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ABSTRACT: We complete here a three-part study (see also arXiv:1506.08095 and
arXiv:1508.00856) of how codimension-two objects back-react gravitationally with their
environment, with particular interest in situations where the transverse ‘bulk’ is stabi-
lized by the interplay between gravity and flux-quantization in a dilaton-Maxwell-Einstein
system such as commonly appears in higher-dimensional supergravity and is used in the
Supersymmetric Large Extra Dimensions (SLED) program. Such systems enjoy a classi-
cal flat direction that can be lifted by interactions with the branes, giving a mass to the
would-be modulus that is smaller than the KK scale. We construct the effective low-energy
4D description appropriate below the KK scale once the transverse extra dimensions are
integrated out, and show that it reproduces the predictions of the full UV theory for how
the vacuum energy and modulus mass depend on the properties of the branes and stabiliz-
ing fluxes. In particular we show how this 4D theory learns the news of flux quantization
through the existence of a space-filling four-form potential that descends from the higher-
dimensional Maxwell field. We find a scalar potential consistent with general constraints,
like the runaway dictated by Weinberg’s theorem. We show how scale-breaking brane
interactions can give this potential minima for which the extra-dimensional size, ¢, is ex-
ponentially large relative to underlying physics scales, rz, with /2 = r2e~% where —p > 1
can be arranged with a small hierarchy between fundamental parameters. We identify
circumstances where the potential at the minimum can (but need not) be parametrically
suppressed relative to the tensions of the branes, provide a preliminary discussion of the
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robustness of these results to quantum corrections, and discuss the relation between what
we find and earlier papers in the SLED program.
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1 Introduction

In this paper we study the very low-energy dynamics of six-dimensional supergravity inter-
acting with two non-supersymmetric, space-filling, codimension-two branes. Our interest is
in situations where the back-reaction of the branes breaks a degeneracy of the bulk system
and lifts an otherwise flat direction. As in two earlier papers [1, 2] we focus on systems for
which the interactions are weak enough to ensure that the energetics lifting this flat direc-
tion are amenable to understanding in the effective 4D theory below the Kaluza-Klein (KK)
scale. We compute this low-energy potential explicitly within the classical limit, to identify
how it depends on the various parameters describing the underlying UV completion.

To this end we study a specific system of branes interacting through the bosonic fields
of chiral, gauged six-dimensional supergravity [3-5]. We use this specific theory for two
reasons. First, it is known to admit explicit stabilized extra-dimensional solutions — both
without branes [6] and with them [7-18] — for which gravity competes with flux quan-
tization and brane back-reaction to stabilize the extra dimensions. This makes it a good
laboratory for studying in detail how interactions amongst branes and fluxes can compete
to shape the extra dimensions while going beyond the restriction to one extra dimension of
the well-explored 5D Randall-Sundrum models [19, 20]. In this motivation one wishes to
know whether or not it is possible to achieve dynamically stable extra dimensions that are
exponentially large functions of the not-too-large parameters of the fundamental theory.

Second, this system was proposed some time ago (for early review of the SLED early
reviews of the SLED proposal see [7, 21, 22]; for a review of the cosmological constant
problem, including — but not restricted to — a brief summary of the SLED proposal
see [23]; and again recently in more detail [24]) as a concrete laboratory in which to explore
whether the interplay between supersymmetry and extra dimensions can help resolve the
cosmological constant problem [23] (for a sampling of other reviews of the cosmological
constant problem see [25-28]), essentially by having the quantum zero-point fluctuations
of the particles we see curve the extra dimensions instead of the four large dimensions
explored by cosmologists. In the simplest picture ordinary particles are localized on the
4D branes and so their quantum fluctuations contribute to the brane tensions, while many
of the simplest brane solutions [7-9] are flat for any value of the tension. In this motivation
the issue is to understand how (and whether) the 4D theory captures this special feature
of the extra-dimensional picture, and thereby to understand how robustly (and whether)
the effective 4D curvature can be suppressed relative to naive expectations.

In the simplest model [6] flux quantization and gravity drive the system to a super-
symmetric ground state with a single flat direction corresponding to a breathing mode
with origins in an accidental scaling symmetry generic to the classical supergravity field
equations. Brane back-reaction then typically lifts this degeneracy (and generically breaks
supersymmetry) leading to a vacuum configuration whose properties involve a competition
between inter-brane forces and flux quantization. Because the energy cost of this lifting
is often smaller than the Kaluza-Klein (KK) scale it can be understood purely within the
low-energy 4D theory, and a puzzle for these systems has been how this low-energy theory
‘knows’ about extra-dimensional flux quantization (as it must if it is to properly reproduce
the competition with other effects in the 6D UV completion).



An important part of this story is the ability of the branes to carry localized amounts
of the stabilizing external magnetic flux [29, 30],

S / A(6)F (1.1)

where the integral is over the 4D brane world-sheet *F' is the 6D Hodge dual of the 2-form
Maxwell field-strength and A is a dilaton-dependent coefficient. This is important because
the system often responds to perturbations by moving flux onto and off of the branes,
since it is energetically inexpensive to change the value of ¢. We use the effective theory
that captures the low-energy dynamics of this flux in the higher-dimensional theory —
developed in companion papers [1, 2] — to work out the effective 4D description provided
here, identifying in particular the precise form of the scalar potential that governs the
energetics of vacuum determination.

We find the following main results.

o 4D effective description: we describe the low-energy 4D effective theory appropriate
for physics below the Kaluza-Klein (KK) scale, within which the extra dimensions
themselves are too small to be resolved, and show how this reproduces the dynamics
of the known cases where the 6D dynamics is explicitly known. We find that the
news of flux quantization comes to the low-energy theory by a space-filling 4-form
gauge field, F),,»,, whose value satisfies general quantization conditions [31, 32] that
are ultimately inherited from the higher-dimensional quantization of Maxwell flux.

e Dynamics of modulus stabilization: most trivially we verify in more detail earlier
claims [29, 30, 33, 34] that (with two transverse dimensions) brane couplings gener-
ically do stabilize the size of the transverse dimensions in supersymmetric models,
in a manner similar to Goldberger-Wise stabilization (for a stabilization mechanism
using the competition between brane couplings of a bulk field see [35]) in 5D. They
do so because they break the classical scale invariance of the bulk supergravity that
prevents the bulk from stabilizing on its own (through eg flux stabilization).

e Ezxponentially large dimensions: we show that simple choices for brane-bulk couplings
allow the extra dimensions to be stabilized at a size, £, that is large relative to other
microscopic scales, 1, exponentially! in the parameters of the underlying theory —
i.e. 2/rl = e ¥, 50 {/rp can be enormous if ¢ is only moderately large, say O(10),
and negative.

o (Connection between brane-dilaton couplings and curvature: as has been known for
some time [36] there is a strong connection between the strength of brane-dilaton
couplings and on-brane curvatures, with vanishing brane-dilaton couplings imply-
ing vanishing on-brane curvatures. More recently [2] — see also [37, 38] — it was
found that the absence of dilaton couplings is not as straightforward as demanding
dilaton-independence of the brane tension and BLF coefficient, A(¢), of (1.1), due

!This echoes a similar claim of [29, 30] but fixes an error made there (see next bullet point) and provides
a precise 4D formulation of the mechanism.



to the necessity to hold fixed the Maxwell field far from the brane, rather than at
the brane position, when deriving the dilaton dependence of the brane. Complete
dilaton-independence of the brane action instead turns out to be equivalent to the
condition for scale-invariance, despite the presence of the metrics in the Hodge dual
of (1.1). Our 4D potential allows us to compute the subdominant size of the curva-
ture as explicit functions of the deviations from scale-invariance, and verify that they
reproduce the curvatures found directly within the 6D UV completion.

e Low-energy on-brane curvature: we find that the dynamics of modulus stabilization
usually also curves the dimensions along the brane world-sheets, and generically does
so by an amount commensurate with their tension, R ~ GyT', where T is the brane
tension (defined more precisely below) and Gy is Newton’s constant for observers
living on the brane. For specific parameter regimes the on-brane curvature can be
less than this however, being parametrically suppressed relative to the tension.

In some cases the suppression of R in the near-scale-invariant limit can be regarded
as a consequence of the generic runaway present for scale-invariant potentials: weak
scale-breaking tends to place minima out at large fields for which the potential is
relatively small. In this way it potentially converts Weinberg’s no-go theorem [39]
from a bug into a feature.

Although our personal motivation for studying this system is because of its potential
application [7, 23] to the cosmological constant problem [23, 25-28, 39], the ability to
stabilize two transverse dimensions with exponentially large size given only moderately
large input parameters potentially puts large-extra-dimensional models [40, 41] on a similar
footing as warped Randall-Sundrum models [19, 20].

A road map. We organize our discussion as follows. The following section, section 2,
describes the 6D system whose 4D physics is of interest, summarizing the main results
explained in more detail in [2]. The purposes of doing so is to show how properties of the
bulk physics (such as extra-dimensional size and on-brane curvature) are constrained by
the field equations, which controls the extent to which they depend on the properties of any
source branes. This provides the tools required for matching to the 4D effective theory,
relevant to energies below the KK scale. This matching is itself described in section 3,
which determines the 4D effective theory required to reproduce the dynamics of the full
higher-dimensional theory.

Next, section 4 uses this effective description to explore the implications of several
choices of parameters within a class that minimize the couplings between the brane and
the bulk dilaton. In particular we compute here the classical predictions for the modulus
mass and vev (and so also the size of the extra dimensions) as well as the on-brane curvature
at the minimum. We find examples that produce exponentially large dimensions and with
parametrically suppressed curvature in the on-brane directions. section 4 concludes with
a brief discussion about the robustness of the various examples, and surveys some ways
that quantum corrections might be expected to complicate the picture. Our conclusions
are summarized in a final discussion section, section 5.



2 The higher-dimensional system

We here briefly outline the action and field equations of the UV theory whose low-energy
description we wish to capture: the system studied in [2] consisting of a bulk Einstein-
Maxwell-Dilaton sector that arises as the bosonic part of six-dimensional supergravity,
plus two space-filling 3-branes situated within two transverse extra dimensions.

2.1 The bulk

The bulk action is a subset of the action for Nishino-Sezgin supergravity [3-5] given by

1 2
Sp = _/de VvV —g |:2I€ M (RJMN ‘|‘8M¢8N¢) +— gR ¢+ 4€_¢A1v NAMN

—/de J=g (LEH + L+ LA) , (2.1)

where? k denotes the 6D gravitational coupling and R ,,y denotes the 6D Ricci tensor while
Ayn = Oy Ay — Oy Ay is a gauge field strength for a specific U(1)z symmetry that does
not commute with 6D supersymmetry (with gauge coupling gz). The second line sets up
notation for the Einstein-Hilbert, scalar and gauge parts of the action in terms of the items
in the line above.

Notice S5 scales homogeneously, S; — 5255 under the rigid rescalings gyy — S gun
and e? — s~ 'e?, making this a symmetry of the classical equations of motion. Besides
ensuring classical scale invariance this also shows that it is the quantity e?? that plays the
role of A in counting loops within the bulk part of the theory.

The bulk system enjoys a second useful scaling property: physical properties depend
only on g5 through a field-dependent combination gz (¢) = gz e?/2. The value ¢ = 0 can al-
ways be chosen as the present-day vacuum provided the values of g5 is chosen appropriately.

For many purposes it is useful to work with a 4-form field strength, Fy,ypo that is dual
to Ay, in terms of which the bulk action can be written

2
Sp = /dG:B & |:2 5 g"™N (RMN +8M¢6N¢) +— gR e’

_|_

7 & FunroF""7 + L“]

— /dﬁx vV —g (LEH + qu + LF + L5t> ; (22)

where L is a surface term [2, 31] that emerges when performing the duality transformation
from A(Q) to F(4) = dV(g),

£5t = g a]u (\/ GA{NPQRTVNPQART) . (23)

*We use Weinberg’s curvature conventions [42], which differ from those of MTW [43] only by an overall

sign in the definition of the Riemann tensor.



2.2 The branes

We take the brane action to include the first two terms in a derivative expansion®

Sa= -2 [ aov T0) — 6OV,
- Z/ dio (L5 +25) =8, (2.4)

T

where the tension term, L,

is built from the induced metric v, (0) = grun0u2) 0y 2
at the position of the brane (with z)(¢) denoting the brane position fields). Despite
its appearances, the localized-flux term, ES, does not depend on this metric because the
explicit dependence cancels with that hidden within the totally antisymmetric 4-tensor,
" P associated with the metric. Since it turns out the branes repel one another their
position modes are massive enough to be integrated out in the 4D effective theory, and so
we simply assume static branes and choose coordinates so that they are located at opposite
ends of the transverse extra dimensions.

It is also possible to frame the branes using a more UV-complete theory for which they
arise as classical vortex-like solutions (as is done explicitly in [1, 2]), though we do not need

the details of this explicit extension in what follows.

