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1 Introduction

A conformal defect is a local line of discontinuity in a conformal field theory or between
two different conformal field theories. The simplest situation is that of a cylinder with the
defect wrapping the cylinder once, or equivalently of a plane with the defect placed on the
unit circle. The defect can be represented as an operator D mapping from the Hilbert
space of the theory inside the unit circle to that of the theory outside the circle and it is
easy to state the condition that the defect is conformal:

(Lm - I:fm) D= D(Lm - Iifm) . (1'1)

There are very few cases, however, in which the general solution to this equation can be
found as this is equivalent (via the folding trick) to the equations of a conformal bound-
ary condition in the folded model. If the central charges of the holomorphic and anti-
holomorphic Virasoro algebras of two theories inside and outside the defect are (¢, ¢;) and
(c2,¢2), then the folded model has central charges (cior = ¢1 + €2, Ctot = €1 + c2). A con-
formal defect between the two theories can only exist if ¢y — 2 = ¢1 — co, or equivalently a
conformal boundary condition on the folded model can only exist if ciot = Gtor. Conformal
boundary conditions have been completely classified for minimal models of the Virasoro
Algebra [2, 3] (which have ¢ < 1) and for free boson theories [4-9] (with ¢ = 1) but not for
higher values of ¢. Since the tri-critical Ising model (TCIM) has ¢ = ¢ = 7/10, the folded
model has ¢yt = 7/5, the general conformal boundary condition for the folded model is
not known and so the general solution to (1.1) is not known for the TCIM. From now on,
we will only consider theories with ¢ = ¢ and will not mention ¢ again.

Some particular solutions to (1.1) are known - these are the Topological and Factorising
defects. A defect is topological if it satisfies

LwD=DL,,, LynD=DL,. (1.2)

Such defects are classified for unitary minimal models such as the TCIM for which there
are 6 fundamental topological defects.



A defect is factorising if it satisfies
(Lyy—L_y) D=0, D(Lp —L_,) =0, (1.3)

which is equivalent to a cut in the worldsheet separating the inner and outer theories with a
conformal boundary condition for each theory. Conformal boundary conditions have again
been classified for unitary minimal models and so all factorising defects are also known for
the TCIM: there are 6 fundamental conformal boundary conditions for the TCIM leading
to 36 fundamental factorising defects.

Sums of topological and factorising defects will of course also satisfy (1.1) but there
is strong evidence that these do not exhaust the list of conformal defects for the TCIM.
Notably, one can consider relevant perturbations of topological defects in the TCIM. Such
perturbations define a renormalisation group flow in the space of defects, with the defect
at the IR fixed point also being a conformal defect. Both perturbative and numerical
TCSA (truncated conformal space approach) calculations suggest [10] that there are non-
topological, non-factorising, conformal defects which can be found this way.

In [1], Gang and Yamaguchi considered defects in TCIM constructed as GSO pro-
jections of boundary states in a folded supersymmetric model. This provided candidate
expressions for new non-topological non-factorising conformal defects, but their construc-
tion also produced factorising defects which did not agree with the known expressions. For
this reason, we think that their paper deserves re-examination: if the construction produces
factorising defects which fall outside the known classification, then it is quite possible that
the new candidate defects they proposed are also incorrect.

In this paper we take a first step towards re-examining the results of [1] through
a related, but different, route to constructing defects in TCIM. We adapt ideas from
Gaiotto [11] and from Gang and Yamaguchi [1] to construct defects in TCIM from con-
formal boundaries in the folded version of the Neveu-Schwarz sector of a fermionic theory
through the use of interfaces between the fermionic theory and the TCIM. The idea is that
there is a fermionic ¢ = 7/10 theory (SVIR3) with superconformal symmetry which is re-
lated to the TCIM. Superconformal defects in SVIR3 are then equivalent to superconformal
boundary conditions in SVIR3®2=SVIR3®SVIR3. As SVIR3®? has central charge ¢ = 7/5
less than 3/2, its superconformal boundary conditions can be classified. We propose a set
of boundary conditions B for SVIR3®? (related to but not the same as those in [1]), lead-
ing to superconformal defects D’ in SVIR3. We also propose a set of topological interfaces
I between SVIR3 and TCIM. One can then sandwich the superconformal defects D’ be-
tween the topological interface defects I interpolating between the TCIM and the fermionic
model, leading to conformal defects D = ID'IT in the TCIM. One can then easily show (by
considering the defect entropy) that there are defects D that are not expressible in terms
of elementary topological and factorised defects in TCIM, and hence are new defects. This
construction is summarised in figure 1.

As a warm-up exercise, in section 2 we consider first the simpler case of the ¢ = 1/2
Ising model and the related free-fermion. We propose defects in the free-fermion model
which preserve the fermion algebra and interfaces between the Ising model and the free-
fermion model.



