PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: July 10, 2014
ACCEPTED: September 14, 2014
PUBLISHED: October 3, 201/

Indefinite theta functions for counting attractor
backgrounds

Gabriel Lopes Cardoso,* Michele Cirafici® and Suresh Nampuri®

@ Center for Mathematical Analysis, Geometry and Dynamical Systems,
Department of Mathematics, Instituto Superior Técnico, Universidade de Lisboa,
Av. Rovisco Pais, 1049-001 Lisboa, Portugal

b National Institute for Theoretical Physics (NITheP),
School of Physics and Center for Theoretical Physics, University of Witwatersrand,
WITS 2050, Johannesburg, South Africa
E-mail: gcardoso@math.ist.utl.pt, cirafici@math.ist.utl.pt,
nampuri@gmail.com

ABSTRACT: In this note, we employ indefinite theta functions to regularize canonical par-
tition functions for single-center dyonic BPS black holes. These partition functions count
dyonic degeneracies in the Hilbert space of four-dimensional toroidally compactified het-
erotic string theory, graded by electric and magnetic charges. The regularization is achieved
by viewing the weighted sums of degeneracies as sums over charge excitations in the near-
horizon attractor geometry of an arbitrarily chosen black hole background, and eliminating
the unstable modes. This enables us to rewrite these sums in terms of indefinite theta func-
tions. Background independence is then implemented by using the transformation property
of indefinite theta functions under elliptic transformations, while modular transformations
are used to make contact with semi-classical results in supergravity.

KEYWORDS: Supersymmetry and Duality, Black Holes in String Theory, Extended Super-
symmetry, Black Holes

ARX1v EPRINT: 1407.0197

OPEN AcCESs, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP10(2014)017


mailto:gcardoso@math.ist.utl.pt
mailto:cirafici@math.ist.utl.pt
mailto:nampuri@gmail.com
http://arxiv.org/abs/1407.0197
http://dx.doi.org/10.1007/JHEP10(2014)017

Contents

1 Introduction 1
2 Attractor backgrounds 3
3 Single-center black hole partition functions 7
3.1 Summing over charges gr 8
3.2  Summing over charges p“ 18
4 Conclusions 21

1 Introduction

Ooguri, Strominger and Vafa introduced a partition function for BPS black holes in four
dimensions based on a mixed statistical ensemble [1]

Zosv(p,¢) = Y d(q,p)e™ %", (1.1)
q1

where d(q, p) denote microstate degeneracies that depend on electric and magnetic charges
(qI,pI), and ¢! denote electrostatic potentials that are held fixed (I = 0,...,n). When
evaluating this partition function [2-4], one encounters divergences that are associated
with the indefinite signature of the underlying lattice of electric and magnetic charges. One
therefore needs to introduce a regulator. OSV type partition functions have been computed
in two different regimes. In one regime one utilizes the description of the system as a bound
state of D-branes and regularizes the partition function by modifying the exponent of (1.1)
through the addition of a so-called H-regulator [5, 6]. This calculation is done in a regime
where the D-brane world sheet theory is weakly coupled. The partition function may,
however, also be computed in a different regime, where a supergravity description in terms
of BPS black holes is available. In this paper we will focus on a subset of these black
holes, namely single-center black holes, and we will be interested in single-center black
hole partition functions. To define these, the sum (1.1) needs to be restricted in a suitable
manner. This can be done as follows.

We consider a specific model, namely four-dimensional toroidally compactified het-
erotic string theory. For this model there exists an exact counting formula of i BPS
microstate degeneracies [7, 8] in terms of a Siegel modular form 1/®;¢, expressed as a
function of quadratic charge invariants. To be able to use an effective N’ = 2 description,
we will work with a restricted set of N’ = 4 charges, which we denote by (QI, p! ) Then, a
black hole partition such as (1.1) is evaluated in various steps. First, we sum over charges



qo and ¢1. To do so, we express these charges in terms of T-duality invariant charge bilin-
ears, and we rewrite the chemical potentials ¢° and ¢! in (1.1) in terms of the Siegel upper
half plane period matrix entries, which act as chemical potentials for the charge invariants
that parametrize the degeneracies in the ensemble counted by 1/®;9. This allows us to
express the sum over gy and ¢; in terms of an integral over 1/®1¢, which is then evaluated
using residue techniques. In doing so we restrict the analysis to a certain subset of zeroes
of @19 [9], in order to single out the contributions that give rise to the dilatonic free energy
Fp of a single-center black hole [3]. Subsequently, we also sum over charges ¢, and p?,
obtaining generalized OSV type partition functions which we call single-center black hole
partition functions. For extremal dyonic black holes, the near-horizon geometry, called the
attractor geometry (for reasons explicated in the next section), decouples from asymptotic
infinity and encodes the entropy of the black hole microstates sans scalar hair contribu-
tions. The single-center black hole partition functions that we obtain' count excitations,
graded by ¢, and p®, in the near-horizon geometry of the black hole. These excitations
may also encode contributions from hair or small multi-center configurations. However,
the dominant contribution still arises from the single-center black hole background, and
hence we refer to these partition functions as single-center black hole partition functions.

When performing the sum over charges ¢, (and p®) we encounter the aforementioned
divergences associated with the indefiniteness of the g,(p®) charge lattice. In [11] we ad-
vocated using indefinite theta functions [12] to regularize these sums. There we focussed
on OSV black hole partition functions with p° = 0. In this paper we will extend our
considerations and consider single-center black hole partition functions with p° # 0 based
on either mixed or canonical ensembles. To regularize the sum over ¢, (and p®) we first
pick a reference attractor background (which we define in next the section) and consider
fluctuations in this background. To enforce thermodynamical stability, we restrict to fluc-
tuations that do not increase the dilatonic free energy Fp mentioned above. Thus, we
remove exponentially growing contributions. This is done by introducing in the sum a
suitable measure factor based on sign functions (rather than by modifying the exponent
of (1.1)). The resulting regularized sums are given in terms of indefinite theta functions.
The latter have good transformation properties under modular and elliptic transformations.
The elliptic transformation property ensures that the result is independent of the chosen
reference background. We use modular transformations to extract known semi-classical
results from the regularized partition functions, namely the semi-classical free energy Fp
and the semi-classical Hesse potential H [1, 3]. We note that this regularization proce-
dure requires, in addition, extending the electrostatic potentials ¢® to complex potentials
@® 4+ ip®, and similarly for their magnetic counterparts x, (a = 2,...,n), as was already
noted in [11]. Indefinite theta functions have previously found applications in counting
dyonic degeneracies [13-15].

