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1 Introduction

In this paper we propose to use the hydrodynamic expansion' for holographic models [1, 2]
in order to study strongly coupled quantum systems at nonzero temperature in 1 + 1
dimensions in the limit of a large number of degrees of freedom N. — oo. Examples
for such systems include ultracold atom gases in effectively 1 + 1-dimensional traps [3],
or quasi-1D organic conductors/superconductors, or semi-conductor hetero-structures [4],
and possibly the edge states of 24 1-dimensional fractional quantum Hall systems. We are
interested in transport properties and correlation functions for these theories.? Conformal
theories in 1 4+ 1 dimensions are known to be highly constrained by symmetries, hence
allowing direct field-theoretic calculations. However, this situation changes when systems
with less symmetry are considered, and therefore we employ the hydrodynamic expansion
in order to be able to generalize our methods to such cases, in particular to non-conformal
setups, in the future.

We choose to study Maxwell-Chern-Simons theories as they are dual to quantum field
theories with a chiral anomaly, with the Chern-Simons term being dual to the anomaly.
Particularly interesting are the transport coefficients resulting from the hydrodynamic de-
scription of such anomalous field theories. By a purely field-theoretic argument, some of
these transport coefficients are known to be exactly related to the anomaly coefficient in
that field theory [6]. This connection was studied in various dimensions using pure field
theory (partly in combination with holography) [7—10].

In principle it is possible to measure the transport effects associated with the chiral
anomaly in 3 4+ 1-dimensional real-world experiments. Useful observables have been pro-
posed for heavy-ion experiments [11]. However, these observables are difficult to extract
from experimental results. Anomaly-related transport effects can also be expected to play
a role in a condensed matter context, for example in the experimentally accessible Weyl
semi-metals [12].

Alternatively, here we propose to consider systems of a lower dimensionality which
break chiral symmetry, and which are accessible to experiments. The hope is that these
systems are not only under better theoretical control, but that they may be under better
experimental control as well. Examples for such effectively 1 + 1-dimensional systems are
the aforementioned ultracold atom gases, and semi-conductor hetero-structures. With this
in mind we study the hydrodynamic expansion of 1 4 1-dimensional quantum field theories
with a chiral anomaly in this paper. Our goal is to understand which transport effects are
present in conformal theories first, and study non-conformal cases in the future.

The notion of hydrodynamics for 1 + 1-dimensional conformal field theory may sound
oxymoronic. The standard wisdom dictates —in 14+1-dimensional field theories— the infrared
divergence associated with massless modes renders the hydrodynamic description obsolete.
Although the authors agree with this statement, we also point out that the quantum
fluctuations leading to this effect are supressed in the large N, limit. Note that, in a similar

1See section 4 for a detailed definition of what we mean by “hydrodynamic expansion”.
2Recall that transport coefficients are related to (small momentum and small frequency limits of) cor-
relation functions via Kubo formulae [5].



fashion, the large N, limit evades the Mermin-Wagner theorem [13]. Contrary to the finite
N, case, at N, — oo symmetry-breaking condensates can form in low dimensionalities.
This is because the relevant quantum fluctuations —which would prevent condensates from
forming - are 1/N_.2-supressed in the large N, limit.

The field theory dual to our Maxwell-Chern-Simons action in the AdSs; black hole
background is a 1 + 1-dimensional field theory at nonzero temperature. However, despite
the nonzero temperature our field theory is still conformal. A conformal transformation
relates this CFT at zero temperature to our theory at nonzero temperature as discussed
in section 2. By explicit field theory calculations, we will explore how our derivative
expansion method in the dual gravity theory can be compared to the well-establish vacuum
expectation values of primary operators in conformal field theory at zero temperature. The
simplicity of our theory may lead one to the conclusion that there are no non-trivial modes
or transport effects in such a theory. However we show, in section 5, that —at particular
values of the Chern-Simons coupling— there are propagating modes, even a dissipative
propagating mode with its damping controlled by the value of the Chern-Simons coupling.
This may seem surprising, however, the reader should bear in mind that we are studying
a conformal field theory in 1 + 1 dimensions (our probe Maxwell-Chern-Simons action)
coupled to a 1 + 1-dimensional thermal CFT (our AdSs black hole background).

Starting from the pure Maxwell action [ /—gF 2 one may wonder if much can change
when a Chern-Simons term of the form 6 [ A A F' is added. Indeed, the system changes
dramatically. The Chern-Simons term (for general coupling ) breaks gauge invariance.
Therefore, the relevant dynamical field is no longer only the field strength F', but the
gauge field A. Hence there is one additional degree of freedom, which, for example, becomes
apparent in the near-boundary expansion. This Chern-Simons term acts as a mass term for
the gauge field A. For generic values of the Chern-Simons coupling 6 it is possible to split
the gauge field into a flat part and a massive part, i.e. A = A+ B. A further complication
arises once we choose an integer Chern-Simons coupling 6. In that case, logarithms appear
in the near-boundary expansion and the coefficients of the flat part A(®) are related to (they
mix with) the coefficients associated with the massive part, see e.g. (5.18) and (5.19).

The authors of [14] consider various boundary conditions of the Maxwell-Chern-Simons
system including double trace deformations, as well as boundary conditions mixing the
chiral current operators with the vector operators. Most of those boundary conditions are
found to introduce instabilities or ghosts. In the present work, however, we are focussing
on Dirichlet boundary conditions.

There exists a vast literature on both: 1 4 1-dimensional field theories (for recent
examples see [7, 15, 16]), and also on Maxwell-Chern-Simons theory in AdSs [17]. A recent
work [18] suggests that a candidate dual to Maxwell-Chern-Simons theory is the chiral
Luttinger theory formed by electrons in the gapless edge state of the fractional quantum
Hall effect (FQHE) [19, 20].> A review of fermionic liquids in 1 + 1 dimensions is given
in [4]. The zero temperature case has been studied previously at non-integer values of the

3Tt is known that the motion of electrons in the edge state is driven by the cyclotron orbit of bulk
electrons in the presence of a strong magnetic field.



Chern-Simons coupling [14]. Some aspects of pure Maxwell hydrodynamics are discussed
in [21].% A useful review of AdSs3 black holes and the AdS3/CFT, correspondence can be
found in [23], and a good review of Chern-Simons theories is provided in [24]. Our work
fills some of the gaps in the existing literature: in particular we study the Maxwell-Chern-
Simons theory at nonzero temperature, and at values of the Chern-Simons-coupling 6 which
had been neglected previously. As one main subject, we study correlation functions for the
flat part of the bulk gauge field connection, corresponding to a conserved current on the
boundary. The second main target of our studies are correlation functions of the non-flat
part of the bulk gauge field, corresponding to an operator of scaling dimension A =6 + 1
in the dual field theory.

This paper is structured as follows: in section 2, we review the field theory calculation
utilizing conformal symmetry, which will be useful for checking the validity of our derivative
expansion. In section 3, we review the top-down models embedding the AdS3-Maxwell sys-
tem and AdSs-Maxwell-Chern-Simon system in D3/D7 and D3/D3 probe brane systems.
Then we present the result of our derivative expansion within the AdS3-Maxwell system
in section 4, and within the AdSs-Maxwell-Chern-Simons system in section 5. There we
discuss the relation with the conformal field theory calculation, and provide an outlook
on non-conformal extensions. In the appendix, we also collect useful results from two-
dimensional scalar operator correlation functions in conformal field theory, the polylog
function, holographic counterterms for AdSs-Maxwell-Chern-Simon system, and hydrody-
namic solutions for the D3/D7 system. Before we start, let us summarize our results.

1.1 Summary of results

Our main result are two-point functions of a non-conserved vector operator of dimension
0+ 1 in a conformal field theory at nonzero temperature 7. We discover analytic solutions
for even values of the Chern-Simons coupling € in the hydrodynamic expansion (where the
frequency and momentum of fluctuations are much smaller than the temperature of the
system, w,k < T'). Our hydrodynamic correlator for a particular non-conserved vector
operator, see equation (5.29), agrees to leading order with our exact field theory calcu-
lation of the vector correlator in a conformal field theory at nonzero temperature, see
equation (5.53). Our results also show that the known chiral current correlators (5.15)
and (5.16) can be obtained from the holographic result (5.29) in the limit B — 0, i.e. when
the massive sector is switched off.

For non-integer values 0 < 6 < 1, we discover a non-trivial dissipative pole. The
dissipation is controlled by the magnitude of #. In this case we were not able to perform
a hydrodynamic expansion, and instead, we solve the holographic problem numerically.
Our numerical result is in agreement with an exact computation which we perform within
conformal field theory, as seen in figures 2 and 3: as we send 8 — 0 the two point functions
lose their dissipative character. In other words, the poles of the two point functions move
closer to the real frequency axis in the complex frequency plane. In this way the case § 2 0

4But note that there are subtleties on the gravity side in AdSs, which have been overlooked in [21], as
pointed out and discussed in [17, 22].



resembles the pure Maxwell (0 = 0) case, see figure 4. As for odd 0, we analyze the case(s)
0 = £1 and find an exact expression from our field theory calculation, see equation (5.60).
All of our hydrodynamic solutions are obtained assuming sound-like behavior, i.e. a linear
dispersion relation w o k. Neither in the pure Maxwell case nor in the Maxwell-Chern-
Simons case we find diffusion mode solutions, i.e. modes with a dispersion w o k2.

We also compute (holographically and using CFT methods) two-point functions for a
conserved current and for a scalar operator within our conformal field theory. As expected,
the one-point function of the current is related to the chiral anomaly coefficient of the dual
field theory. See equation (5.10), which matches the hydrodynamic prediction (2.4). It is
remarkable that we were also able to derive the vector operator two-point function from the
scalar two-point function. For this purpose we utilize the representation Oyector ~ OOscalar
leading to a relation of the form (OyectorOvector) ~ 0%(OscatarOscalar). This identification
appears to yield identical two point functions for the vector operator and the derivative of
the scalar operator. It would be interesting to test this representation within an operator
product expansion and also to compute higher n-point functions.

For comparison, we also derive correlation functions for a gauge field correlator from the
pure Maxwell theory in AdSs in the hydrodynamic limit. We obtain also the full solution
numerically which is in agreement with the hydrodynamic expansion at small frequencies
and momenta. At large frequencies and momenta again, an analytic solution can be found
and agrees with our numerical result. See figure 1. Finally, we have also identified top-
down constructions which embed our Maxwell theory and Maxwell-Chern-Simons theory
into string theory, see section 3.

As a general lesson we learn that the hydrodynamic approximation in AdSs Maxwell-
Chern-Simons theory can be used in order to study correlation functions of operators in
the boundary field theory. At least, this is possible at even integer® values of the Chern-
Simons coupling # and within backgrounds which respect conformal symmetry. We discuss
possibilities for extending this approach to non-conformal setups in section (5.5). We
propose the hydrodynamic expansion of holographic computations [1, 2] as a convenient way
for calclulating one and two point functions, as well as transport coefficients, analytically
in those non-conformal setups.

Possible relations between our holographic model and the chiral Luttinger liquid will be
discussed. The latter has a significance in describing edge excitations of fractional quantum
Hall states. This is thought to allow a characterization of topological order and non-Fermi
liquid behavior of those edge excitations. We speculate that our holographic model is
dual to a chiral Luttinger liquid (our probe Maxwell-Chern-Simons action) coupled to a
1 4 1-dimensional thermal CFT (our AdSs black hole background). Indications in favor
of this speculation are the following: (i) Chiral Luttinger theory contains chiral operators
and obeys conformal symmetry. The operators which are dual to our bulk gauge field are
the chiral current operator J corresponding to the flat sector of our conformal bulk theory
(roughly speaking), and a vector operator of dimension A = # 4 1 corresponding to the

5In appendix A we study the massive scalar case hydrodynamically in the AdS3 black hole and confirm
that the same issues with odd integer values appear in that (simpler) scalar case. Hence, these difficulties
do not seem to stem from the vector character of our dual operator.



massive sector of the conformal bulk theory. (ii) In a chiral Luttinger liquid the exponent
controlling the power-law behavior of two-point functions is a topological invariant. In
our model a topological invariant, the Chern-Simons coupling 6, controls the behavior of
the two-point functions. (iii) After bosonization the Luttinger liquid at low energies can
be described by an effective (bosonic) sound mode. For particular values of 6 the bosonic
correlation functions in our model exhibit a sound mode, which appears to attenuate merely
for 0 < € < 1. In summary, it is tempting to associate the Chern-Simons coupling 6§ with
the topological invariant appearing in the chiral Luttinger liquid, and possibly associating
our vector operators with (gradients) of bosonic charge fluctuations in the Luttinger liquid
after bosonization. For a related discussion of a similar holographic setup in AdSs near its
infrared (AdS3) fixed point, see [25].

2 Quantum field theories in 14+1 dimensions

In this work we mostly consider conformal quantum field theories in 1 + 1 dimensions.
Conformal transformations in 1+ 1 dimensions can be written as the set of all holomorphic
functions for the complex coordinate z — f(z). Since this set is of infinite size, conformal
symmetry imposes an infinite amount of conservation laws onto the conformal quantum
field theory. In addition to this, quantum field theories in 1 + 1 dimensions suffer from IR
divergences since the loop integrals diverge at small momenta and frequencies. It is hence a
valid question to ask if there is a meaningful hydrodynamic formulation of 1+ 1-dimensional
quantum field theories. A beautiful review of quantum physics in 1+ 1 dimensions is given
in [26].

2.1 Conformal correlation functions

Conformal symmetry severely restricts the two-point functions of operators in conformal
field theories in 1 4+ 1 dimensions. At zero temperature we expect the correlation function
of a scalar operator with dimension A to be given by

Cy

<O¢($1)O¢(ﬂ32)> = m- (2.1)

Under a conformal transformation x — z’ this two-point function transforms as

(Og(27)Oy(25)) =

det (gﬁ) ‘_3 ‘det <gi’z> ‘_3 (O (21)Oy(2)) (2.2)

In 14 1 dimensions, turning on a temperature in a CFT is equivalent to a conformal

transformation [27]. This transformation maps the plane to a cylinder with the time
direction 2° being compactified. It is given by z = exp(2miTw) where T is the temperature,
and where z = 2% 4 iz! represents a point in the plane and w = 7 + iy represents a point
on the cylinder. The Euclidean time direction 7 is periodic with period 1/7. Thus we
obtain the finite temperature correlation functions by using the transformation x — w in
equations (2.1). This operation gives

A
w272

sin[nT' (7 + iy)] sin[rT (7 — iy)]

(0s(7,4)04(0,0)) = Cy (2.3)



This correlation function was reproduced holographically in [28]. There the authors con-
sidered scalar perturbations around a BTZ black hole. In [29] the authors considered the
analog of equation (2.3) for a conserved vector current. The resulting retarded real-time
correlation function (JJ) of that conserved current operator J has only light cone singu-
larities at w = +k. It shows no damping or dissipative behavior whereas hydrodynamic
modes in higher dimensions show dissipative behavior. In particular the authors find no
diffusion mode. These facts lead to the notion that CFTs in 1 4+ 1 dimensions show no
hydrodynamic behavior, by the two criteria i) no modes other than light-cone modes with
w = +k, and ii) no dissipation of these modes.

