PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: May 27, 2016
REVISED: September 1, 2016
ACCEPTED: September 25, 2016
PUBLISHED: October 5, 2016

Summing threshold logs in a parton shower

Zoltan Nagy® and Davison E. Soper’
“DESY,
Notkestrasse 85, 22607 Hamburg, Germany

b Institute of Theoretical Science, University of Oregon,

Eugene, OR 97403-5203, U.S.A.

E-mail: Zoltan.Nagy@desy.de, soper@uoregon.edu

ABSTRACT: When parton distributions are falling steeply as the momentum fractions of
the partons increases, there are effects that occur at each order in oy that combine to affect
hard scattering cross sections and need to be summed. We show how to accomplish this in
a leading approximation in the context of a parton shower Monte Carlo event generator.

KEYWORDS: Perturbative QCD, Resummation

ARXIv EPRINT: 1605.05845

OPEN AccEss, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP10(2016)019


mailto:Zoltan.Nagy@desy.de
mailto:soper@uoregon.edu
https://arxiv.org/abs/1605.05845
http://dx.doi.org/10.1007/JHEP10(2016)019

Contents

1

2
3
4

Introduction
The DEDUCTOR framework
Some main features of the threshold enhancement
The parton distribution functions
4.1 Parton evolution equations
4.2 Approximate analytic result
The probability preserving integrand V(t)
The Sudakov integrand S(t)
6.1 Decomposition of S(t)
6.2 Approach to calculating SPe't(¢)
6.3 Virtual contributions for final state partons
6.4 Virtual contributions for initial state partons
6.5 The complete S(t)
The cross section changing exponent
7.1 Final state partons
7.2 Initial state partons
7.2.1 Integration ranges
7.2.2 Revised A, term
7.2.3 Infrared cutoff
7.2.4 Running coupling
7.2.5 Result
The cross section changing exponent in the LC-+ approximation
Comparison to the standard summation

9.1
9.2
9.3
9.4

The single power approximation for the Mellin transform
Rapidity dependence

The standard result

The comparison

10 Numerical comparisons

10.1 Drell-Yan

10.2 Drell-Yan transverse momentum
10.3 Jets

11 Summary of the analysis

12 Choices in DEDUCTOR

13 Outlook

co 0w =~ W -

10
12

15
15
16
18
18
19

19
20
20
21
24
24
25
25

26

27
27
28
30
30

32
33
36
39

43
45
46



A Notation and kinematics 47

B Calculation of the probability conserving integrand V(t) 49
B.1 Final state partons 50
B.2 Initial state partons 55

C Calculation of the virtual graphs 61
C.1 Final state interference diagrams 63

C.1.1 Integral in Coulomb gauge 63
C.1.2 Dipole part 64
C.1.3 Dipole real part 67
C.1.4 Dipole imaginary part 68
C.1.5 Dipole total 69
C.1.6 Eikonal self-energy integral 69
C.1.7 Total I-k interference graph 70
C.2 Initial state interference diagram 70
C.3 Initial state-final state interference 71
C.4 Self-energy diagrams 73
C.4.1 Gluon self-energy 74
C.4.2 Quark self-energy 75
C.4.3 Self-energy in general 76

1 Introduction

One often wants to calculate the cross section for a hard process in hadron-hadron collisions
under the circumstance that one or both of the required momentum fractions n, and n
for the initial state partons is large. Then the corresponding parton distribution functions
fa/A(na,,uQ) or fb/B(nb,,uQ) will be steeply falling as a function 7, and n,. In this case,
the cross section calculated beyond the leading order is enhanced compared to the leading
order cross section. The effect is said to be due to “threshold logarithms”.! The amount
of enhancement is proportional to how fast fa/A(na,,uQ) or fb/B(nb,,uz) is falling. The
threshold enhancement grows as 1, and 7, increase, but 7, and 7, do not have to be close
to 1 for the threshold logarithms to start to be significant. One can count 7, > 0.1 and
np > 0.1 as being part of the threshold region.

In the threshold region, it is useful to sum the enhanced contributions. Already in
1987, Sterman [1]| pointed out the issue and showed how to understand it and sum the
threshold logarithms. Since then, there has been a substantial development in the field,
including both treatments following the traditional direct approach [2-32] and treatments

'For the emission of soft gluons from, say, parton “a”, we have an integration over the fraction (1 — z) of
Na that is taken by the gluons. There is a parton factor f,a(na/z, 1) and a singular function of (1 — z).
The integration is limited by the falloff of f,/4(na./z, u?) as (1 — z) increases. This integration produces
logarithms of the effective upper bound on (1 — z). For details, see section 9.



using soft-collinear effective theory [33-44|. Comparisons of these approaches can be found
in refs. [45-47].

Even before the study of threshold logarithms began, Sjostrand [48] and Marchesini and
Webber [49] had introduced parton shower event generators that were important in the mid
1980s and whose direct descendants are still essential tools today [50-65|. These programs
are based on iterating parton splittings derived from perturbative quantum chromodynamics
(QCD). Because of this iterative structure based on the soft and collinear singularities of
the theory, they sum many sorts of logarithms in a natural way. For instance, parton shower
event generators can sum logarithms of k?r /M2, where kt is the transverse momentum of a
Z-boson produced in the Drell-Yan process [66]. Also, the analysis of ref. [4] connects the
summation of threshold logarithms to the structure of a parton shower.

Current standard parton shower event generators do not sum threshold logarithms.
However, it is possible to rearrange them so that they do sum the leading threshold loga-
rithms. In this paper, we show how to do that.

Our analysis is based on our own parton shower event generator, DEDUCTOR [67-74].
We make this definite choice because we need to be specific with respect to shower kinemat-
ics, the choice of shower ordering variable, splitting functions, and the treatment of color.
For this paper, we use a new version, 2.0.2, of DEDUCTOR.?

Even though our analysis uses definitions specific to DEDUCTOR, we think that it
will be apparent that the results could be adapted to other hardness based parton shower
generators, such as PYTHIA [65] and SHERPA [61]. With somewhat more restructuring,
it should be possible to adapt the results to the angle ordered parton shower generator
HERWIG [60].

We present some of the features of the theoretical framework in section 2. Then, before
we begin the analysis, we exhibit in section 3 some of the main features of the result and
of where this result comes from. Inevitably, we leave a lot out. The details are presented
later in the paper. Section 4 discusses the role of parton distribution functions. Section 5
analyzes the Sudakov exponent conventionally used in parton shower algorithms. Section 6
presents a revised Sudakov exponent to be used if one wants to include threshold logarithms.
Sections 7 and 8 analyze the exponential that contains the threshold logarithms. Section 9
presents a comparison of the leading behavior of the threshold factor in this paper to the
factor in previous treatments of threshold logarithms. Section 10 presents numerical results
obtained with the DEDUCTOR parton shower. There are three concluding sections. In
section 11, we summarize the main steps of the analysis that has been presented, leaving
out the supporting arguments. The reader may wish to read section 11 first, then return to
it after absorbing the supporting arguments. In section 12, we describe some of the choices
available in running DEDUCTOR. In section 13, we say something about the advantages
and disadvantages of putting threshold enhancements into a parton shower. We have tried
to keep the main presentation relatively short by relegating calculational details to three
appendices.

*Version 2.0.2 of the code, used in this paper, is available at http://www.desy.de/~znagy /deductor/
and http://pages.uoregon.edu/soper/deductor/ .


http://www.desy.de/~znagy/deductor/
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2 The DEDUCTOR framework

Our analysis is based on the parton shower event generator, DEDUCTOR [67-74|, which
uses specific choices with respect to shower kinematics, the shower ordering variable, the
parton splitting functions, and the treatment of color. In this section, we outline some of
these choices that play a role in the analysis of this paper.

An exact treatment of leading threshold logarithms requires an exact treatment of color,
which is available in the general formalism of refs. [67-74]. The exact color treatment is not
implemented in the code of DEDUCTOR. Rather, we are able to use only an approximation,
the leading-color-plus (LC+) approximation. However, in this paper we develop the theory
using exact color. Then the LC+ approximation consists of simply dropping some terms.

In DEDUCTOR, we order splittings according to decreasing values of a hardness pa-
rameter A2. The hardness parameter is based on virtuality. For massless partons, the
definition is

A2 — (D1 + Pms1)? 02

final state
2p; - Qo 0 ’
. . (2.1)
2 (pa _pm+1)2 2 L.
A = T o Qo Qo initial state.
Pa - o

Here the mother parton in a final state splitting has momentum p; and the daughters have
momenta p; and p,,+1. For an initial state splitting in hadron A, the mother parton has
momentum p,, the new initial state parton has momentum p, and the final state parton
created in the splitting has momentum p,,,1.> For hadron B, we replace “a” — “b”. We
denote by Qg a fixed vector equal to the total momentum of all of the final state partons just
after the hard scattering that initiates the shower. We often use a dimensionless “shower
time” variable given by

t = log(QF/A?) . (2:2)

Then ¢ increases as the shower develops.

One could use some other hardness parameter to order the shower. For instance, various
measures of the transverse momentum in a splitting are popular choices. In this paper, we
use A2 because that is what we have implemented in DEDUCTOR.

In an initial state splitting, parton distribution functions enter the splitting functions.
Then we need a scale parameter for the parton distribution functions. We use the virtuality
of the splitting:

Mi(t) = 2pa - Qo et )

] (2.3
1 (t) = 2py - Qoe".
Similarly, for a final state splitting of parton [, the virtuality parameter is
pi(t) =2p- Qoe". (2.4)

3Here p. is the momentum of the mother parton in the sense of shower evolution that moves from hard
interactions to softer interactions. With initial state splittings, the shower development moves backwards
in physical time.



It proves convenient to use a dimensionless virtuality variable y. For an initial state splitting,

o) pR)
YT QT @2 23)

where () = p, + pp is the total momentum of the final state particles in the shower state

before the splitting. We collect these and other notations used throughout the paper in
appendix A.

DEDUCTOR 1.0 uses non-zero charm and bottom quark masses, both in the final and
the initial states. However, we have simplified the code in DEDUCTOR 2.0? that we use here
by setting the charm and bottom quark masses to zero in the parton kinematics (although
charm and bottom quark thresholds in the evolution of parton distribution functions re-
main). This is evidently an approximation, but this approximation does not matter for the
physics investigated in this paper, the threshold logarithms at very large parton collision
energies.

The general formalism includes parton spins, but the current implementation in
DEDUCTOR simply eliminates spin by averaging over the mother parton spin before each
splitting and summing over the daughter parton spins. In this paper we keep the analysis
as simple as we can by doing the same spin averaging, so that spin dynamics does not
play a role.

3 Some main features of the threshold enhancement

As in our previous work [67-74], we find it useful to think of parton shower evolution as
describing the evolution of a statistical state vector ‘ p(t)). The shower time ¢ represents
the hardness scale of the current state. As t¢ increases, parton emissions get softer and
softer. At shower time ¢, ‘ p(t)) represents the distribution of partonic states in an ensemble
of runs of the Monte Carlo style program. Without color or spin, |p(t)) would simply
represent a probability distribution in the number m + 2 of partons (m final state partons
and two initial state partons), their flavors f, and their momenta p. With the inclusion of
color,

,o(t)) is a little more complicated: it represents the probability distribution of parton
flavors and momenta and the density matrix in the quantum color space. As stated in the

introduction, we ignore spin in this paper. If spin were included, p(t)) would represent the
density matrix in the combined color and spin space.

In the notation we use here, a measurement of some property F' of the partonic system,
like the number of jets with transverse momenta bigger than some given value, is represented
by a vector (F ‘ The average cross section corresponding to measurement F' at time ¢ is
(F ‘ p(t)). Of particular importance is the completely inclusive measurement, which we
denote by (1‘ Thus the total cross section represented by state ‘p(t)) is (1‘p(t)). To
compute (1‘p(t)), we sum over the number of partons and their flavors, integrate over the
parton momenta, and take the trace of the density matrix in color space.

We represent the evolution of the shower by the equation

& 1p(0)) = [a(1) — S(@)|o(1). (3.1)



Here H;(t) represents real parton emissions and increases the number of final state partons
by one. It contains splitting functions derived from QCD and a ratio of parton distribution
functions. The operator S(t) leaves the number of partons, their momenta, and their flavors
unchanged. It is, however, an operator on the color space. The operator S(t) contains terms
representing two effects. It contains a term derived from one loop virtual graphs. It also
contains a term proportional to the derivative with respect to scale of the parton distribution
functions. This term is needed because parton distribution functions appear at the hard
interaction and then (with a different scale) at each parton splitting. Thus one needs a term
in S(t) that cancels the parton distributions at the old, harder, scale and inserts parton
distributions at the new, softer, scale.
It is useful to solve the shower evolution equation (3.1) in the form

p(t)) = Us(t,to)|p(to)) (3.2)
where .
Us(t. to) = Ns(t,to) + / dr Us(t, YH()Ns(7, to) (3.3)

Here Ns(7,tp) is the no-splitting operator, given by a time-ordered exponential of the
integral of S(7'),
-
Ns(,tg) = Texp [—/ dr’ 8(7'/):| . (3.4)
t

0
Thus, the number of partons, their flavors, and their momenta remain unchanged from
time tp to some intermediate time 7. The probability for the state can be multiplied by
a numerical factor or, in general, by a matrix in color space. The no-splitting operator
is usually called the Sudakov factor. In eq. (3.3), there is a splitting at the intermediate
time 7, as specified by the splitting operator H;(7). After that, there is more evolution
according to the full evolution operator Us(t, 7).

The evolution equation eq. (3.1) is what one gets in a rather direct way from first order
QCD perturbation theory. It is, however, not exactly what is computed in DEDUCTOR 1.0
or in other standard parton shower event generators. The reason is that this evolution
equation does not exactly conserve the total cross section:

d

— (1|p(t . 3.5
= (11p() £0 (35)
We can conserve the total cross section if we change the evolution equation to
d . .
— o) = [Hi(t) = V(©)][p(1)) (3.6)
where
(1 [Hi(t) = V(@) =0, (3.7)
so that p
— (1{p(t)) =0 3.8
= (1]p0) (38)



That is, we define V(t) from H(t) so that
(1|v(t) = (1|H(2) . (3.9)

With this definition, the color trace of the revised Sudakov factor,

Nop(ts,t1) = Texp [— /: dr V(T)} , (3.10)

represents the probability for the parton system not to split between shower time ¢; and
shower time t5. It is standard to use Sudakov factors that are exponentials of V(t) defined
by eq. (3.7) to define a parton shower. That is the choice in DEDUCTOR 1.0.

When one constructs a parton shower using V(t), the cross section associated with
’ﬁ(t)) is what it was at the hard interaction, say ¢ = 0. That is to say, the total cross
section is the Born cross section. What the parton shower does is to distribute the fixed
cross section into cross sections for the different final states that the starting partons could
evolve into.

The idea of the summation of threshold logarithms is that the total cross section is not
just the Born cross section. Rather it contains corrections from higher orders of perturbation
theory. To see this effect, we should use S(t) instead of V(¢). When we do that, we have a
Sudakov factor that we can write as

to
Ns(ta,t1) = Texp [/ dr (=V(1)+ V(1) =S(1)])| . (3.11)
t1

Compared to the standard Sudakov factor made using V(7), there is then an extra term in
the exponent, [V(7) — S(7)]. The most important parts of this are those associated with
initial state evolution, [Va(7) — Sa(7)] and Wy (7) — Sp(7)].

There is a good deal of calculation needed to find [Va(7) — Sa(7)]. However, the most
important term in the result is pretty simple to understand. For a partonic state with m+2
partons with momenta p, flavors f, and colors ¢, ¢, we find that the contribution is

[Va(t) - Sa(t)] Hp’ fa Clv C}m)

T A S A ONENTH ) 20,
R {QW /o " ( fupalni2(®) 71 Z) .

s ! fa/A(na/za /Lﬁ(t)) . ﬁ (312)
0 < hayalmesZ@) ) T T ) el

+”'}‘{p7fuc/7c}m)-

The omitted terms here need not concern us at the moment. The function P,,(z) is the
flavor conserving part of the evolution kernel for the parton distributions f, /4 (7a, ©?). The
factors [1 ® 1] represent unit operators on the color space. The index a represents the flavor
of parton “a” in the state Hp, f.c, c}m) The factors C, are color factors, Cf for quark or
antiquark flavors, Cy for gluons. The parameter y, defined in eq. (2.5), is a dimensionless



virtuality variable for a splitting at shower time ¢. For large ¢, the splitting has small
virtuality and y < 1.

The integration variable z is the momentum fraction in the splitting: parton “a” car-
ries momentum fraction 7, before the splitting and the new parton “a” carries momentum
fraction 7,/z after the splitting.

The first term in eq. (3.12) comes from V,(t), which is given in eq. (5.6) and involves
parton distribution functions and the splitting functions that describe real emissions. The
second term comes from S,(t), which is given in eq. (6.18) and involves the evolution of
the parton distribution functions together with contributions from virtual graphs. The full
Va(t) — Sa(t) is given in eq. (7.6).

In the first term in eq. (3.12), the upper limit z < 1/(1 +y) comes from the kinematics
of parton splitting: for a finite virtuality, (1 — z) cannot be too small. See eq. (A.7). In the
second term, the upper limit z < 1 comes from the upper limit in the evolution equation
for parton distribution functions. We see that the two terms are almost identical. They
differ only in the upper limits of the z-integrations. Adding the two terms, we have

[Va(t) — Sa(t)] ‘ {p, f d, C}m)
st (Jaaln/z @), 2G
a { 2m /1/(1+y)d < 2 faya(na; H3(1)) Faol2) = 4 Z) et (3.13)

+”'}‘{p7facl7c}m)-

Only a small integration range, corresponding to soft gluon emission, remains. In this range,

we can use
22C,

A

Poa(2) (3.14)

This gives
Va(t) = Sa®I{p. f, ¢ c}m)

_ ) Gs ! . _ fa/A(na/zﬁ Mg(t» 2C,
B {27‘( /1/(1+y)d (1 fa/A(”m,ug(t)) > L=z el (3.15)

+”'}‘{p7facl7c}m)-

We integrate over a small range of z near z = 1. There is a 1/(1 — z) singularity, the
“threshold singularity”. The ratio of parton distribution functions is 1 at z = 1. Thus the
integral is not singular. But the integral is large if fo/4(7a, ©?) is a fast varying function of
Na- When 7, is not small, say 7, > 0.1, fo/4 (N, #2) is in fact a fast varying function of 7,.
For that reason, we retain this contribution. The difference [V, (t) — Sa(t)] appears in the
exponent of the Sudakov factor, so by keeping this contribution, we sum the effects that
come from the threshold singularity.

This “shower” version of the summation of threshold logs looks rather different from the
direct QCD or the SCET descriptions of the same physics. We will discuss the connections
in section 9.



With this introduction to provide hints about where we are going, we now proceed
to a detailed examination of how the leading threshold logarithms can be summed within
a parton shower event generator, at least after we apply the LC+ approximation [70] to
simplify the color structure.

4 The parton distribution functions

As was noted already in ref. [1], the precise definition of parton distributions matters for
the question of threshold logarithms. In this paper, we are dealing with a parton shower
algorithm. As we will see in more detail in the following sections, it is important that
the behavior of the parton distribution functions match the structure of the parton shower
algorithm. We discuss the needed definitions in this section.

4.1 Parton evolution equations

Begin with the MS parton distribution functions with one loop evolution. Call the scale
variable ui. We have

dfNS (s 12)

! as(Arp?)
— d s L 0 2 2
g = | @ > 0 > mi @)

(4.1)

{2 ) 1) =0 (225 —0.) e

In the case of a bottom or charm quark, evolution of fa/A(na,ui) occurs only for
@3 >m3 (a), where my (a) is the quark mass. Below this scale, fo/a(1na, 1) = 0.4 For
a light quark or gluon, we define m? (f) = m? (start) to be a starting scale for shower evo-
lution and for parton distribution function evolution. In DEDUCTOR, we take m? (start)
near 1GeV2. In eq. (4.1), P,(2) are the familiar DGLAP kernels and C, and 7, are
the standard flavor dependent constants recorded in egs. (A.9) and (A.10). We take the
argument of ag to be )\R;ﬁ_, where

AR = exp (—[Ca(67 — 37%) — 10n¢]/[3 (33 — 2ng)]) ~ 0.4. (4.2)

That is, we use the MS scale ,ui for ag in the evolution equation and we insert an extra
factor Ag. (In Agr, the number n¢ of active flavors depends on ,uf_) The factor AR in
the argument of ag is, strictly speaking, beyond the order of perturbation theory that we
control in a leading order shower, but it is helpful in generating certain next-to-leading
logarithms [51, 66].