TCIM TCIM = TCIM ¢ SVIR3 / SVIR3 @ TCIM
D I D! I

SVIR3 SVIR3 ~ SVIR3® SVIRj3
D' B

Figure 1. The equivalence between a boundary condition B in the folded fermionic model, a defect
D’ in the fermionic model and a defect D in the TCIM. I is an interface defect.

We then turn in section 3 to TCIM, the tri-critical Ising model, and SVIRg3, the
fermionic model at ¢ = 7/10, and propose superconformal topological defects in SVIRj
and topological interfaces between SVIR3 and TCIM.

Next, in section 4, we consider SVIR3®? and propose a set of superconformal boundary
conditions in this model. This is related to, but not the same as, the construction in [1].
By considering partition functions of SVIR3%? on the cylinder and comparing them with
partition functions of SVIR3 on the torus, we show how to interpret some of these boundary
conditions in terms of known defects in SVIR3, and how some are new defects in SVIR3.

Finally, we consider the construction of conformal defects in TCIM from the supercon-
formal defects in SVIRj3 in section 6 and show that some of these cannot be constructed as
superpositions of known topological and factorised defects in TCIM. We also explain that
we are unable to compare our results with those of [1] which do not seem compatible with
our general approach.

We end with some comments on the new defects and on possible further work.

2 The Ising model and the free fermion

In this section we recall the basics of the Ising model, set up our definition of the Neveu-
Schwarz free fermion theory, and propose a set of defects in the free fermion theory and a set
of interfaces between the Ising model and the free-fermion theory. We present some results
exhibiting the consistency of these proposals. We give our conventions for the characters
of the free fermion and Ising model in appendix B.

2.1 The Ising model

There is a single modular invariant unitary conformal field theory with ¢ = 1/2, the
Ising model. This is the first non-trivial value of ¢ in the minimal unitary series c¢(m) =
1 —6/(m(m + 1)) for the Virasoro algebra, corresponding to m = 3.



The Virasoro algebra with ¢ = 1/2 has three unitary irreducible highest weight rep-
resentations with h € {0, 1/2, 1/16} with characters! ng). As the Ising model is a
diagonal modular invariant theory, the theory correspondingly has three primary fields
(I = ¢o, € = @12, 0 = ¢1/16), three topological defects (Do, Dy, D;/16) and three el-
ementary conformal boundary conditions (B, Bi/s, Bi/i6), each labelled by the set of
highest weight representations [3]. The bulk Hilbert space is

Hising = (Ho @ Ho) & (Hi2 @ Hiyo) & (Haj16 © Hijre) (2.1)

and the partition function on the torus is

—c _Lo—c 3 3 3
Ty (470270720 = X (@1 + PR + X6 (@) (2:2)

which is modular invariant.

Modular invariance is, however, not a necessary condition to have a well defined field
theory on the plane or on the cylinder, and amongst the possible field theories one can
consider is the “Neveu-Schwarz free fermion” (FF') defined below.

2.2 The Neveu-Schwarz free fermion

We will consider the case of a symmetric theory with ¢ = ¢ = 1/2 of a holomorphic fermion
¥ (2) and an anti-holomorphic fermion ¢(2). We shall also only consider the Neveu-Schwarz
sector, in which the fermions on the plane have mode decompositions

w(z) = Z ¢mz_m_1/2 ) 1;(2) = Z lzmz_m_l/Q ) (2'3)
mEZ meEZ

and anti-commutators

{wmﬂpn} = {J’mﬂ/;n} = 6m+n,0 ) {wmvl/;n} =0. (2'4)

The Hilbert space, Hgw, of the Neveu-Schwarz fermion is the Fock space generated by the
action of negative fermion modes acting on the unique vacuum state |0),

Hrr = Hys @ Hns = (Ho @ Hyjo) @ (Ho & Hyjo) - (2.5)
The partition function on the cylinder is

ZFF = TI'“HFF (qLO_C/24qLO_C/24) = |XNS(Q)|2 ) (26)

where

s (@) = X6 (9) + Xﬁ%(cﬁ : (2.7)

Zpy is invariant under the modular transformation 7 — —1/7, that is ¢ = exp(27wit) —
G = exp(—2mi/7). The function is not invariant under 7 — 1 + 7 but we shall in general
consider the theory defined on a right torus with ¢ real, and the theory is well defined on
such a space.

"We denote the character of the representation of weight A in the m-th unitary Virasoro minimal model

by X;m'



2.2.1 Defects in the free fermion theory

We say a defect D o in the free-fermion model conserves the fermion algebra (up to auto-
morphism) if
mee,s’ = fDe,e’wm s wnDe,e’ = 6I-De,e’wm s (28)

where € = +1 and ¢ = 41. These conditions entirely determine the defect operators up to
normalisation constants o, as

Diy=apl, Dy =ap (=), Dy =a (1), D__=a (=), (29)

where 1 is the identity operator on Hpp.

