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1 Introduction

Quantum field theory Ward identities are relations among correlators that are derived using
the symmetry generators. They are valuable even when the symmetries are broken. Of
particular interest are Ward identities associated with space-time transformations. In this
paper we will derive quantum field theory Ward identities based on linear area preserving
and conformal transformations. The identities yield relations among different quantities
such as viscosities, conductivities and angular momentum of the system.

We will consider parity breaking quantum field theories in 241 space-time dimensions.
There is a large number of such systems of interest, for instance the Quantum Hall states.
They exhibit non-dissipative parity breaking transport properties, such as the well known
Hall viscosity ng. The Hall viscosity in 2+ 1 dimensional quantum systems was studied first
in [1],} and has been much studied since, see [3, 4] for reviews. Its value in topological states
such as Hall states or chiral superfluids has been computed in many different systems [1,
5-11], and it has been shown that its value divided by the particle number density is
quantized. This makes it particularly interesting, since it gives a characterization of the
state independent of the Hall conductivity. A closely related quantity is the torsional Hall
viscosity that was introduced for relativistic theories in [12, 13].

From an effective field theory point of view a non-zero Hall viscosity is expected on
general grounds in theories with broken parity [14-19], including hydrodynamics [20, 23].
Hall viscosity was also introduced in holographic models in [24, 25|, and further studied
in [26-30].

A novel formula relating the Hall viscosity to the angular momentum density of the
system £

ng =10/2, (1.1)

was shown to hold in certain non-relativistic systems on the torus in [7, 9]. The relation
between the Hall conductivity and the angular momentum density has been studied in
various setups [14, 24, 26, 27]. In [24] it was argued that the relation between angular
momentum and Hall viscosity holds in a holographic chiral superfluid. However, angular
momentum can be introduced in several ways (see [31-33]) and generically it is not simply
related to the Hall viscosity [26], which could even vanish. These results are based on
bottom-up models. It is of interest to have a general field theory argument that clarifies the
relation between the angular momentum and the Hall viscosity, and that is also applicable
to relativistic theories. This is one of the motivations for the present work.

In [10] it has been shown that Ward identities of non-relativistic systems lead to a
non-trivial relation between Hall viscosity and conductivities, and between Hall viscosity
and angular momentum density. In this paper we will derive such identities for general
relativistic or non-relativistic 2 + 1 dimensional quantum field theories, at zero and at
finite temperature. We will consider systems with or without translation invariance, and
introduce an external magnetic field and viscous drag terms. In particular we will see under
what conditions does the relation (1.1) hold.

!Similar transport coefficients in classical magnetized plasmas were discussed before [2].



The paper is organized as follows. In section 2 we will introduce the algebra of lin-
ear area preserving symmetries and derive the corresponding Ward identities in general
systems. Having angular momentum density breaks translation invariance and the Ward
identity takes the form (2.21). We will then introduce an external magnetic field and obtain
the relation (2.29) with the modified angular momentum (2.30). In the presence of viscous
drag terms, that are of relevance for instance to systems with a lattice or impurities, we
will derive the relation (2.32). In section 3 we will consider the relation between the Hall
viscosity and conductivities in translationally invariant systems. In particular, we will de-
rive the relation (3.14) and with viscous terms (3.16). We will show that these formulas
reduce in the non-relativistic limit and in the absence of drag terms to the one derived
n [10]. The latter has been verified explicitly in some models.

In section 4 we will derive the Ward identity relating the Hall viscosity to the angular
momentum density when translation invariance is broken. We will obtain (4.7) and (4.30)
that in particular for gapped system yield (1.1). We will argue that in the limit where
translation invariance is recovered the value of the Hall viscosity does not change. In
section 5 we will consider spatial conformal transformations on the plane and use them
in order to derive the Ward identity relation (5.13), which we use in order to show the
relation between the angular momentum density and the total pressure of the system
including the Hall bulk viscosity contribution (5.20). In the appendices we provide details
of the calculations as well as a generalization to nonzero temperature.

For convenience we introduced in table 1 all the notations that will be used in the
paper, and highlighted the main results in the different sections.

2 Ward identities from linear transformations

Ward identities are constraints among correlators that can be derived by taking advantage
of the symmetries of the theory. They are useful even when the would-be symmetries are
broken. In particular, when the symmetries are related to spacetime transformations, there
are various relations that are of much physical interest. Canonical examples are conformal
transformations, where Ward identities provide a deep insight about the properties of
the theory.

The generators of linear transformations in d 4+ 1 dimensions are

QW = / de oH 7% (2.1)
where TH is the energy-momentum tensor (We will use Greek indices pu,v = 0,1,--- ,d
for spacetime directions and Latin indices i,j = 1,2,--- ,d for purely spatial directions).

If Lorentz invariance is broken then it may be of interest to study the generators of spatial
transformations Q. An interesting subgroup comprises the area-preserving linear trans-
formations. It is quite natural to consider them for instance in Quantum Hall systems,
where the effective description is an incompressible fluid.

As was shown in [10] for non-relativistic systems, the Ward identities lead to a non-
trivial relation between Hall viscosity and conductivities, and between Hall viscosity and
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t,t Time variables with Fourier frequency w

T,z Space variables with Fourier momentum p, q
P=P{ k=p—q

St Area preserving current density, a = 1,2,3
Qo= [d?z S? Three corresponding charges

01 = 01,09 = 109,03 = 03 o,: Pauli matrices

Sijet = 1(61)i5(03) w

0, ¢ Angular momentum density, its average
k, k Generalized ¢, ¢ for B # 0

(Lyy) Total angular momentum

M(z) Space dependent magnetization

Py Constant pressure

€ Regulator

) Scale of breaking of translation invariance
ng, Mg Hall viscosity, its average

o, K9, ol @i Electric, momentum, mixed conductivities
og = %eijaij, Ky = %eijnij Hall and Hall momentum conductivities
tr o = 5¢j0ij Trace of electric conductivity

tr ao = 5Z~jaij , tra= (51-]-@” Trace of mixed momentum-current conductivities
n Charge density

We = % Cyclotron frequency

AJ, ATy ANR = % + Ap Drag coeflicients

Vi=T% Vi=e¢ Jr T': energy-momentum tensor, J: current

Table 1. Definitions and notations.

angular momentum density. In the following we will extend the analysis to generic quantum
field theories in 2+1 dimensions, both relativistic and non-relativistic.

2.1 Area-preserving transformations in 2+1 dimensions

In 241 dimensions there are three generators that we can construct contracting with the
Pauli matrices? 1
Qa = i(aa)ijQZ] = /de Sg (2.2)

Where the associated current density is

1 o
S('l; = 5(5'a)ij$ZT'u‘7. (23)

25, are the Pauli matrices for @ = 1,3 and 7 = ios.



This generates the algebra of SL(2,R)

[Qa, Qv] = ifap Qe (2.4)

The structure constants are antisymmetric on the first pair of indices and

fi3® = fi> = fa3' = +1. (2.5)
In general the charges ()1 and (Y3 are not conserved, since
1

g 1 3
0,5t = 30T = 0Qu=; [ P2 (0.)5T". (2.6)

Q)2 is a symmetry because rotational symmetry implies 7% = T7¢. It generates SO(2)
rotations in the plane. Note that all (), can be accidentally conserved in isotropic states
<Tij> o 8%. A representation of the generators acting on local operators is (z = (z,))

Q1= —%(xﬁy +y0y), Q2= —%(xay —y0s), Q3= _%(xam = y0y). (2.7)

The generators should satisfy the symmetry algebra. Therefore, the equal time com-
mutator should satisfy the Ward identity

([S%(t,2), S (t,&)]) = ifpC (SO(t,z)) 6D (z — ). (2.8)
In particular
(i[SY(t,x), S9(t,&)]) = — (S3(t,x)) 6@ (z — 2). (2.9)
Note that
/dgx/d% <1 [S0(t, ), S(t, >— I[Q1, Q3]) <L;y>, (2.10)

where (L) is the total angular momentum.

