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1 Introduction and motivation

Construction and classification of solutions to Einstein gravity with various kind of matter
fields in diverse dimensions has been an interesting question under intense study since the
conception of general relativity e.g. see [2, 3] and references therein. Black hole, black ring,
black brane or string solutions, geometries which are stationary and have Killing and/or
event horizon, have been of particular interest. These “black geometries” are generically
specified by their conserved Noether-Wald [4-6] and possibly other [7, 8] charges (mass,
angular momenta and electric or magnetic or higher-form charges, dipole charges and ...).
These black geometries may exist in asymptotic flat, de Sitter or anti-de Sitter space. To
specify the solutions besides the asymptotic behavior and charges of the solutions, among
other things, one needs to also specify the topology of the horizon manifold, which is a
codimension 2d surface, e.g. see [3].

In this work we will focus on the Einstein-Maxwell-Dilaton theory, in presence of a
generic cosmological constant term A, the EMD-A theory, in four and five dimensions and
explore a specific class of its solution which are not asymptotically (locally) R¢, dS; or



AdS,; (d = 4,5). The solutions of our interest have a (globally defined) time-like Killing
vector field but are not necessarily black holes. We will construct and classify solutions
with local SO(2,2) isometry to four and five dimensional EMD-A theory.

The geometries of our interest are hence those with a (local) AdS3 factor. Our interest
in these geometries is primarily motivated by the fact that there is a special class of
extremal black holes, Extremal Vanishing Horizon (EVH) black holes, where in the near
horizon limit lead to such geometries, see [1, 9-15] for previous analysis of EVH black
holes. This should be contrasted with the near horizon limit of usual extremal black holes,
where one generically finds an AdSs factor, rather than an AdS3 [16-19]. The appearance
of local AdSs factor in the EVH case can be attributed to the fact that for EVH black holes
the co-dimension two horizon surface of the black hole horizon has the peculiar property
that its area vanishes due to the presence of a vanishing one-cycle on the horizon [20]. In
the near horizon limit this vanishing one-cycle joins with the AdSs directions one would
normally expect in the near horizon of extremal black holes, to make an AdS3 [20]. One
may then argue, based on presence of this AdSs factor in the near horizon limit, for a
dual 2d CFT description for near-EVH (low energy excitations of EVH) black holes, the
EVH/CFT correspondence [1].

Due to the fact that generic gravity theories do have EVH black hole solutions (based
on the analysis in the papers mentioned in the last paragraph)! one is naturally led to the
question of construction and classification of geometries with local SO(2,2) isometry. This
is what we will tackle in this work.

In section 2 we construct and classify all geometries with SO(2,2) isometry in four
dimensional EMD-A theory. We first construct vacuum solutions, then consider cases with
cosmological constant A. The SO(2,2) invariance forbids four dimensional Maxwell fields
(U(1) gauge fields) to have a non-zero field strength and hence the only case to consider here
is addition of scalar (or dilaton) fields and to construct the class of solutions for this case.

In section 3 we consider the five dimensional case where we prove a “rigidity theorem”:
all five dimensional solutions to Einstein-Maxwell-A theory with local SO(2,2) isometry
also exhibit an extra U(1) isometry. The SO(2,2) corresponds to isometries along an
AdS3 part while the U(1) corresponds to rotations on the other two dimensional part. We
construct all SO(2,2) invariant solutions of this theory. Addition of the dilaton and/or
scalar to this theory, we construct SO(2,2) invariant solutions, assuming this extra U(1)
isometry. We also construct a large class of SO(2,2) x U(1) invariant solutions to five
dimensional U(1)? gauged supergravity.

In section 4 we construct all SO(2,2) x U(1)?~* invariant vacuum solutions to Einstein
gravity in generic dimension d and briefly discuss other possible solutions with less number
of U(1) isometries.

Section 5 is devoted to concluding remarks. In an appendix we discuss d — d — 3
reduction and briefly the d — 3 reduction which may be respectively facilitate construction
of the solutions and the dual 2d CF'T description associated with the solutions.

'EVH black holes can exist in any dimension, in fact massless BTZ is the simplest EVH black hole [21].
Moreover, geometries with AdSs factors, may also arise in Ricci-flat reductions of (super)gravity theories,
as recently discuss in [22].



2 4d solutions

In this section we study SO(2,2) invariant solutions of Einstein theory of gravity coupled
with scalar and Maxwell gauge fields, described by the action

1 i p. .

S = T /d%ﬂ (R =) e UPE] 4 GY(D)g" 0,20, — V(<I>)> (2.1)
I

where G;; = G;;(®) is the metric on the space of scalar fields and F; = dA; are the U(1)

gauge field strengths. The most general form of a four dimensional metric with SO(2,2)

isometry can be written as

ds* = /O (ds2 + p2de?), (2.2)

where ds% denotes the locally AdS3 metric of unit radius:
d 2
ds2 = —r2dt? + rL? + r2dy?, (2.3)

and f is a constant which determines periodicity or range of the 6 coordinate, for solutions
in which 6 is periodic or bounded. The SO(2,2) invariance manifests itself in the Ricci
curvature of the metric through the fact that Rgg, Ry, and Rgp, a,b = r,t, components
of Ricci are respectively in scalar, 3 and 6 irreps of SO(2,2).

Since SO(2,2) does not have invariant two-forms, SO(2,2) invariance forbids U(1)
gauge fields to have non-vanishing field strength. Moreover, the scalar fields ®; cannot
have r,t, dependence, because the energy momentum tensor should fall into the same
SO(2,2) representation as the Ricci tensor described above.

For specific solutions, let us focus on the case with one scalar ®, cases with more
scalars generically appear as straightforward generalisations. If we take scalar coupling

G(®) = —2, equations of motion for scalar fields and the metric are given by
1 9 1dV
Ruy == 59,“,‘/ + 28M<I>a,,(1), Ve = 1% (24)

Noting the metric ansatz (2.2) and that the scalar field can be only a function of 6, equations
of motion reduce to

4% + f2 —2f" — 492 =0, (2.5)
1282 +3f%2 — 492 + 28%2vel =0, (2.6)
p 1 dv
rel P2 UV _
O+ @' f = el =0 (2.7)

One can readily check that, as expected, the above three equations for two unknown func-
tions f, ® are compatible with each other. The above second order differential equations
may be solved for a given scalar potential V.

