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1 Introduction

Breaking parity introduces new transport effects in fluid hydrodynamics. The parity break-
ing can be explicit, spontaneous or as a consequence of quantum anomalies, each with its
unique signature. An interesting parity-odd transport is the dissipationless Hall viscosity
nm in 2+ 1 fluids [1, 2]. It enters in the constitutive relations of the fluid as a term in the
stress tensor

Tgéu = UTH (eik (8jvk + 8kvj) + ¥ (8ivk + &Wi)) . (1.1)

Where v; is the (normal) velocity of the fluid. Latin indices ¢, j, k refer to space compo-
nents. Its effect is to repel or attract nearby flows due to a force perpendicular to the
flow (for a recent review and references therein see [3]). In most systems the value of the
transport coefficient nz can be obtained from the two-point function of the stress tensor
using the Kubo formula

1
ng = lim meikéﬂ<T< I>T<k>Y (W, k = 0). (1.2)

w—0

where the brackets < 77 > mean the traceless component and w, k are the frequency and
momentum of the Fourier transformed correlators. This can be taken as the definition of
Hall viscosity even in the cases where there is no hydrodynamic description.

Hall viscosity is present in diverse systems, particularly in Quantum Hall states [1, 4—
10], but also in other systems such as chiral and anyon superfluids in condensed matter [6, 9,
11]. In relativistic systems it has been found in holographic superfluids [12, 13] (see also [14—
16]) and a related quantity, the ‘torsional Hall viscosity’! has been found in ‘topological
insulators’ in the presence of torsion [17, 18].

It has been shown that a large number of systems exhibit an interesting relation be-
tween the Hall viscosity and the angular momentum density ¢, first derived in [6], Z = %
The aim of this paper is to study parity-odd transport in superfluid hydrodynamics with
spontaneously broken parity, and in particular the general properties of the above relation
between the Hall viscosity and the angular momentum density. Our general hydrodynamic
results are compatible with the holographic p-wave calculations in [13], where the relation
between the Hall viscosity and the angular momentum density was argued to hold.

We will study the hydrodynamics of relativistic non-Abelian superfluids in a symmetry
locked phase, that is where the expectation value of the global symmetry currents relate
space and internal indices. In particular, we will be locking a superfluid with an SU(2) in-
ternal symmetry in 241 dimensions, which breaks parity spontaneously as a consequence of
relating the SU(2) structure constants to space structure. We will define the locking when
the normal component of the fluid is at rest, and we will show that there are various quali-
tatively different extensions to non-zero velocities. Locking will introduce parity-odd terms
in the hydrodynamic constitutive relations. We will construct the resulting superfluid hy-
drodynamics up to the first derivative order. Incidentally, we find that in the locked phases

'The distinction with the ordinary Hall viscosity is a bit subtle, the torsional Hall viscosity enters
in the canonical energy-momentum tensor, which is not necessarily symmetric, while the ordinary Hall
viscosity is defined for the symmetrized energy-momentum tensor. Despite their similar structure they are
independent quantities.



a term of the form (1.1) appears in the stress tensor whose value is not determined by the
Kubo formula (1.2), but by the two-point function between the stress tensor and the current

_ 1 . ..
i = (0) + 7 lim 0ia 0k (T <> T8 (w, k = 0). (1.3)

Where (Ji) = (0)d" is the expectation value of the p-wave condensate and a = 1,2 are
SU(2) indices. We have labelled this transport coefficient 7y to distinguish it from the
usual definition (1.2). Using an expansion close to the critical point, we will estimate the
ratio of the Hall viscosity and the angular momentum density and find that generically
T~ 1 for the standard Hall viscosity. On the other hand, we find that the ratio %
depends on the type of locking.

The outline of the paper is as follows: in section 2 we write down the constitutive
relations for a general SU(2) superfluid to first dissipative order. The locking can be seen
as expanding around a particular value of the superfluid velocities. Since eventually we are
interested in the physics close to the critical point, we keep terms only up to second order
in the superfluid velocities. In section 3 we define the locking when the normal component
of the fluid is at rest and study possible extensions to non-zero velocities. In section 4
we identify the contributions to Hall viscosity and angular momentum in the locked phase
and derive Kubo relations for them. In section 5, we compare our predictions from the
hydrodynamic analysis with the holographic p-wave model. We end by presenting our
conclusions in section 6. Some technical results are collected in the appendices.

Here we provide three tables to guide the readers. The ideal constitutive relations and
notations are collected in table 1. Table 2 contains various projections of superfluid velocity
discussed in section 2. Some definitions used in Kubo formulas in section 4 are also listed in
table 3. u,v = 0,1,2 will denote space-time indices, 7, j = 1,2 space indices, A, B =1,2,3
denote internal SU(2) indices, and a,b = 1,2 the internal indices without the direction 3.

2 Non-Abelian superfluid hydrodynamics

In order to describe the hydrodynamic behaviour of a non-Abelian relativistic superfluid,
we will make a generalization of the two-fluid model [19-23].2 The motion of the superfluid
is determined by the conservation equations in the presence of a background metric g,
and gauge field Ay,

v, " = F4 T4, (2.1)
D,Jh =0. (2.2)

V,, is the covariant derivative with respect to the background metric and
DHJZ = Vng+6ABcAB“J5. (2.3)
The field strength is defined as usual

FA,uz/ = a;H4141/ - a1/14A,u + GABCAB;LACZ/' (24)

*Non-Abelian relativistic normal fluids were analysed in [24].



TH = equtu’ + pPH + fap&li&ly Stress-energy tensor

J = qaut — fapéh Internal symmetry currents
en+p=Ts+ paqa

dey, = Tds + padga + fap€hdép Superfluid thermodynamics

En Energy density of the normal fluid component
qa Charge density of normal fluid component

&y Superfluid velocity

A Chemical potential

fap=fodap + fuprapn

4505 = fapps = (fo + fup?)d% Charge density of the superfluid component
T Temperature
S Entropy density
Pressure
l Angular momentum density

Table 1. Ideal order constitutive relations and notations.

Pap =dap — 552 Cap = eaBciic
¢h = Pheh N# = Saga

{h = Ch— Nt ¢ = Chdh
= ChCan ¢ = Chey
Can = C5Can

Table 2. Projections of the superfluid velocity.

ng = limg, . ﬁeikéjl<T<”>T<kl>>(w, k=0) Standard Hall viscosity

= (O) + Himy, 0 6;a0;5(T<9> J¥) (w, k = 0) Locking dependent Hall viscosity

Ji = (0)8 p-wave condensate

(O) ~ /(T. = T)T. ~ ¢ Order parameter

0 =2uCs3k + 2uCy(O) Angular momentum density
O3 = — g limiso €357 (3 J9) (w = 0,k)

CgQ + C4qn = %5m<J§J3>(w = 0, k = 0)
_ By \ (0)

Q= (1+45) 45

oy = (1 + %) foLT

) 0)2 9
BX:§+<f3> 37@7 X =(T,p

Table 3. Definitions and Kubo formulas.