2.3 Bulk geometry and field equations

Our interest is in geometries that are maximally symmetric in 4D (spanned by coordinates
x#) and axially symmetric in the transverse 2D (spanned by y™) about the positions of
two source branes situated at opposite ends of a compact transverse space. We therefore
specialize to fields that depend only on the proper distance, p, from the points of axial
symmetry, and assume the only nonzero components of the gauge field strength, A,,,, lie
in the transverse two directions, and so its dual, F},,»,, lies entirely in the space-filling 4D.
The metric has the general warped-product form

ds? = guy dzMdz™ = g dy™dy™ + WQ(y) G () datdz” (2.5)

where g, () is the maximally symmetric metric on d-dimensional de Sitter, Minkowski or
anti-de Sitter space. The corresponding 6D Ricci tensor has components

Ry = B+ g™ [3 00 WO, + vavnw} v (2.6)
and 4
+ W ViV (2.7)

where V is the 2D covariant derivative built from g,,, and RW and R,,, are the Ricci
tensors for the metrics g, and g,,. For the axially symmetric 2D metrics of interest we
make the coordinate choice

Gmn dy™dy" = dp® + B%(p) d6?. (2.8)

3The quantity 7 here is denoted 7' in [2].



With the assumed symmetries the nontrivial components of the matter stress-energy
are
Ty =—gweo, TPp=Z-X and T%=—(Z+X), (2.9)

where all three quantities, o = ig““ Ty, X = —% g™ Ty, and Z can be split into bulk
and localized brane contributions: ¢ = 05 + 0ipc, X = Xy + Xioe and so on.* The bulk
contributions to these quantities are given by

(¢')°
2k2

(¢)?

+VB+IJA, .XV‘B:VB—‘FLF:VB—IV/A and ZB: 2/{]2

Op = (2.10)

Under the above assumptions the field equations simplify to coupled nonlinear ordi-
nary differential equations. Denoting differentiation with respect to proper distance, p, by
primes, the dilaton field equation reads

i (BW') =t (x4 (211)

where the the above equality defines ). T'wo things are important about Y: (i) ) contains
no terms from the bulk lagrangian and so vanishes identically in the absence of the source
branes; and (i7) the brane contribution to ) vanishes everywhere if and only if the brane
lagrangian does not break the scale invariance of the bulk action.

Similarly the three nontrivial components of the trace-reversed bulk Einstein equations
reduce to the 4D and 2D trace equations,

R 4 '
nyv - ! 3 — _ 2
9" R = 75 + Tor (BWW?) = —202x (2.12)
and W B'W ) X
mn mn = 4 — = -9 - =, 2.1
J""R R+ ( W + B ) K (g 5 ) (2.13)
as well as the (pp) — (66) equation
B (W'\"  k2Z
(=) = 2= 2.14
7 (7)) =3 @1

Notice the special feature of codimension-two sources that eq. (2.12) governing the 4D
curvature R does not depend on the 4D part of the stress-energy, o.
2.4 Brane stress energies

The integrated localized contributions to the stress energy and to ) can be written as sums
over each brane of known functions of the brane tension, 7,, and localized flux, {,. For
instance, the energy density is given by

<Qloc> = Z Ov = Z W;l Tv; (2.15)

4The localized parts in this split contain all of the terms that carry localized stress-energy, which involves
a subtlety when the brane-localized flux parameter, ¢, is nonzero [1, 2]. The quantities g5, Xg and L, used
here are identical to those in [2] and do not contain any localized contributions.



where W, is the metric warp-factor evaluated at the corresponding brane position and we
define the notation

()= F dyv=g (- )_Qw/deW‘*(---). (2.16)

It may happen that W, — or ¢,, if T, = T,(¢,) — vanishes or diverges at the brane
positions, but if so eq. (2.15) shows this can be absorbed into a renormalization of T, [34,
44, 45], such as would be expected physically if the value of T, were to be inferred from a
measurement of (say) a defect angle, whose size is governed by by the physical energy o,.
This is addressed in more detail in appendix B.

Similarly the scale-breaking brane contributions to the dilaton equation are given by

=> W, (2.17)

with
_w A B 1 S,

The brane does not break scale invariance if both the tension and localized flux are indepen-

dent of ¢: T) =/ = 0. Again, any singularities associated with the vanishing or diverging
of fields near the branes can be renormalized into the bulk-brane effective couplings.

The off-brane components of the brane stress-energy are somewhat more subtle to
obtain since the dependence of the brane action on the extra-dimensional metric is often
only given implicitly. In general, however, stress-energy conservation and the equilibrium
balancing of stress-energy within any localized brane ensures these are given by [1, 2]

(Zloe) = Zz and  (Xige) = ZXV, (2.19)

with .

K y3
4

where the approximation is valid up to terms that are suppressed by at least two powers

K2Z, ~ K2X, ~ — (2.20)

of the assumed small ratio between the size of the brane and the size of the bulk.

2.5 Flux quantization

The symmetry ansatz requires the 4-form field to satisfy

F;w)\p =Q €uvp s (2'21)

with @ independent of the 4 space-filling coordinates. The Bianchi identity, dF = 0, then
implies ) also cannot depend on the transverse two coordinates and so is a constant. This
constant is the integration constant we would have found if we had explicitly solved the
Maxwell field equation for A,,,.

The value of @ is fixed by flux quantization [2] as follows

Y g«m] , (2:22)




where N is the integer measuring the total flux of A,;5 through the transverse two di-
mensions, and ¢, is the parameter in (2.4) that measures the amount of this flux that is
localized onto the position of the brane. Here, ¢, denotes the value of the dilaton at this
brane position, and

Oy = /de VR WrFe? = /dZy Vi Wk, (2.23)

represents the integral of W* over the transverse dimensions using the scale-invariant met-
ric, Gmn = €® gmn, so the particular case k = 0 gives the extra-dimensional volume,
Q := )y, as measured by this metric.

2.6 Boundary conditions

The near source behaviour of the bulk fields is controlled by the properties of the brane
sources, and this manifests in boundary conditions that must be satisfied by the bulk fields
as they approach the branes. In practice, these boundary conditions can be derived by
integrating the field equations over the localized region containing the brane source, as
described in [1, 2] in more detail. Performing this operation on (2.11), for example, gives
the following boundary conditions for the dilaton at the positions of the branes

2 K.[va

BW = 5 (x, + ) ~ 2.94
V¢V 271'( +y) 27T M ( )

where the approximation uses (2.20) to identify )), as the leading contribution to this
boundary condition. Similarly,

/i2
1—W§Bg_<gv—zv—

1 2 2w,
- Xv> o g =By (2.25)

2 = %Qv - o2r

where the suppression of &, and Z, implies they are subdominant to the energy density
0y = WV4T v. Lastly, the boundary condition for the warping in the metric is given by
4\/ I€2Xv
B, (W) =— : (2.26)

™

Here and above, a v subscript on a buk field (or its derivative) denotes that this quantity
is evaluated at the brane position p = p,.

2.7 Control of approximations

Because we explore classical behaviour it is important to specify its domain of validity.
The fundamental parameters of the problem are the gravitational constant, ; the gauge
coupling, gr(p) = gReW 2. and the size of the brane tensions, T}, and flux-localization
parameters, (.

In the exact, scale invariant solutions of appendix A the size of the transverse dimen-
sions, ¢, can be written in terms of parameters of the lagrangian and the ambient value of
dilaton, ¢, as follows

(= (k/29r)e™%? = K/24R . (2.27)



In these solutions, the flux integration constant introduced above is given by Q = 2g5/k?
and we use this as a benchmark value when making various estimates.

Weak gravitational response to the energy density of the brane requires 27}, < 1, and
this ensures physical observables such as defect angles are small. Similarly, the response
to localized flux is controlled by x?Q¢’ ~ gr¢’ and so requires gr¢’ < 1.

Since our interest is in the regime where the intrinsic brane width is much smaller than
the transverse dimensions we assume throughout ¢ > 7, where ¢ (7, is a measure of the
extra-dimensional (brane) size. This is accomplished if 7y /¢ ~ (7 gr/k)e¥/? < 1 which
can usually be ensured by requiring

e’ <1, (2.28)

although we discuss below an example where the brane size also depends on the value of
the dilaton, thus complicating this argument.

Finally, in supergravity semiclassical reasoning also depends on ¢ because it is e?# that
counts loops in the bulk theory. Consequently we also require e¥ < 1 in order to work
semiclassically.

2.8 Integral relations

From the point of view of the low-energy theory, it is the field equations integrated over
the extra dimensions that carry the most useful information.

Integrating the dilaton field equation, (2.11), over the entire compact transverse di-
mension gives

<X + y> ~0. (2.29)

Since integration over the transverse space can be regarded as projecting the field equations
onto the zero mode in these directions, (2.29) can be interpreted as the equation that
determines the value of the dilaton zero-mode and must agree with what is found by
varying the potential of the effective 4D theory obtained in later sections. In the absence
of the sources this zero mode is an exact flat direction of the classical equations associated
with the scale invariance of the bulk field equations and the localized contribution to (2.29)
expresses how this flat direction becomes fixed when the sources are not scale-invariant.

Integrating the trace-reversed Einstein equation over the entire transverse space
leads to

<@_z_’2‘>:o, (2:30)

and
R(W™2) = —2k*(X) = —4r*(0 — Z), (2.31)

where the second equality uses (2.30). This again emphasizes that it is the integrated off-
source stress-energy, (X'), that ultimately controls the size of the on-source curvature [36]
for generic ¢, and that this receives contributions coming from both bulk and brane-
localized contributions to the integral. By contrast, using (2.29) to evaluate (X) — at the
specific value of the would-be zero-mode of ¢ that minimizes its potential — gives a result
for the curvature that depends only on brane properties:

R(W™?) =2%(Y). (2.32)

~10 -



As we see below, the 6D coupling, &, is related to its 4D counterpart, x4, by

= , (2.33)

1
K
once evaluated at the minimum of the potential for the would-be zero-mode. So (2.32)

shows that the curvature R has a size that is equivalent to what would be obtained by a
4D cosmological constant, Uy, of size

U= 5 (%) ={o-2) = —5 (). (2.34)

This explicitly relates the size of the potential at its minimum to the size of scale-breaking
on the branes.

2.9 Orders of magnitude

Detailed studies of how the bulk solutions depend on the brane parameters in the UV-
complete theories of [2] show several kinds of response are possible.

Generic case. In the generic situation
K2, ~ KT ~ K*T, (2.35)

is of order the generic size of a gravitational field coming from the brane energy density.
When this is true, it follows from the brane constraints in (2.20) that

K Z, ~ K2 X, ~ K1T2 (2.36)

and so are suppressed compared to the naive estimate x27, [2]. Eq. (2.34) then shows the
resulting 4D curvature corresponds to an effective 4D cosmological constant of order

Vo~ 0~ YT, (2.37)

and so is generically of order the brane tension.

Scale invariant case. In the scale invariant case we have T, = ¢/ = 0 and so the
quantities ), vanish. Eq. (2.20) then implies the off-brane components of the brane stress-
energies also satisfy

Z,~X, ~0. (2.38)

Lastly, the vanishing of ), ensures the same for the 4D curvature:
R=U,=0. (2.39)

As we shall see, in the 4D Einstein frame the scalar potential for the dilaton zero-mode,
¢, turns out to be proportional to (X)) o €2, so this vanishing of (X) and R is achieved
by having the zero-mode run away to e¥ — 0 [39].

- 11 -



Decoupling case T/ = 0. An intermediate situation is given by the decoupling choice,
for which T, is ¢-independent but (,(¢) is not. In this case ) is not exactly zero, but should
be suppressed because ) arises purely from the ¢-dependence of a derivatively suppressed
term in the brane action

RV, ~ K2QG, ~ galy ~ [”"’ gg(“”)] e, (2.40)

where the last estimate shows how the derivative suppression can be rewritten as a sup-
pression by the size of the extra dimensions. As a consequence we also have suppressions
in the off-brane stress-energy components,

/ 2
K22, ~ 12X, ~ g2 (C)° ~ {“CV;O)] e %, (2.41)

and the effective cosmological constant corresponding to R satisfies
!
K:QU* ~ gRC‘/) ~ [Kcvé(p*)] e—go*/Q . (242)

Our goal in the next sections is to reproduce these estimates using a more carefully com-
puted potential for the low-energy 4D effective theory, and to determine the value of the
zero mode that ultimately controls the size of these estimates.

3 EFT below the KK scale

Consider next the viewpoint of a lower-dimensional observer with access only below the KK
scale. In particular we address the following puzzle. We know in the full D-dimensional
theory that flux quantization plays a crucial role in determining the d-dimensional curvature
that would be seen by any observer below the KK scale [29, 30]. (We know this because it
determines @ through (2.22), and this then governs the size of L, = — L appearing in o
and X'.) But how is this flux-dependence seen by a lower-dimensional observer who cannot
resolve the extra dimensions?

The field content naively available in the generic case to the lower-dimensional observer
is fairly limited: a massless graviton g, ; massless gauge bosons, one arising from the higher-
dimensional gauge field, A,, and another, B,,, arising from the metric due to the unbroken
axial rotational invariance of the extra dimensions; and the dilaton zero-mode, ¢, arising
due to classical scale-invariance. Although our tale can be told purely using these fields,
our interest in practice is in a bulk coming from higher-dimensional supergravity for which
additional light particles also exist.

The low-energy field content available in 6D within Nishino-Sezgin supergravity [3-5]
also includes the ‘model-independent’ axion, a, that is dual to the components C,,, of the
bulk Kalb-Ramond field, as well as the harmonic part of the extra-dimensional components
of the same field, C),,. Because the supersymmetry breaking scale in the bulk is also the
KK scale these do not appear with superpartners as supermultiplets in the 4D theory. One
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of these fields, Clyy,, turns out to Higgs the would-be massless gauge boson, A,,, which then
acquires a mass at the KK scale [46].°

To understand how flux quantization trickles down to the low-energy EFT it is useful
to supplement these fields with the 4-form field, Fiy), that is dual to A(y). Although this
field has trivial dynamics in the low-energy theory, its constant value knows about flux
quantization and so can bring the news about it to the lower-dimensional world.

