2.1) reads

ny = (Ln>o) [ = (Ln=o), n_ = (Ly<o), (2.10)

where L, (n € Z) are the generators of the Virasoro algebra.”

For physical considerations it is important that the parabolic Verma module M;(\) is
equipped with an inner product (the so-called contravariant form). This can be done spec-
ifying the conjugation in the sense of radial quantization (the so-called BPZ conjugation)

Dt =D, (P =K, , ()T = T (2.11)

and canonically normalizing the primary state |[{2)). More generally, we can define an inner
product on M, () by a suitable anti-involution ¢ exchanging n, and n_, and choosing an
inner product to satisfy (g - ulv) = (u|o(g) - v).

Once we have an inner product in M,()), we can define the determinant. While
M,y(X) in itself is an infinite-dimensional representation (and has an ill-defined determi-
nant), M,(\) naturally decomposes into a sum (an infinite sum) of finite-dimensional rep-
resentations (with highest weight p) of p (or rather [ for our discussion of the conformal
group)

My(\) = @ My(W* . (2.12)
m

Let us impose the condition that the inner product is zero between two states with different
w’s. This condition is satisfied for the the conjugation of (2.11). The determinant then
factorizes into a product of the determinant in each of these summands, where the latter
can be defined by choosing a basis {|v1), [v2),...} of Mp(X)u:

det My (M) = gt}t(@z’\vﬁ) : (2.13)
Note also that we are primarily interested in the zeros of the determinant, which are not
affected by the choice of the basis in (2.13).

2.2 Determinant formula and simplicity criterion

The paper by Jantzen [18], which seems to be little-known in the physics literature, gives
an explicit form of the determinant (2.13) (see also [19]).
The formula, stated for our parabolic Verma module M,(\), reads [18, Satz 2]:

det My (\)* = const. H H ((X+p,B8Y) - n)ChM’“(}ﬁnﬁ)“ . (2.14)
BEAL, n>0

Let us explain the symbols in this formula. First, the only important thing to know
about the (A-dependent, but u-independent) constant in front of the determinant is that
it is always non-zero.

9In two dimensions, parabolic Verma modules have been studied in the context of logarithmic CFTs.



Let us next explain the symbol A,. For the semisimple Lie algebra g let us denote by
A the set of simple roots, and by AT the set of positive roots (with respect to a certain
basis of A). Let us denote by II; the roots of A whose corresponding element of g (in the
Weyl-Cartan basis) are in the subalgebra [. We then define A := ZII; U A.1 We further
define the positive part by A" = AT N A,. Finally, we define A, := AT\A;C A*.

Next, for a root 3 € h* the co-root 8 € b is defined by the condition

(A, 8)
A\ BY) =2 , 2.15
ol (8,8) (213)
for all A € h*, where (—, —) is the canonical non-degenerate bilinear form of g, and (—, —)

is the canonical pairing between elements of h and h*. The symbol p denotes the Weyl
vector

pz:% > a. (2.16)

acAt

The power of (2.14) is defined as the p-component of the character ch M,(\), the
character of our parabolic Verma module M, (\):

ch My(X) =: ) ch My(M)ey . (2.17)

where e, is a formal generator (with p running over integral weights), whose linear combi-
nation gives a character. This character is related to the character ch M () of the ordinary
Verma module by [18, Lemma 1]

ch My(A) = > det(w)ch M(w- A) . (2.18)
weW;

Here W) is the Weyl group of the subalgebra [.

In general, the argument of ch M, in the determinant formula (2.14), namely A — nf,
is not a highest weight of the rotation group [. In those cases we can use the right hand
side of (2.18) as the definition of ch M,.1? Consequently ch M,(XA —nf3) in general contains
negative entries when expanded in terms of the basis e,.

From the determinant formula (2.14), we can derive the simplicity criterion of
Jantzen [18, Satz 3]. First, the parabolic Verma module clearly has no null states if the set

Ul ={B€Au|ng:=A+p,B") € Zso} (2.19)

is empty. If this set is not empty, then § € ‘11;( potentially contributes to the zero of the
determinant. However, there can still be cancellations for the powers in (2.14). In order

ONote that [ is not semi-simple (I = so(D) @ s0(2)), and A; defined this way contains the roots in g
corresponding to the Abelian part of [, namely the root for the dilatation generator D. Note also that we
choose the basis of A as a subset of the basis for A.

