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ABSTRACT: We propose an alternative evaluation of quantum entanglement by measuring
the maximum violation of the Bell’s inequality without information of the reduced density
matrix of a system. This proposal is demonstrated by bridging the maximum violation of
the Bell’s inequality and a concurrence of a pure state in an n-qubit system, in which one
subsystem only contains one qubit and the state is a linear combination of two product
states. We apply this relation to the ground states of four qubits in the Wen-Plaquette
model and show that they are maximally entangled. A topological entanglement entropy of
the Wen-Plaquette model could be obtained by relating the upper bound of the maximum
violation of the Bell’s inequality to the generalized concurrence of a pure state with respect
to different bipartitions.
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1 Introduction

Entanglement measurements provide a way to extract quantum information from many-
body wave-functions [1]. The most significant measure of entanglement is given by the
entanglement entropy, S4 = —Trpalnpa with p4 = Trgp being the reduced density ma-
trix of the subsystem A, and p being the density matrix of a Hilbert space H = H4 ® Hp.
In other words, the entanglement entropy characterizes the entanglement between two
complementary subsystems A and B. The entanglement entropy has been observed exper-
imentally in a two-qubit system, but measuring the entanglement entropy for a higher-qubit
system is still under development.

On the other hand, a qualitative detection of quantum entanglement could be per-
formed experimentally by the observation of the violation of the Bell’s inequality [2]. The
original theorem, proposed by John S. Bell [3], states that correlations between the out-
comes of different measurements of two separated particles must satisfy the inequality under
local realism. The violation of the constraints (the Bell’s inequality) indicates the quantum
effect of correlations or “entangledness” in quantum systems, which could be presented in
two-qubit systems theoretically [4]. Although the violation of the Bell’s inequality may not
reveal the general structure of entanglement of a quantum state, the relation between the
entanglement, measured in terms of the concurrence [5], and the violation of the Bell’s in-
equality was shown in two-qubit systems [6, 7]. The generalization for higher-qubit systems
is still unclear.

In this letter, we discuss relations between the maximum violation of the Bell’s in-
equality of an m-qubit Bell’s operator [8] and the concurrence of a pure state when the
i-th qubit operators in the Bell’s operator are n - o, where n is a unit vector and o are
Pauli matrices. One crucial point is that quantum entanglement needs information of the
reduced density matrix of a system, but the Bell’s inequality does not. At first glance,
this suggests that a quantitative entanglement measurement by the Bell’s inequality is
difficult. Thus, bridging the maximum violation of the Bell’s inequality and measures of



quantum entanglement provides a huge application of an entanglement measure without a
bipartition to detect entanglement quantities.

There are various n-qubit systems exhibiting topological properties such as the toric
code model [9] and the Wen-Plaquette model [10]. One of the topological signature is
that the total quantum dimension of quasi-particles could be detected from the universal
term in the entanglement entropy [11, 12], i.e., topological entanglement entropy [13, 14].
This motivates us to apply our theorem to the Wen-Plaquette model. We find that the
upper bound of the maximum violation of the Bell’s inequality in the Wen-Plaquette model
indicates that the ground state is maximally entangled. The use of the maximally entangled
property for a six-qubit state in the Wen-Plaquette model could be related to the topological
entanglement entropy via the maximum violation of the Bell’s inequality.

2 Entanglement and maximum violation

A Bell’s operator of n qubits is defined iteratively as B, [8]: B, = B,—1 ® %(An + A%) +

B, ,® %(An - A;), where A, = a, - o and A/, = a, - o are the operators in the n-th
qubit with a,, and aj, being unit vectors and o = (o, 0y, 0-) being the Pauli matrices. The
operators %Bn,l and %5’7’1_1 act on the rest of the qubits. Notice that we choose %81 =bo
and $B] = b’- o with b and b’ being unit vectors. It is known that for an n-qubit system,
the upper bound of the expectation value of the Bell’s operator Tr(pB,) < 23 [8] leads
to the violation of the Bell-CHSH inequality [2].