As the starter, we show that there are no four dimensional SO(2,2) invariant vacuum
solution with R, = 0. To this end, we turn off scalars and their potential and the equations
of motion reduce to

1’

=0, f?+482=0 (2.8)



which does not have any real solution. We conclude such geometry does not exist in the
pure Einstein gravity. As we will see in section 2.2, addition of cosmological constant may
change this result. It is interesting to analyse the effect of higher derivative correction to
this conclusion.

2.1 Dilaton case

When the potential V(®) vanishes, the action (2.1) has a shift symmetry for scalars and
we are dealing with the EMD case. In this case the equations reduce to

' =Ne T, 128% + 312 = 422e72f | (2.9)

where A is an integration constant. The most general solutions of above equations are
given by:

I. AdS3xS! solution

ef = \/%5 = const. , ' =383, (2.10)

with AdS; radius R% = f%ﬁ and S! radius BRs, if we choose 6 € [0,27]. This
AdS3 xSt solution may be thought as a linear dilaton (four dimensional) non-critical

string theory background, similar to the solutions discussed in [23].

II. Near horizon of 4d EVH black holes [1]

el = \/gﬂsinQBQ, P = \fln(tanm). (2.11)
One may conveniently choose § = 1. Note that it was proved in [1] that any EVH
black hole solution to 4d EMD theory has the same near horizon limit, specified by
the above functions, with # € [0,7] range. In the § = 7/2 the dilaton blows up
and the appropriate description of the geometry is given through a 5d uplift of the
geometry. In the 5d case the solution corresponds to the near horizon limit of EVH
KK black hole [1]. We will return to this 5d solution in the next section.?

2.2 Solution at the extremum of V(®)

Although it is expected that (2.5) should have solutions for a generic V (®), finding explicit
solutions is a formidable task. One specific solution which is usually of interest in such
cases is when V(®) has an extremum (minimum). Let us denote this minimum by ®q:

dv
“ole =0 V(20 =V (2.12)

2Since the unknown functions in the metric have only 6 dependence, one may use a coordinate system

in which the dilaton ® is equal to 6 itself, i.e. ® = /3. In this coordinate system metric takes the form

2 R? 2 B2d6*
ds” = 5350 <d53 + cosnz2p6 ) -



The equations then immediately imply that @ is a constant and hence the problem reduces
to having Einstein gravity with a cosmological constant %Vo (which is obviously the same as
the case with a constant potential V). The equation for metric coefficient f takes the form

1

1
U?+ B0+ Vo =0,  U=e2l. (2.13)
The above equation has solution only if Vj is negative and its solution is

ef = _‘Eo sec? 36 (2.14)

With this ef and 0 € [0, 7/8], (2.2) is nothing but AdS, of radius , /_7(? in an AdS3 slicing.

The case of U(1)* gauged supergravity. We now briefly discuss SO(2,2) solutions
of 4d U(1)* gauged supergravity. This theory has four Maxwell fields and three scalars
with a given potential e.g. see [24], and it falls into the class of theories described by the
action (2.1). As discussed, SO(2,2) invariance of the solution does not allow for turning on
gauge fields and hence we are left with a theory with three scalars ®; minimally coupled to
Einstein gravity, with potential —% >, cosh ®;. In this case the three scalars are coupled
to each other only through back-reacting on the metric. There is an obvious solution with
®; = 0 with AdS4 metric of radius L.

As the next example let us consider the case where the three scalars are related to
each other so that we remain with an effective single scalar ® with potential

2 2
V=— (vleﬁq’ + Vge‘%q’) . (2.15)

It is easy to check that, equations of motion (2.5)—(2.7) admit following solution®

_Bo
@_‘/2659, et = \/ﬁe\f—i—\/%e vz (2.16)

For the special case of V] = Vo = RQ, which is obtained in the sector of U(1)* gauged
SUGRA where ®; = %CI), and choosing 3 = v/2, this solution reduces to

2

ds* = Pbg(ds% +2d0%) = R* (cos® adsj + 2da?) a € [0,7/2] (2.17)
cos

where ds3 is the (locally) AdS3 metric of radius one.

3 5d solutions

As the four dimensional solutions indicate, the SO(2,2) invariance implies that a three
dimensional part of metric is fixed and that other component of metric (as well as gauge
field and scalars) cannot depend on this three dimensional part. As such, as we go to
higher dimensions there are much more freedom and more solutions. This is similar to

3This is a solution, not necessarily the most general solution.



black object solutions, where in 5d we do not generically have the uniqueness theorems we
have in 4d, e.g. see [25, 26]. Moreover, unlike the 4d case SO(2,2) invariance does not imply
that gauge fields should be turned off. In this section we study five dimensional solutions
in two derivative theories. Again we mainly focus on the Einstein-Maxwell-Dilaton theory
(with possible addition of a potential for scalar field, as in the gauged supergravities). Let
us start with the following action

" 167Gy /dsx\/jg (R + Gn(®)9, @0 "™ — fr,(P) FJVFJ‘”’ -V(®). (3.1

As in the gauged SUGRAs the action may also involve a Chern-Simons term. We will
return to this later when we discuss U(1)? gauged SUGRA.
Equations of motion for metric, scalar and gauge fields are given by

1 1
Ry + Gmn0,0M0,0" = fr; <2Ff - 3gWFO€5FJ°‘5> + 39wV, (3.2a)
1 1 af[J I J 8le k l (9V
- _ ,U(bn - ,ul/ L )
\/jgau (V=9Gmn0"@") 2< Gpm L+ SgmOn T — o= ) (3.2b)
O [\/jgfIJFJ“V} = 0. (3.2¢)

The most general form of a five dimensional metric with SO(2, 2) isometry can be written as
ds? = *Rdsh 4+ e g, da'da?, (3.3)

where R = R(0,v), gij = 9i;(6,%) and i, j = 0,1 are coordinates of internal space. We can
still use two diffeomorphisms along 6,1 and g;; will hence contain one unknown function. It
appears that for different cases it is more convenient to choose this extra diffeo’s accordingly.
So, generically metric has two unknown functions.

SO(2,2) invariance restricts the gauge field strength to be of the form

FI=F1(0,4) do A dy (3.4)

and the scalars @, = ©,,,(0, ).

