PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: September 11, 2015
ACCEPTED: September 29, 2015
PUBLISHED: October 22, 2015

Dispersion-theoretical analysis of the
Dt — K—nTxn™ Dalitz plot

Franz Niecknig and Bastian Kubis

Helmholtz-Institut fir Strahlen- und Kernphysik (Theorie) and
Bethe Center for Theoretical Physics, Universitdt Bonn,
53115 Bonn, Germany

E-mail: niecknig@hiskp.uni-bonn.de, kubis@hiskp.uni-bonn.de

ABSTRACT: We study the Dalitz plot of the Cabibbo-favored charmed-meson decay D+ —
K77 using dispersion theory. The formalism respects all constraints from analyticity
and unitarity, and consistently describes final-state interactions between all three decay
products. We employ pion-pion and pion-kaon phase shifts as input, and fit the pertinent
subtraction constants to Dalitz plot data by the CLEO and FOCUS collaborations. Phase
motions of resonant as well as nonresonant amplitudes are discussed, which should provide
crucial input for future studies of C'P violation in similar three-body charm decays.

KEyworbDSs: Chiral Lagrangians, QCD

ARX1v EPRINT: 1509.03188

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP10(2015)142


mailto:niecknig@hiskp.uni-bonn.de
mailto:kubis@hiskp.uni-bonn.de
http://arxiv.org/abs/1509.03188
http://dx.doi.org/10.1007/JHEP10(2015)142

Contents

1 Introduction 1
2 Kinematics, isospin decomposition, partial-wave expansion 3
3 Dispersive formalism 5
3.1 Unitarity and Omnes solution 5
3.2 Inhomogeneities 7
3.3 Number of subtraction constants 8
3.4 Solution strategy 9
4 Numerical results and experimental comparison 11
4.1 Comparison to the CLEO data 17
4.2 Comparison to the FOCUS data 18
4.3 Comparison to other approaches 22
5 Conclusion 23
A Inhomogeneities 24
B Invariance group matching 26
C Numerical treatment 28

1 Introduction

Heavy-flavor three-body decays into light mesons provide a valuable source for Standard
Model tests and beyond. While they are driven, at short distances, by the weak inter-
actions, their rich kinematic structure accessible in Dalitz plot distributions makes them
a prime example for the application of modern tools of amplitude analysis [1]. A major
motivation for the investigation of heavy-flavor decays is the study of C'P violation, which
manifests itself in the appearance of (weak) phases and requires the interference of different
amplitudes with, at the same time, different phases in the strong final-state interactions
(see, e.g., ref. [2] for an in-depth overview). In contrast to (quasi-)two-body decays oc-
curring at fixed total energies, three-body decays offer a resonance-rich environment with
rapidly varying strong phases throughout the phase space available, which may strongly
magnify the effects of C'P violation in certain parts of the Dalitz plot.

Obviously, in order to turn the search for potentially very small C' P-violating phases in
such complicated hadronic environments into a precision instrument, it is inevitable to con-
trol the strong dynamics in the final state as accurately as possible, in a model-independent



fashion that, however, incorporates a maximum of theoretical and phenomenological con-
straints. The traditional approach to model Dalitz plots in terms of isobars, i.e. a series of
subsequent two-body decays, and describe the relevant line shapes in terms of Breit-Wigner
(or Flatté) functions, has clear limitations: it fails to describe in particular the phase mo-
tion of the broad S-wave resonances such as the fy(500) in pion-pion or the K(800) in
pion-kaon scattering (see e.g. refs. [3, 4] in the context of heavy-flavor decays), and neglects
corrections beyond two-body rescattering in an unquantified manner.

It has therefore been advocated to employ the framework of dispersion theory for ampli-
tude analyses [1], which is built on unitarity, maximal analyticity, and crossing symmetry.
The dispersive framework adapted to study three-body decays was originally introduced by
Khuri and Treiman for the decay K — 3w [5] and subsequently further developed [6-10].
The formalism has been resurrected in a modern form in refs. [11, 12]. The Khuri-Treiman
equations are based on elastic two-body unitarity and explicitly generate crossed-channel
rescattering between the three final-state particles. The equations are constructed by set-
ting up dispersion relations for the crossed scattering processes, with a subsequent analytic
continuation back into the decay region. This continuation is performed along the lines of
the continuation of the perturbative triangle graph and is extensively discussed in ref. [6].

Khuri-Treiman equations have been successfully applied to various low-energy meson
decays, like e.g. n — 37 [11-14], w/¢ — 3w [15, 16], or ¥ — nmw [17]. In this work, we
extend this formalism to three-body decays of open-charm mesons, analyzing the Cabibbo-
favored decays D* — K—ntnt /K% +. Asinput we solely rely on 77 and 7K phase-shift
input. While these are not yet decay channels of major interest to study C'P violation, the
final-state interactions are going to be similar for others that are, such as the Cabibbo-
suppressed decays D — 37 /7K K. For the decays at hand, inelastic effects are small in large
regions of the Dalitz plots, and therefore elastic unitarity provides a good approximation:
the 77 channel allows for isospin 1 and 2 only, but no isoscalar components, which would
necessitate a coupled-channel treatment, as a strong coupling to KK occurs. The major
inelasticities in the 7K channel are found to set in at the 7’ K threshold [18-20].

Thus with the high-statistics experimental data available [21-23], these decays provide
a good test case to establish this dispersive framework in higher energy regions and set the
path to Cabibbo-suppressed decays where traces of physics beyond the Standard Model
may be searched for. Besides, it allows for a further test of low-energy 7w K and wm dynamics
as well as the importance of crossed-channel rescattering effects in three-body decays. It
may also provide an insight into scattering phase shifts at higher energies in the future.

The decay under consideration has been the subject of a number of previous theoretical
publications, focusing on different issues raised by the experimental results. One challenge
is the proper treatment of the isospin 1/2 S-wave with the very broad, non-Breit-Wigner-
shaped K{(800) (or k) resonance [24], and the inclusion of two scalar resonances K (800)
and K(1430) in a way that conserves unitarity. Furthermore, the width of the K{(1430)
extracted from the experimental analyses in refs. [21, 22] is found to be inconsistent with
PDG values [25]. In addition, the explicit comparison of the mK partial-wave phases
extracted from these decays [23, 26] with 7K scattering results [27] seems to indicate
deviations from Watson’s final-state theorem.



Ref. [28] focuses on the isospin 1/2 S-wave final-state interactions, based on coupled-
channel partial waves for Km, K1, and K7’ constructed dispersively in ref. [18]. Decay and
scattering data could be reconciled, although no three-body rescattering effects, isospin 3/2
components, or 7w channel were included. Ref. [29] similarly observes mutual consistency
of mK scattering and the D-meson decay, using related input to take two-body final-state
interactions in the 7K isospin 1/2 S- and P-wave into account in terms of the correspond-
ing scalar and vector form factors. Furthermore, the short-distance weak interactions are
described with the help of an effective Hamiltonian based on a factorization ansatz. Again,
weak repulsive partial waves (of isospin 3/2 and in the n7 system) as well as crossed-
channel rescattering are neglected. We mention that similar approaches, using dispersively
constructed form factors for two-body rescattering, but neglecting third-particle interac-
tions, have also been applied to B — K7 decays [30, 31].

In ref. [32], a Faddeev-like equation is solved that builds up three-particle rescattering
effects. The underlying two-particle 7 K amplitudes are obtained form unitarized chiral per-
turbation theory fitted to experimental data. The decay amplitude is simplified to include
only the isospin 1/2 S-wave, aiming mainly at a study of the importance of rescattering
effects and the reproduction of the experimental S-wave phases [23, 26]. The model for
the weak vertex has subsequently been improved [33]. Ref. [34] applies a similar approach
with the addition of the isospin 3/2 7K S-wave, but is still restricted to S-waves only.
The only theoretical analysis known to us with all relevant partial waves, three-particle
rescattering effects, and effects of the intermediate state K77 included, is ref. [35]. The
author performs a full Dalitz plot analysis on pseudo data, which we will later compare to.