The constitutive relations of the energy-momentum tensor and the current are

T = eputu” + pP* + fap€héh + 7, (2.5)

Jh = qaut — fap€ly + V. (2.6)

Here u* is the velocity of the normal component, P*” = n*¥ 4+ utu” is the projector in the
transverse direction, ¢4 is the normal charge density and ,, the normal energy density. p is
the pressure and {ﬁ are the contributions to the currents due to the spontaneous breaking,
usually identified with the superfluid velocity. In general we can expand the coefficients
fap as

faB = fodap + fupaps. (2.7)

The terms 7" and ij contain derivatives of the velocities and densities.
The thermodynamic equations are

en+p="Ts+ p1aqa, (2.8)
den, = Tds + padga + fap&ydép . (2.9)

We complement the hydrodynamic equations with the Josephson condition
wEay = pa + Ha, (2.10)

where H 4 depends on derivatives of the densities and superfluid velocities.
Using the equation

VI uy + paDyJ = FY | J (2.11)

One can show that there is a conserved entropy current when 7+ = Z/Z = H4 = 0, provided
that?

fABU'ugZ(DMEBV - DufBu - FB;W) = 0. (2‘12)

In the Abelian case this matches with the definition of the superfluid velocity as the co-
variant derivative of the Goldstone boson ¢, = —0,¢ + A,. In the non-Abelian case, there
can be additional non-linear terms

Duéav — Duéay + Aeeapcén uécr = Fauw. (2.13)

If we ignore gauge invariance, the gauge potential A4, that determines the field strength
would have as many independent components as £4,, so the number of independent equa-
tions would be sufficient to fix the superfluid velocities. However, because of gauge invari-
ance, the number of independent equations is smaller. In the absence of external sources,
if A¢ = 0 there can be a gradient part £’y = —0"p4 that is not fixed by the equations of

30One needs to use the first law in the following gauge-invariant form:

v,uen = Tv,us + HAD;LqA + fABé-ZlD,ué-B v



motion. If A¢ # 0, then the part that is not fixed is of the form of a pure gauge SU(2)
potential ‘
[ _
fap = 76(9 '9,9)4, g € SU(2). (2.14)
This justifies the addition of the Josephson condition (2.10) to the hydrodynamic equations.
When the dissipative terms are non-zero, the canonical entropy current is defined as

1
JH = sut — Tw”"uy - 'M?Ayﬁ (2.15)
The divergence of the entropy current obeys
u Ea A Hy
vt = -9, () 4 <T“ ~D, (T>> + A Dulfangh). (2.16)

where we defined the electric field as Ey = F/{"u,. In order to impose the condition that
the divergence of the entropy current is non-negative V,J§' > 0 we should be able to write
the r.h.s. of (2.16) as a sum of squares. This implies that the dissipative terms can only

depend on
A E'}
o, vl = P D, (?) - TA sa = D,(fap&h), 0=V,u", (2.17)
where the strain rate tensor is
o = PPYPYB(V qug + Vgtue — PagVeu). (2.18)

In principle it might be possible to modify the entropy current in such a way that there
would be more allowed first order terms than the ones we present in (2.17).* However,
as we discuss in appendix A, even if such terms were present they would not affect to
the analysis of the Hall viscosity and the angular momentum density. We will then keep
the discussion with the canonical entropy current bearing in mind that more general non-
Abelian superfluid hydrodynamics might be possible (if this were the case our analysis
could be understood as a subclass of theories where some transport coefficients are zero).

2.1 Superfluid velocities in non-Abelian theories

We presented above a consistent set of hydrodynamic equations and thermodynamic re-
lations, that reduces to a familiar form in the Abelian case with &* being the superfluid
velocity. In the non-Abelian case the properties of the superfluid should depend on the
pattern of symmetry breaking. For a group G broken to a subgroup H, the Goldstone
bosons parametrize a coset G/H. Let g € G and h € H be group elements, such that the
coset is determined by the equivalence g ~ gh~!. We define the superfluid velocity as an
element in the algebra®

& =19 0,9+ Ay (2.19)

4We would like to thank the referee for pointing this out to us.
®Under a local transformation g — gh™' the gauge field transforms as A, — hA,h~" —ihd,h~".



In order to describe a coset we have to demand that the hydrodynamics currents are
invariant under a global transformation é* — h~'¢*h with h € H. This means adding
additional constraints on the superfluid velocities. We will not pursue this direction here
but in the following we will study the case where the group is completely broken.

Another new characteristic compared to the Abelian case is that the symmetry can be
broken if the currents acquire a non-zero expectation value. In the non-Abelian case the
components of &4 do not simply map to the gradient of the Goldstones, but they describe
more generally the expectation value of the current. We will discuss this in more detail in
the next sections. For now we will focus on finding an appropriate parametrization of the
superfluid velocities.

There are two marked directions both in real and internal space. In real space the
marked direction is determined by the velocity of the normal component u#, while in the
internal space it is determined by the chemical potential pa. We will decompose the
superfluid velocities in the directions parallel and transverse to both.

The completely parallel direction is determined by the Josephson condition (2.10). The
dissipative term H 4 will not be important for us, since we will use the decomposition of the
superfluid velocity in order to classify the first order terms. Then, at the ideal order we have

& = —paut + ¢4y, uully = 0. (2.20)
We further decompose C,/Z in the parallel and transverse directions to pa:
Ch=Ntpa+h, (2.21)
where the Abelian component of the superfluid velocity is

_ Chia

=24

(2.22)

and éﬁu 4 = 0. Note that for SU(2) C:’f‘ in 2 + 1 dimensions has four independent compo-
nents before using the equations of motion. In order to find a suitable parametrization we
first define the ‘spatial velocity’ vectors

v=(u1, uz), m=(u1, p2). (2.23)

Then, the transverse components can be written in matrix form as (the first column cor-
responds to A = 3 and the first row to pu = 0):

- <CA(UT5’Am) —MSCA(UTCV))

= 2.24
“ —uolx(07m)  pzugCra? 224

where A = 0,1,2,3 and the * matrices are defined as the identity and the Pauli matrices:
g ={1,0%i0%, c%}. (2.25)

The four independent components of CA’Z are parametrized by ().



2.2 Dissipative terms

We are interested in the behaviour of transport coefficients close to the critical point be-
tween the normal and the superconducting phase.® This implies that ¢!} should be small,
either because a large superfluid velocity will destroy the superconducting phase or because
¢¥ acts as an order parameter and it should vanish as the critical point is approached.

We will perform an expansion for small ¢!j ~ € < 1, this means that both N# and fﬁ
are small ~ e¢. Within this expansion we will construct all possible terms to O(e2) that
lead to a consistent hydrodynamic theory. Note, that the transport coefficient themselves
can also be expanded in the scalars N? and éjfa A-

We define the even and odd projectors in the directions transverse to the chemical

potential

A
Pap =04 — MMZB, Cap = €ABClC- (2.26)

To order O(e) we can use the following two-index combinations of the transverse superfluid
velocity

¢ = Cupdl. (2.27)

To order O(e?) we can use the following independent combinations
C“V = CAZCA-ZD EMV = (AZEZD CAB = éjCAOéB' (228)

Note, that ¢# = ¢*# and (M = —(V*.
We will decompose the dissipative terms using the Abelian component of the velocity
and the chemical potential

T = NEN"Y + P* s + N(”Vly) + ) ey
Vi = NFuaSs + NUV g+ Vs + Sy + v + 74, (2.29)
Hy = paXy+ Vaa,

where Vapa = 7/{ua = 0. All the possible first order terms to O(e?) can be found in the
appendix B.1.