In this work we restrict to scalars with canonical kinetic term and set G, (®) =
—26,n. Moreover, except for section 3.6 where discuss U(1)? gauged SUGRA case, we
consider cases with one scalar and one Maxwell field.

3.1 Pure Einstein gravity

Let us start with the simplest case of pure Einstein gravity. In this case, it is convenient
to choose the 2d diffeos such that the 5d metric takes the form

ds? = e*(ds? + db?) + e*hdy? (3.5)
where R, h are two functions of 6, .

Theorem 1. All SO(2,2) invariant 5d vacuum FEinstein solutions have necessarily an
extra U(1) isometry. (This theorem is somehow similar to the 4d rigidity theorem that any
stationary vacuum asymptotic flat solution is also axisymmetric.)



Proof. One may readily write down Einstein equations. Focusing on the v component
of Einstein equations we learn that

OyR=0, or OyR=C'(p)e, (3.6)

where C’(¢)) is (derivative of) an arbitrary function of 1 arising from integration over 6
direction. If 9y R = 0, then one immediately learns from other equations that dyh = 0 and
hence dy, provides a U(1) Killing vector.

For the OyR = C’ (¢)el case, one may absorb C(1) in the part of diffeos which has
not been used, redefining ¢» — C(v), we end up with dyR = el'. Next, we consider #9 and
11 components of the equations which lead to

OpR

= W), (37)

where f(1) is derivative of an arbitrary function of 1. From the above one learns that
R=R(0+ f(1)). One may next redefine 6 as 6 + f(¢)). Therefore, functions h and R will
be both only functions of this new coordinate #. That is, after this shift in 6 coordinate,
Oy is a Killing direction. We note that this redefinition in 6 coordinate introduces a 6
component in the metric. Nonetheless, noting that the metric components only depend on
0, this off-diagonal component can be reabsorbed in a shift of 1. So, we have proved that
solutions to vacuum Einstein equations will be of the form (3.5) with R = R(6),h = h(0)
and v is along a Killing direction.

In the above argument we only used two of the three independent Einstein equations.
We can use the last one and explicitly solve for R(#). The metric is then obtained to be

ds® = (% cos® Ods3 + (*(cos® 0dO* + tan® Odip?) (3.8)

where dsg is the metric for a locally AdSs geometry. We have chosen the integration
constants such that € [0,7/2] and ¢ € [0, 27| and that the ¢ part of metric does not have
conic singularity. The two dimensional 6, v part of the metric is a compact finite volume.

It is important to note that this solution is not a regular solution and Kretschmann
invariant blows up at 8 = 7/2. Nonetheless, one may perform a reduction of the gravity
theory over the 61 part and observe that one obtains, as expected, a 3d Einstein gravity
with negative cosmological constant. If the Newton constant of the 5d theory is denoted
by G5 the 3d Newton constant is G3 = G5/(7f?) and the AdSs radius is ¢ [14, 15]. One
may then use AdS3;/CFTy duality and propose that low energy effective dynamics of 5d
gravity over the metric (3.8) is described by a 2d CFT at central charge ¢ = 3//(2G3) =
3ml3/(2G5).

It is notable that the above metric is the one obtained in the near horizon of EVH
Myers-Perry black holes [14, 15] (these are 5d Myers-Perry black holes [27] with one spin
set to zero) or, near horizon limit of balanced or unbalanced EVH black rings [14, 15]. The
latter two are the only known asymptotic flat vacuum solutions to 5d Einstein gravity.



3.2 Einstein-A theory

It is straightforward to generalize above theorem and argument when the theory has a
cosmological constant and show that the geometry has an extra U(1) isometry also in
presence of A. Since the proof is essentially the same as the case without A, we do not
repeat it here. Considering the U(1), we adopt the metric ansatz

ds? = e*(ds2 + db?) + *hdy? (3.9)

with R = R(0), h = h(0).
A combination of the Einstein equations then reduce to

R'-RNW=0 =— R =" (3.10)

where )\ is an arbitrary integration constant. The rest of equations of motion reduce to the
following equation

w A
R”+R2+§ew+1 =0. (3.11)

For R' = 0 case, (3.10) is trivially satisfied, while (3.11) has solution only when A < 0.
For this special case, the equations of motion leads to the following equation for A

W +n*=1, R =0, A<O0. (3.12)
Below we consider R’ # 0 and R’ = 0 cases separately.

R’ # 0 case. Equation (3.11) is the Jacobi elliptic equation for e®. However, for explicit
representation of metric, it is more convenient to make a coordinate transformation on 6
and write the metric into the following form

a?cos? 6

ds® = 1% cos? Ods3 + do* + —A0) tan Odip? | (3.13)
A(0) <1 I M)
6
where , , ,
A(@):HA%cos?e, . —1<Ag<1. (3.14)
6

In the above, 6 € [0, 7/2] and to avoid conical singularity (at § = 0), ¥ € [0, 2x]. This class
of solutions exist for both negative and positive cosmological constant A. The metric (3.13),
as expected, reduce to (3.8) in the A = 0. We also comment that metric (3.13) may also be
obtained as the near horizon limit of EVH AdS-Myers-Perry. (This latter may be explicitly
seen from eq. (4.18) of [11] by setting ¢ = 0.)

One may reduce the Einstein-A theory over the two dimensional 61 part to obtain a
3d Einstein gravity with cosmological constant —2/¢2 and the 3d Newton constant G =

G5%. This 3d theory can have a 2d CFT dual with Brown-Henneaux central charge

c= 327853 [(1 + Aa?/6)/1 — Aa2/6]_1.




AdS5 geometry is the only other possible solution in this case which in the coordinate
system (3.9) can be written as follows*

(ds3 + df? + sin® 9d¢2)} . 2= —% (3.15)

1
cos2 0

ds2:£2[

where the 61 part is conformal to an S2.

R’ = 0 case. In this case the solution turns out to an AdS3xH? geometry

1
ds* = (? [ds% + 5(de2 + sinh? 9d¢2)} , 2= (3.16)

3
A Y
where to avoid conic singularity we take ¢ € [0,27]. We also note that solutions (3.15)

and (3.16) are not continuously connected to the vacuum one at A = 0 discussed in the
previous subsection, i.e. metric (3.8).