The outline of this article is as follows. Section 2 states some basic kinematical relations
and shows both isospin and partial-wave decomposition of the decay amplitude in question.
In section 3, we derive the coupled dispersive integral equations and discuss how to solve
these. Numerical results are shown in section 4 and compared to experimental Dalitz plot
data by the CLEO [21] and FOCUS [22] collaborations. We conclude our study in section 5.
Some technical details are relegated to the appendices.

2 Kinematics, isospin decomposition, partial-wave expansion

The Mandelstam variables of the D-meson decay

D*(pp) = K(pr)m(p1)7" (p2) (2.1)

are given by s = (pp — p1)?, t = (pp — p2)?, and u = (pp — pk)*.

scattering angles 6 in the (crossed) scattering processes are given by

The corresponding

zszcoses:w, ztEcosﬂt:M, zuECOSGu:t_S,
K(s) K(t) K ()
1/2 2 2\4y1/2 2 2 1/2 2 2 4M2
k(x) = N5 (x, Mie, MO “(x, M, MZ2),  Ky(u) = X5 (u, Mp, Mg )4/ 1 — , (2.2)
U

with A = (M3 — M2)(M3 — M2) and the Kéllén function A(z,y,2) = 2? + y* + 2% —
2(zy + yz + x2).



D+ K'/K~

Figure 1. Quark line diagrams of the DT — K~ nTnt/K%707% decays: W+ as a spectator (a)
and internal W conversion (b).

We begin with the isospin and partial-wave decompositions of the decay amplitudes
M_iy (DY — K—ntrt) and Mgy, (DT — K%77T). We associate the isospin structure
of the strong final-state current in figure 1 with the DT meson. Since one wu/dd pair is
strongly produced, the associated isospin of the D meson is given by I = 3/2, I, = 3/2.
Thus the isospin decomposition of the respective (crossed) scattering processes reads

s/t-channel u-channel
3 1
‘/\/lD‘WrO—)I_(Oﬂ?L = \/;‘Fg/Qv MD+K0—>7r07r+ = 27\/5(‘/—"2 — \/3]:1) 5

2 1 1
Mpir-gne =\ 1772 = %P/Q, Mt gopin = —=(F2 = V3F'),

2\/§(
2 1
Mpi- S gog0 = \/TT”)]:?)/Q + %./71/2 , Mp+g+_ptpt = F? , (2.3)

where F! denotes the amplitude with definite isospin I. The decay amplitudes are given
by
M—++(Sa t, u) = MD+7T7*)K77T+ (37 t, U) + j\/tD*ﬂ”**ﬂ(*wJr (tv S, ’LL) + MD+K+~>7r+Tr+ (Sa t, U),
M(_)0+(57 t, u) = MD+7TO—>I_(07r+ (Sv t, u) + MD+K0—>7r07T+ (S, i, u) + MD+7r——>I_{07r0 (S’ i, u) .
(2.4)
We can write down a symmetrized partial-wave expansion simultaneously in s-, ¢-, and
u-channels (the precise relation of which to proper partial waves in a single channel will be

discussed below). With the expansion in partial-wave amplitudes truncated at the D-wave
for 7K final states and the P-wave for w7, we obtain

My (s, t,u) = Fo(u) + { 1/2 \/> 3/2
+ [s(t —u) — A]( FH(s \/> 3/2( )
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Figure 2. The associated s-channel scattering diagram DTn~ — K~ 7T via the intermediate
states K’/ . The gray vertex stands for the crossed decay amplitude D¥7~ — K°'mJ denoted

by M;;+ and the white vertex the Kimi — K~ nt scattering amplitude denoted by T%~+. The
dashed line gives the contribution to the discontinuity [41]. The other channels follow analogously.
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where the single-variable amplitudes .7-"£ have definite isospin I and angular momentum
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L in the channel associated with the Mandelstam variable featuring as their argument.
Note that the inclusion of D-waves is somewhat heuristic: in order to rigorously prove the
symmetrized decomposition (2.5) in the spirit of the so-called reconstruction theorem [12,
36—40], one needs to include a subtraction polynomial of higher order (i.e., a larger number
of unknown parameters) than what we will allow for below. We mainly want to retain the
7K D-wave to test the effect of the K3(1430) resonance, which is kinematically accessible
in the decay phase space. The way we implement this approximately will be discussed in
section 3.3.

3 Dispersive formalism

3.1 Unitarity and Omneés solution

We begin with the dispersive treatment of the associated scattering processes linked to
the decay by crossing symmetry, DT7# — K7 and DYK — 7. The D-meson mass is
artificially set to Mp < Mg + 2M, such that the corresponding decay is kinematically
forbidden. The simpler analytic structure of these scattering processes can be exploited to



construct dispersion relations for the single-variable amplitudes valid for s,t > (Mp+ M, )?
and u > (Mp + Mg)?, respectively. The analytic continuation back to the physical D-
meson mass as well as into the kinematic region (Mg + M;)? < s,t < (Mp — M,)?,
4M? < u < (Mp — M)? yields the anticipated decay amplitudes [6].

We demonstrate the framework for the example of the s-channel processes; the t- and
u-channel amplitudes are constructed analogously. Elastic unitarity gives for the disconti-
nuity (see figure 2 for M_ )

disc M_1 1 (s,25) = z/ E ZMWF 8, 2L) T~ (s, 20)0 (12 — M?) 6 ((q — 1)* — M]Q) ,

dise Moy (5,20 = § [ (o 2ZMU+ (5, 2T (5, )0 (12 — M2) 8((q — 17 — M),
(3.1)

where T+ (z, 2,) (K'r) — K~7t) and T79(z, z,) (K'n? — K%°) are the inter-
mediate-to-final-state scattering amplitudes. ¢ = px + p2 = (1/s,0) defines the center-of-
mass frame, in which z, = cos ., the cosine of the angle between initial and intermediate
states, and 2 = cos 6, the cosine of the angle between intermediate and final state, are
evaluated. The intermediate-state summation runs over the tuple (z,7) € {(—,+), (0,0)}.
The partial-wave decompositions for the 7K (w7) amplitudes 7%* and full decay ampli-
tudes M;;;, read

Tk (s, 2) Za” KL P (26) th(s)
zgk; S, Zs Zawk PL Zs fL( ) (32)

where the sum runs over isospin and angular momentum components I and L. Further-
more we use the Clebsch-Gordan coefficients ay 1, Legendre polynomials Pr,(z), and the
corresponding partial waves t1(s) and f(s).! Exploiting the unitarity relation for elastic

7K and mw scattering we obtain the following partial-wave unitarity relations
disc fL(s) = 2i fL(s)sin 5]€(8)e_i5£(5)9(5 — Sth) (3.3)

where % (s) denotes the elastic final-state scattering phase shift. The thresholds in the
different channels are sy, = ty, = (Mg + M,r)2 for 7K and wuy, = 4M7% for mm scattering,
respectively. Since the discontinuity of fi and the according single-variable amplitude
wt F i coincide on the right-hand cut, we have

disc f1(s) = k¥ (s) disc Fi(s)
= fL(s) = w"(s) (FL(s) + FL(s) (3.4)

'Note that in contrast to the definition of the single-variable amplitudes in eq. (2.5), we have not defined

the partial waves in eq. (3.2) to be free of kinematical zeros. This is independent of the singularities these
partial waves display at the corresponding pseudo-thresholds or upper limits of the physical decay region,
s = (Mp — M;)? or u = (Mp — Mxg)?, which are well understood, see e.g. ref. [15] or the discussion in
ref. [42] in a perturbative context.



where we have introduced the inhomogeneities F 7 (s) that are free of discontinuities on the
right-hand cut by construction. They incorporate the left-hand cut contributions and will
be further discussed in section 3.2. From egs. (3.4) and (3.3) we obtain

disc Ff (s) = 24 (FL(s) + ]:',{(s)) 0(s — s¢p) sin 5,€(s)e_i5£(s) , (3.5)

which has the form of an inhomogeneous Hilbert-type equation. The homogeneous solution
FL(s) = 0 is given by the so-called Omnés function QF (s) [43] times an analytic function
Pi(s),
FL(s) = PL(s)QL(s), QL(s)= exp{s / h ds'w} . (3.6)
’ T Js,  S(s—5)

The inhomogeneous solution is obtained by a product ansatz
n

_ §7 [0 ds sin 6L (') FL(s')
File) = %(5){]%) i / s miéow(sf_ 5) }

(3.7)

where P} (s) is now a polynomial of order n— 1, and the number of subtractions n is chosen
such that the convergence of the dispersion integral is guaranteed.