This paper is organized as follows. In section 2 we introduce the notion of an attractor
background and collect various useful formulae. In section 3 we define single-center black

!These partition functions are different from the finite part of the index, [ (7,2), defined in [10],
that counts states in the CFT dual to the near-horizon geometry, in an ensemble parametrized by charge
invariants at fixed magnetic charges.



hole partition functions for two types of ensembles in toroidally compactified heterotic
string theory, and we describe the regulator that we use to deal with the aforementioned
divergences. Contrary to [11] we do not restrict to single-center black holes with p° = 0.
The resulting regularized partition functions have good modular and elliptic transformation
properties, which we use to make contact with semi-classical supergravity results. We
summarize our findings in section 4, where we also comment on various subtleties that we

encountered.

2 Attractor backgrounds

We consider models whose two-derivative Wilsonian effective action is based on an N = 2

prepotential of the form

1Y'yeC, Y

FOY) = 5 yo

a=2,...,n, (2.1)
up to worldsheet instanton corrections which we assume are either absent or negligible.
Here, n denotes the number of AV = 2 abelian vector multiplets coupled to N' = 2 su-
pergravity. The consistent coupling of these vector multiplets to supergravity requires the
symmetric matrix Cyp, to have signature (1,n — 2) [16, 17]. These models may either de-
scribe genuine A/ = 2 models or provide an effective A/ = 2 description of ' = 4 models
when restricting to a subset of N' = 4 charges.

We introduce the quantity KO — i(YIFI(O) — YIF[(O)>, where I = 0,1,...,n and

FI(O) = 9FO)(Y)/0Y!. For the class of models specified by (2.1), K© takes the form

1 = =\ a I
KO = YO (8 +8) (T+T)" Cap (T+T)" | (22)
where we defined )
Y . Y
S — _ZW7 T = _ZW . (23)

In heterotic string theory, the field S denotes the dilaton/axion complex scalar field.

We can construct single-center dyonic BPS black hole solutions in any given model (2.1).
These are static, spherically symmetric, asymptotically Minkowskian spacetimes with line
elements given by

ds? = —e2V()q¢2 4 ¢—2U() (dr2 + r2dQ%2)> ) (2.4)

These solutions, which are supported by scalar fields Y/ (r) and by the abelian gauge fields
of the model, are dyonic and carry electric/magnetic charges ((II, p! )

A fixed charge vector (qI, p! ) supports a single-center BPS black hole solution if the
scalar fields Y/ (r) evolve smoothly to near-horizon values Y/ = Y/ /r specified by the
so-called attractor equations [18-21]

Y*I - S_/*I = 1pI )
FOY) - B (V) =g, (25)



such that the horizon quantity |Z,|?> = p[FI(O)(Y*) — q;Y;! is non-vanishing, i.e. |Z,|?> > 0.
Then, the near-horizon line element takes the form of an AdSs x S? line element,

2.
ds? = — dt2 . dr? + | Z.[? A0y, (2.6)

IZ 2

and the macroscopic entropy of the BPS black hole, which at the two-derivative level is
determined by the area law, equals S(q,p) = 7 |Z|> = 7 <pIFI(O) (Yy) — qIY*I). The entropy

may also be expressed as S(q, p) = 7K by virtue of (2.5).
Next, we associated a free energy to the BPS black hole. To this end, we introduce
electro/magnetostic potentials as [22]

P e 2
xr=F + 9. (2.7)
Then, a solution to the attractor equations (2.5) can be expressed as
v/ = % (¢! +ip'), (2.8)
FOY) = 5 (e +iar). (29)

The black hole can be assigned a macroscopic free energy by performing a Legendre trans-
form of the entropy. There are various possibilities here. Performing a Legendre transform
with respect to all the electric charges yields the free energy fg)) (p, «) = S(q,p)/m+qrol,
which equals [1, 3]

P 06.) = 4 [mPOV)] |

T=3 (oL +ip!)
05
(S+ S) |: abp - ¢* ab¢*

2i— S (2.10)

»M)—‘

where S is expressed in terms of the electrostatic potentials ¢? and ¢. and the magnetic
charges p°, p' as
_—igy +p!
R

On the other hand, performing the Legendre transform with respect to the electric charges

(2.11)

qo,q1 only yields the dilatonic free energy }"g)) (S,8,p% qa) = ]:g)) (p, x) — qu@%, which
equals [3]

. 1 , _
FW(8,8,p% ) = Sy [Qacab% +[SPPpCopp” +1i (S — S) qap“] : (2.12)
Finally, performing a Legendre transform of f (p, ¢.) with respect to the magnetic
charges p® yields the reduced Hesse potential H© (S S, 0% Xax) = fg)) (P, +) — P"Xax [11],

HO (Sa S7 ¢$,Xa*) = Xa*c Xbx T ’S| b5 abﬁbi +1 (S - S) Xa*éf):} . (2.13)

1
S5+



The extremization equations following from H(©) (S, S, 2, Xa*) = fg]) (S, S, p?, qa) +qa 08—
P*Xax yield the attractor values (¢, xq«), expressed in terms of the charges (qq,p®) and
the field S, namely

C%q, (S —5)

a9 b 2) e 2.14

O + S+S+ S+ S pi=0 (2.14)
and ) B
S| p (S —=05)

o — 2220t — 2 0 = 0. 2.15

X St15 WP T g (2.15)

At the two-derivative level, the attractor value of S is determined in terms of the following
three charge bilinears

Q = 2q0p" — .C™q,, P =—-2p"q1 —p"Cup®, R =000 —p'a1 +1"¢a (2.16)

[OP—R? R

The entropy, when expressed in terms of these charge bilinears, reads S(q, p) =7 / QP — R2.
Conversely, given a value S with S+ S > 0 and charges (gq, p®), we defined attractor

as [23]

values (¢, xax) by (2.14) and (2.15). Therefore, the lattice of electric and magnetic charges
singles out a subset of values (¢%, x,), namely the attractor values (¢%, xq«). For a given
S, these correspond to attractor values

ye — ggb(i + iCabXb* .

_ 2.18
¥ S+ S (2.18)

In the following, we will refer to the attractor values (¢¢, xq+) as attractor backgrounds,
provided QP — R? > 0 as well as g, C%p, > 0. The latter are necessary conditions for a
charge configuration to constitute a single-center BPS black hole, as we show below. Before
doing so, we note that all three quantities fg)) (p, Dx), ]:1(70) (S, S, p®, qa) ,HO© (S, S, ¢, Xa*)
will play a role at various steps when evaluating OSV type partition functions in the
following sections.