To make the structure of the z — 1 singularities in this equation clearer, we write

2 Ca Ire,
Paa(2) = daa T— + Pi¥(2), (43)

ad

4This is to be understood as a one loop matching condition between five flavor MS renormalization and
four flavor renormalization and then between four and three flavor renormalization.



where P;°®(z) is nonsingular as z — 1. Then we can write

A (1, 13)
dlog ,u%_

as(Arp?) b asOwpd)
fafin, id) § =5 0 >m? (a) ’7a+/0 dz =5 == 0l >m1(a)  (4.4)

MS 2 MS 2
ajA\Na/ 2, [ re ajA\Ma/ % [
_ 20, 1 /A( /7 17) +ZP (1) /A( /2 17)

==z fa/A(naaNi) P fa/A(UaaHi)

Now we look at the parton evolution that matches shower evolution in DEDUCTOR,
which uses the virtuality based ordering variable A? defined in eq. (2.1). It thus needs
parton distribution functions f, (7, ,u%), where ,u?\ represents the virtuality in an initial
state splitting, as in eq. (2.3). In the conventional MS parton distribution functions [75],
the scale variable is the renormalization scale for the functions with MS renormalization.
In MS renormalization at one loop, we have a dimensionally regulated integration,

1 2 2
. k|
/)d ) / 2 2 T <45>

over the momentum fraction z and the transverse momentum k; of the splitting. The
integration is ultraviolet divergent at e = 0. The MS prescription is to subtract the 1/e
pole along with certain conventional finite terms. This gives us a finite result in which the
scale of the squared transverse momentum k:2L is set by ,ui. This is not quite the same as
setting the scale of the virtuality |k?| in the splitting. The two variables are related,® for
small angle splittings, by k? = (1 — 2)|k?|.

Using k% = (1 — 2)|k?|, we see that the scale % of k3 is related to the scale of u3 of
|k?| by p? = (1 — z)p%. This works for p2 > m? (a). Below p2 = m? (a), evolution for
partons of flavor a stops. We want parton evolution and shower evolution to match. Thus
we define

12 (2 013) = max|(1 — 2)ud, m3 (). (4.6)

With this definition of the scales, under under an infinitesimal change of % we have

2 . 2 2
§log u? Ologpy (1 —z)ug >mi(a) (47
(1= 2)ui <m? (a)

Thus the one loop evolution equation for virtuality based parton distribution functions is
almost the same as the evolution equation for MS parton distribution functions. We need
theta functions that turn off the evolution for flavor a unless (1 — 2)u3 > m? (a) and we

PFor a derivation, see eq. (3.23) of ref. [72] with all of the masses equal to zero. Following the discussion
in appendix A, we adopt (1 — z)|k?| as the definition of k2 for an initial state splitting.



should use (1 — 2)Agp3 in the argument of as. We simplify this a bit and use

df oy 4 (Tas 13 s}
M = fa/A(nmﬂ?\){a()\RuA) 0(:“3\ > mi(a)) Va

dlogu?\ 27
1

+ [z 0 2k > )
0

% ( _ Oés((l - Z))\RH?\) 2C, fa/A(na/zﬁ IUIQX)

fa/A(nm :“12&)

(4.8)
27 1—2z ]

2m A ad Zfa/A(nm:u’?\)

T as()‘R,u?x) Z Preg(z) f&/A(na/Zv M?&)) } .
a

In the first term, there is no change from the MS evolution equation. In the remaining
two terms, there is an integration over z and we identify /ﬁ_ with (1 — z),u% in the theta
function that provides an infrared cutoff on x? . In the second term, which has a 1/(1 — 2)
singularity from soft gluon emission, we use (1—2z)Agu3 as the argument of as, while in the
third term, with no 1/(1 — z) singularity, we simplify the evolution by omitting the factor
(1 — 2) in the argument of as.

With these choices, parton evolution matches the conventions that we use in the shower
splitting kernels in DEDUCTOR. The parton distributions f,/4(7a, p3) that we use are ob-
tained by solving the evolution equation (4.8) using an MS parton distribution set as the
initial condition at the starting scale m? (start) for the shower. For the starting distribu-
tions, we use the CT14 NLO parton set |76].

4.2 Approximate analytic result

In section 9, we will present an analytical comparison of the results of this paper for the
Drell-Yan cross section to standard analytical results in the leading log approximation. For
this purpose, we will need an approximate analytical relation between the parton distribu-
tion functions f,/(7a, p3) obtained by solving eq. (4.8) and the MS parton distribution
functions fiv/Ti(na, ©2) obtained by solving eq. (4.4). Our aim is to understand just the
leading contributions to threshold behavior, so we do not specify the argument of oy and
we make some approximations that correspond to including only the effect of soft gluon
emissions.

We write eqgs. (4.8) and (4.4) as equations for the Mellin moments of the parton
distributions,

1
(V) = /0 ‘f,j’ W f(n). (4.9)

We introduce a parameter A with A = 0 corresponding to MS evolution, eq. (4.4), and
A = 1 corresponding to A? evolution, eq. (4.8). We denote by p3 the appropriate scale
parameter, ,uf_ for A\ =0or ,u% for A = 1. Keeping only the leading singular terms in the

~10 -



kernel, we have

dfua(V. 15
iAWV i15,3) / dz 22 0((1 — 23 > md (a)

dlog uj (4.10)
Taz [ ] fa/A(N Mo)\)-
The solution of this is
fNa/A(Nv M%v )‘) ~ fa/A(N7 m%_ (Start)a 0)
& dlaz ! O
X exp / B g 85 (1 — 232 > m? (a)
{ m? (start) A2 Jo 2 * (4.11)

XQCG[ZN_Q}.

At the starting scale, m? (start), we use the MS parton distributions (A = 0) as a boundary
value.

Now we can regard A as a continuous variable. Then eq. (4.11) gives us a differential
equation for the A dependence of f, /a(N, p3, \):

dfa/A(Nu Mgv )‘)

7 2
d\ Nfa/A(Na:U’m)‘)

1 o0 (4.12)
X /0 dz %T 0((1 — 2)*uz > m? (a)) log(1 — z)iaz [NV 1] .
When we take the inverse Mellin transform of this, we find
dfa A(naafﬂ?}‘) ! Os
LTI s —Fugalme ) [z §0(1 = 2)E > (@) log(1 — 2)
4.13
L 2Ca |, Japalma/2 05 )
1-2 fa/A(’r/mlu'%v)‘)
Notice the factor )
a ) 7A
R = Jaa(a/z 1, %) (4.14)

fa/A(”ay N(2)v )‘)
In the kinematic region of interest for threshold logarithms, R is approximately independent
of A. For instance, with the A = 1 parton distributions obtained by solving eq. (4.13), we
find for @ = u and 7, = 0.3, u = 2TeV, that R ~ 228 for 0.8 < z < 1. For A = 0, we solve
the ordinary first order MS evolution equation. Then R ~ 22 for 0.8 < z < 1. There is a
difference, but it is small.
We can get an instructive analytic result if we make the approximation that the R is
independent of A\. Then the solution of eq. (4.13) is

Faaas 18) = Za(a, 115) F313 (0as 13) (4.15)

— 11 —



where foa(tas #3) = faya(na 13, 1) and f35 (na, 13) = faya(na, 13,0) and where

Zo(Nay 12) = exp( / dz/ dr 2 0 (1 —2)*ud > m? (a)) log(1 — 2)

« 2C, 1— fa/A(na/Zvu(%)
1—-=2 fa/A(naa /‘%) .

It will prove useful to change variables from A to u? = (1 — 2)*u3. Then log(1 — z) d\ =

(4.16)

du% /u? and X = 0 corresponds to p% = pd while A = 1 corresponds to % = (1 — 2)ud.
Thus (after also choosing a standard argument for «y)

dp3 as(Arp
Zal0har 12) = exp / s / il 25O 3 5 i ()
Z)/Jo 'uJ_ T

% 2C, 1— fa/A(Ua/%Mo)
1—-=2 fa/A(T/m ,U,%) '

When does Z,(1a, u2) differ significantly from 1? There is a factor as in the exponent,

(4.17)

which generally makes the exponent small. However, the factor multiplying g can be large
when the parton ratio R is a fast varying function of z. We will use this result in section 9.4.

5 The probability preserving integrand V(t)

As outlined in section 3, we seek to calculate (with suitable approximations) the difference
(V(1) — 8(7)) between the integrand of the Sudakov exponent V(7) that preserves prob-
abilities as the shower evolves and the Sudakov integrand S(7) that is based on virtual
diagrams and the evolution of the parton distribution functions.

We begin in this section with V(7) as defined in DEDUCTOR 1.0, but with all quark
masses set to zero. We sketch the needed calculations in appendix B. We will use the results
in section 7.

The operator V(1) is used to define the Sudakov factor,

No(ta, 1) = Texp [_ /:dT V(T)] . (5.1)

The exponent fttf dr V(1), when we take its trace in color, is the total probability to have a
real parton splitting between shower times ¢; and t5. Thus Ny (te,t1) is the probability not
to have had a splitting. The operator V(1) has, in general, a non-trivial color structure.
For that reason, the exponential function is ordered in shower time 7, as indicated by the
T instruction. In DEDUCTOR, we apply an approximation, the LC+ approximation, that
makes V(1) diagonal in color. Then the T ordering instruction is not needed. In this paper,
we keep the full color structure for all operators, but then at the end we can apply the LC+
approximation.

For many of our formulas for V(7), it is convenient to define energies and angles in a
reference frame in which the total momentum @ of all of the final state partons has the
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form Q = (Eqg, 6) Then p; is the momentum of parton [. The angle 6; between two parton
momenta is defined in this same reference frame. Thus

Eg=@Q*,
| cosy — PP @ (52)
p-Q pr - Q
It is convenient to define
2 E,
we_¢ _ Lo (5.3)
2p-Q 2Py

See appendix A, where C'y, and vy, are also defined.

In our analysis, we use a dimensionless virtuality variable y given by egs. (2.5) and (A.3).
The variable y is fixed by the shower time 7 according to eq. (A.4). The structure of V()
is rather complicated, but we simplify it by taking the leading behavior as y — 0. That
is, we use the leading behavior of the splitting functions in the limits of soft or collinear
splittings.

The parton shower in DEDUCTOR has an infrared cutoff: no splittings with a transverse
momentum smaller than m (start) ~ 1 GeV are generated. In terms of y and the momen-
tum fraction z in the splitting, the cutoff is y(1 — z) > m? (start)/(2p, - Q) for an initial
state splitting and yz(1 — 2) > m? (start)/(2p; - Q) for an final state splitting. However, in
calculating the leading y < 1 behavior of V(7), we assume that y is not so small that we
need to be concerned with this infrared cutoff. In fact, we will find that very tiny values of
y are not relevant for the threshold effects that we investigate. Thus we simply calculate
V(7) with no infrared cutoff.

Some of the terms in V(7) depend on the angle 6i; between the splitting parton I
and a parton k that forms part of a color dipole with parton [. This angle dependence
arises because soft gluon emission from a color dipole depends on the angles among the
partons. The angle 6y; is small when partons k and [ are the daughter partons of a previous
splitting that was nearly collinear. When this previous splitting was a final state splitting,
ordering in A? for the new splitting of parton ! implies a;y < 1 — cos #;. When a previous
splitting that produced partons k and [ was an initial state splitting with a small momentum
fraction zy;, one can also have a;y > 1 — cosy;. This happens in the case of multi-regge
kinematics, as discussed in section 5.4 of ref. [72]. This is the opposite kinematic regime
from that of threshold logarithms, so we ignore this possibility in this paper. Thus we
assume q;y < 1 — cosf; in evaluating V(7).

The terms in V(7) contain operators like [(T} - T},) ® 1] that act on the color space.
This means that, in the ket part of the color density matrix, color generator T'¢ acts on
the color of parton I, color generator T% acts on the color of parton k, and we sum over
the octet color index a. In this example, a unit operator acts on the bra part of the color
density matrix. In manipulating the color operators, we use the identity >, T = 0 and
the identity (717 - T;) = Cy,, where Cy = CF for a quark or antiquark flavor ¢ and Cy = Ca
for a gluon.
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At any stage in the shower, there are initial state partons “a” and “b” as well as final

state partons [ with [ € {1,...,m}. There is a term in V(7) for each parton:
V(1) = Val7) + W(7) + Z Vi(r (5.4)

The limiting form for V;(7) for a final state parton, from eq. (B.35), is quite simple,
T)|{p7 f7 C/, C}m)

o 2|pi|
=20 (20 log | 221 | — 191
2”{ ( i Og[EQy] 7fl>[ !

~ Y log [ Coselk] [(E~Tk)®1+1®(17'Tk)]}
kAl

< |{p. f.¢,ctm) -

The limiting form for V,(7) for initial state parton “a

(5.5)

“a” is not quite so simple because

it involves parton distribution functions. From eq. (B.68), we have

{p, £, chm)

a
o [V/0+)

~ Z’ 2 a
T

fara(ma/z,yQ*)
+k§b[ Furalnoy @)

Aak(z7 y)([(Ta ’ Tk) ® 1] + [1 ® (Ta ’ Tk)})} (56)

-3 e S| (s e (1 m)

x {p, [, ctm) -

The first two terms involve ratios of parton distribution functions together with subtrac-
tions. The ratios of parton distribution functions arise naturally in the Sudakov factors for
initial state parton shower evolution from hard emissions to soft emissions [48|. Notice that
there is an upper limit for the momentum fraction variable in the splitting: z < 1/(1 + y).
With the definition of z used in DEDUCTOR, z — 1 implies that the emitted parton has
zero momentum, so that the virtuality variable y must vanish. Thus at finite y there must
be a limit on z. The precise limit depends on the splitting kinematics used in DEDUCTOR.
See eq. (A.7).

In the second term, there is a non-trivial color factor and a function defined in eq. (B.64),

) 1
Aar(z,y) = B |
ak(2,Y) = 7 \/(1 —2)2 4+ y222 [y,

(5.7)
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where Yar = (1 — cos80ar)//8(1 + cosbar), as in eq. (A.13). For (1 — 2) < y/Vak, Auk
is approximately 1/(1 — z). However, for (1 — 2) > y/t¢ak, Aax tends to zero faster than

1/(1 = z). Thus, when we integrate over z, the important integration region is y/(1+y) <
(1—2) < y/vax provided that ¥ < 1. If ¥, > 1, there is no important integration region.

In the final two terms, there is no dependence on parton distribution functions and the
z-integration has been performed. One term depends on 6,;, while the other term, with a
trivial color factor, depends only on y.

6 The Sudakov integrand S(t)

In this section, we study the integrand S(¢) for the Sudakov exponent. As in our discussion
of V(t), we calculate without an infrared cutoff associated with the end of the shower at
k2 =m2 (start) ~ 1 GeV?.

Our first task is to identify the parts of S(¢) that come from parton evolution and from
virtual graphs.

6.1 Decomposition of S(t)
The operator S(t) affects the evolution of |p(t)) through eq. (3.1),

L 1p(1) = (1) — S (1) (6.1)

The color density matrix ‘ p(t)) is defined to include the proper factors of parton distri-
butions so that the color trace of p is a differential cross section [67]. It is related to the
density matrix without parton distribution functions by

’p(t)) = }—(t)|ppert(t)) s (6.2)
where
]:(t) } {p7 f7 C,, C}m)
_ Faya(na, 13(8)) foy 5 (mo, 13 (1)) (.1 ch)
Ane(a)ne(b) 4nanmpa-pe v
Here the virtuality scale for the parton distributions is a function of the shower time ¢t
as defined in eq. (2.3) or eq. (A.2), (cf. section 2.3 of ref. [73].) Then |ppert(t)) obeys an
evolution equation of the form

@ pperc (1) = [ 0) = 8P 0] e (1) (6.4)

(6.3)

In eq. (6.4),
My (1) = F(t) HI (1) F () (6.5)

is the perturbative splitting function, with no factors representing parton distribution func-
tions. That is, the definition of H;(t) based on eq. (8.26) of ref. [67] contains explicit factors
of ratios of parton distributions; to define Hl}’ert(t), we remove these factors. We then in-
terpret —SP(t) in eq. (6.4), as giving the part of the evolution of |ppert(t)) that does not
involve parton splitting. Thus we will calculate —SP°"*(¢) using suitable approximations to
virtual one loop Feynman graphs. We do that in appendix C.
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Using egs. (6.1), (6.2), (6.4), and (6.5), we see that the operator S(t) is related to
Spert(t) by
S(t) = 8P (t) — F(t) ™! [CZ ]7(15)] . (6.6)

Acting on a statistical basis state, F(t)~! [dF(t)/dt] gives

d
Ft)! [}'t] p, foc chm
(07" | 5 F O £.¢chm) o
= P\f(av%, ) + )\b b s Mo ‘{pv fac c}m) ’
where 4 )
g Jaya(a,s 5 (1))
)\f A, N, t) = dt 2 6.8
(@, faja(na, u2(t)) 0%
with a corresponding expression for )\]: . Using the parton evolution equation, this is
a a/ <y 2 3
)\]:Gna, Z/ 77Pa(>f/A(n/Z/;a())
21 2 faya(na, p2(t))
(6.9)

as | 20, 9
_(5aa2ﬂ_|:1_z :|}+O(Oés)

To be more precise, we should use the evolution equation (4.8) appropriate for A% as the
evolution variable. For the moment, it suffices to use this simple form: we ignore the
theta function that enforces an infrared cutoff u2 > m? (a) and we do not specify the
argument of ag.

6.2 Approach to calculating SPert(¢)

We have argued that —SP°"(¢) should be calculated from virtual one loop Feynman dia-
grams. There are some choices for how to do that.

First, we should choose a gauge. Ultimately, we expect that Feynman gauge provides
the most powerful method, especially if one wants a method that can be extended to
higher orders of perturbation theory. However, in Feynman gauge, factorization of softer
interactions from harder interactions does not work graph by graph. Gluons that are
nearly collinear to external legs of a diagram or are very soft but that carry unphysical
longitudinal polarization can couple to the interior of ultraviolet dominated subgraphs.
These attachments can be treated after a sum over graphs by the use of the gauge invariance
of the theory. However, if we use a physical gauge, only transversely polarized gluons can
propagate over long distances. Then we do not need to sum over graphs. For this reason,
in appendix C, we use Coulomb gauge.

Second, virtual graphs do not come with a definition of the shower time ¢, so to define
—S8Pert(t) from virtual graphs, we need to provide a relation to ¢t. Ultimately, we expect
that the most powerful method is to consider

Gg(t)=— /t oodT SPert(r) . (6.10)

Here we integrate over the shower time with a lower cutoff at ¢. This integral is infrared
divergent and we understand it to be regulated with dimensional regularization. Then
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we can obtain SP°"*(¢) by differentiating with respect to ¢. This formulation gives us the
possibility of incorporating the virtual graphs into a general theory that includes the real
graphs and a systematic treatment of factorization and renormalization.

In this paper, we choose a method that is computationally a little involved, but relates
the definition of the shower time in virtual graphs quite directly to that in the shower
splitting functions. We recognize that the splitting functions arise simply from cut Feynman
diagrams for real parton emissions in an approximation in which one is close to the infrared
singular soft or collinear limits. There is a three dimensional integral over the momentum
of the emitted parton, with a delta function that fixes this momentum as a function of the
shower time.

For virtual diagrams, one can imitate the structure of the real emission diagrams. We
begin with an integration over four components of the loop momentum ¢. Working in a
reference frame in which the total momentum @ of the final state partons has only a time
component, we can perform the integration over the energy ¢° in the loop. This leaves us
with an integration [dq over the three-momentum in the loop. Then we have an integrand
with a similar structure to that of the real emission diagrams, but with ie terms in the
denominators modified.

For both real and virtual diagrams, we obtain integrands corresponding to the exchange
of a soft gluon between partons [ and k that form a color dipole. We partition each of these
contributions into two, one with a collinear singularity when the gluon momentum gq is
collinear to the momentum of parton [ and one with a collinear singularity when ¢ is
collinear to the momentum of parton k.

In the splitting function corresponding to a real emission diagram, when a parton with
momentum ¢ is emitted from a parton with velocity 7j, there is an infrared singularity
when |§| — ¢ ¥y — 0. This happens in the soft limit |¢| — 0 or in the collinear limit that ¢
becomes collinear with ;. Note that (|¢’| — - ¥;) is proportional to the virtuality associated
with the emission:

2
ql—q-0,=2p;-q . 6.11
7] s (6.11)
The shower time t associated with this splitting is defined by
2p1- Qo ¢ o o
V@2 e =g~ q 0 (6.12)

2p- Q
Here Qg is the total momentum of the final state partons at the start of the shower, as in
section 2.

In the virtual diagrams, we find that the infrared singularities are controlled by factors
of the form 1/(|¢| — - 7). We simply insert a delta function that identifies this denom-
inator with the shower time according to eq. (6.12). This leaves an integration over two
dimensions, which we can arrange to have the form [dzd¢ to match the integrations in
splitting functions.