As our approach relies on elastic unitarity (see ref. [44] for a generalization of the
Khuri-Treiman formalism to coupled channels), the formalism breaks down when inelastic
channels become important. We assume that Watson’s theorem [45] is a good approxima-
tion up to the 'K threshold in the 7K channel. Inelastic effects in the prominent 7K
S-wave systems are found to become sizable above the 7' K threshold [18-20]. The main in-
elastic contributions in the isospin 1/2 P-wave come from the 7 K* and pK channels, which
become noticeable in the energy region where they couple to K*(1410) and K*(1690) [20].
In all exotic partial waves, i.e. the isospin 2 w7 system as well as [ = 3/2 K partial waves,
inelastic effects are assumed to be negligible.

3.2 Inhomogeneities

With the scattering phase shifts given as fixed input, the only quantities left in the disper-
sion integrals egs. (3.7) are the inhomogeneities FL which are determined as the projections
of the crossed-channel amplitudes onto the considered channel. They can be re-expressed
in terms of the single-variable amplitudes ]-'i(m), such that we obtain integral equations
that can be solved for the F1(x). With the aid of eq. (3.4) we find

2L +1 .
fi(ﬂf) = W /deMiI;k(% 22) Pr(22) = ’iL(l") (]:i(x) + ]:i(fﬂ))
arr,
R 2L +1 !
= .7-",{(37) = zk—i_/ dzx/\/lf;k(a:, 22)Pr(22) — .7-"£(a:), (3.8)
2afy Kkl (x) J-1

where ./\/lf;k(:):,zm) denotes the projection of the full decay amplitude M;;i(x,2;) onto
isospin I, eigenfunctions in the z-channel. One term of the projection integral over
./\/lzlj”’k(a:, z;) is always F1(z), such that the right-hand-cut discontinuity is canceled. The
inhomogeneities are then indeed free of discontinuities on the right-hand cut as anticipated.
The resulting inhomogeneities are given in appendix A.



The interpretation of eq. (3.8) as an angular integration is valid in the scattering region
and needs to be analytically continued into the unphysical and decay regions. Performing
the angular integration naively in the decay region results in crossing the unitarity cut.
The prescription on how to perform the continuation has been extensively discussed in
ref. [6], motivated by the continuation of the (perturbative) triangle graph into the decay
region. It ultimately leads to the prescription M]% — M% + 2€, which allows one to derive
an integration path that avoids the unitarity cut.

3.3 Number of subtraction constants

The minimal number of subtractions needed is dictated by the asymptotic behavior of the
integrands in eqs. (3.7). The decay amplitude and thus the inhomogeneities are assumed to
grow at most linearly asymptotically, loosely based on the Froissart bound [46]. Assuming
the phase shifts to approach constant values §7 (c0) for large energies, the Omnes functions
Qi(m) behave like oc 201(00)/7 asymptotically. With the following assumption for the
phase shifts (5£ at high energies:

/2 o 1/2, N o 1/2, N
xlggo 9y “(x) = 2m, xll)rgo 60/ (z)=m, xlgglo 5/ (z) =,
. 3/20 . 3/20 \ o 3/2,
5% @)=0, 2500 @ =0, 25,0 @ =0,
S Y N N
xl;rgo dg(z) =0, IILHSO oi(z) =m, (3.9)

2
/ , and one sub-

we need two subtractions for F2, Fll, and fg / 2, four subtractions for ]-"é
traction for ]-"11 /% to obtain convergent dispersion integrals. Note that the difference in the
number of subtractions for 7} and ]-"11 / 2, despite identical phase asymptotics, is due to the
different kinematic prefactors for P-waves with equal and unequal masses, see eq. (2.5).
]:13 /% needs no subtraction, but as the 7K isospin 3/2 P-wave phase shift is very small and
assumed to vanish at high energies, we neglect it altogether. Similarly, also the I = 3/2
D-wayve is put to zero.

The inclusion of the D-wave .7:21/ 2

is delicate. Formally it requires no subtractions,
but the kinematical pre-function corresponding to the L = 2 Legendre polynomial, mul-
tiplied with the required momentum factors to make it free of kinematical singularities,
see eq. (2.5), violates the assumed high-energy behavior of the decay amplitude and thus
of all inhomogeneities. Therefore we will follow a “hybrid approach” for the D-wave: we
will only consider the projections of S- and P-waves of other channels in order to gener-
ate the D-wave inhomogeneity, but will exclude D-wave projections, thus eschewing the
need for further subtractions. This is loosely motivated by analogous observations in low-
energy processes calculated in chiral perturbation theory, where higher partial waves are
dominated by crossed-channel loop diagrams that correspond to low partial waves in those
crossed channels.

In total we have eleven subtraction constants. However, the resulting representations
of the decay amplitudes egs. (2.5) are not unique due to the linear dependence of the
Mandelstam variables s, ¢, and u: one can construct polynomial contributions to the
single-variable amplitudes that leave the complete decay amplitudes M_(s,t,u) and



MGios(s,t,u) invariant; this is obvious in a standard dispersive representation, however
slightly less trivial to demonstrate in the Omnes representations discussed above [47]. The
polynomial coefficients can be tuned such that a maximal number of subtraction constants
is eliminated to obtain a linearly independent set. These polynomials span the so-called
invariance group of the decay amplitudes. Details are discussed in appendix B. We choose
to eliminate the subtraction constants in the nonresonant I = 3/2 7K and I = 2 7w
S-waves, the rationale being solely to retain them in presumably large, resonant partial
waves. This leaves seven linearly independent complex subtraction constants,

o' F2(u') sin 62 (u’
Rt = [ d,zfm( ey

u sin 61
fll(“)zﬂ%(u){co+clu+/ dlz’@l ‘ 5_(u)>}’
ds’ ]-'1/2( )51n6/( )}
/4 ‘9(1)/2 ‘(S —3)

.7:3/2(5):Qé/2(s){02+035+04s + c55° + 7T/

2 [ ds ]:'3/2 81115
]-"5’/2(5) — 93/2(8){/ 52 3/(2 }
s \Q
“(

T
ds’ }"1/2( )smé s')
.7:1/2(5):91/2(5){06+ / }
1 1 R
~1/2 . 1/2

1
fg/z(s):Q;/z(s)/ 452 1/(2)8”“52 () (3.10)

T s | (s)|(s" — s)

The subtraction constants cannot be determined in the framework of dispersion theory
and have to be obtained either by matching to a more fundamental dynamical theory, or,
as in this work, by a fit to experimental data. The solution space of the coupled system
eq. (3.10) has thus dimension seven, corresponding to the seven complex subtraction con-
stants. Since the equations depend linearly on the subtraction constants, it is convenient
to choose seven independent basis sets and solve the equations for each of these sets. We
call those solutions basis functions. In particular, we choose for the ith basis function
M;(s,t,u) the set of subtraction constants ¢; = d;; with ¢, = 0...6. The full solution
M(s,t,u) is then obtained by

(s,t,u) ch (s,t,u) (3.11)

The basis functions are entirely determined by the phase shift input, as well as the masses
of all particles involved (taken from ref. [25]). The phase shifts are obtained from solutions
of the 7w Roy equations by both the Bern [48-50] and the Madrid-Krakéw [51] groups, as
well as the Roy-Steiner equations for mK scattering solved by the Orsay group [52].