Next, let us introduce the vector g,, which can be motivated as follows. Let us return
to KO given in (2.2). Imposing the magnetic attractor equations (2.8) as well as the
electric attractor equations (2.14) for the g, results in

0:p1+i‘§p0 Ta_.(cabe_iS’pa)

PP qa_ oP) 2.19
* T 518 BTy (2.19)

and determines K(?) in terms of the charges (qq,p!) and S as

B Cabe
K© (8.5, p! q,) = 2o~ % 2.20
(55,0 0) = 5505 (54 §) (2.20)
where

Oa = pO Qa + pl Cab pb . (2'21)



Now let us recall that the entropy of a single-center BPS black hole is given by S(q,p) =
7 KO which implies 9, C*®g, > 0 in order for the entropy to be non-vanishing at
the two-derivative level (here we are assuming S + S > 0, with [Y?|? (S +S) finite).
Thus, 0, C®0, > 0 is a necessary condition for a charge configuration to correspond to
a single-center black hole. This combination may be expressed in terms of the charge
bilinears (2.16) as

0a C%Pop = — (p0)2 Q — (p1)2 P+2p°p'R. (2.22)

Single-center black hole solutions necessarily have QP — R*> > 0. We will now show,
using (2.22), that they also have to satisfy @) < 0, P < 0. This can be checked as follows.
Since QP — R? > 0, we only have two possibilities: either Q@ < 0,P < 0 or Q > 0,P > 0.
Let us first assume that @@ < 0, P < 0, in which case we may rewrite (2.22) as

00 C 0 = (po VIQI £ \/ﬁ)2 +2p°p! (R TV IQPI) : (2.23)

When p%p! > 0, we choose the plus sign in the second term, while when p’p! < 0 we take
the minus sign. Then, using \/|QP| > |R|, we obtain g, C®g, > 0. Now let us consider
the case when @ > 0, P > 0. We rewrite (2.22) as

0. C%0p = — (po NOESS \/ﬁ>2 +2p%p! <R + @) : (2.24)

When pp! > 0, we choose the minus sign in the second term, while we choose the plus
sign when p°p! < 0. Using 1/|QP| > |R|, we see that g, C%g, < 0, which establishes that
configurations with ) > 0, P > 0 cannot correspond to single-center black holes.
In section 3, we will find it useful to perform the replacements
i 0 i 0
- —— — - — 2.25
a T ou®’ b T oy, (2.25)

in (2.19), resulting in differential operators

ab b ¥ a
Ta:W_IC 0/ou —i_—zSé?/@u (2.26)
(S+9)Yp
and ) B X
(0) _ 113,052 &\ (77" P
KO = ZY02 (5+8) (T+T) Cab<T+T) . (2.27)

Observe that K(© and K© are invariant under S-duality, provided the differential
operators in (2.25) transform in the same way as the charges (g4, p®). Under S-duality, S

transforms as

aS —ib
5 , 2.28
S +d ( )
with a, b, ¢, d € Z satisfying ad — bc = 1, while the charges transform as
p° — dp +ept, g0 — aqo—baq,
pt = ap' +bp%, @ —dq —cq, (2.29)

p* = dp*—cC%q,, qo— agy—bCup®.



The electric and magnetic potentials ¢! and y; transform in a similar manner, and hence
the combination q; ¢! — p! x; is invariant under S-duality. It also follows that Y0 —
(d+icS)Y?, and that [Y?* (S + S) and T are invariant under S-duality.

We will also introduce the quantities K [3],

95 950
+4
(Y02~ (v0)

K= 3VOP (S +8) (T +T)" Cu (T +T)" +4 , (2.30)
where ) denotes a real quantity that encodes corrections due to higher-curvature terms.
Aspects of the sigma-model geometry based on (2.30) have been discussed in [24]. In the
context of the N = 4 model which we will be considering, 2 only depends on S and S and
is S-duality invariant. Hence, K is S-duality invariant. It is also T-duality invariant [3].
Replacing T by the differential operator (2.26) yields K, which will play the role of a
measure factor in subsequent discussions.

3 Single-center black hole partition functions

In this section we focus on a particular A/ = 4 model for which there exists an exact
counting formula for % BPS microstates, namely four-dimensional toroidally compactified
heterotic string theory [7, 8]. We restrict to a subset of N' = 4 charges, which we denote
by (qI,pI) (with T =0,1,...,n), so as to use an effective N' = 2 description of this model
based on a prepotential of the form (2.1). The charges (qI, p! ) and the matrices C,p and
C are integer valued, and thus the charge bilinears (2.16) satisfy Q, P € 2Z, R € Z. The
BPS microstate degeneracies d(q, p) are encoded in a Siegel modular form, defined on the

Siegel upper half-plane (o, p,v) with Imo > 0, Imp > 0, (Imo)(Im p) > (Imv)?,
1 .
- d(Q,P, R e—Trz(Qa+Pp+R(2v—1)) ) 3.1
@10(0'7 Py U) Z (Q ) ( )

Q,P<2, REZ

Convergence of the @ and P sums is enforced by Imo > 0,Imp > 0. The sum over R is
more subtle. Convergence of the R sum requires restricting it to a certain range, and this
range depends on the sign of Imwv [25, 26].

In the following, we will focus on single-center % BPS black holes with p® # 0 and
define an OSV black hole partition function (1.1) for these in a two-step procedure, as
follows. The first step is implemented by considering the sum over electric charges qo, q1,

S d(g,p)emu?’ (3.2)

40,91

converting it into a sum over Q and P by using the relations (2.16), and subsequently
using an integral representation for the degeneracies d(q,p) based on (3.1), which is then
computed in terms of residues associated with the zeros of ®1y. Here we improve on the
analysis of [11] by only retaining those zeroes of ®1y that give a contribution to the dilatonic
free energy (2.12).

In a second step we sum over charges q,. We begin by picking reference charges ¢ (and
p®) which we encode in a reference vector (2.21), denoted by gf , that satisfies QaB Cabgf > 0.



This is a necessary condition for the configuration to correspond to a single-center black
hole, as already discussed. We will refer to o as an attractor background. We then
consider fluctuations V, = ¢, — ¢ around this background. The sum over these electric
fluctuations is ill defined due to the indefiniteness of the charge lattice. We regularize this
sum by removing all the contributions that grow exponentially. In addition, we demand
that the resulting regularized sum possesses good transformation properties under modular
and elliptic transformations. One way of achieving this is to convert the sum over V, into
an indefinite theta function [11]. Indefinite theta functions have good modular and elliptic
transformations properties [12] which we subsequently utilize to make contact with semi-
classical results. The regularized partition function then contains an exponential factor that
accounts for the semi-classical free energy of the background, as well as an indefinite theta
functions that describes a regularized sum of fluctuations around the background. Due to
the elliptic property of the indefinite theta function, the result is actually independent of
the choice of the background charge ¢, since two such choices are related by an elliptic
transformation. The result for the partition function also uses a differential operator that
enforces the condition 0,C%g;, > 0 discussed below (2.21). Thus, the partition function
can be viewed as a sum over attractor backgrounds.

Subsequently, we extend the discussion by considering single-center black hole parti-
tion functions based on a canonical ensemble, obtained by also summing over magnetic
charges p®,

Z (0" 0" xa) = Y dlg,p)emlu’ P xe] (3.3)

qr,p*

We restrict our analysis to the case S = S, so as to decouple the sums over (g4, p®). We regu-
larize these sums by again employing indefinite theta functions. After resorting to modular
transformations, the resulting expression is given in terms of the Hesse potential (2.13), two
indefinite theta functions and a measure factor, and it is invariant under the strong-weak
coupling duality transformation S — 1/5.