3.3 5d Einstein-Maxwell case

In this part we consider 5d Einstein-Maxwell-A theory with the action

= - - v v - . .1
S e /d T/ g(R 2FM A 2[\) (3 I)

In five dimensions, SO(2,2) invariance allows for having invariant two forms along the
directions transverse to the AdSs part, i.e. a magnetic two form field strength.> We start
with extending the theorem for vacuum solutions to the Einstein-Maxwell-A case.

Theorem 2. All SO(2,2) invariant solutions to 5d Finstein-Mazwell-A theory have nec-
essarily an extra U(1) isometry.

Proof. Let us start with metric and gauge field ansatzs (3.9) and (3.4). Equations of
motion for gauge fields can be solved to get

Fyy =p e 2R, (3.18)

With this gauge field strength one may readily examine the other equations of motion given
in (3.2). Noting the form of gauge field strength, it is straightforward to verify that the
steps of the proof discussed for the pure Einstein case goes through verbatim and we hence
do not repeat it again here. We also note that similar discussion can be made for the case
when there are more than one Maxwell fields; our “SO(2,2) rigidity theorem” extends to
cases with arbitrary number of U(1) gauge fields.

4This AdSs solution may formally be obtained in the a — oo limit (A fixed) of (3.13), upon an extra
Wick rotation on the 6 coordinate.

5We can of course also have SO(2,2) invariant electric three forms, which is beyond the scope of the
EMD theory we are studying in this work.



Taking the U(1) symmetry into account and choosing the corresponding Killing to
be along 0y, i.e. choosing unknown functions in metric ansatz (3.9) R and h, to be only
functions 6, the equations of motion reduce to

3R" +6R? 4+ 3R'N —3p?e 420?46 =0, (3.19)
30" + 302 + 6h'R’ + 6p2e 4 4 20e%F = 0, (3.20)
6R? 4+ 6h'R — 3p*e " 4 206?146 = 0 . (3.21)

Subtraction of the first and the third equations in above gives
R'—WR =0 = R =", (3.22)

where A is an arbitrary integration constant. As in the Einstein-A case of previous subsec-
tion, one can distinguish two cases: R’ # 0 or R’ = 0.

R’ # 0 case. Eliminating h in (3.19) we get

/ p2 A
R'+R?— 76_41% - §eQR +1=0. (3.23)
One may integrate the above as
o, 2A 5 2 2
Yo+ oy +4y - Cy+2p° =0, (3.24)

3

where y = €2/ and C' is an integration constant. The solution for y may be written in terms
of Weierstrass elliptic function. Alternatively, one can solve the equations more explicitly
upon a redefinition in # coordinate to obtain the metric

3
2 3A2 2773 o
9 9,9 @ o  HFAL 4 9 9 _ pa“Hg sinf cost
ds® = Hy|R*ds3 + Kg(d@ + HIAZ sin® 0 cos” Odyp )}, Fyy = NS (3.25)
where
Ad® 2 2
Agzl—i—Tcos 0, Hy = s* + cos” 0, (3.26)
R _ a? 2 _ 2a*s*(1 + 5%) (1 — %GZSQ) (3.27)
TloAZg3e) PT A 5 ‘
— 55 (14 3s%) [1—ga2(1+382)}
Positivity of p?, R? restricts the range of allowed a for a given s, A: Aa? < H%'

For the A = 0 case, solution of (3.24) takes a simple form,

op2 2
2R _
et =/ T3 T3 cos 20 . (3.28)

This solution reduces to (3.8) for p = 0. Magnetic charge corresponding to this solution is
given by

M = /F = V6rPpt (3.29)

One can show that the above may be obtained as the near horizon limit of an magnetically
charged extremal black string.

,10,



R’ = 0 case. In this case the solution is of the generic form of AdS3xXs. If we denote
the radius of the AdSs part by ¢? = e then,

p* = H(PA+3) =0,
(eM)' + (2A% + 4)e = 0. (3.30)
Eq. (3.30) has two (positive) solutions for 2 when A < 0 and one acceptable solution for /2

if A > 0. From (3.30) we learn that the Xy part of the geometry is a 2d constant curvature
space; the metric for Xy is

R*(d6? +sinh®0y?),  R?= 55— A<-3Z, |p|<
dsk, =4 (6> + 6%dx?), A=-%, lpl =2 (3.31)
R2(d6? + sin? 6?), RP= -5l A>3, |p|>0

As expected, for p = 0 (and A < 0) the solution reduces to AdS3xH? discussed in previous
subsection. These three cases are near horizon of EVH black string with flat, spherical and
hyperbolic horizon on dSs or AdS; background.

3.4 Einstein-dilaton theory

As the next case we consider Einstein-dilaton theory. The equations of motion for this
case are

Ry, =20,80,®&, O®=0. (3.32)

To solve the above equations we start with the metric ansatz
ds? = e*ds? + 27 d0? + e*Mdy)?

where R, f and h are functions of #,1. In this case, it turns out more convenient to choose
the basis such that the coordinate @ is equal to the dilaton field @, i.e. the linear dilaton
frame (gauge). In the linear dilaton frame ® = 6, one may readily solve the equation of
motion for the dilaton, and find

f=3R+h,

leaving us with two unknown functions R, h. Moreover, in this frame, 0,20, ® = 6,90, 6.
Among the Einstein equation there are four independent second order partial differential
equations of two variables # and ), for these two variables.