We would like to impose two conditions: firstly, the Cardy condition that the trace
over the cylinder with the insertion of a defect D 4 is an integer combination of characters
of the free fermion in the dual channel, ie the constants N ;33 defined by

Trpgpe (Da g0/ gho=e/?t) = Z 45 Xa(@) Xx5(@) (2.10)

should be non-negative integers. This reflects the requirement that the torus partition
function can be interpreted as a trace over a space which carries a representation of the
free-fermion algebra. Note that we will allow o and 8 in the sum in (2.10) to run over NS
and R which is necessary as the defect can change the periodicities of the field v and ) -
see the appendix for details.

The Hilbert space of the Neveu-Schwarz fermions is Hrp and so we have

V)

Lo—c/24qio—c/24

= iy |xys(@)
Ne (@)X V20X s (@)X R(9)
55X (@) = V20 XR(D)xNs(D)
55X 5 (@) = 20Xz (D)

Try(Dyq q |XN5(Q)\

D,_ Lofc/24qfliofc/24

TI‘H

Y
~—
I

(2.11)

a4
a4
a_
glo—e/24gEo—c/24 o

( )
( )
( Lofc/24 —Eofc/24)
(D- ) =

Try

Secondly, we would like the structure constants MEB in the algebra of defect operators,
DaDp = Y M§pDc, (2.12)
C

to be non-negative integers. We clearly have

Qe e O
Dee Dn n = T;MDEW en' - (213)

The simplest solution that makes the right-hand side of equations (2.11) and the coefficients
in equation (2.13) integers is

Ay =0 = 1 , O = 0_4 = \/5 . (214)

It is, at first sight, surprising that this means that the operator (—1)F is not rep-
resented by a defect, the defect instead being D_, = v/2(—1)F. However, this seems
necessary for there to be an integer number of operators that create the D_ defect. The



Try , (qLo+Eo—c/12) Tryee (QL0+Z070/12D7_+)
= 2Xp(9)Xns (D) = \@XNS(Q)XNs(Q)
q = e 2"R/L G=e 2mL/R

Figure 2. The trace over the space of fields on which the D_, defect can end is related by a
modular transformation to the trace with the defect inserted.

primary operators that create the defect, i.e. the operators on which the defect can end,
are counted by the partition function on the torus with a single defect inserted, as shown
in figure 2, and the proposal here ensures that this space is two-dimensional, which is
the smallest dimension possible given that this space has to carry a representation of the
Ramond algebra.

The space of fields on which the D_, defect can end is H_y. This is related by
a modular S transformation to the trace over the free fermion space with the insertion
of D_, and so (taking q to be real) Try . (qhotro=¢/12) = Try,  (grotlo=¢/12D_,) =
ﬂX@(Q)XNS(d) = 2Xz(9)xng(q) , i-e. a two dimensional space of primary operators on
which the defect can end.

2.2.2 Boundary states for the free fermion theory

We would like to define boundary conditions which preserve the free fermion algebra, up
to automorphism. This implies that a boundary state || B)) must satisfy the condition

(Ym — ie—m)||B)) , (2.15)

for € = £1. The space of Ishibashi states for a fixed choice of € is one-dimensional, that is
there are only two Ishibashi states of interest,

NS, e) = [ ev-m-1/2v-m-12]0) . (2.16)

m=0



The overlaps of these Ishibashi states are

Lo, _
<<Z\75',:|:|q2(L0—|—L0 /IQ)INSa +) = xns5(2) = xn5(D) (2.17)

1 —
(NS, |g2Fot oD INS, 5) = x (a) = V2x5(d) -

Note that we use ‘double kets with single vertical bar’ |i)) to denote Ishibashi states and
‘double kets with double vertical bars’ || B)) to denote (elementary) boundary states. Since
we would like the cylinder partition function of two physical boundary states to be express-
ible in the crossed channel as the trace of the Hamiltonian along a strip, it should be a
non-negative integer combination of the characters x4(¢). It would be nice to be able to
choose the boundary states to be |NS, +)) and |NS, —)), but the mutual overlap is not an
integer multiple of x () and so we have to make a choice for the boundary states. We
can make either of the two choices

L: {l4) = INS,+) . [IB) = VZINS, <)}, (2.18)
2.0 {ll4) = NS, ), |[BY = V2INS,+)}. (2.19)

These then have cylinder partition functions

Lo e B

Zaa = <<AHQ?(LO+€O /12)HA>> = Xns(@) 5

Zap = (Al g2 Bt o BY = 2y 1 (9) (2.20)
Lir Lo e B

Zpp = (Blg2 "ot BY) = 2x \o(q) -

Since X g = Xo + X4 /20 the identity Virasoro representation appears twice in Zpp and so
this is not actually an elementary defect with respect to the Virasoro algebra. The usual
conclusion [12-14] would be that we need to introduce the Ramond sector with Ishibashi
states |R,£)). This will allow us to write the boundary state ||B)) as the superposition of
two states ||B4)), which take the form

L [Ba) = S5 INS. <) £ 5l R ) (2.21)
2 By = - INS,+) £ —[R. 1) . (2.92)