2.1.1 Systems with conserved momentum

If momentum is conserved BMTW = 0, we can use directly the generators constructed
with SO to derive a Ward identity that relates the Hall viscosity to current correlators
and angular momentum density. When momentum is not conserved the definition of the
SL(2,R) generators has to be modified, as we will discuss for systems with a background
magnetic field in the next section.

With the commutator of the area-preserving currents we can construct the retarded
correlator

G13(t - tA;.’L‘,.’iﬁ) = Z@(t - L?) <[S?(t,.’l:), Sg(ﬂj")w ) (211)
and similarly the retarded correlators of the energy-momentum tensor are defined as

~

G%/’aﬂ(t —tix,3) = iO(t — tA) <[T’uy(t,.’l:), TOC/B@’ .’i‘)]> . (2.12)

We are assuming time translation invariance but not necessarily space translation
invariance.



We will compute the time derivatives of G13, integrated over the spatial directions. In
order to regulate the integrals we introduce a constant vector €. Eventually we will take
the limit € — 0,

Li3(e) = 8t8{/d2a: e N e T X )
' (2.13)
= 0,0; / A’z d*% e €7 Gt iR QYO (1 — frx, B),

Where we have defined the tensor

1
Sijkl = 1(51)ij(5'3)kl- (2.14)

We collect some useful algebraic relations in eq. (A.1).
We will now do the Fourier transform with respect to time of the expression above

Tis(e) = / d(t — e =D (), (2.15)
and use the Fourier transform of the retarded correlators
. dpod?pd?q N i s A
G,L]L%l/aﬁ(t . t;a:,:i) _ / 17(227:)75 qezpo(t—t)—&-zp.a:—zq.xG,tél/aﬁ(po’p’q). (2.16)

After some manipulations (the details are in the appendix A.1), the Fourier transform can
be written in the following form:

- 0 0 ~oj
Li3(€) = w? Sij %T%G%OI(W,I’, q) : (2.17)
p=eg=—¢

We will now use the conservation equations of the energy-momentum tensor to relate this
result to the correlator of two stress tensors. In the end this will give us a formula for the
Hall viscosity.

Starting with (2.11) and taking the time derivatives explicitly we can also
write (2.13) as

Li3(€) = / d*x d*g e—ieTied [5’@ — 1)@ (z — ) (SY(x)) o1
48 50,0 G (t — £ z,f)} .

Where we have used the Ward identity for the equal time commutator (2.8) and we have
assumed that there is a time-independent angular momentum density <SS (a:)> The result
is (see the appendix A.1)

0(2€) o 0
“a Mg, A

CH" (w.p.q)] . (2.19)

|:pn qm
p=e.g=—¢

I~13(6) = w

3 Alternatively, one can think of the calculation as taking the Fourier transform of the correlator and
taking the zero momentum limit in a symmetric way.



Where we have defined the Fourier transform of the angular momentum density as

(k) =2 / d*z e * (S(x)). (2.20)

Note that £(0) = (L,,) is the total angular momentum if it is finite. Equating (2.17)
and (2.19) we obtain the relation

/(2 o 0 - nim
(2 )+Sz_7kl ap anz [anmGRJ l((“))paq)]p_e g——e
' o (2.21)
0 0 ~oi
_ . 2q.. 0501
= W Sy Opi 5QkGR (w7p’Q)‘p:e,q:—e'

In the absence of angular momentum density the relation above follows simply from the
conservation of the energy-momentum tensor in a translationally invariant system. This
shows that if there is a non-zero total angular momentum translation invariance should

be broken.

2.1.2 Systems with a magnetic field

The Hall viscosity was first computed in Quantum Hall systems, where a background
magnetic field is turned on. It is then of interest to extend the analysis to this case. In the
presence of a magnetic field B, the conservation equation of the energy-momentum tensor
is modified to

0,T" = Be'; J7, (2.22)

where J# is the electromagnetic current and we assume that the magnetic field is constant.
Note that the angular momentum density as defined above is not conserved, since

B
9,54 = —5:%]@. (2.23)
It is possible to define shear and angular momentum operators that obey the same conser-

vation equations at zero and non-zero magnetic field*

Sy = wg)”xz <T“j - gejnx”J“) . (2.24)
The SL(2,R) algebra is actually generated by these operators, rather than by the original
Sk. We will discuss this in more detail when we present the relation to angular momen-
tum density.

Even though S} is not a conserved current anymore, we will assume that time trans-
lation invariance is not broken so that the time derivative vanishes 9 (S3(t,z)) = 0.
Since we allow space translation invariance to be broken, in principle there could be a
non-zero current

(J'(x)) = €70;M (=), (2.25)

4We thank Moshe Goldstein for discussions on this point.



where M () is the space-dependent part of the magnetization. This will enter in the spatial
components of the angular momentum current

9; (Sh(z)) = —0; <§eijxiM(m)) : (2.26)

Given that Si = %ejkxj T by direct comparison we find that the expectation value of the
stress tensor should be
(1(2)) = (P — BM(x))3", (2.27)

where Py is a constant contribution to the pressure.
Because of the term depending on the current density in the conservation equation,
we should also consider current-current and mixed retarded correlators

t T
GR™(t—tx,8) =i0(t —t) ([J*(t,z), T (£,%)]), (2.28)
t T

Although due to the presence of the magnetic field the calculation is technically more
involved, one can follow the same steps to derive the Ward identity as in the previous
section. We have included the details in the appendix A.2. The original form (2.17) is still
valid, but (2.19) should be modified to

. k(2 o 0 < mim
113(6):—%(.1 (6) +SZ (|:p7’LQ’mGR] l(wap7q)i|
Pi 04k

—B2 [M&nmé’&m(w,p, q) — Gh(w.p, 4)] e q:e> :

where k substitutes the angular momentum density and is defined as

k(2€) = (2€) — g/dzx e 2% 22 (J(z)). (2.30)

2.1.3 Adding dissipative terms

So far we have assumed that momentum is conserved, except for the presence of an external
magnetic field. This is not necessarily the case in many systems of interest, in particular
if the microscopic theory is not translation invariant but there is a lattice or impurities
with which the degrees of freedom that carry charge and momentum can scatter. A simple
way to model the momentum loss is by adding drag terms to the conservation equation
of momentum

OuTH = Be' ;07 — Xy J" — ApTY. (2.31)

This is a purely phenomenological characterization of a system where the only effect of
the scatterers is to change the momentum, as it happens in the Drude model. This kind
of approximation has been used for instance in graphene [34] and in the description of



strongly coupled critical points with a dilute concentration of impurities [35]. This simple
approximation is not expected to hold in more general cases like impurities with magnetic
momentum or when the scattering with the impurities is strong.

It is straightforward to repeat the same steps that we used to derive the Ward identity
with the new terms. We find that (2.19) should be modified to

~ o o 0 ~mjml 2 ~0501
113(6) == ka;l api an ([anmGR (WapaQ) - )\TGR (Wap7 q):|p:e,q=—6

+ (i ) (Bey, — sl [ (w.p.9)]
p=€,q=—¢

¥ (miw + M) (Bed, — A;09) [ég(’l(w, P, q)] (2.32)
p=€,q=—c¢€

—(Bé€?, — X;00)(Be,, — A0b) [é’;gm(w, p,q)} )
p=€,g=—€
-+ contact terms.

We do not write the contact terms explicitly because we will be interested mainly in using
this formula in systems where expectation values are constant, where the contact terms
will vanish.