In the present paper we are going to derive the analog of (2.3) for a non-conserved
vector operator. One goal here is to investigate if these non-conserved vector operators
can have non-trivial hydrodynamic behavior, and indeed we find this to be the case for
particular values of the operator dimension.

2.2 Parity-violating ideal hydrodynamics in 1+1 dimensions

6 we obtain the de-

If we consider only the leading order in the hydrodynamic expansion
scription of an ideal non-dissipative fluid.

Constitutive equations were derived in [7], see also [15, 30]:

T = eufu” + PAM + ...,
JH = put + x1peu, + ... (2.4)

where A = g + v#u” and v is the fluid velocity satisfying u,u* = —1. Here, €, P, p
are the energy density, the pressure, and the charge density, respectively.”
The charged current and the stress tensor satisfy

D, J" = —%e‘“’FW, D,T" = J,F"", (2.5)

where D, is the covariant derivative including the gauge fields. As seen in (2.5), the (global)
chiral anomaly in 1+ 1 dimensions is represented by —x1€"”F),, /2. These relations should
apply to the systems we are studying in this paper if we assume that in the limit of
vanishing momentum and frequency both the field theory duals of Maxwell and Maxwell-
Chern-Simons theory in AdS3 can be described by ideal anomalous hydrodynamics.

In order to allow the description of dissipative processes we would have to consider
higher derivative contributions in the constitutive relations following the systematic ap-
proach laid out for example in [8]. This should be useful for future applications where we
decide to break the conformal symmetry.

5To be more precise: we allow no derivatives in our constitutive equations, i.e. our fluid can have no
gradients of any kind.

"We have expressed the constitutive relations in the Landau frame (where the heat current ¢* = 0).
Had we started in a frame with nonzero ¢", then using the change u* — u* + du”, we could have set
q¢* = 0 choosing éu* = —q"/(e + p). This changes the current into J* — J* 4 pdu*. This way the
anomalous current contribution can be shifted between the current part of the energy-momentum tensor
and the charge current.



2.3 Luttinger liquid theory and bosonization

In the context of condensed matter theory another well known description of 1 + 1-
dimensional systems is Luttinger liquid theory [31]. We discuss this description here since
later in our results we will see correlation functions with features that are remeniscent of
Luttinger liquids.

Roughly speaking, Luttinger liquid theory can be understood as equivalent to applying
conformal field theory to a system of interacting fermions in 1 4+ 1 dimensions [32]. A
Luttinger liquid is defined as a paramagnetic 14 1-dimensional metal without Landau quasi-
particle excitations. This is a somewhat universal description of a system of many fermions
in 1+ 1 dimensions in the following sense: according to the Luttinger conjecture [33] any
model of correlated quantum particles (bosons or fermions) in 1+ 1 dimensions posessing a
branch of gapless excitations has to have as its stable low-energy fixed point the Luttinger
model. Therefore it should be interesting to compare our low-energy (hydrodynamic)
results to the predictions of the Luttinger model.

Let us discuss the properties of Luttinger liquids in contrast to their big brothers,
namely the Landau-Fermi liquids in d+1 dimensions with d > 1. Due to the reduced phase
space a Luttinger liquid shows strong correlations even for weak interactions. This stands
in contrast to the Landau-Fermi liquid in which the correlations are weak while the inter-
action can be arbitrarily strong. Landau-Fermi liquids allow to describe a system of many
interacting fermions in terms of (a set of) fermionic quasi-particles. In 1+ 1 dimensions
this description breaks down and the Luttinger liquid shows no sign of quasi-particles.

In other words, the correlation functions of a Luttinger liquid show no pronounced
peaks (which would correspond to quasi particles). Instead these correlators follow power
law behaviors with exponents which depend on the interaction between the fermions. For
example at zero temperature the imaginary part of the fermionic Green’s function, also
known as spectral function, behaves like [34, 35] (this result follows from the bosonization
method explained below)

1
p(w,q) = —;ImGR(q +hp,w+ Ep) ~ (0 —00q)* 2 |w — 0|22 (w + v,0)** . (2.6)

Here v, is the velocity of the charge excitations called holons, v, the velocity of the spin
excitations called spinons. The Fermi energy is given by Er, the Fermi momentum by kg,
an interaction dependent exponent by «, while w and ¢ are the frequency and momentum
of the excitation. From (2.6) it is obvious (at least for small @ < 1/2) that Luttinger
theory predicts two distinct dispersing modes, namely the spin wave propagating with v,
and the charge density wave propagating with v,. Note that the pole structure depends
on the interaction through the value of a. Furthermore, the fact that in general the spin
and charge waves propagate with different velocities, i.e. v, # v, leads to a charge-spin
separation within the liquid. The spectral function (2.6) can also be computed at nonzero
temperature. In that case at large temperatures T' > w, v,q, v,q the separation between
charge and spin will be washed out and should not be visible in correlation functions.

A popular tool for the investigation of strongly correlated electron systems in 1 +
1 dimensions has been bosonization. This technique allows exact calculation of various



properties of the system by expressing the interacting constituent fermions 1), in terms of
bosonic operators ¢,. Schematically bosonization is summarized in the operator identity
given by

Py ~ Fpe 9, (2.7)

where 7 labels the particle species (for example 7 could be the spin label), and the so
called Klein factor F, is a lowering operator for the number of fermions of species n. The
physical interpretation of bosonization is that the bosonic operator 9, ¢, (x) represents lo-
cal fermion density fluctuations at fixed total fermion number. In other words one could
visualize locally the creation and anihilation of electron-hole pairs. Such a pair has bosonic
character and represents a fluctuation in the local fermion number. Formally the rela-
tion (2.7) between bosons and fermions can be shown by starting from bosons ¢, satisfying
commutation relations. Now considering their exponentiation e **7 one can show that
these e~ satisfy anti-commutation relations just like fermions and that their two-point
functions are also of fermionic form. Luttinger liquid theory is amenable to bosoninzation
because it satisfies the crucial prerequisite: it can be formulated in terms of a set of fermion
creation and anihilation operators with canonical anti-commutation relations which are la-
belled by particle species and unbounded momentum ¢ € [—o00, +00]. The result (2.6) has
been obtained in [34, 35] using bosonization.

Note that we are going to consider theories with a chiral anomaly in the present work.
Hence one should bear in mind that the correct description of our system may be a chiral
Luttinger liquid described “hydrodynamically” by Wen [36]. In [36] the chiral Luttinger
liquid was proposed to describe the edge excitations of fractional quantum Hall states. The
chiral Luttinger liquid is similar to the Luttinger liquid. But two major differences are:
first, while the Luttinger liquid contains right-moving as well as left-moving excitations,
the chiral version only contains either left- or right-movers. Second, in the chiral Luttinger
liquid the exponents equivalent to « in the fermionic two-point functions, see equation (2.6),
are topological invariants. In the non-chiral Luttinger liquid on the other hand « is not
topological but rather depends on the interaction strength.

3 Maxwell actions & Maxwell-Chern-Simons actions from strings

In this section we review how to embed the pure Maxwell action, and the Maxwell-Chern-
Simons action into various string theory setups, including: the Maxwell-Chern-Simons
action on the BTZ black hole as realized through the supergravity compactification, the
Maxwell-Chern-Simons action as realized through the D3/D7 probe brane setup, and the
pure Maxwell action in AdSj as realized through the D3/D3" probe brane system.

3.1 The BTZ black hole with Maxwell-Chern-Simons terms

In this section, we review the Maxwell-Chern-Simons theory on the BTZ black hole as
realized by type II string theory [37]. We consider the geometry AdSsx S x S3x S, which is
constructed by NS5-brane flux N, ;E on each three-sphere and N; Fl-charges [37]. According
to [37, 38], this geometry preserving 16 Killing spinors corresponds to a A' = 4 SCFT. In



addition, for N5+ = N; = Nj, the dual turns out to be a deformation of the symmetric
product orbifold Sym™ N5 (83 x S1), where S3 x S' shows the ¢ = 3 supersymmetric
U(2) WZW model.® We review the Maxwell-Chern-Simons theory, which appears in the
Kaluza-Klein compactification of supergravity on AdS3 x S3 x 93 x S*.

With o/ = 1, the Lorentzian AdS3 black hole appears in ten-dimensional type II
supergravity as

L? du?

i = 5 (s 4 ) ¢ Ry 4 Ry P )
2 2 2 2 +

Hs = gwadss RSt +tpwsp B =N (3.2)

where f(u) = 1 —u?, L is the AdS radius, u = rg/r, and ry is the horizon of the black
hole. Here, 6 ~ 0+ 1 and wags;, wgs , are the volume forms for the AdS space with radius
L and sphere with the radius R4, réspectively. The F1 charges are illustrated as

1 R2R31
Ny — —— He= T — . 3.3
' (27T)693/ T SrgeL (3:3)

The factor | of S' is obtained by solving the Einstein equations which are coupled to

the dilaton equations of motion. By combining equations (3.2), (3.3) and the Einstein
equations, we can represent | and L in terms of the NS-NS flux (/Ny, Nf) as seen in R4.

Following [37], one can obtain two U(1) gauge fields a1, b; by the dimensional reduction
of the metric and NS-NS B-field on S! as

L? du?
9 2 2 2 7.2 2 7.2 2 2
ds® = 7u2 < — f(U)dt +dx” + f(u)> + R+d85f + R_dSSS, +1 (de + (11) ) (34)
2 2 2 2

where a1, by are gauge fields on AdS3;. The dimensional reduction of the NS-NS part of the
type IIA ten-dimensional action with constant dilaton is

1 / 1
- \ﬁ—gR—/HA*H..., (3.6)
292K3 492k3,

where 2x2, = (27r)" and ... correspond to terms which disappear with the constant dilaton.
One can read off the kinetic term for the NS-NS B-field as
1 TR R3 IR3R3

- HAH = 2472 [ dby A xdb
49?/’»%0] ’ g2l Jdbu v xiby + drg2L

[dby Aay, (3.7)

where * corresponds to the Hodge dual formed using the epsilon symbol in AdS3 space-
time. By also inspecting the dimensional reduction of the Einstein term, one obtains the
relevant terms of the action as

1 1
S = /—Qdal A *day — ——-dby * dby + 27 Nyardby, (3.8)
2e% 2e

8Since a deformation of the symmetric product CFT is also dual to geometries AdS3 x S x My via
U-duality [39], this can be understood as generalization of the gravity dual AdSs x S* x My with My = K3
or T

~10 -



t x|y |lz|4]5|6]7|8]|9
D3 | X |X|X|X
D7 | X | X X[ X | X |X|X|[X
D3 | X | X X | X

Table 1. D3 — D3’ brane configuration which provides only a Maxwell term and no Chern-Simons
term. We consider N — oo D3 branes and Ny = 2 D3’ probe branes.

where e = 257392 /(I3R3 R3 ) and €% = 2¢21/(mR3 R%). The gauge couplings comply with
the relation py = |ep/ea| = 1?/(2m)?. Introducing the linear combinations

A<+>:\2< U2, > A(—@%( 2y Mg ) (3.9)

the effective action in terms of these fields is represented by the following action:
3 1
S = anL[ /d —V—gF L/A<+> AFE
1 1
—/d3x4\/ngﬁl,)F()‘“’ — L/A() /\F()], (3.10)

where Nj is the number of the F1 flux. Note that A is not always independent if it can
not be defined as connections on topologically nontrivial line bundles. The EOM of A*
implies that it is the EOM of the gauge fields with mass m?L? = 4 in AdS3. According
o [37], A®) is dual to weights (Ar,Ar) = (2,1) and (1,2) vector primary operators,
respectively. These operators have angular momentum Ay — Ar = £1. In addition, the
flat part of A®) is dual to the U(1) current with weights (1,0) or (0,1) at level Ny [17].

3.2 Maxwell-Chern-Simons theory from the D3/D7 system

In this section, we review the Maxwell-Chern-Simons action derived from the D3/D7 sys-
tem [17]. Using a top-down model, one begins with a similar setup as seen by Karch
and O’Bannon in [40, 41] where the Chern-Simons term in the probe brane affects the
analysis. First consider the D3-D7 intersecting brane system, where the N D3-branes
are extended in the (¢,z,y, z) direction, whereas the flavor D7-brane is extended in the
(t,z,x* 2% 20,27, 28, 2°) direction. Describe the (1 + 1)-dimensional system by using the
D3-D7 intersection: Note that the massless mode of the D3-D7 open string is only the
chiral fermion. The zero temperature cases of D3/D7 and O7-planes are analyzed in [42]
utilizing the AdS/CFT correspondence.

After including the backreaction of N D3-branes and obtaining the near horizon limit,
at finite temperature, one then has

d 2
ds® = R%*|r?(=h(r)dt? + da® + dy? + dz*) + WT)TQ +d02 |, (3.11)

where h(r) = 1 —rj/r* and R* = 4mg;Na. The Hawking temperature is given by
Ty =ro/m.
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As seen above, the D7-brane wraps (¢, z, %, x5,x6,w7,x8,aﬁ9) and the induced metric
is written as

dr?
h(r)r?

ds? = R? [7‘2(—h(7’)dt2 + dz?) + + ng] . (3.12)

First, consider the Ny D7-branes as a probe. Using normalization of [43], the D7-brane
action with the U(1) worldvolume field is written as

N¢Tpr(2ma’)?