With these manipulations, there is a term in SP*(¢) for each parton in the shower at
shower time ¢:

SPH(t) = SPUH(H) + SPH(E) + > SPH(H). (6.13)
=1
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In the following two subsections, we state our results for these terms. In each case, the
results apply in the limit that the dimensionless virtuality variable y is small: y < 1 and
y < (1 —cos k).

6.3 Virtual contributions for final state partons

We sketch the calculation for S} °r(t) for final state partons in appendix C. After combining
the definitions (C.2), (C.3), and (C.4) with the results in egs. (C.61), (C.75), and (C.91),

we obtain a simple result,

SE P, f. ¢ )

B { 5 Zlog[l_czoseﬂ (T T) @ 1]+ [1® (T; - Th)))

+ 3 ;l;m([(Tz Ty @ 1] - 1@ (T) - Ty))) (6.14)

x {p, f, ¢ ctm) -

The constants C'y and 7 are defined in appendix A. In assembling this result, we have used
the color identities 7; - T} = Cy, and >, T; - T}, = 0.

The most notable feature of eq. (6.14) is that S °(¢) has contributions proportional
to im. There is one such contribution for each final state parton k that can form a color
dipole with parton I, but there is no contribution for £ = a or kK = b. These contributions
persist no matter how small e? is.

6.4 Virtual contributions for initial state partons

We sketch the calculation for Slpert(t) for initial state partons in appendix C. After combin-
ing the definitions (C.2), (C.3), and (C.4) with the results in egs. (C.63), (C.74), and (C.91),

we obtain

SET (& Hp, £, chm)

B { 5 2 log [Hgsgk] (T T @ 1] + 1o (T - TV)))

+ o in (T Th) @ 1] - 1@ (T 1)) (6.15)

i ;‘7 (2@1 log B] — ’m) [1® 1]}
x [{p, f.¢ s c}m) -

In assembling this result, we have used the color identities T, - T, = Cy and Y, T - T}, = 0
and the kinematic identity Eg = 2|p.|.

As in the final state SP°""(t), there is an i contribution, this time associated with the
color dipole formed by parton “a” and parton “b”.
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6.5 The complete S(t)

The complete operator S(t) is a sum of pieces associated with the individual partons,
S(t) = Salt) + Sp(t) + Z Sit (6.16)

For the final state partons, we use simply Spert( t) from eq. (6.14). For initial state parton

“a”, we use SL (t) from eq. (6.15) and add the contribution from parton evolution according

to eq. (6.6), (6.7) and (6.9). For final state partons, this gives
OHp, f.¢,ctm)

B { -5 Zlog[l_czosgkl] (T Ty) @ 1]+ 1 ® (T - Th))

+ > ST @] - 1o (T 1) (6.17)

x {p, f, ¢, cIm) -

For initial state partons, there is a small simplification because terms proportional to =y,
cancel, giving

{p, £, ¢ chm)
{ 2 Y g[S (@ T @ 1)+ e (1 T)

T b
N % i ((Ty-Th) @ 1] — 1@ (T, - Ty))

. 1 (6.18)
+ 290, log H [1®1]
27 Y
Ly <1 faya(na/z, pa(t)) 2C, )
+ dz —=| =Pz —bp—— [1®1
%:/o 2 (2 Fea®) faya(ma, p3(t)) )
X ‘{p7 f7 cla C}m) .
We will use these results in the following section.
7 The cross section changing exponent
The operator
to
Nop(ta, t1) = Texp [—/ dr V(T)} , (7.1)
t1

inserted between parton splittings, will preserve the Born cross section throughout the
shower. This statement is exact in color as long as we use the exact V(7) and the exact
splitting operator Hy(¢). In the simplest application, we use the leading color approximation
or the LC+ approximation for both #;(t) and V(7). Then the Born cross section is also
preserved in the shower.
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In a leading order shower, it would be better to use

Nis(ta,t1) = Texp [— /: dr 3(7)] , (7.2)

where S(t) is obtained from virtual one loop graphs and parton evolution as explained
above. Then we have
t2
Ns(ta, ) =Tesp| [ dr [-9(0) + () = S]] (7.3
t1

The first term creates a cross section preserving shower, while the second term sums effects
that change the cross section. We thus need the cross section changing integrand (V(7) —
S(7)) and its integral over 7. We assemble this from our previous results.

7.1 Final state partons

For the contribution from final state partons, we subtract eq. (6.17) for S;(7) from eq. (5.5)
for V(7). Almost everything cancels and we are left with

Vi(t) = SIE)|{p, ¢y chm)
—{— > aS(gi(t))iﬂ([(E-Tk)@l]—[1®(Tz-Tk)])} (7.4)
k+#a,b,l

x {p, f, ¢ ctm) -

That is, only the “in” terms remain. We have supplied the virtuality of the splitting as the
argument of ag, using the definition (2.4).

Integrating over ¢ gives

[ dr i(t) = Si)ps 1. c}m)

Hi () dy? as(p?) | 75
- _/2 D Q(F)17([(17‘Tk)®1]—[1®(T1‘Tk)]) (7.5)
H (t2) H k+a,b,l

x {p, f. ¢, ctm) -

7.2 Initial state partons

For the contribution from initial state parton “a”, we subtract eq. (6.18) for S,(7) from
q. (5.6) for Va(7). Quite a lot cancels and we are left with

(Va(t) — Sa(t))‘{p, fs d, C}m)
! Qg ) a/ %y Hy W
_ [_/ by (f/m/ ) ()_%12(_;2) -

1/(14y) Zfaya(na, p2(t))

/4y Qg fa/A(na/z :ua t)
— dz — [1— Aa

X ((To-Ti) @ 1]+ [1 @ (Tw - Ti)])

_ ;i; ir ((Ta Ty) ®@1] — [1® (Tn - Tb)])]

X ’{pa f7 C,a C}m) .
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There is an “in” term that does not cancel. There is a term with a non-trivial color
factor that is proportional to the function A,r(z,y) defined in eq. (5.7). Finally, there is
a term with a trivial color factor [1 ® 1]. This term arises from using a contribution from
Va(t) that is integrated over 0 < z < 1/(1 + y) and subtracting a term with the same
integrand from S,(t) that is integrated over 0 < z < 1. In the difference, we integrate over
1/(14y) < z < 1. For small y, this is a small range near z = 1.

We can integrate this over a range of shower times, t1 < 7 < to. This gives the
probability changing Sudakov exponent associated with going from a splitting at shower
time ¢; to a later splitting at shower time to. We use y = p2(7)/Q?, where Q? is the square of
the total momentum of the final state particles at shower time ¢;. Additionally, in the [1®1]
term, we decompose the splitting function Py (2) into Paa(2) = 4 22C,/(1—2)+ P8 (2) as
in eq. (4.3). We keep the nonsingular P,:#(z) term because it can give a large contribution
for certain flavor choices. This gives

/ “dr (Va(r) — Salr) {0 1 )

t1

na(t) g2 1 . 2
:/ d'u’2 / dz % 1— fa/A(n /Z,/; ) 20(1 [1 2 1]
p2(tz) M 1/(14pu2/Q2) 2T faja(Ma,p®) | 1 -2
1 . 2
_/ dz % M/Z"L;)pézg(z) [1 ® 1]
1(42/Q2) 2T = Zfaya(ia, 1)
(+u?/Q%) Fura(na)z, 12) (7.7)
s a/A TNa/ 2, b 9 9
- dz — |1 - ——F———F— Ak (z, 17/Q
/O o Jaja (e, 1) k;;b /)

X ((Ta-Ti) © 1]+ [1 @ (Ta - T1)])

™

- ;‘im ((Ta Ty) @ 1) - [1® (T - Tb)])] }
x {p, f, ¢ ctm) -

In the remainder of this section, we discuss the physics of the four terms in eq. (7.7), revise
the A,r term to better reflect the physics, implement an infrared cutoff, and specify the
argument of ag in each term.

7.2.1 Integration ranges

We first consider the effective ranges of u? and z that appear in each term in eq. (7.7).
All but the last term in eq. (7.7) involve the ratio y = pu?/Q? for a potential splitting that
might occur in hadron A between the previous splitting at shower time ¢; and the next
shower time t2 at which a splitting occurs. Suppose that § = %/ Q? is the corresponding
hardness variable for a previous splitting in hadron A, perhaps the one at ¢; if it was in
hadron A or perhaps an earlier splitting. How is u?/Q? related to fi?/ Q2?7 The relation
between p2/Q? and the shower time for initial state splittings is given in eq. (A.4),

2 .
_ 2a-Qo (7.8)

B 2pa - Py

Y

QA=
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As the shower progresses with increasing t, the momentum py, can stay the same or increase.

Thus p?/Q? decreases:
2

)
% < gz (7.9)

We now examine the terms in eq. (7.7), beginning with the simplest term, the one
proportional to im. This term can have important effects, but it does not change the
inclusive probability (1‘ p(t)) associated with the statistical state. Its effect continues for
all 12 from the beginning of the shower to the end of the shower.

Consider next the second term, proportional to P.2(z). The integrand here has no
z — 1 singularity. The integration over z covers the range 0 < 1 —z < p?/Q?/(1+ u%/Q?).
Thus this term contributes only near the start of the shower, when p?/Q? ~ 1. It does not
contribute when p?/Q? < 1.

Now consider the first term. Here there is a factor 2C, /(1 — z), so we are sensitive
to small (1 — z). We can understand the integration region, at least qualitatively, by
approximating® the parton distribution functions as f, /A (N, 1?) o ;7 V. We consider the
case that N is large, which happens when n, is bigger than about 0.1. Here “N is large”
means something like N ~ 3 in realistic cases. With this approximation, we have

[1 _ fa/A(na/Z7 :u2)

~ 1= 2N~ [1 = exp(— —2))]. _
fa/A(na7M2)] 1 J~ [ —exp(=N(1 - 2))] (7.10)

This factor in eq. (7.10) is 1 for (1 — z) > 1/N and tends to zero for (1 —z) < 1/N. Thus
we approximate
Faja(na/z 1) < 1 )
1l-—"F—F——— |~ =< (1—-2)) . 7.11
[ fa/A(T/aa :u2) N ( ) ( )

We also approximate 1 — 1/(1 + u2/Q?) ~ u?/Q?. Thus the integral in the first term is
roughly

/M2(t1) di,u2 1 dz - fa/A(na/z?/ﬁ)
w2(tz) M Syl — 2 faya(na, 1?)

p2(t1) d,LL2 1 M2 L 1 /’L2
LTy TR )
/p?(tz) p (N Q2> 0o 1—2 \N ( ) Q?

Evidently, this is a rather crude approximation, but it is instructive. The integral would be

(7.12)

a small perturbative correction that we could simply ignore except that N is large. This
gives a contribution to the exponent proportional to log? N. However, the range of 2 /Q?
does not extend down to infinitesimal values. As soon as u?/Q? < 1/N, there is no more
contribution. That is, the threshold factor associated with this term in eq. (7.7) comes from
the first few steps in shower evolution.

The remaining term in eq. (7.7) has more complicated structure. It contains a sum over
final state partons k and factor A,, defined in eq. (5.7). This factor depends on the angle
0.5 the initial state parton “a” and parton k. The angle 0, appears in the combination

SWe will explore this approximation further in section 9.
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Yar = (1 — cosb,1)/+/8(1 + cos b,1). From the definition, we see that A,y ~ 1/(1 — z) for
small (1 — 2) with (1 — 2) < (4%/Q?)/tpar. However, when (u2/Q?)/var < (1 — 2), Auy is
small compared to 1/(1 — z) Thus we can roughly approximate A, by

1 2
Aak~”0<(l—z)<2c;;wk> . (7.13)

(The factor 2 here is rather arbitrary.) For the parton factor in this term, we can use the

rough approximation (7.11). We can also approximate the upper limit of the z-integration
as (1 — z) < u%/Q?. This gives us the integral

wAt) g2 1/ (+e?/Q%) fasa(ma)z, 1%)
Lo dzll/ Btz 12/ Q)
o

1) M Jo faya(Mas 1?)

L odz 1 K (t1) d,u2 ,u2
~ 0 — 1-— —— 02 1-— — 1-— .
Al_z(N<< ”)L@)m <%a <L ZQ

We will consider the behavior of this integral both for ¥, ~ 1 and for ¥, < 1.
Let us first consider the case that 1,5 ~ 1. Then we integrate (1 — z) over a range that

(7.14)

is large when N is large, giving a log N. On the other hand, 1%/Q? is integrated over a
finite range. Thus we have only a single power of log N. We note also that u?/Q? is never
smaller than a number of order 1/N.

Now consider the case that 1., < 1, supposing that z?(t2) — 0. Then the lower bound
2¢,6(1 — 2) on p?/Q? in eq. (7.14) is very small and one may wonder if this leads to a large
integral. When ¢, < 1, we have

Qhar ~ 02 /4. (7.15)

Then parton k£ makes a very small angle with respect to the beam axis. This can happen
with a large probability when, late in the shower, parton k& was emitted from the initial
state parton from hadron A. The most important case to consider is that the latest real
emission before the shower time interval under consideration was the emission of parton k.
Then the upper endpoint of the y? integration, u? < pu?(t1) corresponds to the bound (7.9),
in which ji? and Q? refer to the splitting at which parton k was created. We have 02 =
2Da - Pr R EaEkegk and Qz = 2Da - Pp & 4EaEb. Here Ea = ZF, is the momentum of the
mother parton of the previous splitting, while the energy of the of the emitted parton is
approximately Fy =~ (1 — Z)FE,. Thus

2 Bl - 2)E.]0%,

— = 7.16
Q2 4ZE, Fy, (7.16)

Since we define energies and angles in the Cj = 0 frame, we have E, = F},. Thus
[fi ~ (1= 20 . (7.17)

The splitting function for the previous emission contained a ratio f,/4(7/2, i)/ fa /47, i2)
of parton distributions. Applying the approximation (7.11) to this ratio, we have
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(1 —2) <1/N. Thus also, Z is close to 1. This gives

~2 2

A

> < 47’? (7.18)
Since p?/Q? < ji2/Q?, we have

MQ 02k

In the integrand of eq. (7.14), we have (1 —2)62, /4 < */Q? and 1/N < (1 —z). This gives
Jek o B (7.20)

When we combine the upper bound (7.19) with the lower bound (7.20), we see that u?/Q?
can vary only over a small range around 62, /(4N). Similarly, (1 — z) varies only over a
small range around 1/N.

7.2.2 Revised A, term

We conclude that there are no log N factors associated with the integration in the A,
term eq. (7.7) in the case that v, < 1. The integral does have a finite contribution
proportional to ays with no log N factors. However, a first order parton shower is not
adequate to calculate this contribution accurately: the definition of the parton shower
splitting functions incorporates the strong ordering condition p?/Q? < i/ Q? and that
condition is violated here. Ordinarily, the inclusion of an inaccurately calculated small
perturbative correction to the cross section would be of little consequence. However, this
correction can occur many times as the shower progresses, leading to a large, inaccurately
calculated, correction. Thus, we eliminate this contribution from the A, term at small
Var by multiplying this term by (ar > ¥min), where the default value of ¥y, is 1072

7.2.3 Infrared cutoff

Recall now from section 4.1 that the shower algorithm has an infrared cutoff that vetoes
initial state splittings unless the transverse momentum in the splitting is above a minimum:
(1—2z)p? > m? (a). Here m (a) is the shower cutoff scale of order 1 GeV or the heavy quark
mass in the case of a charm or bottom quark. Eq. (7.7) was derived with no infrared cutoff,
but we can insert the cutoff by inserting a factor 6((1—z)u? > m? (a)) into the integrations
over z. This cutoff has negligible effect as long as u? > m, (a)Q. Since the whole integral
is negligible unless 2 > Q?/N, we see that inserting the infrared cutoff has negligible effect
as long as mJ (a) < Q/N. This is the case in situations of phenomenological interest, in
which @ is of order 1TeV, or at least 100 GeV for Tevatron studies, and m (a) is at most
5GeV. Thus we make eq. (7.7) consistent with the rest of the shower algorithm and with
our treatment of parton evolution by inserting a factor 0((1 — z)u? > m? (a)) into the
z-integrations in eq. (7.7).7

"In a future publication, we hope to derive the real and virtual shower splitting functions in a more
general framework in which the infrared cutoff is included from the start.
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7.2.4 Running coupling

Now we need to specify the argument of the running coupling «s. The simplest choice would
be as(p?). Instead, in the two soft-sensitive terms (proportional to 1/(1 — z) and A,y) we
use Agpd = Ar(1 — 2)p? as the argument of as. Here Ag [51] is the constant defined in
eq. (4.2). The factors (1 — z) and AR in the argument of oy are, strictly speaking, beyond
the order of perturbation theory that we control in a leading order shower, but it is helpful
in generating next-to-leading logarithms for at least some inclusive observables [51, 66].
The use of ag(Ar(1 — z)u?) inside the z integrations would create an artificial problem if
we integrated down to (1 — z) = 0. However, with the cutoff (1 — z)u? > m? (a) to keep
us out of the nonperturbative region, we do not encounter this problem. For the remaining
two terms in eq. (7.7), we use simply ag(Arp?).

7.2.5 Result

With these substitutions, we have

/QdT (Va(T)_Sa(T))Hp,f,CI,C}m)

t1

K20 g2 1 — 2)p?

- [ gz R =200 04 2 s ? (a))
[2(t) M 1/(142/Q2) 2m

_ Japalna/z1%) | 2C,
’ [1 fa/A(na,MQ) ] 1—z [1e1]
1 . .
_/ dz S(;‘R'u)g((l — Z)H2 > mi(a))
1/(144p2/Q2?) T
fd/A(T/a/Z’M?l(t)) T8 (4
" g zfa/A(naaﬂg(t)) Poa (2) 1 ®1] o1

/1/<1+u2/¢22> 4 (1= 2)?)

; o 0((1 — 2)p? > m? (a))

X D Aukl(z, 12 /Q%) 0(thak > thunin)
k+#a,b
x ((To-Th) @ 1]+ [1® (Ty - Ti)])
_ as()\Rﬂz)
27

1— fa/A(”a/za Mz)
faya(Mas 1?)

ir((Ta-T) @ 1] = [1® (Tn - Tb)])}

x {p, f, ¢, ctm) -
Some discussion of this result may be useful.

In the first term here, there is a singular factor 1/(1 — z). As discussed above, the
singularity is cancelled because the ratio of parton distribution functions approaches 1 as
(1—2) — 0. This constant will be large if the derivative of f,/4(na, p2(t)) with respect to 7,
is large. Then there is a “threshold enhancement” of the cross section. Since the integration
range in z disappears when p?/Q? — 0, the important contribution comes from the region
in which z2/Q? is not too small.
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In the second term, there is no singular factor 1/(1 — z). In standard treatments, there
is no “threshold log”. However, the ratio of parton distributions can be large, for instance
for a = g and @ = u. For this reason, we retain this contribution.

The term in eq. (7.21) proportional to A,x appears when there is a final state parton
that can form a color dipole with the initial state parton. This does not happen in the
starting configuration of the Drell-Yan process, before any final state partons have been
emitted. However, the A,; term does appear in the starting parton configuration for jet
production. The A, term also appears for any hard process once one or more final state
partons have been emitted by initial state radiation. The color factor for this term is non-
trivial. If we use the LC+ approximation instead of full color, the A, term contributes
when parton k is color connected to parton “a”. For the reasons given above in this section,
we turn this term off when ¥, is too small. Here Ay x(z,y) and 1, were defined in
egs. (B.64) and (B.59).

The last term in eq. (7.21) is proportional to im. This term is not associated with
1/(1 — z) singularities, but it is potentially important.

8 The cross section changing exponent in the LC+ approximation

The color structure of V(7) and of (V(7) — S(7)) is non-trivial. However, the current
version of DEDUCTOR uses the LC+ approximation. In this approximation, the operators
are diagonal in color and thus commute with each other. Then

Ns(ta,t1) = K(ta,t1) exp {— /:2 dr V(T)] for LC+, (8.1)

1

where .
2
K(tg,t1) = exp [/ dr (V(r) — 5(7')):| for LC+. (8.2)
t1
Thus, within the LC+ approximation, we can generate the shower using V(1) and then, at
each splitting, multiply by a numerical factor K (t2,t1).
The exponent in K is a sum over partons

K(ta,t1) =

to .
exp [/t dr ((Va(T) = Sa(T)) + (Wo(7) = Su(7) + > (Vi) — 8;(7)))] ‘ (8.3)
LO+

1 =1

The contributions for final state partons [ are given in eq. (7.5). The contribution for initial
state parton “a” is given in eq. (7.21) and for parton “b” we simply have to substitute a <> b.
With exact color, the operators in the exponent change the color state. However, in the
LC+ approximation these operators are color diagonal. For a splitting of parton [ with
helper parton k, [T} - T}, ® 1] vanishes unless k is color connected to [ in the ket state and,
if k is color connected to [, equals Cp /2 if parton [ is a gluon and equals Cr if parton !
is a quark or antiquark. For [1 ® T} - T}, we have the same factors if k is color connected
to [ in the bra state. This rule applies for [ and k being either initial state or final state

parton indices.
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9 Comparison to the standard summation

In this section, we consider the cross section do/(dQ?dY’) to produce a muon pair with
squared momentum Q2 and rapidity Y and compare our result to standard results. To do
that, we need two manipulations, which are interesting in their own right.