73 27

These, however, do not have cylinder partition functions that can be interpreted as the trace
over a representation of the fermion algebra. They can be considered as sums over different
spin structures for the fermion, or as partition functions for the Ising model obtained from
the free fermion by projecting onto even fermion number states. The Ising model has three
fundamental boundary conditions, usually denoted (=), (f) and (+) for Ising spin fixed
down, free, or fixed up and their boundary states can be identified as

L) =1A) s lI£) = 11B<) , (2.23)



and the cylinder partition functions are traces over representations of the Virasoro algebra,
LT N ;
(Allgz "o By = x (@) = X1 y(d)
1 e 1 . . .
(Ballg? " BL) = 2 (xns(@) + x5(@) = 67 (@) (2:24)

1 Fo—c 1 . . -
(Bellaz oD Br) = 2 (s (@ — x5 (@) = X{h(@

There is, however, no requirement for us to extend the space of boundary conditions in
this way: it is perfectly consistent to ask that the fermion boundary condition be defined
for a single choice of spin structure and we will work with the boundary conditions || A))
and || B)).

This agrees with the analysis in [15, 16] in which the free fermion is stated to have
two boundary conditions, “free” and “fixed”,? distinguished by having two and one ground
states respectively, with the “fixed” boundary condition having a two-dimensional space
of weight zero fields, one bosonic and one fermionic. This fermionic weight zero field also
arises in the Ising model, where the “¢” defect can end at the junction of a (+) and a
(—) boundary condition in a field of weight zero. Such a space with one bosonic and one
fermionic degree of freedom, C'', also arises when constructing spin fields in the Ising
model in [18], and we think it is probable that a treatment of boundary conditions in the
manner of [18] will give our result in a rigorous manner.

2.3 Interfaces between the Ising model and the free fermion

We would now like to consider the case of topological interfaces between the Ising model
and the Neveu-Schwarz free fermion. Consider an operator I from the Hilbert space of the
free fermion to the Hilbert space of the Ising model; the operator I will map from the
Ising model to the free fermion model. The topological conditions,

Lyl =1Ly, LynI=1ILy,,, (2.25)

mean that I must be a sum of projectors on representations of the Virasoro algebra. Since
the Hilbert spaces of the two theories are

Hising = (Ho @ Ho) & (Hijo @ Hij) & (Hij16 @ Hijrg)

. _ 2.26
Hrr = (Ho @ Hij2) @ (Ho ® Hyy2) (2.26)

we see that the operator I is determined up to two constants, a and b, as
Iy = aPyPy+ bPy o Py (2.27)

where PyPy is the projector onto Ho ® Ho and P1/2]51/2 is the projector onto H;/, ® 7-_11/2.
As before, we would like the coefficients M} P and Mg 4 in the algebra of defect operators

Daly=Y MjzI,, IgDa=>» MJ, I, (2.28)
Y Y

2Note that this is not the same as the usual naming conventions for the Ising model, for which “free” and
“fixed” would have one and two ground states respectively, but since these are interchanged by duality [17],
this should not be of concern.



to be non-negative integer coefficients. The known Ising defects [19, 20] and free fermion
defects can be expressed in terms of the projectors Php,-l as

Ising : Dy :P0p0+P1/2p1/2+P1/16P1/16 ;
Dyjy = PoPo+ PyjoPijs — Pyji6Pijis
D116 = V2(PoPy — Py joPy )

Free fermion : Dy = (Py+ Pyp)(Po+ Pyja) (2.29)
Dy =V2(Py+ Pij2)(Po— Pija)
D_y =V2(Py— Pyjp)(Po+ Pyya)
Dyy =(Po—Pyjo)(Po—Pypo) .

This gives the algebra
Dolop=1Iap, Dijplap =1y, Dijiglap= V2l s, (2.30)

Lop Do =Top s lop Die =2l v, lop Dy =V2Iop, Lop Do =1Iop. (2.31)

We would also like the action of the interfaces on boundary states to give integer combina-
tions of boundary states in the other model, that is the coefficients M2 oa and MB o4 in the
algebra

Io | BY" Z M2y B8, ILIBE) Z anlIBET) (2.32)

should be non-negative integers. If I, is an interface that acts from the free-fermion space
to the Ising model and Il » acts in the opposite direction, we have

o 14) = 5 (1B0) +1512) + ).

Iup 1B) = =2 (1Bo) + |Byja)) + j;’uBl/m» ,

11, 1B0) = S22014) + S 218) (2.33)
1ty 1By) = “jﬂm» ).
Iy I1By) = “5014) + ‘;jf’nB»

The general solution to the integrality conditions is a = V2m + 2n, b = V2m — 2n, for
integers m and n. This suggests that there are two elementary interfaces, I = I 5 5 and
I' = I _y satisfying

1A = 1Bo) + 1By . IV Bo) =1V Bua) = 14)

11B) = 2By} - 1" |Byyse) = IB) 030
I'14) = 2By} - 1'Bo) = " | Buya) = |1B)

I'|B) = 2(1Bo) +1B12)) I 1Buse) = 214)

and that every other interface is formed by a linear combination of these two.