CuAFAF. (3.13)
2 D7

Sp7 = —N;Tp R / dtdzdr/— det (G + 2o/ F)+
with the factor of 7® stemming from the volume of S%, and Tp7 = 1/(27)7a’*gs.
Notice the presence of the Chern-Simons term, and also the relation

C’4/\F/\F:/ Fs NANF, (3.14)

D7 D7

the Chern-Simons term can be substituted with

NNy
i /A/\F, (3.15)

with fS5 F5 = (2m)*gsa”N.
One then turns on the gauge fluxes Fy,, Fy, and F,, to obtain

\/_ det (G + 27TO/F) = \/_gtt.gxxgrr - (FOT)2Q:L‘9: - gtt(Fxr)2 - grr(FOx)2 . (316)

However, it is interesting to compute the free energy of the D7-brane at finite temperature
without the charge density. Using the metric (3.11) in the Euclidean space-time and
considering the interval 0 < x < L, the free energy turns out to be

Tmax

1 ANNTHL,
dtdxdr - r — W \/TZTmax dtdfl}'ﬁ) = T,

(3.17)
where A = g,N is the 't Hooft coupling and we define v as the induced metric on the

F =Tylg = N{TprR37*Ty ( /

0

two-dimensional boundary at r = rpax. One therefore discovers that the free energy is
proportional to NNy (see also [44]).

When the magnitude of the external electric flux is small, the DBI action can be
approximated by the Maxwell action. Setting Ny = 1, the action (in this approximation)
turns out to be

NR

S=—-——
327

N
d3x\/—gF,, F" — o /A AF. (3.18)
According to [17, 42], in the zero temperature case, the part for the flat connection corre-
sponds to a dimension (Ar, Agr) = (1,0) current, and the gauge field A with the mass 4/R
is dual to a dimension (2, 3) vector operator.’

“Note, that the top-down construction studied in [45] provides yet another good example for an embed-
ding into string theory yielding both integer (# = 2, 4) and non-integer 6. A string theory reduction on
AdSs x 8% x T* yielding 0 = 2 was discussed in [46], resulting in presence of a scalar potential in addition
to the cosmological constant.
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3.3 Pure Maxwell theory from D3/D3 probe brane system

In the previous subsections we have seen that generically the effective brane world volume
action contains a Wess-Zumino term. This lead to the presence of Chern-Simons terms.
However, in this section we are going to see that for particular brane intersections such a
Chern-Simons term can be absent and only the Maxwell term remains. Here we consider a
defect brane configuration which realizes this situation. This D3 — D3’ defect configuration
is illustrated in table 1. The metric generated by the N background D3 branes is the
standard AdSs x S5 (black brane) metric given by

dr?

f(r)

where f(r) = 1— 4 | H = (L/r)* and d2 = d6? + cos? 0d¢? + sin? §dS3. Transforming
the radial coordinate to u = ro/r, the metric assumes the form

dsds = H- Y2 (= f(r)dt? + da® + dy? + d2°) + H'/? ( + r%mg) : (3.19)

+ L2d02. (3.20)

2 ro\2 —f(u)dt® + da® + dy* + dz?  L*du®
L u? u? f(u)

Consider now Ny coincident probe D3’ branes with a trivial embedding, i.e. §(r) = 0. Then
the metric induced on the world volume of the D3’ branes reads
T0>2 —f(u)dt? + dx? N L2du?

dsty = (f - ey okt L2de?. (3.21)

From this metric it becomes apparent that the probe D3’ branes cover AdS3 as well as
an S7 cycle inside the five-sphere. The existence of such AdS3 x S! embeddings for the
D3’ branes has been demonstrated previously in [47]. Furthermore we switch on a U(Ny)
gauge field living on the (1 + 1)-dimensional defect. In fact our gauge field lives on the
world volume of the D3’ branes. These probe branes do not wrap any cycle with Ramond-
Ramond flux and so the Wess-Zumino part of the brane action does not give rise to a
Chern-Simons coupling for our U(Ny) gauge field. This argument was first made in [17]
(see also [21]) and it works for Abelian as well as non-Abelian gauge fields. Then up to
some constant the action for the probe D3'-branes will be the non-Abelian DBI-action [48],

which amounts to (after exploiting our symmetries'’)

Spy = —Tp3NyStr / dtdzdzdé/—det(gap + (27 ) Fap) (3.22)

with F'=dA+ AN A, and the symmetrized trace Str is taken over U(NNy) representation
matrices (we have renamed the radial coordinate u — z for convenience). Here we choose
the metric and gauge field to be indepenent of the S'-coordinate &. After expanding the
square root in (3.22) in small field strengths F', the leading contribution is extremized by
the AdSs black hole background. The subleading contribution merely has the form of the
Yang-Mills action. Note that the non-Abelian DBI action is only valid up to fourth order in
field strengths [50, 51]. It has been shown to disagree with corresponding string scattering

103ee section 3 of [49] for details of the analogous computation for probe D7 branes.
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amplitude computations beyond this order. However, in the present paper we are only
interested in the leading (quadratic in field strengths) order which is thought to be correct.

The field theory holographically dual to this gravity setup has originally been studied
in [47], see also [17, 21]. This dual field theory is U(Ny¢) x U(N) N = 4 SYM theory coupled
to a bifundamental hypermultiplet along the (1+1)-dimensional defect. In particular there
is a dynamical gauge field living on the (1 + 1)-dimensional defect. This dynamical gauge
field is dual to the dynamical bulk U(NNy) gauge field living on the stack of Ny probe branes.

We are going to investigate this setup in the next section.!!

4 Maxwell theory in AdS3

Pure Maxwell theory on AdSy; has been studied by various groups in the context of holo-
graphic superconductors, see for example [52-55]. To faciliate our further discussion, in this
section we will perform the hydrodynamic analysis of pure Maxwell theory in AdSs3 [56],
with the following Maxwell action term,

S = /d3x\/—gFWFW, (4.1)

in the AdS3 black hole background, i.e. the BTZ black hole in Poincaré coordinates [57, 58]

2 2
9 19 f 0  dz du
ds* =L (—uzdt +u?+u2f) R
with the blackening factor f(u) = 1 — u?, F,, = 9,4, — 8,A,. We further set the AdS-
radius to L = 1, and rescale the original radial AdS coordinate r with the horizon location

(4.2)

ri, so the horizon is located at w = 1, with the AdS-boundary located at u = 0, and
the Hawking temperature Ty is 1/(27). Note, that our method [1] of carrying out the
hydrodynamic expansion in this holographic Maxwell theory is identical to the method we
will be using in the Maxwell-Chern-Simons case. But the interpretation is different [56], for
in the Maxwell case only Neumann boundary conditions are allowed, and therefore we are
working with external currents in the bulk, and with gauge fields on the boundary [17, 22].

4.1 Hydrodynamic correlation functions

With the hydrodynamic expansion ansatz, we derive the order by order analytic solutions
for the two point functions using the regularized on-shell action: the hydrodynamic expan-
sion is feasible here because of the hierachy w, k < T', the temperature 7" being much larger
than w and k, where the frequency and mometum of the fluctuation A, (r,¢,x) are defined
by e‘i“t”’“‘AM(T). Our expansion ansatz for the gauge field fluctuations A, depends on
the type of modes that we are looking for: for sound modes, we require O(w) = O(k); for
diffusion modes, we would require O(w) = O(k?), but we were not able to find diffusion
modes in this setup.

" Note that our dynamical boundary gauge field (dual to the bulk gauge field) is still a gauge-independent
operator under the original “color” group U(N — o0). In contrast to that this same gauge field is dynamical
and hence gauge-dependent with respect to the additional “flavor” U(Ny).
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With the gauge choice of A, = 0, the equations of motion derived from (4.1) are

1 k
0= Ag + aA; - 1— u2 (k‘At + OJAE) 5 (43)
1 — 3u? w
0=A" A’ kA A,
x+u(1—u2) x+(1—u2)2( e+ wAs),

0 = uwA} + uk(l —u?)AL.

However, further analysis shows that the three equations in (4.3) are equivalent to the
following equation of motion (EOM) of the gauge field derivative A}

(3u2 — 1) AY (u) (—1 — w2k +utk? + WPl + u4) Al (u)

A/// _"_
t (U) 'LL<—1+U2) U2 (—1+U2)2

—0, (4.4)

along with the constraint equation wA} = —k(1 — u?)A’,. Given the governing equa-
tion (4.4), we use the sound mode ansatz w ~ ||, expand in powers of w ~ k < T (hydro-
dynamic expansion), in order to obtain the following result:

1 iwlog(l4w) k%(2logulog(l — u?) + Lig(u?))
U 2u 4y

Alw) = em(l — u)iwm(

w? C(1—-u o fu+1 ) ,
+R <2L12 <2> + 2Liy <2> + 8Lia(u) — 8Liga(u+ 1)

+2 <log <u—;—1> + 4log(u)> log(1 —u) (4.5)
+log(u + 1)(—2log(u + 1) — 8im — log(4)) + 72 + 210g2(2)>>,

where ¢, is a constant to be determined later. To obtain this result, we have adopted
here a boundary condition distinct from the one used in [1], in order to determine the two
free parameters which appear at each order in the hydrodynamic expansion.'? These two
parameters are associated with the second order ordinary differential equation satisfied by
A}: at zeroth order in the hydrodynamic expansion, we specify the asymptotic behavior at
the boundary u — 0 as A} ~ c¢,,u~! and require this not to be corrected at higher orders
in the hydrodynamic expansion. We also require that the singular log(1 — u) terms inside
Al /(1 —u)~™/? are removed to give a regular solution near the horizon.

We use the holographic method for extracting two point functions [59-62] (GKP-W
relation), and the on-shell action to derive the two point function of the operators dual
to A,. Recall that the AdS3/CFT; correspondence is special because of the boundary
condition: for AdS4y1 d > 2, a conserved current of the dual CFT is derived by specifying
the Dirichlet boundary conditions A,|y—e = Ja(z); however for d = 2, the usual Dirichlet
boundary condition leads to the non-normalizable mode. Thus we can only choose a
Neumann boundary condition /—gF"|,— = Jp(x) in d = 2 [56]. Note that since this
Neumann boundary condition is gauge invariant and divergence-free on-shell, there is an

12However, we have convinced ourselves by explicit computation that both ways of fixing boundary
conditions give exactly the same result for the vector two point function in the hydrodynamic limit.
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——k=0----- k=2 —— k=4 —k=0----- k=2 —— k=4

(a) (b)

Figure 1. Numerical solution of the holographic setup yields the retarded Green’s function Gy, /4
of the gauge field A,. In this figure the real part (a) and the imaginary part (b) of the retarded
Green’s function are shown as functions of the frequency w, with fixed values for the momentum as
follows: k =0,2,4. Values of w and k are given in units of rpy.

ambiguity in the variation of F**, and this ambiguity implies that the dual operator is the
gauge operator which leads to correlation function of the gauge fields in the CFT side.

Using the solution (4.5) in d = 2 and the equation (4.3), the gauge invariant field
strength iFy, = Z(u) and the gauge field have a series expansion at the boundary u — 0
given by

iFy = Z(u) = ¢y, <iw + (—w? + E*) logu + . .. ), (4.6)

A= A9 4+ A 10gu+ ... (4.7)

The constant ¢, is determined by choosing the boundary condition Z(u = €) ~ (wA;(L«l) +

k:A,(;l)) log € where Agl), Ag}) are the boundary values of the gauge field A,. That is, ¢, is
specified in terms of the boundary values Agl) and Ag(cl).

To derive the two point function, we start with the Maxwell action (4.1), which has

the log divergence. This log divergence is then regularized by adding the following coun-
terterm [21] evaluated at u = €

cut __ 2
- log(e)

/dQ.CU\/—"}/AMAV")/uV, (4.8)

where v is the induced metric on the slice located at u = €. Note that the above term has
the log divergence balancing the log divergence of the on-shell action, which is related to
the Weyl anomaly of the dual field theory.
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The variation of the total action becomes
5(I + 1) = 4 / A2 /=75 AD AO), (4.9)

Using the gauge invariant function Z and the relation A} = Z'fk/(k*f — w?) derived from
the EOM, we can obtain

1 kz) e wz@)
Al=mma A= (4.10)
and the on-shell action can be rewritten as
—4iwsZM zM)
2

with the normalization chosen as 6 Z(1) = k‘éAEl)%—wcSAgcl) and wAggo)—I—k‘AEO): iwZW [ (k2 —w?).
With the above on-shell action, we can then derive the gauge field two point functions
on the boundary
—4iw

Note that in 14 1-dimension, we can not distinguish the “sound pole” at the low frequency

<AZA]> = €imk3m6jlk5l (412)

from that of the massless particle. We also observe that we do not have any dissipation of
our sound mode (as a function of the temperature) in our approximation.

We can also compute the retarded Green’s function at sizeable w and k (when w
and k are not small compared to the temperature T'), instead of using the hydrodynamic
expansion, by using the numerical solution of the EOM (4.3), with the incoming boundary
condition imposed. We then obtain the retarded Green’s function from the asymptotic
expansion of the solution at the AdS boundary. In figure 1, we plot the real part and the
imaginary part of that resulting retarded Green’s function Gy, /4 of the gauge field A, as
a function of w. We see the pole at w = k as expected from our hydrodynamic calculation.
We can also compare the behavior at large w > T' with the result [17] at zero temperature.
At zero temperature, the analytic solution of the EOM for the gauge field is given in terms
of the Bessel function, with the following expression for the Green’s function:
Gra w? (7 1 w? — k2>

4 w2 k2

+ = log (4.13)

2 "2 4

At finite temperature and at large w, the numerically generated result also agrees with the
above zero temperature Green’s function.

5 Maxwell-Chern-Simons theory in AdS3

We study the Maxwell-Chern-Simons action

S =T, / Pz (\ﬁ—gFWFW + Ge“VpAuFl,p> : (5.1)
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with the Chern-Simons coupling 6 in the AdS3 black hole background (4.2); e*"? is the
Levi-Civitia symbol with €% = 1. The tension 7, (the inverse gauge coupling constant) is
included in (5.1). In section 3 we have reviewed a particular string embedding within which
an action of the form (5.1) arises. It comes with a particular value for the Chern-Simons
coupling. For the sake of generality, however, in this present section we systematically will
consider the Maxwell-Chern-Simons action with various general values of 6.