9.1 The single power approximation for the Mellin transform

A parton distribution function can be expressed as an integral over its Mellin transform,

1 > r : - iw
FafaOna i) = o / dw Joya(N +iw,p?) g (V4. (9.1)

Here f is the Mellin transform of f and is a function of the Mellin variable n = N + iw.
The integration contour runs from N —ioco to N + ioco, where N is chosen such that the
contour runs to the right of any singularities of f, /a(n, u?).

In the standard method, it is not the parton distribution function that appears in an
exponent, but rather the Mellin moment variable n. However, there is a simple method
that allows us to compare the results of this paper to the standard results. We note that,
with a reasonable model of the behavior of f,/4(7a, 12), its Mellin transform f, 1a(n, 1?) has
a saddle point at some point n = IV along the real axis. If we choose to let the integration
contour in eq. (9.1) run through the saddle point, the integration will be dominated® by
n = N. (Cf. ref. [27] for a related use of the saddle point approximation.)

Now, when addressing threshold summation, we encounter f,/4(7/2, ©?), where 7, is
the momentum fraction that appears in the Born cross section and we integrate over z.

Thus what enters our calculation is

fasa(na/z, 1?) = 217r/ dw fosa(N +iw, p?) (na/z)" ). (9-2)

The integration over z is dominated by z near 1. Using the saddle point approximation,
with the location N of the saddle point determined for z = 1, we have

fa/A(na/Z7 /1'2) = .]Ea/A(Na /~L2) (na/z)iN I(N7 /1'27 Z) : (93)
Here
I(N,p? 2) = ;ﬁ/oo dw exp <iwlogz — %wZB(N, p?) + - > ) (9.4)
where )
d _
BOV) = | Toutuyatnn®)| (9.5)
n=N

8The large N dependence of fa sa(N, 1?) is determined by how fast faya(nas p?) decreases as 0, — 1. If
we suppose that in this limit, f,/4(7a, 12) ~ (1—1n.)°71, then large 8 corresponds to a fast decrease. Then
one can easily show that the saddle point approximation is valid for 5 — oo, 1, — 1. However, the saddle
point approximation is not valid in the limit 7, — 1 at fixed 8, even though N — oo in this limit.
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Keeping the order w and w? terms indicated, we have

2 oL logT(z)
I(N, p?, z) = BN D) p( 2B(N’M2)>. (9.6)

We are interested in the behavior of fa/A(na/z,,uZ) for (1 — z) < 1, so we neglect the z
dependence of I(n,, u?,2), which starts at order (1 — z)2. Then

Fapa(a/2, 1) = | fopaN LN, 122, 1)| (naf2) 7. (9.7)

This gives us what Sterman and Zeng [46] call the “single power approximation”. Sterman
and Zeng argue that the single power approximation is numerically quite accurate in
practice.
With the single power approximation, the ratios of parton distributions in eq. (7.21)
becomes )
fa/A(na/an’ ) N
5 =% .
Jfaya(na, 1?)

Then the Mellin moment variable appears in the exponent of our expressions, so that we

(9.8)

can compare to standard results that are written in this form.

9.2 Rapidity dependence

We now consider the cross section to produce a muon pair with squared momentum @? and

rapidity Y:
do ! ! NS dé(a,b)
— = dne | dny £2)5(0a ? e :
Here the lower limits on 7, and 7 are the momentum fractions at the Born level:
To = 2/s e
o/ (9.10)
Q@/s e

We are interested in the threshold region for Q? and Y, by which we mean that z, and xy,
are close to 1 and f i A(na, 2) and Iy b/ B(nb, ©?) are fast decreasing functions for 1, > w,
and n, > xp, respectively. In the threshold region, the flavor structure simplifies. Parton
a must be a quark and b an antiquark, or vice versa. The flavor structure is carried by a
function oy that appears in the Born cross section:

do— orn
dQ2BdY Z 2 (@a, Q%) fiyf (@, Q%) 00(a,,Q°, ). (9.11)

In the threshold region, we can write the parton level cross section in eq. (9.9) in terms of
a dimensionless and flavor independent coefficient function C' as

do(a,b) _ oo(a,b, Q2% s)

2
dQzdy el Clas(Q7),2,9), (9.12)

— 98 —



where

- Q?/s
77a77b1, (9_13)
y=Y -3 log(na/m) -

This gives
do do(a,b)
aQzdy Z 402 dY (9.14)
where

do dn., d
dQ(2 d}2 = 00(a,5, Q% 5) / o / nb a/A as @ )fb/B(naaQ2)C(as(,u2),z,y). (9.15)

Now we change integration variables to z and y defined in eq. (9.13):

do ( ) ) / dz/ Llog(1/2)
= og(a, b, Q~,
sz dY 0 -1 log(l/z (916)

X a,/A(:Ca6 y/\f Q ) (Ib ey/\[ Q ) ( (Qz)’zvy) :

The limits —1log(1/2) < y < 3log(1/z) come from the requirement that real emissions
have positive components along the directions of p, and py, so that 1, > z, and n, > xp,.
Separately, the arguments z, e ¥/y/z and zpe¥/\/z of the parton distribution functions
must be less than 1 or else the parton distribution functions will vanish. The requirements
on the arguments of the parton distribution functions also implies that z > Q?/s.

We can now apply the single power approximation for the parton distributions, giving

do(a,b)
40> dY

= 00(0,,Q%) S0, @) B0, @7) [ 2 s
(9.17)

Llog(1/2)
- /2 dy e/Na"No) C(ag(Q%), 2,y) -
—% log(1/z2)

Here N, and IV}, are the saddle point Mellin powers for hadrons A and B, respectively. We
can simplify this for the purpose of comparing to standard results. For a given choice
of quark-antiquark flavors a, b, the saddle point Mellin powers N, and N, depend on
the rapidity Y. If we imagine replacing ¥ — Y 4 Y while keeping the definitions
of x, and zp unchanged, then the parton distribution function factor in eq. (9.17) be-

comes fa/A(asae‘SY, u?) fo/B (e, u?). According to the single power approximation, this
factor is
PR ac® 1) £S5 (ane ™Y i2) m FYS (wa, 12) T (i, p2) Mo NY (9.18)

This implies that the parton distribution factor (and thus also the Born cross section) is
maximum at that value of Y such that (N, — N,) = 0.
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For our purpose of comparing to standard results, let us choose Y such that the parton
factor is close to its maximum. Then N, &~ N,. Now look at the integration in eq. (9.17).
For the kinematic regime in which threshold summation is needed, (N, + Ny)/2 is large.
Then in the z-integration, z near 1 dominates. That means that the range of y is small.
Since (N — N,) is small (compared to (N, + Np)/2), the factor exp(y(Na — Ny,)) can be
approximated by 1, as argued in in refs. [21, 22|. This gives

do(a,b — __ 1y
d;gad; ~ 00(a,b, Q%) f213(%a, Q°) fp) 5 (w1, Q%) /0 7’2 N C(as(Q?), 2), (9.19)

where N = (N, + Np)/2 and
3 log(1/2)

Clon(Q?), 2) = / dy C(0a(@?). 2.9) . (9.20)

—5 log(1/2)

These manipulations have given us a function of one variable to work with instead of a
function of two variables. The function of one variable, C(as(Q?), 2) is the function that ap-
pears in the rapidity-integrated cross section do/dQ? and is well studied. Eq. (9.19) gives us

do(a,b) _
dQ2dy ~

00(a, b, Q) F5 (20, 1) SIS s 12) Clas(Q), N (9.21)

where C is the Mellin transform of C-

_ 1

Clas(1?), N) :/ % N O(au(Q?), 2). (9.22)
0

9.3 The standard result

Now we need C. We use the standard result [1, 3] as given in eq. (3.1) of ref. [46] with
factorization scale ,u% = 2. We use the first term only in the cusp anomalous dimension,
set the hard scattering function to 1, and omit the function D, thus dropping terms that
contribute non-leading logarithms of N:

é(aS(Q2>7 N)

1 4 Q? du? ag(p? 9.23
:exp(/ dz lng [1—ZN—1]/ ng_OééMJ_) 9(#3_>m2) . ( )
0 (1-2)2Q2 M7 n

9.4 The comparison

How does this compare to our results? In the parton shower approach, there are Sudakov
factors K for the shower interval between the hard scattering that produces the muon pair
and the first real parton splitting, then for the interval between the first real splitting and
the second, and so forth. The integrands in the exponent of K decrease with decreasing
splitting scale. Therefore we assume for the purposes of making a comparison that the first
splitting occurs at a sufficiently small scale that we can just set that scale to zero and ignore
the Sudakov factors for further splittings. This gives

do(a,b)
dQ?*dy

~ 00(a,b, Q) foya(2a, Q%) fop(an, Q%) KoKy, . (9.24)
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The factor K, comes from the exponential of V, — S, for initial state radiation from parton
“a”. The factor Ky is the same expression applied to parton “b”. The parton distribution
functions in eq. (9.24) are those appropriate for a A%-ordered shower. They are related to

the MS parton distribution functions by factors Z, and Z;, defined in eq. (4.15), so that

do(a,b)
dQzdy

o0(a, b, Q%) f213(wa, Q%) fos (@b, Q) ZaKaZu Ky, . (9.25)

This matches the form of eq. (9.21). We need to check whether the factor C given by
eq. (9.23) is the same as the leading approximation to Z,K,Z, K.
We worked out the leading approximation to Z, in eq. (4.17):

_ PooCk [ faa(m/2,Q)
Za —eXp</0 dz 1— 2 {1 fa/A(naan) }

Q> 2 2
< [T A el g mi<a>>> .
(

(9.26)

1—2) Q? :U’i 2m

The factor K, comes from the exponential of V, — S, for initial state radiation from
parton “a”, integrated from an upper scale p2(tg) = @2, to a lower scale p2(co) = 0. We
use eq. (7.21) for K,. The term in eq. (7.21) proportional to A,y is absent from the first
factor K, for the Drell-Yan process and the term proportional to P;Zg(z) can be omitted
because it is not large. We also omit the i7 term. Thus in eq. (7.21) we include only the
main term, proportional to 1/(1 — z), we take the argument of the parton distributions to
by fixed at Q?, and we approximate the lower endpoint of the z-integration as 1 — u?/Q?

instead of 1/(1 4+ u2/Q?). This gives

_ < L/B ! as(Ar(1 = 2)p?) N2 2
Ka —exp</0 12 1—u2/Q2dz or 0((1 — 2z)p” > m (a))
w 11— fa/A(na/Z7 Qz) 2C,
fa/A(naaQ2) 1 -z '

In eq. (9.27) it is useful to interchange the order of integrations and change variables from

(9.27)

p? to u? = (1 — z)u?. This gives

bo20k [ fapa(ne/z Q%)
K, =exp / dz 1 —
' ( 0 T2 T S0, @)
(1-2)Q? 2 ( 2 ) (928)
—z dHJ_ As )\R/J“J_ 2 2
X — ———="0(u >mi(a))].
/(l—z)2Q2 ui 2T ( €L J_( ))
In the product Z,K,, the integrands combine in a nice way to give
1 2
ZaKa = exp / dz 20F 1— fa/A(na/Z,Cg )
0 I—=z fa/A(naaQ )
(9.29)

2
X/Q i as(rpd)
(1—2)2Q2 ui 27

o2 > mi(a))) |
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Although an analysis of other shower ordering schemes is beyond the scope of this paper,
it is worth noting that if we had used ki ordering or angular ordering for the shower,
then Z, and K, would be different from what we have with A? ordering, but Z,K, would
be the same.

Now, apply the single power approximation (9.8). This gives

2

L 20F Q dp?  as(Arp?)
ZoK, = exp / dz 1—2N / = 2L 004 > m2) ). (9.30
( ; 1_Z( ) orpor H o (pi >m7) (9.30)

We get the same factor for parton “b”, so

Z. K. 70 Ky,

1 Q* 2 2 9.31
:exp</ i 140F [1_21\/]/( %WQ(Mi>mi)>_ (9-31)
0

17’2)2@2 ,U/i 2

This matches the standard result (9.23) with two small changes. First, we have used a
factor AR in the argument of . This does not affect the leading logarithms. Second, we
have [1 — ZN] instead of [1 — ZN_l}. These forms are equivalent for large V.

We conclude that the form of threshold logarithm summation that arises naturally
in a parton shower is equivalent to the traditional forms that one gets in a direct-QCD
analysis [8, 9, 46| or in soft-collinear-effective-theory as in ref. [37]. The shower form is less
precise in that it does not allow an analysis beyond the leading approximation. On the
other hand, it applies immediately to many processes with no further analysis.

10 Numerical comparisons

In this section, we exhibit two numerical tests of the threshold summation presented in this
paper. In the first test, we look at the inclusive Drell-Yan cross section, p+p — et +e~ +X
at 13 TeV. In the second test we look at the one jet inclusive cross section in proton-proton
collisions at 13 TeV. We compare cross sections do, differential in whatever variables we
choose, calculated with threshold summation to the corresponding cross sections without
threshold summation.

The full cross section including threshold factors is do(full). This includes all of the
terms in eq. (7.21) for (Va(7) —Sa(7)) except the im term, with the color matrices calculated
using the leading color approximation.? It also includes a factor Z,(7a, M%)Zb(ﬁb, ,u%), as
defined in eq. (4.15). This factor relates the A?-ordered parton distributions to the MS
parton distributions. Here u? is the factorization scale, characteristic of the hard scattering.

For the jet cross section, ag at the hard interaction is evaluated at u, = us. The parton
shower then starts at scale u?(t) = u? as given in eqgs. (2.3) and (2.4).

We will sometimes find it of interest to exhibit a cross section do(no A) in which we
omit the term proportional to Ay in eq. (7.21).

We can turn off all of the threshold effects to obtain a standard parton shower cross
section do(std.).

9We could use the LC+ approximation, but we find that this makes very little difference.

~32 -



In all of these cross sections the default calculation in DEDUCTOR begins with a factor
fa /A("7a7 ,Uf)f b/B 3 (M p2), where these functions obey the first order evolution equation (4.1).
In the calculations presented in this section, we modify the initial parton factor to use NLO
parton distributions by multiplying by a factor

fﬁ,NLo ( ) st NLO(

fa/A(navuf) fb/B(nb,uf)

bv/*‘%)

Rpae = (10.1)

The NLO parton distribution functions used are from the central CT14 NLO fit [76]. The
parton distributions that obey the first order evolution equation (4.1) are simply obtained
by using eq. (4.1) with the same starting distributions at the starting scale u2, . For the
Drell-Yan cross section, we find that Rpq¢ is within about 5% of 1.

The DEDUCTOR (full) results depend on the parameter ,;,, introduced in section 7.2.2.
We use min = 0.01. We have checked that varying i, by a factor 2 or 1/2 affects the
cross sections examined by £2% or somewhat less, depending on the observable.

10.1 Drell-Yan

In figure 1 we look at the inclusive Drell-Yan cross section, p +p — et + e~ + X at
Vs = 13 TeV, as a function of the mass @ of the ete™ pair. We take pur = Q. We show two
curves from DEDUCTOR, one, do(full)/d@, with the threshold effects turned on, the other,
do(std.)/d@, with the threshold effects turned off. Since the parton shower does not change
Q, do(std.)/dQ equals the leading order (LO) perturbative cross section. For comparison,
we show a perturbative next-to-leading order (NLO) calculation obtained from MCFM [77]
with pf = Q and CT14 NLO parton distributions.'”

We note that do/d@Q) decreases approximately exponentially as @ increases in the
threshold region @ > 1TeV. This reflects the fast decrease of the parton distribution
functions as the momentum fraction increases. All three computed cross sections display
the same approximately exponential behavior. However, the threshold correction has an
effect that is large enough to notice even in this multi-decade semilog plot.

There is a theoretical uncertainty associated with the parton shower calculation, which
we can estimate by changing the factorization scale ys at which the initial parton distri-
butions are evaluated and at which shower evolution starts. It is rather standard for the
Drell-Yan cross section to choose the factorization scale to be us = ). However, the max-
imum value of the transverse momentum of the e~ or e™ is Q/2, so, by analogy with jet
production, for which uf = Pr(jet) is a widely used choice, puf = @/2 might seem a sensible
choice here. On the other hand, one could choose u¢f = 2Q. In figure 2, we plot the ratios
of do(full) with these two scale choices to do(full) with ps = Q. Based on this result, one
might estimate a +5% uncertainty. The precision of the DEDUCTOR calculation could be
improved by matching to a NLO calculation of the Drell-Yan cross section, but we have not
done this.

10The MCFM results were adjusted to use the same running aem (@) as DEDUCTOR.
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Figure 1. The cross section do/dQ for p+p — eT + e~ + X versus the mass Q of the ete™ pair
for /s = 13 TeV. The lower, blue curve is do(std.)/dQ, with no threshold effects. The middle,
black dashed curve is a perturbative NLO calculation using MCFM [77]|. The upper, red curve the
shower cross section is do(full)/d@ including threshold effects. In each case, the factorization scale

is pr = Q.

It is difficult to see small effects in semilog plots like figure 1, so, in figure 3, we show
ratios K of cross sections to the Born cross section, do(std.)/dQ = do(LO)/dQ. In each
case shown, we use ur = Q.

We show first, in red, K(full), corresponding to the cross section with the threshold
correction, do(full)/d@Q. We see that the threshold correction is quite substantial and
increases with Q.

We next show, in green, K(no A) for the cross section including just the part of the
threshold correction in which we omit the term proportional to Ay in eq. (7.21). The ratio
Ka = [do(full)/dQ)]/[o(no A)/dQ)] is of some interest. For the Drell-Yan process, the Ay
term does not occur in the Sudakov factor between the hard interaction and the first real
parton emission. After the first emission, there is color flow transverse to the beam so that
the pattern of virtual gluon exchange is changed and Ag,; can be non-zero. Since A is
itself proportional to as, the perturbative expansion of Ka — 1 begins at order 2. Thus we
expect KA to be close to 1. In fact, we find that Ka ~ 1.03 for ¢ > 1TeV. The parameter
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Scale dependence of Drell-Yan cross section
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Figure 2. Dependence of the Drell-Yan cross section do(full,\)/dQ on the factorization
scale pr = AQ. The blue curve is [do(full,1/2)/dQ]/[do(full,1)/dQ]. The green curve is
[do(full,2)/dQ]/[do(full, 1)/dQ)].

1min described in section 7.2.2 controls the integration range over which A,x operates. As
noted earlier, the cross section is sensitive to a factor 2 or 1/2 change in ¥y, at a level of
about +2%, so the numerical value of K is not highly significant. What is significant is
that KA is indeed close to 1.

We display next, as a dashed black curve, the ratio K (NLO) of the NLO cross section
to the Born cross section, as given by MCFM [77|. We note that K (NLO) is an increasing
function of @), as we might have expected since it includes some of the effect of threshold
logs. We note also that the slope of the NLO curve remains rather constant as () increases,
in contrast to K (full), which has an increasing slope as the threshold logs build up.

Finally, we show as a purple, dashed curve, K obtained with the analytic threshold
summation of Becher, Neubert, and Xu [37]. This curve is obtained by adapting the code for
figure 8 of ref. [37] to CT14 parton distributions and /s = 13 TeV. We regard the analytic
B.N.X. curve as more precise than the DEDUCTOR (full) curve since the analytic result
contains a high order of approximation in the summation of logarithms, while DEDUCTOR
(full) is based on only a leading order parton shower. We note that, for @) > 2TeV, the
BNX curve agrees within about 3% with the DEDUCTOR result for do(full)/d@Q.
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Figure 3. Ratios, K, of Drell-Yan cross sections do/dQ, as in figure 1, to the Born cross section
do(std.)/dQ = do(LO)/dQ calculated with a factorization scale uf = Q. The solid green curve
is K(no A) corresponding to do(no A)/dQ. The solid red curve is K(full). In each case, we take
us = Q. The dashed, black curve is K(NLO) obtained from a perturbative calculation using
MCFM [77] with uf = Q. The purple, dashed curve is the analytic result of Becher, Neubert, and
Xu, comparable to the NNLO curve of figure 8 of ref. [37].