3 Relation between Hall viscosity and conductivities

A non-zero angular momentum requires an expectation value of the momentum density of
the form 1
0i iy
<T Z(alr:)> = Eezjﬁjﬁ(x). (3.1)

This is compatible with rotational symmetry if ¢ is a function of 2. The angular momentum
is, after integrating by parts,

(Lyy) = /deeZ-ja:i (TY(z)) = /d%ﬁ(xz). (3.2)

Note however, that if translational invariance was exact, then necessarily <T0i(m)> =0
and (Lgy) = 0.
In a translationally invariant theory correlators have the form

|/ vo +
Gl pg) = (2r P (0,200 50 ) (3.3

We will define P = (p+¢q)/2 and k =p —q.
Then (2.17) becomes

Iis(€) w? 0? :
(;?;f)ﬁ = T S gpgp T @ P (2e) |
w? o 9 9 0.y
i <P A %%, PV (R 3.4
T3 Sk | 5p ok~ oP, 8kk] (@, PYAR)| e (34

2

(2
8]@8[% 0 (k) ’k:2e.

— wzsijklfojm(w, 0)



Note that, if rotational invariance is not broken, the correlator can depend only on even
powers of the momentum, P? or P/P'. On the other hand, conservation of the energy-
momentum tensor implies that w?T'%%(w,0) = 0. Therefore, the last two terms vanish and
Ts©) _«? o & g

s, P90, P)o)(2€)| 3.5

(27‘(’)2 4 15kl 8R8Pk ( ) ( ) 0 ( )

3.1 Systems with conserved momentum

For a translationally invariant system (2.19) becomes

jlg(e) 1 82 ml (2)
e T njm ) 3.6
(27)2 4S”kl OP;OPy [PanF (W’P)}on 07 (2€) (3.6)
We have used that, as a distribution,
0
) =
o [kn 5 (k)] = (3.7)

where the dots denote a polynomial on the components of k.
Collecting all the terms proportional to 6(2)(2€) we get

(Sijrr + Skji) T9* (w,0) = w? Sijr

050! (w,P)‘ (3.8)

OP;0P, P=0
We present an alternative way to obtain the same result in the appendix B, where it is not
necessary to use the regulator e.

If there is rotational invariance then we can expand the stress-tensor correlator as

T (00,0) = —ico [n(w) (767 + 6167 + ((w) = n(w))8 5™ |
(3.9)
—iwnHéw) (6ik5jl + ¢ilgik 4 ik gil +€j151k)'

Where the coefficients can be complex functions of the frequency. The real part of the
coefficients are the usual transport coefficients. Note that viscosity terms describe the
response of the system to time-dependent spatial deformations. In general, there is also a
response to time-independent deformations (elastic response) determined by contact terms
in the correlators, such as the inverse compressibility contribution in [10]. Due to the
contraction with the tensor S;;x;, these terms will drop from our expressions, and we will
neglect them in the following.

Introducing this in (3.8) we find the relation

N (w) = —iwS;jk %%y, P) (3.10)

OP,0P; P=0
3.2 Systems with a magnetic field

If we use the expression (2.29) for a constant magnetic field, we find

I15(e 1 .
(;()2? = 5 (Sigat + Sej) TV (w,006®) (2€)
wB 0 I 10j j ol (2)
7 q.. ,m _ m, 3.11
e T [emr (w,P)— ¢ T (w,P)}Ha (2¢)  (3.11)
B2 o

[mnmrnm(w,m - Plj(w,P)]P 5@ (2¢).

— S —————
4 M apop, o

,10,



The terms proportional to the second derivatives of the delta function cancel each other
(see (A.18)). We will now define the (complex) conductivities

I = —jwe¥, TY = —jur¥, T = —jwa¥, T = —jwa, (3.12)

where o, k and «, & can be identified as the electric, “momentum” and “mixed current-
momentum” conductivities respectively. In a relativistic system 7% = T so x and o
are combinations of thermal, thermoelectric and electric conductivities. There can also
be a diamagnetic term in the correlator that describes the response to time-independent
perturbations, but it will drop from our formulas after contracting with the tensor Sj;,
so we will neglect it in the following.

The Hall electric and momentum conductivities are defined as

1 . 1 g
oH = -€;07, Ky = -€jKr". (3.13)
2 2
We will also define the trace of the mixed conductivity as tr a = 6ijaij . Then, we can

write the Ward identity for the Hall viscosity as®

0Ky Oog wB |0tra Otra
_ 2 Or | ppdon [ } | 314
ni(w) =W ope T B m T e T e | |, (3:14)
Or, in matrix form,
8 KH itr o w
- B G2 3.15
i () P2 (w ) <Zt§a o ) <B> P—0 (3.15)

3.3 Adding dissipative terms

The generalization of the formula above when momentum dissipation is included is straight-

forward using (2.32) as starting point. The result is

oKy Ooy
(2 2 2 2
) = (P + )T+ (B4 X3) 27
. Botr « oy . Botr a Oayy
Ar) | — A — A7) | = - A
+ (iw+ T)[z op? Japi’]HW T)[2 op? Jap?] o
(3.16)
We can also express the result in matrix form as
By atAjap .
0 . . KH 12— w4 1A
w)= =25 (w—idr B—i\y) e B+ixs _ .
(3.17)

3.4 Galilean invariant theories

Our results are completely general for relativistic and non-relativistic theories. Previous
results [10, 15, 16] were obtained in special cases with Galilean invariance and an universal

5Details of the derivation are in appendix A.2.1.
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charge to mass ratio. In such systems it is possible to make the following identification
between the current and the momentum density

7% = mJ'. (3.18)

For particles of unit charge and mass m.

Therefore, the x and « conductivities are not independent, but are related to the
electric conductivity as
2

kY =m7o", o =a" =mo". (3.19)

Starting with the most general expression (3.16), this leads to

n(w) = mgw [(w? + w2+ Ny p)on + iww, tr ol p_g- (3.20)
Where w. = B/m is the cyclotron frequency and the non-relativistic drag coefficient is
A
ANE = 2L 4 Ar. (3.21)
m

Momentum dissipation was not considered previously, so in order to make a comparison we
should set Axg = 0. Then, equation (3.20) agrees with the Kubo formula (4.14) in [10].
This result, obtained from a formal derivation using the Ward identity, was checked in
several examples in [10] and is also confirmed by the effective field theory analysis of Hall
systems [15] (where this type of relation was originally derived) and chiral superfluids [16].

In a recent paper [36] it was shown using non-relativistic diffeomorphism invariance
that when parity is broken the relation between momentum and current can be modified to”

i _ i 928

o
€70;J°, (3.22)
where ¢ is the g-factor or gyromagnetic ratio that determines the coupling to an exter-
nal magnetic field and s determines the coupling to the spin connection. Using current

conservation, this will modify the relation between conductivities to

. . _9 o o —926)2 . .
Kk = m20% — im? SPkPl kot — ezkal]] + ue“rgeﬂﬂfplPanU”m, (3.23)
4w 16w?
g g _ 95 . .
all = moid 1 i%elkPkPlalJ, (3.24)
w
3 g _9s . .
&l = mo'l — 4 =2k p poil, (3.25)

Using these formulas in (3.14), it is straightforward to check that the Hall viscosity is
shifted respect to (3.20) by a term

g—2
4

i [w tr o — iwcaH] , (3.26)

Ang(w) =im 5

in agreement with the result of [36].

SUp to the sign of the imaginary part that is due to the conventions used to define the correlators.
"For related works on the application of non-relativistic diffeomorphisms to effective theories see [37]
and also [38, 39] for systems without Galilean invariance.
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4 Relation to angular momentum density

In Quantum Hall systems and other topological states such as chiral superfluids, the Hall
viscosity is proportional to the shift S [6-9]. More precisely,

S

where n is the average particle number density. When put on a curved space, the shift
determines the change in the number of particles relative to flat space

N=v"INy—(1-9)S, (4.2)

where ¢ is the genus of the two-dimensional surface, v is the filling fraction for a Hall
system (for chiral superfluids v~ = 0) and Ny is the number of magnetic flux quanta.
In the superfluid § is the orbital angular momentum of the Cooper pair. For free non-
relativistic fermions in a magnetic field it is a mean orbital angular momentum per particle,
defined as S = 2Ey/w., where Ej is the energy of the ground state and w, the cyclotron
frequency [10].