3.4 Solution strategy

In this section we discuss different solution strategies of the Khuri-Treiman-type equa-
tions (3.10), their issues, and present our new solution strategy.



The standard solution strategy for the linear coupled double integral equations (3.10)
has been an iteration procedure as performed for example in refs. [13, 15, 17] or numerically
faster with the introduction of integral kernels in ref. [53]. Starting with an arbitrary in-
put for the single-variable amplitudes (e.g. just the Omnes functions), the inhomogeneities
are evaluated; with these the dispersion integrals are determined to obtain a new set of
single-variable amplitudes. This cycle is repeated until satisfactory convergence is reached.
Unfortunately, the convergence of this iterative procedure is not always guaranteed, de-
pending on the mass of the decaying particle and the number of subtractions: for larger
decay masses and more subtractions applied, the corrections in each iteration step can be
too large to reach the fixed-point solution. We find this to be the case in the D-meson
decays considered here.

This necessitates a different solution strategy. Since the set of integral equations is
linear in the single-variable amplitudes it is convenient to set it up in the form of a matrix
equation instead. Provided that the matrix is invertible a unique solution exists. One
such inversion strategy is known as the Pasquier inversion [9] (see ref. [54] for a recent
comparison of Pasquier inversion and iterative solution), where a method to reduce the
double integral equation to a single integral equation is introduced. The procedure involves
the deformation of the integral contours of both integrals, allowing one to interchange the
order of integrations such that a unique kernel function is obtained. The coupled single
integral equations thus obtained do allow for a direct solution via matrix inversion.

We will follow a slightly modified strategy, constructing a matrix equation without
performing a Pasquier inversion. In this context it is beneficial to solve for the inhomo-
geneities instead of the single-variable amplitudes, the advantage being that the inhomo-
geneities need to be evaluated only on the right-hand-cuts. The single-variable amplitudes
themselves can be obtained in the whole complex plain in a straightforward manner by
performing the dispersion integral over the inhomogeneities once.

To illustrate the solution strategy we limit ourselves to one hypothetical inhomogeneity
equation without any loss of generality,

1
Fu(s) = 1/1dz5 2 F (45, 2)) . (3.12)

and focus on the functions F(s) = Fp(s)s2Et1(s) that are free of singularities at the
pseudo-threshold or upper limit of the kinematically accessible decay region (which is a
zero in k(s)). Inserting eq. (3.7) into eq. (3.12) yields

+2t(8,25)” /00 dz F(z)sin o(z) }

zn |Q(x) K2+ (x) (l‘ — t(s, zs))

/OO F(z)K(s,z)dz. (3.13)

t

~ 2L 1
F(s) = U/ldzs 2 Q(t(s,zs)){P(t(s,zs))

th

™
1
A(S) + ;

~10 -



The function A(s) contains the dependence on the subtraction polynomial, while the inte-
gration kernel K (s, z) is independent of any subtraction constants:

KQL 1 s 1
Als) = ;() /_1 dzy 2 P(£(5, 20)) Q(t(s, 24))

sin é(x ! 8, 25)" 2L (s, 25
K(s,z) = “2L+1(3)$nQ(:C)‘H(QL)-i-l(x) /_1 dzst( 9 ) - —(t((s,zs))) . (3.14)

Equation (3.13) is thus a linear integral equation for F(s), to be solved for a given set of
subtraction constants. Discretizing eq. (3.13) yields

Als) =Y (5@- - / jj“ K (si, ) dx) F(s;), (3.15)

which is solved by matrix inversion; the numerical treatment is relegated to appendix C.

4 Numerical results and experimental comparison

Solving the coupled integral egs. (3.10) with the algorithm presented in the previous section,
we obtain the single-variable basis functions (F7); depicted in figures 3 and 4. The vector
resonances K*(892) (in ]-'11 / %) and p(770) (in F1) as well as the 7K D-wave resonance
K3(1430) (in .7-'21 / 2) are clearly visible. The .7:5 /? basis functions include the effects of the
scalar states K3 (800) and K (1430), while the exotic FZ and .7-"3 /? basis functions are free
of resonances.

The error bands in figures 3 and 4 are determined by a conservative error estimate of
the phase shifts: for the S-wave mK and ww phases the error is assumed to rise linearly
from zero at threshold to +20° at 2 GeV. Beyond 2 GeV the error is fixed to £20°. The
wK isospin 1/2 P- and D-wave phase errors and mm P-wave phase errors are similarly
obtained, with the only difference that the linear rise of the error sets in after the K*(892),
K3(1430), and p(770) resonances, respectively. In the 7w P-wave case we additionally vary
between the phase-shift data from refs. [48-51].

In the following we compare our theoretical decay amplitude to the experimental D —
K~ ntnt Dalitz plot data from the CLEO [21] and FOCUS [22] collaborations. Exploiting
the symmetry of the process under the interchange of the two pions, we can restrict the com-
parison to the region s < ¢ by mirroring the remaining half of the Dalitz plot into this region.

The experimental events are collected in equidistant bins of size 0.044 GeV? x
0.044 GeV?. Bins which overlap with the phase space boundary are discarded, result-
ing in 493 bins over the considered fit region (s < t < (Mg + M,)?). The following event
distribution function was used for the fit analogously to the experimental analyses

ti+6  psi+6
Plsisti) = /M / - [ FasNsIM i (5.t 0) Pels,£) & (1~ Fug)NpB(s. )] dsat, (4.0

with (s;,t;) being the center of the corresponding bin and 2§ the bin width, €(s,¢) the
efficiency parametrization, B(s,t) the background parametrization, N, and N normal-
ization constants such that the background and signal term are normalized to unity, and
the signal fraction f;g.
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We minimize the following x?2,

9 X NP (si, ti) — (7‘7Eeven1:s/bi1r1)i]2

X (#events/bin); ’ (4.2)

where N is the number of events, the sum runs over the number of bins and the error
on the binned data is assumed to be purely statistical. In addition to the full dispersive
representation eq. (3.10), we also fit a simplified decay amplitude to data, which is given
by a sum of Omnes functions multiplied by polynomials:

2 1
M (s,t,u) = O (u) — \/ 1*50/193/2(5) + ﬁ(clz + s+ s + 0/533)9(1)/2(5)

+ et =) = Al + S a(ate = ) - 8)" - ()03

+ (< s), (4.3)

where the ¢} are again complex fit constants. Equation (4.3) emulates a dispersively im-
proved isobar model that neglects any crossed-channel rescattering effects. The number of
polynomial fit constants is chosen to resemble the number of degrees of freedom in the full
dispersive result eq. (3.10) as far as possible; with certain caveats that preclude an immedi-
ate quantification of three-particle rescattering effects in the same straightforward way as
performed for ¢ — 37 decays in ref. [15]. In eq. (3.10), two subtraction constants ¢o and ¢y
are contained in the 7w P-wave, which only contributes indirectly via the intermediate state
K% to the decay and thus does not show up in the pure Omnes amplitude eq. (4.3).
In addition, every Omnes function in eq. (4.3) needs at least a normalization constant to
adjust the strength of individual amplitudes, while some single-variable amplitudes do not
have any subtraction constants. Finally, once the D-wave is included we have one additional
complex fit parameter ¢/ in the pure Omnes fits. For that reason we consider both Omnes
and the full dispersive fits without (Omnes 1, full 1) and with D-wave (Omnes 2, full 2).