Note that the action (5.1) is not manifestly gauge invariant: under an Abelian gauge
transformation, A — A+ dx (¢, x,u) with any real scalar field x (¢, z,u), the action changes
by 65 = 0 [ d*zx(ubay)Fije. Now recall that a gauge transformation with non-vanishing
boundary value x (unay) # 0 is called a “large gauge transformation” in the bulk. Such large
gauge transformations, i.e. transformations with x(unay) 7 0 would change the boundary
theory. For a detailed recent discussion of this point see for example [63, 64].

Equations of motion. The Euler-Lagrange equations derived from (5.1) yield

Oy (v/—gF"") — 0P, A, =0, (5.2)
which can be rewritten as
1 0 k
0= A+ EA; — EA; —3 _u2(k:At+wA$),
1 — 3u? 0 w
AT+ — = A - A4+ (kA A,
0=t iamt — sam it oAt wds),
0 = —uwA, —uk(l —u?)A, + 0(kA; +wA,), (5.3)

where we have chosen the gauge A, = 0. The third equation is a constraint equation, and
these three equations of motion are linearly dependent. Notice that the number of integra-
tion constants obtained from (5.3) is 3, including the constant coming from the outgoing
boundary condition.!® Choosing the incoming boundary condition, instead of the outgoing
boundary condition for each of the two fields, fixes two further integration constants, and
the remaining constant is determined by specifing the Dirichlet boundary condition at the
boundary. Note that, in contrast to the action, the equations of motion (5.2) are invariant
under an Abelian gauge transformation, A — A + dx(¢,z,u). Hence, any given solution of
the equations of motion can be gauge transformed and yield yet another (gauge equivalent)
solution. Also notice that the system of equations in (5.3) has a pure gauge solution (a flat
connection),given by A; = Cw, A, = —Ck with some constant C. The pure gauge solution
also solves the pure Chern-Simons equations of motion.

Our Maxwell-Chern-Simons action, S given in (5.1), contains divergent contributions
which can be removed by adding appropriate counterterms, i.e. by holographic renormal-
ization [65, 66]. The regularized action reads

W =S8+T, / e/ — (200AiFi + C1FjF9 4 C3F F' + 20  F' A A,

+CLFAF + Cy A A" + Ry (n#0,Fij)* + Ro(n*0,F;)* + R3(nt9,A;)?

13Since we have 2 second order differential equations, we may have 4 integration constants. However, the
third equation as the constraint in (5.3) fixes one of these integration constants in terms of the others.
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+Q177 AidA; + Qo' AT Fy AFyj + QS’YiinAFj>
+Tp /[CQEijFiAj + Céel]A]AF‘Z + Q4€iinAAj + Q56isz‘AF1j
+Qee F;AA;] + O(logu) + ... ., (5.4)

with F' = n, FH nt = /g"(0,0, 1) being the vector normal to the AdS boundary n#n,, =
1, €7 (¢"® = 1) being the Levi-Civita symbol, and A = v%9,9; being the Laplace-Beltrami
operator evaluated on the boundary metric 4. Squared expressions, such as (n“@MAZ-)Q,
denote that two expressions of the same form are multiplied, with the free indices contracted
through boundary metrics 7, i.e. (n#8,4;)v"(n"0,A;). Also, “O(logu)” stands for all
other possible counterterms multiplied by factors of log(u), two of which we are going to
specify below. Finally, dots represent the non-divergent higher derivative counterterms
which could be added at will.

Boundary expansion and the variation of the action on-shell. The fields A; and
A, from equation (5.3) can be expanded near the AdS-boundary u = 0 as (assuming 6 > 0
for definiteness)

A = bl(t*e)u*(’ I AEO) N b§9)u9 + log(u) (bgo)’log + bgl)’logu + b§2)’l°gu2 +.. ) ,

Ay = 05000 4 AD 4 b0 4 Tog(u) (bx‘))vlog + bl 108y, 4 p(2) 1oy 2 4 ) :
(5.5)

The coefficients in these expansions are constrained by solving the equations of motion
(=0)

;. are forced to be

near the AdS-boundary. Note in particular that the leading terms b

identical, as we will discuss below. We choose leading terms bg;e) as the source terms

always, and then the dual operator has the scaling dimension 1 + 6 which is greater than
the unitarity bound Ay = 1.%
For convenience, we decompose the gauge field into a flat sector and a massive sec-

tor [14]

Ay =AY + B, (5.6)
where A represents a flat connection satisfying dA(®) = 0, and the massive sector B is
defined as

B, = Yo

e (5.7)

where (€44, = —1). This definition makes it easy to consider the two fields independently
and is widely used. However, in order to solve the equations of motion, we find it more

“When the normalizable modes bi?z) are assumed as the source term, the scaling dimension of the dual
operator becomes 1 — 6. Such an operator always violates the unitarity bound for any 8 > 0 since the
unitarity bound of the vector operator is Ay = 1. It is shown in [14] that the violation of the unitarity

bound leads to bulk ghosts.
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convenient to work in the radial gauge, A, = 0. This radial gauge and the decomposi-
tion (5.6) are not compatible as can be checked by explicit calculation of A, from (5.6),
given a nonzero A; and A,.

But as pointed out above, we are able to perform an Abelian gauge transformation
A, — A, + O, in order to obtain yet another solution to the equations of motion. Here
A, is the solution we found in radial gauge. It turns out that y can be chosen in such a
way that our new solution (A, +Jd,x) is now compatible with the decomposition (5.6). See
appendix C for the explicit form of x.

Note that B, is gauge invariant because of its definition [67], and, in addition, the
shift d,,x does not change the source terms bﬁ;e) or A(0) 15

The variation of the action (5.1) on-shell is given by

68 =T, [ d*x <4\/—96A¢F“i - 296“iin5Aj> + (EOM contribution), (5.8)

with ¢ = ¢, z, and the expression in brackets being related to the symplectic flux, for more
details see [14, 68].

5.1 Transport coefficients and anomaly from the flat sector

One-point function in flat sector and effect of the anomaly. In this section, we
derive the 1-point function for the conserved current operator J, dual to the flat part of the
gauge field. At least at low energies (where the hydrodynamic expansion is justified) we
expect that this current J is related to the anomaly coefficient as discussed in section 2.2.
We turn off the massive sector, i.e. B =0 = F. Using (5.8), the variation of the flat part
is given by

58 = —20T, / B2z(AV5AO — 4054)). (5.9)

Note that we need no counterterms since the variation of the action evaluated on the flat
solution is already finite. All other contributions vanish due to the condition of flatness.
However, the variation 5A£0) can be expressed in terms of the variation 5A3(50) by the flatness
condition F' = 0 (or by use of the EOM). Therefore the variation (5.9) vanishes when
evaluated on a solution. However, for our purposes right now, we proceed with (5.9) since
we aim to compute fluctuations around a fixed background.

We now consider variations around the constant background solution A%O) = U, A;(UO) =
0. This is a solution of the EOM, because the EOM only contains terms where derivatives
act on A, and we require our background solution to be independent of ¢, x and u. The
one-point functions become

Jo = =20T,pu, J; = 0. (5.10)

Note that this result matches the hydrodynamic prediction given in equation (2.4) where
Jr = xip + O(2), up to corrections which are second order in gradients. We thus have
computed the (thermodynamic) transport coefficient x1 = 267}, induced by the chiral
anomaly of our boundary field theory.

5Recall, the EOM (5.2) is invariant under this shift.
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Current two-point function from flat connection. Let us again neglect the massive
sector. In order to extract the two-point function of chiral currents from the flat sector, we
change the coordinates into 2~ = (z —t)/v/2 and 2+ = (z +t)/v/2, and the gauge fields
A_ = (Ay — A)/V2 and Ay = (A, + A;)/V/?2 at the boundary u = e. Our starting point
is again the variation of the action (5.9). In our new coordinates, this reads

—29Tp/d2x (AL 6A_ — A_GAY) . (5.11)

In order to obtain a well defined variational principle, we choose to add or subtract a
boundary term of the form

—a20T, / d*x/=y9 A5 Aj = —a20T, / d’z (AL 6A_+ A_GA,) , (5.12)

where o = +1 can be choosen to either eliminate the variation A, or §A_, respectively.
Turning off the massive sector and for @ = +1, the variation of the action plus boundary
term is then given by

oW = —40T, [ 2xAVsAY (o = +1). (5.13)
)

Thus, the boundary condition is only imposed on 5A(,0 . The 1-point functions are given by

(J) = —40T, A", (J)=0. (5.14)

That is, only the vev of the left-moving sector is non-zero. The two-point function is
obtained from the variation of the above 1-point function: since A is a flat connection,
A©) gatisfies q,A(f) — q+A(,O) = (0. Therefore, the two-point function of the left-moving
current becomes

(J T4 )6 A = —49TPZ—+6A(_O). (5.15)
For o = —1, the Dirichlet boundary condition is imposed on (5AS?) instead. The two-point

function of the right-moving current becomes
(J_J_) = 40T, = (5.16)
4+

Note the poles appearing in the two point functions of the left-moving and the right-moving
currents at the locations g1 = 0, respectively. These imply that there is a dissipationless
light-like mode which propagates left (or right) along the spatial dimension.

5.2 Even integer 6

Two distinct methods are used here to compute the two-point function of the vector op-
erator: first, in a low-frequency, low-momentum (hydrodynamic) limit, we obtain exact
solutions to the bulk equations of motion and then derive the correlation function holo-
graphically. We can think of this theory as arising from one of our string theory derivations
discussed in section 3. For example, the D3/D7 system could give rise to an action of this
kind, see equation (3.18).'® Second, we compare this result to the two-point correlation

function computed purely from field theory making use of the conformal invariance.

16The case derived from type II string theory on AdSs x S} x S5 x S* in the previous section, on the other
hand, has two gauge fields. Hence our considerations in the present section may apply to each of these two
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5.2.1 Hydrodynamic expansion

We find analytic solutions for the bulk gauge field components following exactly the same
steps described (for a Maxwell theory in asymptotically AdSs space-time) in [1]. The
system of coupled equations of motion (5.3) can be rewritten, using the constraint equation,
to read

3 — bu? 2k%u
0=A" — AY 5.17
et (u(l—uQ) k2u2+92> t (5.17)

—(1 —u?) (k' 4+ 02(=1 + 3u® + 6%) + K2u?(1 + u® + 260%)) — 2ku?(1 — u?)Ow + w?u?(E2u® + 62) Al

+ uw?(1 — u2)2(k2u? + 62) -

We need to specify boundary conditions on Aj: solving (5.17) in the limit « — 1, we find
that the solution at the horizon should obey (1 — u)**/2, where the minus (plus) sign
corresponds to the incoming (outgoing) boundary condition. We will choose the incoming
boundary condition for the description of the retarded Minkowskian Green’s function on
the gauge theory side [1, 28, 69].

Solving (5.17) in the limit v — 0, on the other hand, we find that the asymptotic

140 or =179, Relating the asymptotic behavior with

behavior of the solution should be v~
the scaling dimension of the dual operator, we find that the scaling dimension becomes
A =146. One of the two A breaks the unitarity bound when || > 1, hence we will
choose the other one.

Now we can perform a hydrodynamic expansion into small w and k. Our Ansatz for

A; depends on what kind of hydrodynamic modes we are looking for.

“Sound modes” for 8 = —2. Let us now consider the Maxwell-Chern-Simons theory
with the particular Chern-Simons-level § = —2. This case is related to § = 42 through a
parity transformation.

The fields A; and A, from equation (5.3) and (5.17) can be expanded near the AdS-
boundary u = 0 as

A = b£_2)u_2 + Ago) + b§2)u2 + b§_2) log(u) x

x <—;w(w +k) - 1—16(k2 —wf)(d+ @+ k)2>u2> !

Ay = b0 4 A £ 602 4+ 5 log(u) x

% (;k(w )+ %(k:? — (At (w+ k)2)u2) (5.18)

The coefficients in these expansions are constrained by solving the equations of motion
near the AdS-boundary and thus obey

Ak 407 (0 (W E) + 4k + KA (w + k)

0) _
Az 4w ’
b = —3% (321;9 F T (5 — 8wk — 2k%(2 + w?) + w2(4 + w2))) . (5.19)

gauge fields seperately. However, possible interactions (and corresponding mixing of the dual operators)
can not be accounted for by our analysis in this work.
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Our goal is to find solutions of the equations of motion in the hydrodynamic limit, i.e.
for w < T and k < T. We follow [1] and begin by stripping off the singular behavior
(1 — u)~™/? and rewriting the equations of motion for the remaining regular part of A}.
We expand that regular part in orders of w and k, so that the full Ansatz reads

A= (1- u)*i“’/2 (Fo(u) + wFy(u) + kG (u) + w?Fy(u) + k*Go(u) + wkHo(u) + (’)(3)) )
(5.20)

We are considering modes with linear dispersion here, i.e. w o< k.'” In this hydrodynamic
limit, the solution for the differential equation of A} then becomes

1 iw (u®+1n(u+1))
u? 2u3

Ayfu) = e (1 —u) 3 (

1
—|—wk:@ + W2 Fy(u) + K2Gy(u) + O(w?, k3)> . (5.21)

where
F(u) = ﬁ { — 7% + 61og(2)? + 12u* log(u)
—3log(1 + u)(2u? — 2log(1 — u) + log(1 + u)) — 61log (;) log(1 — u?)
+6Lis <1;“> + 6Lig(u?) + 6Lis (1 ; “)] (5.22)
Golu) = — —u? + 2log(u) (u? +4203g(1 —u?)) + Lig(uQ)‘

This solution was obtained using a particular scheme of fixing integration constants order
by order in the hydrodynamic expansion. At each order in the hydrodynamic expansion,
we obtain a second order equation of motion, and (5.21) contains those solutions, for
example Fy(u), Ga(u), and 1/(4u) at second order. At each order, we thus have to fix
two integration constants. Starting with the zeroth order, we fix (i) the coefficient of the
most singular term near the boundary to take the value ¢1, and (ii) we require regularity
at the horizon. At all the subsequent orders, we now require that (i) the value ¢; does
not get corrected, i.e. the near-boundary coefficient of ™ vanishes at all orders but the
zeroth, and (ii) the solution is regular at the horizon. This scheme completely fixes all the
integration constants of the problem after ¢; is chosen.

Note that ¢; in (5.21) can be fixed in terms of the most singular coefficient in Ay, i.e.

(=2)

in terms of b, . This is achieved employing the procedure outlined in [1]: we use the

equations of motion in the form

k(=1 +u?) + 2w - 4+ k*u?