In general the relation between Hall viscosity and angular momentum is not expected
to hold, specially if the theory is gapless. An illustration of this are gauge/gravity models
where the two quantities seem to be independent [26]. However, in [24] it was found that
for a relativistic p-wave superfluid the relation seems to be valid even at finite temperature.

Even though (4.1) may not hold in general, it is quite clear that in the presence of
an angular momentum density there will be a contribution to the Hall viscosity. In the
absence of magnetic field, from (2.19) we have the relation

0= iw@ + Sijklé%kl(w,e, —6) - wQSijkliié(gOl(w,p, q) . (4-3)

2 Op; Oqi. p=cq=—e¢

We assume that rotational invariance is not broken but translation invariance can be. Z(O)
equals the total angular momentum of the system, if it is finite. If the system is made of
N particles carrying an amount of angular momentum ¢ on average, then Z(O) = N/. This
diverges in the thermodynamic limit N — oco. In a system where the number of particles is
not conserved and the density of angular momentum is approximately constant throughout
space, then 1 (0) has a volume divergence. In principle the same scaling with the volume is
expected in the other terms.

Let us introduce the system in a finite volume V5, in this case it is more convenient to
work with the coordinate-dependent expressions

Vol gy L
0 = iw-2 + Siju / i’z / 8 G (0, 2, 8) — WSy / iz / o G (w0, 7, 3).
2 Vo 1% Va Vo
(4.4)
Where the average angular momentum is defined as
-1
(= / d’zl(z). (4.5)
Vo Jv,
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The tensor structure of the correlator G”kl(

w,x, %) = —iwn*(w,z, %) is the same as
n (3.9), but with coefficients that depend on the coordinates. We can define an average

—zgkl /dz /dz zykl 2). (4.6)
Rz Va Va

If translation invariance was unbroken 77 would be the same as the zero momentum viscos-

Viscosity tensor as

ity tensor.
Then, we find the following relation between the average Hall viscosity and the average
angular momentum density

z
r (W) = waZ]leQ /V iz /V Lo U w, 3, ). (4.7)
2 2

The confinement of the theory to finite volume could be due to an effective potential
that depends on the scale Vo = 1/§. The potential will break translation invariance, and
should affect to the conservation equations of the energy-momentum tensor, but in the limit
d — 0" the breaking goes away and translation invariance is recovered. For simplicity we
will assume that rotational invariance is not broken. In a situation like this, it should be
possible to approximate the correlation function of the stress tensor as

G wp.a) = 2nPT (20 ) st q) + (48)

where 7s(p — q) is a function that becomes a Dirac delta when § — 07. An example is

e—(P—a)?/(26) L0
775(1’ -q) = T ons (4. )

If we now take the € — 0 limit,

2
~ STk (4, 0) 4 -+ - (4.10)

G (w,p,q) 5

and similarly, £(0) = (27/8){ 4 - - -. The dots are terms that will vanish in the limit where
translation invariance is restored § — 01. The function I'"/*! can be expanded in the same
way as in the translationally invariant case, so the term proportional to 1/§ introduces the
Hall viscosity.
Although in the end we are interested in the § — 07 limit, we will show that in
a gapped system, for any finite § the static Hall viscosity satisfies the relation with the
angular momentum B
lim ng(w) = —g. (4.11)

w—0
Note that if the order of limits is changed, so § — 0 is taken before € — 0, the angular
momentum density should vanish and we should recover the formula that relates the Hall
viscosity to the conductivities. In principle this does not mean there is any contradiction.
Physically, taking the e — 0 limit in the correlators means probing the system at longer
wavelengths, while the § — 0 limit removes the scale at which translation invariance is
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1
\/37
where M is the gap and /9 is the scale of translation symmetry breaking, the Hall viscosity can be
related to the momentum derivative of Hall conductivity as (3.14) or (3.20). If Ao > %, the Ward
identity (4.7) holds. On the one hand, taking the § — 07 limit makes the relation to conductivity
valid at zero momentum (A\; — oc0). On the other hand, the value of the static Hall viscosity (4.11)
is independent of §.

Figure 1. Schematic picture of various length scales. If the wavelength satisfies ﬁ <MK

broken to larger distances. We can expect then that if we study wavelengths much larger
than the inverse of the gap or other scales but much smaller than 1/+/6, the relation between
Hall viscosity and conductivities will be approximately valid, and this will improve as 6 — 0
for larger wavelengths. On the other hand, if we consider wavelengths of the order of 1/v/§
or larger, we are sensitive to the breaking of translation invariance and the value of the
static Hall viscosity is fixed. Moreover, the value of the Hall viscosity is independent of
¢ if the angular momentum density is kept constant, so the relation should be valid even
when 6 — 0.

4.1 Systems with magnetic field

In the case of free fermions in a magnetic field, the Hamiltonian has the form

112
H: %, Hi:pi—Ai. (4.12)

Where the ‘kinetic’ momentum operators satisfy the commutation relations
[0, T1;] = ie;; B, i[H, L] = wee, 1. (4.13)

In the rotationally invariant gauge the single-particle wavefunctions in the lowest Landau
level can be expanded in a basis (z = x + iy)

Yn(2) = Nypz"e B/, (4.14)

For the usual definition of the angular momentum operator L%, = zp, — yp, with p; the
canonical momentum operators, these wavefunctions carry n units of angular momentum.
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The total momentum of N fermions in the lowest Landau level will be then of order N2.
However, L%, is not gauge-invariant and has no direct physical interpretation. A gauge-
invariant definition involves the kinetic momentum operator Lgy = xll, — yllI,. For this
operator, the angular momentum is independent of n and is actually —1. For the N'th
Landau level, the single particle states have angular momentum —(2A 4 1). In the case of
v filled Landau levels we can use the fact that each Landau level is equally degenerate, so
the average value is

LH 1 v—1
% =—- SN +1)=-n (4.15)
N=

These are the values that determine the shift.

In our analysis 7% is a gauge-invariant operator, we can see that it is indeed related to
the kinetic momentum operators in quantum mechanics. In the presence of the magnetic
field the conservation equation is 9, T K — Bel ij. In addition, in a theory with Galilean
invariance 7% = mJ*, in which case we can write the conservation equation as

9T+ = wee' ; TV, (4.16)
The momentum operators P’ = [ d>xT" then satisfy
P =wee' ;PT = i[H,P'] =wee ;P (4.17)

where H is the Hamiltonian. This agrees with the commutation relation for the kinetic mo-
mentum operators II;. Therefore, the angular momentum Ly, = [ d2xeijxiToj corresponds
to Lgy and should capture the right value of the shift.

From (2.30) we see that in the presence of a magnetic field not only the angular mo-
mentum contributes but there is a term which would be divergent in the infinite volume
limit if the density remains constant. This divergence is related to the static Hall conduc-
tivity. In the presence of the magnetic field we may extract a contribution from the current
correlator of the form

G (w;x, #) = iwe' %5(2)(:1: — &)+ G (wiz, B), (4.18)

where n is the average charge density. This leads to

- . ) B _
ot = [ ae e i (sh@) - Dt () )
+ /d2.’1: d%g e—ien—ied ijklxiik (8n8mG;fjml(w;m,:f:) — inejnGz’Ol(w;x,:i:)

—I—z'wBelmGORj’m(w;:z:,:i:) - B2ejnelm@%m(w;z,:%)> .