" M, here is denoted by M’ in [18].

12For this reason it is mathematically more precise to use a different symbol for the right hand side
of (2.18), and not the symbol ch M,. Since this paper is primarily intended for applications I chose to use
the same symbol here for simplicity.



for this to happen, we need to have the sum of the exponents to vanish:

> ch My(A = ngB)* =0 (2.20)
Bewy

for each p. Since A —ngfB is a Weyl reflection sg of X by 3

A=ngB=A=(A+p,B)f=s3-A (2.21)

and since we have (2.17), we come to the following result [18, Satz 3|: our parabolic Verma
module is simple (i.e. contains no null states) if and only if

> ch My(sg-A)=0. (2.22)
Bewy

While this criterion (determining the positions of the zeros of the determinant) is sufficient
for many purposes, the determinant formula (2.14) contains also the information of the
multiplicities of the zeros.

There are several remarks on the formula (2.14).

First, let us consider the case of the ordinary Verma module. In this case, we have

ch My(A\) =ch M(A\) = P(u)ex_ (2.23)
1

where the Kostant function P(u) is defined to be the number of ways we can express p as
a sum of positive roots with positive coefficients. In particular P(u) is zero whenever the
we have negative coefficients in the expansion of y in terms of positive roots. This gives
the formulas of [20, 21] (the Jantzen-Shapovalov determinant formula):

det M(\)* = const. H H (A +p,8") - ”)P(/\ﬂhnmM : (2.24)
BeA+ n>0

This formula is better-known in the literature. We stress, however, that for general discus-
sion of CFTs we need the more general formula of (2.14).

Second, the meaning of the abstract definition of A becomes clearer when we consider
the example of the conformal algebra. In this case, AT is the set of the positive roots for
the whole conformal algebra, and in particular contains the roots corresponding to the
momentum P* as well as the lowering operators of the rotation group (J~ for D = 3 in the
standard notation; let us here use the notation J~ for general D). For an ordinary Verma
module the [ is a Cartan subalgebra, and hence A is empty and A, = A, is given by
these roots, explaining the appearance of AT in (2.24): P* as well as the rotation raising
operators J- generates descendants.

However, we know that this is not what we do in CFTs, and that P* and J- play
rather different roles. Since we are interested in the representations with a fixed spin, any
state should be annihilated by J ~’s, if repeated sufficiently many times. The P*’s, how-
ever, generates conformal descendants (derivatives of the operators in the state-operator
correspondence), and repeated application of the P*’s never annihilates the state (unless



we decouple a null state in the conformal descendant). The descendants should be labeled
by the roots for P* only, and we should mod out by the action of J ~, which only changes
the states inside the same representation of the rotation group (for D = 3, J~ changes
eigenvalues of J? in the standard notation). This points to the conclusion that for discus-
sions of descendants we should really consider the roots in A, = AT\A(, explaining the
appearance of the set A, in (2.14).

The null states could still be at the location labeled by positive linear combinations of
the elements of A, say at the location Zsga1 + Z~gas for two elements oy, s € Af{. The
surprise in the formula (2.14) is that this does not happen, and the null states can and do
indeed appear at Z-oa for a single element o € A, and not anywhere else. It would be
nice to provide simple intuitive explanation for this remarkable fact.

Finally, let us make one small consistency check of (2.14). Since A is the highest weight
for a representation of p (or rather [ for the case of the conformal algebra), w- A for w € W;
has a weight smaller than A, unless w = 1, which gives the weight A\. This in particular
means that ch My(A)* = 0 when g > X. This ensures that ch My(A — na)* = 0 for n > 0,
which makes sense since p = A is a primary state in itself and hence should not admit any
null states.

2.3 Conjecture for superalgebras

It is straightforward to generalize the concept of a parabolic Verma module to the case of
Lie superalgebras. This is needed for the discussion of the superconformal algebras [22-24].