We proceed to explain these results.

3.1 Summing over charges qj

We begin by considering the sum over charges (qo, ¢1), using various results obtained in [11].
In doing so, we improve on the analysis of [11] and clarify certain statements made there.
There, we specialized to p® = 0. Here, we keep p° # 0 (as well as p' # 0), which will be
kept fixed throughout.

As stated above, we focus on toroidally compactified heterotic string theory, for which
there exists an exact counting formula for %BPS microstates based on the Siegel mod-
ular form 1/®19. We first convert the sum over (qo,q1) into a sum over the charge bi-
linears (@, P) using the relations (2.16), where we keep (g, p®) fixed. From (3.1) we
see that the states that contribute are states for which @Q and P are mostly negative,
which implies that the states contributing to the sum over (qo,q1) are mostly states
with a definite sign of (go,q1). Replacing (qo,q1) by (Q,P) we obtain qo¢® + q1¢' =
% [Q ¢'pt/ (p1)2 — PolpY/ (pO)Q] + ..., where the dots refer to terms that do not involve



Q@ and P. Thus, for the exponent in (3.2) to be damped for negative Q and P, we require

Opt >0, o'p <o0. (3.4)

Introducing
S=——- 3.5
¢0 + ZpO ) ( )

and using (3.4), we obtain

sego a0 o)
60+ i

Next, let us consider the combination R in (2.16). Replacing (qo,q1) by (Q, P) we

>0. (3.6)

obtain the combination

0 1

a. p a a
(Q + ¢.C bC]b) T30 <P +p abpb> + qap” . (3.7)

p
R(Q,P)= —
For fixed (gq,p"), and taking |Q| > 1, |P| > 1, the sign of R(Q,P) equals the sign of
—ppl. Next, we convert the sum (3.2) over (go,q1) into a sum over (Q, P) following [2, 3].
In order to use the representation (3.1), we introduce an additional sum over a dummy

variable R' € Z [11],

1
f(R) :/(; b, Z e™i(20-1)(R—R) f(R,), (3.8)

I
where 0 = 61 +1i6s € C, and where 65 is held fixed with 0 # 0. For a fixed 5, convergence
of the R’ sum requires restricting it to a certain range that is taken to include R. This is
similar to what was observed below (3.1).

Using this, we obtain the following representation for the sum over (qo, ¢1) [11],

enqu — 1 1 !
Z d(g,p) 191 Z /0 461 ®i0(a(8), p(0),v(0))

q0,q1 19=0,...|]p*|—1
1'=0,...]p%|—1
exp [-m(a) 1aC% gy + 1qad(0) — i p(6) p*Cup?] (3.9)
where
¢ p°
¢t p'
p(@):—zw—(%—l)?,
v(d) =4, (3.10)
and
60 = ¢% +2il°,
ot =o' + 20",
4 (0) = ¢+ (20 — 1) p?. (3.11)



The extra sum over the integers [0 and [' arises when trading the summation variables
(qo,q1) for the T-duality invariant combinations @ and P [2, 3]. The integration contour
in (3.9) is at fixed 03, whose value is obtained by requiring that the conditions for conver-
gence of the expansion (3.1) in the Siegel upper half plane are satisfied when restricting o
and p to (3.10). Namely, demanding Im o () > 0,Im p(6) > 0, we obtain

0,1

p’p'oy < ?p,
1,0
p'p'ls < —LQP : (3.12)

from which we infer B

(S+8) 0% +ip°|?
8 Y

where S is given in (3.5). Recalling (3.4), we see that the right hand side of (3.12) is

positive. Taking it to be very large, so that (S + S) |¢° + ip°|? is very large, we see that

pOP192 <

(3.13)

the conditions (3.12) (as well as (3.13)) are satisfied for any finite value of 6. Similar
considerations apply to the Siegel upper half plane condition Im o(6) Im p(6) > (Imv())?,
which translates into 0.1 0.1
0,1 —¢° ¢ p'p
pp bz < N0 0T
(S+5) [¢° +ip°|

Now we note that we can also impose the more restrictive condition Imo () > 1,

(3.14)

Im p(f) > 1, which ensures that (3.1) has a well defined expansion for very large charges.
We obtain

0,1
pp'hy < sz -pi,

1,0
p'ploy < _¢Tp —p, (3.15)

from which it follows that

S+8)|° +ip 1
p’p'fa < ( ) ’g i 5 (6 + 1) (3.16)

In this case the conditions (3.15) and (3.16) can be satisfied for any finite value of ¢°, ¢!,
p°, p! by taking 6 to satisfy pp'fy < 0 with |f2| > 1. This choice also ensures the validity
of the Siegel upper half plane condition (3.14). Thus

p'plly <0 with |6y > 1 (3.17)

specifies another viable integration contour for the integral (3.1). Below we will show that
this choice of contour is necessary in order to select large charge single-center black holes.

The left hand side of (3.9) is invariant under the shifts ¢° — ¢° + 2i, ¢! — ¢ + 2i.
The right hand side of (3.9) is also invariant under these shifts. This follows from the fact
that the integrand of (3.9) is invariant under shifts

o@) —a(@)—n, p@) —p@+m, nmeclZ, (3.18)

,10,



which are induced by
¢’ — ¢ +2ip'n, ¢'— ¢ +2ip"m. (3.19)

Now let us turn to the evaluation of the integral (3.9). We begin with the following ob-
servation. The #-dependent part of the exponential in (3.9) reads exp [iw 0 0.C%0p/ (popl)] )
with o, given in (2.21) [11]. We will assume |0,C® 0| # 0, as the 9,C® 0, = 0 contributions
will be subleading. Below we will evaluate the integral (3.9) by residue techniques. To this
end, we will first extend the range of integration to the entire real line and then move the
contour to a region where the integrand becomes vanishing. Choosing the contour specified
by (3.17), we obtain a non-vanishing result provided that ¢,C%®g, > 0. The result will
thus be proportional to a Heaviside step function H(g,C “bgb), as expected for an inverse
Laplace transform. Note that 0,C%p;, > 0 is a necessary condition for a charge configu-
ration to correspond to a single-center black hole, as discussed below (2.21). Thus, in the
following, we will use the contour (3.17). It corresponds to the so-called attractor contour
introduced in [27] to single out large charge single-center contributions to the entropy.

We now evaluate (3.9). Here we proceed differently from [11] and resort to an ap-
proximation. Namely, we approximate the exact result by only keeping the contributions
from zeroes of ®19(c (), p(0),0) that encode the dilatonic free energy contribution (2.12),
as follows. The zeroes of ®1¢(o, p,v) that yield the leading contribution to the entropy of
single-center black holes are parametrized by three integers (m, n,p) and given by [7],

po —v? + (1 —2p)v+mo—np+p—p*>—mn=0. (3.20)

This can be verified by considering a certain constrained extremization problem [9]. In the
following, we consider a related extremization problem in order to determine the subset of
zeroes (3.20) that encode the dilatonic free energy of single-center black holes.