Based on these four equations, we could not prove that SO(2,2) invariance implies the
extra U(1) isometry. However, we could not find other solutions without the U(1) isometry
either. To explore this issue, we checked if the condition for (conformal) Killing equation
to have solutions for the background ansatz metric is compatible with the background field
equations. Explicitly, if we assume that metric

ds? = e*ds? 4 eSF2hqg? 4 2hay? (3.33)

— 11 —



has a Killing vector with components in the 81 plane, & = %0y + 51/’(%, the condition for
(conformal) Killing equation to have solutions reduces to

00RO, R| (92R — 2(0,R)? — 20,ROuh) — & (3R — 2(09R)? — 200R0ph) | =0, (3.34)
while from 60 and 1 components of Einstein equations we get
2
(05R — 2(0yR)? — 20, ROyh) — %7 (95 R — 2(0pR)? — 20y ROph) = geﬁR. (3.35)

The above two equations are clearly not in agreement, unless 9y R or 9y R vanish. The 0
component of Einstein equations, then implies that if 9pR (or 0y R) vanishes then dyh (or
Oph) would vanish too. That is, a solution of the form (3.33) has a Killing direction in
01 plane, only if the metric coefficients do not have 0 or v dependence. Moreover, if one
assumes that R is a function of h and its derivatives, i.e. R = R(h,9ph,0yh), one may
then observe that equations of motion imply that either of dy or 9y are Killing vectors.
To summarize, this analysis does not rule out solutions without the U(1) isometry, while
confirms existence of solutions with the U(1). Moreover, it is straightforward to show that
the above analysis regarding the existence of Killing vector extends to Einstein-Maxwell-
dilaton theory, with or without A.

Based on the above analysis and the form of Einstein equations, and that we could
not find any solution without U(1) isometry, although we could not prove the existence of
U(1) for all SO(2,2) invariant solutions to Einstein-dilaton theory, we conjecture existence
of this extra U(1). In a similar spirit, we extend this conjecture to the more general case
of EMD-A theory.

Given the above conjecture, assuming existence of a Killing along d,, direction, here we
set about finding solutions to Einstein-dilaton theory. In this case all metric components
are only functions of 6 coordinate, (3.32) can be simply integrated out and we get

ke? k2
ds? = "¢ (ds§ b d02> + B Mdy?, @ = *f\/ﬁ (3.36)

- 23 cosh k6 4 cosh? k6
in the linear dilaton frame. The above solution may also be written as
% sin 20
ds* = Rtas%ﬁ (ds3 + d6?) + B2 tan®* 0dy?, @ = \25 1 —a?In(tand), (3.37)

The above solution reduces to the pure Einstein gravity solution for o = 1 case and has a
curvature singularity at 6 = 0.
We end this part with the other class of solutions of the form AdSyx,I; (where I is
an interval):
ds? = e*ds? 4o, + db? (3.38)

where R and scalar field ® are functions of # and given by real solutions of following
equation
(e 4 12e2 =0, @ = Ae R, (3.39)

where A is an integration constant. In presence of a negative cosmological constant A, as
in the 4d case discussed in the previous section, we can have AdSy X ,,I; solution with linear
dilaton background.
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3.5 Einstein-Maxwell-dilaton case

Again here we adopt the linear-dilaton gauge ® = ~60 in which the metric ansatz takes
the form (3.33). In this gauge the equations of motion for the gauge field considerably
simplifies, yielding to®

Fpy = pe®* (3.40)

where p is a constant. One can repeat the analysis for existence of (conformal) Killing
vector in 01 plane outlined in the previous subsection and observe that these are not
compatible with the equations of motion unless JpR or dy, R are zero. As in the previous
subsection, we conjecture that all SO(2, 2) invariant solutions to the EMD-A theory exhibit
an extra U(1). We construct all such solutions in this section.

In the linear-dilaton gauge with the assumption of extra U(1), the equations of motion
for the metric unknowns R, h takes the form

2
W'+ 2pPe*h 4 §Ae6R+2h =0, (3.41a)
3R" — 3p®e®h 4 2N PR 1 g2 — (3.41b)

/ 1, ¢ 1 2
R2+ R'W + *RF2h 4 gAeé’RHh — §p2€2h — % =0. (3.41c¢)

Recall that ® = 76 and gauge field is given in (3.40). One can easily check that (3.41c)
is the integrability condition for the other two equations, i.e. the above three equations
for two unknowns h, R are compatible with each other. As a check, we observe that for
the special case of k = 0 the above equations reduce to those of Einstein-Maxwell-A given
in (3.19). (For the latter please note that (3.19) is written for a different ansatz metric.) It
may also be checked that for p = 0, A = 0 we recover the Einstein-dilaton case discussed
in previous subsection. Hereafter we will hence assume ~, p are both non-zero.

We first note that, the above equations do not have a constant R solution (except for
~v = 0 case). That is, for generic EMD-A theory we do not have AdSs x X5 solution. One
may also check that we do not have AdS,x,I; solution (except for p = 0 case). These
results are true for any sign and value of A.

For the EMD case with A = 0, one can solve the above equations to obtain R, h:

: 2
(2R _ Pha - cosh(ki6 + 90)’ o2h _ 2k1 D ky =414 ﬁ,yzk% . (3.42)
/2 cosh kq ko 2p? cosh” (k16 + 6p) 3

(note that the dilaton field is ® = v#.) We note that the solutions for the special case of

p = 0 (the Einstein-dilaton case of previous section) cannot be obtained as a simple p — 0
7

limit of the above solution.

SWe are taking the Maxwell-dilaton coupling term f7; to be one.

"In order to recover this solution we need to take a singular limit of the above solution, while keeping the
integration constant associated with the shift in 0, 8y and take an appropriate simultaneous 6y — co,p — 0
limit.
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EMD theory with Maxwell coupling f = e*¥®. Equations (3.41) was written for a
theory with cosmological constant but without coupling of dilaton to Maxwell field. i.e.
f =1 in the notation of (3.2). In usual supergravity theories, however, there is a coupling
of the form f = ek® for specific values of k. In this case the equations of motion are
of the form:

1
Ry, = 20,20,® + " <2FMF,, A 3gWFaI3F“f8> : (3.43a)
ﬁau (V—g0t'®) = 16 Bk, (3.43b)
9, {«/—gemF’“’} ~0. (3.43¢)
It turns out convenient to adopt the following parametrization for the metric ansatz
ds? = e*ds? 4 SF2hqg? 4 ?hay? (3.44)

where R, h are functions of . The solution to gauge field equations of motion is easily

obtained as
Fyy = pe keT2h (3.45)

where p is an integration constant. The other equations of motion are then obtained as

R// + 264R+2h - %e—k‘b—l—% -0

3 , (3.46a)
4 2
b+ %e*kq’”h =0, (3.46D)
’k
o - % e R — (3.46¢)
2 (1)12
R2 1+ RN 4 AR+2h _ Qe—kq>+2h _Z (3.46d)
3 3 ' )
(The last equation is not independent of the first three.) One may solve the above equations
to obtain
LT 2 frh — - st = O (3.47)
8 ’ 2 cosha(6 + 6p)’ m cosh cf’ '
where ) )
4 k 3k 4
2 2 2 2 2
" p<3+4)’ a<+16> R

and b, c and 0y are integration constants.