3 Symmetry locked phases

One of our goals is to understand the origin and how general is the relation between the Hall
viscosity and angular momentum density found in [13] for the holographic p-wave model.
In this model there is a nonzero chemical potential and charge density that we can choose
to be ug # 0, g3 # 0. Lorentz and SU(2) symmetries are then reduced to spatial rotations
SO(2)s and the U(1)3 subgroup that leaves the chemical potential invariant. The parity
breaking terms appear in a broken phase, where the currents acquire and expectation value
(Ji) oc 8% in such a way that space and flavour indices are related. We dub this as the

SWe assume here that there is no first order phase transition.



‘locked’ phase by analogy with the color-flavour locking phase of QCD [25]. In this phase
the remaining symmetries are spontaneously broken to a diagonal U(1):

SO(2)s x U(1)s — U(1)p. (3.1)

Therefore, we expect this theory to have a single Goldstone mode. The origin of parity
breaking is easy to understand, the SU(2) structure constants are epsilon tensors that
break internal ‘parity’ transformations. After the locking, this breaking is transferred to
the spatial directions as well. We can consider a transformation acting on the components
of an object with one internal index V, as Vi <> V5. The theory has also initially parity
symmetry x1 <> 2. When the locking is made, the components of the non-Abelian current
become J¢ ~ ¢, which is invariant only under a combination of the internal and parity
transformations. However, the internal transformation is not a symmetry because there are
terms with epsilon tensors e8¢ that change sign. Then, the would-be parity symmetry al-
lowed by the locking that is a combination of space and internal symmetries is broken by the
epsilon terms. This means that there is no additional Zy symmetry in the superfluid phase.

When the normal fluid is at rest u* = (1,0), we can describe the locked phase in the
hydrodynamic regime by setting

A = pd%, qa =gy, NP =0, ¢ = (¢,0,0,0). (3.2)

. 00
A=:—m;<05i>. (3.3)

Here (, is proportional to the p-wave condensate, more precisely

Then,

T = Jon(sG, = (0)8,. (3.4)

If we demand that (, is constant in the absence of sources, this means that in the equation
of motion for &} (2.13) the coefficient of the non-linear term should vanish A\¢ = 0.

There are several possible extensions to non-zero velocities of the normal component
that lead to qualitatively different results. We will distinguish between locking in the lab
frame and locking in the rest frame of the fluid. We present them here and discuss in the
next section how the Hall viscosity is affected by the locking.

3.1 Locking in the lab frame

We fix the locking to be (3.2) even at non-zero velocities. The transverse components of
the superfluid velocity are in this case:

e (0 _u“> : (3.5)

0 uodg
We can also write it as (%f = u(sP4. At the ideal order the currents are

']ﬁ = (Qn + qs)5§‘u“ - <O>P,Zv (3'6)



where we have used (3.4), and we identified the superfluid charge density as

¢s = u(fo+ furs®)- (3.7)

From (2.29), we are left with the following dissipative terms

T = PPy, + ) 4 S,
Vi = o Vi + Sy 4+ v + T, (3.8)
Hy = 6554+ Va 4,

where V3 = 74 = 0.
After the locking, the basic building blocks allowed by the entropy equation (2.17)
become (in the absence of external sources)

o, v = PR, (B) 0%, sa=Ou(—aah + (O)P), 0=t (39)

We wrote explicitly all the first order terms that survive the locking to O(€?) in the ap-
pendix B.2.

3.2 Locking in the rest frame

By ‘locking in the rest frame’ we mean that the normal component of the fluid and the
chemical potential point in the same direction (taking ‘time’ to be the third direction).
This can be achieved by setting a4 = —pua/y/(u0)? +u? = —pua/u (ug = up), N* =0
and () = ((s,0,0,0). Note that the normalization of the chemical potential is necessary in

order to keep the condition paps = p?.

Then,
2
ys pCs Ui  —UQlUa
b= C e | (3.10)
U\ —upu' uid,
We can also write it as (% = —“55 praA — —“TCS(P“A + P4 where

_ 0 0
prA — ‘ , ) (3.11)
0 uZdl — u'ug

At the ideal order the currents are

0) .
7=~ + gy 1 Gl pea (3.12)

where we used (3.4) and (3.7).
For this type of locking the dissipative terms (2.29) are

T = PPy, 4 ) 4 G
uUp 2 ~
Vi = = Ve + B+ B 7 (3.13)

uA
Hy = —szzx +Vaa,

,10,



where Vaua = 7/jua = 0. The basic building blocks allowed by the entropy equation (2.17)
become
1 (0)

O'MV, Ufj‘ = —P“aaa (ﬂ) uA— TﬂupuaaauAa SA = a,LL <QSu'u,LZ4 - TPMA y 0= Guu“.
(3.14)

The allowed first order terms to O(e?) for this kind of locking can be found in the ap-
pendix B.3.

4 Parity breaking effects

As we discussed, the locking will introduce parity breaking terms in the constitutive re-
lations. We will first identify all the terms that can appear and at what order in €. We
will solve the hydrodynamic equations with external sources to identify the Hall viscosity
and angular momentum density in the frame where there is no current Ji = 0,7 which
we identify as the ground state of the system. We will match the hydrodynamic solutions
with linear response to derive Kubo formulas that determine the transport coefficients re-
sponsible for the parity breaking physics. This will be useful later to compare with the
holographic p-wave model.

In the linear response analysis we set to zero the velocity of the normal component, so
the results are valid for both the locking in the lab frame and in the rest frame. When the ve-
locity is non-zero but small there will be a Hall viscosity term in the stress tensor of the form

T = =iine o], oy = O + 0ju; — 53 0pu”. (41)

It turns out that the coefficient of this term depends on the type of locking. As we will
see it is the same as the linear response coefficient for a locking in the lab frame but
parametrically larger (close to the critical point) for locking in the rest frame.

4.1 Terms in the constitutive relations

We list all the possible terms that appear in the locked phase in the appendix B.2 and B.3.
For the locking in the lab frame, we list the terms that break parity and the order at which
they appear in the expansion. We also give their approximate form for small velocities:

e Tensor 7/:
O(e?) ohC ~ <O>26ik0'i. (4.2)
This term introduces the Hall viscosity.

e Mixed tensor Tﬁ:

O(e) oh¢i ~ (O)e, o (4.3)

"Here we are referring to a physical frame and not to the ambiguity in the choice of hydrodynamic
variables.

— 11 —



e Vector VH#:
O(?) sall ~ (0)e79;(0),

O(?) vaaltpua ~ (0)20; (£

(4.4)
7):

The second term introduces a Hall conductivity Ji = o3¢ B ;.

e Internal vector Vy4:
O(e) spCpa ~ €,0;(0),

- . 4.5
O(e) vaBCGup ~ (O)e, 0 (%) . (4:3)

e Scalar >: no terms.

Note, that because s, ~ 0,(O), the associated terms are actually one order higher in e
than naively expected.

For the locking in the rest frame we have the same terms, plus a few additional more.
All the new terms are proportional to v/ as given in (3.14), and they come from the term
x PF*0,u . We can decompose the transverse derivative of the velocity in shear, curl and
scalar components:

1 1 1
P/?aa'LLA: 2UUA+§WMA+§PMA9' (46)
At small velocities we do the approximation
POOyun = 06 + Swib) + L6,000" (4.7)
w allA = 2023 a 2‘«%] a 9 ia 0KV .

where w;; = d;u; — O;u; is the vorticity. The extra terms are then
e Tensor 7*":
0(e) vhlh ~ (O)e* (o] + w7 +8]6). (4.8)

The last term o 0 actually drops from the symmetric stress tensor, while the second
term oc w;; is a scalar contribution, as one can check by using w;; = €;;w.