To leading order, (3.9) can be calculated by saddle point approximation, by extremizing
the exponent on the right hand side of (3.9) with respect to 6 subject to (3.20). By
inserting (3.10) into (3.20), we obtain the combination

D= p(0)a() — 6%+ (1 —2p)0 +mo () —np®) +p—p* —mn=0. (3.21)
Denoting the exponent on the right hand side of (3.9) by E,
= —in0(0) aC®qy + 7qa0*(8) — i p(0) p*Cupp® (3.22)

we consider the constrained extremization problem,

dE __dD

— = — 3.23
do e’ ( )
where A denotes a Lagrange multiplier. We obtain
@ — i Qacabe
do pOpl
dD i (Z)l gg() pO pl
— == == |-2p—m— — 3.24
o 2 <p1 p° P +np°’ (3:24)
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with g, given in (2.21). Inserting this into (3.23) we get

21 0,C"" 0y
as well as . . 0 .
l +1
plntl _(Pm+l) o (3.26)

0
p p
The first relation determines the value of A\, while the second relation selects a subset of the
zeroes (3.20). The value of 0 associated to these zeroes is determined from the condition
D =0 given in (3.21), which we need to supplement with (3.26), resulting in

(04 2i (I° + p'n)) (&' + 2i (I' +p°m)) + p°p' — 4p?p"p!

20 —1=—i P ——— (3.27)
The exponent F, on the other hand, takes the value
¢’ ¢! . 1\ 2aCgy
E=mx 21 2.C"q, — Tpopa b’ + i (60— 5 UZDOT ) (3.28)

with 6 given by (3.27).

The zeroes (3.26) depend on the combinations [° 4 p'n and I* + p°m. Using ®19(c —
n,p,v) = ®19(0, p + m,v) = B1g(0, p,v) as well as ¢,C?Pq, € 27, p*Cupp® € 27, we can
absorb the shifts p"m and p'n into I' and [° and extend the original range of {° and !
in (3.9) to run over all the integers. The condition (3.26) then becomes

0t
i 2p, (3.29)

lO,l

where now —oo < < 0o. Next, we parametrize the zeroes satisfying (3.29) by

(%1, p) = ((k+p)p°, (k —p)p",p) - (3.30)
The associated value of 6 reads,

01 4 41,0 041 1 0.1 _ 472,01
20— 1= —optop OPEOP) 00T Pt — AR (3.31)
°p' —9'p ¢°p' —¢'p
Then, inserting (3.31) into E in (3.28) shows that the real part of E will depend on &,
unless k£ = 0, in which case we obtain

(0) a
el = eﬂ[}—D a0 ] , (3.32)
which is real and independent of p. Here F g) ) denotes the dilatonic free energy intro-
duced in (2.12). The zeroes with k # 0, on the other hand, correspond to instanton

corrections to F l()o ),

Z oE — o7 [Fg))+Qa¢a] 262m‘7k2+2mk27 (3.33)
k k
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where in this expression z € R, whose value can be read off from (3.31), and where 7 is
given by
—9; QaCabe
=2 = , .
(S +5) [¢° + ip°|?
Taking S + S > 0 as well as 9,C%®g, > 0 (recall that this is implemented by using the
contour (3.17)), T takes its value in the complex upper half plane, and the sum over k gives

(3.34)

a theta function.

Thus, we have established that only the subset of zeroes parametrized by (3.30) solves
the extremization problem (3.23), and that out of these only those with k = 0 encode
the dilatonic free energy .7-"](:9), while those with k£ # 0 yield instanton corrections. In the
following, and contrary to [11], we will suppress instanton corrections and only retain the
subset of zeroes with k& = 0. These are the zeroes (lo, ll,p) = (ppo, —ppl,p). Since they
contribute with a factor F ]()0 ), they yield the semi-classical free energy of a single-center %
BPS black hole when 0,C% g, > 0.

We proceed to evaluate (3.9) by retaining only the subset of zeroes just discussed,
and employing the contour (3.17). Since e’ is independent of p, and using the property
®1g(0, p,v + p) = P1g(o, p,v) for p € Z, we can use the zeroes (lo,ll,p) = (ppo, —ppl,p)
to extend the range of integration of 61 to —oo < #; < oo. The relevant zero of ®qq is
then given by D = v + po — v?> = 0. In the vicinity of this zero, ®1y takes the form
P19 ~ D? A with [25]

A=o 2P ) (), (3.35)
where ) )
- —(w—1
gt o (3.36)
g g

In these expressions, (o, p, v) is replaced by (3.10) with [® = [ = 0. Then, using (3.28), (3.9)

becomes

I 1 e 1

40,91

L ¢! b . 1) 0.C%0y
exp [7721)1 2.C"qp — WTpopaCabp + g + i (0 — 2) ot

The contour of integration is at fixed o satisfying (3.17). The quantity D?(f) has a
double zero at 26, =1+ (S — S)/(S + S) [3]. Recall that we consider configurations with
0aC% 0y # 0. We now evaluate the integral by residue technique, moving the contour to a
region where the integrand becomes vanishing. In this way we find that only configurations
with 0,C%0, > 0 contribute. They pick up the contribution from the zero D(6,) = 0,

resulting in
M

(S +5)% [yop
where Fp is the semi-classical dilatonic free energy in the presence of R? interactions,
Fp=FY +40(5,5),
47Q (S, 5) = —Inn**(S) —Inn** (S) — 12In (S + 5), (3.39)

Z d(q,p) ™% = ™D+t (3.38)

40,91
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while M denotes the measure factor

M=H <QaCabe) 0.C% 0y (3.40)

_(5+9) (12(¥0-7)*+ (ln5?4(8)) (5+5) (V) + (i () (5+8) (v©)°)

™

Here, H denotes the Heaviside step function. It ensures that only configurations with
0oC%p, > 0 contribute. As mentioned before, the latter is a necessary condition for the
charge configuration to constitute a single-center black hole. We note that the Heaviside
step function can be smoothen out into a continuous and differentiable function. Below we
will assume that this is the case, but will refrain from writing this out explicitly.

In obtaining these results we used that on the zero D(6,) = 0 [11],

7

0(9*):m>

S
0,) = = . 3.41
pO) =ig = (3.41)

Note that (3.38) no longer exhibits the shift symmetry ¢° — ¢° + 2i, ¢! — ¢! + 2i, due
to the fact that we only retained the contributions from zeroes of ®1g that give rise to the
semi-classical dilatonic free energy Fp.