(4.19)

So the contact term vanishes when the density is constant <J 0 (:1:)> = n. There can also be
a diamagnetic term in the current correlator G, ~ ndY, but it will drop after contracting
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4.2 Spectral representation

In [10] it was argued that the static Hall viscosity will be exactly (4.1) in a system with
a mass gap and no magnetic field. The argument uses the spectral representation of
correlators, we generalize it to other field theories. First, let us define the vector operators

Vi=T% Vvj=¢€ Jm (4.20)

Then, the Ward identity for the average Hall viscosity can be written as

i (w) = +kal /d2 /d2m x’“M“b<V9Vl> : (4.21)
Va Va

where k is the full contact term (k = £ if B = 0) and

—iw —B
M = < 5 _i32> . (4.22)

w
Using the usual relations between correlators (see appendix D) we find (e — 07T)

dko 1

_ 4.2

<Vaj Vbl> =27
Where PZ; is the spectral function.
There are no divergences as w — 0 coming from the integral over kg as long as

lim p b(w z,%) < oo. (4.24)

w—0

This can be checked from the decomposition of the pole in the principal value part and a

— ’) — 7-(-5 k; —w). 425
ko_(7+i6 ko_(} t (0 ) ( )

Then, we find that

a1
21 w — ko — 1€

dky 1
27Tk0

. . 1 s R
plt (ko,x, %) = §pfllb(w,:l:,:1:) —P pab(k:o,.'l: &), (4.26)

Both the principal value and the imaginary term contribute to the real part of the Hall
viscosity. Let us define

ab(kO ijl/ d2 / d2x a:la;k p]b ko,x .’I}) (4.27)
Va Va
Then, for the real part we have

_ dko F11(ko) 2B /dko Fyo(ko)
R :———2 — — ——+B(F — F . (4.28
ein(w) =~ —oup [0 Eul0) 2By [ Bal) g gy ). (429)

The expression for the imaginary part is

dko Fia(ko) — F21(7€0)

o (4.29)

ImﬁH( ) szll( )+ BF22( )—f-QZBP/
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In the absence of a magnetic field, the formula for the Hall viscosity takes the simpler form

dko F ,
T (w )=—7—2 P/ o k:_ +iw P (w). (4.30)

If wFi1(w) — 0 as w — 0, then only the angular momentum density will contribute to

the Hall viscosity. This will happen if there is an energy gap in the spectrum. Indeed the
spectral function can be formally expanded as a sum over energy eigenstates of the form

Ph(w,2,8) =21 ) d(w — £0) Im ((0|T%(2)]a)(a|T (£)]0)) , (4.31)
a#0

where |a) are the energy eigenstates and ¢, is the energy difference with the ground state
|0). Clearly, for e, # 0 the function pijl (w,x,Z) vanishes at w = 0. Note that there are no
special requirements on the form of the spectrum above the gap. The situation is different
at finite temperature, where the spectral function has the form (see appendix D.1)

dhwmdr=r 3 [ T5w — (e —25) T ((BIV@)le) (@lV (8)]5))

T e o0+ (o — ) Im (81 @) ) (alVi@)18))].
(4.32)

We see that if the spectrum is discrete the spectral function will vanish at zero frequency
even at non-zero temperature. However, for a continuous spectrum this does not need to
be true in general.

In conclusion, in the absence of magnetic fields, for any field theory with an energy
gap, the static Hall viscosity at zero temperature will be given by Read’s formula

(4.33)

l
nog = 5

If the theory does not have a gap, the relation depends on the matrix elements of 7%. In
a theory with spontaneous breaking we can have massless Goldstone bosons separated by
an energy gap from other kind of excitations. In such a case the energy-momentum tensor
at low energies will be proportional to derivatives of the Goldstone field ¢

T% ~ 8°90' b, (4.34)

in which case one expects the matrix element of the momentum density to be proportional
to the energy of the eigenstates

(0T |a) ~ i (0|pD"¢|ar). (4.35)

Even though the continuous of excitations of the Goldstone bosons reaches zero energy,
this factor would prevent them from contributing to the Hall viscosity.
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5 Conformal transformations on the plane

We have seen how the angular momentum density enters as a contact term in the Ward
identity for area-preserving transformations, as was also derived by [10] for non-relativistic
theories. In general we expect it to enter in any relation between symmetry genera-
tors that includes rotations. As we will show now, this is indeed the case of spatial
conformal transformations.

The commutator of a spatial translation with a special spatial conformal transforma-
tion is proportional to a spatial dilatation plus a spatial rotation

[Pi, KJ] = *QiMij + 2i5ijDs- (51)
A representation of the algebra is
Pi = —iai, Ki = —i(mZai — 2:1;,~:ck8k), DS = —il‘kak, Mij = —i(l‘iaj — l'Jal) (52)

If the expectation value of the angular momentum (M;;) = (Lgy) €;; is non-zero, the com-
mutator of K; and P; will be non-zero as well

267 (P FG]) = =20 (L) (53)

This implies the following Ward identity for the equal time commutator

%eij ([T, 2), K% (8,8)]) = —4i (S2(¢,2)) 6@ (& — 3). (5.4)

Where we have defined the current density
kMUt ) = 22 TH(t, ) — 22'a, THR (L, ). (5.5)

Note that
Ottt = 22Tk (5.6)

is not conserved.
Analogously to the derivation for area-preserving transformations, we will consider
time derivatives of the retarded correlator

Gpx(t—i2,8) = iO(t f)%eij ([T%(t,z), s £, 3)]). (5.7)
For this, we will define
Ipx(€) = 0; / dPad’se T €2 Qpy (t — 1,x,%). (5.8)
More explicitly,
Ipk(€) = %eijai / dPrd’geievied [ﬁ%i — 227 | GROR(t — {2, %). (5.9)
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We now Fourier transform Ipgx with respect to t — ¢ and use the form of the correlators in
momentum space
~ w .02 0?
Ipk(e) = 6 [5 -2
Y1 0qoqt " 0q;04F

|trweal (5.10)

If we use the explicit form of the retarded correlator, the conservation of the energy-
momentum tensor and the Ward identity (5.4), we find the following expression

Ipk(€) = —46(t — 1) / d*ze " (S3(x))

1 ' A (5.11)
— 56 / Pxd’Geiev—ie [%g _ 2@%4 D GOk (¢ § 2. 3).
We now Fourier transform
Ipr(€) = —20(2€) + L P r__ 2 e GYUmE (4 )‘ (5.12)
PK = 5 €ij k@q;@ql aqjaqk dmG R ,D,q pze,que' .
This leads to the relation
- ; 52 H? - .y
20(2 i o —2 i GUTE — WGk . (5.13
( E) 6 J |: kaqlaq 0%3(]’“] (q R (vaa q) Wl R (W,p, q)>p:6,q:—6 ( )

5.1 Conformal Ward identity

In addition to the Hall viscosity, we can also discuss the consequences of the Ward identity
derived from spatial conformal transformations (5.13). To leading order in €, we have
non-zero contributions coming from terms of the form

GU™* (w,p,q) = i6™ e grxa + -

o | | (5.14)
GH%(w,p.q) =i (61 qq® + e qzq’) o +---.

Where the dots denote other terms with a different tensor structure that do not contribute
to the Ward identity. The Ward identity becomes

— 20(2€) + 4 (xq — wllp) = 0. (5.15)

Then, normalizing by the volume, the coefficient xq is

XQ = 5 + O(w). (5.16)

Note that if translation invariance was unbroken £ = 0 and yqo = 0 at zero frequency. The
value of yq is related to the Hall bulk viscosity term in parity-breaking fluids. This term
is relevant in fluids where the vorticity of the fluid € is non-zero. For a relativistic fluid
with three-velocity u, Q = —e*"*u,d,uy. For small velocities Q = €¥/9;v;. The Hall bulk
viscosity term at small velocities takes the form®

T i = —20d"Q (5.17)

8This is in the ‘magneticovortical’ frame, where the value of the energy in the perfect fluid energy-
momentum tensor is shifted by the magnetic field and the vorticity, see [20] for details.
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Then, to leading order in derivatives, the change in the stress tensor due to the vorticity is

6T = <g£ — m) 59Q, (5.18)

where P is the pressure appearing in the energy-momentum tensor at the ideal order. As
was discussed in [20], in a translationally invariant system

Therefore, the total change in the pressure, understood as the trace of the stress tensor, is
actually zero. In view of this, if we define the total pressure to be pr = d;; <Tij> /2, the
conformal Ward identity that we have derived implies that

Opr N

0 = (5.20)

N |

In [20] it was argued that g—g is also related to angular momentum density.® From the
analysis of the hydrostatic generating functional [21, 22] one can see that in the presence
of space-dependent metric and gauge fields, there is a contribution that generates angular
momentum. In the generating functional it appears as a term of the form

WQ[gMVyAM] = /dQJZ C1 (go(), A()) Gijaigoj. (5.21)

Where the vorticity is § = € 0;goj- The variation with respect to go; leads to

TS = €9 0;cy, (5.22)

and c; can be identified with g—g. Therefore g—g is proportional to the angular momentum

density. Note that nevertheless it is necessary to break translation invariance in order to
have a non-zero angular momentum, understood as the expectation value of the angular
momentum operator. In principle one could give an alternative definition of ‘angular
momentum density’ in terms of the contact terms that appear in two-point functions.