We have the freedom to fix one subtraction constant, as both the overall normalization
and the overall phase are arbitrary and factorized out; we choose ca = ¢/, = 1. This leaves
13 (15) real fit constants for the full / Omnes fits.

Following experimental custom, we will employ so-called fit fractions to characterize
the relative importance of various single-variable functions. These are defined in the

following way
_ [ 1Ps(a(s,t) Fy(x(s, 1)) ds dt

FFL = 4.4
TMos (et Pdsdt Y

where the P; denote the angular prefactors of the corresponding single-variable amplitudes
in the total amplitude. The integration runs over the fitted Dalitz plot region. In general
these fit fractions are not unique due to the freedom of adding an element of the invariance
group eq. (B.1); the projections onto partial-wave amplitudes then will lead to different
fit fractions.
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Full 1 Full 2 Omnes 1 Omnes 2
co| x GeV? 27408  1.240.2 |ch| 09+03  0.940.7
1| x GeV*4 38+12 22405 A 30£15  40+1.3

2 1 (fixed) 1 (fixed) A 1 (fixed) 1 (fixed)
3| x GeV? 28404 22401 |ch| x GeV? 19402  20£0.2
|ca| x GeV*1 20+05  1.440.1 |c)| x GeV? 09401  1.140.1
5| x GeV©O 07403  04+0.1 |ck| x GeV®  0.134+0.3  0.194+0.02

|cg| x 102GeV* 4+3 6+ 2 |cs| x GeV?  0.1140.05 0.10 +0.03

|| x 103GeV® 6+4

arg co 01402  1.1+0.3 arg c) 02+08 04404

arg cy 03402  1.240.3 arg c} -0.8403 —0.4+0.2
arg c3 -0.240.1  0.040.1 arg cy 02+0.2 03402
argcy -05+0.1 0.0+0.1 arg ¢ 04402 02402
arg cs ~0.14+0.1 0140.1 arg cl 02+04  0.040.3
arg cg ~0.3+12 —09+0.2 arg cj 00£0.1  0.0£0.3
arg c. — 04+0.3

x2/d.o.f. 1.18 £0.03 1.10 4+ 0.02 1.30 £0.06 1.08 +0.02

Table 1. Fit to CLEO data: numerical fit results for the subtraction constants ¢; and ¢; and the
corresponding x?/d.o.f.. Four fit scenarios are considered: the full dispersive fit, without D-wave
(full 1) and with D-wave (full 2), and the Omnes fits of eq. (4.3), without D-wave (Omneés 1) and
with D-wave (Omnes 2). The errors on the parameters are evaluated by varying the basis functions
within their error bands.

Fit FF2 2xFFy/?  2xFF/?  2xFF/? 2 x FFy/?
Full 1 (37+23)% (190 +60)% (11+3)% (65 +35)% —
Full2  (8+3)% (72+12)% (10£2)%  (16+3)%  (0.1+0.05)%

Omnes 1 (48+16)% (178 +22)% (T+1)%  (395+35)% —
Omnes 2 (9.5+8)% (91+22)% (8+0.5)% (240 +40)% (0.13 +0.03)%

Table 2. Fit fractions CLEO: the resulting fit fractions of eq. (4.4) for the different fit scenarios;
the errors on the parameters are evaluated by varying the basis functions within their error bands.
The fit fractions for the 7K amplitudes are multiplied by two to account for the s <+ ¢ symmetry.
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Figure 5. From top to bottom: the experimental data from CLEO [21] depicted in a binned Dalitz
plot. Below that the theoretical Dalitz plot fitted to the data (fit 2). The dashed line denotes
the 1’ K threshold. The lowest plots show slices through the Dalitz plot. The red and blue curves
correspond to the full fits 1 and 2, respectively.
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4.1 Comparison to the CLEO data

The Dalitz plot measured by the CLEO collaboration [21] contains 140793 events. The
efficiency and background parametrizations are given explicitly.? Our fit results are sum-
marized in table 1, together with the fit fractions in table 2. In the full dispersive fits
(full fits 1/2), the resulting values for the subtraction constants in table 1 have similar
order of magnitude with the exception cg, which is rather small. This can be understood
by the large ]-"11 /2 single-variable amplitude in this particular basis function (see figure 4).
Furthermore the phases of the | subtraction constants (cp, ¢1) nearly agree modulo 7.
The same holds for the ]-"3/ ? subtraction constants (c2 to cs5) especially for the full fit 2.
This suggests that with overall phases factorized, the subtraction constants for the Fi and
likewise the .7-"&/ 2 amplitude are almost real. The differences of the single-variable ampli-
tude phases to the elastic phase shifts depicted in figure 7 are thus predominantly due to
the dispersion integrals, i.e. the crossed-channel rescattering effects.

Including the D-wave improves the x?/d.o.f. slightly from 1.18 4 0.03 to 1.10 = 0.02.
Note that in the full dispersive representation, no additional fit constants are introduced
when the D-wave is added. The inclusion of the D-wave does not change the phases of most
subtraction constants beyond their uncertainties, with the exception of cg; the magnitudes,
in contrast, change significantly for almost all subtractions. Considering the fit fractions
in table 2, we observe that the inclusion of the D-wave in the full fit 2 reduces the highly
destructive interference between the two S-wave amplitudes in the 7K channel. We wish
to point out that also in ref. [22], a large cancellation between the isospin 1/2 and isospin
3/2 S-wave components of —164% is seen, with individual fit fractions of (207 & 24)% and
(40 £ 9)%, respectively, which show a comparable behavior to our full fit 1. Although the
fit fraction of the D-wave itself is very small, it thus has a rather large impact on the S-
and P-waves. A similar phenomenon is seen in ref. [21] where the fit quality deteriorates
considerably when removing the small D-wave. Although we do not fit the whole Dalitz
plot, the fit fractions for the resonant single-variable amplitudes for ]:é/ 2, 11 /2 and .7'"21 /2
agree well with the results from refs. [21, 22]. The F§ fit fraction corresponds to the isospin
2 mm S-wave component of FF ~ (9.8...15.5)% found in ref. [21] within different fit models,
and together with the fit fraction of .7-"3 /2 agrees with the nonresonant contribution found
in ref. [22] of FF =~ (29.7 + 4.5)%.

Although the Omnes fits (Omnes 1, 2) yield overall similar x? results, the strengths of
the individual amplitudes shown in table 2 are highly implausible and probably sufficient to
reject this model. In particular the contribution of the nonresonant isospin 3/2 7K S-wave
is vastly beyond all reasonable expectations, and cannot be justified. In contrast to the full
fit, this situation is not ameliorated significantly by including the D-wave. We conclude
that crossed-channel rescattering effects are essential to obtain sensible fit fractions.