10.2 Drell-Yan transverse momentum

In the previous subsection, we examined the () dependence of the Drell-Yan cross section
do/dQ, looking for the effects of steeply falling parton distribution functions when @ is
large. Parton shower event generators can also predict the distribution of the transverse
momentum Qt of the ete™ pair in the region of small Q1/Q, where logarithms of Q1/Q
need to be summed. We have found [66] that a parton shower with virtuality based ordering,
like DEDUCTOR, gives the same result at the next-to-leading-log level for logarithms of
Q1/Q (without threshold logs) as the analytical treatment of ref. [78]. Now, with threshold
effects included in a parton shower, we can examine both the logs of Q1 /Q and the threshold
effect at the same time, as in the analytical treatments of refs. [18, 19, 43, 44|. We do not,
however, have analytical knowledge of the level of accuracy of the parton shower treatment.
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Figure 4. The normalized Drell-Yan transverse momentum distribution, dN/dQr = (1/0) do/dQT
for the LHC at 13 TeV. Here Qr is the transverse momentum of the ete™ pair, do/dQT is
do/(dQT dQ) integrated over 2TeV < @ < 2.1TeV and o is this cross section integrated over
0 < Qr < 100 GeV, so that the area under the curve is 1. The red curve that is lowest at small Q
is the full result with threshold effects, dN(full)/d@Qr. The blue curve that is very slightly higher
at small Qr is the result with no threshold effects, dN(std.)/dQr. In these calculations, we have
chosen ps = Q. We also show the corresponding result obtained using RESBOS [79, 80] as a dashed

black curve.

To study the Q7 distribution at large @), we examine

d 2.1 TeV d
=2 = / aQ —— . (10.2)
dQT 2.0 TeV dQ dQ

We we divide by the integral of this over the Q1 range 0 < Q1 < 100 GeV to produce a
distribution dN/dQr normalized to

100 GeV dN
dQr — =1. 10.3
/0 T dQr (10.3)

In figure 4, we show the result with the threshold correction, dN(full)/d@Qr. We choose
the factorization scale to be ps = Q. For comparison, we show the result dN(std.)/dQr
with the threshold correction omitted. We see that the threshold correction has only a
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Figure 5. Ratios, K, of the Drell-Yan cross section do/dQt obtained by integrating do /(dQT dQ)
over 2TeV < @ < 2.1TeV for the LHC at 13TeV. The numerator in the upper curve is the
full result with threshold factors, do(full)/d@r. The numerator in the lower curve is the cross
section do(no A)/dQ@Qr obtained by omitting the A term in the threshold factor. In each case the
denominator is the cross section do(std.)/d@Qr with no threshold factors. The factorization scale in
all of these cross sections is chosen to be puf = Q.

very small effect. We also show the result dN(ResBos)/dQr obtained with the analytical
summation of logs of Q1/Q contained in RESBos [79, 80]. The RESBOS result does not
contain a summation of threshold logs and so should be compared to DEDUCTOR (std.).
The RESBOS calculation contains smearing with non-perturbative functions that are fit to
data. This smearing has not been included in DEDUCTOR. Thus it is not surprising that
the DEDUCTOR distributions are somewhat narrower than the distribution from RESBoS.

In figure 5, we examine directly do/dQt defined in eq. (10.2) so that we can see the
effect of the threshold factors on the normalization of the cross section. We take pr = Q.
We examine ratios K obtained by dividing do/dQt by the cross section obtained with
no threshold corrections, do(std.)/d@Qr. We show two curves. In the upper curve, the
numerator of K is the result with the full threshold correction, do(full)/dQr. We see that
there is a substantial, about 25%, threshold enhancement. This enhancement is weakly
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Q7 dependent,'! increasing from 23% to 26% over the range 0 < QT < 100GeV. We
examine where this QT dependence comes from by plotting also the ratio K obtained using
do(no A)/dQr in the numerator. Without the A contribution in the Sudakov exponent,
the threshold enhancement is flat as a function of Q. Thus the small Q1 dependence seen
in do(full)/d@Qt comes mainly from the A term in the Sudakov exponent. This is easy to
understand. The A term appears only after we have an initial state emission. Having an
initial state emission gives a transverse momentum recoil to the ete™ pair, so larger Qr
should have a positive correlation with a larger threshold factor from the A term.

We can offer two observations. First, the DEDUCTOR (std.) curve for dN/(dQT)
agrees nicely with the RESBOS curve, considering that there should be differences from
non-perturbative smearing. Second, the effect of threshold logs reflected in the DEDUCTOR
(full) curves in figures 4 and 5 is small and its sign appears to us to be quite sensible.

10.3 Jets

We now examine the one jet inclusive cross section do/dPr in proton-proton collisions at
Vs = 13TeV as a function of the jet transverse momentum, Pr, integrated over the rapidity
range —2 < y < 2. The jet is defined using the anti-k7 algorithm [81] with R = 0.4 with the
aid of FASTJET |82|. Notice that the cross section do(std.)/dPr obtained with a standard
shower with no threshold corrections is not the same as the Born cross section do(LO)/dPr
because partons generated in the shower from initial state splittings can become part of
the jet, while partons generated as daughters of the starting final state partons can escape
from the jet.

In figure 6, we display three versions of do/dPr as functions of Prp. In each case, we
take the renormalization and factorization scales and the starting scale of the shower to be
pe = py = Pp. The lower, blue curve is do(std.)/dPr, obtained with the parton shower
with threshold effects omitted. The solid red curve is do(full) /dPr, obtained with threshold
effects. We see that the threshold effect is large enough that it is evident even in this semilog
plot. The black, dashed curve is the result of a purely perturbative next-to-leading order
(NLO) calculation [83]. We note that the parton shower calculation including the threshold
effect is quite close to the NLO result.

There is a fairly substantial theoretical uncertainty associated with the parton shower
calculation. To estimate this uncertainty, we examine the effect of changing the scale
e = py at which the initial parton distributions and strong coupling are evaluated and at
which shower evolution starts. In figure 6, we used us = p, = Pr. However, the minimum
value of the dijet mass in the Born process is Q@ = 2Pp. Thus puf = p = 2Pt might
seem a sensible choice. One the other hand, jet cross sections are sometimes evaluated
with puf = uy = Pr/2, so Pr/2 might seem a sensible choice. In figure 7, we plot the
ratios of do(full)/dPr with pus = g, = 2Pr and with pu¢ = p, = Pr/2 to do(full)/dPr with
pe = py = Pp. Based on this result, we estimate a +30% uncertainty in do(full)/dPr. This
uncertainty could be reduced by performing a showered calculation matched to the NLO
calculation.

HThere is a strong Qr dependence at about Qr = 1 GeV. This arises from the minimum pr allowed for
emissions in the shower and is not really physical.
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Figure 6. One jet inclusive cross section do/dPr for the production of a jet with transverse
momentum Pr and rapidity in the range —2 < y < 2. The cross section is for the LHC at 13
TeV. We use the anti-kp algorithm [81] with R = 0.4. The lower, blue curve is do(std.)/dPr,
obtained with no threshold effects. The red curve is do(full)/dPr, obtained with threshold effects.
The dashed, black curve is an NLO calculation [83]. In each case, we take the renormalization and
factorization scales and the starting scale of the shower to be us = p, = Pr.

In figure 8, we turn to several calculations of do/dPrp presented as ratios K to the
perturbative Born cross section, do(LO)/dPr. In this figure, all cross sections are evaluated
at pus = pr = Pr.

The lowest, blue curve is K (std.), obtained using do(std.)/dPr, in which there is a
standard shower but the threshold effects are turned off. We see that do(std.)/dPr is only
about 60% of the Born cross section. Since the cross section is so steeply falling as a function
of Pr, just a small amount of Pr leakage out of the jet because of showering makes the
cross section substantially smaller.

We now include the threshold correction, plotting the ratio K (full). This gives the
red curve. We see that the threshold effect is very large and multiplies do(std.)/dPr by a
factor between 1.3 and 2 for Py > 1TeV. This produces a result do(full)/dPr that ranges
from 90% to 120% of the Born cross section for Pr > 1TeV. We also show, as a solid
green curve, the factor K (no A) obtained by omitting the term proportional to A, in the
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Figure 7. Scale dependence of the one jet inclusive cross section after showering and threshold
effects. We plot as functions of Pr the ratios [do(full, \)/dPr]/[do(full, 1) /dPr] with ps = py = APr
in the numerator and pus = p, = Pr in the denominator. From top to bottom, the three curves are
for A=0.5, A=1and A =2.

Sudakov exponent. We see that, for the jet cross section, this term makes a contribution
to the exponent that is not negligible.

We show also as a black, dashed curve, K(NLO) corresponding to the perturbative
NLO calculation from figure 6.

There are analytic summations of threshold logarithms [8, 10, 17, 23, 28]. We have
used the computer programs of Kidonakis and Owens [17] and of de Florian, Hinderer,
Mukherjee, Ringer and Vogelsang [28] to produce the cross sections do(K.O.)/dPr and
do(FHMRV)/dPr, respectively. In these programs, the all-order threshold effect is ex-
panded to order o to produce the calculated cross sections. In the Kidonakis-Owens
formulation of threshold summation, there is no dependence on the algorithm used to de-
fine the jet. The FHMRYV calculation is more sophisticated and includes the dependence
on the jet algorithm (for which we use the anti-kt algorithm with R = 0.4). In figure 8, we
plot K(K.O.) as the green, dashed curve and K(FHMRYV) as the purple, dashed curve.

We note that the DEDUCTOR (full) curve is roughly 30% below the analytic FHMRV
curve for Pr > 2TeV. We also note that the scale variation test in figure 7 suggests that the
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Figure 8. Illustrations of the one jet inclusive cross section as in figure 6. We show the results
of calculations of do/dPr by plotting ratios K of do/dPr to the perturbative Born cross section
do(LO)/dPr. The scales in all cross sections are pus = p, = Pr. Going from the lowest to the highest
curves at Pr = 2TeV, the lowest curve is K (std.) using in the numerator the showered cross section
obtained with threshold effects turned off. The next is K (no A) obtained with the A, contribution
turned off. The next curve is K (full) using the showered cross section with threshold effects. The
next is K(LO) = 1. The next curve is K(NLO) using the perturbative NLO cross section. The
next highest curve is K (K.O.) using the cross section obtained using the Kidonakis-Owens threshold
effects program [17]. The highest curve is K(FHMRV) using the cross section calculated with the
de Florian, Hinderer, Mukherjee, Ringer and Vogelsang algorithm [28].

Deductor (full) curve in figure 8 should be regarded as being uncertain to £30%. In fact,
we see in figure 7 that changing the scales to yuf = pr = Pr/2 makes the DEDUCTOR (full)
cross section roughly 30% bigger. Thus the level of agreement between the DEDUCTOR
(full) and FHMRV curves seems not unreasonable. It would, of course, be desirable to
improve the precision of the shower cross section. This can be achieved by matching the
shower calculation to the perturbative NLO correction to the cross section, but we have
not yet undertaken this task.

We can draw a further conclusion from these comparisons. The parton shower has a
hard job to perform, since it needs to include two large effects that act in opposite directions:
loss of Pr from the jet from showering and also the threshold enhancement. It seems to us
remarkable that the calculation works to within the expected uncertainty.
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11 Summary of the analysis

We have viewed parton shower evolution as the solution of equation (3.1),

& o) = st0) - S0 |ot1) (111

where ‘ p(t)) represents the probability distribution of parton flavors and momenta and
the density matrix in the quantum color and spin space in a statistical ensemble of event
generation trials [67-74]. In this paper, we have ignored spin but still consider a full
treatment of quantum color, even though in an actual implementation as computer code
one has to make some approximations with respect to color.

The shower time ¢ is the negative logarithm of the hardness scale u? considered. The
shower starts at a hard interaction and evolves to softer scales. At shower time ¢, interactions
that are softer than p? are regarded as unresolvable, so that it is not meaningful to measure
properties of the states described by ’p(t)) at a finer scale. In the evolution equation, H(t)
represents real parton splittings, while S(¢) leaves the number of partons, their momenta,
and their flavors unchanged. Both operators are order ag; we do not examine higher order
contributions.

The operator S(t) gives us the Sudakov factor exp(— fttf dt S(t)) that appears between
two parton splittings. We have argued that S(t) should consist of two parts, as in eq. (6.6),

d

S(t) = SP(t) — F(t) [dt

f(t)] : (11.2)

Here F(t) represents the parton distribution factor in |p(t)), so that the second term in
S(t) gives the effect of changing the scale parameter in the parton distributions. The first
term, SPY(t), accounts for order as graphs that leave the number of partons unchanged.
That is, SP°'(¢) represents one loop virtual graphs. We have (approximately) calculated
SPert(1) in this paper.

In order to construct a parton shower based on eq. (11.1), one can use a trick. One
can replace S(t) by V(t), where V(t) is constructed from the splitting operator H;(t) in
such a way that the Born level cross section contained in ‘p(O)) is exactly conserved by the
shower evolution. In fact, parton shower algorithms are typically based on V(t) instead of
S(t). The difference [V(t) — S(t)] corrects —V(t). If we approximate the color using the
leading color (LC) approximation or the LC+ approximation [70], then the color matrices
are diagonal and exp( ttl2 dt [V(t) —S(t)]) gives us a numerical weight factor that adjusts the
cross section.

We found that SPe't(¢) contains factors &ir times certain color matrices. These terms
are very well known. (See, for example ref. [84].) As noted in ref. [70], these terms conserve
the Born level cross section and could be included in V(t) instead of S(¢). Although the in
terms are of considerable physical interest, they are of secondary interest in this paper and
have not been included in our numerical results.
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The integrand in [V(t) — S(t)] contains ratios of parton distribution functions. The
most important term has the form

o || Joalma/z 0% | 1
27 fa/A(navuz) l—=z

(11.3)

integrated over z in a small range near z = 1. This term is large if fo/4(7a/2, ©?) falls steeply
as 1 — z increases. Furthermore, f,/4(1a/2, ©2) does fall steeply as 1 — z increases when 7,
is large, say bigger than 0.1. Thus a straightforward analysis of parton shower evolution
leads us to the conclusion that there can be large corrections to the Born level cross section
for a hard process. These contributions are naturally summed in a parton shower algorithm
that incorporates S(t) because [V(t) — S(t)] appears as part of the Sudakov exponent.

Of course, these contributions are not summed if the Sudakov factor is exp[— [dt V(t)]
as is customary in parton showers (including ours, DEDUCTOR 1.0). In this paper, we have
presented results from DEDUCTOR 2.0, in which [V(¢) — S(t)] is included within the LC+
approximation. (In our numerical results, we used the LC approximation.)

The effects that arise from the term in eq. (11.3) are clearly connected with the effects of
what are usually called threshold logarithms, which have been extensively studied. It thus is
puzzling that the formulation in this paper contains ratios of parton distribution functions
in an exponent, whereas standard threshold summation results never, to our knowledge,
contain such factors. How, then, can these formulations be connected?

The answer can be understood in the treatment of the DGLAP parton evolution equa-
tion in the formulation of a parton shower. In a parton shower describing hadron-hadron
collisions, at hardness scale 12, one needs to include “unresolvable” initial state interactions
as parton distribution factors, f,/4(7a,p 2) and Jo/B (10, ©?). When we come to a softer
scale, we need to cancel the previous parton distribution functions and supply new ones.
For this purpose, we can use

d
fa/A(naa M%) = fa/A(an%) exp [/ dlu’ d log (fa/A(ﬁm ))] . (114)
u3

That is, making use of the first order evolution equation,

Faya(as 183) = faya(nas 13) exp[—/M1 i / Z*

% (5 fa/A(na/ZnU’ ) - 2C, o
{Paa( ) Fualip®) (1—2 %) H

This is what appears in shower evolution algorithms [48]. On the other hand, if we use the

(11.5)

Mellin transform of the parton distributions, eq. (9.1), we have

- ~ H1d 2 Qg
faya(N,113) = forya(N, uf) exp [— /2 7’;% V(N)] : (11.6)
125] aa’

Here «(N) it the matrix obtained by taking the Mellin transform of the evolution kernels.
There are no parton distribution functions in the exponent. It is this formulation, or
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variations on it that do not work directly with the Mellin transformed evolution kernels, that
typically appears in threshold summation calculations. For general purposes, eq. (11.6) is
more powerful than eq. (11.5) because one does not need to have already solved the evolution
equation to use it. However, eq. (11.6) is not more, or less, accurate than eq. (11.5).

In fact, we found in section 9 that a standard threshold summation in the case of the
Drell-Yan process matches what the analysis of this paper gives when we use a leading
saddle point approximation to connect the two results.

We now comment on the role of parton distributions in the formalism that we have
presented. The |p(t)) in eq. (6.1) contains a factor representing the parton distribution
functions at the resolution scale corresponding to t. In eq. (6.2), we defined an alternative
statistical state |ppert(t)) in which this parton distribution factor has been removed. Then
’ppert (t)) obeys the evolution equation (6.4) in which the parton distribution functions do
not appear. At the end of the shower, we obtain the ordinary statistical state | p(tf)) by
multiplying by parton distribution functions appropriate to a low ki scale, mi(start), at
which the shower turns off.

With this formulation, the whole hard scattering plus parton shower is a single pertur-
bative process for which the resolution scale is m?2 (start). There are no parton distribution
functions except at the low scale. Now, the actual code works with ‘ p(t)) and does use
parton distribution functions at the hard scattering and at each shower stage. However,
this use of parton distribution functions is only a trick [48]. Actually, all of the parton
distribution functions approximately cancel except for those at the final low scale.!?

In order to make this cancellation work, DEDUCTOR 2.0 matches parton evolution
to shower evolution by using parton distribution functions f,/4(7a, p3) that evolve from
the starting scale according a modified leading order evolution equation (4.8). It would,
of course, be better to use an appropriate next-to-leading order evolution equation for the
parton distribution functions, but we do not have a next-to-leading order shower algorithm.
Thus we are stuck with a parton shower summation of logarithms based on leading order
perturbation theory.

12 Choices in DEDUCTOR

A user of DEDUCTOR 2.0 has some choices.

The default choice is the calculation described above. With this choice, the parton
shower sums threshold logarithms as described in this paper.

Another choice would be to eliminate the summation of threshold logarithms. This is
easy to do, as described in section 10.

There is a third possibility. The user may want to retain the threshold logarithms but
modify the way parton distribution functions appear in the calculated cross section. The
default result for a cross section has the form

do = d& ZoZo N5 (00, Q) F315 (5, Q%) | (12.1)

12The cancellation is approximate because the operator [V(t) — S(t)] is calculated approximately, using
a limit in which successive splittings are strongly ordered.
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where Q? is the scale of the hard scattering and some of the summation of threshold
logarithms is contained in the factor

faya(na, @%) foy5 (1, Q)

VAN .
fa/A(Um Q?) fb/B(nb7 Q?)

(12.2)

See section 9.4. Here the parton distribution functions fi\//Ti(na,Qz) are obtained from
the parton distribution functions at the scale m? (start) using the first order evolution
equation (4.1).

Suppose that the user is only slightly interested in the details of the final state that a
parton shower naturally specifies. Rather, the user is most interested in the hard scattering
that initiates the parton shower. This user wants to have a calculation of the inclusive hard
scattering cross section, including threshold corrections, that is as accurate as possible. Such
a user might not want to have a cross section based on parton distributions f py A(na, Q?)

and fb /B S (12, @) at the hard scale, since these parton distributions have been obtained by

lowest order evolution from mi (start). Instead, this user might prefer parton distributions

fﬁ’NLo(na, Q?) and fMS NLO(na, Q?) that have been obtained with next-to-leading order

evolution. That is eablly arranged by multiplying the default do in eq. (12.1) by a suitable
weight factor:

fi\TS’NLO( ar Q7 fMSNLO( ,Q?
do™od = go "4 ) " ). (12.3)

fa/A(nanQ) f/B(UbaQZ)

We have, in fact, done this in our numerical comparisons in section 10.

13 Outlook

We have presented a formulation of parton shower event generators in which the “threshold”
enhancements of the cross section at large hardness scale Q? are included within the parton
shower. This has a disadvantage compared to analytical summations of threshold logs: as
presented here, the calculation has not been systematically extended beyond the leading
logarithm approximation, whereas many of the analytical results are for a much improved
order of approximation. However, the parton shower formulation has the advantage com-
pared to analytical calculations that the same algorithm works for a wide variety of physical
observables. As long as the desired Born level hard process is included in the parton shower
code, the user simply has to specify the observable that is to be measured at the end of
the shower.

Compared to standard parton shower formulations that do not include threshold effects,
the methods presented here have the advantage that they make the parton shower more
accurate in a base level approximation in which matching to an NLO calculation has not
been applied.

Every parton shower program is a little bit different. We have presented the threshold
algorithms as needed for our program, DEDUCTOR. However, we believe that the meth-
ods presented here can be adapted with not much difficulty to other parton shower event
generators.
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A Notation and kinematics

In this appendix, we collect some notations used throughout the paper and put them in
one place. We only sketch the notation that we need. Details can be found in refs. [67-74].