3.6 U(1)® gauged supergravity

Although the U(1)? gauged SUGRA is not of the form of EMD theory, for completeness
we also present solutions of this theory with local SO(2,2) symmetry. The bosonic part of
this SUGRA has three U(1) gauge fields and two scalars with the action

3
_ 1 5 o 1 —2712 2 2
S=17 /d x[R 5 ; X;2F? — 2(891)% — 2(0®,)

3
4
+5 X 2R AR A As (3.48)
=1
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where

4
Xi=e wHTVER oy, VIR (3.49)

This theory may be obtained from a reduction of 10d ITb SUGRA over an S° [24]. There-
fore, all solutions to this 5d SUGRA have a 10d uplift.

The vacuum solution to this theory (when the gauge fields and scalars turned off) is an
AdS5 geometry of radius £. The most general black hole solution to this theory has been
constructed in [28] and has six parameters, a mass parameters, two angular momenta and
three electric charges.

For the general metric ansatz of the form

ds? = 280 452 4 21(0) 4g? 4 £27O0) g2 | (3.50)
the SO(2,2) invariant solution to gauge field equations of motion takes the form

(;) _ pZXi26f(9)+h(9)—3R(0)’ (3.51)
where p; are constants to be fixed by the equations of motion for metric and scalars. Note
that since all three gauge fields have only Fjy, components, the Chern-Simons term on
the action does not contribute to the equations of motion for the class of solutions of our
interest.

Here we discuss three class of solutions to the U(1)? gauged SUGRA theory:

I. A general four parameter class of solutions to this theory with SO(2,2) x U(1) is
obtained to be

H§ A3
ds® = Hy |R?ds3 + A <d¢92 + ﬁ? sin? @ cos? 9d1/12>] (3.52)
G
where
a2 111
Ag = <1 — 7z 08 9> H; =cos’0 +s?, Hy=H}HjH;, (3.53)

and scalar fields are given in terms of X; which are
X, =—. (3.54)

The constants p; and R? are related to a and s; as

a2

R? = : (3.55)
1+ 9% (s3+s3+s3+1)

2
= 2ats3(s7 +1)(1 + % s7) (3.56)
7 2 ) .
14 % (147 + 53+ 53)°

We comment that for the “two charge case”, when e.g. s3 = 0, the above solution
reproduces the one discussed in [11]. (To compare the two one should consider the
10d uplift of the above solutions and make appropriate 8-coordinate transformation.)
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II. There is another class of solutions with R(f) = const. In this case equations of
motion imply that the scalars are also constant. Therefore, for this class of solutions
the rest of equations of motion reduces to that of an Einstein-Maxwell-A theory with
three U(1) gauge fields. That is, we have solutions of the form AdS3 x Xa, where X,
is a maximally symmetric space, the same as what we had in (3.30) and (3.31).

ITI. The U(1)? theory of course admits an AdSs solution, which comes with F() = 0 and
X; = 1. The AdS5; metric in AdSs slicing is of the form

ds® = (% cosh? Ods3 + (2d6? + ¢* sinh? Ody)? . (3.57)

Consistent truncations. There exit various consistent truncations of the U(1)? gauged
SUGRA theory (3.48) to the theories discussed in previous sections. Given these trunca-
tions one can check and reproduce some of the solutions to these theories which were all
classified in the previous sections.® Here we discuss these truncations.

o Truncation to Finstein-A theory. It is readily seen that X; = l,FﬁV = 0 gives a
consistent truncation of U(1)? theory to Einstein-A theory with A = _Z%' Moreover,
one can observe that the class of solutions given in (3.52) for s; = 0 reduces to (3.13).
In addition, one can also see that the AdS3 x X3 solutions of the U(1)? theory reduces
to similar solutions in Einstein-A theory. Therefore, one can recover all solutions
discussed in Einstein-A theory from the truncation of solutions of the U(1)? theory

we discussed here.

One may also take the £ — oo limit and further reduce the above Einstein-A theory
to pure Einstein gravity and observe that all solutions of the section 5.1 can be
reproduced from the U(1)? theory solutions we presented here.

e Truncation to Einstein-Mazwell-A theory. The A,(f) = A, which equates the three
U(1) gauge fields constitutes a consistent truncation if X; are also equal to one.
This will therefore consistently reduces the U(1)? theory to an Einstein-Maxwell-A
theory with A = —e%. One may apply the same truncation to the solutions above
by setting s; = s. In this case H; = H and X; = 1, and the solution (3.52) reduces
to (3.25). In a similar manner, one can reproduce AdSs x X9 solutions of the Einstein-
Maxwell-A theory from the solutions of U(1)3 theory we discussed above. In other
words, all of solutions discussed in section 3.3 can be reproduced from U(1)? solutions
discussed here.

One may also take the £ — oo limit and further reduce the above Einstein-Maxwell-A

theory to Einstein-Maxwell gravity.

e Truncation to Einstein-Mazwell-Scalar/Dilaton theory. One can show that ¢o = 0 or
X1 = X5 and A1 = Ay = 0 provides a consistent truncation of the U(l)3 theory to

8Note that although the solutions of the U(1)® theory given here cover a large class of its solutions with
SO(2,2) x U(1) symmetry, our solutions may not classify all such solutions of the U(1)? theory.
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Finstein-Maxwell-Scalar theory with the action
1 _ 4 _
L=R— eV, —2(00) + 5 (zew/\/g te 4¢W5) . (3.58)

It is also possible to further restrict the theory by sending ¢ — oo, where the theory
takes the form of EMD of the form discussed in section 3.6 with gauge field-dilaton
coupling with & = —8/4/6. One may readily observe that the solutions of the U(1)3
we have given here for s; = so = 0 reproduce a class of solutions of the EMD of
previous section.