Observe that both Fp and the measure factor M/ [(S + S) |Y0]2]2 in (3.38) are in-
variant under S-duality transformations (2.28), (2.29). This can be easily seen by rewriting
M in (3.40) as

M =20 ((T+T)" Cap (T+T)") (S+ ) [Y*12 [K + (S + 5)* 9s05(4)| ,  (3.42)

with 7 defined as in (2.19), and K given in (2.30). The factor M/ [(S + S) |[Y°|?] is also
T-duality invariant [3]. The measure (3.42) is closely related to (but not identical with)
the measure factor VA~ introduced in [3] on the grounds of electric/magnetic duality
covariance. It differs from VA~ by duality covariant terms.

Next, we would like to sum (3.38) over charges ¢, (@ = 2,...,n). Here we face various
issues. First, we have a measure factor M that depends on ¢,. To deal with this, we
first extend ¢® to ¢% + ip® (with u® € R™1). Then, we replace the charge g, in M by
the corresponding differential operator of (2.25). This results in a differential operator M ,
which is obtained from M by replacing 7% with

o _ =1 C%9/opub + Sp*

a _ 3.43
(S+S5)Yo (3.43)
Thus, we replace (3.38) by
Z d(q,p) o7 [108%+a18" +aa (¢ +ip®)] _ {\/[2 e FD+aa (0 +ip®)] (3.44)
Q0.1 (5 +8)"[vop

Next, we consider summing (3.44) over ¢,. Here we face the problem that this sum is
ill-defined due to the indefinite signature of the g, charge lattice (a = 2,...,n). Thus, the
sum over ¢, has to be regularized. We propose the following procedure. First, we pick
a reference vector g2 such that oZC®pP > 0. As mentioned below (2.18), we will refer
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to this reference vector as an attractor background associated with a single-center BPS
black hole. We then consider fluctuations V, = g, — g2 around this black hole background.
Thus, we set ¢, = ¢Z +V, in (3.44) and sum over V,. To enforce thermodynamic stability,
we restrict to fluctuations that do not increase the dilatonic free energy Fp. We do this
by modifying the measure factor in (3.44). Namely, we introduce an additional measure
factor p, whose role is to weight each summand in the V, sum with +1 or 0, in such a
way that the contributions (3.44) with growing exponent are removed from the sum, while
the remaining contributions are weighted by £1. This is achieved by taking p to be the
difference of two sign functions p = p — p°, with p¢(V;7) = —sgn(V,C%c;) and suitably
chosen vectors ¢; and cg [12]. Thus, the proposed regulator turns the sum over V, into
an indefinite theta function based on sign functions. In principle, we can also consider
indefinite theta functions that are based on error functions, as in [11]. These would then
be defined in terms of different choices for ¢; and c¢o. Note that the regulator p does
not preserve all of T-duality, but only the subgroup SO(1,n — 2;Z). We also note that
there exist other proposals for regularizing the sum, which are based on a modification of
the exponent of (3.44). Examples thereof are the so-called H-regulator, which has been
proposed when p° = 0, and Siegel-Narain theta functions [5, 6, 28, 29].

The resulting regularized partition function Z(r)esgv(p7 ¢; 1) appears to depend on the
choice of the reference attractor background ¢2, but this dependence is only apparent, since
two different choices of a reference background are related by an elliptic transformation of
the indefinite theta function. Thus, the result for the regularized partition function is inde-
pendent of the choice of the background. We proceed with the details of this construction.

The reference charge vector qf has a background value ¢% associated to it, which is
determined by (2.14). Expanding the exponent of (3.44) around q, = ¢” + V, gives

T [Fp(q) + qa (¢0* +ip®)] = 2mi [Q (¢7) e + B (2e,¢%) + Q(V)7e + B(A, V)]
g2
+7 5,’+L,p Capp + 470 (S, 5) (3.45)

where we introduced

1
Qe(q) - §Q(IAabe7 B(267 Q) - ZgAabea Aab - _Cab7

R “T 3 Perg
1 .
Ay =28 +7S 3 B_§ ab(Ub+wb), U =¢" - ¢%. (3.46)
Then, by multiplying (3.44) with the regular p specified below and summing over fluctua-
tions V, (a = 2,...,n), we define the regularized partition function Z5& (p, ¢; p) by
Elk “Cabpb+27riQ(qB)Te+47rQ(S,§)
zreg _ ¢ "5+5P v 27iB(ze,q” .
Zosy (P ¢ 1) = (S + S5)2Yo4 M [6 miBea®) p(arr)| . (3.47)
where ¥(A; 7.) denotes an indefinite theta function [12],
ﬁ(A; Te) _ Z p(v + 05;7_6) e?ﬂiTeQe(V)+27riB(A7V) . (3.48)
Vezr—1
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Here we decomposed A = a7, +  (with a, 8 € Z"1), so that

aa:%(s"i_g)CabUby /Baz_1 ab:U’b'

5 (3.49)

The regulator p = p° — p® is taken to be

p(q; 7e) = sgn(B(q, c1)) — sgn(B(g, c2)), (3.50)

where sgn denotes the sign-function, and where ¢; and ¢y are two linearly independent null
vectors, Q(¢;) = 0.

To assess the physical meaning of this construction, consider the case when ¢% does not
equal ¢, but has a nearby value, so that U? is small. A single unit of elliptic transformation
shifts a, by unity. Hence any given excitation about the specified black hole background
can be regarded as a fluctuation characterized by «, with |a,| < 1. This puts the sum
over the indefinite charge lattices squarely in the domain of the Gottsche-Zagier treatment
in [30], as each component «, is the range 0 < |a,| < 1. Then, restricting to a two-
dimensional lattice I'"! for simplicity, i.e. taking n = 3, the indefinite theta function based
on (3.50) precisely does what was described above, namely, contributions that would lead
to an increase of the exponential in (3.48) are removed from the sum in a Lorentz invariant
manner [30]. We refer to appendices B and D of [11] for a brief review of this.

Next, using (2.14), we note that the regularized partition function (3.47) may also be

written as _
o™ FE(6%p%,5.5)

(S + S)t4]y 0|4
where Fp ( %, 0%, S, S) denotes the free energy (2.10) in the presence of R? corrections,
Fi (#5,0°,5.8) = =2 (F(V", )lya_y g 4igm = F (Y4 8) lya_i o))

F(v®,8)=FOy §)— i Inn?4(S). (3.52)

258 (p.sim) = a [ A) y(as )| (3.51)

Note that in an A/ = 2 model, F(Y?,S) has the interpretation of a topological string free
energy at weak topological string coupling. The exponent Fg ( %, 0%, S, 5’) describes the
semi-classical free energy of a BPS black hole with charges ¢, while ¥(A;7) encodes the
regulated contributions from the fluctuations V, = ¢, — ¢2.