Finally, we would like the product of interfaces to be expressible as a non-negative
integer combination of topological defects, that is the constants M &45 and M &4/3 in

L1y =Y Ml D5"e | 11, =" N DY (2.35)
A A

should also be non-negative integers. We have

ac + bd ac — bd

I, I = Do+ D i )
bleq 1 (Do + Diy2) + o2 16
ac + bd ac — bd
I I, = Diy+D_ Y+ ——(Di_+D_y), 2.36

We see that two elementary interfaces I and I’ do lead to an algebra with integer coeffi-

cients:
II'=Dy+ Dy, 1T =2D, 4,
I'lT=D,,+D__, I'"'I=D, +D_,, (237
ID,.=ID__=1, ID._=ID_, =1,
DoI=Dypl=1I, Dijel=1".

2.4 Consistency tests

The main object of this section was to construct topological interface operators between
the Ising model and the free-fermion model (as a warm-up for the tri-critical Ising case).
Since these interfaces are topological, one should be able to move the interfaces past field
insertions without changing their conformal properties. As an example, we can ask whether
we can pull the interface past the free fermion field, so that the free fermion field’s insertion
point is now on the Ising model side of the interface. Since the free fermion (z) is not
a local field in the Ising model, it must arise as a defect creation operator, that is as the
termination point of a defect, which is the defect D;/,. This is shown in figure 3. This
is only possible if there is a one-dimensional space of zero-weight interface-interface-defect
junctions. These are counted by the partition function with insertions of I, Dy and [ f,
We can calculate this using I I Dy 5 = (Do + D1y2) D1y = (Do + Dy 2),

T&"HHDI/Q (qLo—c/24qI_,0—c/24) = Try, (ITDl/QI qLo—c/z4qL0_c/Q4)
= Trpy, (117D j g0/ 2 gho=e/24)
= Trag,, (Do glo—c/4 qu—c/24)
+ T340, (D172 qLO*C/24qufc/24)
= (K" @P + W@ P + We@P?)
+ (I @ + W@ P = x (@) P)
=2l (@) + 2 (@)
= X0 @ + X1(@F +2hi s (@1 - (2.38)

~10 -



Ising Model | Free fermion Ising Model | Free fermion

<9(2) —

Space of zero weight functions = --------- is one dimensional.

1

Figure 3. The v field in the free-fermion model is realised as a defect-creation operator in the
Ising model. The associated space of three-defect junctions is one-dimensional.

The coefficient of |X§)3) (§)|? counts the dimension of weight zero junction fields so this is
indeed one-dimensional.

As a second example, consider a defect D_, terminating in the FF model on fields of
conformal weights (1/16,0). Since the partition function with D_, is given from (2.11)
and (2.14) as

TrHFF (D—+qLO_C/24q_LO_C/24) - QXR(Q)XNS(a ’ (2'39)

the space of such fields is two dimensional. What happens when the interface is pulled
past this defect-terminating field? The only way a field of weights (1/16,0) can arise in the
Ising model is as a field on the end of a Dy/;¢ defect, and the space of such fields is only
one dimensional. The resolution is that the space of zero-weight fields at the point where
the D_ defect crosses the interface I to become the D¢ defect is two-dimensional, as
calculated by

TrHID,+1D1/16 (qLo—c/24q—Eo—c/24) = Tro g, (1D7+ITD1/16 qLO_C/quO_C/M)
= TrHISing ((2D0 + 2D1/2)qL070/24qL07C/24)
= 2@+ (2.40)

In every case we have considered, the result of pulling local fields through the interface
result, in a similar fashion, in consistent interpretations in terms of the space of interface-
defect junctions.

We now turn to the main objects of interest, the tri-critical Ising model and the related
supersymmetric theory.
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name I € o I € o

Kac labels (r,s)| (1,1) (3,1) (2,1) (1,3) (1,2) (2,2)

weight h| 0 3/2  7/16  3/5 /10 3/80
1+V5 1+V5 1+V5
Entropy of defect Dy, 1 1 V2 Lo 4 j\L/i

Ll

Entropy of boundary By, (516/5)% (5*45/5)i <5,1[\)/g)i (5+220\/5)i (5+220\/5)i (5+§\/5)

Table 1. TCIM data.

3 The tri-critical Ising model and the fermionic model at ¢ = 7/10

The tri-critical Ising model (TCIM for short) is the unitary minimal model of the Virasoro
algebra with ¢ = 7/10 with diagonal modular invariant and all the local fields have integer
spin. The Virasoro algebra with ¢ = 7/10 has six unitary highest weight representations,
and correspondingly the TCIM has six primary fields, six elementary topological defects
and six elementary conformal boundary conditions, each labelled by these representations.