3.1 Lower-dimensional action

With these comments in mind we seek that part of the low-energy 4D EFT describing
the dynamics of the 4D metric, g, (z), the dilaton zero mode, ¢(z), and the 4-form field
strength, F},,\,. Because of the appearance of the low-energy scalar we distinguish several
important metric frames: the 6D Einstein-frame (EF) metric, g, in terms of which the
UV theory is formulated; the scale-invariant frame g,, = e¥ g,,, which does not transform
under the classical scaling symmetry of the UV theory; and the 4D Einstein-frame metric,
Juv», which must be given by

?],ul/ X e_@g;w =e g;w ) (3'1)

since this ensures g, — s G, under the scale transformations, as required for the lower-
dimensional Einstein-Hilbert term to scale properly. We do not similarly canonically nor-
malize the zero mode kinetic term in 4D because we wish to keep its transformation prop-
erty under the classical scaling symmetry: e=% — se™¥.

For subsequent applications it is important to get right the proportionality constant
in (3.1). In particular, we want it to be unity in the present-day vacuum, ¢ = ¢,, which
we determine below by minimizing the ¢ scalar potential. Having g,, and g, differ in
normalization amounts to a change of units, and so needlessly complicates the dimensional
estimate of the size of terms in the low-energy potential. Consequently we use below the
following, more precise, version of (3.1),

G = 67(@74,0*)9}“/ . (3.2)

The most general lagrangian for these fields at the two-derivative level can be written

-1
Ly=—\/—g [2:‘@21 9" (R/w + Zo () 8#‘/381’90) +Va(p)
1 —

—_— 1 ~ uv
+2 T Zp(p) FMVAPFHVAP _ Eg((’p) er APFW,\,;] + Lsta, (3.3)

where tildes on upper indices indicate that they are raised using the inverse metric g"",
and &% is the appropriate volume tensor built from G (whose nonzero components are
+(—g)~'/?). The surface term, L4, is given by

X VN
Las = 5:04(V/=5 ZeF" Vi) (3.4)

5The full story is a bit more complicated, with Green-Schwarz cancellation [47] of gravitational anomalies
in 6D [48, 49] implying that the massless 4D field is really a mixture of the two gauge fields, B,, and A,.
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and is required to the extent there are boundaries (including asymptotic infinity) whose
behaviour we wish to track [2, 31]. This last equation uses the definition

Eunp = Funp — Z Epvrp - (3.5)

Notice that the equations of motion for the 3-form gauge potential,
Oy (\/— G ZpFrv ’\p) = 0, imply that evaluating L4 at a solution gives

Z _ L Z _ e~ _
(£5t4) = I': vV —9 FMV/\pF;w)\p = I': vV —9 FHV/\pF;w)\p - £| vV —9 6MV)\pFuu)\p
on—shell 4! 4!
= /G (2L, — (3.6)

Combining this with the above, evaluating the gauge part of the 4D action using the 4-form
equations of motion therefore gives

<L4form> =Ly + Lg + Lsta = —Lp . (37)
on—shell

3.2 Field equations

The field equations obtained from the EF 4D action (3.3) are the field equation for the
3-form gauge potential,

9, [J—T} (ZF e _ 5%%‘”*0)} —0. (3.8)

Writing Fj,n, = fa€ux, shows that fy is algebraically fixed in terms of an integration
constant, K, and couplings in the lagrangian,

Ky +¢

7 (3.9)

fa=

and because of this Fiy) does not describe propagating degrees of freedom. In terms of fy
we have Lp = —% Zp f2, so evaluating the action using (3.7) shows that the influence of
the 4-form field is to shift the scalar potential of the remaining scalar-tensor theory to

U(p) = Vilg) — Lele) = Valo) + 2 F(0) = Valo) + g (Kuke) . (310)
F
The Einstein equations similarly are

E,uy + Z(p 8#(10 O = —HESW, > (3'11)

where S, =T}, — % g’\pT \p Juv With stress tensor
TR Zr AR i 1 i ol B VA 3.12
3| ApK g g —Vag ( . )

SO p 5
S = Sr [FW“ Faps = g 8" FQ] +Vagh . (3.13)
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The traced Einstein equation therefore is

~ N2 VA
R+27, <a¢) = k2 [2 - 4V4} S—p (V4 - LF) , (3.14)
which again shows the effect of the 4-form field is to shift the potential of the scalar field
from VytoU =V, — L.

Finally, the dilaton equation becomes

Z,0p = K2 (V4’ + L+ L + L’St4>
= wd(Vi-Lt), (3.15)

where primes here denote derivatives with respect to ¢. This is again consistent with the
replacement Vy — U = V; — L. In this argument it may come as a surprise that Ly
can contribute at all to the field equations for ¢, given that L4 is a surface term which
therefore should not contribute to equations of motion at all. It is indeed true that because
L4 is a surface term it can only contribute to the variation of the action with respect to
field variations that are nonzero at the boundaries of spacetime. But when evaluating
the ¢ potential we first evaluate the lagrangian (and so in particular Lg4) at the solution
to the V,,,» equation of motion, and this solution necessarily contributes to the surface
terms whenever its field strength satisfies F),, ), = f1 €. It is for this reason that Lg4
contributes to the variation of the action with respect to ¢ if f4 depends on ¢ and the
variation is made after V(z) is eliminated as a function of . This is why its presence
resolves [31] paradoxes that would otherwise arise [50] when handling 4-form fields.

3.3 Matching

Next we try to identify the unknown functions of ¢ in the 4D theory in a way that captures
all of the properties of the 6D theory. Since the main focus is on the 4D theory, we adopt in
this section (and in the next section) the notation where g, (z) (rather than g,,) denotes
just the z#-dependent 4D part of the 6D metric, guyn(x,y), without the warp factors,

W2(y), in 6D Einstein frame. So (for instance) \/—g¢ = \/—9g1 V92 W4 =/—gs BW*.

Form field. We first match the 4-form field, since this is what passes the flux-quantization
conditions down to the low-energy theory. The 6D dual Maxwell field equation, integrated
over the extra dimensions, for the geometries of interest is

) {\/—TM [/ d%y (v]V34> P AN, eWM] } =0, (3.16)

where warp factors are written explicitly so that 4D indices are raised (and e**** is built)
with the 4D ¢g"¥ rather than the 6D version. This is to be compared with its 4D counterpart,
derived above in 4D EF,

0V (2 7% — 21| = 3, Vg8 (2 2o pe —gn)] <o, (317
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where the first equality transforms to 6D EF from 4D EF. Equating coefficients gives

~ _ B ~
ZF = Zpez(‘p Px) — /de <1V4> €¢ = Q—47 (3'18)
and

E) = Gldn) =) Gle). (3.19)

In the first equality the dilaton evaluated at the brane positions, ¢, = ¢(y,) = @ uo(yy),
is implicitly expressed in terms of the amplitude, ¢, of the would-be bulk zero-mode. The
second, approximate, equality assumes the zero mode u(y) to be y-independent so that
¢, = p is the same at the position of all branes.

The solution to the 4-form field equation in 4D is given by

Zp FHAP — € AP = Jgy et (3.20)

where K4 is an integration constant. Similarly the solution to the 6D equation, integrated
over the transverse space, is

Koo = [ty () (8m) = g e < o g (aan)
tot v

where Kg is also an integration constant and the second equality uses (3.18) and (3.19).
Comparing these solutions shows K¢ = K.
But in 6D the Bianchi identity [2] also tells us that

Fonp = Qe€unp (3.22)
where 6D flux-quantization requires
Q= L 2aN _ Eze(rﬂ)m (277”17> = Njg , (3.23)
Q_4 | 9a N € Zr
where N := 27 N/gg. This determines Ky = Kg = (N + &) — & = N so that
N+
F,UV)\P = <A§> G,U«l/)\p7 (324)
Zp

and so brings the news about flux quantization to the lower-dimensional world [31, 32].
With this choice L evaluates in 4D to

1 = 1 1
LF(QO) = n ZF FMV)\pFuV)\p = —E [N+ 5(@)}2 = _2674 [N + 5(@)]2 . (325)

Einstein-Hilbert term. The 4D Einstein-Hilbert terms dimensionally reduce in the
usual way to give

1
Ly = _27&2 V —94 g“VR,uV/ dzy@ w2

tot

1 _ _ _
=55V 019" Rue S"/ A%y \/Go W2e 1%

tot
1

= _ﬁe_% — G4 guuﬁuy/ttd2y\/g>2w2e—¢+so’ (3.26)
O
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which uses /g2 = VG2 e”? to express things in terms of the scale-invariant 2D measure
and we absorb the net zero-mode factor, e”% into the metric when transforming to the 4D
EF metric: g, = €% g, (with dp terms not written, but handled below). Comparing this
with the 4D action gives the following ¢-independent expression for the 4D gravitational
coupling,

. %e*% /mtd2 Vi Weette = 2T et /tOtdp BW? = %eW’* (W=2),., -
(3.27)
Earlier sections remarked on the freedom to shift ¢ — ¢ — ¢, in the bulk provided
one also rescales coupling constants such as gz — gre = gr €9*/2. Eq. (3.27) reflects this
freedom in the following way. If ¢ = 0 is chosen so that ¢2 < &, then r5; ~ k/gg is
not particularly large so having a large transverse space requires e®* < 1 so that ¢ =
75 e /2> 1. In this case (3.27) shows that it is the explicit factor of e~#* that makes
the 4D Planck mass large compared with the 6D Planck mass. On the other hand if ¢ is
shifted so that o, =~ 0 then we have g2, < k and so £2 ~ 7%, > k. In this case (3.27)
gives a large 4D Planck mass because of the large integration volume, which is of order ¢2
rather than order k.

Scalar-tensor properties. To determine the scalar potential and kinetic terms we eval-
uate the 6D actions at the solution of the 2D metric and 4-form equations of motion, but
do not use the 4D metric or scalar field equations so that these can be kept free. The
starting point in 6D is the 2D integral of the 6D EF lagrangian density, which has the form

PyLs=— | Pyv—gs [ 5 (Ruy +R2)) + Lo+ Lr + Lst] + ZE (3.28)

tot tot

We first evaluate the 4-form field at the solution to its field equations, using a result proven
in [2],

[—/d2y\/fg<LF + Lst> + ZEﬁ] = +/d2y\/jg Lp= —/de\/fg La, (3:29)

Feq

to get

/d2y (£6> dQQH[ 5 (Riay + Rez) +L¢+LA:| +Z£T
Feq tot
2 1 uv
= [ Pyv=g6{53 (9 (R + 0400,0) + Rey)| + 07, (3.30)
where we also split the ¢ kinetic term into its 4D and 2D parts, and use (2.10) and (2.15)

to trade the remaining terms for ¢ = 9p + gloc. We then eliminate Rz using the field
equation (2.13) to find

1 2 2 4 1 ;u/ X
\/_74/(1 y £6>92,Feq /d y BW [ (Rw—i—auqﬁa ¢) e Y
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where X = Xp + Aloe with Xp = Vi + Lp = Vi — L, and (Xio) = >, & given as before.
In these expressions the combination (L) is to be regarded as the function of ¢ and flux
quanta given by (3.25).

These are to be compared with the 4D action evaluated using only the 4-form field
equations,

(54)Feq = /=3 {21 P (R,w + Z, O 3,,@) TV LF] , (3.32)

in which we are also to regard Ly as the 4D ¢-dependent combination

Lip(p) = 5= Zp ¥ Fp 1 = —Q;F(N &)l = [N +£(9)]°. (333)

24'

The ¢ kinetic term comes partly from the dimensional reduction of the kinetic term
for ¢ and partly from the kinetic term for the radion, ¢, in the 6D Einstein-Hilbert action,
and gives [46]

1 0,8 0,8 1
_ Gu GHvIRE Ve [ G L0, 34
e V=049 2 o G4 §" 0 Oy (3.34)

where S = e 2% « £2¢=?. The total kinetic contribution then is
1

L4 = ~5.3 e~ /=g G (E#V + 28#(,0 81,(,0> / d2y \/g; W2e_¢+90, (3.35)
tot

and so Z, = 2.
The remaining terms determine the scalar potential, which we seek in 4D Einstein
frame. On the 6D side we have

—2(p—px) 1
“2e-e)(p) = — S [ @2y ( = /d2 L
e (‘P) \/_7@1 y( 6)927Feq \/ngl y< 6)92,Feq

= 2 (%)= {<VB # = Ve } (3.36)

A check on the normalization comes from the 4D Einstein equation which in Ein-

—4

stein frame states R = —4K3U. This agrees with the above given that it implies
—4rIU = —2k3(X)e*#=%+) while on the other hand K2 (Reuy) = K ZR(W™2) =
K2R(W—2)e(¢=%+) = k2 Re2(#~%+) and the 6D field equations state (Ry) = —2r*(X)

On the 4D side, earlier sections show how the 4-form effectively shifts the effective 4D
EF potential from Vy to U = V4 — L. Comparing with the 6D result then shows

U(p) := —62(;;;*) <£4pot>F @ —\/1_—@ <£4pot)Feq
—V,— L, = [N+ £(9)]”. (337)

Although this can be solved for Vj this is less useful than directly working with the total
effective potential, U.
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3.4 Sources of p-dependence within U

Eq. (3.36) is one of our main results, since it gives the effective potential whose minimization
determines the value of the dilaton zero-mode, ¢ = @4, and thereby also fixes the size of the
extra dimensions, since ¢? = r2e~%*. The value of the potential at this minimum, U (y,)
also determines the response of the gravitational field implied when ¢ seeks its minimum
in this way.