As already mentioned, the choice of a reference background vector ¢? satisfying
0B C’“bgbB > 0 is arbitrary. Two different choices are related by an elliptic transforma-
tion of ¥(A; 7.), as follows. Under the elliptic transformation A — A+ A7, with A € Z"~ 1
V(A; 1) transforms as

A+ Areimy) = e 22BN (A7) (3.53)

Choosing two different reference background vectors ¢®' and ¢P2 (both satisfying
0B C’abgbB > 0 at fixed magnetic charges), and denoting the associated values of A by
A' and A?, respectively, we implement the elliptic transformation A = A? + A7, on
0 (Al; Te), with A = ¢P1 — ¢P2. This results in expression (3.47), with (qu, qul) replaced
by (qBQ, ¢32). Thus, (3.47) is independent of the chosen background. Here we have as-
sumed that the vectors ¢; which define p are independent of any background value.
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Since (3.47) is background independent, we may remove any reference to the back-
ground ¢? by redefining the sum. Rewriting (3.47) into a sum over charges q, = ¢2 + V,,

we obtain ,
re €W%pa abpb+47rQ(S,§) ~
where ¥(z,; 7) denotes the indefinite theta function
D(zeie) = Y plg+a;r) ?mmeQe@)r2miBlzea) (3.55)

qGZ”_l

Here we decomposed z, as z. = at, + b (with a,b € R”fl), resulting in

Qg =

_ S-S 1
(S+5) Cav <¢b + i(s+s)pb) o ba=—Cap. (3.56)

N |

Note that since the measure factor M projects onto configurations with 0,C% g, > 0, (3.54)
has the interpretation of a sum over attractor backgrounds. The regulated sum (3.54) has
¢*-shift symmetry. Namely, under shifts of ¢* by ¢* — ¢%+2¢, we have C’abzg — C’abzlf -1,
which leaves ¥(z.; 7¢) invariant.

Let us now comment on a subtlety. In the discussion below (3.50) we took ¢* not to
equal an attractor value ¢%. When ¢* is taken to be on an attractor value (2.14), the
components a, are integer valued and can be brought to zero by an appropriate elliptic
transformation, as discussed above. In this case, the indefinite theta function (3.48) would
vanish, unless we keep pu® # 0, so that A, is non-vanishing. This subtlety was already
noted in [11], and is the reason why in (3.54) we have refrained from setting u® = 0 after
the evaluation of M ¥(2¢;Te). Then, by applying the modular transformation 7 — —1/7
(to be discussed below) we obtain a representation of the indefinite theta function with a,
replaced by —b, = %Cabub. Choosing p® so that 0 < |bs| < 1, we again obtain a set-up
that is similar to the one described below (3.50).

Next, let us apply the modular transformation (7, ze) — (—1/7¢, z¢/7e) to (3.54) and
discuss its consequences. Taking into account that A% is integer valued, we obtain [12]

W ze/Te; —1/7e) = (—z’re)(”*l)/Q o2miQe(2e) /Te Iz 7)

.|

—det
_ p(q + C~L; _1/7_6) e—27r7er((j)/Te+27riB(ze/Te,(j) ’ (357)
gezn—1
where (20)7)
B Im(z./7. -
Hence we get
V—detA - —27iQe (§—2) /T
19(2'6, Te) = W Z p(q — b, 71/7—6) e 5 (359)

q‘ean 1
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where

. (S-5 )
Go — 2 = —5Cab <<z>”+z'(5+5)p”>, ¢ = ¢" + 2iC° Gy + ip. (3.60)

Using (3.59), we express (3.54) as
258 (p, s 1) = 2/ det A (S + §) "2/ [y 02 (3.61)
A Z\O ~ =\ b A _.9
H(<T+T> Cay (T+7) ) K +4(5+85)* 05050
S pli—bi—1/7) e TEESS),

q‘eZn—l

where Fg ((Z)a,pa, S, 5') denotes the free energy (3.52), with ¢% replaced by @

The OSV conjecture [1] relates the OSV partition function (1.1) to the topological free
energy F(Y? S) evaluated at Y* = %(qﬁ“ + ip®). We proceed to extract this factor out
of (3.61), and obtain

Zo&v(p, ¢y p) =2V —det A (S + S) (n=27)/2 YO —2 (3.62)
~ =\ @ ~ =\ b ~ _
H ((T+T> Cap (T+7) ) K +4(5+8)° 95059
e7rfg(¢“+iu”,p“,$,§) V(ze/Te; —1/7e) -

Thus, by making use of a modular transformation we have related the regulated sum ngv
to the free energy Fp. The regularized partition function (3.62) takes the form of an expo-
nential factor |e~2""'|2, where F' denotes the holomorphic topological free energy (3.52),
times a measure factor and an indefinite theta function. If we artificially set n = 27, which
corresponds to taking a model with 28 abelian gauge fields just as in the original NV = 4
model, the powers of S + S cancel out in the measure factor [31], and we are left with

the duality covariant differential operator <K +4(S+ 5’)2 858§Q> /IY?|2. This operator,

when acting on €™ 2, yields the duality covariant factor (K +4 (S + 5)2 058§Q> /Y02,
with K given in (2.30) and T% = —i(¢% + iu® + ip®)/(2Y0).

3.2 Summing over charges p®

Next, we turn to the black hole partition function (3.3), obtained by summing over charges
p® as well. We take (3.38) as our starting point and consider summing over both ¢, and p“.
Here we face the problem that the dilatonic free energy F 1()0 ) contains a term proportional
to (S — S) qap® that couples one type of charges to the other type. To avoid this coupling,
we consider the case S = S in the following. This allows us to interpret the sum over g,
as a sum over attractor values ¢? at fixed x4+, and the sum over p® as sum over attractor
values Xq« at fixed ¢¢, using (2.14) and (2.15).

We proceed as in the case of the regularized partition function (3.54). We first extend
¢® and x4 to ¢% + iu® and x, + iv,, respectively (with p®, v, € R"1). We convert the
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measure M in (3.42) into a differential operator M , obtained by replacing 7% by the
differential operator (2.26). Then, taking (3.38) as a starting point, we obtain

~

Zd(%p) 67T[QO¢>O+C]1¢1+Qa(¢a+iua)*Pa(Xa+iVa)]:Leﬂ[]-'p+qa(¢“+wa)—pa(Xa+iua)}. (3.63)

45'2’}/0’4
40,491

Then, in analogy to (3.54), we define the regularized partition function, obtained by sum-
ming (3.63) over charges q, and p® (a = 2,...,n), by

s 64779(5’) N
27 (', Xai pyv) = 157V M <19(Ze;7'e) ﬁ(zm;Tm)> ; (3.64)
where 0(z¢; 7e) and ¥(2p,; 7)) denote indefinite theta functions with

1

1
Te = 25 , Tm = §S
i , " i ,
%o = 5Cab <¢>b + wb> ; tm = —5C " (xo + i) |
1 1
QB(Q) = §QaAabe Qm(p) = §PaAabea Aab = _Cab7 Aab = _C«ab7
B(Zea Q) = ZgAabQIn B(Zm,p) = Z%Aabpb . (3'65)

We take both indefinite theta functions to be defined in terms of sign functions, as in (3.50).
Observe that (3.64) is invariant under S — 1/S. It is also invariant under SO(1,n — 2;7Z)
T-duality transformations, as well as under shifts ¢ — ¢* + 2i and y, — Xq + 24.