For a given density matrix p, the maximum expectation value of a Bell’s operator
is referred to as the maximum violation of the Bell’s inequality. Here we demonstrate a
relation between the maximum violation of the Bell’s inequality and a concurrence of a
pure state (an entanglement quantity) in an n-qubit system when the all i-th operators in
the Bell’s operator are A; and A; for 2 <i<n:

~ 1
Bu = By Ay @ Ay @ Ay 2 @ Ay @ o (A + A,
1
1B A, @A @A _, A | ® 5(,4” —A;). (2.1)

To proceed our derivation, we introduce an R-matrix: R i,...i,, = Tr(poi, ® 04, ® -+ ®
0i,) = Ry, , where p is a density matrix, o;, is the Pauli matrix with i, = z,y,z and
a =1,2,--- ,n are the site indices. We express the R-matrix as a 3"~! x 3 matrix Ry;,
with the first index being I = iyis---i,_1 and the second index being i,. In a two-qubit
system, the maximum violation of the Bell’s inequality is computed from a 3 x 3 matrix
R;; defined above [7]. Now we generalize the maximum violation of the Bell’s inequality
(B,,) in an n-qubit system by using the R-matrix.

Lemma 1. The mazimum violation of the Bell’s inequalities v = maxg Tr(pB,) <
2\/uf + u3, where u? and u3 are the first two largest eigenvalues of R'R when n > 2
and v = 2\/uf + u3 when n = 2.



Proof. We first introduce two three-dimensional orthonormal vectors ¢ and ¢ such that
i+ a = 2¢cosf and a — a/ = 2¢sinf, where 0 € [0, 3], through three-dimensional
unit vectors @ and a’. The maximum violation of the Bell’s inequality is defined as v =
maxg; Tr(pB,,) with the Bell’s operator of the n-qubit B, defined in (2.1). By using the

R-matrix and the umt vectors B = BI = Bm2 vip_1 = 1,102y - - Qp— Lyin—1» B = B’ =

A~ A
A~

Biigein_y :alilagiz---an Lin_1> @ = Qng,, and a’Ea’mn,inWthhBand B’ are unit

vectors in 3"~! dimensions, we have v = maxg g 4 o ((B,R(d +a')) + (B, R(a — c?))) <

max, 5 g (2HR6|| cosf + 2||Rc’]| sin 0) = 2/u? + u2, in which u? and u3 are the first two
largest eigenvalues of R R. The inner product and the norm are defined as (P, Q) = P'Q
and ||U|| = VUTU. Because R(a +a') and R(a — a') are defined in the 3"~! dimensions
and each unit vector B and B only contains 2(n — 1) parameters, it could not guarantee
that B parallels R(é + a') and B’ parallels R(a — a'), except for n = 2. O

An earlier approach to relate the maximum violation of the Bell’s inequality and
the concurrence of a pure state C(¢) = 1/2(1 — Trp%) [5] in a two-qubit system is dis-
cussed in [6].

We generalize the relation of the maximum violation of the Bell’s inequality and the
concurrence of a pure state in an n-qubit system when a state is a linear combination
of two product states. The concurrence of a pure state is computed with respect to the
bipartition with (n — 1) qubits in subsystem B and one qubit in subsystem A. Here we
emphasize that the generalization of the relation of the maximum violation of the Bell’s
inequality and the concurrence of an arbitraty pure state in an n-qubit system is extremely
difficult. This specific state we considered provides one concrete example of the n-qubits
generalization.

Theorem 1. For an n-qubit state [¢) = |u)p @ (A+|v)p ® |1)a + A_|0)p ® [0)4) with
Aoy @ [1)a + A_|0)p @ |0)4 being a non-biseparable a-qubit state, |u)p, |v)B, |U)B
being product states consisting of |0)’s and |1)’s, |v)p and |0)p being orthogonal, and the
mazimum violation of the Bell’s inequality in an n-qubit system is v = 2fq (), in which
the function fo (1) is defined as:

(1) « is an even number:

fa(®) = /1 +2072C2(y)), 227 > C*(v),
fal) =272 C (), 2270 < C%(4h). (2.2)

= \/1 + (2072 - 1)C2(v), 1_’_12(1_2 > C*(v),
a-1 1
fa(¥) =272 C(y), ] < C*(¥). (2.3)

Here, C(v) is the purity of a pure state computed with respect to the bipartition that sub-
system B contains (n — 1) qubits and subsystem A contains one qubit.