To make this -dependence more explicit we use Vi = Vg e? (with Vo = 2¢%/k%) so that

1 ~ 1 2 _

Up) = B (VO Q + ZXV 5 NV +&(p)] ) o), (3.38)
y —4

There are four main ways that ¢ enters into this expression.

e The explicit overall factor of e%.

e The ¢-dependence of the explicit factors of the flux-localization parameter, £(p) =

22 G(p)-

e The explicit ¢-dependence of the brane stress-energy parameters, > X, (¢).

e Some yp-dependence potentially enters through the integration volumes ﬁk Because
ﬁk is scale invariant it contains no explicit factors of ¢, but there can be a hidden
p-dependence because ﬁk usually also depends implicitly on 7, and (, (eg through
the defect angle, o, — 1 o< x2T}) and so inherits any (-dependence carried by the
brane parameters.

We next check several special cases the above potential should reproduce.

Scale invariance. When neither T), nor ¢, depend on ¢ the branes preserve the bulk scale-
invariance. In this case all of Q, T, X, and £ are p-independent, so the only dependence
on ¢ is the overall factor of e?%,

_ 1 0O _ L 2 2(p—px)
Ulp) = 5 | Vol + Z X, o (N+ 5) ¢ , (3.39)

as would be dictated in general grounds by scale invariance. Although this is always
minimized at U = 0, unless the square bracket vanishes this is achieved by a runaway to
zero coupling, ¢ — —o0, as required by Weinberg’s no-go theorem [39].

Vanishing U(y). Whenever X, vanishes (such as happens for the BPS vortices [2] for
example) or is negligible, and Vj = %Vg is positive, the quantity e=2#U(p) becomes pro-
portional to a difference of squares and it is simple to enumerate sufficient conditions for
it to vanish. In particular

o i {VOZ ute) - Q_i(cp) s+ N ]2} =2 (3.40)
1 Q Q ¥
— —m [f(‘ﬂ) +N -V Q(gp)} |:£(Sp) +N+VOQ(SO):| 2= )7
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where Q2 := @4 6_4. This clearly vanishes for all ¢ whenever the functions £(¢) and fl(go)
are related by
§p) =N £V Qe), (3.41)

for all . When (Alk and €2 are ¢-independent (which at least requires T, to be independent
of ¢) then (3.41) can only be satisfied for all ¢ if £ is also p-independent, which implies
scale invariance.

Salam-Sezgin solution. The Salam-Sezgin solution [6] described in appendix A.1 has no
sources and so £ =T, = &, = 0. It is a supersymmetric solution to 6D supergravity and so
Vo = 2¢%/k* and N = 427 /g. The solution is unwarped, W = 1, so O = Q := 7x2/g2
for all k. With these choices the scalar potential becomes

2 2 2
ooy L [(22)q, . NP _L[(22 g AP _1(2m 2\ _,
2 K4 20 4 2 KA 20, 2 \ k2 K2
(3.42)

as it should, revealing ¢ as the flat direction.

Rugby ball solutions. We can also investigate the shape of the effective potential when
scale invariant branes are added to the system. The rugby-ball solutions presented in
appendix A.2 are generated by identical, scale-invariant, supersymmetric [51] branes, and
the potential is expected to vanish in this special case. Explicit solutions are also known
when more general scale-invariant branes source the bulk [8, 9], although these solutions
generally have bulk fields with nontrivial profiles.

We side-step the technical issues associated with nontrivial warping and dilaton profile
and treat both cases simultaneously, by assuming that branes’ tension, 7', and localized
flux, £ = 2¢, are small enough that we can linearize about the Salam-Sezgin solution (and so
also choose flux quantum N = 4+27/gz). This assumption allows us to use the linearized
scalar potential (B.48) calculated in appendix B. When specialized to the Salam-Sezgin
background around which we are perturbing, it reads

e2=) T ~ % Z X, + % (HQT n gR§> . (3.43)

Above, we have tracked the X, contribution to the potential, but the branes are scale
invariant, so this quantity is also suppressed as in (2.38), and can be neglected. It then
follows that the potential vanishes when the branes satisfy

KT = —ggré . (3.44)

This is identical to the supersymmetry condition on the branes [51], as expected. Inciden-
tally, when the branes are UV completed as supersymmetric vortices [2] it is also true that
the vortex BPS conditions ensure &, = 0 identically.

When the branes are not supersymmetric, the right-hand size reduces to 27" at linear
order when & = 0, in agreement with the non-SUSY theory [1]. In this case, the resulting
potential has the standard runaway form expected for scale-invariant couplings [39].
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4 Self-tuning under scrutiny

Now that the tools for computing the dilaton potential are assembled, we can minimize it
to explore the size of e?* and U, = U(y,) as functions of the microscopic choices (like T,
and () that describe the branes.

4.1 Implications of ¢-independent tension

We expect special things to happen if we can ensure a small ¢ derivative near the branes,
since we know the curvature vanishes exactly if ¢’ vanishes at both branes [2, 36]. This
asks the brane lagrangian to be chosen to depend as weakly as possible on ¢. The simplest
choice is to demand complete ¢-independence for both 7}, and , for all branes, but although
it is true that this leads to solutions with R = 0 it also implies scale invariance® and the
results of the previous section confirm that flat curvature in this case is found by having
¢ run away to infinity (thereby not breaking scale invariance) [39]. Consequently in this
section we instead choose ¢-independence just for the leading term, T, in the hopes that
the resulting curvatures can be suppressed.

In this case only two sources of p-dependence remain in U: the overall factor of e?%
and any dependence arising within £(¢) = >, ((¢). (The latter of these includes both
the explicit £-dependence and any implicit dependence of (Alk on £.) Because the branes
break scale invariance we expect the flat direction for ¢ to be lifted and the dynamics to
choose an energetically preferred value, @,. Furthermore, since the lifting comes from &,
which arises only from the derivatively once-suppressed localized-flux term, we expect ),
and direct brane contributions to the potential like &), to be KK-suppressed — as argued
in more detail in [2].

This leaves the bulk contribution to U, but because of (2.34) this is also expected
to be suppressed once ¢ adjusts to approach the value ¢,. What we do here that [2]
did not do was compute the shape of U explicitly and minimize it to determine ¢, and
U, = U(¢y), thereby showing in detail how direct brane contributions to U compete with
the interference the branes cause in the cancelations among the bulk terms in U.

Because £ x e~#*/2 in the vacuum this calculation of ¢, also computes the size of the
extra dimensions, and we seek solutions with a large hierarchy between the brane size and
the size of the transverse dimensions: ¢ > 7. It is only for such solutions that the above
arguments would suggest any suppression in Us.

Consequences of 9T /d¢ = 0. For these reasons our main interest is in situations
where T' is ¢-independent but ¢, = (,(¢). We next argue that this ensures the contribution
of &, to U becomes negligible.

Ultimately, it is the derivative suppression of ¢ within the brane action in (2.18) that

~

suppresses &, in the potential. For instance, neglecting any p-dependence in {2 gives the

5This point is less clear when the brane action is formulated using the original Maxwell field, Ay,
rather than F(4), and because of this the equivalence between ¢-independence and scale-invariance for
brane-localized flux terms was misstated in [24, 29, 30].
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first estimate [2]
1
V=) N~QY (=Q==—N+9¢, (4.1)
v v Q_4
which uses flux quantization to eliminate the bulk flux ). This expression for ) determines
>, & through the brane constraint, (2.20), which implies

2
k2?2 1 2 1 K 2
X, ~ ~—(me¢) = — () | 1 4.2
Zyj e med) 2l W +6)¢ (42)
Inserting this information into U then shows that the contribution of X, may be dropped

relative to the (N + £)2/€Q_y term whenever (k¢')2 < 27Q_y, as is true when the extra
dimensions are much larger than the microscopic sizes determining s and £’

As before, for supergravity we have Vy = 2¢2/k* and as argued above the only ¢
dependence enters through ¢ and the overall factor of e?# dictated by scaling, making the
scalar potential in the 4D theory

2\ 2
UGe) = {(294) o) - g Vo) }e“w’
o 1 ZQRQ 2gRQ . B 2( _ *)
= s ( e +N+§> o N §> R (4.3)

where Q2 := (0,Q_4 and in the first line we write ﬁk(gp) to emphasize that the volumes can
also depend on ¢ through €.

General features. Broadly speaking the potential described above has the form
U(p) = F(p) ¢4, (4.4)
and so its extrema, ,, make the derivative
U'(p) = (2F + F’) e2e=es) (4.5)
vanish. Our interest is in minima, so we demand the second derivative
U" () = (4F AP 4 F”> (2= (4.6)

be positive.
There are two classes of solution:

1. The runaway: @, = ¢oo = —00, with e?* =0 and so U, = U, = 0; and

2. Any nontrivial solutions to F'(p,) + 2F(¢x) = 0. Evaluated at any of these latter
extrema we have’
1
U.=-3F and U/=2F+F/. (4.7)

Control of approximations requires we check that at any such a minimum e¥* is small
enough to justify our semiclassical analysis.

"Notice that the factor of €2* does not suppress U, because of the compensating factor of e™2#*. Al-
though e** o 1/£* ensures the potential is generically suppressed by 1/¢*) the e™2#* compensates by
converting the prefactor from 6D to 4D Planck density.
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Our main interest is in the non-runaway minima, and for these notice that using (4.3)
to infer F' and neglecting the o-dependence of ) when differentiating the result gives an
expression for U, that agrees with the estimate of (4.1). This shows in a more pedestrian
way how the low-energy theory knows of the higher-dimensional connection between U,
and (Y).

Of particular interest is how specific choices for ¢, (and so also & = ) (,) influence the
shape of F(¢), and through this the values of ¢, and U,. We seek to arrange two things:
(1) that —p, be moderately large (to achieve large extra dimensions, given £ o< e~#+/2); and
(77) that U, be suppressed below the generic brane scale T, (as required to make progress
on the cosmological constant problem if ordinary particles are localized on the branes and
so contribute their vacuum energies as corrections to the corresponding brane tension).

One way to achieve these ends would be to arrange F(p) = Fy F(ep), where € is a
moderately small dimensionless parameter and Fy is a very small energy density. In this
case the linearity of (4.5) ensures the value of ¢, does not depend on Fy at all, and if F(x)
contains only order-unity parameters we expect to find |¢,| ~ O(1/€). Having ¢, ~ =75
would ensure e~#*/2 ~ 1016; adequate even for models with very large extra dimensions [7,
40, 41]. The question is whether there is enough freedom available in () to arrange both
of these conditions, and if so whether the choices made can be technically natural.

The next sections explore this question by choosing & = pf(¢) for several simple
choices, where p is a mass scale that can be adjusted independently from the scale in T;,.
Although we find no obstruction in principle to being able to obtain both large ¢, and
small Uy, the simple examples we explore so far each only appear to accomplish one or the
other and not both simultaneously.

4.2 Perturbative solutions

As argued in section 3.4, there are several values of ¢ for which we know U () must vanish.
One of these is the limit ¢ — —oo, for which U — 0 because of its exponential prefactor.
The second case where we know U = 0 is when ¢ = ¢, is such that £(¢) happens by
accident to pass through a point where its value agrees with the supersymmetric limit for
the given tension. (As shown in the appendix, at the linearized level this occurs for any ¢,
satisfying gr&(¢s) = F#2T, if the two branes share equal tensions.) Whenever this occurs
Q also takes its supersymmetric value, which ensures R = 0 (and so U = 0).

The significance of such a zero is that it guarantees the existence of at least one
maximum or a minimum for U in the range —oo < ¢ < ¢s. (A similar conclusion is
also possible for any interval between two distinct solutions to gré(ps) = —x2T, should
more than one of these exist.) If this extremum is sufficiently close either to oo Or to g
then we can analyze the shape of the potential by perturbing around the situation where
U vanishes.

To that end let us write the brane properties as T, = Ty+d7;, and {, = (43¢, where T
and (p define a supersymmetric configuration for which gr&y = gré(vs) = 2grCo = Fx>Tp.
Then the unperturbed potential vanishes, Uy = 0, and deviations from this can be com-
puted perturbatively in §7;, and §(,. There are two naturally occurring small parameters
with which to linearize, k20T < 1 and gr0&(p) < 1, whose relative size is a knob we get
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to dial. Both of these are small to the extent that the bulk is only weakly perturbed by
the source branes.
This leads to a potential of the generic form

U — <A+By+---)e2(9"_“"*), (4.8)

where y(p) := grd€/2m < 1, and the linearized calculation of the appendix — culminating
in (B.48) — shows the coefficients A and B are given by

A~ 6T, =20Twy and B~ —, (4.9)

where 0T,yg = % >, 0T,. Consequently A/B ~ /125Tavg/27r < 1.
For this potential

U = [2A + 2By + By +--- | 2P (4.10)
and at non-runaway solutions, U, = U’(p4) = 0, we have
1 / " / /!
U*:—iBy*—l—--- and U, =2By, + By, +.... (4.11)

We now describe several types of extrema that such a potential generically possesses.
In each case we do not propose an explicit form for §¢ for all ¢ (and so also do not compute
the potential U for all ), but instead investigate its structure near the extrema of U subject
to various assumptions about how §¢ varies in this region. As a result we do not in these
first examples try to compute the value of ¢, from first principles, but only its difference
from the position, ¢,, of a nearby reference point (such as a zero of U or a minimum of
&(p) etc). We solve for all quantities in terms of the reference point, ¢,, and comment on
the size of Uy, the KK scale, ¢ and the zero-mode mass, m,,, at the minimum.