The formula is very similar to the bosonic case, so we here comment briefly on some
changes. The superconformal algebra now contain fermionic generators of supersymmetry
Q! fermionic superconformal generators S!, as well as bosonic R-symmetry generators
R’ with R-symmetry indices denoted by I,.J,.... For spinors the details of the reality
conditions of the spinors vary from dimension to dimension, and we here schematically
denoted them by a. For example, in four spacetime dimensions (D = 4) « here in more
standard notation represents both the dotted and un-dotted spinor indices, o and .

Most of the stories works in parallel, replacing the representation of the bosonic Lie
algebra by that of the super Lie algebra. For example, the supersymmetric version of the
decomposition (2.1) now reads

[= <D, J;LIMRIJ) ) ny = <Ku7 Sé) ) n_ = <P,u7 Qg) : (225)

and a conformal primary is replaced by a superconformal primary, which is annihilated
both by K, and SI. For the definition of the inner product and the conjugation we add

@)'=si, (R)T=RY. (2.26)
The parabolic Verma module is spanned by superconformal descendants
My(X\) = span { Q[ ... QL Pripr> _ Pr Q%)) . (2.27)

From mathematical standpoint this is not the most general parabolic Verma module: [
does not contain fermionic/odd elements.



A determinant formula for a generalized Verma module for a superalgebra does not
seem to be known in the literature, at least in the explicit form as stated above for the
bosonic case.'> The formula question should be a natural generalization of (2.14). Our
conjecture for the determinant formula, for the case where [ does not contain fermionic
generators, and for g being one of the finite-dimensional superconformal algebras classified
n [24], is

det M(A\)* = const. [ H(/\+p,5v>—*

)chMp()\ nB)u
BEAL 0,0 n>0 2

2n 1 ch My g(A=(2n—1)B).
> (2.28)

X (A v
T II(a+es-2;
BeAT, (8,8)£07>0
< JI  Gap o
a€AT, (8,8)=0
Here we denoted by A™ the set of positive roots, which are decomposed into the set of
positive bosonic roots AS’ and that of positive fermionic roots Ai": AT = Aar U Ai".
Otherwise Ag, is defined in a similar manner to A, for the bosonic case. We then define
its subspace Zo,n by

Ao :={B € Do, B/2¢ A1}, (2.29)

In the determinant formula the product is over the set Zo,n, and not over the whole of
Ag . This is because for a fermionic root § € Ay with (3, 8) # 0, 25 is a bosonic root,
and we need to avoid over-counting.

We modified the definition of the Weyl vector to be

p:% Za—Za , (2.30)

acAf aEAT
The character ch My g is ch M, with the contribution from the fermionic root 3 removed.
More precisely, the general definition, generalizing (2.18), is given by
ch My 5(\) := ) det(w) ch My.g(w - A) . (2.31)
weW,
with ch Mg(X) being the (ordinary) Verma module character with contributions from the
fermionic root [ removed:

ch Mg(\) := ch M(X) (1+e_g) . (2.32)

One justification for our conjecture is that for a Verma module this formula reduces
to the formula by Kac [27].14 We can also check that this formula reduces to the previous
formula (2.14) for a bosonic Lie algebra.'®

13See however [25, 26] for recent discussions on orthosymplectic Lie superalgebras.

“The determinant formula for a (non-parabolic, i.e. ordinary) Verma module, which was first written
down by Kac in [1, 28], turned out to be incorrect. Kac himself later corrected his formula in [27].

5Note added on revision: this conjecture was subsequently proven by Y. Oshima and the author [29].



In (2.28), the fermionic roots play rather different roles depending on whether or not
the root has zero norm or not.

3 Remarks on applications

One application of the determinant formula is that it places severe constraints on the possi-
ble singularities of the conformal blocks, as functions of intermediate operator dimensions.

For concreteness let us consider a 4-point functions of four scalar operators O;(z1), ...,
O4(z4) with operator dimensions A1, ..., Ay. Conformal symmetry constraints the 4-point
function to be of the form

1
(01(21)O2(22)O3(23)Oa(22)) = D Nb0,0, 5iarTmsn) 3 7AA) 9ai(w:?)
00 X0 L1 T34
(3.1)
where z;; 1= z; — z;, Aoo,0, are OPE structure coefficients, and u,v are the conformal

cross-ratios defined by

2 .2 2 .2
Tiok T4
12-¥34 v 14423 ) (32)

2 .2 : 2 2
Ti3Toy L13T24

—

The sum in (3.1) is over all the conformal primaries O (with dimension A and spin /) in
the OPE of the operators O; and O,. The function G Af(u, v) is the conformal block for
the scalar four-point function, and once we know this function we could start exploring
the constraints from crossing symmetry and unitarity, as has been done recently in the
literature.