In the derivation of the generating functional it is assumed that in the absence of
sources the ground state will be translationally invariant. This makes a difference with the
analysis we have made where the angular momentum is generated spontaneously. Note
that Wgq is independent of g;;, so there is no contribution to the stress tensor from this
term T, g = 0, while we found that the stress tensor depends on the vorticity (5.20) if the
ground state is not translationally invariant in the absence of sources.

6 Discussion

In this work we derived a Ward identity relation between Hall viscosity and Hall conduc-
tivities that is valid for general relativistic or non-relativistic 2 + 1 dimensional quantum
field theories. The relation reduces to the known results of Galilean invariant theories [10],

9We thank Kristan Jensen for discussions about this point.
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including the very recent result of [36]. We further generalized the relation by adding the
effect of a drag viscous term. It would be of interest to verify these identities in explicit
models. One suitable setup is the holographic p-wave superfluid [40] for which the Hall
viscosity was calculated in [24].

Ward identities introduce constraints among transport coefficients, which should be
valid in holographic models that have quantum field theory dual descriptions. Since most
holographic models in the context of the gauge/gravity correspondence have a bottom-up
description, the Ward identities can be used to test which of these models may have a field
theory dual. A more interesting relation is between Hall viscosity and conductivities, since
the relation to angular momentum can be shown to hold only in very special cases.

The analysis of Ward identities that we carried out can be extended to other linear
transformations. In Galilean invariant theories they give relations between shear and bulk
viscosities and other components of the conductivity. We expect that a similar generaliza-
tions will apply for relativistic as well as non-boost invariant theories, such as Lifshitz field
theories [41-44].

We showed that the relation between Hall viscosity and angular momentum density
holds in special cases, i.e. at zero temperature and for gapped systems. In order to show the
relation it was necessary to break translation invariance and take a limit. This deserves
additional analysis as there may be some subtleties, in particular if the energy of some
states approaches the energy of the ground state in this limit.

We argued that the relation can be expected to hold also for systems with spontaneous
breaking of symmetry, if there is a gap between the Goldstone bosons and other excitations.
This is in agreement with results from effective field theory. It would be interesting to have
a more rigorous proof of this including an explicit verification in particular models.

For systems with a background magnetic field, the relation between Hall viscosity and
angular momentum is modified. This is expected since in the static limit the conductivity
terms entering the Ward identity should give some contributions as well. Such a modifica-
tion has already been discussed in the Galilean invariant cases [10]. Since the Hall viscosity
is related to the shift, which is topologically protected, it would be interesting to identify
all the terms that enter in the Hall viscosity. They may be related to the existence of
gapless modes.

We introduced nonzero temperature in the analysis. In comparison to the zero temper-
ature case, here not only the energy difference with respect to the ground state is relevant,
but also the energy differences among all excited states. While the matrix elements are
suppressed by factors of the frequency as at zero temperature, there are potential contri-
butions to the Hall viscosity at non-zero magnetic field or if the density of states grows at
small frequencies. It would also be interesting to further study these cases.
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A Detalils of the calculation of Ward identities

In this appendix we collect technical results and useful formulae that we used in the deriva-
tion of the Ward identities in section 2, and give an alternative derivation in the absence of
magnetic fields and dissipation in § B. In all cases we used the following algebraic relations
for the tensor S:

Sijkl = Sjikis Sijkl = Sijiks 6" Sijrt = 0, 5klsijkl =0,
ik 1 51 1 ik 1 jl 1 (A1)
Sijd™ = =€, Sigud” = =ik, Syme” = =705, Sijue’ = = 0.

A.1 Systems with conserved momentum

Written explicitly, the Fourier transform (2.15) is

d2pd2q e—z’em—ie-:ﬁ ii

f — 2 Q.. d2 dQA
13(€) = S”kl/ T o) Ip; g

eret G wpg). (A2)

Where we have used that
o 0

xzxkezpm iq® _ 7762'17-:1:71'11-:%. A3
Ip; Oay, (4-3)
We now integrate by parts the derivatives with respect to p, and ¢, and perform the
integrals over space.!? This gives a factor 6 (p — €)6(?) (g + €) that we use to compute the
integrals over momentum. The result is (2.17).
From (2.18) we get

Trs(e) = iw / Pz e %€ (59(z))

Ad2 d? —ie-T—i€-& 9 0 ip-x—iq-& | Snjm
+Sz‘jkl/d2‘l’ &’z (21;)4(16 e Eanqm%@ [epm qm] Gy Z(W7P7‘1)-
(A.4)

Integrating by parts the derivatives with respect to momentum and doing first the integrals
over the space directions and then over momentum we get (2.19).
A.2 Systems with a magnetic field

As in the previous case, first we compute two time derivatives of the retarded correlator
G113 (defined with S%) integrated over space

Tis(e) = / @ 25 e G0k | <o (1 - ) ([T (@), T, 2)] )

—2ib(t —§ 8t<TOJ ), TOU(t, )]>

+ 005G (t — f2,8) — B, 05,G5" (t — 152, 2)

lmé?nG%j’m(t —f;x,%) + B2 €, QUM (t — tyx,®)| .

0ne can show that the boundary terms vanish by doing the integrals over space.
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We will now add and subtract B/2¢,,2"J° to the operators T% in the equal time commu-
tators and use the SL(2,R) algebra to simplify the expressions

Iiz(e) = /de d*g eenIel [(5/@ ) +26(t — )0y <<532 >(5(2) — )
1B iB

- Z(a- Azi' < SBl ) JO > + — 0-3)Z'jxixj <[J0(t,93), 5%3(t7§:)]>
iB? Jzkzl (170 0(4 4
= Spiijr'a? #%3 ([J°(t,z), J (t,x)]))

+ Stk (anamc;;fg'ml( — i3, 8) — B, 0,GL" (- i3, %)
— B 0,6 (L — b m, &) + B2 L, Gt — f;x,:i')) } . (A.6)

We can use the conservation equations of the energy-momentum tensor to rewrite

~

OGP (t —tix,8) = — 9GP (t — bi3,8) + B, GE"(t — 2, 8)
+id(t — i) ([T (t,2), J"(t.2)])

It will be convenient to write the equal time commutator in the contact term as
07 m A 0j B 7 ,n 70 A m A
<[T (tam)vj (tam)]> = T (t,$)—§€ nt J (tvz)aj (tvz)
B J o.n 0 m 2
+ e ([J°t,z), J™(t,2)]) .
Plugging it back in the expression for I3, we find

Liz(€) = /d2:1: d*g e~ lewied [(5’@ — 1)+ 25(t —)0y) ( (8%,(t,2)) 63 (2 — ).
- %( Drd"a! ([ (t,2), JO(t, 8)]) + %(@)ijxiﬂ (10t ), 8% (t. 2)])

+— S’ Bkt ([J0t,3), (¢, % )]>)
- 75@ =) (0w ([Sp1(t.2), '(4,8)]) = (@3)i52" ([ (4, 2), Spa(t. 2)]) )
+ @5@ — ) Sy (:CJ‘ <[J0(t,a:), Jl(t,:f:)]> + 2 ([ (), Jo(t,:%)D)
+ Syati® (anamc;’;gml(t —fi2,8) + B 9,67t — fix, %)
Bel, 0,GU " (t — Ty, 8) — B2, ¢ Gg%—f;x,i-))]. (A7)