Mixed tensor 7/:
O(1) v%Cpa ~ ef(o] +w. +80),
O(€%) vaBC"*Cpa, VapC"*Ppa,va BCHCS, Vo BCHCS (4.9)

~ {0V e (o] +w! +610).

Vector V#: no additional terms.

Internal vector V4: no additional terms.

Scalar X:

O(€) vaal§ ~ (O)ew;j = 2(0)w. (4.10)

— 12 —



There are two main observations we wish to make. The first is that locking does not
necessarily introduce all possible parity breaking terms. For instance, terms depending
on the vorticity are absent for the locking in the lab frame, and terms depending on the
magnetic field are absent in both cases. For comparison, a complete list of parity breaking
terms in normal fluids can be found in [26].8 The second is that terms depending on
the strain rate o* (tensor) are parametrically larger when we do the locking in the rest
frame. On the other hand, the terms depending on gradients of chemical potential and the
expectation value (O) (vector) are the same for both lockings. The last are responsible for
the angular momentum density, so we find that

~lab ~rest
Ui Ui 1
~1 ~ = 1. 4.11
e (4.11)

However, the Hall viscosity as computed from linear response 1y is not the same as 7y for
the locked phase in the rest frame. We will derive Kubo formulas for both Hall viscosities
and for the angular momentum density in the following.

4.2 Response to external metric and viscosities

We introduce a background metric of the form ggo = —1, gio = 0, gij = 6;; + hi;(t). The
only contributions to dissipative terms that are of linear order in the metric come from the

strain rate tensor
o = =20 ua. (4.12)

The non-zero components are space-like o;; = 0;h;j. Using the results from the ap-
pendix B.1 we get the following dissipative terms to O(e?)

e Tensor 7

o(1) o",
5 o i o i ki (4.13)
O(e*) (0)“0", (O)°or€e.
e Mixed tensor TX
O(e) (0)a, (O)earo™ (4.14)
e Vector V{,: none up to O(e?).
e Internal vector V3 4: none up to O(€?).
e Scalar 334 7: none up to O(€?).
The stress tensor and the currents become
T — 59— B — ot — 9p . elik 1)7
bt bt no ne oy (4.15)

JE=(0)! — kol — kpeqo,

8A similar study for non-relativistic fluids was made in [27].
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where

2
pr=p+ <(;0> . (4.16)

This implies that the correlation functions with the traceless component of the stress tensor
T<ij> = Tij — % ((513 + hij)T]f - 5ijhlekl) are

(T < o] (5597451578 595 ) rico DL (ol T4 el gk 45T | (4.17)

(AT ) =i (6500765 =030 ) i TE (o7 +e 0% e o) (4.18)

The Kubo formulas for the parity-breaking coefficients are

o1 ij> <kl
mir = Jim e (T TH) w0,k = 0), (4.19)
T 1 o cay) 7ip<kl> _
KH = c})% oo €ir0p (ST~ ) (w, k = 0). (4.20)

Similar Kubo formulas for the Hall viscosity were derived in [12, 26, 31].

4.3 Angular momentum density

The equilibrium solution in the locked phase has a finite normal density ¢3 = ¢, and the
following values for the superfluid velocities:

(O)
fo

We now allow the temperature, chemical potential and (O) to vary slowly over space, but

§30 =1 &ai=— (4.21)

keeping a static configuration and zero velocity for the normal component. In the absence
of sources
T = —q88h, i =Ll 4 vt (4.22)
1

where we are expanding only up to first order terms. We are interested in configurations

where the current vanishes J: = 0, so that §¢ = q%z/g and

T% = — k. (4.23)
The non-zero dissipative terms are proportional to

Vi = o (%) . Sa = 0a(O). (4.24)
Then, we have the following independent contributions to 7%:

Vg = —C’wé — CQSi — Cgeijvgj — C46ij$j. (4.25)

All the contributions are O(e?). Let us assume the coefficients C, are approximately
constant, then the total angular momentum is, for a smoothly changing condensate

Lsmooth = /d255 5ij=TiT0j = /d2l' 20 <CB% + C4<O>) . (4.26)
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If we have a ‘droplet’ of superfluid of radius 7y with constant density and condensate (so
for instance (O) ~ (O)O(rg — r) and similarly for u), the angular momentum picks up a
contribution from the boundary of the droplet:

L@m%:%m%(@%+CMO». (4.27)
Therefore, we can define the average angular momentum density as

Lroe
e:dg“:m(@%+@w0. (4.28)

Since the contributions are of order £ ~ (0)? ~ €2, we found that generically

%H ~1. (4.29)

4.3.1 Kubo formulas

In order to find the Kubo formulas for the angular momentum density we will need to
solve the hydrodynamic equations to leading order in derivatives and linear order in the
sources. We set the velocity to constant u* = (1,0) and consider only static configurations.
As external source we will allow only a constant gauge potential A,, and we will allow a
fluctuation 0&y3.

From the current conservation equation we get

0= DHJZ = u“D#qA — Du(nggé) = 54 = u“DHqA = Doqa. (4.30)

Then,
$3 =0, S84 = qn€apApo. (4.31)

The Josephson condition &30 = p3 together with the equation for the superfluid velocity
DM&AV - DugA“ = (0 leads to

),
fO a

We will now use the conservation equation of the stress tensor d,T* = 0

Di,US = Dofgi = AaO- (432)

Bro,T + BuDi(S,u,g =0, (433)
where 5 (020
p 0
By = — = X =T, yu. 4.34
The derivatives are evaluated at constant (? = 2<?2>2. Combining everything, we find
. 0
v, =0 and
i 1B\ (O)
=1 iaAa = iaAa . 4.
Vg ( + TBT> foTe 0= Qe 0 (4.35)
Then, the current becomes
Ty = —~(C1Q + Cagn)€'y Apo + (C3Q + Cagn) 5™ Apo. (4.36)
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We obtain the following Kubo formulas, for the correlators evaluated at w = 0, k = 0,

1 )
aQ+@%:—;m££%

) ' (4.37)
CgQ + C4qn = §5m<J§J3>

We now introduce a non-zero space-dependent potential Asg, so the electric field is non-
zero Fs; = 0;As¢ # 0 and allow §&,¢ to fluctuate. The equations for current conservation
imply that s4 = 0. The Josephson condition 0,9 = du, together with the equation for
the superfluid velocity D &4, — Dy€a, = 0 leads to

@
Dipa = Doéai = <fo>€aiA3o- (4.38)
We will now use the conservation equation of the stress tensor 9, T" = qE§
BroT + B,,D;opq = qEs;. (4.39)
The derivatives are evaluated at constant (2 = 2<(]?22 and pg. Combining everything, we
find ’
O
Vgi = uEaz‘Azzo,
JoT - B, (O) (4.40)
qu 3i , MDpu, _
i =— 14+ —— ~—LeuiAz0 = —ap0; A i Asq.
U3 ( +TBT> T + TBr foTem 30 ap0;A30 + @i Azo
We are left with the current
J§ == ClaoaiAgo - ClOéiA;go + CSO[QGijajAgo — CgeijajAgo. (441)
Therefore,
. o
O3 = ——— lim € —— (JiJ9) (w = 0, k). (4.42)

200 k—0 1]87]{/’]
Note that ('3 is related to the Hall conductivity, we will comment more on this in the

conclusions.