Proof. The Hilbert space for an n-qubit system is bipartitioned as H = Hp ® H 4, in which
dimensions of the sub-Hilbert spaces are dim(H,) = 2 and dim(Hp) = 2"~1. We consider
a pure state with respect to this bipartition [¢) = |u)p ® (A4 |v)p® [1)a + A_|0)p ®(0)4),
where |u)p ® |v)p and |u)p ® |0) p are the product states in Hp and |1)4 and |0) 4 are the
states in H 4. By using the property Trpa = )& +A2 =1land C(¥) = \/2(1 -2 =),
the coefficients A+ can be expressed in terms of the concurrence of the pure state, A\ =
(1++/1—C?(%))/2. The matrix elements of the R-matrix are

Rz = A A_Tron Ju){ul © o, ([0 (3] + [8) (w])],
Ry = ~idA-Tr oy, |u) (u] @ o, (o) (0] — [8) (e])]
Rp = ~XTrfon u){ul © o o) (oll + X2 Tr o, o) (u] @ on[5) (@), (24)

where I = I I> concatenating two strings of indices I1 =41+ in—q_1and Ios =iy tp_1,
and o051 = 04, ® - X0y, 4, O12 = 04, , @+ ® 0y, ,. Here we choose the ba-
sis that |0) = (1,0)" and [1) = (0,1)T. One should notice that the dimensions of

on—a 2a—1

lu) (ul is , and the dimensions of |v)(v|, |0)(?|, |v){D], and |v){v| are . The non-
vanishing matrix elements of Rj,, o = x,y, z, come from the diagonal matrix elements of
on|u)(ul @ op|v)(vl, o u)(ul ® o1,|0) (0], o |u)(u] @ o1,]0)(v] and o, [u)(u] @ o1,]v) (0]
Then the conditions of non-vanishing matrix elements of Rj,, where a = x,y, z, require
that or,|u) — [u), op,|0) — |v) and op,|v) — |9) for Riyy and op,|u) — |u), or,|v) — |v)
and or,|0) — |0) for Ry,.

The conditions for non-vanishing matrix elements Ry, are (n —«) number of o, matri-
ces in I, (o — 1 — ) number of o, matrices and ¢ number of o, matrices in I with i being
an even integer. The conditions for non-vanishing matrix elements Ry, are (n — o) number
of o, matrices in I1, (« — 1 — j) number of o, matrices and j number of o, matrices in
1> with j being an odd integer. The conditions for non-vanishing matrix elements Rj, are
(n — «) number of o, matrices in I;, (o — 1) number of o, matrices in Is.

The above conditions lead to the diagonal form of the matrix RfR. In the case that o
is an even integer, the set of eigenvalues of RTR is {2972C?(¢)),2°72C?(¢), 1}. In the case
that v is an odd integer, the set of eigenvalues of RT R is {2072C2(v)), 227202 (v)), 1-C2(3)}.
(B,R(a + a')) + (B",R(a — a')) = 2\/u?+u2, in

which u1 and u2 are the first two largest elgenvalues of R'R, B = aq 11(12 io " Qn—1,ip_1s

A~

Now we show v = Maxpg g o o

B =da 1“a2Z2- an Lin_1s G = Gp, and a = a'ni,, where ap ;, +amn = 26,4, cos 0,
Gy — iy = 200, 51n9 and 6 € [0,7/2]. This equality holds when B parallels R(a+a')
and B’ parallels R(a—a’). One natural choice of aq jio and aq s, could be obtained by equat-
ing two ratios, ’Rh(dw—l—ci’x)/pr(dy%—a )| = |B;/Byp
1B,/5,

in I’ is labeled by ¥, and other sites of the I in I and I’ are labeled by the same symbols.

and ’Rh ap—a/ 2)/Rpy(ay—a'y)| =
is chosen in a way that one site of the I3 in I is labeled by x and

This leads to ‘alw/apy‘ = |cnx/cny‘ and ‘ajx/a py} = ‘cmc/cny‘ When u? = (R'R)
and u3 = (RTR)yy, we choose (¢4, Cny, Cnz) T (l/f)(l 1L,o)T, (cnx,cny,cnz)T =
(1/\f)( —1,0)T, and COS(G) = sin(f) = v2/2 to show v = 2y/u? +u3. For the other

case u? = (R'R).. and u3 = (R'R) 4z, we could choose (ényx,ényy,émz)T = (0,0,1)T,



(cA’nJ,cA’,w,cA’n,Z)T = (1/v2)(1,1,0)T, cos(d) = u1/+/u? + u3 and sin(f) = ua/\/uf + u3
to prove v = 2 u% + u%
O