2The threshold factors T'(z) used in there read [55]

T(2) = sin (7 B,z |2 — Zmax|), for 0 < Eiho|2 — Tmax| < 1/2,
)1, for Eih 2| — Tmax| > 1/2.
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Fit constant Full 1 Full 2 Omnes 1 Omnes 2

leo| x GeV? 3.0£0.8 0.6 0.3 &y 0.4+£0.2 0.6 £0.3
e x GeV* 31 0.9+ 0.3 A 19408  22+05
o 1 (fixed) 1 (fixed) A 1 (fixed) 1 (fixed)

lcs| x GeVZ 28408  1.9+0.1 || x GeV? 1.740.2 18402
lca| x GeVE 25406  1.140.1 || x GeV*4 09+02  1.040.2
les| x GeV® 04402  03+0.1 || x GeV® 014+02  03+0.1
lcg| x GeVt 02401  0.040.1 |ch| x GeV4 01+04  0.140.1

k| x 103GeV® — T+4
arg co 0.5+0.3 0.9+0.3 arg c;, 0.7+ 0.5 0+1
argcy 0.6+0.4 1.1+0.2 arg —-1.1+04 0.2£0.3
argcs 0.0£0.2 0.0£0.1 arg cs 0.44+0.2 0.24+0.2
argcy -02+0.3 00£0.1 arg cj 0.6 £0.2 0.2+£0.3
argcs 0.2+£0.3 0.0£0.1 arg cs 0.8£0.2 0.2+£0.3
arg cg -06+0.7 —-1.0+£04 arg g -0.7£03 -09+£0.3
arg — —-1.1+0.5
x%/d.o.f. 1.20£0.01 1.21+£0.02 1.25£0.02 1.17£0.01

Table 3. Fit to FOCUS data: numerical fit results for the subtraction constants ¢; and ¢; and the
corresponding x?/d.o.f.. The same four fit scenarios as in table 1 are considered. The errors on the
parameters are evaluated by varying the basis functions within their error bands.

The resulting Dalitz plot as well as a one-dimensional representation in terms of slices
through it are displayed in figure 5. The bin numbering for the latter is organized in terms
of t-slices for constant s, subsequently glued together with the next slice of higher s. We
evaluate the event distribution function eq. (4.1) over each bin and compare to experimental
data. The rather small error band on the fit results suggests that the uncertainty in the basis
functions is largely compensated by interference effects between the different single-variable
amplitudes, as well as by corresponding variations in the fitted subtraction constants.

4.2 Comparison to the FOCUS data

The FOCUS Dalitz plot data [22] includes 52460 + 245 signal and 1897 + 39 background
events. With the resulting signal fraction of ~ 96.5% we perform the full and Omnes fits
as above. Table 3 summarizes the fit results together with the fit fractions in table 4. The
overall picture is very similar to the CLEO fit results with a slightly bigger y?/d.o.f. ~ 1.2.
The Omnes fits again result in nonphysical fit fractions (see table 4), and from here on we
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Figure 6. From top to bottom: the experimental data from FOCUS [22] depicted in a binned Dalitz
plot. Below that the theoretical Dalitz plot fitted to the data (fit 2). The dashed line denotes the
7' K threshold. The lowest plots show slices through the Dalitz plot. The red and blue curves
correspond to the full fits 1 and 2, respectively.
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Fit FF3 2xFFY?  2xFFY?  2xFF)/? 2 x FFy/?

Ful 1 (12+4)% % (7.5+25)% (39+27% —
67+100% (12+1)% (8+6)%  (0.17+0.07)%
% (9+1)%  (215+135)% —

% (11+1)% (180 +60)%  (0.4+0.05)%

Fall2  (54+3)%
Omnes 1 (33+£17)%
Omnés 2 (89 + 42)%

Table 4. Fit fractions FOCUS: the resulting fit fractions of eq. (4.4) for the different fit scenarios;
the errors on the parameters are evaluated by varying the basis functions within their error bands.
The fit fractions for the 7K amplitudes are multiplied by two to account for the s <> ¢t symmetry.

will only compare the full fits of both experimental data sets. Starting with the fit without
D-wave (full fit 1) we observe similar moduli of the subtraction constants compared to the
CLEO results, however the phases do differ. The fit does not show the large destructive
interference effects between the isospin 1/2 and isospin 3/2 S-wave that we find in the
CLEO fit.

No improvement in the x?/d.o.f. is observed when we include the D-wave (full fit 2).
However the contribution from the nonresonant amplitudes, the isospin 2 and isospin 3/2
S-waves, are reduced (see table 4). The fit fractions of the full fit 2 differ slightly from the
CLEO fits; in particular the nonresonant S-waves contribute less in the FOCUS data.

In the full fit 2 the phases ;)2f the F} subtraction constants persist to nearly agree

modulo 7; the same holds for ]:5 subtraction constants. It is reassuring that the overall

picture of the phases of various subtraction constants is consistent in the full fit 2 results
for both CLEO and FOCUS.

In figure 7, we compare moduli and phases of the resulting single-variable amplitudes
as fitted to the two data sets; the phases are also compared to the input phase shifts used
in the Omnes functions. The resulting phase motions largely agree in the two analyses
within uncertainties, with the possible exception of some deviations in .7-'5 /% in the region
of the K(800) resonance, where the phase extracted from the CLEO fit rises more quickly.
There are significant deviations from the input phase shifts throughout: there is no naive
realization of Watson’s theorem in the presence of three-body rescattering effects, see e.g.
recent discussions in refs. [54, 56]. This is also the explanation for the observed discrepancy
of the 7K I = 1/2 S-wave phase as extracted from these decays by the E791 [23] and
FOCUS [26] collaborations, compared to the scattering phase-shift analyses [27]: while
the phase shift rises to about 67°-97° at /s = 1.3 GeV [52], the experimental analyses of
D-decay data suggest an increase in the phase from threshold by about 133°-164° (read
off via ref. [32]). Figure 7 shows that in the dispersive formalism, the phase at 1.3 GeV is
about 182°-198° (CLEO) or 170°-183° (FOCUS) — even larger than found in refs. [23, 26].
We emphasize that these results are based on a formalism that uses the scattering phase
shifts [52] as input: the deviations in the decay amplitude S-wave are due to complex
phases induced by three-body rescattering effects.
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Figure 7. Left column: absolute values of the single-variable amplitude in arbitrary units of full
fit 2 (CLEO in red, FOCUS in blue). The overall normalization is chosen such that the absolute
values in the K*(892) peak agree. Right column: phases of the single-variable amplitudes (CLEO:
red, FOCUS: blue) and input scattering phases (black) in radiant. The phases are fixed to zero
at the two-particle (77, mK) thresholds. The dotted lines visualize the fitted area; for the 7K
amplitudes from threshold to the 7’ K threshold and the full phase space for the 7m amplitudes.

In general, the corrections compared to input phase shifts are smallest for narrow reso-
nances, in particular in the I = 1/2 7K P- and D-waves. The largest phase differences are
/2

observed in the nonresonant amplitudes, where the phases of .7-"3 and .7-"3 show a 27 rise
due to zeros in imaginary or real parts close to threshold in individual basis functions. Note
how these seemingly drastic differences are accompanied by very small absolute magnitudes
of the amplitudes in question: in view of the aim to control the phase behavior of the com-

plete, combined decay amplitude accurately, these specific deviations are still rather small.
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Turning to the moduli of the single-variable amplitudes, the relative strength of the
K*(892) resonance (in ]-"11/2) compared with the K3(1430) (in .7-"21/2) agrees between CLEO
and FOCUS fits. However the dip in the ]-"é/ 2 amplitude is shifted to higher energies in
the FOCUS fit and slightly more pronounced. The moduli of the nonresonant amplitudes
F¥% and F2 turn out to be smaller in the FOCUS fit, which is also underlined by the fit
fractions (compare tables 2 and 4).

4.3 Comparison to other approaches

So far the only theoretical approach known to us that includes all relevant partial waves,
three-particle rescattering effects, and the isospin coupled intermediate state K707 is
ref. [35]. The treatment is based on a unitary coupled-channel framework. The two-particle
rescattering contributions are fixed by the 7 K and 7r scattering data, phases, and moduli.
Three-body rescattering effects are generated by solving a Faddeev equation. In addition
to the three-body rescattering a three-body potential, based on hidden local symmetry,
is introduced modeling vector meson exchanges. The author studies the influence of in-
dividual rescattering contributions by considering different fit scenarios; crossed-channel
rescattering effects and three-body potential turned off (isobar fit), three-body potential
turned off (Z fit), and the full fit. An additional contact term breaking unitarity is allowed
for, which in the full fit turns out to be negligible. The decay amplitude depends on 27 to
39 degrees of freedom depending on the considered fit model, which is more than twice the
number of parameters included in our full fit.