4.4 Hall viscosity term at non-zero velocity

The enhanced Hall viscosity that appears when we do the locking in the rest frame is
generated by a term depending on v! in 7. Note that the equation of motion for the
superfluid velocity and the Josephson condition imply

Dipg = Eqi + Do&ai- (443)

Therefore,
1
Vai = TDO&W (4.44)

We introduce a source A,; which is time-dependent but independent of the spatial coordi-
nates and satisfies the conditions

6LALi =0, €,4,;=0. (4.45)
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The hydrodynamic equations are automatically satisfied to leading order in derivatives and
the sources. The Fourier transform of the superfluid velocity is

5§ai =Aqi + ﬂeabAaZ" (446)

1w
The stress tensor including the first order dissipative terms has the form

T = py6" — (O)(556€) + 615€1) — Cyolivd) — C

NH

el )., (4.47)

Then, taking the variation with respect to the gauge field

gty = (0) + Tyt~ M| gl 4 o — a) .
Note, that the conditions (4.45) for the gauge field are satisfied by the correlator
(T<9> Jkyk = (T<15> jFYe, = 0. (4.49)
The Hall viscosity coefficient is related to C,,, as
i = %c,m. (4.50)
It is straightforward to derive the following Kubo formula
i = {0} + § i Giad i T<07 ) (0, k = 0). (451)

5 Comparison with holographic p-wave model

In this section we will check the consistency of the general hydrodynamic analysis by
comparing with the results obtained by Son and Wu [13] for the angular momentum density
and Hall viscosity in the holographic p-wave model [28-30]. We also compute the rest
frame Hall viscosity 7y and find that the leading order contribution actually vanishes in
this model. In the following we present the basic features of the model and the results. We
have collected the equations of motion and useful formulas in appendix C.

The holographic p-wave model consists of Einstein gravity plus a cosmological constant
coupled to a non-Abelian SU(2) gauge field in 3+1 dimensions.

B 1
2K2

1
S d'z /=g (R —2A — 4F5‘VFAW) : (5.1)

The background metric and gauge field are charged black hole solutions of the form

LZQ + 72(2)(dz? + dy?)
F(z) ’ (5.2)

A= 6(z), Af = ()6

ds* = —F(z)dt* +
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As z — oo the metric approaches asymptotically AdSs. Applying the holographic dictio-
nary, this means that the dual field theory is a CFT with a SU(2) global symmetry at a
finite density and finite temperature state. There can also be zero temperature black holes
but we will not discuss them here.

The solutions for the gauge field are such that, as z — 00,’
J3 @)
b B 40 59

From the dual field theory point of view this means that there is a non-zero chemical
potential ;13 = p and an expectation value for the current (Ji) = (O)6.. Therefore, the
SU(2) charged black holes presented above describe a locked phase like the ones we have
analyzed using hydrodynamics. This model has a second order phase transition at a critical
temperature T, from the locked phase to an unbroken phase. Close to the critical point

(O) ~ V(T = T)/T. ~ ¢, (5.4)

and we can apply the same expansion that we used in the hydrodynamic model. The near-
critical expansion was used in [13] to compute the values of the Hall viscosity and angular
momentum density, so we can make a direct comparison.

5.1 Correlators and Kubo formulas

Let us collect here the expected orders in € from the hydrodynamic analysis:

e Hall viscosity ng ~ O(€?):

1 -
ni = lim quéjl<T<”>T<kl>>(w,k =0). (5.5)

w—0 4w
e Angular momentum density ¢ ~ O(€?):
_ I
t= QMCSf + 2uC4(0),

1 1
S0ia(J3J5)(w =0,k = 0), (5.6)

CSQ + C4Qn = 9

_ b O i 0, _
Cs = Ei%%@“:ﬂﬁ(w—oak)-

Where @ is defined in (4.35) and o in (4.40).
e Hall viscosity for locking in the rest frame 777 ~ O(€):

_ 1 . ..
i = (0) + 7 lim 8ia0 k(T J5) (w, k = 0). (5.7)

There are four correlators whose leading order in € we need to estimate. The calculation of
ng using the Kubo formula was made in [13] originally. One can use their result to show that

?This amounts to taking R = 1/2 in [13].
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it is O(€?), but in appendix D we present a derivation that makes it more explicit. The an-
gular momentum density was also computed in [13], but using a different method. It would
be interesting to compare the exact (numerical) value obtained from the Kubo formula with
their result, but here we will limit ourselves to an estimation of the order of magnitude.

The correlators of the energy-momentum tensor and global SU(2) current in the dual
field theory can be computed by evaluating the (properly renormalized) on-shell action
of small fluctuations around the background solution. The fluctuations of the metric and
gauge field take the form

Juv = Guv + hum Aﬁ = Aﬁ + CLZ‘, (58)

where g, and flﬁ are the background solutions. We perform an expansion of the equations
of motion in A ~ e and solve the equations order by order. In most cases we will not need
to find the explicit form of the solution to estimate the order of the transport coefficients.

Following [13], at zero momentum we can split the fluctuations according to their repre-
sentation under the unbroken U(1) group mixing space and time components. For the met-
ric and gauge field they group into tensor, vector and scalar. Both Hall viscosity coefficients
appear from tensor fluctuations, while the angular momentum density has a contribution
from the vector fluctuation and a contribution that originates from momentum-dependent
fluctuations that mix scalar with vector fluctuations.

These are the fluctuations that we will turn on in order to compute each of the coeffi-
cients:

e Hall viscosity ng: time-dependent h;; with 5t hij = 0.

e Angular momentum density: a constant vector contribution a? and agj, and a space-

3 3

dependent mixed contribution a;, ag.

e Hall viscosity in rest frame 7p: time-dependent h;; with 5% hij = 0 and af with
stad = 0.

The expansion of the fluctuations close to the boundary z — oo is

7i A i

- N
hij:Hij+7g+‘--, aly = A+ - (5.9)
Where in the dual field theory H;; and .Al/f are the sources for the energy-momentum
tensor and global SU(2) current and 7;; and 7, ,;4 are proportional to the expectation values,
following the usual AdS/CFT dictionary. The correlators are found by taking variations

of the on-shell action with respect to the sources

2
. 0=S on-shell

133 i
82 Son-shell
THv gAY — Z_Zon-shell 5.10
< A> (YH,W(S.A’;“ ( )
52S,,..
prpAoy . 2 Pon-shell
() (YHMV(YH)\U.
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The details about the renormalization of the on-shell action and the derivation of the
equations of motion can be found in the original reference [13]. In the following we estimate
the order of the transport coefficients.

5.2 Vector contribution to angular momentum density

For a vector fluctuation with hg; = 0, a} and ag, the equations of motion are, to leading
and next-to-leading order in A'°

P24/ (a) =~ A (ah),
nt )‘2¢A ]
[F(af’)} A Qo, (5.11)

i\’ r
(?;) = g [Ad — Al))].