The TCIM is the unique local field theory with ¢ = 7/10 with a modular invariant
partition function but we can define a related model with local fields with integer and
half-integer spins which is well-defined on the cylinder, in the same way the FF model is
related to the Ising model. This fermionic model has superconformal symmetry and we
will denote it by SVIR3. There are four irreducible unitary highest-weight representations
of the super Virasoro algebra with ¢ = 7/10 of which two are Neveu-Schwarz and two are
Ramond. The local field theory SVIR3 is the diagonal theory formed from the Neveu-
Schwarz representations.

Our aim is to find interfaces between the TCIM and SVIRj3 theories and use these to
construct defects in TCIM from defects in SVIR3. Before we do that we will first have
to construct defects in SVIR3 and we will do this by identifying them with boundary
conditions on the doubled model, SVIR3®2. This is the main technical challenge of the
paper. Before we come to this point, we first introduce some notation and recall some facts
about the TCIM and SVIR3 models. (We list our conventions for the representations, their
labels, characters, fusion rules, etc, in appendix C.)

3.1 TCIM

The tri-critical Ising model is the unitary, diagonal modular invariant theory at ¢ = 7/10
and is the m = 4 member of the unitary minimal series. The Virasoro algebra has six
unitary highest weight representations at ¢ = 7/10 with characters X;;l); associated to each
of these there is a topological defect Dz = D;/19 = D3 2), etc and a conformal boundary
condition |€)) etc. We list these together with their defect and boundary entropies in table 1.

The shorthand names are chosen to make clear the fusion rules, which are (Lee-

Yang) x (Ising). The fields I, € and o have Ising fusion rules, and I and I have Lee-Yang

- 12 —



name Ing PR ©NS Ir

Kac labels (r.s) [(1,1) = (2,4) (1,2) =(2,3) (1,3) =(2,2) (1,4) = (2,1)

weight A 0 3/80 1/10 7/16

Table 2. SVIR3 data.

rules, that is

IxI=TI+1, (3.1)
and in general
XAV =(X+Y), XaV =(X+Y)+(X*Y). (3.2)

3.2 SVIR;

The SVIR3 model has local fields G(z) and G(%) of conformal weights (3/2,0) and (0, 3/2)
respectively, which are fermionic and generate two copies of the ¢ = 7/10 superconformal
algebra. This is the m = 3 member of the superconformal unitary minimal series for which
c¢(m) = 3/2(1 — 8/(m(m + 2))). There are two Neveu-Schwarz representations and two
Ramond representations, which we label as in table 2.

The fusion rules are (Lee-Yang) x (Free-fermion). The local field theory SVIR3 consists
of the Neveu-Schwarz fields and, in terms of representations of the Virasoro algebra, has
Hilbert space

Hsvirs = (Ho ® 7‘[3/2) ® (7:[0 @ 7:[3/2) @ (7‘[1/10 S 7‘[3/5) & (7:[1/10 S 7:13/5) . (3.3)

The partition function of the Neveu-Schwarz sector of SVIR3 model can be expressed in
(4)

terms of the characters Chi of the superconformal algebra and x;~ of the Virasoro algebra,
Trpgymm, (@70 7/2q7 ) = [chi(@) + |chi 10(q)]?
4 4 4 4
= X6 (@) + X5 5 (@) 2 + X7 (@) + XS5 @ (34)
It is not fully modular invariant, but it is invariant under 7 — —1/7 and 7 — 7 + 2.
The operators (—1)F and (—1)F each have eigenvalue +1 on the state |0) and value
—1 on the state [1/10). The field ¢;1¢ is still a bosonic field, though, as (—1)**¥ has
eigenvalue +1.
The Ramond representations of the NV = 1 superconformal algebra do not correspond
to local fields in the SVIR3 theory - as fields, they can only arise as defect-creation fields
(that is fields on which defect lines end) or fields at which two or more defects join.

3.2.1 Superconformal defects in SVIR3

We will consider superconformal topological defects in SVIRg3, that is defects which preserve
the N =1 algebra up to automorphism and so satisfy

LonD=DLy, GuD=eDGy,, LyD=DL,,, G,D=¢DG,,, (3.5)
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where € and € are £1. A defect satisfying (3.5) is determined up to two constants as
Deer = a(Py + €Py9)(Po + € Pys) 4 b(Pyj10 + €Ps5)(Pyj10 + € Pyys) (3.6)

where Bpj is the projector onto the Virasoro representations H; ® 3'-_Lj.
We have found a complete set of eight elementary defects satisfying these condi-
tions, namely

{DI, Dgo; \/5(—1)FD], \/5(—1)FD90’ \/5(—1)FD1, ﬁ(_l)FDapy (_ )F+FD ( )F+FD¢}

(3.7)
where the two fundamental defects with e = ¢ = 1 are Dy = 1 (the identity operator on
Hsvirs) and Dy, given by

Dy = (Po+ Psy3)(Po+ Psy2) + (Pij1o + Pays)(Prjio + Pajs)