Case I: Near a zero of U. Consider first the simplest situation where §¢ depends very
weakly on ¢ so we may Taylor expand £ about the point ¢ = ¢, where U vanishes

vo) = (Z2) [0 - v +0 (0 - 0], (4.12)

and we assume |gpu/27| < 1. The potential near ¢ = ¢, becomes
U= [b((p —s) + - .}62@—%) , (4.13)

where b ~ 2gpu/K>2.
Extrema are determined by the vanishing of

U = [b (g — i) + - -]62@*@*) , (4.14)
and so for finite , this implies
1
Px = Ps — 5 . (415)
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The condition gru/2m < 1 ensures that |y.| < 1 at this point, justifying our perturbative
analysis of the extremum. The corresponding physical KK scale is

(=rpe /2 = (H> el/de=¢s/2 (4.16)
29z

In agreement with [29, 30, 33], the breaking of scale-invariance by the branes allows
their back-reaction to stabilize the size of the extra-dimensions, in a 6D version of the
Goldberger-Wise [35] mechanism in 5D. The stabilized size of the extra dimensions is ex-
ponentially large compared to microscopic scale rz to the extent that ¢ is large and
negative. The full linearization of the 6D system for this example is also given in ap-
pendix C, including a discussion of the warping and dilaton profile generated by the bulk
response to the brane perturbations, and of the renormalizations of brane couplings that
these require. Later examples also provide concrete cases for which the value of ¢4 can be
computed in terms of brane properties, and briefly discuss choices that can make ¢, large
and negative.

At this extremum we have

b grit
Uy =~ b(ps — p5) 5 R _7:2 , (4.17)
while
4
U! =~ 4b + 4b(, — s) ~ 2b ~ i’;’” : (4.18)

We see we have a local minimum (maximum) between ¢ = ¢4 and ¢ — —o0 when b x gz
is positive (negative), for which Uy is negative (positive).®
Keeping in mind the normalization of the ¢ kinetic term in the 4D theory we see the

classical prediction for its mass at this minimum is

29rp
(w=2)"

m2 = %/@21 U/ ~ 263U, | ~ (4.19)
Since generically <W‘2> is of order the KK volume we see m,, is suppressed below the
KK scale by the small factor gru/2m, justifying its calculation in the 4D EFT. This same
factor provides the suppression of U, relative to the 6D Planck scale, and as a result
m?a ~ \U*|/M§. We return below to a discussion of the robustness of such predictions to
quantum corrections.

Case II: Near a minimum of £&. Consider next a situation where ¢ = ¢,, is a local
minimum of £(p), and where &, = £(¢n) is not a point where U vanishes. In this case we
expand ¢ in powers of ¢ — ¢, to write T, = Ty + 6T, and & = & + pu(p — om)?. Here Ty
is chosen so that g€y = —k?Ty (and we choose N = +1) so that it is 0T oye = %ZV 0T,
that controls the value of U at ¢ = ¢,,. To justify the perturbative analysis we assume
the resulting 07T satisfies |k207T| < 1 and |gru/27| < 1.

8We are not too concerned here if U, turns out negative at the minimum, even for applications to the
cosmological constant problem. That is because the goal then is just to have the classical value be smaller
than the inevitable quantum corrections (such as bulk Casimir energies) whose size is hoped to describe
the observed (positive) Dark Energy in any ultimately successful model.
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With these choices we then have

IRl
y(p) =~ <2L7T) (p—om)®+..., (4.20)
and the potential becomes
U= {a +b(p — )t + - } e2e=e) (4.21)

where a ~ ) 0T, = 20T,y and b~ 2grp/k%. Their dimensionless ratio

26T
4o (4.22)
b grp
is a free parameter.
The extrema, @y, are determined by the vanishing of
U' ~2|a+b(p — om) +b(p — om)* + - -]62(‘P_"9*) : (4.23)
and so the non-runaway solutions satisfy
1 4a
ok 2O —= [ 1E4/1——]. (4.24)
2 b
Reality of this root requires 4a/b < 1 and so 4k26T < gppu.
If |a/b| < 1 the roots take the approximate forms
a
90*+%<Pm—1,¢*—%¢m—g, (4.25)

and if a/b is large and negative they become

a
Pak R P F \/; : (4.26)

Because ¢, approaches ¢, as a/b — 0 perturbation theory also justifies the expansion of
0& in powers of ¢ — @, for this root. It may nonetheless be justified in any case for the
other roots if it happens that ¢ remains quadratic out to sufficiently large ¢ — @,,, and
that y remains small for all of this range.

There are two parameter regimes of interest. The first is |[4a/b| < 1 and for this choice
©x — ©m has the same order of magnitude as a/b ~ k26T /gru. As before, the corresponding
physical KK scale is £ = (k/2gx) e~%+/2 and because @, — ¢y, is at most order unity, having
this be large compared to microscopic scales requires ¢,, large and negative.

At the extremum ¢, — ¢, & —a/b we have

Us = a+blox — om)? = —b(px — pm) ~ a =~ 20T hyg (4.27)

while

U = 2[2a 4 b+ 4b(0x — 0m) + 2b(0x — 0m)?] = 2b[1 + 2(0x — )] = 2b ~ - (4.28)
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We see that this is a local minimum when b  ggu is positive (ie whenever ¢ = 0 was a
minimum for 6¢). Furthermore the back-reaction with the bulk drags the value of ¢, to be
smaller (larger) than the minimum of 0§ depending on whether or not a ~ 267, is positive
(negative). The value of the potential at this point is U, ~ 26T}y, and so is unsuppressed
relative to (and shares the same sign as) 6Tave. At this minimum the classical prediction
for the would-be zero-mode mass is driven by its potential on the brane,

s 1 Rl

_ 277N
mcp - 5’%4 U* ~ <W_2> )

(4.29)

and so is below the KK scale because gru < 1.
Another interesting parameter range enumerated above takes a/b large and negative.
In this case

b

a
Px = Pm — ‘

, (4.30)

provided the quadratic form for 6¢ applies for fields this large. Notice that y, ~ gru(ps —
Oom)? ~a~ /125Tavg remains small.

Of special interest in this case is where y/|a/b| dominates ¢, since this could explain
why @, is also large and negative (and so why ¢ e~%+/2 could be potentially enormous
without needing to explain the size of ¢,,).

At this extremum the size of the potential is

LRk b o) = b — o)~y 2] = Vi e ey, (@)

which is suppressed relative to the tension scale, a = 20T,g, by the assumed small quantity
VIb/al = |grp/ K20 Tag|/? < 1. Similarly,

U = 220+ b+ 4b(ps — @m) + 26(ps — )]
a

~ 2B 1+ 2(0s — )] A —4b ‘b

‘ — —4/[ab] (sign b) ~ —4U,.  (4.32)
and the concavity of the potential is once again controlled by b, with b < 0 (and so a > 0)
giving a minimum at large negative values of ¢,. The classical mass of the would-be zero
mode at this minimum is

1 VE2OT | grp

2 277/ 2 R

= —giU, ~-2rkU, ~ +——"— 4.33
my, 2/<a4 KUy < 72> , ( )

and this lies below the KK scale beause |gru| < k20T < 1 by assumption. Although this
gives large dimensions or small Uy, it does not provide a phenomenologically viable value
for both simultaneously, inasmuch as a large-volume value like ¢, ~ —75 only provides a
moderate suppression of Uy relative to tension scales.

The extension of this example to a perturbation in the full 6D theory is also given in
appendix C, including a discussion of brane renormalization.
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Case III: Near a singular point of £&. The previous examples assume & varies smoothly
with ¢, so we next consider a singularity in & at ¢ = ¢.. Singularities can arise in low-
energy actions at places in field space where the low-energy approximation fails, such as
places where integrated-out species of particles become massless.

For purposes of illustration we consider a branch point of the form £ = & + 0§ =
(e — @e)" with n an arbitrary exponent. The case n near zero is particularly interesting
because this profits by being near the scale-invariant case n = 0. As above, we write
T, = Ty + 0T, and dial Tp so that it is related to & by gréo = —k>T.

The potential becomes

U= [a +b(p— )T+ - ~]62(‘p_“"*) , (4.34)

where the ratio between a ~ > 6T, = 2T,y and b ~ 2gru/K? is again a dial we can
exploit. Assuming 0 < 1 < 1 the extrema are determined by the vanishing of

b
U ~ [20, + 2b(p — )+ (SD—T,W + - ] eHp=es) , (4.35)

which has solutions in the regime |¢ — ¢ > 1 of the form

“) v (4.36)

Px = Pc = <_g

which for small 7 is true even if a/b = /12(5Tavg /grp is only moderately large and negative.
(For instance choosing n = % and 525Tavg ~ —4gru gives @, — p. ~ —64.) At this point
we have

(1-n)/n
_ oI~ mb b
U* a+ b(go* SOC) - 2(@* o @C)l_n - 2 a : (437)

Small 7 has the virtue of amplifying both the size of ¢, and the suppression of Uy, although
not in a way that seems phenomenologically viable for both at the same time.

Case I1V: Exponential £. Next consider an example whose solutions are perturbatively
close to the asymptotic runaway. This example is similar to the scaling case examined for
the UV vortex completion in [2], where T = Ty+0T and & = &y+p e®?, where gr&o = —~>Tp
and our main interest is in s not far from zero. In this case y = (gru/27) e*? so y’ = sy, and

U= (a Fhe o )e2(@—‘/’*> , (4.38)
with a ~ 26T and b ~ 2gru/k?. Then the non-runaway solutions to U’ = 0 satisfy
20+ b2+ s)e®”* +---=0. (4.39)

If e*¥* is small enough to drop all but the first two terms we have

2 2120T
e B i 0 , (4.40)
b(2+s) (2+ s)grp
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which requires a and b to have opposite signs. The value of U at the extremum is

sb s sa 50T
~—— %P o~ o~ . 4.41
Urm—e 202+s) 2+s (441)

The factor of s found in U, can be understood because when s — 0 the potential becomes
scale-invariant and so must then be minimized at U, = 0 with ¢, — —oo0.

If s > 0 then having small e®* means we must also have |a| < |b| (which corresponds
to k2|6T| < |grp| < 1). In this case U asymptotes to zero as ¢ — —oo from below (above)
if a is negative (positive), so the extremum is a minimum if ¢ < 0 and b > 0 (ie when
grpe > 0 and 67 < 0) in which case U, < 0.

Conversely, if s < 0 then having small e®* means we instead must have |a| > |b] (and
s0 |grut| < K2|6T| < 1), and in this case it is for b < 0 and a > 0 (ie for gpp < 0 and
0T > 0) that the above root is a minimum. Writing s = —¢

b2—a) _ gun(2— o)
2a 2k26T

7 ~ —

(4.42)

which again requires p and §7 to have opposite signs. The value of U at the extremum is

b _ oa odT
U~—e %%~ -~

4 2(2 o) 2—0’

(4.43)

which is again negative and order ¢d7. To be much smaller than 67 we would need o < 1.
The corresponding physical KK scale is

1/2s
0= rpe#/2 o (2;) (- 2?;;}) (if 5 > 0) (4.44)

9 26T 1/20
N(Qg) (_ ZRU (if s = —0 <0),

and the classical prediction for the mass of the would-be zero mode is

mi = %/@%UL’ ~ —sKA0T ~ —(2 + 5)k3U, . (4.45)
The minimum found above is most interesting when |s| < 1, for two reasons. First,
small s ensures that e¥* can be extremely small even if both k20T, gru and their ratio
are only moderately small. For example, taking k%67 ~ 0.3 and gpu ~ —0.0003 gives
k20T /grp ~ —10% and so s = — ~ —0.1 gives the enormous hierarchy e¥* ~ ry /¢ ~ 10715
appropriate to a picture with micron-sized extra dimensions [7, 40, 41] when the bulk is
controlled by TeV scale physics. Such large radii arise because the choice 0 < |s| < 1 makes
the setup close to scale-invariant, and so the potential in this limit is close to its runaway
form, U ~ Upe®#. The small scale-breaking parameters then give a weak ¢-dependence to
the prefactor Uy, creating a minimum out at large negative ¢. The minimum occurs at
large —¢ precisely because of the potential’s close-to-runaway form.
Small |s| is also interesting because of the suppression implied by (4.41) for the value
of U,. As mentioned earlier, this suppression arises generically because the system becomes
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classically scale invariant in the s — 0 limit, and so U, must vanish in this limit. Effectively
this converts Weinberg’s runaway no-go from a bug to a feature, with weak scale-breaking
driving U, to be small precisely because the minimum gets driven out to infinity in the
scale-invariant limit. As before, however, although both large ¢ and small U, are possible,
no one choice of parameters gets both right at the same time (without very precise tuning
to make |a/b| extremely close to unity.