In the parton shower, the partons are described by a state vector } p(t)) that represents
the probability distribution of parton flavors and momenta and the density matrix in the
quantum color space. (Recall that in this paper we effectively ignore quantum spin by
summing over spins of the daughter partons after each splitting and averaging over the
mother parton spin.) In this paper, all of the partons except top quarks are massless. We

expand ! p(t)) in basis states [{p, f,c ,c}m). This basis state represents two initial state
partons with labels “a” and “b” and m final state partons with labels [. The partons have
momenta p, flavors f, and colors ¢/, c. The momentum fractions of the initial state partons
are 1, and 7. In the context of a parton splitting, we generally use p; to denote the
momentum of parton [ before the splitting and p; to denote the momentum of parton [
after the splitting.

When a final state parton labelled [ splits into partons [ and m + 1 with momenta
pr and P11, we characterize the splitting by its virtuality (p; + Pm1)?. Similarly, when
the initial state parton with label “a” splits in backward evolution to a new initial state
parton “a” and a new final state parton with label m + 1, we characterize the splitting by
its spacelike virtuality (pa — pmi1)?

The shower time that we use is related to the virtuality of a splitting:

e_t (ﬁl + ﬁm+1)2

= Tl final state,
2p; - Qo
(A1)
t (ﬁa - ﬁm+1)2
el =——""""7 initial state.
2pa . QO
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Here Qg is a fixed vector equal to the total momentum of all of the final state partons just
after the hard scattering that initiates the shower. With this notation, the virtuality in an
initial state splitting is

pa(t) = 2pa- Qoe " (A.2)
It is convenient to use a dimensionless virtuality variable

A 2
y = 7@1 + Pm1) final state,
2p - Q
(ﬁa - ﬁm+1)2
2pa - @

Here () = p, + py, is the total momentum of the final state partons just before the splitting.

(A.3)

y=— initial state.

Then y is related to shower time by

_2pl'QO —t
=— "¢

Y final state,
2p - Q (A.4)
2pa - Qo —t .. .
y=—-=¢ initial state.
2pa - Q

Since 2p, - Q = @2, we have a convenient identity for p2(t):
pa(t) =y Q. (A.5)

We sometimes use a squared transverse momentum variable kzi for a splitting of initial
state parton “a”. With the exact kinematics and momentum mappings used in DEDUCTOR,
the emitted parton has label m 4+ 1 and momentum p,,+1. The part of p,, 1 orthogonal
to the momenta of both incoming partons after the splitting, p, and py, is 15#1“, whose
square is

(Bms1)’ =y(1 =2 = 29) 2pa - Q. (A.6)

Here z is defined by z = 1),/7a, where 7, is the momentum fraction of parton “a” before the
splitting (in backward evolution) and 7, is its momentum fraction after the splitting. We
note that the condition (pp,, ;)% > 0 implies

2<1/(1+7y). (A7)

The quantity (p: H)Q vanishes when the emitted parton is collinear to parton “a”,
which corresponds to y — 0 with fixed (1 — z). However, it also vanishes when the emitted
parton is collinear to parton “b”, which corresponds to (1 — z — zy) — 0 with fixed y. For
our purposes, we prefer a variable that matches (p;; +1)2 in the collinear limit, but does not
vanish in the anticollinear limit (1 — z — zy) — 0. We thus define a transverse momentum
variable

K =y(1—2)2p.- Q. (A.8)

This discussion of k? may be compared to that in section 2.3.1 of ref. [56].
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We will need some standard flavor dependent constants. The number of flavors is Ng.
We have color factors Ca = N, (with N. = 3) and Cp = (N2 —1)/(2N.). We use f for a
parton flavor, f € {g,u,u,d,...}. We define Cy by

Cy =Chp,
g A (A.9)
CQZCF qe{u,ﬁ,d,...}.
In the kernels for evolution of parton distributions, constants «; appear, with
_ 11Cx  2TR Nt
g - )
6 3 (A.10)
3CF _
’}/q:T qe{u,u,d,...},

where T = 1/2.

We will use three momenta p; in a reference frame in which the total momentum @ of
the final state partons before the splitting has zero space components. (Thus Q = p, + pp.)
In the case of an on-shell virtual particle, p! = |p;|. We then write p; = |pj|v; where

v = (1,1), (A.11)

with 72 = 1. We use Eg for the energy component of Q: Q = (Eq, 0). We often use the
convenient shorthand

2 E
=9 _ Eo (A.12)
2p-Q  2[pi
In the case of an initial state parton, this is a, = a, = 1. We also sometimes use the

shorthand
1 — cos Oy

V/8(1 + cosbyy)

where 60, is the angle between a pair of partons with labels k£ and .

Y =

(A.13)

B Calculation of the probability conserving integrand V(t)

For each real splitting in a parton shower, we need a Sudakov factor associated with the
evolution of the system from the time ¢; of the previous splitting and the time to of the
new splitting. The standard form for this factor is T exp[— fttfdt V(t)], where V(t) is the
probability per unit dt to have a splitting at time ¢t. Thus the Sudakov factor is the
probability not to have had a splitting between ¢; and t3. This is the structure of the
Sudakov factor used in DEDUCTOR. 1.0.

In this paper, we calculate a numerical factor j;tfdt [V(t) — S(t)], where S(t) gives the
effect of parton evolution and virtual graphs. We are not able to calculate this factor exactly.
Rather, we calculate V(t) and S(t) for large t, or small y oc et as defined in eq. (A.4). In
this appendix, we calculate V(t) for small y. Fortunately, although V(¢) in DEDUCTOR is
quite complicated, it has a simple structure for small y. Our aim in this appendix is to
exhibit enough details of the calculation to enable the reader to reproduce it.
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The operator V(t) is a sum over contributions from the partons in existence after time
t1, as in eq. (5.4) [67]:

V(t) = Va(t) + W(t +ZV; (B.1)

We will first examine the case of final state partons, with labels [ = 1,...m. Then we will
turn to the initial state partons, with labels “a” and “b”.

B.1 Final state partons
We write V(t) as [67]
) => Vi(t). (B.2)
k

The sum includes all parton labels kK = a,b, 1,...,m. When the operators Vi (t) act on a
partonic state ’{p, f,c, c}m), they have the structure

Vi) [{p, £.¢ s chm) = (s Flms D) 5 ([(Tz Ty) @ 1]+ [1@ (T} - Th)))
x Hpvacvc}m)-

As explained in section 5, the operators [(T] - T}) ® 1] act on the space of color density

(B.3)

matrices for the parton state [67, 70|, with basis elements ‘{c}m><{c’}m ‘ A color generator
matrix T® acting on parton [ in the ket state multiplies a generator matrix T, acting on
parton k in the ket state. The dot product indicates a sum over @ = 1,...,N2 — 1. In
[1 ® (T} - Ty)], we have the same construction with the color generators acting on the bra
state.

From eq. (5.28) of ref. [70], we find that the functions X;; has the structure

Ne({p. flmst)
! /d{p7 f}m-ﬁ-l(s(t - <{ﬁ7 f}m-‘rl)) ({ﬁ? fA}m+1‘,Pl‘{pﬂ f}m)

ml

[(k—l) OUimes # 8) 55 Tul15. Flmer) (B.4)
Ok = 1) 0(F st = &) @B, Frer) — TG, P

—0(k # 1) 0(fimr1 = 8)) Al ({5} )T (1B, [ }ms1)

Consider the first line on the right hand side of eq. (B.4). There is an integration over
the variables that define the splitting of a mother parton with momentum p; into daughter
partons with momenta p; and p,, 1. In this paper, we take all partons to be massless. We
will use the auxiliary variables

a; = Q2 )
2p1-Q
My)=vV(1+y)? —4day, (B.5)

haly) = 5 1+ y = A)]-
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Here @ is the total momentum of all the final state partons in |{p, f.c, c}m). The dimen-
sionless virtuality variable y was defined in eqs. (A.3) and (A.4):

2Dt - Pm+1
= B.6
2p - Q (B6)
We define the momentum fraction in the splitting by

Pmy1 -1y 1—2z

——— = ; B.7
by -1y z (B7)
where the auxiliary lightlike vector n; is
. 1
n=—Q-p. (B.8)
a

We also define an azimuthal angle ¢ of the splitting using the part k| of p; that is orthogonal
to p; and 7. The choice of flavors of the daughters can be specified by giving the flavor
fm+1 of daughter parton m + 1. This gives us splitting variables y, z, ¢, fm+1.

We can write the daughter parton momenta in terms of y, z, ¢ using

pr=zhy(y)p+ (1 —2)h_(y) i+ kL,

(B.9)
Pmyr = (1= 2) hy (y) pr + zh—(y) = k.
The magnitude of the transverse momentum £k is given by
- il =z(1-2)y. (B.10)
2p-Q

Using eq. (8.20) of ref. [67], we find that integration over the splitting variables between
shower times corresponding to y values y; and 2 is accomplished with

Tflbl/ [d{ﬁ’ f}erl] ({ﬁa f}m+1|7jl}{p, f}m) -

pQ [V /1 /W do (B.11)
=— dy A d — cee
s, WA [ d= ] o >
fm+1
The delta function that specifies the shower time is, from egs. (A.1) and (A.3),
5t~ T({p, ) = 6(1ogy - log(pl'Q“et)) | (B.12)
p-Q
Using egs. (B.11) and (B.12) in eq. (B.4) gives
N (D, Fyms t)
_nQ, / o [
- fm+1
1 . 2 B.13
600 = 087 # 80) 5 015 Fhmi) (B13)

+0(k = 1) 0(frur1 = &)W ({p. frmr1) — 07" ({B, fms1)]

— 0k #1) 0(frnsr = &) Ap (P} ) TR ({D, flmr)
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The first line inside the square brackets here is for a gluon self-energy graph with a quark
loop. The color factor is Tg = 1/2, but we follow the notation of eq. (B.3), in which this
term comes with a color operator (T;-T}) ® 1 = Cal®lor 1 ® (T;-T;) = Cal ® 1. The
factor C'p does not really belong here, so we remove it by dividing w; by Ca. The second
line of eq. (B.4) covers gluon emission in a cut self-energy graph, while the third line covers
gluon exchange between two lines, [ and k.

For k =l and f(m +1) # g, we have a g — ¢ + ¢ splitting. From ref. [68], eq. (A.1),

we have < 2%, D(pr. Q) -5
_ . op Tl D1 - VDl " Pm+1
wy (19, = — + — ) . B.14
u(ip fimir) (D1 + Prmt1)? < (D1 + Prt1)? (B.14)
Here D(p;, @) is the Coulomb gauge numerator function,
WAV SV Y
D(q)" = —g" — q9°q + 7(76’12 q'q ’ (B.15)
where § = (0, 7). Since here ¢? = 0, this also equals
Qv+ QtgY Q% ¢'¢”
D" = —g" + — . B.16
@ q-Q (¢-Q)? (B16)
With the help of eq. (B.9), we find
P D(p, Q) - Pmr1 = —22(1 —2)ypr - Q. (B.17)
This gives
— ipa AT
wu({D, fIm+1) = oo = (1 =22(1-2)). (B.18)

The function @y ({p, f }ms1) — wikonal (fp, fYma1) is calculated in ref. [68]. For f; equal
to a quark or antiquark flavor, it is given in eq. (2.23) of ref. [68] (for the quark mass equal

to zero):
Wu({p, Frm1) = T3 (D, fYmr1)
_ Amag {()\(y) —1+y)?+4y [ 20 2a1y
Cyp-Q 4A(y) -z (1-2)*)(1+y)? (B.19)
3=y |
Here
() 2a1y
I+y  (I4+y)(+y+Ay) (B.20)
1ma=2W gy 201y |
L+y I+y)(1+y+Ay)

Here we have changed conventions compared to ref. [68] and exchanged z <> (1 — z) and
x <> (1 — z). This expression is rather complicated, but we only need its y — 0 limit:

. . A 4o
w ]3, _ welkonal ]57 ~
u({D, frmir) = Wi " ({D, fIm+1) Jo O

(1-2). (B.21)
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We also need wy({p, fYme1) — wiikonal (fp, Flms1) for g — g+ g splittings, f; = g. It
is given in eq. (2.50) of ref. [68]:

Wu({p, frms1) — W5 ({B, fYms)
_ dmas 2(1-2)
Sy Q2

We need only the y — 0 limit of this:

a1 )2] | (B.22)

b <1‘ w1 — )1+ p)?

. . ) i
wu({D, fIm+1) — 0" {B, fymr1) ~ ypfo-éQ

Now we need the interference terms. Using eq. (5.3) of ref. [70] for Wy, and eq. (7.12)

z(1—2). (B.23)

of ref. [69] for the partitioning function Aj,, we have

Al (P ma) TP (1, Frms1)
2Dy - Pi P Q (B.24)

Pm+1 - D1 ﬁerl ]ak ﬁl'Q+ﬁm+1 'ﬁl ﬁkQ ‘

=47y

To evaluate this, we write the spectator momentum after the splitting, pg, as

P = A al€§+w(y)pl + ale—é—w(y)ﬁl + fl] . (B.25)

where ¢ is a boost angle that is related to the angle 6;;, between p; and pj in the @ =0

frame by
1+ cos 91k
6 -T2 B.26
¢ 1 — cos Oy ( )
The parameter w(y) is an additional boost angle,
potw) — 4= he(y) (B.27)
— h4(0)

and in the case that k = a or k = b, w(y) = 0. Since w(y) is of order y and we are interested
in the limit of small y, we will replace w(y) — 0. The normalization parameter Ay drops
out of our calculation.

The product in eq. (B.24) is quite complicated in general. However, it is reasonably
simple in the limit of small y. We find

R —dipole y~ 7
Al ({P}m1) Wy (D, fms1)
_ Amag 2z (B.28)
Yy Q (1—2) + ay[2e% + 1] + 2\/aye /1 — z cos ¢

Here we have noted that the terms proportional to y are negligible for small y unless (1 —z)
is small. Therefore in the coefficients of y and y/y(1 — z), we have replaced z by 1. We can
integrate this over ¢ with the result

[ 52 A5 TP, Pl

2

Ao 2z (B.29)

Tym-Q [[(1 = 2) + ay]? + 4afy?e (1 + 625)]1/2 .
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We can then integrate this over z and take the small y limit of the result. We get

/ az /d¢ st ma) TP (4B, Fms) = 87@8@ { 10g<1 e 6kl> - 1} - (B.30)

Yy 2ary

We insert this result back into eq. (B.13). The integrals over ¢ and z of the other terms
are simple, giving in the small y limit,

1
3CA

Qg

R Phmet) 52 30 (006 =001 7 9) 3

Fmt1
+0(k =1)0(fms1 = 8)0(fi # 2))

0= D 0(fr = £) 6 = 2)) &
=002 0) Bl = ) 2] tog (F ) 1}

ary

(B.31)

| — DN =

We can perform the sum over flavors fm+1. The first term applies only if f; = g. When
fi = g, there are Ny equal terms. The third term applies if f; = g and there is one term.
The second term applies when f; # g and there is one term. The fourth term applies for
any f;. Thus

Qs

2

W4, Fhmr ) ~ AR

o0 =000 =) - | B+
FO0k=1)60/i £ 5)) (B.32)

a7 2 (1520 )]

Using the constants v¢ and Cy from egs. (A.10) and eq. (A.9), this is

Qg

Rl Fhet) 52 6 =1 [—Zf; +2]

0k £ Z)Q{ 1og<1_2‘;cl’;9’“’> - 1” .

When we insert this result into eq. (B.3), we have

t){p, £, chm)

:043{|: i +2} %([(E.Tl)@l]Jr[léb(Tz'ﬂ)])

(B.33)

2T C f,

- [mg(;y) - 1] kzﬂ (T -Ty) @1+ 1@ (T; - Ty))) (B.34)

—Zlog(l‘?w“) (T Tyl + 1o m-Tk)])}
k£l

X ’{pa fv C,7C}m) :
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In the second line of the right hand side, we can use ), 21 T;- Ty = —T;-T;. Then in lines
1 and 2 we can use T; - T; = Cy,. This gives

O{p. f.¢ chm)

Vi(
_ ;‘;{ [wfl log< jy) _,m] (1e1)

. . (B.35)
— cos
- Zlog<2kl> (T Ty) 1)+ 1o (T - Tk)])}
kel
x {p, f. ¢, c}m) -

We use this result with a; = Eq/(2|pj|) from eq. (5.3) in eq. (5.5).
B.2 Initial state partons
We write V,(t) as [67]

= Valt). (B.36)

k

The sum includes all parton labels k = a,b,1,...,m. When the operators V,x(t) act on a
partonic state ‘{p, f,c, c}m), they have the structure

(B[P, £ ctm) = N ({ps F1mt) 5 ([(T Ty) @ 1]+ [1 ® (Ta - Ti)])
x |{p, f, ¢ ,C}m),
as in eq. (B.3). We find from eq. (5.28) of ref. [70],
Ner (2. Yot
= [0 P = T i) (19 P [Pl 5. )

ne(a)na faja(fas pa(t))
ne(@)a faya(ma, p2(t)))

" [ew — ) 0(Fs1 # £) 8(a # &)Tua( (s Flms) (B.38)

Tr

+ Q(k = a) 9(fm+1 7& g) (9(& = g) FA aa({ﬁa f}erl)

~

+0(k =) 0(frn1 = 8) [@aa (B, [rmr1) = W ({h, Fm+1)]

—O(k # ) 0(frns1 = 8) A ({10} ms VT (B, Frms1) | -

In an initial state splitting, parton “a” with momentum p, becomes a new initial state

(B.37)

parton with momentum p, and a final state parton with momentum p,,+1. The momentum
of the other initial state parton is unchanged: p, = py,. The splitting kinematics is defined by

. 1
Pa = — Pa,
z
Db = Db, (B.39)

R 1—2z
pm+1:< . —y) Pat2ypy +Vy(l— 2z —y2)Q* n. ,
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wheren, -p, =n -pp, =0 and ni = —1. Note that y = Pa-Pm+1/Pa- @, where Q = pa+pp,
as in eq. (A.3). This kinematics requires y < (1 — z)/z, or
1
Z2 < —. (B.40)
1+y

Eq. (B.38) contains a ratio of parton distributions, which are evaluated at momentum
fractions defined by p, = 12 pa and p, = 7, pa. We take the scales of the parton distribu-
tions to be the virtuality p2(t) defined in eq. (A.2). There are also factors n.(a) that count
the number of colors (3 or 8) carried by partons of flavor a.