0= kuA} —
uit 1+ u? Eou(l —u?)

(wAg + EA,) (5.23)

"Note that it is also possible to consider, for example, diffusion-like modes with the dispersion w o k2.
This also yields exact solutions as we found by explicit calculation. However, in this work we restrict the
discussion to sound-like modes with linear dispersion.
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plug in our hydrodynamic solution (5.21) for A} and A}, plug in the series expansions (5.18)
for A, and A;, and expand the result near the boundary. The most singular term in this
expansion (of order u~3) fixes the constant ¢; = —2b§72). Note that in [1] this constant
encoded the hydrodynamic pole structure. However, in our case, the constant turns out to
be trivial, and does not encode any pole structure because of the relation bge) = b;(,;e).
Comparing the hydrodynamic solution given by equation (5.21) to the near-boundary
expansion (5.18), we determine the subleading coefficient in terms of the leading one:

b = b % (—ZZ + %(%2 — 5w®) + 0(3)> : (5.24)

The holographic renormalization is performed taking the following steps. First, we
shift the gauge field A,, given in radial gauge, by 0,x (see appendix C) and use the
decomposition of the gauge field in (5.6). The decomposition (5.6) is useful because we can
switch off the massive sector smoothly. The holographic renormalization is then performed
by plugging the near-boundary solution of (5.6) into the variation of the action on-shell
given by (5.8). We specify the variation of the source term as ob(=2) and a light-cone
combination of §A(®). Since we are looking for variations of the boundary generating
functional with respect to the sources, we consider fluctuations in solution space expanded
near the boundary as

54; = u 2600 4649 1250 4 (i=t zor+) (5.25)

§Ay = i(k +w)utebl 2 24+ (5.26)
) 55~

which we require to satisfy the equation of motion. Note that the sources 6A; ", 6b;
are fixed once and for all at leading order in the hydrodynamic expansion and do not get
corrected at higher orders.

The on-shell action then contains divergences. So, we should add the counter-
terms as given in (5.4) and adding specifically a log(u) divergent terms such as:
fdeCélﬁFiAFi log(u). We fix the coefficient bE_Q) and a light-cone combination of
5A©) by Dirichlet boundary conditions. We also require that other variations, such as
(5b§2) do not appear at the boundary. Finally, similar to section 5.1, we add the finite coun-
terterm Chy [ d?x/—7(4; — B;)(A" — BY) = Cﬁnfd2$\/j7A§0)Ai(O), with Ch, = abT),
in order to introduce sources for the chiral currents in the dual field theory. We add ap-
propriate counterterms in order to render the variation of the on-shell action finite, and
simultaneously make the variational principle well-defined as discussed in detail in ap-
pendix D. Let us(su)rnmarizing the discussion of that appendix briefly here: we choose to
b

fix the values of and Ago) by Dirichlet boundary conditions. Hence, in order to obtain

a well-defined variational principle, we also require the variations of the remaining free
parameter b§2) to vanish.

The resulting coefficients are given by:

1 1 1
Co =1, Ci=—-, Cy =0, CéZQC(I)Jr**Ql, 0327,
4 2 4
, 1 1 1
C3 3 Cp =0, Ry 59 2 16 (5.27)

with all other coefficients vanishing.'®

8Note that only C)p has to vanish while the other coefficients remain arbitrary, and we only set them to
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The variation of the total action becomes the integration of
T, (16()&2)5b§_2) + 85A$)A$)> + contact terms. (5.28)

Thus, the two point functions are given by

(0101) Sy Tyidw + O(2)
1YV1) = ) ) = 1dp )
b P spi 2
52Sre q+
0104) = — %8 — 487 = 5.29
< > 554 " >:29)

Recall that the above 2-point functions have the scaling dimension 4 in momentum space
after recovering temperature dependence (the scaling dimension 6 in position space).

“Sound modes” for § = —4. We analyze the case § = —4 with the action (5.1) in
the same fashion which gave us results for the previous case, § = —2. The near-boundary
expansion, i.e. the analog of equation (5.18) and (5.19), is given by

_ _pl —2
Ay = byt g 16 12“’>(“’ TE) 2y a0 (5.30)
b Mk — w)(4 k)2
+- el wi(S +wHk)) log(u) + bgz)u2 + b§4)u4 + bif*L)u‘* log(u) + ...
Ap = b0y 400272 4 A0 4 bi?)L log(u) + bPu? + bWt + bgf)Lu‘l log(u) + ...
(5.31)
with
e
b = s |20k K 4 3K — 6w(—2 + ) + 3k’ (4 + )
+2w2 (4 + w?)(16 4+ w?) + k(64 — 3w?(12 + w?)) | ,
W B
bir = ~1ggap At @ = R)(AF (W B)Y)(E - W) (16 + (w+ k)?),
b _ oY (8 4 2k —w)(k+w)
X 12 b
o _ b 2
bpr = ——gg kb —w)d+(w+k)7), (5.32)
A = ﬁ [ — 192k A + b0V (k(4 + £2)(16 + k2) + k(4 + k*)w — 2Kk(6 + k)w?
w
—2(—2 + k2w + k' + w5)] : (5.33)
(-4)
b2 = W [%5 + krw — 4k3 (=4 + w?) 4 2k(4 + w?)? — 2k%w(14 + w?)

w4+ w?)(16 + WQ)} :

zero for simplicity here.
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(—4)
b = 765728 [ — K5+ 4k (w? +2) + 48k°w — 2k* (3w? + 20w? — 56) — 96k3w (w? + 2)

+4k? (w6 + 14w + 8w? + 64) + 48kw (w2 =+ 4) (w2 + 8)
—w? (w? + 4)° (w2 +16) | - 737280("),

by, = 12’;;2 (4+ (k=) (K = )4+ @+ R)) (16 + @+ 7)) (5.34)

For 6 = —4, we also find the analytic solution in the hydrodynamic limit. In the
hydrodynamic limit, the solution for the differential equation of A} becomes

3—2u? iw (—6u?+u* —6log (u+1) + 4log(u + 1)u?)

Al(u) = ¢y (1 —u)~ 2™ <

3ud 12ub
-9 2
—wkﬁ + W Fy(u) + K2Ga(u) + O(w?, k3)> ., (5.35)
where
1
Fy(u) = Tl |~ 67 + 3610g(2)? 4 4u? (7% — 6 — 61log(2)?) — 72u?log(1 + 1/u)
—12log(u)u + 6u*(6 4 u*) log(u + 1)
+(—18 + 12u®) log(u + 1) log((u + 1) /(=1 + u)?)
+(—36 + 24u?) log(2/u?) log(1 — u?) + (36 — 24u*)Liz(1/2 — u/2)
—(—36 4 24u®) Lis(u®) + (36 — 24u?) Lig(u/2 + 1/2)} , (5.36)
1
Go(u) = T | 1272 4 30u? + 8u’n? — 15u* — 72log(u) log(u + 1)
+481og(u)u®log(u + 1) — 72Lig(—u) + 72Liz(1 — u) + 12log(u)u’
—48Lia(1 — w)u? — 72log(u)u® + 48Li2(—u)u2] (5.37)

Applying the same kind of matching as previously for § = —2, we expand the hydro-
dynamic solution (5.35) near the boundary, and match it to the near boundary expan-
sion (5.30). From the first two orders in u, we find this matching yields

gy 1

Y = - (5.38)

However, at higher orders in u, our hydrodynamic solution can not be consistently matched
to the near boundary expansion. The reason for this is that we had chosen to solve the
equations only up to corrections third order in w and k. Orders in w and k are tied to
orders in u by the equations of motion (5.3). Therefore we would need to evaluate the
higher order hydrodynamic corrections in order to complete our matching procedure, and
derive correlation functions. We leave this for future investigation.

Analogously, the analytic solution for § = —6 can be obtained in the hydrodynamic
limit. This suggests that an analytic solution is available for all even Chern-Simons-levels.
For the case of odd Chern-Simons-levels, on the other hand, we were not able to obtain
any analytic solutions in the hydrodynamic limit.
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5.2.2 Vector operator 2-point function from field theory

In analogy to the scalar case (2.1) the vector correlator at zero temperature is known
exactly. Again it can be conformally transformed to a correlator at non-zero temperature.
Following the procedure for the scalar (see [29]), we compute the conformal map of the
two-point function of the vector operator (massive sector) with weights (6/2,60/2+ 1) from
the zero temperature correlation function on a plane z = 2% + iz! € C to the thermal
correlation function on a cylinder. Here, 6 is an integer and O?(z,z) is assumed to be
transformed as a tensor operator.!® The two-point function is restricted by conformal
symmetry to assume the form (see for example [70, 71])

200+1) 1

6 072’
d 212712

(0%(21,21)0%(22,22)) = — (5.39)
where the propagator is normalized to agree with that in the gravity dual with T, =
1/4. The conformal transformation mapping the plane into the cylinder is given by z =
exp(2miTow) where w = 7 + iy and w ~ w + 1/Ty. Using this conformal transformation,
the two-point function is mapped into

1A\ 92 \ P2 [ 9 \ PP [ gy O/ ) i
orwooron = (52) (52) (52) (52)  ©OLwmouta)
—20 29(0 + ].) (7TT())20+2

7 sinh? (7 Th(y — ir)) sinh? T2 (2 Ty (y + 7))’

= (-1) (5.40)

Note that the above expression has the zero temperature limit recovering the result (5.39).

We define parameters vy = exp(£2nTyr) with r» = |y| and v = exp(—27iTp7). Using these
parameters, the two-point function can be expressed as
0+1(27TT )29-1—2(

(0" (w,w)0"(0)) v—(v—v_)?(v— vy

) 0
)o+2 (y > 0)
)’

2000+ 1) - 6’+1(27TT0)29+2( 1 (5.41)
o v—v)o -y W<
According to [28], the Fourier transformation is performed as follows
1/To 00
GF(wp = 2mnTy, k) = /0 dT/OOdye_inTe_ikyGE(T, Y)
= _1{0 N dye~*y fM:l %U”GE(T, Y). (5.42)

Separating the integral when y > 0 or y < 0, the above integral is rewritten as

s ' v v@—i—n
—40(6 + 1) (27 Tp) 2+ (—1) 7% ( / dre="*" 7{ .- (0 —v_)0(v — vy )0F2

0 v|]=1 272 V—

o 1 dU Q}9+n
+/ dre“’”% — ) 5 43
0 =1 28 vy (v — vy )P (0 — v_ )0t (5.43)

9When we use the decomposition O* = 8°0(z, 2) [25], O(z, Z) is the primary operator with weights
(0/2,6/2) and O*(z, ) obeys a tensor-like transformation described below.
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We can compute the above integral using the residue of the v integral. We consider the
case n > 0 not to include the pole at z = 0. After that, we need to use the integration
formula [28]

o) ) 1 o
/0 dZL‘e_(p_Zl)T(l _ e—a:c)ﬁ—l _ aB<ﬁ7 b - Zl)’ (5‘44)

where B(c,d) is the Beta function B(c,d) = T'(¢)I'(d)/T'(c + d).

We consider the case 8 = 2 associated with the holographic analysis of the Maxwell-
Chern-Simons theory with |6 = 2. When 6 is an integer, we need to perform regularization
by introducing a small parameter €. See [28] for details and further examples of such reg-
ularization procedures. Defining the momentum p* = n/2 Fik/(47Tp), the integral (5.43)
is computed as

1927r4T64<(—2+n)B(—4+6,—6+3+p_>+(—2—n)B(—4+6,—6+2+p_>

TL2 n3 n
_ryr,n B(—4 et 4 +)
+< 2+6+3> te—et+44p

n? L 3 +
+ ?+2n—2—§n B(—4+6,—6+3+p)

2 2

n n? nd +
+<—3—2—6>B(—4+67—6+1+p )> (5.45)

n®  n?
+<—2—2n—|—+>B<—4—|—e,—e—|—2+p+)

where we introduced a cut-off € < 1 since the Gamma function inside the Beta function
in (5.45) diverges. The Green’s function is obtained in the limit e — 0 removing the
divergent term proportional to 1/e. The Green’s function turns out to be

GE(wE = 2mnTy, k) = —32 Tt (—1 + (p_)2) ptp~ (\Il (p+) + U (p_) + 27)
—§7T4T04( —6n—7n® —26(p~)° +50(p7)" + 30n(p")
+6n(p‘)2 — 56n(p_)3 +2n3(p7) + 6n2(p_)2 + n4). (5.46)

The real-time retarded Green’s function is then given by

G (2riTon, k) = —GF (2nTyn, k). (5.47)
We define the real-time momentum as
k+
¢ =k+tw, qr = Tw (5.48)

Finally, we substitute w = 27iTyn and it follows that k* = ¢+ /(27Ty) = +ip®. Using the
retarded Green’s function, we are interested in the asymptotics p* — oo, given by

GE(pt,p7) ~ =32(xT0)*pTp logpTp~, (5.49)
G*gy.q-) ~ =243 (¢4q-)logqrq-. (5.50)
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Note that these asymptotics are obtained from the Fourier transform of (5.39) in the
Lorentzian signature.?’

On the other hand, in the hydrodynamic limit (w,k < T'), the retarded Green’s
function behaves like

1 1 13
GR(w, k) :iw—i—zcﬁ - gkw— Ek2+0(/€3,w3,...). (5.53)

We find it instructive to compare this CFT correlation function with the gravity dual
result (5.29). In order to do so, we use the identification G (w, k) = (0101). We then
set T, = 1/4 in (0101) since the Green’s function at zero temperature agrees in that
normalization. More accurately, an agreement of the iw term is observed in the leading
order of the two-point function. In the higher orders, this hydrodynamic expansion deviates
from the holographic result by contact terms.?!

When 6 = 4, the Green’s function can be obtained in the similar step. It is given by
12875T°
GE(2nTyn, k) = om0 (—4 —I—p_2) (p+2 — 1) X

9
X (p_2 — 1) pTp~ (\I/ (p+) + v (p_) + 27)
167"
945

( —1680n — 1120n*p~2 + 3n® + 6np~ + 14nSp~>

1+210p~ "0t — 117202 + 168003 + 4566p~° — 3360n2p~
—2100n3p~2 + 21630n3p" + 4200n%p~"> — 20916p~°
—57330n2p~ " — 2520np~" + 57876np " + 420p~ n3
—840p~"n2 + 420p~%n — 5376p~"n3 + 14448p~°n?
—13908p~ 'n — 2424p~2 + 18774p~ " + 2856mp~
13780np ™2 — 37464np~° — 252n5p~ + 42n5p~°
—10290n3p~ + 28658n2p~> + 1267n — 98n6). (5.54)

The asymptotics at large p* is given by
128(7Tp)®
9
1
GM(qsrq-) ~ —ga+*(arq-) log(g1q-). (5.56)

GF(pt,p7) ~ p2(ptp ) log(ptp), (5.55)

We also obtain the above asymptotics from the Fourier-transformation of (5.39).