4 General d-dimensional vacuum solutions

In the previous section we gave a (more or less) complete classification of four and five
dimensional SO(2,2) invariant solutions (see the discussion section for more detailed sum-
mary). In this part we give three classes of SO(2,2) invariant solutions to higher dimen-
sional pure Einstein gravity. In d > 6 dimensions the equations of motion in general reduce
to non-linear partial differential equations on the d — 3 dimensional space. There is no
standard procedure to classify all solutions to these equations. Here we construct three
class of such solutions which are those with SO(2,2) x U(1)44, SO(2,2) x SO(d — 3) and
a family of SO(2,2) x U(1)" (n = %2 in odd dimension) isometry.

e Imposing the extra d—4 U(1) symmetries reduces the partial differential equations to
ordinary second order differential equations, whose solutions can be uniquely specified
if we assume that the d — 4 dimensional part of metric is smooth. Explicitly, let us
consider the ansatz

d 2 d—4 d—4
ds® = 2B <—r2dt2 + %2 + r2dp? + d92) + Y Myl + > fi ddy (41)
=1 =1

where R, h; and f; are real functions of . One can always remove off-diagonal f;
terms by a shift in ¢;. We will henceforth work in such a frame. For this class of
solutions the d — 3 dimensional part of the geometry is a compact, finite volume and
smooth surface with topology of a solid torus; i.e. at generic constant 6 surface we
find a d — 4 dimensional torus 794,

It is easy to check that vacuum Einstein equations does not admit any solution for
d < 4. For d > 4 however we get following solutions

et = A%sin() cos() (tan8)”, €*M = B2(tan )%, (4.2)
where
d—4 d—4
20+ ) ¢ =0, 22°+ > =6. (4.3)
i=1 i=1

One can readily observe that for d = 4 the above have not real solutions for a,c,
compatible with the results of section 2, and for d = 5 it reproduces the solution
in (3.8).
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One can check that the Kretschmann invariant blows up at § = 7/2 and hence we
have a curvature singularity. Nonetheless, one can show that upon the reduction of
d dimensional Einstein gravity to three dimensions we obtain an AdS3 gravity with
a finite Newton constant and finite AdS3 radius.

e As the next geometry with the maximal rotation symmetries, one may easily show
that there are no solutions with SO(2,2) x SO(d — 2) isometry (i.e. an AdSzxS?~3.
The next case with smaller rotation group is the solution with SO(2,2) x SO(d — 3)
isometry. To this end, we start with the metric ansatz

ds? = B0 (ds? + d6?) + /D an?_,. (4.4)

Equations of motion for above metric ansatz are given by
R'+2R?+ (d— )R f +2 =0, (4.5)
(d—4)(f"+ f? - AR'f') — 6R? - 6 = 0, (4.6)

(d—4)(d—5)(f?—e*2) 4 6(d—4)R'f' +6R? +6 = 0.

Although we could not find an explicit solution for the above equations, one may
show that the above equations do have a solution for which e” is an even function of
0 and e is an odd function. The series expansion for the solutions is obtained to be

62 f* d? — 27d + 116)6°
eR:£<1 ( 7d + 116)

Td=3 7 6(d=32 90(d—4)(d—3P3d+1)
(d* +572d3 — 7789d? + 33448d — 44592)6°
2520(d — 4)2(d — 3)4(d + 1)(d + 3) ’

o :g(g_ (d—17)63 (d—1)%0°
3(d—4)(d—3)  30(d—4)%(d — 3)2
(d* —128d° + 1206d? — 4912d + 8153)07
a 630(d — 4)3(d — 3)3(d + 1) )

(4.8)

where for d = 5 we recognise Taylor expansion of cosf and tan 6.”

e In odd dimensions d = 2n + 3, one can find another class of vacuum solutions with
S0O(2,2) x U(1)™ isometry. This class of solutions which are specified by n free
parameters a; are given by

ds® = cos® O(R*ds3 + db?) + sin” 0 Z [a%d,u? +a2u? (1+ tan® 0y7) dz/)ﬂ , (4.9
i=1

n -1 n
R? = <Z al2> coy =1 (4.10)
=1

i=1 "t
It is readily seen that the above solution in d = 5 or n = 1 reduces to (3.8). This
class of solutions are related to the near horizon limit of odd dimensional EVH Myers-
Perry black holes [9, 10]. (In the class of MP black holes in odd dimensions, EVH
black holes are those when only one of the angular momenta vanishes.)

9We note that as in the d = 5 case and as discussed in [22] the solutions in the above class are not
smooth and have curvature singularity.
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5 Conclusion

In this work we set about classifying all SO(2,2) invariant EMD-A and the STU gauged
supergravity theories in four and five dimensions. To the EMD-A case we gave a complete
classification. Note that while in 4d and 5d EM-A our classification was complete, in the
5d EMD-A case, our classification is complete only if we assume the extra U(1) isometry.
For the STU gauged supergravities we provided a large class of such solutions, but could
not show that these solution are exhaustive. In the 5d U(1)? gauged supergravity case we
discussed various truncations of the theory to EMD-A theories and observed that the class
of solutions we have given already exhausts all the solutions of the EMD-A theory in the
truncating limit. This could be viewed as evidence supporting the view that, despite the
lack of a proof, our class of solutions to U(1)? theory already exhausts all the solutions in
the class of our interest.

Vacuum Ein- |E-A E-M-A E-D E-M-D Gauged
stein SUGRA
d=4|No solution |AdSy is the|No gauge field|Complete Complete A set of solu-
exists only solution | in 4d is allowed; | classification |classification |tions to U(1)%
AdSy is the only | by (2.10), by (2.10), given in (2.16),
solution (2.11) (2.11) (2.17).
d=5|U(1)- U(1)- U(1)-theorem; |(3.36), (3.37)(3.42), (3.47) | (3.52) gives a
theorem; theorem; (3.25), (3.28) give complete |are exhaus- |large class of
(3.8) exhausts| (3.13), give complete | classification, |tive assum- |solutions to
all solutions. |(3.15), (3.16)| classification assuming the|ing the U(1) |U(1)3
classify all U(1)
solutions
d>5|(4.2), (4.8),
(4.9), specific
solutions