To leading order in A we have the solutions

al = A3, al = iAS. (5.12)

To next order in A the solutions become

(5.13)

The on-shell action is

S =— lim /d3x V—galfA=. (5.14)

Since we are in the gauge where the radial components are zero, fi = 8Zaﬁ. Then, the

action becomes

S =— lim 1/d3xr [aoﬁ ag + 12 a3d, af’] . (5.15)

In particular, the cross term is

. 1 a FA
Seross = lim 2/d3 A AL~ [FA’ ¢ ¢/ 2¢2} (5.16)
The expansion close to the boundary is
Fod2? ¢y, qﬁ’:—d)—;, A~ ﬂ, r? ~ 42 (5.17)
z z
This gives
1 —4
Seross = 5.3 / P ALAS [ :‘1] . (5.18)
Using that the expectation value of the dual current is
20[1
(0) = T2 (5.19)

0The full equations can be found in the appendix (C.8) and (C.9).
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we find that the two-point function to leading order in the vev and at zero frequency and
momentum is

(JET%(w =0,k =0) = —“?5;. (5.20)
Then,
ST (w =0,k = 0) ~ €. (5.21)

5.3 Mixed contribution to the angular momentum density

We want to check what is the order of the (J3.J?) ~ €;jk; contribution. We will do it in the

probe approximation, where the metric fluctuation is set to zero by hand. The equations

A

of motion of the gauge fluctuation a;,

in the background Aﬁ are
VA + NeABC(AT FOm 4 aB ROy = 0. (5.22)
Assuming time derivatives are zero, this becomes
/
0= azfAZV 4 aifAZV + 2£fAZV (523)
r

) ) A'F . 0A
+A €A3C¢fCOu+€AzCAszu+5Z¢/€Ab3ag_5ZVEABz = CLlB—GABCEC?ﬂ ?rz (aoB5f—alB56) ]

We are working in the gauge a? = 0 and impose the condition d;a} = 0. We can set a? = 0,
the A = 3, v = z equation is automatically satisfied. The A = a, v = z equation is

“Poah) — o) — L (Aa) — Alaf) =0 (521)

The solution to this equation is
i “F
ab =16 b(;S/ 2 (A(a}) — A'ad). (5.25)

The remaining v # z equations are

aZfAz(] + aifAiO + 2£/fAZO + A <A6AinCi0 + EABCGCM;%CL@-B) :O,
r r
L A o (5:26)
azfAz] +aifA2] _‘_2?fAzy Y <€A3C¢f6’0] +€AZCAszj_€A306031Wa0B> —0.
Where the field strengths are
i = 32(1;?, I% = aiag, g = &-a? - Oja?, (5.27)
0= )\Ae“ia%, f; = )\A(e“ia? — eaja?).
We can rewrite the equations as
FAZ0 _ 1 zd 9, F410 1 )\ (AeAIC pCi0  ABC c3i 9A g
= _r2 Z i + € + € € 2 a; R
o ! a6
pAzi _7“2/ ds (&fA” Y (€A3C¢f00] - AIC A pC EABcecszWa(f?)) '
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Then, the on-shell action will contain terms of the form
1
S=—-—— d3z JfgaﬁfAz“

4k? J. oo
1

=13 / » d*x [ag / dz (9, % + NAe™ f*70)
—I—ag’/ dz (&fgij +A < Afe ?AQ Z>>

z . o A
+ag/ dz (&f“o +A (Ae‘”f?’“) — 1(?,712@?’))] :

The first two terms don’t mix the a? and ag fluctuations. The first two in the last term

(5.29)

are roughly

~ A2%a}e0;ad. (5.30)
Therefore,
(J T (w = 0,k) ~ ik, A%, (5.31)
and 5
iii)% 5ij%<J§J§]>(w =0,k) ~ . (5.32)

Together with (5.21), this confirms the hydrodynamic analysis:
C3~eé®, Cpme = [~ (5.33)

5.4 Hall viscosity in the rest frame

To leading order in A, the equations for the tensor modes are!!
0= (r*Fh),
AZg! (5.34)
0= (Fa}) + 7 G-

We are following the notation of [13], where h; = {hyy, how — hyy}, a; = {a2 + ay, al — ay}

The solution regular at the horizon for the metric is simply the constant solution
h; = hf. For the gauge field it takes the form

AM
a; = ﬁAﬁ?, (5.35)
Qg

where AM) is the regular solution of the background equations of motion when they are
. o (1)
linearized in A. It asymptotes the value oy’ as z — o0.

To next-to-leading order, we have to solve the equations

) )\qﬁAA A?
F MO

0= (r?Fsh}) —2 |-FA'AD
(5.36)

)

oa;.

"The full equations can be found in the appendix (C.11) and (C.12).
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We can make da; = 0. Using the equation of motion for A, we can simplify the equation

for oh; to b

1)’

0= (r2Fsh}) + 2(FAAM'Y (5.37)

Then, the solution is

b AmW
5hi —2“‘(‘)/ o (5.38)
o)

Note that the solution is regular at the horizon. The expansion close to the boundary is
N 1
b

1
a; ~ A} +§QE+
(3 a(())

To this order, there is only a mixed contribution to the on-shell action coming from the

(5.39)

term

1 -2
y@:th /ﬁum%%_/f m#ﬂ (5.40)
From here one can derive the tensor-current correlator:
(T<1> JEY ~ —(O)(5%8] + 5L67F — 515K, (5.41)

When introduce this result in the Kubo formula (5.7) we find that 7y vanishes to this
order.

6 Conclusions

Our original motivation for this work has been the question of whether parity breaking
due to locking of internal and space symmetries in a superfluid phase leads generically to
the relation between the Hall viscosity and the angular momentum density 777H = % For
other sources of parity breaking it is known not to be true, as has been shown in several
holographic models [26, 32, 33]. The reason to suspect that this could be the case is the
possibility that locking may imply the same origin for the generation of both the Hall
viscosity and the angular momentum density, thus linking their values.

In order to answer this question, we studied the first order hydrodynamics of relativistic
non-Abelian superfluid in 2 + 1 dimensions, where we locked the SU(2) internal symmetry
with the space symmetry. Note as a side remark, that the Goldstone bosons and the corre-
sponding superfluid velocities pattern in a non-Abelian superfluid depends on the pattern
of symmetry breaking, and the study of the general case is worth pursuing in the future.

The parity breaking due to the locking generated parity-odd terms in the constitutive
relations, which we analysed in detail. In particular we studied the relation between the
Hall viscosity and angular momentum density, which turned out to be generically of order
one, but not necessarily one half. The holographic p-wave model studied in [13] falls within
our class of locked superfluid hydrodynamics, and we showed that our general results are
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compatible with it. As part of our analysis we have derived a Kubo formula for the
angular momentum density. We observe that it receives a contribution proportional to the
Hall conductivity (4.42). This suggests that a similar formula exists for Abelian fluids,
explaining the appearance of non-zero angular momentum density in holographic models
with a Chern-Simons term for the dual gauge field [26, 32-35].

Finally, we demonstrated how locking corrects parity-even transport such as shear and
bulk viscosities, and also found that there are qualitatively different extensions of transports
and in particular Hall viscosity to non-zero velocities.
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A Modification of the entropy current

The canonical entropy current is

o HA
Jb, = sut — T Uy VZ? (A.1)

The entropy current can have additional terms

i = J

can

+ 5 (A.2)

Where S* should be such that
VvV, JE > 0. (A.3)

In principle having S* allows more independent first order terms than those allowed by the
canonical entropy current alone, that for us were o#¥, 0, v’y and s4.