When large ¢ does not imply large dimensions. Equating large negative ¢, to a
large hierarchy between KK size, ¢, and brane size, ry, (as done in the previous examples)
implicitly makes an assumption about the p-dependence of 7. The issue is whether or not
obtaining large e~ #* — eg (4.44) — is sufficient to imply a large hierarchy between ¢ and
the transverse brane size, ry,. It need not be, depending on the other microscopic details
that determine 7. In particular it depends on how the brane size itself depends on .
For instance, the UV completion considered in [2] provides an example where the
connection between large ¢, and large ¢/r, can fail. In this example the branes are
resolved in the UV as Nielsen-Olesen vortices [53] with tension, T, ~ v%, set by a scalar
vev, v, and brane-localized flux, £ ~ (2mne/e)e’?, set by a dimensionless mixing parameter,
€, an integer, n, and a gauge coupling, e. In this UV completion the physical size of the

U vé(p) = evexp [2(1+2s)¢], which turns out to inherit a dependence on

vortex is 7y
¢ from the effective coupling é(y). Consequently 7, /¢ can be related to the tension and

localized flux by

v (291%@0*/2) (16—(1+2s)w*/2> _ (291?) oo — 9r& __ 9n§ (4.46)

/ K ev erv nTeERY  nrevVr2T

for any choice of s or . What is important here is that ry /¢ is p-independent when
expressed in terms of the parameters, T and (, appearing in the brane effective lagrangian,
since these are the combinations that are relevant to the long-distance physics governing
the size of £. As a result, in this particular model it doesn’t matter how large ¢, is when
predicting r /£.

Notice that this line reasoning relies on all of £ depending on ¢ in the same way, rather
than there being several contributions involving different scales and depending differently
on . This is why it does not also apply to the previous examples, for which & = §y+0&(p).

4.3 Scenarios of scale

Before turning to the robustness of the above examples it is useful to have some idea in
mind for the the mass scales appearing in all sectors of the theory. This is important when
estimating quantum corrections in particular, since for naturalness problems the heaviest
scales are usually the most dangerous. We also imagine at least one brane lagrangian
being modified to include brane-localized particles, including the known Standard Model
(SM) particles.

There are several mass scales potentially in play: the inverse brane width, M ~ 1/ry;
the SM electroweak scale, m; and the scale set by bulk couplings, k= /2 and g5'. Without
loss we may shift ¢ in the bulk so that ¢ = 0 corresponds to g’ ~ K12~ M, defining
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the same scale. The effective bulk gauge coupling, g, = gr e?*/2 and the KK scale, myx ~
1/0 ~ g./k = (gr/k)e¥*/?, are then computed from these once the dilaton is stabilized at
© = 4. We assume the hierarchy

My~r"2 gt M>>m, (4.47)

and ask how loops might depend on these scales.

It is also useful to imagine the UV completion of the brane eventually becomes super-
symmetric at high enough energies, since this is likely necessary to deal with naturalness
at the highest scales possible. This could happen at the string scale if the brane UV com-
pletes as an object within string theory, or it could happen above or below the scale M
if the branes UV complete as vortices in a higher-dimensional field theory. For concrete-
ness we consider the vortex completion, since the extension to string theory of the system
used here remains an open question [54-57]. Since our goal is to explore extra-dimensional
approaches to the hierarchy problem, we always take the brane SUSY-breaking scale, Mj,
much larger than electroweak scales: Mg > m.

If we choose My < M then the vortex sector would be supersymmetric (in that it
would preserve at most half of the supersymmetries of the bulk [62-64]) with the branes
likely arising as BPS solutions. Until distorted by supersymmetry-breaking effects (if any)
we would then expect the largest contributions to 7" and ( to be ¢-independent, with
T=Ts~0OM 4). The supersymmetry breaking such branes generically imply for the bulk
sector is then minimized if the branes carry the supersymmetric amount of flux [51], so we
take k2T = :t%gRCS. This implies (s ~ k*Ts/gr ~ ]\/[4/]\/.@3 < M in magnitude. These
assumptions ensure a flat potential, U = 0, for ¢ and allows supersymmetry to protect this
shape from scales higher than Mj, leaving nontrivial corrections to the low-energy theory
(where we can try to estimate them).

We expect nonzero 01 = T'(¢) — T and 0¢ = ((¢) — (s once effects of the SUSY-
breaking brane sector are included. This includes but need not be limited to the SM
sector (which is assumed to be localized to one of the branes/vortices). On dimensional
grounds, if SUSY breaks on the branes with scale M, such that m < My < M we expect
the dominant deviations from the supersymmetric limit to be of order 67(¢) ~ M2 and
0C(p) ~ M,. If the supersymmetry breaking physics respects the bulk scale invariance
then 67 and ¢ remain @p-independent; otherwise not.

Suppose the supersymmetry-breaking sector does break scale invariance but only
through the localized flux term as examined above, so T = Ti + 6T with 6T ~ M2 and
¢ = (s + 6¢C with 0¢(p) ~ M f(¢), for some function f(p), although the precise form for
f is not yet crucial. Assuming M > M4/M§’ then there should exist a value, ¢ = g, for
which U(ps) = 0 because ((ps) accidentally takes the supersymmetric value corresponding
toT =Ts+ 6T,

£ 2 0nCps) = 3 90 G+ 6C(p0)] ~ KT = KA(T, +6T). (1.49)

We imagine the value, g, where this occurs to be moderately large (of order -75 or so in
the extreme case of very large dimensions).
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This scenario fits very cleanly into the class of models for which the perturbative
methods explored earlier apply, with y(¢) ~ grdC(@) ~ gaMsdf(p) = gaM[f(p) —
flps)] = O(Ms/My). If 6 f varies slowly enough to be approximated as linear near ¢, the
analysis of earlier sections would predict a minimum with ¢, — g >~ —% at which point
the classical 4D energy density is U, ~ —grMs/x%. Other forms for f(y) would predict
different scalings.

Finally, loops of Standard Model particles should also contribute to 7' and ¢ and
further perturb them away from their supersymmetric relationship, by an amount at least
0T s ~ m* and 6Csp ~ em (where € S 1 is a dimensionless measure of the strength with
which the SM sector couples to the bulk gauge field). Even if not supersymmetric, such
SM contributions need not contribute any p-dependence if they preserve scale invariance.

There are two natural ranges of values to think through, depending on whether our
interest is in the electroweak hierarchy (quantum corrections to scalar masses) or the cos-
mological constant problem (quantum corrections to vacuum energies). We consider each
of these briefly in turn.

Electroweak hierarchy. For applications to the electroweak hierarchy we ask the extra
dimensions to be large and take the large scales all to be of order the electroweak scale, with
the minimal hierarchy required for control of approximations. In this case the premium
is on predicting the value of ¢, from first principles to ensure sufficiently large ¢/rz using
only a relatively modest hierarchy amongst lagrangian parameters, and we are happy to
fine-tune away any cosmological constant. This can be done, for example, if the vortex size,
ry, is p-independent and controls the supersymmetric brane physics at scale M, and the
supersymmetry-breaking brane physics at scale M, generates an exponential §¢ ~ M e*?.

Taking for illustrative purposes My ~ 50TeV, M ~ M, ~ 5TeV and m ~ 100 GeV
with s ~ 0.2 then gives Myl ~ 10'®, which is in the ballpark required. Such a dynamical
explanation for the exponentially large size of ¢ elevates the large-dimensional models [40,
41] to a footing similar to their warped competitors [19, 20], although this would be more
satisfying with a more explicit picture for the SUSY-breaking brane physics to see more
explicitly how it generates the required ¢-dependence for ¢ and T

The challenge and opportunity in this scenario is to better construct the SUSY break-
ing physics, partly to see what signals it could imply at the LHC. There is clearly some
freedom to dial scales somewhat, though if My and M, are both taken much larger than
the electroweak scale we must again ask what protects the value of the Higgs mass on the
brane. Implicit in any such model is that whatever quantum gravity eventually kicks in
at M, does not allow the higher scales to feed into the Higgs mass and thereby ruin the
naturalness of the low-energy picture.

Vacuum energies. Although the ideal situation would be to explain the observed Dark
Energy density, it would already be progress on the cosmological constant problem to
suppress U, below the electroweak scale. This requires the classical contribution be smaller
than the known quantum effects (usually not hard), while choosing parameters so that
the quantum effects themselves can be smaller than the electroweak scale (usually much
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harder). The hope here is that because SM loops generate changes to the brane tension,
0T ~ m*, we seek choices that keep this from directly contributing to U,.

A best case in this type of scenario is to imagine that all physics couples to ¢ in the
scale-invariant way down to as low an energy (say u) as possible. If p < m < M, <
M then this implies the UV physics is to first approximation scale invariant though not
supersymmetric, so that 7 and ¢ are constants for which x*T and gr( are not similar
in size.

In this case we imagine the scale-invariance breaking at scale p introduces a ¢-
dependence only to d¢, in such a way that  accidentally passes through the supersymmetric
point, ¢ ~ £2k2T/gr at @5 ~ —T75 or so. This ensures the extra dimensions can be very
large (best of all would be in the micron range) as desired. Provided the variation in ¢
is slow enough to justify Case I above, the classical prediction for U, is negative’ with
magnitude ~ gru/k?. Choosing M, as low as possible (in the 10 TeV regime, say) then
gives a suppression of Uy relative the electroweak scale by of order gpu.

How much suppression depends on how small u can be, which requires a better theory of
the origins of the p-dependence. Since Uy ~ ,uM;3 we see that having |U,| < (1072 eV)* and
Mg ~ 10 TeV requires fantastically small values like u S |Uy|/M; ~ 107*" eV. To the extent
that useful progress on lowering U, below the electroweak scale requires scale-invariant
couplings of ¢ to ordinary matter, the obstacle is likely to be solar-system constraints on
the existence of light Brans-Dicke scalars with gravitational couplings.

4.4 Robustness

As for any approach to naturalness problems the key question concerns robustness of the
result. One must check whether conclusions survive the inclusion of subdominant terms in
the various approximations being made. Although a full analysis of all of these corrections
goes beyond the scope of this article, we make a few preliminary estimates of the size of
some of the usual suspects.

Potentially fragile choices. Assessments of robustness turn on the generality of the
choices for parameters in the classical theory. Because it is the branes that are responsible
for breaking supersymmetry we might expect that it is choices made for the brane actions
in particular that are the most susceptible to perturbations (such as by receiving quantum
corrections once these are included).

The basic choices used in previous sections concern the magnitude and ¢-dependence
of the brane action, parameterized by the small dimensionless quantities £27T'(¢) and gr((¢)
for each of the branes. In particular the previous sections make two non-generic assump-
tions about the brane action:

e We choose no ¢-dependence for T but allow ¢-dependence for (;
e We dial freely the relative magnitudes of k27 and gx(.

It is the sensitivity of these choices to quantum corrections on which we focus.

9Having U, < 0 need not be a problem if its magnitude is small enough that the vacuum energy is
dominated by its quantum parts (which must then be positive).
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Some quantum estimates. UV sensitive quantum corrections in this type of model
come in two broad classes: quantum corrections to the bulk lagrangian due to loops of
bulk fields; and quantum corrections to the brane lagrangians due to loops of fields on the
brane and loops involving bulk fields located close to the brane. In both cases it is loops
of the most massive particles that are potentially the most dangerous.

Corrections to the bulk sector. Loops within the supergravity describing the bulk
have been studied in some detail [51, 58—-61], and although loops of individual massive states
do renormalize all terms in the bulk and brane lagrangians their contributions to the bulk
lagrangian tend to cancel once summed over 6D supermultiplets [59-61]. The only bulk
renormalizations that survive these cancelations are renormalizations of those interactions
allowed by bulk supersymmetry, for which we do not make any special requirements.

This is required physically because UV modes far from the branes effectively do not
know that supersymmetry is broken. The UV dangerous renormalizations coming from the
supersymmetric sector are those that renormalize the non-supersymmetric brane physics.
These should not be dangerous to the extent we do not make special assumptions about
the sizes (or the dependence on bulk fields) of couplings like T and ¢ in the brane action.

From the point of view of the vacuum energy, the most dangerous renormalizations
of the bulk are dimension-four interactions involving curvature squared terms (and their
partners under supersymmetry) since these can acquire renormalizations proportional to
the squared-mass, M2, of the massive bulk supermultiplet [51, 58-61]. These can generate
contributions to the 4D vacuum energy of order M?/¢2, and so be larger than the 1/¢4
desired to describe Dark Energy in SLED models. But they are generically smaller than
the O(M?*) contributions described below, and so represent a lesser worry than the brane
renormalizations we describe next.

The brane sector: bulk loops. Loops of bulk fields involving virtual particles physi-
cally near the branes also renormalize the brane lagrangian, as computed in [51, 58]. These
loops turn out not to be dangerous for our two brane choices, however, for two reasons.

The first statement is that although bulk loops contribute of order M* to the brane
tension, they do not introduce nontrivial ¢-dependence to the tension if this was not already
present because of the underlying scale invariance of the bulk system. Secondly, bulk loops
involving massive multiplets that carry gauge charge can also renormalize (. But because
the correction is of order 6¢ ~ g2 M?¢ [51] it is technically natural (from the point of view
of these loops) to choose ¢ to be small.

The brane sector: brane loops. Massive fields localized on the branes are among the
most dangerous (and arguably the most difficult to understand) from the point of view of
naturalness, because these fields can be heavy and are not constrained by supersymmetry
(at least at scales below Mjy). In principle these include loops of familiar SM fields that
are the origin of the cosmological constant problem in the first place.