We are interested in the poles of the conformal blocks as a function of the operator
dimension A. The fact that the conformal block, and hence the 4-point function, has poles
can be seen from the following representation of the 4-point function

(O1(21)O2(22)O3(3)O4(4))
_ 3 (O1(21)Oa(w2)| ) (| O3(23) Os(24)) (3.3)

{ala) ’

a=0,PrQO,...,; Oc01xO2

where the sum is now over all the descendants v = P#*1 - .- P#» (O of the conformal primary
O. This equation represents the fact that the set of conformal primaries (O’s), as well as
their descendants, span a complete basis of states. This is the case for a generic value of A.

We find from (3.3) that the divergence can arise when the norm of « is zero, namely

16

when « is a null state (singular vector). This happens precisely when the value of

the operator dimension A is fine-tuned (to a value, say, A = A,) such that one of the
determinants (for a generalized Verma module determined for given A and [) vanishes (for
some value of u). Note that in general such singularities are generically order one poles,

but in general can be higher orders poles.

6 As in (3.1), the four-point function diverges in the OPE limit where a pair of z;’s coincide. Here we
are discussing divergence which arise with fixed values of the coordinates z;’s.



For such fine-tuned values of A, the presence of the null states means that the parabolic
Verma module is reducible as a representation of the (super)conformal algebra, and that
it decomposes into the null descendants, and the rest with the null descendants decoupled
(namely, the quotient of the parabolic Verma module modulo null descendants). This fact
has a counterpart in the conformal blocks. The conformal block at A generic is singular at
A = A, and is not smoothly connected with that for A = A,, which is defined from (3.3)
with null descendants removed from «. The singular behavior as A — A, is governed by
null descendants, and this fact is the basis for the recursion relation of [7].

As the discussions above makes clear, we reach the same conclusion if we have 4-point
functions of more general operators with arbitrary spins. This places a rather stringent
constraint on the analytic behavior of the conformal blocks, we can derive this constraint
purely from the representation-theoretic analysis.

One cautionary remark is that the inverse of the preceding statement does not hold:
namely, even when A is chosen such that the determinant formula vanishes, the conformal
block might not have a singularity in general. For example, the coefficient coming from
the three-point function (i.e. residue) could still be zero, for example by representation-
theoretic reasons. A good example for this is the discussion of the scalar conformal blocks
in [7], where the poles for the type IV states are absent from the conformal block for the
four scalar operators. Even when it has a singularity, we could have double and higher-
order poles. Indeed, the four-dimensional scalar conformal block discussed in [30] does
contain such double poles.

Once we know the positions of poles of conformal blocks, we can also try to study the
residues of the conformal blocks. As illustrated in [7], this requires an explicit form of the
null states, about which little seems to be known at present (except for the cases studied
in [7]). Once we know the poles and residues we can in addition analyze the behavior
A — 00, to derive recursion relations for conformal blocks [7].17 This procedure, however,
could in general be complicated by the presence of double poles and higher order poles.

We also note that the determinant formula is useful for the systematic derivations of
the unitarity bounds (see [7]). The constraint of the unitarity is that the norm of the all
states are positive, and when this fails as we change the parameters some of the states
will necessarily have zero norm. In other words, we can derive unitarity bound from the
absence of the null states.

In the literature we often derive the unitarity bound by working out the absence of the
null states in the first level descendant of the primary. However, for a complete derivation
of the unitarity bound we need to make sure that no stronger constraints arise from the
further descendants, and it is rather non-trivial to show that this is indeed the case.'® Note
that the classic paper of [16] discuss the unitarity bound using the Kac’s criterion [28].
However, the representations discussed in [28] are the (non-parabolic, i.e. ordinary) Verma

"The recursion relation for the scalar block was first obtained in [31]. See also [32, 33] for recent
related work.