One of the motivations for this study was related to EVH black holes/rings and the
conjecture that any EVH black hole/ring in the near horizon limit produces a (locally)
AdSj3 throat, while the converse is not necessarily true: that any solution with SO(2,2)
isometry is not necessarily coming from the near horizon limit of an EVH black hole/ring.
This conjecture was proved in 4d case in [1]. Extending the EVH uniqueness theorem
to 5d and proving that any 5d EVH black hole/ring solution to EMD theory has indeed
an AdSs throat in its near horizon limit is the problem we would tackle in our upcoming
publication. Moreover, as discussed in this work, most of the solutions we gave in four
and five dimensions are indeed coming from the near horizon limit of known EVH black
holes/rings. In particular, we have checked that the solutions given in section 3.6 for
U(1)? theory may be obtained from the near horizon limit of the most general black hole
solutions to this theory constructed by Wu [28]. The Wu black holes constitute a six
parameter family of solutions, specified by a mass, two spins and three (electric) charges,
denoted by (m;a,b;s1, s2,s3) in notation adopted in [28]. The EVH black holes in this
class then come with one of the spin parameters, say b is equal to zero, together with the

“extremality condition” 2m = a?.
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We also discussed some classes of higher dimensional vacuum solutions. A class of
them with SO(2,2) x U(1)" where n = % for odd d, is coming from the near horizon
limit of EVH MP black holes [9, 10]. While we expect the other solutions we discussed
here to be also related to higher dimensional vacuum solution EVH black holes, we have
not found such explicit black hole solutions in the literature. (As discussed in [14, 15] in
the 5d case in the near horizon limit of EVH black rings and MP black holes become the
same geometry, while one can still try to trace ring vs. hole question analysing near-EVH
geometry. )

In the 5d case, we proved a “rigidity theorem” stating that in the Einstein-Maxwell-A
theory SO(2,2) invariance implies an extra U(1) isometry. Although we could not prove
(due to technical difficulty of dealing with highly complicated partial differential equations)
the same statement for the EMD-A theory, we expect this to be true for this general case,
as well as the U(1)? gauged supergravity.

All our SO(2,2) invariant solutions come with an AdSs factor and a “transverse” d —3
part which has a finite volume (or can be made compact). One may then reduce the d
dimensional gravity theory to obtain a 3d Einstein AdSs gravity. This reduction has been
carried out in the appendix. In the solutions we discussed here the AdSs part generically
comes with a warp factor which has zeros and one can show that the whole geometry has
curvature singularity at points where the warp factor vanishes. De spite having curvature
singularity, the modes in the AdSs gravity obtained upon the reduction are smooth. This
implies that these are “good” singularities in the sense used in [29, 30]. Given the curvature
singularity one may examine whether the higher derivative corrections to gravity action
can remove the singularity. Such an analysis has been carried out in [31].

Finally, given the AdSs factor, one may put forward the EVH/CFT proposal, stating
that low energy excitations on the geometries we discussed here is dual to a 2d CFT
associated with the AdSs factor. Studying various aspects of this proposal is an interesting
question we postpone to future works.

A Dimensional reductions
Let us write the metric in form
ds® = e*Rds? + hgydzda®, (A.1)

where R is a function of internal coordinates x, ds§ is the line element on three dimensional
space-time and hgp is the metric on the “internal” d — 3 dimensional part. Non-zero
components of Ricci tensor are given by

R = RE) —g3) (ViVIR+ 3V;RV'R) 2R, R;; = R\ —3V,V;R-3V;RV,R, (A.2)
and Ricci scalar turns out to be
R =e R + Rg_3 — 6V,;V'R— 12V,RV'R (A.3)

where we used indexes ¢ and j for the internal space.
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A.1 Reduction over the AdS3 down to d — 3 Euclidian space

One may reduce the theory on the AdS3 part to obtain a d — 3 dimensional Euclidian
theory. This d — 3 theory is in fact the theory whose solutions would classify all SO(2,2)
invariant solutions we discussed in the work. Here we discuss reduction of Einstein-Hilbert
action, 4d Einstein-dilaton theory and 5d EMD-A theory separately.

Reduction of Einstein-Hilbert action: down to d — 3 leads to
5= / VReH (Rg_s) + 6(VR)? — 6e2R) di=3z (A.4)

In particular when the internal space is in form (4.4), above action will reduce to following

one dimensional action
S = / PRI (d — 4)(d — 5)1 + 6B+ 6(d — 4) 'R
+(d— 4)(d — 5)e2B2f 6) df (A.5)
It is easy to check that equations (4.5)—(4.7) can be obtained from above action.

Reduction of four dimensional EMD-A theory. As discussed gauge fields do not
contribute to SO(2,2) invariant geometries. Therefore, one may simply consider Einstein-
Dilaton/Scalar theory, turning off the gauge fields. It is straightforward to check that
equations (2.5)—(2.7) can be derived from the following one-dimensional action

S = / ef (3 £ 40 - Vfo) 40, Vig = 28%V(®) + 1282 (A.6)

Reduction of five dimensional EMD-A theory. Using diffeomorphisms to write two
dimensional metric in diagonal form h;; = €2A5ij, equations of motion for metric (3.3),
scalars and gauge fields (3.4) can be derived from the following two dimensional action

S = / (S5rs070; X"0; X5 — Ve (X)) dOdsp, 7,8 =1, ,No +2, (A7)

where Ng is number of scalar fields. Two dimensional scalar fields X" and effective potential
Vog are defined by

Xl — R , X2 — A , X2+k‘ — @k; , ‘/eff — 6€2A o 2€2A_4Rf]JpIpJ + 62R+2AV((I)) ) (A8)

Metric §G is defined by

33X 363X 0 ... 0
33 0 0 -~ 0
. . 63X1Gmn

0 0
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A.2 Reduction of d dimensional space down to 3d space
Starting from Einstein-Hilbert action in d-dimensions

B 1
167Gy

/ V=9aR@yd"x (A.10)

and integrating over internal space coordinate we get

1
167TG3 / \/ —g(3) (Rg — 2/\) d3x . (A.ll)

For metric ansatz (4.4), three dimensional Newton constant G3 and cosmological constant

S:

A are given by
Gyt =04738 4G, A= 6072, (A.12)

where ¢g4 is a number of order unity and S, is area of unit d-sphere. For solution (4.9) G3
turns out to be
Gyt =43 2m)dtat (A.13)

For the the five dimensional example U(1)3 we get
Gyt = mQHEAgngl, (A.14)
and for the four dimensional example U(1)* it turns out to be
G3' = V2RG . (A.15)
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