Integrating out such particles of mass M generically renormalizes the brane tension by
an amount of order M?, so we run into naturality problems as soon as we must demand
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0T be smaller than this. For applications to the cosmological constant problem this is why
all contributions to U, of order T are not regarded as being progress.

In general such loop contributions to T" could also play a role by introducing nontrivial
¢-dependence, although this can be protected against by demanding the couplings of the
brane matter to preserve scale invariance. For SM fields this is trouble to the extent that it
gives them Brans-Dicke couplings [65—67] to the light scalar ¢ of gravitational strength [68],
which are ruled out phenomenologically (for sufficiently light ¢) by PPN solar-system
tests of gravity [69]. Of course, mechanisms exist for weakening the couplings of light
scalars [52, 70-73], usually by making these couplings ¢- or environment-dependent or by
making the scalar massive enough not to mediate a sufficiently long-range force. Although
much model-building could be forgiven if progress could be made on the cosmological
constant problem, we regard this to be a real worry whose resolution goes beyond the
scope of this (already very long) paper.

The same kinds of problems need not be a worry for brane corrections to ¢, however,
because these cannot be generated unless the field in the loop already couples to the bulk
gauge field. Brane-generated contributions to §¢ should be easy to suppress simply by not
coupling heavy brane particles to this field.

5 Discussion

This paper’s aim is to carefully determine how codimension-two objects in 6D supergravity
back-react on their in environment through their interactions with the bulk metric, Maxwell
field and dilaton, and how this back-reaction gets encoded into the effective potential of
the low-energy 4D world below the KK scale.

To this end, we construct the corresponding four-dimensional effective theory, and
show how the flux quantization conditions of the UV theory are brought to 4D by a four-
form gauge flux dual to the Maxwell field. The 4D theory generically contains a light
scalar dilaton to the extent that the branes do not strongly break the classical bulk scale
invariance. We identify the scalar potential for this scalar and show at the linearized level
that it agrees with what is obtained by explicitly linearizing the higher-dimensional field
equations. This calculation in particular corrects some errors in [29, 30], which misidentified
some of the boundary conditions associated with the brane-localized flux term.

We confirm the result of [29, 30] that the breaking of scale invariance by the branes can
lead to modulus stabilization and allow explicit computation of the extra-dimensional size,
in a codimension-two version of the Goldberger-Wise mechanism [35]. We confirm that
this size can be exponentially large in the brane couplings. A moderate hierarchy of order
75 amongst the brane couplings can be amplified to produce enormous extra dimensions
in this way, thereby fixing a long-standing problem with the use of large extra dimensions
to solve the electroweak hierarchy problem.

For the particular choice of near scale-invariant couplings we can (but need not) also
find some parametric suppression in the value of the on-brane curvature and dilaton mass,
although for those examined so far this suppression seems fairly weak. We are unable to
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find simple examples which both generate exponentially large dimensions and suppress the
classical vacuum energy (though we also are unable to prove this to be impossible).

Although we make preliminary estimates about the size of quantum corrections and
the robustness of the parametric suppressions of the potential, we leave a more detailed
treatment to later work.
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A Scale invariant solutions

In this appendix we present the details of well-known solutions that exist when the branes
are scale invariant. We first describe the Salam-Sezgin solution [6] that applies when there
are no branes, and we then show how this solution generalizes to the rugby ball solution [7]
in the case where the branes are identical, scale invariant, and supersymmetric.

A.1 Salam-Sezgin solution

In the absence of branes, it is consistent to assume a trivial warp factor W = 1 and no
dilaton profile ¢’ = 0. The second of these conditions is satisfied as long as the source
terms in the dilaton field equation vanish

292 1
O¢ = ¢ [(/i) - 2Q2] =0, (A1)
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where we eliminate the bulk field strength in terms of @ using A,y = QBe?. The constant
Q is fixed below by flux quantization and for generic values of () the above equation is only
solved by taking the runaway solution: ¢ — —oo. The exception is if flux quantization
returns the specific Salam-Sezgin value, Q = +Q := +2g5/x?, in which case (A.1) is
solved for any constant: ¢ = .

With this choice of @), the bulk metric function satisfies the field equation

B e?
2 = A2
-5 (42)
where Ly = r5 = £/2gr. The solution is
B, = rge ??sin(pe?/? /ry) (A.3)
and we conclude the extra dimensions are spherical with proper radius ¢2 = r2e=%.
Consistency requires verifying the flux-quantization condition returns @) = Q5. To
check we evaluate
N /ﬁs Ls Q 1
— = dpAng/ dpBe? = [ =) —, A4
ga 0 g 0 Qs) 9r (4-4)

where g, is the gauge coupling of the background gauge field (which in principle could
differ from gy if this field gauges a group other than the R-symmetry for which g is the
coupling). We see that only the supersymmetric choices g, = gz and Q/Qs = N = £1 are
consistent with ¢ = ¢ being a finite constant, and because Q = £Q; the value, ¢, remains
undetermined by the field equations.

A.2 Supersymmetric rugby ball

Many of the nice properties of the Salam-Sezgin solution are preserved if identical, scale
invariant, supersymmetric branes are added to the system, with action

1
Sbranes - - Z/Z ( )d4u\/ - (T - 4|<€'uy>\pFuy)\p> ) (A5)

where ¥, (u) denotes the worldsheet of each brane, parameterized by the four coordinates
ut. By assumption T and ( are the same for both branes and independent of the dilaton
(as required for the branes not to break the classical bulk scale invariance). These choices
are necessary if the branes are not to source gradients of the warp factor or dilaton, making
it still consistent to assume W =1 and ¢’ = 0.

As before, the condition of constant ¢ requires bulk sources in the dilaton field equation
to vanish, and so flux quantization must return the same value for ) as in the Salam-Sezgin
solution: Q = +Q, = +2g;/k%. This choice of @ also preserves the radius of the extra
dimensions so the rugby ball metric function is solved by

B = aLse % ?sin(pe?/?/L,). (A.6)

Note the presence of the constant « in this solution, which physically represents a conical
singularity at the poles of the sphere with defect angle § = 2w(1 — «). This differs from
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the Salam-Sezgin value, as = 1, because the presence of branes modifies the boundary
condition of the bulk metric function B at the position of the branes (2.25) to satisfy
k2T

Blp) =a=1-7—, (A7)

where the sign assumes the derivative is in the direction away from the brane and T is the
brane’s tension. Nonzero defect angles make the bulk resemble a rugby ball rather than
a sphere.

The other effect of the branes is to introduce a localized piece of A, at the brane
positions, and this modifies the flux-quantization condition (A.4) to become

N /fs / 1
— = dp Ay = dp Be® — — , A.8
=) dedw=0 [ dp %;c (A-8)

showing that (/27 describes that amount of the total gauge flux that is localized in this
way. Evaluating as before gives

N « Q> 1 1 <Q> ( IQ2T> 1

—=—(=)-= =— (= ](1-—)—=— , A9

ga dr <Qs 2T ; ¢ dr Qs 2 2 z‘}:c ( )
which shows how the brane-localized flux compensates for the reduction of bulk volume
caused by the defect angles.

Flux quantization is only consistent with constant ¢ if it returns (Q = +Q)s;. Having
source branes can allow this if T" and ( are related by

K*T = Fgg ZC = F29xC(, (A.10)

in addition to the bulk conditions g, = gr and N = +1. This brane condition also turns
out to be required by demanding supersymmetry not be broken by the presence of the
branes [51], showing how supersymmetry again ensures the value @ = Qs required for a
flat potential that does not determine the value ¢ = ¢.

B Linearized solutions

We now assume that the branes are perturbatively close to the identical, scale-invariant
supersymmetric ones just described. However, the perturbations we consider to the tension
and localized flux need not respect scale invariance and can differ at each brane

G=20C+06(¢) and T, =To+0T(¢), (B.1)

where Ty and (p satisfy (A.10).

We track the effects of these perturbations on the the bulk fields by solving the entire
set of field equations, including the equations for warping, the dilaton profile, and flux
quantization, at linear order in the perturbations. When the brane perturbations break
scale invariance, we also solve for the stabilized value of the zero mode, ¢ = @,, to linear
order. We also calculate the 4D effective potential for ¢ at the linearized level, and show
how it reproduces this stabilized value of the zero mode computed with the full 6D theory.
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Full field equations. We first present the set of field equations and boundary conditions
to be solved.

Because of the scale invariance of the unperturbed theory it is useful to switch to the
following scale invariant variables

b:=e??B and do = e®/2dp. (B.2)

With these the undifferentiated dilaton only appears in the field equations through scale-
breaking terms. Since these terms are by assumption perturbatively small, we can simply
replace the dilaton factor ¢ appearing there with the zero mode (. These variables also sim-
plify the linearization of the scale invariant terms in the field equations since the background
dilaton solution reads ¢’ = 0 (where bars denote background quantities). Additionally, the
equations simplify if we rewrite the warp factor as

W= e (B.3)

so we can perturb around the background solution @w = 0. In these new variables the
background of the bulk metric function simplifies to b = @Lsin(c/L), with & determined
by k?Tp and L = Ly = 5.

Since our interest is in computing the shape of the zero-mode potential we also follow
refs. [29, 30] and add a stabilizing current to the bulk action

ASJ:—/dﬁx\/—gJ:—/d4a:/d9/danew_¢. (B.4)

Choosing J appropriately allows us to investigate values of ¢ away from the minimum of
the potential while still solving all of the field equations. In particular, we read the equation
that would have determined the stabilized value ¢ = ¢, as instead to be solved for J(p),
allowing us to trace the shape of the effective potential for ¢. Then, ¢ = ¢, corresponds
to J =0.

To solve for the perturbations to the bulk metric function and warp factor, we de-
sire two linear combinations of the Einstein equations (2.12) - (2.14) that contain second
derivatives of the metric fields, and no factors of the 4D curvature. The first of these reads

1 ' 3Q? 201
[ew <b’ —5 bgb'ﬂ = —r%be” <§ e 4 %Z + 2J6_¢> ; (B.5)
and is to be solved for b. (From here on primes on bulk fields denote differentiation with
respect to o rather than p.)
The other relevant Einstein equation is
(w/)Q w/ b/

W/I+WI¢I+T_ ; :_(¢/)2’ (B.G)

and this is to be solved for w. In these variables the dilaton field equation (2.11) simi-
larly reads

(be* qb’)/ = k2be¥ <2g122 — Q—2 6_2"’) , (B.7)

KA 2
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and flux quantization (2.22) (for N =1 and g, = gx) can be written as

1 Q/dabe—w_;wzv:gv. (B.8)

gR_

Finally, we rewrite the boundary conditions in the new variables, to get

o], = ;i Q) (B.9)

Oy

[1 - (b’ - ;bgb')]av - ;i [T} . (B.10)

where o, are the brane positions and the signs are such that the derivatives of b and ¢ are

and

in the direction away from the branes. In general the right-hand side of these boundary
conditions generically diverge as 0 — o,. As shown explicitly in the examples of appendix C
this divergence can (and must) be renormalized into the parameters describing the brane-
bulk couplings.

Linearized field equations. The perturbations we consider to the tension and localized
flux need not respect scale invariance, by depending nontrivially on the dilaton, and they
can differ at each brane

G="C+0d4(@) and T, =To+0T,(¢). (B.11)

The supersymmetric solutions are relatively simple because gradients in the warp factor
and dilaton are absent: @ = 0 and ¢’ = 0. This need no longer be true given any asymmetry
in the brane perturbations, and so to linearized order these bulks fields instead satisfy

w(o) = dw(o) and ¢ (o) =8¢/ (o), (B.12)

where primes again denote differentiation with respect to o. These changes feed into the
Einstein equations that govern the bulk metric function and the flux quantization condition
that governs the size of @), so

b(o) = b(o) + 5b(0) and Q=Q+iQ. (B.13)

To solve for the field perturbations, we now linearize the full field equations around
the supersymmetric rugby ball case. This gives the following Einstein equation for the
metric function

_ 1, b [éb 3 1 ,-
S0+ 0w’ — 3 (bog') = |3t 5(0q — dw) + 5;<;2L2Je*¢ : (B.14)

where 0q = §Q/Q. We also have the linearized dilaton field equation

o

(bd¢') = = (dw — dq) . (B.15)

~i
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Inserting this into the Einstein equation gives

5" + 1w’ = _% mb +2(0q — dw) + ;ﬁi%ﬂ : (B.16)

The linearized field equation for the warp factor simplifies a great deal

bow” — b 6w =0. (B.17)
The linearized boundary conditions reduce to
_ 52 _
[bod'],, = o= |07 +Qdcl] (B.18)
v m ay
and
s+ Loos| = - [5T} (B.19)
2 5 Y 3 A P ’
where &, = {0,7L} are the unperturbed values of the brane positions, and again the

sign assumes derivatives are directed away from the branes. Finally, combining the two
boundary conditions gives an expression for the near-source derivative of the bulk metric

function

52

6] = {5Tv—;5Tv’—;Q5§;} | (B.20)

o 2r 5

gy
In many of the above results we use the useful property of the unperturbed solution that
27272
K°Q°L* = 1.