Using eq. (8.20) of ref. [67] together with eqs. (A.28) of ref. [73|, we find that integration
over the splitting variables between shower times corresponding to y values y; and y3 is
accomplished with

7717,'/ [d{ﬁ’ f}m+1] ({ﬁa f}m+1‘7)l‘{p,f}m) [N

(B.41)
1671' 0
The delta function that specifies the shower time is, from egs. (A.1) and (A.3),
31t = TG Fhen)) = 8 1oy — tog 2 Fet) ). (B.42)
a
so that p2(t) = yQ?. Using egs. (B.41) and (B.42) in eq. (B.38) gives
({p, f}m,
27 d(z)
- T2 iz <1/+)
% nc(a)z fa/A(Ua/Z)?JQ2)
nc(d) fa/A(na>yQ2)
(B.43)

600 = 2000 # @00 £ ) T (5. i)

40k =)0 £ @) 6(a = &) 2 Bual {6, Fln)
+0(k =) 0(a = a) [Waa({P, [ m+1) — T ({p, fhmi1)]

—0(k # ) 0(a = a) AL ({p}m+ )T (1D, flm+1)

There are four terms here. The first three are for direct graphs. The first is for
(a,a, me)A = (g,q,q) and (&,a,fm+1) = (g,q,q). The second is for (a,a, fm+1) = (¢,8,9)
and (a,a, fm+1) = (¢,8,q7). Here the color factor is Tg = 1/2, but this term multiplies
T, - T, = C4, so we need to divide by Ca. The third term is for (a,a, fm+1) = (g,g,8),
(a,a, fm+1) = (4,q,g) and (a,a, fm+1) = (q,q,g). Here there is a soft gluon singular-
ity, which is subtracted. The fourth term is for interference graphs, in which a gluon is
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exchanged between parton “a” and parton k.
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Now we need the splitting functions. We take the limit y < 1. From ref. [73], eq. (A.42),
we have fOI' (&7 a, f’m-‘rl) - (ga q, Q) and (&7 a, fm—l—l) - (g7 QJ q)7

8mas 1 Pua(2)
Q* yz Tr

From ref. [73], eq. (A.45), we have for (i, a, fms1) = (¢,2,¢) and (@, a, fms1) = (4,8, 7).

maa({ﬁa f}erl) ~ (B44)

8mas 1 Pi(2)
Q* yz Cp '

From ref. [73], eqs. (A.35) and (A.39), we have for (a,a, fmi1) = (g,8,8), (@, a, fmy1) =
(977 q, g) and (da a, fm+1) = (Qa q, g),

waa({]aa f}erl) ~

(B.45)

e 8mas 1 [ Pua(2) 2y
aa ) m ~ - - . B.46
The eikonal function is defined in eq. (2.10) of ref. [68] as
—elkonal pa i D(ﬁm—i-la Q) : ﬁa
P, hm Tas - ’ , B.47
(D, fIm+1) = TRTAE (B.47)
where Q = p, + pp. That is,
A A A2
wekenal (fp flinir) = dmag 4 — 2{92" AQ - — @ 50 (B.48)
Pmt1 - Da Pyl Q@ (Pm+1- Q)
Using eq. (B.39) gives
16mag 1 z yz2
—elkonal s
m — - . B.49
(0 Fmi) = e s~ ) (B.49

Thus

Waa({D, fImt1) — WD, f Y1)
_ 16mas 1 <Paa(z) z y(1+z)> . (B.50)

Q* yz
The term z/(1 — z) here removes the 1/(1 — z) singularity from Pp,(z). The third term,
proportional to y has a 1/(1 — 2) singularity. This can give a log(y) contribution to an

2C, 1—2z (1-2)

integration over z down to (1 — z) = y. However, we can neglect ylog(y). Thus we can
throw this term away. This gives

8rag 1

Q2 yz2C,

Now we need the interference terms. From ref. [70], eq. (5.3), we have

waa({p7 f}m-‘,—l) elkonal({p’ f}m-i-l)

<Paa(z) —~2C, : Z) . (B.51)

20 - P

7d 1 Pk - D

0D, [Yme) = Aoy ——— (B.52)
Pm+1 Pk Pm+1 * Pa
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This multiplies A, . We use eq. (7.12) of ref. [69]:

. D1 - Pk Da - @
AL ({phmsr) = ——— L PR Pare (B.53)
Dm+1 - Dk Da - Q + Pmi1 - Pa Di - Q

The product is
16mayg Pk " Da
YQ®  Prgr - P+ Yz Q

Al ({PYme1) @gﬁfc’le({ﬁ, Fhms1) = (B.54)

To proceed further, we note that we need the function in eq. (B.54) in the limit of
small y. The momentum p; is related to the momentum p, by a Lorentz transformation
that becomes the unit operator when y — 0. Thus we can neglect the difference between
Pr, which varies as we integrate over splitting variables (y, z, ¢), and pg, which is fixed. For
this reason, we substitute py for pg in eq. (B.54). Then we use

Dr = Ak((l + 08 0,p) Pa + (1 — cos0ar) pp + /Q? sin O, UJ_) ) (B.55)

Here Ay is a normalization factor that cancels in eq. (B.54) and 6, is the angle between
the three-vector parts of p, and p, in the frame in which @ has only a time component,
while v is a vector transverse to p, and p, with ui = —1. Using the parameterizations in
egs. (B.39) and (B.55), we find

Pk - ﬁa
Prt1 Dk +yz Dk Q
B (1 — cos O,) (B.56)
2(1 4 €08 0a1,)yz2 + (1 — cos Bar ) (1 — 2) — 2z5in B, cos py/y(1 — 2 — yz)
We can perform the averaging of this over ¢ exactly:
/27rd¢ Pk - ﬁa
0 27 Pry1 P +yzpr Q (B.57)
B 1 — cos O '
V(1 = c080,)2(1 — 2)2 + 4223 [2(1 + €08 Oap)? + sin®(0,y)]
We can write this in a suggestive form as
/ o do Pk Pa _ L (B.58)
0 27 Pgr - PeHyepe-Q V(1= 2)2 +y2e?/War(2)?
where
1 — cos B, (B.59)

Wak(z) = VAZ[2(1 + 005 Oa)? £ 2 (Oop)]

We are interested in this in the small y limit, in which 3?22 /W,;.(2)? < 1. Then the second
term in the denominator of eq. (B.58) is non-negligible only when z is close to 1. Thus we
can replace W,i(z) by 1. defined in eq. (A.13):

1 — cos O,y

V/8(1 4 cosbay)

\Ilak(l) = Ya = (B60)
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Thus we use

0 2T Pt Petyzhe QL J(1— )2 422 /02
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We may note that the angle 6, is small when partons “a” and k are the daughter partons
of a previous initial state splitting that was nearly collinear. It is allowed in DEDUCTOR
to have an initial state splitting with small momentum fraction z,j, so that the new initial

state parton “a’,

which is the mother parton for the next splitting, has a much larger
momentum fraction than the previous initial state parton. In this case, the virtualities of
the initial state partons in successive splittings are not strongly ordered, so that one can
have y > 1 — cosf,;. This regime of multi-regge kinematics is discussed in section 5.4
of ref. [72]. This is the opposite kinematic regime from that of threshold logarithms, so
we ignore this possibility in this paper. However, we still use y?2? instead of just y?
the denominator of eq. (B.61) in order to keep the result reasonably accurate even when
y 21— cosBy.
We can now assemble our results:

Xvkz({P fhm,t) =~ Qs /1/(1+y dz Z faya(ma/z, yQ?)

2m faja(na, y@2)
x |0(k =2)0(a # a)0(a # g) ZZEZ; %Pagf)
+0(k =a)0(a # a) 0 ne(a) Tr Poa(2) (B.62)

2z

\/(1 —2)2+y222 /Y2,
In the first term, for (a, a, fmi1) = (g, ¢, @) and (&, a, fmi1) = (2,7, q), we have ne(a) = N,
and n.(a) = (N2 —1). Thus [nc(a)/n.(a)] x Cr/Tgr = 1. Also, O = C,. In the second
term, for for (é,a, fmy1) = (¢,8,q) and (@, a, fms1) = (4,8, ), we have ne(a) = (N2 —1)
and n¢(a) = Ne. Thus [nc(a)/nc(a)] x Tr/Cr = 1. Also, Cp = C,. After inserting )\:k into
egs. (B.36) and (B.37), this gives

t)‘{pa f7 C/, C}m)

1/(14y) (M 2
g dz Z fa/A(n /%Z/Q )

—0(k#a)0(a=a)

T oo 2 fasa(Na, yQ2?)
. {é (P - 032 ) ST T 1]+ 10 (T ) (5.63)
2z 1
-3 b (@, T>®1+[1®<Ta-:r>1}
; \/(1—2) +y222 /7, 3! k &

x [{p, f.¢ chm) -
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In the first term in eq. (B.63), we can replace (T, - T,) by C,. We divide the second
term into three terms by defining A,x(z,y) according to
1 1

Ja—azegzzey 177

= Aar(z,y). (B.64)

This gives
Va(t) Hpa f7 Cla C}m)

oy (1)

T on
Jayalna/%yQ°) (,  2Caz
" {Z 2 faya(na, yQ?) <P““( ) -1 Z) [1®1]

Y [fa/A ma/z yQ) _1] 1 L (- Tyey+ e @ 1)

dz

k#a f“/A na’sz) -z (B.65)
faya(na/z,yQ*) . | |
" kz?ga fa/A nanyQ) 1 Aak( ’y> ([(Ta Tk) & 1] + [1 (4] (Ta Tk)])
1
_ [(Ta-T)®1]—|—[1®(Ta.T)]}
ga\/(l—z)2+y2z2/¢ik( k k )

x {p, f,d ctm) -
In the last term, we can perform the z-integration approximately. For 2y/(1—cos 8,x) <
1, one easily finds

/1/(1+y)d 1 1 [1 — oS Oak}
z ~log| ———| . B.66
0 \/(1 —2)2 4+ y222/¢2 2y ( )

We note that for & = b, we have cosf,, = —1 and 1/12 2y = 0. Then the integral is just
—log(y). This gives

|{p, £, chm)

1/(14y)
= [as / dz
27'(' 0

Jaya(a/z,yQ?) 2C,
. { Z 2 fasa(Ma, y@Q?) (P“d(z) ~aay z) [te1]

B faya(a/z,yQ?) 1 . '
,; [ faya(a; yQ?) 1] 17— (TG Ty @ 1]+ 1o (T, Th) (B.67)

fara(na/z,yQ%)
i k;ab [ faya(na, y@Q?) '

Aak('za y) ([(Ta : Tk’) ® 1] + [1 & (Ta ’ Tk)])}

- g—; 2 <log [Hgseak] - 10g(y)) ((Tw T) 1]+ 1 @ (T - Tk)])]

< |{p. f.¢ chm) -
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Now there are three k # a terms. The first has the good feature that its only k dependence
is in the color factor, so that we can sum it over k. In the second term, we note that by its
construction, A,x(z,y) has a 1/(1 — 2) singularity for (1 — z) < y/¢ar but is suppressed
compared to 1/(1 — z) when (1 — z) > y/vax. Thus the second term has the good feature
that, because of the structure of A,x(z,y), the only important integration region for the
z-integration is 0 < (1 — 2) < y/var. We also note that 1/t = 0 when cosf,; = —1. In
this limit, Aux(z,y) = 0. We have cos, = —1 for k = b, so Aup(z,y) = 0. This eliminates
one term in our sum over k. The third term has the good feature that we have been able
to integrate it, at least approximately.

In the second term in eq. (B.67), we can sum over k using 3y, (Ta-Tj) = —(Ta-Ta) —
—Cy. In the last term, we can separate the log(1/y) contribution and perform the color

sum in the same way. This gives

Valt){p. £, ctm)

1/(1+y)
= las / dz
2 0

fapalna/2,y@Q%) o 2Ca
. {Z ( Zfa/A(na¢yQ2) Paa(Z) 5(1(11 - Z) [1 “ 1]

+ fa/A(na/Za yQ2)
vy L fara(a; yQ?)

- Z 2%? log [1—C;)S9ak] (T Tp) ® 1] + [1 @ (T - T)))
k#a,b

_1] Aak(zvy)([(Ta ’ Tk) ® 1]+[1 & (Ta ) Tk)])} (B68)

S 1
+ %90, log H [1®1]
2 Y

X ‘{pa fa Cla C}m) .

We will use this result in eq. (5.6).

C Calculation of the virtual graphs

The Sudakov exponent S that appears in eq. (6.1) consists of two terms, as given in eq. (6.6):
a term SP°"*(¢) that comes from virtual graphs and a term that accounts for the evolution of
the parton distribution functions. In this appendix, we outline the calculation of SP'*(¢).

Consider first an operator ngegt that corresponds to the one loop virtual graphs that
contribute to shower evolution. (More precisely, because of the minus sign in eq. (6.1), ng;rt
corresponds to the negative of the one loop virtual graphs.) In these graphs, we integrate
over a loop momentum k. There will be ultraviolet divergences that come from one loop
corrections to QCD propagators and vertices. We suppose that these are removed by
renormalization. There may be an additional ultraviolet divergence that arises from letting
the scale of the loop momentum be much larger than the scale Q? of the hard interaction

that initiates the shower. This can happen if we make the approximation Q2 — oo inside
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the graph. We should simply arrange to have a regulator in the integrand that eliminates
such a divergence.

The operator SPS™ will also have infrared divergences, corresponding to the integration
regions in which £ — 0 or k becomes collinear with the momentum of one of the external
lines of the graph. We regulate the infrared divergences with dimensional regulation or
some other method.

We will represent SPS™ as an integral over a shower time t, as we have done for real
emission diagrams:

spert _ / dt ST (1) (1)

The shower time ¢ corresponds to the negative of the logarithm of the hardness scale of the
integrand, in analogy with the definition of ¢ in real emission graphs. Thus the infrared
divergences are associated with ¢ — oo. This general idea does not, however, tell us
exactly how to define t. One way to proceed would be to use dimensional regulation and
subtract the infrared poles. Then the result would depend on a parameter p?. Then we
could identify e~! with u?/Q? and SP*™* with the derivative of the graphs with respect to
log(Q?/u?). However, in eq. (C.24) below, we will make a more direct identification based
on the physical meaning of our version of the shower time.

Using the notation analogous to that of eq. (5.4) for real emission diagrams, we can write

SPHt)y = Y SPT(Y). (C.2)

l=a,b,1,---,m

The part associated with splitting of parton [ is S “(¢). As in eq. (B.2) for real emission
graphs, we write Slpert(t) as

SPEH(E) = SR () + > S (1). (C.3)
k#l

The first term describes self-energy interactions. In the second term, a virtual gluon is ex-
changed between parton [ and parton k. The sum includes all parton labels k=a,b,1,...,m
except for k = [. The operators Sy (t) have the color structure

SE ) p, £.¢ ctm)
= {Si({p, [Im; O[(T1 - T) ® 1]+ SEE(p, [ Imi 1) [1 @ (Ty - Th)]} (C.4)
x |{p, f.¢,chm) -

As in appendix B, T} inserts a color generator matrix 7% on line k. The functions S’l% (t) are
just the complex conjugates of the functions SlljC (t), so we need only to define and analyze
the functions Sj (¢).

We will begin with the case of interference diagrams: k # [. We start with the case
that both [ and k represent final state partons. Then we will look at the case in which both
[ and k represent initial state partons. Finally we let one of the partons be in the initial
state while the other is in the final state. Once we have covered interference diagrams, we
look at self-energy diagrams: k = I[.

— 62 —



C.1 Final state interference diagrams

Let’s work with S5 ({p, f}m:t) in the case that [ and k are (different) final state partons
in the ket amplitude. We look at the contribution to S% ({p, f}m;t) from gluon exchange
between two partons. As we do throughout this paper, we take all partons to be massless.
The momenta of partons [ and k are p; and pi. The gluon carries momentum ¢ from line
k to line [, so that, inside the loop, line [ carries momentum p; — ¢ and line k carries
momentum pg + gq.

In analyzing the virtual graphs, we follow as much as possible the treatment of the real
graphs that we have used in refs. [67-69]. In particular, this means that we calculate the
virtual graphs in Coulomb gauge.

C.1.1 Integral in Coulomb gauge

We start with the full interference graph. We will want to identify the shower time, but we
have not done that, so we start with the integral over t of the functions that we ultimately
want. Also, when a gluon is exchanged between partons [ and k, it is undefined which
is the primary emitter and which is playing only a helping role. That is, we want SZII;: to
represent an emission from parton [ with parton k as helper, while S,I;l will represent an
emission from parton k with parton [ as helper. We have not yet defined how the total
graph is partitioned into these two parts, so we begin with Sllllc + S,I;l. Thus we start with
the definition (including the minus sign in eq. (6.1), so that we write the negative of the
usual Feynman diagram),

/ dt [Sf({p, FYmst) + Sh({p, FYmst)]

—i—=_ [dg 2p1 - D(q) - pi )
(2 /dq/dE @ p -G p i@ i 11 <M)-

(C.5)

We work in Coulomb gauge in a reference frame in which Q = 0. The integration variables
are defined by ¢ = (F,q) in this frame. The integral is both ultraviolet and infrared
divergent. For technical reasons have inserted an ultraviolet cutoff |¢| < M, where we
will take M to be large. The infrared divergence is associated with large positive values
of the shower time t. We could imagine that the infrared divergences are regulated, but
once we select a fixed value of ¢, the regulation is not needed. For this reason, we do not
specify a regulation method. In Coulomb gauge at a fixed shower time ¢, only the soft
integration region for ¢ is important. For this reason, it is appropriate to use the eikonal
approximation (as in DEDUCTOR). We have applied the eikonal approximation in eq. (C.5).
The numerator of the gluon propagator in Coulomb gauge is

D(q)" = —g" — q"q” + (jliq’/ - q"q” ’ (C.6)
71
where ¢ = (0,7).
Now, the integrand in eq. (C.5) is complicated because of the numerator D(q) of the
gluon propagator in Coulomb gauge. However, we can simplify it by writing

Sh({p, FYms;t) = S({p, f}ms t; dipole) + Sf ({p, f}m; t; eikonal) (C.7)
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and
Sk({p, Frmit) = Sp({p. f}mst; dipole) + Sy, ({p, f}m:1; eikonal) . (C8)
Here
/ dt S} ({p, f}m; t; eikonal)

. O . . D(q) - ~
BCOE /dq/dE (Q']i)ll—ie()g)(qfl—i-ie) O] < M),

(C.9)

with an analogous definition of S,I;k({p, f}m;t; eikonal). This is the eikonal approximation
to the self-energy graph for parton [ in Coulomb gauge. Recall that we associate SlljC
with emissions from parton ! and S,I;l with emissions from parton k. In keeping with that
interpretation, we count SY({p, f}m;t;eikonal) as contributing to Sk ({p, f}m;t) and we
count SE, ({p, f}m;t; eikonal) as contributing to St ({p, f}m;t).

This defines Slljc({p, f}m; t; dipole) and S,I;l({p, f}m; t; dipole). With simple algebra, we

find
/ dt [Syi.({p, f}m; t; dipole) + Sgy({p, f}m; t; dipole)]
(C.10)
. Og o _F)lk : D(Q) . Plk o
—i a7 [ dE _ : —9(|q) < M),
o O iy g 27 < M)
where
Pr=q-pipk—q- pepi- (C.11)

Since q - Py, = 0, none of the ¢ dependent terms in D(q) contribute and we are left with

— Py.-D(q) - P = P3 = —2q-p1q-prD1- Dk - (C.12)

Thus

/dt [S};C({p, fYm; t; dipole) + Sk ({p, f}m;t;dipole)]

. Qg S 2p1 - pr o
= —i—_ [daq | dE . - — 0 <M).
oy [0 ] @ =90 m+9@ T 0l < M)

That is, we get the familiar dipole formula for one gluon exchange in Feynman gauge.

(C.13)

C.1.2 Dipole part

We now analyze the Feynman gauge eikonal integral in eq. (C.13). We write

11 1 1
@ +ie  2|q |[E—|ql+ie E+|q —ie

(C.14)

In the first term, the gluon propagates forward in time from parton k to parton [. In the
second term, the gluon propagates forward in time from parton [ to parton k. In the second
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term, we redefine ¢ — —g¢, so that the direction of ¢ is the direction of propagation forward

in time. Then
/ dt [Sl.({p, f}m; t; dipole) + S ({p, f}m; t; dipole)]

i e [ 0071 <) [aE (C.15)
1 [ 1 n 1
—|ql +ie [ (q-pi —ie)(q-px +i€e)  (q-p +ie)(q- pr — ie)

We let p; = |pj| v; and px = |Pk| vk, where

v = (1,7;),
1= ( _’l) (C.16)
Vi — (1, Uk) s
with 72 = #2 = 1. Also, we define Q = Eg(1,0). Then
/ dt [Sii.({p, [ }m; t; dipole) + Sy ({p, f1m; t; dipole) ]
s 2o [ o] < ) [dE car
=—1—=2 _—
(@m? “ T g E— g +ic (C.17)
[ 1 1
X o= T o o=
(BE—q -0 —ie)(E—q- U +ie) (E—q 0 +ie)(E— 7 U —ie)
We can immediately perform the F-integration to give
/ dt [Sii.({p, [ }m; t; dipole) + Sy ({p, f1m; t; dipole) ]
Qg dcf N
=——= 2 - —— M
2o v [ 5001 < ) (13
o { 1 1
(1= a)(@ 6 -G O +ie) (gd—q %) —q- T —ie)
Now, we can rewrite this using
1 1
= TFi . 1
e Fimd(x) (C.19)
This gives
/ dt [S}i.({p, f}m:t; dipole) + Sk ({p, f}m:t; dipole)]
Qs
=——5_9 M
g 200 57001 < 0
(C.20)

G - wal
-0 —q-Tlp Ll —q-v1 gl —q- vk

in8(7- T — 7 [ 1 1 ”
—1mo(q -V —q -1 e .
7l —q- 1 \(ﬂ—Q'Uk
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That is

/ dt [S}i.({p, f}m; t; dipole) + Sk ({p, f}m; t; dipole)]

Q 1

=———2u v 4 g0z
=g [ 00 < Gy (€

s I S
—1 sV — v .
TR T A =g T d - o

Now consider the first term. It has essentially the structure of the graphs for the

emission of a real gluon with ¢? = 0, although it is not quite the same as our real emission
factors because it does not contain momentum mappings that allow an on-shell parton to
split into two on-shell partons. The integrand has poles at |¢] = ¢-9; and at |¢] = ¢-Uk. This
reflects splittings both of parton [ and of parton k. In order to separate these splittings, we
multiply the integrand by 1 = Aj, + Aj,, where

gl — 7 v
ETEARN =TIk (€22

The term containing A}, is associated with Sk ({p, f}m;t), while the term containing A}, is

[
lk_(

associated with Sk ({p, f}m;t). In the im term, the two contributions are actually equal, but
we can associate the first with S5 ({p, f}m;t) and the second with S¥({p, f}m;t). This gives

[t Sttt 51 cipole

Qs dq o
_—QUl-Uk/0 ql< M
P ajq (71 < ) o)
X{ 1 1 '
(Ig = q-v) (|1 — - o) + (1g] — ¢~ v0)
1
—imd(q- U — - 7 H}
(7 Uk 1) =75
We can now identify the shower time with
1 oo
Y=, (g —q-v). (C.24)

This matches the definition (A.3) that we used for a real gluon emission.!® We introduce
this as a delta function, recognizing that [dt--- is equivalent to [dlog(y)---. Thus

Sii({p, f}m; t; dipole)

Qs dq . .
I T M) 8[log(Eoy) — 1 —q
o 20 Uk/m 67| < M) 8llog(Eqy) —log (1l — 7+ #)] (C.25)
X{ 1 1 i 87 B — ) }
- = -1 "Uk — “u) ’
Eqy (41— @) + Eqy O =4 gy

We will want to apply different methods for the two integrations.