We demonstrate that the maximum violation of the Bell’s inequality (B,,) is directly
related to the concurrence of the pure state when the subsystem A only contains one qubit
and the state is a linear combination of two product states. The maximally entangled
state we considered is a bipartite pure state, in which the reduced density matrix has
the diagonal form ps = >.1_; L|v)(v| with v is the state in a subsystem A. Since the
subsystem A contains only one site, the reduced density matrix of the maximally entangled
state has the diagonal form ps = $(|0)(0| + |1)(1|). The concurrence of this maximally
entangled state equals to one C(¢)) = 1, which leads to the maximum violation of the
Bell’s inequality v = 92°5+ < 9"5" satisfies the upper bound of the Bell’s operator of an
n-qubit system. Although we do not use the most generic form of the Bell’s operator,
information of the state could be complete when the n-th qubit operators are measured.
The extrapolation of the maximum violation of the Bell’s inequality (B,) from the R-matrix
could be equivalent to direct computing of the maximum violation of the Bell’s inequality
without losing generality.

It is interesting to note that the state could reach the upper bound of the Bell’s
inequality (B,) even if we consider the simplified Bell’s operator (B,). A generic state in
this simplified Bell’s operator is still hard to get an exact solution so we demonstrate the
relation between the simplified Bell’s operator and the entanglement quantities in the state,
which is a linear combination of two product states and is similar to the case of two-qubit.

3 Applications to the Wen-Plaquette model

The Wen-Plaquette model [10] is defined by the Hamiltonian on a two-dimensional periodic
lattice (torus) as H =), aiaﬁiagjjwaﬁg, in which qubits live on the vertices with the
four-spin interaction on each plaquette. A ground state of the Hamiltonian is an n-qubit
state with n being a number of vertices. We first apply our Theorem to a four-qubit state,
with the geometry of the system containing four vertices, eight edges, and four faces.! There
are four degenerate ground states |G)4_qubit = %(|0000> + |1111)), %(|1010> + |0101)),
%(|0011> — [1100)), %(|1001> —|0110)). The order of each site in these four-qubit states
are defined in the figure 1 (a). Since the maximum violation of the Bell’s inequalities for
these ground states are v = 41/2, the ground states have the maximum concurrence of the
pure state C'(¢) = 1 according to the Theorem and are maximally entangled.

Before computing the upper bound of the maximum violation of the Bell’s inequality
of a ground state of the six-qubit in the Wen-Plaquette model, we consider the six-qubit
state, |G)6—qubit = %( — [111000) + [001110)) + %(uooon) +1010101)), with the site
labels shown in figure 1 (b). We relate the upper bound of the maximum violation of the
Bell’s inequality to the concurrence of the state. Two different bipartitions are considered:

The Euler number of the torus is zero, x = V — E+ F = 0 with V, E, and F being the number of
vertices, edges, and faces, respectively.
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Figure 1. (a) A four-qubit state and (b) A six-qubit state for the Wen-Plaquette model on a torus.
The right dashed line is identified as the left solid line and the top dashed line is identified as the
bottom solid line in (a) and (b). The numbers are the site indices. Each gray colored number is
identified with the corresponding black colored number.

(1) subsystem A contains site number six, and (2) subsystem A contains sites number five
and number six. Here we use 6 = 1 or 2 as an indicator for the case one and the case
two. According to the Lemma, we find that the upper bound of the maximum violation of
the Bell’s inequality could be expressed as a function of the concurrence of the pure state
when we exchange the final site with the first site in the Bell’s operator (B,) (We define

C0) = \/2<1 — 25*1Trp124(5)) as the generalized concurrence of the pure state for the six-

qubit state with respect to two different bipartitions. This generalized concurrence has the
property that C(d) = 1 in a region A indicates that the state is maximally entangled in a
region A.) (see appendix A).

In the case that A\ = A_ = 1/v/2, the six-qubit state is a ground state of the Wen-
Plaquette model and has the maximum generalized concurrence of the pure state C(§) =1
in the subregion, which indicates the maximally entangled state in the subregion. The
entanglement entropy with respect to the two bipartitions are Sys—1) = In2 and Sy5-2) =
21In 2, which could be obtained from the R-matrix through the inverse mapping, v < 6 =
2\/13 — 204275465 . We also find that the upper bound of the maximum violation of Bell’s

inequality (B) given by our Lemma increases with respect to the generalized concurrence

of the pure state as in the case of two qubits.