8See [34] for D = 3 and [12] for D = 4, see also [35] for more recent related work. However, the proofs
for D = 3,4 are rather involved, and do not generalize easily for general D. Our determinant formula, by
contrast, is applicable to general D.

,10,



modules for the Cartan subalgebra, and as we have seen what is relevant for our discussion
of conformal blocks is a more general parabolic Verma module.

Finally, instead of avoiding the null states one can try to taking advantage of them.
Just as in the case of two dimensions, we might eliminate the null states and define a
higher-dimensional counterparts of the minimal models.

Acknowledgments

The author would like to thank in particular J. Penedones and E. Trevisani for related
collaboration [7], without which this paper would never have been materialized. He would
also like to thank Y. Oshima for discussion on mathematical aspects and also L. Dolan,
S. Giombi, J. Humphreys, J. Maldacena, D. Simmons-Duffin, E. Witten for stimulating
discussion.

This work was close to completion in late 2013, however was kept in the author’s
desk for more than two years. I would like to thank V.S. Rychkov for encouraging me to
complete this work.

This research is supported by WPI program (MEXT, Japan), by JSPS Program for
Advancing Strategic International Networks to Accelerate the Circulation of Talented Re-
searchers, by JSPS KAKENHI Grant No. 15K17634, and by Adler Family Fund. He would
also like to thank KITP UCSB (“New Methods in Nonperturbative Quantum Field The-
ory”, Grant No. NSF PHY11-25915) for hospitality where part of this work has been per-
formed. The contents of this paper was presented at the conference “Back to the Bootstrap
IV” | University of Porto, July 2014.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] V.G. Kac, Contravariant form for infinite-dimensional Lie algebras and superalgebras, in
Group theoretical methods in physics, Springer, Berlin Germany (1979), pp. 441-445.

[2] B.L. Feigin and D.B. Fuks, Invariant skew symmetric differential operators on the line and
verma modules over the Virasoro algebra, Funct. Anal. Appl. 16 (1982) 114 [InSPIRE].

[3] S. Ferrara, A.F. Grillo and R. Gatto, Tensor representations of conformal algebra and
conformally covariant operator product expansion, Annals Phys. 76 (1973) 161 [INSPIRE].

[4] A.M. Polyakov, Nonhamiltonian approach to conformal quantum field theory (in Russian),
Zh. Eksp. Teor. Fiz. 66 (1974) 23 [INSPIRE].

[5] R. Rattazzi, V.S. Rychkov, E. Tonni and A. Vichi, Bounding scalar operator dimensions in
4D CFT, JHEP 12 (2008) 031 [arXiv:0807.0004] [INSPIRE].

[6] V.S. Rychkov and A. Vichi, Universal Constraints on Conformal Operator Dimensions,
Phys. Rev. D 80 (2009) 045006 [arXiv:0905.2211] [INSPIRE].

— 11 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1007/BF01081626
http://inspirehep.net/search?p=find+J+%22Funct.Anal.Appl.,16,114%22
http://dx.doi.org/10.1016/0003-4916(73)90446-6
http://inspirehep.net/search?p=find+J+%22AnnalsPhys.,76,161%22
http://inspirehep.net/search?p=find+J+%22Zh.Eksp.Teor.Fiz.,66,23%22
http://dx.doi.org/10.1088/1126-6708/2008/12/031
https://arxiv.org/abs/0807.0004
http://inspirehep.net/search?p=find+EPRINT+arXiv:0807.0004
http://dx.doi.org/10.1103/PhysRevD.80.045006
https://arxiv.org/abs/0905.2211
http://inspirehep.net/search?p=find+EPRINT+arXiv:0905.2211

7]

[12]

[13]

[14]

[15]

[16]

[17]

[20]

[21]

[22]
23]

[24]

[25]

[26]

J. Penedones, E. Trevisani and M. Yamazaki, Recursion Relations for Conformal Blocks,
JHEP 09 (2016) 070 [arXiv:1509.00428] [INSPIRE].

D. Kazhdan and G. Lusztig, Representations of Cozeter groups and Hecke algebras,
Invent. Math. 53 (1979) 165.

M.G. Eastwood and J.W. Rice, Conformally invariant differential operators on Minkowsk:
space and their curved analogues, Commun. Math. Phys. 109 (1987) 207 [INSPIRE].