Applying the modular transformations (7., 7,) — (—1/7¢,—1/7,,) we obtain, in a
manner analogous to (3.57),

I(ze; 1) ami ) =2 S ST p(G-65-1/7e) p(F—bmi—1 /) T (597%) | (3.66)
gezn—1 pezn—1

where

¢ = ¢ 4 2iCPG 4+ ip®, Xa = Xa — 2iCapP’ + iV ,
1 b

bz = —50al

a 1 ab. b
s by, = 5, (3.67)

and where H(©) denotes the Hesse potential (2.13). Using this, we arrive at

Zr8 (¢! xoy pv) =277

(e”H(S"baH“a’X”H"“) Wze/Te; —1/7e) H(2m /) Tm; —1/Tm)>,

(3.68)
where we introduced the Hesse potential H in the presence of higher-derivative

R

corrections [3],
H(S, 0" xa) = HO(S, 6", xa) +4Q(S). (3.69)

Thus, by resorting to modular transformations, we have related the regularized partition
function (3.64) to the semi-classical Hesse potential.
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Now let us expand (3.64) around an attractor background defined in terms of charges

(qf , p‘é) satisfying chabeB > 0. The associated background values ( %,Xf) are given

by (2.14) and (2.15), where we recall that we are setting S = S. Hence, the background
value ¢% is determined in terms of ¢¥ (and S), while 2 is determined in terms of p% (and

S). The choice of the background values (¢Z,p%) is arbitrary. We perform the shifts

Go=0q5 +Va, P =pH+W,

" = ¢aB +U", Xa = XaB + Xa - (370)
Expanding (3.64) around (qf , p‘fg) is implemented by applying the following elliptic trans-
formations to ¥(ze; 7e) and Y (zm; Tim ),

=25 —ql Te, 2= Zo — DB Tm, (3.71)

a

where . .
i i
Z = 5Cu (U” + iub) L Zp = 5O (X + i) (3.72)
Using the transformation property (3.53) gives
ewH(s,¢B,xB)+7rqua—npana
4152 |y

T (e T (2,5 7) D Zini 7)) (373)

zres (¢Ia Xa; M, l/) =

where
ﬁ(Ze;Te) — Z ,O(V + Ae;Te) 627ri7'eQ(V)+27rz’B(ZE,V)7
Vezrn—1

I Zmi ) = > p(W + Ay 1) 7 QUY)F2mB (2, W) (3.74)
wezn—1

Here we decomposed Z = At + B, so that

1
AZ = SCabUb7 Bcel, = _5 ablu’bv

1 1
Al = —gcabxb, B = icabyb. (3.75)

In (3.73), the first line gives the contribution of the attractor background to the partition
function, while the second line contains the contribution from fluctuations around it.

Observe that the final expression (3.73) is identical to what one obtains starting
from the regularized OSV partition function (3.51), with S = S, multiplying it with
e~ ™" (xati¥a) gumming over charges p® by resorting to the background expansion (3.70)
and regularizing this sum. Thus, our proposal (3.64) for the regularized partition function
is consistent with what one obtains by first regularizing the sum over ¢,, which results
in (3.51), and subsequently summing over the charges p® and regularizing this sum in a
similar manner. Note that our proposal (3.64) does not depend on any particular attractor
background ((;SB, B )

Observe that the regularized partition function (3.64) only counts axion-free attrac-
tor backgrounds (2.14) and (2.15). We may extend this by implementing the S-duality
transformation S — S + ¢ and summing over all its images.
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Finally, we note that the form of (3.64) is reminiscent of the proposal [32] for a back-
ground independent partition function for matrix models and topological strings.

4 Conclusions

We first defined an OSV partition function for single-center BPS black holes by restricting
to those zeroes of ®1g that give rise to the dilatonic free energy Fp of single-center BPS
black holes. Within this approximation, we dealt with the divergences that arise when
performing the sum over charges ¢, by first expanding around an attractor background,
and then regularizing the sum over fluctuations V,, around this background by removing
contributions that are exponentially growing. This was achieved by converting the V,-sum
into an indefinite theta function based on a regulator p constructed out of sign functions.
The choice of the attractor background is arbitrary, and two different choices are related
by an elliptic transformation of the indefinite theta function. We then used its modular
properties to relate the regularized sum to the free energy Fg which, in N' = 2 compactifi-
cations, is relatd to the topological free energy at weak topological string coupling. Observe
that the regulator p only preserves a subset of T-duality transformations, namely the one
given by SO(1,n — 2;Z) transformations.

We then turned to a canonical partition function by also summing over charges p®.
We set S = S in order to decouple the sums over ¢, and p®. We again regularized the
sums using indefinite theta functions. We then used a modular transformation to relate
the regularized canonical partition function to the Hesse potential H of supergravity. The
regularized sum is invariant under the electric-magnetic duality transformation S — 1/S.
Its form is reminiscent of the proposal [32] for a background independent partition function
for matrix models and topological strings.

One subtlety that arises in our proposal is that if we choose ¢* and/or y, to be on an
attractor value (2.14) and/or (2.15), the indefinite theta functions vanish unless we extend
¢%, xq to the complex plane, i.e. ¢ — ¢% 4+ iu®, Xa — Xa + iq. Thus, our regularized
partition functions depend on p?, v,.

We chose a regulator with good modular and elliptic transformation properties in order
to be able to relate the regularized partition function to semi-classical results, and to ensure
that the partition function is independent of the particular attractor background around
which one chooses to expand it. We opted to work with indefinite theta functions based
on sign functions, but other choices are, in principle, also possible [10, 11].

Finally, we note that the computation of a Witten index in the presence of a continuous
spectrum may yield a result [33-35] that is reminiscent of an indefinite theta function.
Consider a supersymmetric one-dimensional quantum mechanics model with Hamiltonian
H =p?> + W?z) - [wT,w] W'(x). This Hamiltonian describes a charged spin % particle
moving in a potential W (x). Take W to have a solitonic form, i.e.

{W(ac) — Wy for = — 400 (41)
W(x) — W_ for — —c0 '
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Upon imposing boundary conditions, an explicit computation of the Witten index in this

model yields [33]
E (\/BW+> —E <\/BW_> , (4.2)

where E denotes the error function. In the presence of superselection sectors labelled by ~,
this generalizes to

2(3) =3 (BE(VBW]) - B (VBWY)) e, (4.3)

~

where we allowed for the presence of a topological term Hiop in the Hamiltonian [36].
Then, a judicious choice of both the asymptotics of the potential W] and the topological

Hamiltonian H.

top 1abeling the superselection sectors, gives an indefinite theta function.
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