1+V5 5 L5 1-+5 5 5 (38)
D, = 5 (Po + P3o)(Po + P3j) + 5 (P1j10 + Psys5)(Prj10 + Psys) -

These defects have a product algebra with non-negative integer structure constants, the
defect product algebra being determined by

D, D, = Dr+D, . (3.9)

Further, the trace over the Hilbert space with any number of defects inserted can be
expressed as an integer combination of characters of the superconformal algebra in the
dual channel. All such traces are determined by the elementary traces

( q") = lehd (@) + |ehi 5(@)” (3.10)

Tr(\@( ) ) = [Ch1 2(q )Ch1 3( )+Ch§’4(~)0hi1(q:)] ) (3.11)

Tr((= 1)F+F g') =2 Uch 2(q)]* + [chi, (*)I} ) (3.12)

Tr(Dy(~1)"q"g") = |eb 3(@) + cbf 5(@)eh} 1 (@) + chf (@)ehs(@) . (3.13)

Te(V2(~ 1)FDsoq ) = 2 [eh (~)(Ch1,1(6) hi (@) + chi4(@)chis(@)] , (3.14)

Tr((=1)" Dy g"g") = 2 [Jchi (g )!2+0hiz(q)c 14(@) +chi 4(@)chi 5(9)] , (3.15)
where H = Lg — 240 , I:I:EO—%.

3.2.2 Boundary states for SVIR3

As with the free fermion, we shall consider boundary states with components in the Neveu-
Schwarz sector only. Some of these will not be elementary with respect to the Virasoro
algebra, with the introduction of the Ramond sector allowing this degeneracy to be lifted,
but we do not need this sector to construct non-conformal defects in TCIM.

There are two gluing conditions for the superconformal algebra, 4, which we take to be

(G +i€G_p)|h,e) = 0. (3.16)
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Given that there are two Neveu-Schwarz representations, there are then four Ishibashi

states,
0,%£) = [0) F /3G 5/2G_3/210) + }2L oL _50) +
1 1 7 1 1 (3‘17)
‘Evi>_ |T0>¢7G—1/2G 1/2|10) /5L L 1\ >
Their normalisation is given by
((h, g2 ot o=/ DR ) = 5, chi(q) | (3.18)
(o, £ (1) P ot T/ D! o) = 63 cly (g) - (3.19)

In addition, the fermion parity operators act on the Ishibashi states as

(1P b ) = c)hF)  (~D)F Iy £) = ()b 5 . (~1)F by £) = [h %)
(3.20)
where e(h) = %1 is the fermion parity of the highest weight state |h). For SVIR3 we take
€(0) =1 and ¢(1/10) = —
We find that there are four consistent fundamental boundary conditions, which we call
lINns), llens), [[{r), and |¢g)). There are, again, two choices for the way to construct
these boundary states, corresponding to the two gluing conditions. This means that one

s} = (5‘10‘/5> |o,+>>+<5+10“5> 5540

lions) = DllIns) = (“5%2) |o,+>>—<“52> 5+

consistent choice is

V5
1 1 (3.21)
1) = V3(=1)" [ Ins) = (2(5;@) |o,—>>—<2(5+5“5>> 50
lor) = VA1) lons) = (‘“@*”) |o,—>>+<4<\(£‘2)> L

and the other is given by using the Ishibashi states of the opposite gluing condition.
These have overlaps/cylinder partition functions as follows:

[INs) lons) [R) [PR)
(Insl|chi1(g) ch?5(q) 2¢hi 4(§) 2¢hi»(q)
{onsl Chi1(¢7)+Chi3(q~) QChiQ(Q) Ch1 (q )+2Chi4(§) (3.22)
(1| 2¢hi () 2¢hi5(q)
(¢r] 2ch1 1(q)+2 Chig(fj)

The boundary states ||Ir)) and ||¢g)) are not fundamental as conformal boundary condi-
tions, since the identity representation appears twice in their cylinder partition functions.
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If we allow the introduction of the Ramond sector then they can each be written as a
superposition of two boundary states, but the cylinder partition functions will not then be
expressible as a sum of characters of the super Virasoro algebra.

3.3 Interface operators

The common sectors of Hrcmi and Hgvir, are, in terms of representations of the Vira-
soro algebra,

(Ho ® Ho) & (Hs)2 ® 7'_13/2) © (Hijo®@ 7'_[1/10) © (Has @ 7'_(3/5) . (3.23)

This means that a topological interface operator I satisfying (2.25) and acting from the
space of TCIM to SVIRg3 is a constant on each of these four sectors and so is determined
by four constants

I(a,b,c,d) = a PyPy+b P35 Py 5 + ¢ Py j10Pyj10 + d Psy5Pys (3.24)

as well as a map identifying the Virasoro highest weights states of weights (3/2,3/2) and
(3/5,3/5). We take this to be

[(1,3)) e = 1€1,3G—3/2G_3)2 |O>SVIR3 )