The operators S% ., broduce infinitesimal deformations

([ a(t.2). 7. 8)]) = - P 000, (@) 50 - ). (A3)

We show this explicitly for free Dirac fermions in appendix C.
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The equal time commutators of the current should vanish, and time derivatives of
expectation values as well. Then, after integrating by parts and neglecting terms O(e)

Lis(e) = / P a2 e-ien-icd [5' ((sm 1) 62 (@ — 8) — Da? (J(e)) 6 (z - 55))
st — f)gm,- (Ji(@)) 6D (z - 3)

+ Sjriak (anamaygml(t —i;2,2) + B,0,G (t — ;. )

BelmatGORj’m(t —tx, &) — B% €, GH (t — f;.’l:,.’f:)) } . (A.9)

For a current of the form (2.25), the contact term proportional to z;.J¢ will drop upon
integration by parts. Then, one is left with

B
()= [ e e [<532 ) - 2m2<J0(a:)>}
+ / d*x d?% e TR Gt i (8n6mGgml(t—f;x,:i:)—|—Bejn8£G%’0l(t—f;z,:i:)
+ Be, 0,GY(t — i2,8) — B2 €, G (t — f;:z:,a‘:)) . (A.10)

Using the explicit form of 5%2 we get a contribution to the contact term from the angular
momentum density and another from the charge density:

) = [ dze=e-) [(s3io) - Ta? (/o)
+ / d*x % e~ Gt (anama’gml(t —i;2,2) + B, 0,G% (t — iz, %)
Be., 0,GY ™ (t — tia, &) — B2 el G (t — f;x,:z)) . (A.11)
We will now do the Fourier transformation with respect to time
ho(e) = [ dme i [<sg(z)> -2 <J0(x)>]
/d2:1: d%g eieT—ied ijkﬂ:iik (8n8mG%jml(w;x,§:) — inejnG%’Ol(w;x,?v)
ViwBe, GU (wiz, &) — B2ejnelmG%m(w;x,:i:)> . (A.12)

The same standard manipulations that we used in the case without magnetic field in the
spatial and momentum integrals lead to (2.29).

A.2.1 Relation to conductivities

If rotational invariance is not broken, we can expand the correlation functions as follows
(all the form factors IT are functions of w and P2):1!

T (w, P) = 6911,y + €911 5 + P PITI, 5 + (P'e™ 4+ PIe™) P, IIR S, (A.13)

where A, B = J,T label current J* or momentum 7% correlators.

"'Note that the combination (P'e’™ — P7¢™)P, = —P%€" is not independent.
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Note that, for any of the correlators with two spatial indices

82 nm nm ik aHilB nm sik aHilB nk gmi mk ¢ni 2

+ (5nk6mi 4+ 5mk€ni 4+ 5nz’€mk + 6mz€nk)1—[1j§ (A14)

Equating (3.11) to (2.17), we find

OK® Oo¢ (9045 8545 1 2 2
2 2 . _
w)=w'—s + B +iwB ——1—74—7(0/9 +ap> . A.15
(@) = T B oP2 " op? ' 2 o (A.15)
The first terms are the Hall electric and momentum conductivities defined as
1 L
o = ieija” =oy,
1 L
KE = §eij/i” = Kp. (A.16)
The last term depend on the trace of the mixed conductivity
0 dal 2
—t =2—— p . A.17
a2 Ylpmo " "ap2 T lpoo (A-17)

A.3 Coefficients of second derivatives of delta function

In the presence of magnetic field, terms proportional to the second derivatives of delta
function are generated. These terms cancel out with the following condition

UJQFOjOl(Wao) = BQ[5jl5nmrnm(w70) - Flj (W,O)] (A18)

The relation is strictly valid at zero momentum. It is used to derive (3.11).
Once we add the drag terms, the terms proportional to the second derivatives of delta
function are more complicated. They need to satisfy

(W? + X2)TY% (), 0) = (BJ, — A\s60 )(BL — As60) T (w,0)
+i(w 4 idp)(B) — X ;69 )T (w0, 0)
—i(w — iAp)(BY, — X501 (w,0). (A.19)

This relation is used to get (3.16).

B Alternative derivation in systems with translation invariance

In this appendix we present an alternative derivation of the Ward identity for the Hall
viscosity (at zero magnetic field) in translationally invariant systems that does not require
to introduce a regulator.

We will compute the following time derivatives of the G13 retarded correlator, inte-
grated over the difference x — x:

L3 = 8:0; / d*(x — %) Gu3(t — 3%, %) = 8,0; / d*(x — %) Syt GOt — i, x — %)
(B.1)
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We now change variables

1
X:X+§y, x=X--y. (B.2)
Then, we can expand 13 in powers of the X? components as
N3(X,t—1) = X'XPAy(t — ) + X Bi(t — ) + C(t — 1), (B.3)

where, using time-translation invariance

H? ; N
A, = —M/dzy Sz‘jle%Ol<t —1,y),
1 0” 2 k ~03,0 n
i:_§m d7y (Skjil—Sijkl)y GR (t—1t,y),
1 0° 2 i, k05,00 n
C= Zm d ySijkly Yy GR (t - tJ’)‘ (B'4)

If we take the time derivatives on I;3 more explicitly, using the form of the retarded
correlator we find

ha = [ =50~ i ) [80e, %), S8(.%])
+iO(t — i) Syjati® < [atTOj(t, x), 0;T°!({, fc)} >} . (B.5)

In the translationally invariant case <Sg(t,x)> = 0. We will now use translation
invariance and the conservation of the energy-momentum tensor to write:

iO(t — 1) < [atTOj(t, x), 9;T" (4, fc)} > — Ot — 1) < [anTnj (t,x), B T™ (i, &)} >

= 00 Gt — 1, x — %)
0 0 nj,ml >
—-— Gy (t—-t,y). B.

Therefore,
Iz = / &2y [ —id'(t — 1) Syjmaiat < [TOj(t, x), TO (7, fc)] >
_ Sijklmiikairlaj?qug’ml(t —1, y)] . (B.7)
As before, we can expand in powers of the X* components

Na(t —4,X) = X' XIA;;(t — 1) + X'Bi(t — 1) + C(t — 1), (B.8)
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where, using translation invariance

A = — /de Sijki [i5/(t—5) <[T0j <t’ §>’TOZ (t’_§>]>

g 0 ; R
+ aiynayimG’r]L%‘%ml (t - ta y):| )

Bi=- ;/de [Skjit = Sijri) ¥ ["5,(75 ~) < [TOj <t’ g)’TOZ (t’ _)2,)]>

I
+87y”5y7mGRj’ l(tt)y):| 5
C = [ @y Syt [ (- D) < [TOJ' (t, g) T (t, —g)] >

o 0 o
+87nay7mGRj’ l(t—t,}’)]- (B.9)

Since X' are arbitrary the following conditions must be satisfied A;;, = A, B; = B;, C =
C. We now use the equal time commutators. The commutator of A;;, vanishes because it’s
the commutator of the momentum densities 7% . The commutator in B; is the commutator
of the densities S?,g and the momentum densities. Assuming the expectation value of the
momentum density is zero, this commutator also vanishes. The commutator in C' is the
commutator between S? and Sg , which is proportional to the angular momentum density:

% /dzy Sijry'y* &' (t — 1) < [Toj <t’ }2’) X (t’ _;’)] >
_ _z'/dZy o' (t —1) <[Sg(t’ }2,>’Sg(t’_‘;)}>

— /de §'(t—1) <sg <t, g) > 63 (y) = —d&'(t — ) (S5 (£,0)) = 0. (B.10)