In general, the entanglement entropy has the form Sy;) = aL—Stgg, in which the first
term indicates the area law with L being the length of the entangling boundary, a being a
constant, and Stgg is called the topological entanglement entropy. In the Wen-Plaquette
model, the length of an entangling boundary L is the number of bonds that connect a
subsystem A and a subsystem B. The entanglement entropy is a linear function of L with
two unknown variables a and Stgg. Once the entanglement entropy S with respect to
two different length of entangling boundaries are computed, the topological entanglement
entropy Stgg is obtained. We consider L(§ = 1) = 4 and L(6 = 2) = 6 to extract the
area law of the entanglement entropy and obtain the topological entanglement entropy,
Ster = In2 = Inv/D, where D = 4 is the number of distinct quasiparticles [13, 14].
Here, we demonstrate an indirect measurement of the topological entanglement entropy by

measuring the R-matrix.



4 Outlook

Recently, the ground states in the toric code model with three sites have realized in [15] by

using a 3C-labeled trichloroethylene molecule. The ground states in the Wen-Plaquette

model with four sites were also measured in the Iodotrifluroethylene (CoF3I) [16, 17] by

using geometric algebra procedures [18], which could give a four-body interaction [16, 17]

from the combination of two-body interactions and radio-frequency pulses [18, 19]. These

systems provide natural platforms for testifying our theoretical studies.
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A Maximum violation of the six-qubit state

The density matrix is

p =)l =

)\2
7*(\111000)(111000] +1001110)(001110|

—[111000)(001110| — [001110)(111000])
)\2
+=-(/100011)(100011| +[010101)(010101|

+/100011)(010101| 4 [010101)(100011])
A
2

+ (—[111000)(100011| — [111000)(010101|
+]001110) (100011 + [001110)(010101]
—]100011)(111000| — |010101)(111000|
+]100011)(100011| + [010101)(001110]).

The non-vanishing matrix elements of the R-matrix are

Rzzzzzz = Ryyzzxz = Rx:czyyz = _17
Ryvozaz = Ryzzya:z = nyz:pyz = Ryyzyyz = )\3_ - )\2_
Ryxz:cyz = Rzyzyxz = 17
Rzyyzxw - _2)\4-)\—, szyzyw = 2)\4_)\_
Ryzya:zx == —2>\+>\7, Rl‘zyyzx == 2)\4,)\,
Rzy:czzy =2 1A, Rz:c.tzyy = =2\ A,
Ryzzxzy == 2)\+)\7, Rmzmyzy == —2)\+>\7.
The eigenvalues of R'R are
5+4M—A2)% 16ATN%, 16MTA%.

(A1)



If we denote the last qubit as the region A and the complementary region as the region B,
the entanglement entropy of the region A is

A2 A2 - A2 A2, (A.4)
We also obtain
Trph = M+ 01 =1 20202, (A.5)
Therefore, this could imply

)\2 _ ]-:F 1—02(17¢)
2 ’ - 2 ’

(A.6)

It is easy find that the entanglement entropy of the region A could increase by increasing
the concurrence C(1,v). Therefore, the eigenvalues of R R are

9-4C*(1,9),  4C*(L9),  4C*(L9). (A7)
The maximum violation of the Bell’s inequality is
v < 6. (A.8)

If we denote the last two qubits as the region A and the complementary region as the
region B, the entanglement entropy of the region A is

In2— A1 1n A% — A2 In A%, (A.9)
We also have
MM
Trp% = 5+t 5 =5 AZANZ. (A.10)

Thus, we could show

o _1EVIC0E 13/
+ 9 ) - .

2

(A.11)

It is easy find that the entanglement entropy of the region A could monotonically increase
by increasing the parity C(2,4)). Therefore, the eigenvalues of RfR are

9— 402(2,1@, 402(27¢)7 402(271/}) (A12)
The maximum violation of the Bell’s inequality is
v < 6. (A.13)

The above result shows that the upper bound of the maximum violation of the Bell’s
inequality does not depend on the parity of the pure state. To relate the upper bound of



the maximum violation of the Bell’s inequality to the parity of the pure state, we exchange
the final site with the first site for the Bell’s operator (B). Thus, we could find that the
eigenvalues of RTR are
1 +4C%*(1,9) = 1+ 4C*(2,7), 4, 4.
(A.14)

When C2%(1,%) = C?(2,1) > 3/4, the maximum violation of the Bell’s inequality is

v < 2V/5+4C2(1,9) = 2/5+4C2(2,4)). (A.15)
When C2%(1,1) = C?(2,1) < 3/4, the maximum violation of the Bell’s inequality is
v < 4v/2. (A.16)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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