To compare the fit fractions obtained in ref. [35], we note that the isobar fit theoretically
compares closest to our Omnes fits, while the Z fit does to our full fits. However the
isobar fit has a large contribution from the unitarity-breaking contact term (considered
as a “background” contribution) of 17.7%, such that a direct comparison is not sensible.
Concerning the full and the Z fit, a large destructive interference between the isospin 1/2
and isospin 3/2 S-waves is seen, similar to our CLEO fit 1 configuration. The isospin
1/2 P-waves are of similar size, ~ 15% compared to our 10 — 14%, but the 77w S-wave
contribution is smaller (1.8 —3.8%) than our contributions in either full fit 1 or CLEO full
fit 2. It agrees only with the FOCUS full fit 2. — Concerning this comparison, we should
stress once more that in contrast to ref. [35], we do not fit the full Dalitz plot.

Unfortunately the improvement due to crossed-channel rescattering cannot be quanti-
fied in a simple way in ref. [35] either. The improvement going from the isobar to the Z
and then further to the full model can also be due to the introduction of further degrees
of freedom; as discussed above, we encounter a similar problem in our analysis. However
the background term, which gives an indication for missing physics, reduces dramatically
once the crossed-channel rescattering effects and the coupled intermediate state K707+
are included. This is a similar conclusion as drawn from the dispersive analysis of ¢ — 3«

Dalitz plots [15], which rendered phenomenological contact terms [57, 58] superfluous.
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5 Conclusion

In this paper we have analyzed the D™ — K~ nt7" decay with a dispersive framework
based on the Khuri-Treiman formalism that satisfies analyticity, unitarity, crossing sym-
metry, and includes crossed-channel rescattering among the three final-state particles.

The theoretical decay amplitude depends on seven complex subtraction constants, one
of which can be absorbed into overall phase and normalization of the amplitude. The re-
maining parameters are fitted to the experimental Dalitz plot data from the CLEO [21] and
FOCUS [22] collaborations, restricting the kinematic region to below the n' K threshold,
where the elastic approximation is assumed to work well. We have considered different
fit scenarios with (full) and without crossed-channel rescattering effects (Omnes), as well
as with and without the 7K isospin 1/2 D-wave. Although the Omnes fits give reason-
able x2/d.o.f., we obtain large destructive interferences between single-variable amplitudes,
which manifest themselves in unphysical fit fractions. The full fits result in good x?/d.o.f.
around 1.1 for the CLEO data (1.2 for the FOCUS data), with sensible fit fractions through-
out. Including the K isospin 1/2 D-wave does not significantly improve the x2/d.o.f.,
however the fit fractions of the nonresonant waves are reduced, giving small interference
effects between the single-variable amplitudes. We have shown that we can describe the
Dt — K—ntxT Dalitz plot data in the region where we deem elastic unitarity to hold
approximately, solely relying on mm and mK scattering phase shift input and exploiting the
constraints of dispersion theory.

Three-body rescattering effects suspends any strict relation between the phase of the
decay partial waves and scattering phase shifts: we have shown that the significantly
stronger rise of the m K S-wave phases, as observed in analyses of these D-meson decays [23,
26] in comparison to phase shift data, can be understood at least qualitatively in the
framework of Khuri-Treiman equations.

We have simultaneously constructed the formalism for the decay Dt — K970z, which
is directly related to DT — K~ 7ntx" by charge exchange and can be constructed from
different linear combinations of the same (isospin) amplitudes. This second decay channel
has recently been measured by the BESIII collaboration [59]. A simultaneous analysis of
both Dalitz plots will further exploit the predictive power of the dispersive formalism; due
to the direct contribution of the 7m P-wave in the 77T (as opposed to the 7*7T) final
state, we expect to find stronger constraints on the subtraction constants featuring directly
in the corresponding amplitude. The pertinent investigation is in progress [60].
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A Inhomogeneities

In this appendix the inhomogeneities are calculated from eq. (3.8). To demonstrate the

procedure we will perform the calculation explicitly in the case of fizl/ 2(s)

12(s) = VBMYEE(5) = KE(s) (FL 2 () + F12(9)) (A1)

We start with the projection of the decay amplitude M_, 4, eq. (2.5), onto isospin eigen-
states in the s-channel. We introduce the following crossing matrices:

MI=YoxM L M =Y X (A2
I/ !

and so on, where MII is the isospin I eigenstate in the x-channel and ng/ the crossing
matrix for the transition from channel y to x, where I and I’ are the matrix component
indices. We obtain the following explicit forms:

1( 2 —=V10 1(1 V10
3(_ % 9 ):th, Xus:3<\/§_\/§>~ (A.3)

The t-channel and u-channel single-variable amplitudes can be split, with the aid of the

Xst =

crossing matrices, into Iy = 1/2 and I, = 3/2 contributions,

-7:1/2(75) 2 _3/2 2 1/2 3/2 1/2 3/2
0 gy = 2 (R0 - [SR0)) 4 (VR0 + 172 ),

I,=1/2 I,=3/2

Fi(u) = 5 (VA(t— 9)FL (u) + 573 (w) = (VB(t — 9)FL () ~ F(w)

I,=1/2 I5=3/2
(A.4)

with L € {0,1}. Retaining the I = 1/2 pieces only, we have

M’-i”(s,t,u):\% o %(s) + 32f( F f o )+ 3[8(t—U)—A]f11/2(s)

2 e 12,y D 13/2
+ 3\/3[75( ) — A (»7:1 (t) 2-7:1 (t))
+ 2 (VB(t — ) () + 573 (). (A.5)

Since there is no isospin 1 component in the u-channel amplitudes of M__ , the projections
onto this specific component yield zero and therefore provide an additional cross-check.
Similarly no Iy = 1/2 component should appear in Mgy, . We are left with the angular
momentum projection. For a compact notation we define the angular average integration by

1
(Z"M)e, (y) = ;/_1 dzy, Z;"M(:U(y, 2y)) - (A.6)

— 24 —



We immediately obtain

"y = "y ("), = ("), and ("f),, = (=1)" (2" f),, - (A7)

The angular average integration is straightforwardly performed in the scattering region.
The continuation to the decay region, where the naive integration would cross the right-
hand cut, has been discussed extensively before [6, 15]. We now perform the partial-wave
projection

_ 2L +1
MEZY2E (g 4y = 22

/ dzsPL(zs),/\/llfilr/2 (s,t(s,25),u(s, 25)) (A.R)

with the Legendre polynomials Pr(zs). For the S-wave we obtain

VBMU20) = P02 (38), + 3 ((Auz DY LY, + R0+ +3| (72 - VIR,

+ <(A§z2 + Byz + Cy) (2F,? \ﬁf3/2)>t5 ] : (A.9)
where
4, _ Hl) p, = K@@ +4)
2r 229U2 ’
O GtV —4;;22(20 —2)? D, — _?“_QA—;”?EO , (A.10)

with o = M3 + M% + 2M2, z € {s,t}. Thus from eq. (A.9), the inhomogeneity can be
immediately read off from the relation \/g/\/ll_/_zf:(s) = ]-"01/2(5) + ]33/2(5). The full set of

inhomogeneities is given in terms of the angular averages

F0 = S| (7 - \/Efé’/ )
({4 - B0 (R \fﬁ/>> ]
A = | @f(?”mu
- <(Auz3 — B,2* — Cyuz) (]__11/2 + mff/2)>su] )
7P =2 (F, - LA+ D) A,
3| (R rf3/2>ts (22 4 B+ o) R - VIR) |,
FL2(g) = /4;(15) [5*{( F)u + 2 (A2 + D2) FL),,

# (2R VIE) (4254 B+ G 0B - VIR ]

s
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V5

F, =———(F —— ((Asz + D;) Fi
V6 = 3 (B, + 2 (A4 D) A,

- % [ <\/ﬁ}“§/2 + 4f§/2>t + <(A§z2 + Bz + Cy) (VIOF? + 4]-“f’/2)>t } .