Then, the condition C' = C' leads to

1 . 0 0 ; s 1 02 ; ; s
Y 2y 8,k 2 0 grami(y :A/dQ S F GUO (E — £y,
4/ Y Siml'y" 5 gy O (t—1ty) 190 1) Y Sijuy'y G (t —t,y)
(B.11)
We will now do the Fourier transform with respect to time of this expression
/ d(t — D)e ™D [C(t — 1) — Ot — )] =0, (B.12)
and use the Fourier transform of the retarded correlators
vo > ~ dp0d2p 3 D) ip-(x—%) Aura
G B(t—t,x—x) = /(271-)3 etPo(t=t)+ip:( )G’é B(po,p). (B.13)

— 28 —



We will also use that

—zw i 0 0 ng,m 2
/d (= t)/d vyt — WGR”’ ‘(t—1,y)

oy™
o d2p 2 0 8 zp y nj ml

_ d2p 2 a 6 @py n] ml
B /(277)2/dy8pi 8pk{ PG ’p)}

0 : 0 I .
_ Py~ nj,m
0 [e oo [pmpnG (w ,p)H + (i< k)
9 0 '
ey 2 ”J m

We can regulate the momentum mtegrals with a cutoff A, the first term vanishes since is
the derivative of a derivative, while the other derivative terms will vanish upon integration
on y, that gives delta functions at zero momentum. Then, the relation becomes

g 0 nj,ml 2 g 0 04,01
T ’ = . B.1
S’ijl 8]%‘ (9]% ( np mG ( 7p>> ‘ 0 w Sz]kla a G ( 7p) ( 5)

p= p=0
Which agrees with the result derived in the main text (3.8).
C Shear generators for free fermions in a magnetic field

For free Dirac fermions ¢ in a background gauge field A, the energy-momentum tensor

and current operators are
Iz i MH 1 (L PR o7 7 1z JymH
TV = =20 Do+ 504 (#0677 Dot — 2mipep ), I = . (C.1)

Where the covariant derivative is D¢ = (9, —iA4,)¥ and D, = (9, + iA,)p. Using the

equations of motion

(iv" D, —m)y =0, iD,hy" +map =0, (C.2)
and the algebra of the gamma matrices (the signature of the metric is mostly minus)
{27} =201, (C.3)
one can check that
0T, = F,eJ°. (C4)

In order to compute the equal time commutators we will use the following identity for the

commutator of composite operators:
[AB,CD] = A{B,C}D — AC{B, D} + {A,C}DB — C{A, D}B, (C.5)
and the equal time anti-commutator of two fermions
{Pa(x), ¥a(y)} = 6P (& — y)10s,
{va(2),95(y)} = {Ya(@),¥s(y)} = 0. (C.6)
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Let us first compute the equal time commutator between two currents

[T#(z), IV ()] = () (7*7°9" — 777 0") ¥(z) 6@ (z — y). (C.7)

If any of the currents is the time component J° the commutator vanishes, as expected.
The equal time commutator with the momentum density is

2! (1% (), J*(y)] = i (z'0;J"(x) + 8LT"(2)) 6@ (z — y). (C.8)
Then, for .
SY () = <U‘;)i] ' [Toj - fejna:"ﬂ} : (C.9)
The equal time commutator with the current is
i [3a(2). 7)) = - O 230, 74 ()5 @ ). (.10

Note that for the current SO has the same equal time commutator as S%,. However, the
action over the fermionic fields is different. Using

[AB,C] = A{B,C} — {A,C}B, (C.11)
we find
i [5a(2). 0] = -7 |aip; - Paie o] y(a) 6@ g, (C.12)

The term proportional to B would be absent in the commutator with S?. This term
is necessary in order to satisfy the right SL(2,RR) algebra. It is most easily seen in the
symmetric gauge

B
Ai == _Eeinxna (C.13)
where the commutator reduces to the usual shear transformation
- _ (90 g ) 5O (g —
i [SBa(x),v(y)] = 5 20j¥() 0 (z —y). (C.14)

Here we used the canonical energy-momentum tensor for simplicity, in principle the shear
transformations can be generalized for the symmetric energy-momentum tensor.

D Spectral decomposition and retarded correlators

We will label by |«) the eigenstates of the Hamiltonian and denote by |0) the ground state.
We can write the correlator of two currents as

(OIVi(t,2)V) (£,)[0) = Y _(0IVa(¢,)[e) (o] V5 (£, 8) 0)

o

= " e t=D 0|V (@) a) (o] Vi (£)]0)

[0}

_ / W = i (15, 7. 8), (D.1)
2T
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where ¢, is the difference between the energies of the state |a) and the ground state. The
Fourier transform of the two-point function is then

DY =213 " 8(w — £a) (0[V (@)|o) (o] V] (£)]0). (D.2)

Using that the step function is (e — 0%)

R ‘ dko e—iko(t—f)
0t —t)= —_— D.3
( ) =i 2w ko +ie ’ (D-3)

the time Fourier transform of the retarded correlator is

. o [dk 1 o
<Vale}l>R (w,z,2) = Tﬂ?m (Dajb(ko,x,a:) - Dia(k0,$7$))
. [ dko 1 ij .
=2 gmpd]b(ko,x,x). (D4)

Where the spectral density is

ol ko,2,8) = 27 3 0w — 2a) T ((OV (@)} (V] (@)[0)) (D.5)

Note that for |a) = |0), the expectation value of V! is real, so the ground state contribution
drops from the sum.

The Fourier transform respect to space can be defined as

VAVA. A 2,0 324 —ip-x+iq-& YRvA. N
<Vav;,>R(w,p,q) /d zd’%e <VaVb>R(w,x,w). (D.6)
Then,
o 0 , A .
iyl _ 2., 124 sk [1rivl -
p; a <VaVb>R ‘p:q:O /d xd°Tx'T <Va%>R(w,x,x)

. d]f(] 1 2, 124 sk 1] A

D.1 Finite temperature

At finite temperature 71" the correlators are

<Vi(t7$)%j(ﬂrﬁ)>T = tr (Va"(t,z)vbj(i,@)ef(Hon)/T>

= Y TN GV @) ) 0]V (2)16)
a,p

= Y e/ TemiCamen =031V (8)|a) (| Vi ()| B). (D.8)
a,B

— 31 —



Therefore,

DY (w,z,8)p =21 > e /75w — (e — p))(BIVi(x)|a) (o] V] (2)]8)
a8

=73 [ T8(w = (20 — ) (BIVE (@)}l V] (2)18)
" e/ To(w + (o — £0)){BIV] (@)} al Vi(@)13)]
= 270(w) Y bencpe”/ TRe ((81Vi (@) ) 0]V} (3)15))
a,B
w1 Y [T~ (e — ) (BIVE @) 0]V (3)16)
il —&a/T i(4 i
e/ To(w + (o — £6){BIV] (@)}l Vi()|8)]
(D.9)

The 6(w) term corresponds to the static susceptibilities. The spectral function is then

g ) i . . —_—
piy(w, &) = — 5 (D;]b(w,m,m)T — Dz;(w,m,x)T)

=m > [T = (e — ) Im ({BIVi(@)Ia) @]V} @)18))
a,BieaFes . .
e =/ To(w + (ea — 25)) Im ((BIV] (@)]a) (0l Vi (2)18)) ]
(D.10)

The retarded correlator turns out to be

N

(Viv))  (@,2.8)
€ap

_faB _faB
=i Y e R Tt (Vi) v @)19)

— 8@5

a,ﬁ;&aifﬁ
, _(catep) wsinh 2 + g4 cosh 22 . .
=20 3 e S S (B @)ool @)13)) - (D11)

— Soéﬁ

a7ﬂ;5a #5[3

where €,3 = €4 — 3. The main difference we observe with respect to the zero temperature
case is that not only the energy difference with respect to the ground state is relevant, but
also the energy differences among all excited states. The matrix elements are suppressed
by factors of the frequency in the same way at zero temperature, but there could be a
contribution to the Hall viscosity at non-zero magnetic field or if the density of states
grows at small frequencies.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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