L. Dolan, C.R. Nappi and E. Witten, Conformal operators for partially massless states,
JHEP 10 (2001) 016 [hep-th/0109096] [NnSPIRE].

0.V. Shaynkman, I.Y. Tipunin and M.A. Vasiliev, Unfolded form of conformal equations in
M dimensions and o(M + 2) modules, Rev. Math. Phys. 18 (2006) 823 [hep-th/0401086]
[INSPIRE].

G. Mack, All Unitary Ray Representations of the Conformal Group SU(2,2) with Positive
Energy, Commun. Math. Phys. 55 (1977) 1 [INSPIRE].

V.K. Dobrev and V.B. Petkova, All Positive Energy Unitary Irreducible Representations of
Eztended Conformal Supersymmetry, Phys. Lett. B 162 (1985) 127 [INSPIRE].

V.K. Dobrev and V.B. Petkova, On the group-theoretical approach to extended conformal
supersymmetry: Classification of multiplets, Lett. Math. Phys. 9 (1985) 287 [INSPIRE].

V.K. Dobrev and V.B. Petkova, Group Theoretical Approach to Extended Conformal
Supersymmetry: Function Space Realizations and Invariant Differential Operators, Fortsch.
Phys. 35 (1987) 537 [InSPIRE].

S. Minwalla, Restrictions imposed by superconformal invariance on quantum field theories,
Adv. Theor. Math. Phys. 2 (1998) 781 [hep-th/9712074] [INSPIRE].

F.A. Dolan and H. Osborn, On short and semi-short representations for four-dimensional
superconformal symmetry, Annals Phys. 307 (2003) 41 [hep-th/0209056] [INSPIRE].

J.C. Jantzen, Kontravariante Formen auf induzierten Darstellungen halbeinfacher
Lie-Algebren, Math. Ann. 226 (1977) 53.

J. Humphreys, Representations of Semisimple Lie Algebras in the BGG Category O, AMS,
Providence RI U.S.A. (2008).

J.C. Jantzen, Darstellungen halbeinfacher algebraischer Gruppen und zugeordnete
kontravariante Formen, Bonn. Math. Schr. 226 (1973) 124.

N.N. Sapovalov, A certain bilinear form on the universal enveloping algebra of a complex
semisimple Lie algebra, Funkt. Anal. Pril. 6 (1972) 65.

V.G. Kac, Lie Superalgebras, Adv. Math. 26 (1977) 8 [INSPIRE].

L. Frappat, P. Sorba and A. Sciarrino, Dictionary on Lie superalgebras, hep-th/9607161
[INSPIRE].

W. Nahm, Supersymmetries and their Representations, Nucl. Phys. B 135 (1978) 149
[INSPIRE].

Y. Su and R.B. Zhang, Generalised Verma modules for the orthosympletic Lie superalgebra
08Py, J. Algebra 357 (2012) 94.

K. Coulembier, Bernstein-Gelfand-Gelfand resolutions for basic classical Lie superalgebras, J.
Algebra 399 (2014) 131.

— 12 —


http://dx.doi.org/10.1007/JHEP09(2016)070
https://arxiv.org/abs/1509.00428
http://inspirehep.net/search?p=find+EPRINT+arXiv:1509.00428
http://dx.doi.org/10.1007/BF01390031
http://dx.doi.org/10.1007/BF01215221
http://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,109,207%22
http://dx.doi.org/10.1088/1126-6708/2001/10/016
https://arxiv.org/abs/hep-th/0109096
http://inspirehep.net/search?p=find+EPRINT+hep-th/0109096
http://dx.doi.org/10.1142/S0129055X06002814
https://arxiv.org/abs/hep-th/0401086
http://inspirehep.net/search?p=find+EPRINT+hep-th/0401086
http://dx.doi.org/10.1007/BF01613145
http://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,55,1%22
http://dx.doi.org/10.1016/0370-2693(85)91073-1
http://inspirehep.net/search?p=find+J+%22Phys.Lett.,B162,127%22
http://dx.doi.org/10.1007/BF00397755
http://inspirehep.net/search?p=find+J+%22Lett.Math.Phys.,9,287%22
http://inspirehep.net/search?p=find+J+%22Fortsch.Phys.,35,537%22
https://arxiv.org/abs/hep-th/9712074
http://inspirehep.net/search?p=find+EPRINT+hep-th/9712074
http://dx.doi.org/10.1016/S0003-4916(03)00074-5
https://arxiv.org/abs/hep-th/0209056
http://inspirehep.net/search?p=find+EPRINT+hep-th/0209056
http://dx.doi.org/10.1016/0001-8708(77)90017-2
http://inspirehep.net/search?p=find+J+%22Adv.Math.,26,8%22
https://arxiv.org/abs/hep-th/9607161
http://inspirehep.net/search?p=find+EPRINT+hep-th/9607161
http://dx.doi.org/10.1016/0550-3213(78)90218-3
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B135,149%22