Linearized solutions. The linearized field equations can all be solved analytically. In-
serting the background solution into (B.17) and integrating gives the following general
solution for the warp factor

0w = wo + wi cos z, (B.21)

with 2 := o/L and wp and w; both integration constants.
Absorbing the constant wg into a rescaling of the 4D coordinates and using the result
in the linearized dilaton equation (B.15) then gives

0, (sin z0,0¢) = <w1 cos z — 5q) sin z, (B.22)
whose integral yields
sin z 0,00 = —% cos? z 4+ 8qcos z + ¢, (B.23)
where ¢; is another integration constant. Integrating again gives the full solution for the
dilaton,
o w1 w1 .
p=0¢+dp=p— - cosz+ (qbl - ?> log[tan(z/2)] + dqlog(sin z) . (B.24)

The constant part of the dilaton profile, ¢, need not be perturbatively small so in
¢-dependent expressions that are already perturbatively small, like Je~?, we can make the
replacement ¢ — ¢. This allows us to rewrite the Einstein equation (B.16) as

9% 6b = —6b — 2al [5q + 5j(<p)} sin z + 3@Lw cos zsin 7, (B.25)
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where

1 .-
55 () == Zm2L2Je"0. (B.26)

The general solution to this field equation is given by
8b = aL|bycosz + by sinz + (g + 67)zcosz — wy sinzcos 2| , (B.27)

where by and b; are integration constants. We are free to shift the radial coordinate to
ensure 6b(0) = 0 and thereby set by = 0.

Changes in geometry. The points o, where the metric function vanishes define the
brane positions. These are also perturbed relative to the background value o, = 7, + do,
and we can solve for these perturbations by linearizing b(c,) = 0, which gives

0 = 6b(5y) + 00y [05b]5, = 0b(5y) + @do, . (B.28)

This shows that the choice by = 0 ensures that that one of the branes is always located at
the origin b(og) = 0 at linear order. At the other pole, near 5, = 7L, we instead find the
following shift

T B.2
— =04, (B.29)

which shows how the backreaction can change the proper distance between the branes.
The change in scale invariant k-volume, defined as

Q= 27T/d,0 BWke? = 27r/dabek“’/4, (B.30)
is given to linear order by the following expression
nL . L
. 2 _
5, = 27r/da<5b+ % dobow. (B.31)
0 0

Evaluating the integral using the explicit solutions derived above gives

5Qk
AraL?

1 ™
= 2/dz[b1 sinz—l—(éq—l—&j)zcosz} =by —dq—47, (B.32)
0

where the integral over dw vanishes because it is odd on the interval of integration. We
learn the perturbation to the volume is independent of warping to linear order and is
determined by the integration constants.

Boundary conditions and integration constants. We next determine these integra-
tion constants in terms of the assumed brane perturbations, §7, and 4¢,, using the near-
brane boundary conditions. We first evaluate the combined boundary condition (B.20)
using (B.27) at both branes to get the following relation between integration constants and
brane parameters

K2

. 1 1_-
b1 + g+ 5 — W= — 6T, — =0T — =Q ¢ B.
1+oqg+097 wie I 9 v 2Q C} - 3 ( 33)

— 492 —



where we use v = {0,7} as an index to represent the branes located near z = 0 and
z = m, and the explicit sign e’ appears because the boundary conditions assume a radial
coordinate that increases away from the brane (so the radial derivative in the boundary
condition is —d/do near ¢ = L ). The dilaton boundary condition (B.18) similarly
evaluates using the dilaton solution in (B.23), to give

5Q+(¢1—%>€'v 2 —

The integration constant controlling the gradient in W is fixed by the difference be-

[5T' +Q 5@} . (B.34)

tween the (B.33) at v =0 and v = 7 in terms of brane differences

K2

w1 = 2_

1.
(5Td1f 5To{lif - §Q 5Céif) ; (B.35)

where 6Tq;s = %(5Tv 0 — 0T,=r) and so on. Using this in the difference between the two
versions of (B.34) similarly determines the gradient of ¢ by fixing
K> 3y ~
¢1 - % 5(5Tdif + ZéTdif + ZQ 5Cdif . (B36)

The remaining integration constants are found by summing rather than subtracting
boundary conditions, and the two versions of (B.34) sum to give d¢ in terms of brane

averages
(2

2 (6Tz;vg Q5C£wg) ) (B.37)

where 6Ty, = %((5Tv:o + 6T,—,) and so on. This expression can be used in conjunction

oq=——

with (B.33) to solve for the last integration constant, by, and we find

2 1 -
by +0j = _;Ta <5Tavg + 50Tk + 50 5g;vg> . (B.38)

These four conditions completely fix the integration constants, ¢1, wi, b1 and dq in terms
of the brane parameters, the stabilizing current J and ¢ (which to this point remains
arbitrary).

A final relation comes from the linearized flux-quantization condition,

0=4raL?6Q + Q2 — Y 8¢, (B.39)

which we use to determine J in terms of brane properties and ¢. To this end we use the
linearized volume change in (B.32) to fix b;

K2 -
by = % (Q 5<avg) ) (B'4O)

where we have used k2L?Q? = 1 to write the linearized flux quantization condition in
this suggestive manner. Combining (B.38) with (B.40) gives a solution for the stabilizing

current
2

1~
. 2 2
5j = 4 2] ¢ — _ﬁ (5Tavg + Q0Cavg + 5T;Vg + 2Q5<;Vg> . (B.41)

Setting J = 0 in this gives the stabilized value, ¢ = ,, of the zero mode entirely in terms
of the brane parameters.
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The effective potential. We now construct the effective potential of the 4D theory
using the ancillary current J, and verify that it is minimized by the condition (B.41).
The addition of AS; to the bulk action gives rise to a corresponding term in the effective
theory. To identify how the current contributes to the effective theory we note that it can
be treated like a novel contribution to the 6D potential

Using this in (3.37) shows that the presence of a stabilizing current in the 6D theory can
be captured by shifting the overall potential in the 4D theory as follows

1 1
AU = LeAr=e () = Lo /d?y\/gj2 = (B.43)
To the linear order of interest this gives
AU = 2ral? P~ je=% (B.44)

where the dependence on ¢ only appears in in the exponential factors. The presence of
this additional term in the 4D theory modifies the field equation for the zero mode

gg + 2raL? X9 Jem¥ = 0. (B.45)

Since J is a known function of ¢ this can be read as a differential equation for the
potential which is solved by

U(p) = —2mal?e 2+ /dgb Je? . (B.46)
This can be combined to with (B.41) to determine the potential in terms of brane pertur-
bations
_ - 93 ~ 1 1=
Ulyp) = 4e~2¢+ / dge?? <5Tavg + Q0Cavg + 5<5T3’Wg -+ QQég’wg> : (B.47)
It is possible to directly integrate this expression to find the linearized potential
— 2(p—px) 2&
U(p)=2e 0T avg + 2 OCave | (B.48)

where we have used Q = 2gx/x%. There is no background contribution to the potential
because it vanishes identically in the supersymmetric case around which we are perturbing.

This potential agrees with the linearization of the potential found by dimensional
reduction in section 3.4 of the main text, and correctly predicts that the energy is perturbed
by >, 6T, at linear order when the brane tension is perturbed in a way that vanishes when
the brane perturbations are scale invariant and supersymmetric. Furthermore, minimizing
the potential for general brane perturbations gives the same condition on the zero mode
as (B.41) gives when J = 0, and this confirms that the effective potential reproduces the
stabilization of the zero mode that was derived in the 6D theory.
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C Examples of stabilization

We now investigate simple examples of zero mode stabilization by choosing explicit forms
for the ¢-dependence of the brane perturbations. In all cases, we imagine the ¢-dependence
of the brane appears predominantly in the flux perturbation, since we expect this choice
to help suppress vacuum energies, as in (2.42). In many cases we find that exponentially
large extra dimensions and suppressed curvatures can be obtained if there is a hierarchy
between the size of the brane perturbations.

Along the way, we also illustrate how classical renormalization of brane parameters
can be used to absorb divergences that arise when the brane is treated as an idealized,
infinitely thin source. The procedure renders finite physical observables like the value of
the zero mode, and the potential at its minimum.

Flux with linear ¢-dependence. We now investigate simple example in which the the
branes are perturbed identically, with the following properties

0T, =71 and 0(, = Mo (C.1)
This choice of identical brane perturbations immediately gives
o1 =w1 =0. (C.2)
Note that this greatly simplifies the solution for the dilaton
¢ =+ dqlog(sinz) . (C.3)

The remaining unknown integration constant can be calculated from (B.37) and it gives
dq = Agr/ma. Inserting this into (B.41) and setting J = 0 gives an equation to be solved
for the value of the zero mode

2)\291% 7 2
0 = 2\grepx + ( — > log(e/L) + K°T 4+ Agg - (C4)
Note that we have regularized the lim, o log[sin(c/L)] divergence with the finite expression
log(e/L). However, the divergence as ¢ — 0 must be absorbed into the brane couplings such
that physical quantities are finite.

In general, divergences associated with brane terms that are linear in a bulk scalar can
be absorbed by renormalizing the ¢-independent part of the brane tension [34]. This case
is no different, and the observables of the theory can be made finite if we renormalize the
tension as follows

KA (F) = K21 — <2i\720i11%> log(e/7) . (C.5)

In particular, this renormalization gives a finite expression for the value of the zero mode

e [’;Ag”] -5 (3% toxtrrD). (C.6)
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For convenience, we can choose the renormalization scale 7 = L to eliminate the logarithmic

e[

Note that the limit A — 0 sends to zero mode to the expected runaway value ¢, — —o0.

term and this gives

Also note that the value of the zero mode comes to us as the ratio of two small, dimensionless
numbers x27(L) and Agy but can itself be made large if A\gr < x%7(L). Because the proper
volume of extra dimensions is controlled by ¢? = r2e~%+, a large negative value of the
zero mode gives large extra dimensions. Furthermore, this choice does not invalidate the
assumed perturbativity of K2Q46¢ ~ Agrp ~ k27(L) < 1 near the minimum of the potential,
and so the approximate, linearized potential is valid in this region.

We can therefore calculate this potential, and using (B.48) gives

2 e2(0—ex) IN2 g2 -
Ulp) = —— [527 + 2\gn + ( ~ §R> log(e/L)] : (C.8)

K

Again, the logarithmic divergence of the scalar field has been regularized with a finite
regulator e. Conveniently, though not surprisingly, this divergence can be renormalized
into the tension to yield a finite potential

2 e2(0—p4) 9 e2(p—¥+)

U= =5 [7 + 22z0(00)] = =5 ["7(L) + 2Agny] , (C.9)

where we have chosen the renormalization scale 7 = L so that the finite logarithms are all
implicit. Minimizing this potential reproduces the solution for the zero mode in (C.7) as
it should. Finally, the value of the potential at the minimum is

U, = —27 <A9R> . (C.10)

K2T

In the parameter range x?7(L)/Agr > 1 that gives large dimensions, the vacuum energy
is suppressed relative to the naive expectation 27.

Flux quadratic in ¢. We now consider the case in which the perturbation to the local-
ized flux is quadratic in ¢

T, =7 and  6¢ =m¢>. (C.11)

We again make the simplifying assumption of identical branes and this gives ¢y = w; =0
so that ¢ = dqlog(sin z) + ¢. Inserting this into (B.37) allows us to rewrite it as follows

_ 2mgg

dq — [6qlog(e/L) + ¢] , (C.12)

where the logarithmic divergence of the dilaton is e-regularized in the same way as before.
This equation can be used to solve for dq in terms of the zero mode

2mgryp
1 — 2M9% |og(¢/L)

e’

(C.13)

Tadq =
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When the brane has a quadratic coupling to a bulk scalar field, the associated divergences
can be absorbed into the renormalization of this this coupling’s coefficient [34, 44, 45]. In
the present case this amounts to renormalizing m as follows

m(r) = S log ) (C.14)

This gives a finite value for the dg as a function of the zero mode wadq = 2gm(L)y
because it absorbs the divergences associated with evaluating the dilaton profile at the
brane positions m@(ag) = m(L)¢p.

The condition on the zero mode in (B.41) is also finite after renormalization and
approriately linearizing ¢2. It reads

0 = K27 + 29xm(L) s + 2grm(L) 2 . (C.15)

This can alternatively be derived by minimizing the linearized and renormalized potential

2e2(0—p+) 2e2(0—px) _
Ulp) = =5 [W*7 + 20umé*(@,)] = =—5— [*r + 20em(L) %] . (C.16)

K2
where we have used m¢?(5,) = m(L)p¢ = m(L)e? to linear order. The solution for the
zero mode reads

O = % (£V1+2t—1) (C.17)

where t = —k?7/gm(L). There are real roots when ¢ > —1/2 and they are both negative
unless ¢ > 0 at which point one of them switches sign. The concavity of the potential at
the extrema is proportional to gm(L) (¢« + 5) = £gm(L)y/1 + 2t. So if there are extrema,
one of them is always a minimum and the other is always a maximum. The minimum can
occur at the more negative root if gm(L) is also negative.

If we assume ¢ > 1 then the stabilized value of the zero mode is dominated by the

root of the large ratio t as follows

o = (C.18)

K2T
‘ 2grm(L) ‘ ’
and the negative solution can be a minimum if grm (L) < 0. This would also require 27 > 0
if t > 0 is to be satisfied. If the stabilized value of ¢, is chosen to be large and negative,
then the extra dimensions have exponentially large radius as suggested by the leading order
result £2 = r2e=%x,

Finally, the value of the potential at this minimum can be written as follows

U, =— (%) m(L)p, = —27\/2|g’:27;®|. (C.19)

Similar to the linear case, this vacuum energy is suppressed relative to the naive expectation
27, though the suppression here is weaker because it is sensitive to the root of the hierarchy
in the brane perturbations.
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