20 According to [25], the following Fourier-integral gives

dzp ipxr 2m (*1)m”'+1r(2ma —+ 1)
“1 _)= 5.51
/ (271_)2 € Py Og(p+p ) W(er)gma (1C+£L‘7) ( )
After substituting m, = 3/2 into (5.51), differentiation of (5.51) in terms of x~ gives
d2p ipx 3 —12
PEop_pi 1 )= 5.02
/ (27’(’)26 P-P+ Og(p+p ) 71_(x_‘_)él(m_)z ( )

2INote that in general contact terms may be added to the Green’s functions at will. In low dimensions
these contact terms become important in that they may be restricted by supersymmetry, see [72, 73].
However, in our setups supersymmetry is generically broken.
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In the hydrodynamic limit, we observe the term proportional to iw like 8 = 2 in

1 ) 1 101
R 8 L. 2 2
= (271 —Ww— —w” — —kw— —— e .
G w, k) = ( 0) <91w 216w mkxu 2520k > (5.57)

5.3 0Odd integer 0

Considering the case § = 1 and using the momentum p* = n/2 F ik /47Ty, we can evaluate
the integral (5.43) to obtain

oo 6—(27\'T0n—ik)r{ <§_%>(6—27\'T07’)5+(_n2+1)(6—27rT0r)3+(%_i_%)e—QWTOT}
/0 dr (6747TTOT71)3

25(1Ty)3

0o o—r(2nTo(3+n)+ik)
+/0 dr (6747rT0r _ 1)3

2
5
:24(7TT0)2[<7;—Z>B<—2+e,—e+2+p+>

+(—n2+1)B(—2+e,—e+;+p+)

2
n n 1 n
+<2+2)B<—2+6,—6+2+p)

3
+B(—2+e,—6+2+p>], (5.59)

where we introduced a parameter € < 1 to regularize the Green’s function. The Green’s
function is obtained in the limit € — 0 removing the divergence 1/e

GE(wp = 2mnTy, k) = —2(nTp)? (—1 +4 (p*)2> [\IJ (; +p) + 0 (; +p+> ]
—2m2 T2 (—1 + 2n% + 4np™ — 12(p7)?), (5.59)

where the formula U(1+x) = ¥(z) + 1/x is used and the third line of (5.59) describes the
contact terms represented by a polynomial of w and k.

Moreover, it is possible to compute the retarded Green’s function in the real time
by utilizing a Fourier transformation. We define * = 2 4+t and ¢& = k + w and the
covariant Lorentz scalar a*q, = (z7¢~ + 27¢")/2 = —wt + kx. Computing the Fourier
transformation of 8;, (Op/2,0/2(21)Og/2,6/2(72)) Where

(Tp)%
sinh? (7 Tpx ;) sinh? (7T ,) |

(Og2,0/2(21)O0g2,0/2(22)) =

we obtain the retarded Green’s function of the vector operator O,-(z) as

_|_

2
q
G (w, k) = 2nT§ (92 + 4<47rT0> ><09/2,9/2(w7 k)Og2,6/2(—w, —k)), (5.60)
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where the scalar retarded Green’s function for § = 1 in the real time formalism is obtained
as [28]

1 1q~ 1 iq"
(Op/2,0/2(w, k)Og2.0/2(—w, —k)) = 77[\1/ (2 + 47TTO> + U (2 - 47rT0> ] (5.61)

Setting w = 2miTyn and using the relations ¢+/(27Tp) = +ip™ and GE(2riTyn, k) =
~G¥(2nTyn, k), we realize the second line of (5.59) when # = 1 and after exchanging p*
for p~. The last term of (5.59) can be considered as the contact term which is not included
in (5.60) with @ = 1. We can perform the analogous computation for § = 2 and realize a
correlation function including digamma functions.

When |0 = 1, we do not have the analytic solution for the EOM (5.2) in the gravity
dual. However, we can still perform the holographic renormalization in a similar way to
the § = —2 case by using the AdS boundary expansion of the gauge field (5.6) given by

A = u_lbl(-_l) + AEO) + ulbgl) +..., (i=tzort) (5.62)
Ay =ik +w)b Y+ (5.63)

We can cancel the divergence of the on-shell action by using (5.62) and the logarithmic coun-
terterms log(u) [ /=vyd?xCy F;; FY and log(u) [ d*xy/=72RsnHV,;F,n’d,Fiy in (5.4).
We should also add the finite counter-term Chy, [ dzxﬁAEO)Ai(o), with Cqn = afT),, in
order to introduce sources for the chiral currents. The variation of the total action is re-
quired to be finite and not to include the variation 6b(Y). The coefficients of counter-terms
are determined by

2 1
Cu=-3, 2=20-2 C=20-R-1 Ry=3 =0 (5.64)

The variation of the total action then becomes the integration of
T, (8b§1)(5b§1) + 45A$)A$)) + contact terms. (5.65)

The analysis of || = 1 is similar to the holographic two-point function of § = 0.99 given in
a later section (see figure 2). The only difference is that we have logarithmic divergences
in the on-shell action for 0] = 1.

5.4 Non-integer 6

Again, two distinct methods are used here to compute the two-point function of the vector
operator: first, we compute the two-point correlation function of a vector operator purely
from field theory making use of the conformal invariance. Second, we obtain numerical
solutions to the bulk equations of motion within our gravity model and then derive the
correlation functions from that. We note in advance that this case is very different from
the cases of integer  examined in the previous sections.
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5.4.1 Two-point functions from field theory

We slightly change our method to analyze the non-integer case in order to evade the branch
cut in (5.43). Tt is possible to directly derive the retarded Green’s function in the real time
space, and to then use the Fourier transformation. In this section, we derive the retarded
Green’s function of both the scalar operator and the vector operator for non-integer 6. We
start with the Feynman propagator in the real time form. The Feynman propagator of the
operator 01 and Oz with the scaling dimension A = € is given by

G6,0,(t) = —[xs(t)(01(1)02(0)) + x5(—1){02(0)O1(1))], (5.66)

where ys(t) is the step function.
The retarded Green’s function becomes

GG,0,(t) = —ixs(t)([01(), 02(0)). (5.67)

Note that using the Feynman propagator (5.66), the retarded Green’s function is

rewritten as

We obtain the retarded Green’s function by performing the analytic continuation of
the imaginary time propagators. We introduce the imaginary time as follows

T =it +esign(t), e=0T. (5.69)

Then we use the finite temperature Green’s function (2.3) in the imaginary time as given by

Co(wTp)*
GF (2,7) = —— olnTo)” - (5.70)
sinh” (7o (z + i7)) sinh” (7Tp(x — iT))
The real time Green’s function is then given by
C T 26
GF(2,t) = — o(rTy) (5.71)

sinh? (7Ty(z — t + iesign(t))) sinh® (T (z + t — design(t)))

Using GSIO% (1) = G§,0,(7), the retarded Green’s function is proportional to the

imaginary part of G (z,1)
GER(t) = —2xs(t)ImGT (z,1). (5.72)

It can be shown that the imaginary part appears only if??

sinh[7Tp(z 4 t)] sinh[7To(z — t)] < 0, (Jz| < t). (5.73)
Using step functions, the retarded Green’s function is given by

2Co sin(76) (7w Ty)?
| sinh(7Tp(x — t)) sinh(7Tp(x +¢))]?

Gz, t) = —xs(t)xs(t — )xs(t + ) (5.74)

%2For t > 0, we can show this by analyzing a cut on log(G¥ (x,t)) along the real negative axis.
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Let us introduce ™ =t +x and 2~ =t — 2. The Fourier transformation is given by
GR(k,w) = / dt / dze’ @R GR (1 2)
- o0 t )
= Co/ dt/ dz(wTp)??2 sin(76) '@ =5) | sinh (xTha™) sinh (7 Tpz )|~
0 —t

i:L'+(w7k)

= —Co(nTp)% sin(w@)[/ drte 2 Sinh_e(ﬂT0$+):|
0

[/ T Sinh_e(ﬂ'Tox_)], (5.75)
0

where the integration regime is changed to the light-cone variables 2+, ™.
The integrals in (5.75) can be represented in terms of the Beta function in the follow-
ing way

déed(sinh 0 2 p(0_ i
e"~4(sinh(7TpE)) _27rToB 5_27rT0’1_9 , (5.76)

where we assumed non-integer 6 since the integer 6 (> 0) leads to a singularity of the
gamma function.
Finally, the retarded Green’s function is rewritten as

GR(k,w) = —Co sin(wQ)(QﬂT0)29_2B<0 _iw k) 1 — 9)

2 47Ty
0 i(w+k)
'B<2 - W,l - 9). (5-77)

Using identities, we can obtain the expression in the gravity dual [28] as follows:
Co sin(m8)I2(1 — 0) (27 Ty)20 2 2

0 w—k 0 w+k
5 I'\=-—14 I'i=-—1
27 2 47Ty 2 47Ty

—k w . : w
~<cosh (2TO) — cos mf cosh <2TO> + 7sin w0 sinh (2T0>) (5.78)

We are interested in § = 2 to compare with (A.11) in the hydrodynamic limit. We choose
Co = 0%/(4r) at (5.77) and (5.78). Since the Gamma function diverges for § = 2, we
regularize the Gamma function in (5.78) using 6 = 2 + € and then the retarded Green’s

GB(w, k) =

function becomes

2 _ 3.2 _ ,
GR(w,k):—W(\I/(l—iw;k)+‘If<1—7;w2k> —1—1—27)—&—@;}—1—..., (5.79)

where we used the units of T) = 1/(27) to agree with the gravity dual and dots represent
contact terms. This two-point function realizes the holographic two-point function (A.11)
in appendix A as follows

k2 — w2

(00) ~ (log(w® — k) 4 27), w, k< Ty, (5.80)

(00) ~ i(m +w? — k?), w, k> Tp. (5.81)
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We can repeat the computation of the retarded Green’s function for the vector operator.
Due to conformal symmetries, the Feynman Green’s function in the imaginary time is
given by

20(0 + 1) (nTp)?0+2

(0%(w, 2)0*(0)) = TF sinh? (T (y — i7)) sinh® 2 (x Ty (y + i7))’

(5.82)

which is very similar to our previous result (5.40) for integer . However, here, for non-
integer 6, the procedure to regularize the Gamma function is slightly different. For non-
integer 0 it is taken to agree with the two-point function in the gravity dual.

The Fourier transformation is performed similarly and the retarded Green’s function

becomes
20(0 + 1)(21Tp)?? sin(6) 6 w—k 0 w+k
R _ v w—r v wrr .
Gy (k,w) = - B 1+2 Z47rT0’ 1-60)|B 5 Z47rT0’1 0
2 R
_ 2 w—k 2\ G (k,w)
= 271} <4< 47rT0> + 0 ) Co (5.83)

where we assumed a non-integer 6, and G®(w, k) is given in (5.77) and (5.78). The above
formula (5.83) can also be derived from the Fourier transformation of 9,9, G (v —a', 7 —
7') which corresponds to constructing descendant operators from Oy or O9.%3

Recall that in this subsection we restricted our analysis to non-integer 0 < # < 1. We
can perform the sign change k& — —k which corresponds to the parity transformation in
the gravity dual. For non-integer 0, we use (5.83) with k¥ — —k and the scalar retarded
Green’s function (5.78) for the thermal two-point function, given by

+ 2
R _ 2( p2 q R
Gy (w, k) = 2nT5 (9 +4<47TT0> >G (w, k), (5.84)
where
A 0UrT) 2| (0 . ¢ 0 gt |
R = TV p(Z_ T2 .
G k) = ST e (2 Z47TT0> <2+Z47TT0> (5:85)

¢ +q" a" =g\ .. o (at—q”
h{—— ) - h| —— h{——]].
X (cos ( 1T > cos(67) cos ( 1T ) + isin(f7) sin < P

Here, the normalization is fixed in terms of the holographic two-point function in the zero
temperature limit. Therefore, using the asymptotic value

0
r<2 + b) ~V2rb3 et (b — oo, (5.86)

and taking the limit \qi\ — 00, we recover the zero temperature behavior of the two-point

function given by

4_97r(q+)9+1(q_)9_1
sin(m6)6T'(6)2

GR(w, k) ~ (5.87)

ZWhen 6 is an integer, we have to regularize the Gamma function in the retarded Green’s function.
Here, we consider the regularization using 8 — 6 4 ¢. That way we obtain the Digamma function from the
derivative of the Gamma function.
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Note that the normalization of the above retarded Green’s function is different from the
integer 0 case of the previous section because we had to employ a different regularization.
Previously we had to deal with the log(g+q—) term for an integer 6.

It may be possible to identify (5.87) with the power law behavior in the Luttinger
model, where the exponent of the fermionic Green’s function depends on the interactions.
By applying this interpretation, the Chern-Simons level € in (5.87) can then be understood
as a measure for the strength of the interaction.

We find further evidence of the relation with the Luttinger model by computing the
density-density correlation functions. According to [17], the density correlation function
can be computed by introducing parity-even double Chern-Simons terms as

T,0 / dPreP(AVF) — AP D), (5.88)

where we switched off the massive sector. In this double Chern-Simons theory, the dual
theory has both holomorphic and anti-holomorphic currents. Parity symmetry exchanges
the holomorphic current into the anti-holomorphic current. In the position space, the
two-point function of the density is given by

2, 42

(o0) = (4T} + (10 = T2 (5.89)
where v+ = (z £t)/v/2 and (J;J_) vanishes in (5.89). This is the same as the density
two-point function with the coefficient of the strength in the Luttinger liquid [26] except
for separate terms including cos(2krx). So, the holographic two-point function seems to
capture some nature of the Luttinger liquid. The compressibility is also computed from
the above two-point function as x = limg_,o(p(0, —k)p(0,k)) = 89T,. The conductivity
dual to the double Chern-Simons theory is computed in [17] showing the conductivity of a
translation invariant and clean®* system. The imaginary part of the conductivity behaves
like Im(o) ~ 0T, /w.