[27]

V.G. Kac, Highest weight representations of conformal current algebras, in Symposium on
Topological and Geometrical Methods in Field Theory, Espoo, Finland, June 8-14 1986,
World Scientific Publishing, Teaneck NJ U.S.A. (1986), pp. 3-15.

V.G. Kac, Representations of classical Lie superalgebras, in proceedings of the 2nd
Conference on Differential Geometrical Methods in Mathematical Physics, Bonn, Germany,
July 13-16 1977, K. Bleuler, H.R. Petry and A. Reetz eds., Springer-Verlag, Berlin Germany
(1978) [Lect. Notes Math. 676 (1978) 597] [INSPIRE].

Y. Oshima and M. Yamazaki, Determinant Formula for Parabolic Verma Modules of Lie
Superalgebras, arXiv:1603.06705 [INSPIRE].

F.A. Dolan and H. Osborn, Conformal four point functions and the operator product
expansion, Nucl. Phys. B 599 (2001) 459 [hep-th/0011040] [INSPIRE].

F. Kos, D. Poland and D. Simmons-Duffin, Bootstrapping the O(N) vector models,
JHEP 06 (2014) 091 [arXiv:1307.6856] [INSPIRE].

F. Kos, D. Poland and D. Simmons-Duftin, Bootstrapping Mixed Correlators in the 3D Ising
Model, JHEP 11 (2014) 109 [arXiv:1406.4858] [NSPIRE].

L. Tliesiu, F. Kos, D. Poland, S.S. Pufu, D. Simmons-Duffin and R. Yacoby, Fermion-Scalar
Conformal Blocks, JHEP 04 (2016) 074 [arXiv:1511.01497] INSPIRE].

N.T. Evans, Discrete series for the universal covering group of the 3 + 2 de Sitter group, J.
Math. Phys. 8 (1967) 170.

B. Grinstein, K.A. Intriligator and 1.Z. Rothstein, Comments on Unparticles,
Phys. Lett. B 662 (2008) 367 [arXiv:0801.1140] [INSPIRE].

,13,


http://inspirehep.net/record/127435
https://arxiv.org/abs/1603.06705
http://inspirehep.net/search?p=find+EPRINT+arXiv:1603.06705
http://dx.doi.org/10.1016/S0550-3213(01)00013-X
https://arxiv.org/abs/hep-th/0011040
http://inspirehep.net/search?p=find+EPRINT+hep-th/0011040
http://dx.doi.org/10.1007/JHEP06(2014)091
https://arxiv.org/abs/1307.6856
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.6856
http://dx.doi.org/10.1007/JHEP11(2014)109
https://arxiv.org/abs/1406.4858
http://inspirehep.net/search?p=find+EPRINT+arXiv:1406.4858
http://dx.doi.org/10.1007/JHEP04(2016)074
https://arxiv.org/abs/1511.01497
http://inspirehep.net/search?p=find+EPRINT+arXiv:1511.01497
http://dx.doi.org/10.1016/j.physletb.2008.03.020
https://arxiv.org/abs/0801.1140
http://inspirehep.net/search?p=find+EPRINT+arXiv:0801.1140

	Introduction
	Determinant formula
	Parabolic Verma modules
	Determinant formula and simplicity criterion
	Conjecture for superalgebras

	Remarks on applications