We make the following simplification. Both parity and time-reversal invariance are
not broken explicitly, so there are no epsilon tensors appearing in the first order terms and
Onsager’s relations should be satisfied. This implies that there are no cancellations among
first order terms in the divergence of the entropy current. Therefore,

V,Ji = (canonical quadratic terms) 4 (new quadratic terms) + (cross terms). (A.4)

The new quadratic terms can only come from the divergence of S*.
In our case we expand
St =uly, + N'Ey + VH, (A.5)

where u,V#* = N,V# = 0. For purely Abelian configurations, the analysis of [22] verified
that there are no new independent terms when parity and time reversal invariance are
unbroken and S* could be set to zero. This implies that possible new terms should be
proportional to the non-Abelian superfluid velocity CAffl (terms depending on the chemical
potential and external fields get an index but are otherwise the same). To the order we are
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working this means that the new quadratic terms must be quadratic in fﬁ, and it should
be possible to write them as the square of new terms linear in the non-Abelian components
of the superfluid velocity. If there are no such terms then the canonical entropy current
will not be modified.

In the locked phase we set the Abelian velocity N* = 0 and the sources to zero, so we
will check whether, in this subclass of configurations, there can be additional terms in the
entropy current. The first derivative terms we can have are

Opwy, Wuy = P#QPVB(({)O{UB — 0gla), ay=u0quy, 0, 0, (M?A) , 0T, 8M§Z. (A.6)
Then, at O(¢?) in the scalar sector ¥, we have 6 terms
Si=1,..6 = 52 X {0, u®0,T, u“0, (T ) ,LLA} ; (Mo, f‘wwwj, u“@,ﬁ% (A.7)
In the vector sector V# we have 13 terms
VA, = [5213“&, ¢, EW} X [aa, 0uT, s ( = ) MA] Preg,c?,
{GPM x |:8aéVA7 3uéaA} s Choads.

Note that not all the terms are necessarily independent but they may be related by the

(A.8)

ideal order equations of motion. We write the 0(62) contributions to the entropy as
S =" siTpa)Si, VEE =D "ui(T, pa)VE, (A.9)
i i

and

.82 n — %u 8 TS; + Osi ”8 HaA Si + 8:08; + s;ut0,S;
" T dpa/T T :

’ 9 . b (A.10)
i u i m A . M
F GO+ g Vo () vV
From this expression we see that the possible quadratic terms are, from the scalar terms
. R 2 N2
&2 (u9.T)%, (2 (uaaa (‘%A) 1 A) . (22, (uaaa<g> . (A.11)

The last term comes from u#0,Ss. From the vector terms we have

&Py, & (Preow (M) wa)' (ad5)" (261)". aa2)

The last two terms originate from the 9,V terms. All these terms can be written as the
square of the following first-order terms

@{ X (U0 T, u®d, <T ) LB, 0: , uaaaég, 9aCS,
i x [PooaT, P0o (52) i), 9,84,
fﬁx u&T uaa(T>MB,0:

Ch % P”aaT Preg, (T)MB-'

(A.13)
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The terms in the second and fourth lines are tensors with a global index 74", so they
cannot appear in any of the dissipative contributions to the energy-momentum tensor or
the current. The last term in the second line could appear in H4, while the remaining
terms could appear in VZ (in fact the terms proportional to 6 are already there, so they do
not introduce anything new).

The only terms that in principle could affect to our discussion of parity breaking in
the locked phases are then the first two terms in the third line, that are proportional to Ej
However, their only effect is to add additional scalar contributions to the current, even after
locking. Therefore, they do not affect to the Hall viscosity or the angular momentum. In
section 4.1 the only effect is to add new terms in the scalar part below (4.5) and in (4.10),
only in the dissipative terms of the current (not in the energy-momentum tensor). For the
calculations involving the angular momentum density, in section 4.2 the only non-vanishing
terms are proportional to the shear viscosity, so the new terms are absent. In section 4.3
we consider static configurations with vanishing normal component of the velocity, so it is
clear that the new terms also vanish. For the analysis of the Hall viscosity in section 4.4
we study the energy-momentum tensor, where the possible new terms do not enter.

B Dissipative terms

We collect in this appendix the dissipative terms that can appear to O(e?), in a general
non-Abelian superfluid and in the different locked phases.
B.1 General non-Abelian superfluid

Using basic building blocks allowed by the entropy equation (2.17) we can construct the

following terms'?

e Tensor ¥
o) ",
O(e) V¢4, vk, (B.1)
O(e%) ah¢™, ali(™.
e Mixed tensor 7/
O(1)
O(e) ali(§, ol (B.2)
2

O(€”) vaBCH"Ppa, vapC**CrA, VaBC"PpA,va BCECS, VaBCECH, vaBCHCE, vi¢Ba.

Vi Ppa, vCha

e Vector V#,
O(1) vipa
O(e) ohN®, sallt, sally (B.3)
O(€%) Vo aC" 1A, vanC " 1a, va aANYCY, vo ANCH.

1t et ’ ’ ’ ’ ’ ’
12N0te that €ABCEA B'C :5AA (SBB 5CC —6AB 6BA 5CC’

+ cyclic permutations.
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e Internal vector V4

O(1) spPap, ssCha,
O(€) vapN“Pap, vapNCap, vapliin, Vaplins, (B.4)
O(?) 0asNCh, dasN“CY, spCap.
e Scalar 3,
0(1) 07 SAMA,
0(6) 'UaANa,U/Ay UaAéiv UaAgﬁv (B5)
2

O(?) 0apN NP 005¢".

B.2 Locking in the lab frame

The terms that in principle survive after locking are

e Tensor 7

Mixed tensor 7/

)
O(e) ohch, ohlq (B.7)
2

Vector V#,

(1) vhpa

(€) sally, sall (B.8)
2

O(€%) vaaC" 1A, Vol pa.

O
O

Internal vector V4

O(1) spPap, sBCpa,
O(e) UaBéﬁMB, UanﬁuB, (B.9)
O(€%)  spCap-
e Scalar X,
O(l) 07 SAMA,
O(e) none, (B.10)
2

O(?) 0a5C*".
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B.3 Locking in the rest frame

The terms that in principle survive after locking are

e Tensor 7

(1)
(6) v4Ch, viCh, (B.11)
O(e) ahcov, oidor,

o,

@)
@)

Mixed tensor 7/
(1) U%PBA, ’U%CBA
(€) ohCh, ohih (B.12)

) ; . o .
O(€°) vaBCM"Ppa, vaC"*Cha, vaBC"*Ppa,vaBCECH, VaBCHCR, va BCECS, VECBA.

O
O

Vector V#,

(1) viypa,
(€) sally, sacl, (B.13)
2

O(€%) va aC"pa, vaal'ua.

O
O

Internal vector V4

O(1) spPap, sBCpa,
O(e) UaBéiMB, UQB@XMB, (B.14)
O(¢?) splan.
e Scalar X,
O(l) 97 SAMA,
O(G) erAégv UaACNX7 (B15)
2

O(€?) UaﬁCa'B.

C Equations and action in the holographic p-wave model

In this appendix we collect some of the results of [13], in particular the equations of motion
of the background and fluctuations and the form of the on-shell action. The background
metric and gauge field are charged black hole solutions of the form

2

dz 2 2 2
7o) + 7°(2)(dz* + dy”), 1)

A5 =9(2), Af = A(2).