5.4.2 Two-point functions from holography

In this section, we numerically study the Maxwell-Chern-Simons action (5.1) with the
Chern-Simons coupling 6 (0 < || < 1) in the AdSs black hole background. Since the
analysis to derive the two-point function of the non-flat part is similar to that introduced
at the beginning of section 5, we will refer to the equations used in that section. We start
with the AdS3 black hole background which is given by (4.2). In A,(u) = 0 gauge, the
EOM derived from the variation of the action (5.1) becomes

al/(\/ngV'u) - GE,LWPaVAp = 07 (590)

which is rewritten as (5.3) by using the metric (4.2).
Assuming —1 < 6 < 0, the fields A; and A, from equation (5.3) can be expanded near
the AdS-boundary u = 0 without including logarithmic terms as

A = 00 + 002 )+ AQ 0 ), (5.91)
Ay = W00 400202 )+ AQ 40D . (5.92)

24 As opposed to a system with defects.
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Figure 2. (a) and (b) show the real and imaginary part of retarded Green’s function, respectively.
We have chosen |#] = 0.99. w and other dimensionful variables are in units of 27T = 1. We observe
that there are no pronounced (quasiparticle) peaks.

Solving the EOM asymptotically at the AdS-boundary, the components bﬁi"),béﬂ’) a

constrained by bgie) = :I:b;(vie). Recall that this relation is only true in the absence of
logarithmic terms. In general, bg—o) %+ —bg;_e) but bge) = b§f) as seen in (5.18). It is
known that when 0 < |6] < 1, the two independent solutions with coefficients bge) and b§_0)

become the normalizable and the non-normalizable mode. Also, when the backreaction of

re

the gauge fields on the metric is included, the asymptotically AdS background is only well
defined (ghost free) in the regime 0 < |#| < 1. Note however, that we do not include the
backreaction in this work. This is motivated for example by our string embedding, namely
the D3/D7-system discussed in section 3. This is a probe brane setup and hence does not
include backreaction by construction.

In order to regularize the variation of the action on-shell for non-integer theta, we
introduce the same counterterm as used in the pure Maxwell case:

Iy = —2T, / d?x\/—gF" A;. (5.93)
The regularized on-shell action is given by the sum
5(S + Ii) = 26T, / e’ <b§9>5b§.‘9) + 0 apl? — A§0>5A§.0>>. (5.94)

Note that the divergent part of u?? vanishes because of the constraint bge) = bf).
We also extract the boundary two-point function changing the coordinates into = =
(x —t)/V2 and 2+ = (z +t)/+/2 and the gauge fields B_ = (B, — B;)/v2 and B, =

(Bz + Bt)/v/2 at the boundary u = e. The on shell variation (5.94) is rewritten as

207, / A (51)3?)1;(_‘9) — b — euijA§0>5A§0)>. (5.95)
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Figure 3. (a) and (b) show the real and imaginary part of retarded Green’s function, respectively.
Here we have chosen |0| = 0.5. We observe the finite width of the peak located at the momentum k.
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Figure 4. (a) and (b) show the real and imaginary part of retarded Green’s function, respectively.
We have chosen || = 0.01. We observe sharp peaks when w equals the chosen momentum k = 2, 4.

The above variation has the problem that it includes both the variation of the source and
that of the vacuum expectation value (vev). To get the variation without the variation of
vev, we add the following boundary terms

1 . ) )
Iﬁnite = Tp/ vV _'Y<0-Fi}7Z + 0(147, — BZ)(Az — Bl)>

— 0T, / PePp" + 4040, (5.96)
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where B; is the massive sector (5.7) and we used bgcie) = \/§b§i9) and bge) = 0 in the

last line. Using (5.7), the first term of (5.96) is interpreted as the mass term of the
massive sector.
The variation of the total action appears in the expected form

(S + It + Ignise) = 40T, / (060" + AV5AD)). (5.97)

From the variation (5.97), the two-point function in the massive sector is derived as

(=0)

(O_(w,k)O_(—w,—k)) = 49Tp%. (5.98)
by
We present the retarded Green’s function G = —(O_(w, k)O—_(—w, —k))/(40T},) as the
function of w when |f| = 0.99, 0.5, 0.01 in figure 2, 3, and 4, respectively. In the figures,
we fixed the momentum k and observe a peak when the frequency is approximately equal
to this momentum, i.e. w ~ k. We show the retarded Green’s function in units of 277 = 1.
Note that the ratio b(:e) / bf) is well defined in terms of the light cone parametrization.
The retarded Green’s function G' approaches (5.87) in the zero temperature limit w > T,
as expected.

When 6 is finite, we observe peaks with a finite width. This is reminiscent, for example,
of the holographic two point function of the melting mesons in the D3/D7 system [74-
76]. Generally speaking, these broadened peaks are decaying modes. We may employ
an interpretation of the decaying peak relating its width to the anomalous dimension of
the vector operator O_ or possibly to the interaction strength in the system. Recall that
T,0 is the Chern-Simons level and 6 determines the mass of the gauge fields. The mass
can be described in terms of the product of the gauge coupling constant and the Chern-
Simons level. When we increase the mass, i.e. 6 from 0, the peak at w = k£ becomes wide
and is suppressed. See figure 2, 3, and 4. Since |f| can be understood as the anomalous
dimension of the operator O_, we observe a larger decay for the operator of the larger
anomalous dimension.

On the other hand, when 6§ — 0, we observe sharp peaks as expected in the limit of
the pure Maxwell theory. We can explain these sharp peaks by comparing to the CFT
result (5.84): when |f] < 1 the Gamma function in (5.84) has a pole at the points

w =tk —27T(|0| +2m), mE€Z, (5.99)

where m is a positive integer. The two poles at m = 0 become the pole of the relativistic
mode with no decay widths.

w= k. (5.100)

The operator O_ asymptotes to a conserved current in this limit.

After deriving the retarded Green’s function, it will now be interesting to compare our
Maxwell-Chern-Simons theory with the 1 4 1-dimensional chiral Luttinger theory [19, 20]
describing the edge state of the fractional quantum hall effect (FQHE). Introducing two
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edge states and impurities, we observe dissipation at nonzero temperature (see discussion in
section 6). The chiral Luttinger theory is the effective theory of a phonon excitation which
travels along one direction and satisfies the U(1) Kac-Moody algebra under quantization.
When we use the counterterm of the form 6 [ deHAEO)A(O)i, the chiral currents (5.15)
or (5.16) dual to the flat connection are mutually exclusively allowed, an effect also seen
in the chiral Luttinger model: the edge drift motion in one direction is an important
property of the chiral Luttinger model. Our boundary term 6 [ dzwﬁAgo)A(o)i can select
one motion along the edge. Hence, the above boundary term is consistent with the uni-
directional drift motion in the Luttinger model. Actually, this boundary term also appears
in condensed matter physics and leads to the chiral Luttinger theory of chiral bosons
satisfying the Kac-Moody algebra. On the other hand, our model includes excitations
dual to the massive sector which couples to the chiral Luttinger model in a non-trivial way.
These additional excitations give rise to the dissipative mode at finite momentum which we
analyzed in this section. This suggests that the Maxwell-Chern-Simons action in the AdSs
black hole background is dual to the chiral Luttinger theory coupling to a thermal bath.

The excitation O_ appears to be related with the chiral anomaly in a particular way:
the analysis in this section suggests that the chiral anomaly coefficient T},0 is related to the
anomalous dimension of the vector operator O_.

5.5 Towards non-conformal field theories

In this subsection we discuss gravitational setups which potentially realize a non-conformal
field theory as their dual, and simultaneously should be accessible to our hydrodynamic
approach. In order to apply our hydrodynamic methods we need a background which is
known analytically.

Let us start naively with a probe background field setup. Consider the Maxwell-
Chern-Simons theory defined by the action (5.1) on the background metric (4.2). We also
introduce a probe gauge field which introduces a small chemical potential x4 and a small
charge density p into the dual field theory. We keep both of these small enough such that
the gauge field does not backreact on the metric. At integer values of 6§ we find exact
solutions which are given for § = —2 by

1
2 .
Ay = —z T (5.102)

with the field theory current j,. And for § = —4 we get

1 4 1
A = u< -+ > : (5.103)

ut  3u?2 3

4, = M<1 - 2) e (5.104)

Starting from these equations we can now compute fluctuations around this
new background.
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However, linearizing in fluctuations, we again find the fluctuation equations (5.3). In
other words, in the setup we have just constructed, the fluctuations decouple from the
non-conformal probe fields A, A,. Hence the fluctuations do not feel the non-conformality
of this probe background solution. The mathematical reason for this is that the only terms
coupling gauge field fluctuations to the background gauge fields are linear in fluctuations.
Therefore, these terms yield equations of motion which are solved by the background fields
alone. The remaining terms yield (5.3).

One possibility to couple the fluctuations to a non-conformal background would be to
find a backreacted non-conformal background solution analytically. A second possibility
would be to turn the Abelian gauge field into a non-Abelian gauge field and turning on one
or more chemical potentials, see [76-78], and in particular [79] and corrections/extensions
given in [80]. In the case of a non-Abelian gauge field, even on the probe level, the linearized
fluctuation equations would contain the probe background fields because of the terms in the
action which are now cubic and quartic in the gauge field. For example, one could repeat
the analysis of the (Einstein-)Maxwell setup described in [22]. There a vector condensed at
a nonzero critical temperature 7, and at a critical chemical potential value in the absence
of Chern-Simons terms (i.e. for a dual theory without chiral anomaly). Within the non-
Abelian setup of [22], one could now include Chern-Simons terms and search for analytical
solutions near the phase transition or at large temperatures T > T,, and at integer values
of the Chern-Simons coupling.

6 Discussion

In this paper we have holographically renormalized the on-shell action of the Maxwell-
Chern-Simons theory for both integer and non-integer Chern-Simons levels. In order to
renormalize the on-shell action, we have used Lorentz-invariant counter-terms at the bound-
ary (5.4) (see also [14, 81]). We have also derived and discussed a form of the action with a
well-defined variational principle, see appendix D.For both non-integer and integer 0, our
boundary conditions are similar to those producing a chiral current [17]. However, note
that our setup contains one further complication compared to [14], namely the logarithmic
contributions showing up in the near-boundary expansion at integer values of 6, see for
example (5.18) and (5.19).

Within a hydrodynamic expansion, we found (order by order) analytic solutions for
our bulk gauge fields at even integer values for 6. Using these analytic solutions in the
case # = —2, we derived holographic two point functions of operators which result from the
decomposition between the massive sector and the flat connection. We found an agreement
of the two point function with the CFT prediction for vector operators of dimension |0]+ 1
in the leading order of the hydrodynamic expansion up to contact terms. Recall, that the
chiral anomaly is present in the 1 4 1-dimensional field theory by virtue of the bulk Chern-
Simons term. Recovering the temperature dependence, we observed an anomalous scaling
of the two point function consistent with (O101) ~ T 2191 depending on the anomaly through
0 in (5.29). When 6 = —2, we did not observe any dissipative modes in the hydrodynamic
limit. For non-integer 6, on the other hand, the numerical solutions at finite w and k agreed
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with the CFT computation and did exhibit an interesting dissipative behavior where the
poles of the quasi-normal modes indeed received negative imaginary contributions.

It would be interesting to apply our methods to the different top-down models of
Maxwell-Chern-Simons theory, see section 3, and study their operator content and behav-
iors in detail. The mass parameter 6 depends interestingly on the choice of the string theory
embedding, where 6 is the product of the dilaton and the Chern-Simons level. Recall, that
0 is not restricted by the unitarity bound when we impose the Dirichlet boundary condi-
tion on the gauge field. For example, the Maxwell-Chern-Simons theories for odd integer
0 can be analyzed by using the D2/D4 system and the D2/D8 system in type ITA string
theory [18].25 These Maxwell-Chern-Simons theories are dual to the edge states of FQHE
by using the supersymmetric domain wall of ABJM theory [83]. It would also be possible
to probe massive type IIA string theory including the back-reaction of D8-branes [84, 85],
using the probe brane which gives the Maxwell-Chern-Simons theory. It is known that the
dilaton and the NS5-brane flux of this massive type ITA theory depend on the RR-flux
including the D8-brane flux.

Following section 5, we suggest to analyze the exact relation with the chiral Luttinger
model. It is known that the electrons at the edge of FQH fluids (edge states) are described
by a chiral Luttinger theory. This theory has a dissipation effect called tunneling, after
introducing two edge states of a FQH fluid with the assistance of impurities [86, 87].20
One of the features of chiral Luttinger theory is that the electron and the quasiparticle
propagators have anomalous exponents (¢4(t)14(0)) ~ t~9 where 1), is the quasiparticle.
It is known that tunneling can occur for the quasiparticles of the FQHE system which
separates two edge states. With the help of this tunneling, the anomalous exponents can
be measured, and the DC tunneling current has a nonlinear response.

In a recently examined holographic model [90], containing only a Maxwell term in
AdS3 (no Chern-Simons term), the authors found similarities to the Luttinger liquid. In
particular the functional form of present Friedel oscillations [91], in the charge density
correlation functions, resembles that of the Luttinger liquid at high and low temperatures.
Also the zero temperature compressibility of the two systems matches. However, the model
from [90] is not conformal and hence can not be dual to the Luttinger liquid. Our model
is conformal (and chiral), so it would be interesting to investigate if there are Friedel
oscillations [91] visible in our model. In general, it would be interesting to make the
relation of our model to Luttinger liquid theory more precise.

Finally, we note that it would also be interesting to understand if the Maxwell-Chern-
Simons model is related to logarithmic conformal field theory (LCFT). A relation between
topologically massive gravity and LCFTs has been suggested in [92]. Since Maxwell-Chern-
Simons theory can be interpreted as topologically massive gauge theory it is tempting to
search for a generalization of the correspondence suggested in [92].

25Gee [82] for a D2/D4 system in the type ITA string theory which is obtained via an M-theory compact-
ification. The holographic retarded Green’s function of this D2/D4 system should be comparable with the
case |0] =1 (see (5.59)).