B25) = = | e (32 = )RR, + 2 (e + D) (322 = 1) )
2 K2(s) [2v/3 0/us T g M8 * ! us
10 9 1/2 15@ 9 3/2

+3 (32 -1) 7, >ts - (32 -1 7 >ts

+ 133 <(A§z2 + Bz +Cy) (322 — 1) }"11/2>t ] : (A.11)
where in addition to eq. (A.10) we have used

—ou)? — 2
Ay = %:‘iu(uﬁ ) By = %u"‘;u(u) ) Cu= (ZO QZ) Cl A. (A12)

B Invariance group matching

In this appendix, we study the polynomial ambiguities in the decomposition of the total
decay amplitudes eq. (2.5) into single-variable functions, dubbed “invariance group”. We
wish to determine the polynomial at most linear in the Mandelstam variables that can
be added to the different single-variable amplitudes, leaving the total decay amplitudes
eq. (2.5) invariant. For this purpose, we make use of the relation s +t + u = 3sg =
M% + MIQ( +2M2. Tt is easy to check that adding the following terms to the various
S-waves as well as the mm P-wave:

oinv

inv 5
f() (U) =ap + b()’U,, fll (U) = _ﬁbo + 2d0 R
N

f5/21nv(8) — o+ dos, ]:.g,/21nv(s)

(\/g[ao + b0(380 — 25)] + 2(60 + dos)) , (B.l)
leaves both M_(s,t,u) and Mgg, (s,t,u) unchanged. The most general full decay am-
plitudes are therefore obtained by

FI" () = Fh(s) + F1 ™ (s), (B.2)
which, according to eq. (B.1), has a four-parameter gauge freedom built in.

Following ref. [47], we rewrite the polynomial representations of F. iinv(s) eq. (B.1) into
the Omnes representation 77" (s) in order to match to eq. (3.7):

inv sn [ dz sindl (z)FI™
f&<$znﬂ@%dww—/ L<L}, (B.3)

T Jo " |95 (2)|(z — 5)

with the subtraction polynomials 71 (s). As the invariance polynomials F iinv(s) do not have
discontinuities, it immediately follows that FL " (s) = —FL"" (s), which is also confirmed
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by a straightforward calculation. We determine the subtraction polynomials by equating
the polynomial and Omnes representations of the invariance group. We obtain

7inv n ) . I 7inv
7l (s) = Fi o (s) N s/ dz sindy (x)F; (B.A)

of T Joy 2" QL(2)](x —s)

The next step is to rewrite the inverse Omnes function into a dispersion relation. Its
discontinuity is given by

1 sin 61 ()
disc = 2L/ (B.5)
QL (s) QL (2)]
which thus yields
1 s [®dx  sindl(x)
:PI (S>—/ - L ) (B6)
Q(s) ¢ T Jsw T QL (@)](2 - 5)

with the subtraction polynomial P/,(s) =1+ Z?’:_ll (wl);s'. The subtraction constants

(wi)l are given by the following sum rules, provided that the dispersion integrals converge:

1 [ dz sinél(z
(wi)i = —/S ﬂf”llﬁié)l)’ (B.7)

th

Therefore eq. (B.4) yields

_ v 8" [ da sin ol (@) (FL () — FE™(s)
m1(5) = Pia(s)71" (5) + 7r/ Fr s T N G

As an example we will study the single-variable amplitude F3 with ]-'OQinv(s) = ag + bps.
We obtain

7T(2)(8) =ag+ [bo + ao(wgh}s + ((wgh - jr/S:‘O % m) bos? . (B.9)

Using the sum rule value for (w3); we find
ma(s) = ag + [bo + ao(wg)l} s. (B.10)
The other subtraction polynomials are obtained in an analogous way and read
_ 2
V3
702 (5) = co -+ [do + (wg/*)n] s + [doleg/*)1 + colwg*)2] 5% + [do(eg®)2 + ol )s] 5°

W3/2<8) = 2\\/2{@(0,0 + 3boso) + 2¢o

+ [(w3/2)1 (\/g(ao + 3boso) + 260) —2 (\/§b0 - do) }s} : (B.11)

1

75(s) = ao + (bo + ao(wi)1)s, my(s) bo + 2dp,

with no contributions to the 7K P- and D-waves. Polynomial terms with higher order
than the subtraction polynomials of the corresponding amplitudes (see section 3.3) have
been omitted.
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As we have argued above that a choice of the constants ag, ..., dg corresponds to a
mere “gauge” choice and is unobservable, we can decide to fix them by requiring the (linear)
subtraction polynomials in the nonresonant S-waves (I = 2 7w and I = 3/2 7K) to vanish.
Equation (B.11) proves that this is feasible: we can eliminate all subtraction constants in
]-'g by the appropriate choice of ag and by, and all constants in ]-'g’ /2 by adjusting ¢y and
dp. The result is the system eq. (3.10) in the main text, which is thus free of ambiguities.

C Numerical treatment

In this appendix we discuss the numerical treatment of the double integral in eq. (3.13),
i.e. the part independent of the subtraction constants. In the following we will restrict
ourselves to the s-channel case for illustration. We rewrite the term z{" in eq. (3.13) as
21 (s,t) = (™(s,t)/k™(s), with ((s,t) = (2ts—3sos+ s> — A) and 3sg = M} + Mz +2M?2,
such that the double integral adopts the form

Foo) = s p2b-migy [ Flz)sind(z) (6 (s, 0)Q1) .
F(s) = ()/ )R (2) /t_(s) = dtda, (C.1)

Sth

with t4(s) = (s, £1). First we study the case s > (Mp — My)?. The angular integral can
directly be performed as the two integral paths do not cross each other. We may simply
use

2L—m > F(z)sin(z) (s, (1)
SK (s)/S ;pn’Q(x)‘,{MH(x)W(s’x)d‘r’ W(s,x)_/t(s) t o dz(f,c |
2

where W (s, x) can be determined numerically in a straightforward way. The discretized

th

integral reads

®  F(z)sind(z) B _
‘/sth z"|Q(x) |k2EH (2) Wis,z)dz = zj:f(sg)

/sj+1 As) +d(s)x q (C.3)

. R2LHT () z,
where ¢ (s) + ¢} (s)x is the linear interpolation of W (s, z) sin (x)/2"|(z)| in the interval
[sj,841] for a fixed s. Note that the resulting integrals can be performed analytically
with the singularities moved into the upper complex plane to obtain the correct (physical)
branch.

For the case s < (Mp — M7r)2 the Cauchy singularity needs to be handled carefully, as
the integration paths meet. We rewrite

0o : +(s) m
/ f(a:)xnmsmé(x) /tt IS GLILIG

R S L et
_ [ F@)sind(z) O #mQ() — 2"Q(x)
/Sth 27 Q)2+ () /t_(s) ¢™(s,t) pra— dt dx
o () F(x)e®) sin §(x)
+/ / dtdx . C.4
sen Jt_(s) H(&L‘)2L+1(:U — t) ( )
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The first summand is treated as above in eq. (C.3). For the second summand we obtain

t(s) F(x)e?(®) sin 0 (z si+1 fte(s ao + alx
/ / R2L+1 & =1 ) dt da Z]—"s]/ / o PG )(x_t)dtdx,
(C.5)

where now ag + a{x is the linear interpolation of €@ sin §(z) in the interval [s;, s;11].
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