7

ds* = —F(z)dt* +

As z — oo the metric approaches asymptotically AdSy.
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C.1 Background equations of motion

We will denote derivatives with respect to z with primes:

2 A2
e (42 + 20 <0,

F Al
F// o 27172(7,‘/)2 o (¢/)2 o AQTT _ O,
2
(2gy ~ 25 =, (©2)

(FA'Y 4 N2 (F — r2> =0,
Fr” F(r')? r' F’ B

F'+4 +2——+4 48
r r r
Linearized equation for the background A:
1AV 2‘152 1
(FADY 4 A FA< ) = 0. (C.3)
Asymptotic expansion
)
AW (z) = a(()l) + % +--e (C4)

C.2 On-shell action

Fluctuations around the background solution are denoted as dg,, = hy, and 044, = aa,.
Indices are raised and lowered with the background metric g,,,. The trace of the fluctuation
is denoted as h = gt h,,,,. Covariant derivatives V are taken with respect to the background
metric. The bulk contribution to the on-shell action is

200 AK2 pato

1 _ 1

Sonsshell = lim — / d3xr? [hl‘f,ah"‘” — hP7T2 S + ghf’“v%pa —5hVeh
(C.5)

—apy (F'h+ Fu 0" + f7) ] .

To this action one should add the boundary Gibbons-Hawking and counterterm actions:

_ /1
Sei = lim d3zFr? ((K +V.) (2h2 — h’“’h,w)) ,

. . (C.6)
Sy, = — lim /d3x VFr? <2h2 - h’“jhuu> )

z—00 K2

Where K, is the extrinsic curvature of the background metric.

C.3 Vector fluctuations

We will restrict to time-independent fluctuations dgu, = hu(2), 0Aa, = aau(z). At zero
momentum modes can be grouped in parity even and parity odd:

(hte + hey) /2 = r?hg,  (hie — hey)/2 = rhg,
(a1¢ + agt)/2 = ay, (a1¢ — az¢)/2 = af, (C.7)

(a3e +aszy)/2=a3, (azz —azy)/2=a3.
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The equations for fluctuations hi, aj, a% are

(r*hi) + r*¢/al’ = s},
r2¢'hl’ + (Fab') = Si,

° (C.8)
(-
Where
. A4 . ¢ , A3 .
Sf” = (7‘2(14/)2 + /\QF) hy — —a3 2A’a§ + /\QFai,
. A2 . A2 . A .
%:4@Fm+V—%+v%¢, (C.9)

Sgi:@),hi g (A — Aalf).

C.4 Tensor fluctuations

We will consider time-dependent fluctuations §g,, = e~“th,, (2), 644, = e “taq,(2). At

zero momentum the modes can be grouped in parity-even and parity-odd:
hxy = T2h67 (aly + a2x)/2 = Qe,

(C.10)
(how — hyy)/2 = r2h,, (@14 — a2y)/2 = a,.

The equations for fluctuations h; and a; are
2 h
( Fh,)/ - SZ 5

C.11
(F )+Vﬁ%_$. (e

Where
2.2 2 42 24 A
Szh - _ <w; F(A/)Q + )\2(25F> h; + 2 <—FA’a; + )\Q(ﬁFCLZ) + 2)\2'(,0%6@'3'(1]'.
A3 2 AQ
Sg — FA/h; =+ )\2ﬁhi — <C;, + )\2 > a; + )\iweij% (Ahj — 2aj) . (0.12)

The renormalized quadratic on-shell action takes the simpler form:

1
&mm1MH/J3§:PhM FWQ—QOWFY—&%@>@+FAMW}

(C.13)
D Calculation of Hall viscosity in the holographic p-wave
We split the metric and gauge perturbations in leading order and corrections
h; = H; + 0h;, a; = A; + da;. (D.l)
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The equations of motion for the leading order part are

r2w?

2 AV
FH;
(7’ )+ fa

HZ':O,

22
A ¢ — A + A +22w)\¢el]A =0.

(FA) +
We impose ingoing boundary conditions at the horizon z — zp
H;~ (z— zH)_"ﬁ, A~ (z— zH)*"ﬁ.
And at the boundary z — oo the leading order terms are constant
H; ~ hf, Ay~ a?.
The equations for the next order corrections are

2¢2
(T’QF(Sh;)/ +

(pA'A;
2¢2

2 A A
da; + v 5ai + 2iw—¢eij5aj = FA'H] + iwf(ﬁAein

/ /

In order to solve these equations we first write the corrections as
0h; = Hio;, da; = Aip;.

Then,

The ‘source’ terms are

222
A Y
AA)—l—Zsz

SHA) =2 <FA’A; AeijAj,
a / ! . )\¢
The solutions are easily found

(1) . # d21 #
o, (2) = H27“2F/ dzo H;SH(Ay),

!2 [ 2 509 i)-
% ZH

(D.2)

(D.4)

AA; ) + 22‘00%1461‘]‘.4]‘,

(D.5)

(D.8)

(D.9)

The choice of integration limits is necessary in order to preserve the condition that the

solutions are ingoing at the horizon.

— 31 —



This fixes the solution to first order, but we will also need the solution to second order,
given by the equations

o (o ) o = )

s S
H; 2R 2FH; ’
" " : (D.10)
", (A, FY ey _ SH(AiHio)
Pi A4, F)P T FA,
The ‘source’ terms are
A\2? A
Sh(A;, Hy, pM) =2 <FA'(A;p§” + Ay ¢ F‘é’ AAip£1)> + 2iw?¢AeijAjp§.1)
2 12
+ (P -2 ) D11)
A A2
Se(A;, Hyy o) = FA'(HIo™M + HioW') + in(;sAeinjaj(-l) - SAA,.
The solutions are then
z d 21
02 = | o [ da HSI (A Hiy o),
ZH Hz' reF ZH
(2)( ) 2 dy [P ( (1)) (D-12)
pi zZ) = / dZQ AZ’S@ Ai, HZ', Ui .
ZH A’LZF ZH ‘

D.1 Boundary expansion

The on-shell action for the tensor modes is

1 ’F 1
S = lim /d% {—Tthh; — Faa, — 5((T2F)’—8r2\/F)h22 + FA'hja;| . (D.13)

2500 QK2

We will use the expansion

T; ;
Fe~42% ¢op, gb'z—qﬁ—;, A~ 2 yp2 Hi~h?, H£2—3—4, Ai~ab, Agz—%.
2 z z 2z
(D.14)
And
! T Ji
2z 2z
The on-shell action becomes
28 2 2
S = / &z {QHm,+2AZ-JL- ~ A (D.16)
K K K

The last term we already computed, we are interested in the term proportional to 7;.
One can see that with the corrections

hi = h2(1+00) (00) +0) (00))+0(= ), a; = al(14pV (00) 4P (00)) + O(= ). (D.17)
The sources in the dual field theory are then given by

Hi = hi(L+0W(c0) + 0P (0)), A= al(1+ p!(00) + p?(c0)). (D.18)

— 32 —



The subleading terms can be computed as

%= lm —200,

Ti = lim (—2%0.)%h; = — lim (62*R} 4+ 62°h) + 25h!"). (D-19)
Z—00 Z—00

Note that the equation of H; does not have terms with we;;, therefore the contribution

to the Hall viscosity vanishes to leading order. To next order, there is one contribution

proportional to the epsilon tensor, but it involves the leading order gauge field solution

~ we;jAj, so it will produce a term of the form ~ we;;A;H;. To second order there is a

term ~ we;; H;, that enters through pW) . Therefore, the Hall viscosity is ~ (0)2.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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