2Impurities were introduced in a holographic context in [88]. As pointed out in [89], we can see the
impurity effect at finite w in a holographic system when we include the one loop quantum corrections.
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A Scalar operators in 141 dimensions

A.1 Two-point functions from gauge/gravity

We consider the action of a massive scalar in AdS3 spacetime

Sy =Ty / d*xv/=g (9" 0,00, ¢ + 3my29?) . (A1)
All T=0
The metric background dual to zero temperature is the pure AdS3 metric
7“2 R2
ds? = 72 (—dt2 + dm2) + r—2dr2 , (A.2)

with the AdS-boundary located at » = oo and the Poincare horizon located at r = 0. From
the action (A.1) and this metric we derive the equation of motion for a massive scalar field

w2 — k2 — m.2p2
. (A.3)

3
O:¢”+;¢,+ .

We find an exact general solution

o = iil—\/l-i—mq;? 12 — )2 <61F <1 — /14 m¢2> I_\/H_md)g <\/k2 — w2>

2r r

1 iV <1 + \/m> K i < ” k2r_ w2>>  (A4)

with the modified Bessel function of the first kind I,,(z), and the Euler Gamma function
I'(z). Asusual the two integration constants c;, ¢z are determined by requiring the solutions

to be regular at the Poincaré horizon, which sets ¢; = 0.

We now choose the case of a massless scalar mg = 0, which corresponds to a scalar
operator of dimension A = 2. Using the standard gauge/gravity prescription we obtain
the two-point functions for the dual scalar operator at zero temperature

(0505) = —Ty(K — ) (log(k* — w?) +27). (A.5)

with the Euler Gamma constant 7. Note that we had to ignore a logarithmically divergent
term in the on-shell action in order to arrive at this result. This logarithmic divergence is
physical and correponds to the conformal anomaly of the field theory.

— 492 —



Al2 T#0

The metric background dual to finite temperature is the AdSs black hole background, i.e.
the BTZ black hole in Poincaré coordinates (set the AdS-radius L = 1)

1
2 _
ds” =15

(— f(w)dt? + dz* + d“2> (A.6)
fu))”
with f(u) = 1—wu?. Here we work in the same coordinates as [1] with the black hole horizon
located at u = 1 and the AdS-boundary located at © = 0. Then the equation of motion is
given by
b 1+ u? o+ w?u? — (k*u? + my?) f
uf uZ f2

Near the AdS-boundary we can expand the scalar as

0=

é. (A7)

¢ = ul—./1+m¢2 <d)(0)7— + ¢(1)7—u 4+ ¢g))’_ log(u) + qZ)(Ll)’_ulog(u) + .. )
FultVIEme? <¢(0)’+ +oMFu 4.4 ¢(L())’+ log(u) + qbg)’Jrulog(u) +.. ) . (A.8)

For particular values of the scalar mass we are able to find exact solutions order by
order in a low-frequency, low-momentum expansion. For example for vanishing scalar mass
mg = 0, we find the AdS-boundary behavior

¢ =00 4 ¢Py? 4 %¢><0>(k;2 —w?)ullog(u) + ... (A.9)

and following the technique from [1], the low-frequency, low-momentum solution is ob-
tained as

o= (1- u)_%wgb(o) [1 +w (—Z;U log(1 + u)>

of ™ 1 ‘ _
+k (—12 + 5(— log(u)log(1 + u) + Lia(1 — u) — Lm(—u)))

51 (272 u : ;
+w?s (S log | 7 ) los(1+u) + 4Lis(—u) — 4Lis(1 — u)

+O(E?,w?,. ..)] : (A.10)

with the polylogarithmic function Liy,(z). Note that there is no term linear in the momen-
tum k. This resembles the situation of the massive vector where this term is also missing.
Extracting the two-point function of the dual scalar operator with operator dimension
A = 2 gives
T,
<O¢O¢> = f (2iw + w2 — k’2) + ... (A.ll)

Note that this correlator does not have any pole near w = +k. This result agrees qual-
itatively with the result obtained for a minimally coupled scalar in AdSs, see [1]. Exact
solutions for massive scalars in the AdS3 black hole have been found in [28]. Note that those
correlators only exhibit poles which are in the lower half of the complex frequency plane
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around |w| ~ T, and no poles are near w = +k, which is also consistent with our result
here. We find a similar correlation function (without poles near w = +k) for my = 2v/2
corresponding to operator dimension A = 4. For my = V3, A = 3, our method does not
seem to give an exact solution (although we know from [28] that exact solutions do exist
beyond the low-frequency, low-momentum limit). This situation resembles our inability to
find exact solutions of this kind for the massive vector operator for odd integer values of 6.

B The polylog function

The definition of the polylog function is the following polynomial as

X _n
. z
Lig(2) = —, (B.1)
n=1 n

when |z| < 1 or its analytic continuation. Index a can become any complex number. When
Re(a) < 1, the point z = 1 becomes a singularity. The useful formulas are

Liy(z) = —log(1 — x), (B.2)

Lig(z) 4 Lig(—2) = 27 %Lig(2?), (B.3)
2

Lig(x) + Lis(1 —z) = i log(z) log(1 — z). (B.4)

C Gauge shifted solution

Here we give the gauge shift explicitly which transforms our solution in radial gauge, A,
to a solution A, + 9, x which is compatible with the decomposition A4, = A,(LO) + B, as
given in equation (5.6).

In radial gauge we have A; # 0, A, # 0, and A, = 0. Obviously, this is incompatible
with the decomposition (5.6) since due to the latter, we need to have

Ay = AP + g gm (9, Ay — i Ay) (C.1)
which in Fourier space should translate to

A, =AY + B, =AY 4 \é?gttg“i(kflt +wAy,), (C.2)
which, in radial gauge, is required to vanish. But with nonzero A;, A, and a flat ASLO) the
right hand side of (C.2) does generally not vanish, showing incompatibility between radial
gauge and the decomposition (5.6).

In order to derive a solution A 4+ dx which is compatible with the decomposition (5.6)
we introduce the gauge shifted solution A, + 9,,x, with

1
y=00 4 % / duv/—gg't g™ (0s Ay — 9, Ay) (C.3)
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with the integration constant C'(¥). Differentiation of this x yields

1 )
Ay + Oux = %\/—ggttg”(—z)(wAw + kA, (C.4)

as required. More explicitly

1

X =55 dus (—i) (wAy + kAy) . (C.5)

Note that this shift also shifts the t and z components of the gauge field

1

Ay + Oix = A+ 0, [O@) + 55 / duy/=g9" 9" (0 Az — agcAt)} : (C.6)
1

Ay +0px = Ay + 0y [O(O) + 55 / du/—ggt g (8 Ay — axAt)] , (C.7)

In order to leave the sources unchanged by the shift dy, we choose the term C©) which
can in general depend on ¢ and z, to vanish.

D Counter terms and the well-defined variational principle

It is crucial to recall the correct way of performing holographic renormalization in order
to succeed in solving the Maxwell-Chern-Simons problem at hand. Often a slightly sloppy
version of holographic renormalization is used in the literature. In this appendix we briefly
show that this leads to inconsistent results in the case at hand, and review the proper
procedure.

First, note that using the equation of motion (5.2) the on-shell action of the Maxwell-
Chern-Simons theory defined by (5.1) is given by

Sos = T, / Br(vV=g(20,A,)F"™ + 06" A,(20,A,))0s

=1, / d*20,(V=9g2A,F")os — 24, (0,/—gF™ — ee”“f’auAp)OS
u—1

= 2T, / d*x\/—gA; F™

u—0

= —2Tp/d2x(uf(u)A$Agﬁ —uA(u)As(u))os, (D.1)

where OS stands for on-shellness, (5.2) is used in the second line, and the fact of zero field
strength at the horizon is used in the third line. Note that there is no explicit contribution
of the Chern-Simons term to this on-shell action.

The correct way to perform the holographic renormalization is to require that the
variation of the action on-shell be finite. Therefore we consider (5.8):

68 =T, [d’z (4\/—gF“i(5Ai - 206‘“7141-514]-) + EOM contribution, (D.2)
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with the variation d A. For example, in the case § = —2 we have
6A =u2000"2 + 640 44266 —log(u)obOle 4 (D.3)

which we require to satisfy the equation of motion (5.2) since, at this point, we are only
interested in variations within solution space. Consequently, the variations 6b(~2), §b(2),
5b(Olog 5400 are related with each other by the equation of motion in the same way the
coefficients (=2, b2 p(O:log - A(0) are related.

Note that the variation of the action on-shell given by (5.8) now explicitly contains
a contribution of the form e%9 A;0A; from the Chern-Simons term. This is in contrast
to the on-shell action (D.1) where such a contribution can not survive due to the anti-
symmetrization € A;A; = 0. It is the variation of the action on-shell, in our case (5.8),
which needs to be regularized, not just the on-shell action itself. Therefore we start from
the variation of the action W defined in (5.4). We require the divergent terms and the
logarithmic terms in the constant part of §W to vanish. Evaluating the regularized variation
of the action on-shell we now find that the result depends on both sources and vacuum
expectation values, as expected.

Subtracting the variation of our counter terms 05.; from the variation of our action
on-shell (5.8), we have now obtained a finite regularized variation

§Sreg = 6505 — 05t . (D.4)

Now let us discuss the well-posedness of the variational principle associated with the varia-
tion of this regularized action. Note that initially the variation of our action on-shell given
by (5.8) had a well-defined variational principle because (5.8) only depends on the variation
of the field A and not on the variation of the radial derivative of the field §9, A. However, in
the process of regularizing this action we have added terms in §.5.; which potentially depend
on both A and 0, A. For example, we explicitly see that the variation of the counter term
multiplying Cy = 1 has indeed the form Cyd(A;0,A;) ~ CodA;0,A; + CoA;00,A; which
mixes the two variations.

In order to obtain a regularized action with a well-defined variational principle we
need to add finite counter terms to 0.Syeg Which remove the unwanted variation 00, A for
Dirichlet boundary conditions on A (or remove dA for Neumann boundary conditions on
A). For this purpose we go back to the variation of the action on-shell (5.8). To this
variation we add the variation of the counter terms given in (5.4). Note that after using

the expansion (5.25) the result formally depends on four variations 5A§0), 6Ag(60), 5b§/72)7 and

6b§2). Now we simultaneously require the divergent terms in the variation of the action to
be canceled, and the variation of 5b§2) to vanish. However, by use of the equation of motion
we can express the variation 5A,(L«0) in terms of (SA;(EO). So our result will depend only on
variation of the two source terms (5A£0) and (5bg_2). We have thus obtained a well-defined
variational principle for imposing Dirichlet boundary conditions, i.e. fixing Ago) and bg_g)
to particular values. This is achieved by choosing the counter term coefficients as given in
the main text.

We note that the problem discussed in this appendix is a general issue which will arise

in other anti-symmetrized terms as well, not only in Maxwell-Chern-Simons theory, and
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not only in AdSs. A more elaborate discussion of regularization, boundary conditions, and
obtaining a well-defined variational principle is given in [14].

E Solution for the D3/D7 system in the hydrodynamic approximation

In this appendix, we examine the Maxwell-Chern-Simons action derived from the top-

down model of the D3/D7 system. Compared with (3.18), the Maxwell-Chern-Simons

action corresponds to the action (5.1) for § =4 and T'= —N/(327) in units where R = 1.
The metric of the AdSs3 black hole is changed to

dr?
h(r)r?’

ds® = r*(—h(r)dt® + dz?) + (E.1)

where we used the convention of unit AdS radius. The Hawking temperature is rqg = 77T

t oz
2rg? 2rg

After changing 7 to v = (ro/r)? in (E.1) and rescaling (t,z) — ( ), we rewrite the

metric as

—h(v)dt? + dx? dv?

ds? =
° 4v * 4v2h(v)’

(E.2)

where h(v) = 1 — v2.
We write the equations of motion for the D3/D7 system in terms of the metric (E.2).
The EOM of (3.18) is given by

Ou(v/—gF") — 4e*PV Fg, = 0. (E.3)

According to [17, 42], for the zero-temperature case, the flat connection part corresponds
to dimension (Ar,Agr) = (1,0) current, and the gauge field A with mass 4 is dual to the
dimension (2,3) vector operator. We set the following ansatz for the gauge fields, and
impose the gauge fixing condition on A, as

Ay = a(v)e Witihe A = p(y)e Wi 4 = 0. (E.4)

Using the above ansatz, the EOM (E.3) is revised as

—k2a(v) — 2wb(v) + vwa' (v) + kb (v) — kv®V' (v) =0, (E.5)
k2a(v) + kwb(v) + (=1 4+ v?)(d' (v) — 2V (v) + va” (v)) =0, (E.6)
kwa(v) + w?b(v) — (=1 +v?)(=2d/(v) + (1 — 302V (v) — v(=1 +v*)b"(v)) = 0. (E.7)

Note that these equations are not independent. Differentiation of (E.5) in terms of v
presents a linear combination of (E.6) and (E.7). We define Q(v) = d/(v). By taking the
linear combination of the above equations, we have the second-order differential equation
in terms of Q(v) as follows:

02 (=1 + 0324 + E*0)Q" (v) + v(—1 + v*) (2k*v(—1 + 20°) + 4(—3 + 502))Q’ (v)
(24 (=1 + v?) + 2kwv(—1 + v?) + B0 (=20 4 20® + k2 (=1 + v?) + w?)
+4(1 — 40? + 3v* + 2k20(—1 4 v?) + vw?))Q(v) = 0. (E.8)

47 —



In the hydrodynamic limit, the solution for the differential equation of A} turns out

to be

A;(U) = CD3D7 (1 — ’U) 2

_wk:(vQ + 2log(v + 1))

where

FG[2,0](v) =

FG[0,2)(v) =

Sl (1w (v? +log(v + 1))
v3 203

503 + w?FG[2,0](v) + K2 FG0,2](v) + O(w?, k:3)>, (E.9)

—1
i3 (=72 4 6(log(2))? — 10v? + 12v% log(2) — 20log(v + 1)
v

+12log(v 4+ 1)log(2) — 3log(v 4 1)? + 12v — 6log(v + 1)v?)

Lia(y — 3)
_ E.10
e} (.10)
202 +4log(v +1) — 3v (B.11)
603 ' '

It is possible to derive the retarded Green’s function of the massive sector using the solution

in the hydrodynamic limit (E.9) and the method in section 5. When we perform the

holographic renormalization, we need more counter-terms of higher derivatives.
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