13In the case of real gluon emission, we take ¢ and I'to be the parton momenta after the splitting. The
momentum of parton [ before the splitting is [ 4+ ¢, but here we use just | because ¢ is small.
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C.1.3 Dipole real part

We examine first the real part of the integral (C.25). We introduce transverse and longitu-
dinal coordinates for ¢
7= (1—z—2ay)p +qL, (C.26)

where ¢| - p; = 0 and where we have defined
_ Fo

2lpi|
as in eq. (A.12). We denote by ¢ the azimuthal angle of ¢| relative to the (pk,p;) plane.
We first need to find the value of |¢| |. From eq. (C.24), we have

a; (C.27)

171 = Eqy + (1 — 2z — 2ay)|pi] - (C.28)
That is
] = (1 —2)[pi] .- (C.29)
This implies that the cutoff |¢'| < M amounts to
(1—2) < M/|pi]- (C.30)

We have
|q1* = (1 2)°|gf*. (C.31)
But |g]? = (1 — z — 2a;9)?|pi|* + 2. Thus

qt = BP[(1 - 2)* = (1 - 2 — 2a1)?]

(C.32)
= [ 4ay [(1 - 2) — aiy] .
Note that there is a minimum possible value of (1 — z), corresponding to ¢3 = 0:
(1-2)>aqy. (C.33)
We can write the integration over ¢ as
dq = n|p)| dz dg* ;Lf. (C.34)
To perform the qi integration against the delta function, we note that
[t sostEqu) ~1og (11~ 7 ) = 21l Eqy. (C.35)
This gives
1-a -
Re Sji,({p, f }m; t; dipole) = —;‘—;vz o /1M;yﬁl|dz /;lf i q,.“;k’) Ty (©39
We can integrate this over ¢:
/ do 7] 1 1
2 (g1 = q- W) + EQy vk \/(1 — 2)2 + a2y /o, ’ (C.37)
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where

1 —cosf
VY = AL (C.38)
\/ 8(1 -+ cos le)
as in eq. (A.13). We now need to integrate this over z:
1-ary dz M/pil + /M2 |5 + afy? /4,
/ = log (C.39)
1*M/\ﬁz|\/(1—z)2+a12y2/wzl ary (1+\/1+1/¢1§l)

Neglecting terms that vanish like a power of |p;|/M as |p;|/M — 0, this becomes

+ log(M/|pil)

/l—aly dZ 1 2
~ Og
1-M/|7| \/(1 —2)2+ a?y? [y} ary (1 + \/T%) (C.40)

1—COS0kl =
=1 _ log(M .
o8 ( 1o ) - tog(01 )

This gives

1 — cos By

2azy >+10g(M/|ﬁz\)] : (C.41)

Re Sji.({p, f }m; t; dipole) ~ — ;—S [log(
T

The log(M/|pi|) term will cancel against an identical term in the integral that we subtracted
and have to add back.

C.1.4 Dipole imaginary part

Now we examine the imaginary part of the integral (C.25), which we rewrite slightly as

Im SJ; ({p, [ }m; t; dipole)

as 2 - v / dq o
=7 — 0 <M C.42
2m)? Eqy J 2|d (17 ) ( )

x 6[log(2Eqy) —log (2|1 — ¢+ (U + 17))] 6(7- (T — 1)) -

We can immediately take the limit M — co. It will be useful to choose coordinates (£, 7, \)
based on the orthogonal vectors (v}, + ;) and (0 — v7):

1+ cosf \ Uk + 1 Uy, — U

7= E L+ A\e— C.43
4 (§ t Ry 1—cosfy | sinfy et 2(1 — cos )’ ( )

where # is a unit vector orthogonal to ¥ and ;. We then have
df = ———d&dndX. C.44
7= T cosa, (C.44)

We can immediately perform the )\ integration using

8(7- (5 — 7)) = 6(A). (C.45)
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For the other delta function, define
F&m) =21q —q- (0 + ). (C.46)
The delta function restricts (£,n) to the surface f(&,n) = 2Eqy. On this surface, 2|¢] =

¢ (U + 1) + 2EQy, or
4% = [T~ (B + ) + 2Eqy)* . (C.47)

After setting A = 0, we find that the surface is a circle in our chosen coordinates:

2.2
§2+772_ 2EQy

=—= C.48
1 — cos by, ( )

Consider what happens if £ — £ + 6§ and n — 1+ dn. At the surface f(§,n) = 2Eqy,
this gives
2

5f(&m) = 7 {60& +non} . (C.49)

If we use polar coordinates { = Rcos6 and n = Rsin 6 then the surface f(§,n) = 2Eqy is
at R? = 2Eéy2/(1 — cos fk;) and we have

SF(Em) = ;_1353. (C.50)

This gives

/dfg—l{] d[log(2Eqy) —log (2|q] — ¢ (v, + ©))] = 27 @ . (C.51)

Inserting these results into eq. (C.42) and using 1 — cos f; = vy, - v, we have
Q
Im S}, ({p, f }m; t; dipole) = TS (C.52)

C.1.5 Dipole total
Adding egs. (C.41) and (C.52), we have

. « 1—cosf o .
ST({p. it dipole) ~ 5 | tog(F ) g i) 4ia| . (C39

C.1.6 Eikonal self-energy integral

In order to construct Sk ({p, f}m;t) in eq. (C.7), we add S5 ({p, f}m;t; eikonal), defined in
eq. (C.9), to Slec({p, f}m; t; dipole).

We thus need to calculate Si;({p, f}m;t; eikonal) in eq. (C.9). The product p;- D(q) - p;
appears. This factor is

q-pu|pil
p-D(q) p =
|12

[E+q- ). (C.54)
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This gives us

/ dt S5 ({p, f}m;t; eikonal)

e 4 0021 < 1) I E+q i (C.55)
(2m)3 |q1? (B —q- v —ie)(E—|q] +ie)(E + |q] —ie) |
We can perform the E-integration to get
. Qs 001 < M) gl +q- 7
dt SH({p, f}m; t; eikonal) = /dq — C.56
/ ll({ f} ) (27r)2 2|(ﬂ3 ‘q] —q-y ( )
We recognize the denominator as defining the shower time, so
Si({p, [}m; t; eikonal)
Qs . L g Poy+27-1 (C.57)
=—— [d70(|¢| < M) d[log(Eqy) —log(|q] — 7 1)) —=5——
e 4001 < M) dloa(Ey) ~ tog (4] - 7- 1) “3l oL

Introducing variables q | , z, ¢ with the aid of egs. (C.26), (C.33), (C.34), and (C.35), we have

. g [1Tav 1—2)—a
Slll‘({pa f}m;t;elkonal) = 7 /1 M/l_‘le ((1_)2)2ly . (058)
- DL

We can perform the integration to obtain

: o M/l M/1p| — ay
SE{p, fYm: t; eikonal) = — [lo ( — = . C.59
1 ({p f} ) or g ay M/‘Pl| ( )
We want the limit of this for large M/|pj|:
« 1 M
SE{p, fYm: t; eikonal) = — [lo (> —1+1lo <_,>} . C.60
(e, f} ) o g ay g 17 ( )

C.1.7 Total I-k interference graph
We put our contributions back together, inserting G4 ({p, f}m; t; dipole) from eq. (C.53)
and G5 ({p, f}m;t; eikonal) from eq. (C.60) into eq. (C.7):

Qg 1 — cos by,
S oty = 2= (150

-1+ iw] . (C.61)
Here the cutoff dependent terms proportional to log(M/|p;|) have cancelled. We will use
this result in eq. (6.14).

C.2 Initial state interference diagram

Let’s now look at the case that the active parton is one of the initial state partons, [ = a, and
the helper parton k is the other, & = b. Thus, we examine Sg:b({p, f}m;t), corresponding
to gluon exchange between the two initial state partons. The gluon carries momentum ¢

from line “a” to line “b”, so that, inside the loop, line “a” carries momentum p, — q and line
“b” carries momentum py, + q.
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We start with the eikonal approximation to the exchange in Coulomb gauge,
[t 185,05 £1ni ) + Sha({p. Tt

— i 7 2pa - D(q) - py B}
@) /dq/dE @ =10 po + @ i) 1T <M.

(C.62)

There is an ultraviolet cutoff |¢| < M that we eventually remove.

This integral is exactly the same as we had in eq. (C.5) for the final state case, with
p; — pa and pr — pp. We can apply the same treatment, partitioning the integral into
two terms using the partitioning function (C.22) and identifying the shower time using
eq. (C.24). Thus we can simply use the result in eq. (C.61), noting that cos @y = —1:

St ({p. Fhmst) ~ 5 [=1+ i) (C.63)

We will use this result in eq. (6.15).

C.3 Initial state-final state interference

We now examine the case of gluon exchange between one of the initial state partons, say
[ = a, and a final state parton k. Thus, we examine S ({p, f}m;t) and SE ({p, f}m;t). An
exchanged gluon carries momentum ¢ from line “a” to line k, so that, inside the loop, line

a” carries momentum p, — ¢ and line k carries momentum p; — q.
We start with the eikonal approximation to the exchange in Coulomb gauge,

/ dt [S5,({p. [1mit) + S5 ({p. fImit)]

(C.64)
o - 2pa - D(q) - pi .
=i dq | dE - . — 0 < M).
oo O o6 T <
The integrand in eq. (C.64) is complicated, but we can simplify it by writing
Saw{p, Fmit) = S ({p, f1mi t; dipole) + Sy ({p, f}m; t; eikonal), (C.65)
SE Up, fYm;t) = SE.({p, f }m; t; dipole) 4+ Sk ({p, f }m; t; eikonal) . '
Here
/ dt SE ({p, f}m; t; eikonal)
(C.66)

;O 7 a D " Pa -
ZIW /dq/dE (Q';)a—ie()%)(qf-f—ie) 07| < M),

with an analogous definition of Sk, ({p, f}m;1; eikonal).
This defines ST ({p, f}m;t;dipole) and Sk ({p, f}m;t;dipole). After some algebra,
we find

/ dt [Sh.({p, fIm:t; dipole) + Sk, ({p, f}m; t; dipole)]

(C.67)
= —i& 7 2pa - i .
ey /dq/dE (¢ pa —i€)(q - pr +1i€)(q* + ) bllal < M).

71—



As with eq. (C.15) we write this using E and ¢
/ dt [Sltk({p, f¥ms t; dipole) + S, ({p, s t; dipole)]

. Og o 2V, - Uk
= — d dE .
1y / q/ F =7 6 i0(E —7 10 (C.68)
1 1

1 —
XZICTI{EchHie_EH(ﬂiJ (7] < M).

We can immediately perform the energy integration, noting that the term 1/(E+|q]—ie)

does not contribute:

/ dt [Si“k({p, fYms tydipole) + S, ({p, f1mit; dipole)}

C.69
Qg dq 20, - Uk ( )

T (2n) / 20q (41— 5)(1d — - %)

Notice how this compares to the equivalent result for virtual gluon exchange between

(17| < M).

two final state partons, as in eq. (C.18), or two initial state partons. Here there is no
imaginary part.

The integrand has poles at |§] = ¢ U, and at |¢] = ¢ Uk. This reflects splittings both of
parton “a” and of parton k. In order to separate these splittings, we multiply the integrand
by 1= A, + A}, where

/ a1 =4 b (C.70)

(@ =)+ (dl — 7 )

The term containing A/, is associated with GL, ({p, f}m;t), while the term containing A},
is associated with GE, ({p, f}m;t). Thus we define

/ dt Sy.({p, f}m; t; dipole)

-~ 3 e i<y,
(2m) J 2lq] (gl = ¢~ da)[(|ql — 7~ k) + (7] = ¢~ v)] '
We can now identify the shower time with
= — (i1~ 7 %) o
y= Eq ql —q-Va (C.72)

as we did for a final state splitting. We introduce this as a delta function, recognizing that
Jdt--- is equivalent to [dlog(y)---. Thus

S;Jk({l% f}m; t; dipole)

- ‘(;Ts)z 20, - Vg /;f; (|7 < M) 8[log(Eqy) — log (|| — 7 )] (C.73)
1

X — .
Eqy (|4l — ¢ v + Eqy)
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This is precisely the real part of the integral in eq. (C.25) with [ — a. To calcu-
late S% ({p, f}m;t) using eq. (C.65), we also need S ({p, f}m;t;eikonal), which is the
same as S5 ({p, f}m;t; eikonal) with [ — a. Thus S5 ({p, f}m;t) is simply the real part of
S{;C({p, fImit), eq. (C.61), with | — a:

Su{p, fImit) =~ %r [— log(l_cgsea’“> - 1] : (C.74)

We will use this result in eq. (6.15). For Sk ({p, f}m;t), essentially the same calculation
gives the same result,

Qs 1 — cos B,

L i) o | Jjog [ 108 Tak ) g1 .
Ska{Ds fimit) = o [ 0g 5 (C.75)
We will use this result in eq. (6.14).

C.4 Self-energy diagrams

In this section, we look at self-energy graphs. As with the interference graphs, we use
Coulomb gauge in the rest frame of the total momentum @ of the final state partons.
Consider a gluon that enters the final state or comes from the initial state. The gluon
has momentum p;, with [ € {1,2,...,m} for a final state gluon and with [ € {a,b} for
the initial state case. We combine the self-energy subgraph —iH(q)aﬁ with the adjoining
virtual propagator and the adjoining cut propagator. Such a graph really represents a field
strength renormalization for the gluon field. We interpret the graph together with the
propagators as

[t Sk 11t ghwom) D™ = 5 | DTN D5 (€70
l pl2:0

The minus sign is from eq. (6.1), so that we write the negative of the usual Feynman
diagram. We will also consider a quark that enters the final state or comes from the initial
state. The analogous definition is

[ Sittp. rhstiauasip, = 5 [ Beop| (1)

pp=0

We can use the results of ref. [85]. For the gluon case, these results include the contri-
butions from a gluon loop, a quark loop, and a ghost loop. For the quark case, we have a
quark-gluon loop.

In the loop integral, we integrate over the energy going around the loop, giving a
result in time-ordered perturbation theory, with on-shell partons and energy denominators.
We write the result using the three-momenta Ei of the two partons in the loop, with
E+ +kho = p;- Inside this integral, we need to identify the shower time or, equivalently, the
dimensionless virtuality variable y. The definition (A.3) for a real splitting is

2p-Q
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where k+ are the (on-shell) parton momenta after the splitting. The virtuality (k. + k_)?
is (|ky|+|k_|)2 = (k4 +k_)2. This is normalized by dividing by 2p; - Q = 2p)Eq. In a real
emission, a small amount of momentum is taken from elsewhere in the event to put p; on
shell. For the virtual graph, we simply replace p) — |f| = |E+ + E_] Thus we identify

(Rl R - 2 ro)
2|pi|Eq '

In the result from ref. [85], the integral is written as an integration over y, the azimuthal
angle ¢ of k; around the direction of pj, and and a variable!*

_ |y | — | |1l

(C.80)
2pi

The variable ¢> = 2|pi|Eq y appears instead of y in ref. [85]. We include here the factor
1/2 in egs. (C.76) and (C.77). Ref. [85] gives directly the right hand side of these equations
without the factor 1/2. Also, we maintain the notation of eq. (C.4) in which S multiplies
a factor [(T}-T;) ®1]. For the gluon case, this is a factor Cx[1®1] and for the quark case, it
is a factor Cp[1 ®1]. For this reason, we remove a factor Cy or Cf from the results as given
in ref. [85]. As in previous sections, we will use the convenient abbreviation a; = Eg/(2|p1])
from eq. (A.12).

The variable y is proportional to e, where ¢ is the shower time. Thus integrating over
t is the same as integrating over y, with dt = dlogy. We are interested in S5 ({p, f}m;t),
the integrand of the logy integration. Integrations over x and ¢ will remain.

We now turn to the gluon and quark cases separately.
C.4.1 Gluon self-energy
For the gluon self energy, we find from ref. [85]
2

! dé A
L . _ ap s 1 T,J
Sll({pa f}mata gluon) - A dCC/ o1 871 CA Z 4aly + 4l' 1_ 1’)] (081)

The coefficients At ; are

5/3 2

NR
A1 = —(2C 2C
1,0 = —(2Ca — Ny) i Eoy + L +207 z(1 — )
68/3,11,%{

2|pi|Eqy + €533,

+ (4Cpa —2Ng) (1 — x) (C.82)

20pi| Eqy + e/3uk
Ary =20y [122(1 — z) — 242%(1 — 2)?] ,
Aro =16Caz(1 —2) [2 - 8z(1 — 2) + 82%(1 — 2)?] .

41n the quark case, k_ is the momentum of the quark line inside the loop, so z is the momentum
fraction of the gluon. However, we present the results symmetrized over x <+ (1 — ), so that it does not
matter whether = or (1 — z) is identified with the gluon in the loop. Ref. [85] explains how to remove the
symmetrization, but we do not need to do that here.
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Here we have renormalized the graphs according to the MS prescription, but have subtracted
a numerical function that gives the same result as subtracting a pole. The parameter ,u%{ is
the MS renormalization scale.

We can perform the integrations. The ¢-integral is trivial. Performing the z-integral

gives
g
Szz({P,f}m,t 0; gluon) = 8 CA ZI , (C.83)
where
e 2 1 /3,2
I8 = —(2Cs — Nf) — R SOy — =
v  SlEqy+ i 3 2lEgy + EIEES
1 68/3IuQ
4+ =(2Cx — N, — R
3( A — Ni) 2051 Eqy + e/3 %
142 1 114 2
I$ =20, [2+6aly—6aly( + 2a1y) 10g<( + /11 4day) )] | ()
1+ 4ary dayy
I$ =4C, | — 4(1 + 3ay)(2 + Sary)
3(1 + 4ayy)

| (L4 2ay)(1+ Bagy + 20a7y”) log < (1+ WP) ] .

(L + dayy)™/2 dary

We are interested in the small y limit of this. There is a constant term and a term

proportional to log(y):

as 1 [ 23Cx N, E
Sii({p, f }m; t; gluon) = o On (— 12A + ?f — Chalog (2%‘7)) : (C.85)

C.4.2 Quark self-energy
For the quark self energy, we find from ref. [85]
2

SE({p, Flmst: uark):/ldx/ dé %72 Br.s (C.86)
uips Jymi 54 0 21 8w Cp [day + 4z(1 — )]/ '

The coefficients Bt ; are
o5/3 12

2|p1|Eqy + 2313,

g
2|pi|Eqy + e3ué

Bi,1 = 2CF [20z(1 — z) — 562°(1 — z)?] ,

Bis =32Cpz(1 — ) [1 — 6z(1 — 2) + 82*(1 — z)?] .

By = Cr +122(1 — 2)

)

(C.87)

Here again ,u%_{ is the MS renormalization scale.
We can perform the integrations. The ¢-integral is trivial. Performing the z-integral

gives

1
Sii({p, f}mi t; quark) = 87 o > oo, (C.88)
J=0
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where

|- e?’u%{ N 265/3M2R
0 2pi|EQy + €3y 2P| Eqy +e33ug |
16 dagy(5 + 14 1 I+ day)?
19— cp | 26 4 280y — ay(5 + 1day) log (1+V1I+4day) 7 (C.89)
3 V1+4day dayy
40 4(1 + 10a;y + 20a2y> 1+ 1+ 4day)?
3 VI+4ay dary

We are interested in the small y limit of this. There is a constant term and a term
proportional to log(y):

L - s (T Eqy
Sii({p, f}m;t; quark) = 9 < 1 log(2|ﬁz!>> : (C.90)

C.4.3 Self-energy in general
We can combine the results (C.85) and (C.90) using the notation from egs. (A.9) and (A.10):

L R el Eqy
Sii({p, f1mit) = o (QCfl + log <2|ﬁz|> + 1> : (C.91)

We will use this result in eqgs. (6.14) and (6.15).
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any medium, provided the original author(s) and source are credited.
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