3,1 =1 G_,,,G_ — , 3.25
13, 1)) rer = 631G —1/2 1/2|10>SVIRS (3.25)

where & 3 and £31 are signs.
Requiring integer coefficients in the expansions

L IBRY™) = M2y BE™M) LI BET™) Z M2 |IBR) (3.26)
B

allows us to solve for (a,b,c,d). In particular, from the definitions in (3.21), the expan-
sions (3.17) and the identifications (3.25), we get

I(a,b,¢,d)" || Bo) = ma[Ins)) +malons)) +ms| Ir) +malor) , (3.27)
with Y
14++/5
a=+2m + m2+2m3+(1+\f5)m4,
V2
14++/5
_6173 b= \@ml + ﬁfmz —2ms3 — (1 + \/5)m4 ,
L5 (3.28)
c=V2mi + 7% ma — 2m3 — (1 — V5)my
1—+/5
—f&ld = \/§m1 + fmg + 2m3 + (1 — \/5)7714 .
V2
We will choose £13 = £31 = —1. This means that any interface can be expressed as a
combination
I(a,b,c,d) =my I +mgly+mgIs+myly, (3.29)
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where the interfaces are given by

I=1(V2,v2,v2,v2)
1.2:[<1+\/5 1+v5 1-V5 1—\@>

V2 V2T V2 V2 (3.30)
I3 =1(2,-2,-2,2)
I = I(14+V5, —1—/5, —14/5,1—/5)
These act on the boundary states as follows
IlIns) = Ba,y) + 1Ban) » I I1Ban) =IMBie) = [ Ins)
Iens) = 1Baoy) + 1Bus)) , IM1Bay) =I|Bas) = lens) (3.31)
I'|lIr) =2|Bga,)) I'|Bayy) = Ir)
I'ller) =2(Ba2)) IM|Bagy) = ller) ,

and satisfy the relations

Iy=DyjI=1D,, Is=Dypgl=1-V2(-1)", It =Dyy0l=1-vV2(-1)FD, .
(3.32)
Requiring I IT be expressible as a sum of topological defects in TCIM and IT I be
expressible as a sum of topological defects in SVIR3 provides a strong constraint, just as
it did in the Ising/FF case. Taking a,b,c,d to be real, we have, for example,

5—V5)(a® +b*) + (54 VB)( + d?)

I(a,b,c,d) I(a,b,c,d)f = (

10 (Do + Ds2)

a?+ b2 —c?—d?

D + D
W (D110 + D3)s5)
Gl V5)(a* = %) = (5+V5)(¢® — &%)

20\/§ 7/16

a? — b+ — d?
D350 - (3.33)

2v/10

We find the interfaces given by (3.29) indeed give integer coefficients, and the fundamental
interface I given by (3.30) satisfies

IT'=Dy+Dypy, I' 1 =Dy + (1) Dy, (3.34)
Dyjpl=1-(—)F*F =1, (3.35)

To summarise, we have found a set of four elementary boundary conditions for SVIR3,
a set of eight elementary topological superconformal defects in SVIR3 and a set of four
fundamental interfaces between TCIM and SVIR3. All we need to do now is to find super-
conformal defects in SVIR3 and use the interface operators to generate defects in TCIM.
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4 The doubled model, SVIR;®?

The basic idea behind finding superconformal non-topological defects in SVIR3 is that every
superconformal defect in SVIR3 is equivalent to a superconformal boundary condition on
SVIR3®2. Since the central charge of SVIR3®? is 7/5, which is less than 3/2, there are
only a finite set of fundamental superconformal boundary conditions, and that it is quite
possible that not all of these are topological.

We first have to identify the local fields in SVIR3®2. Since we are only considering
Neveu-Schwarz sectors, the partition function of SVIR3%? is exactly the square of the par-
tition function of SVIR3. This has been identified in [1] as the Neveu-Schwarz sector of
the Dg—Eg modular invariant of the N = 1 super Virasoro algebra, and so we can consider
SVIR3%? as a model with sVir;p symmetry. There are numerous character identities re-
lating characters of the superconformal algebras sVirg at ¢ = 7/10 and sViryg at ¢ = 7/5;
these allow one to write the partition function in terms of characters of sVirig as

Zsvirg®? = (Zsvirg)® = (|chf 1| + [chi 5] )
|ch + chi% + ch1 + chl 11|2 + |ch:1,)01 + ch 5+ ch 7+ ch3 1)? (4.1)
+%N)+mlﬁ

We will be constructing boundary states which respect the sVir;g symmetry, and the
building blocks are Ishibashi states for the sViryg algebra. There are two Ishibashi states
(one for each gluing condition) for each diagonal term (those with h = h) in the partition
function (4.1). Hence there are 24 Ishibashi states in total.

The diagonal terms in the partition function (4.1) can be identified by Kac labels (r, s)
with r and s taking values in the exponents of Dg and a subset of the exponents of Fjg
respectively. These exponents are {1,3,5,5',7,9} and {1,4,5,7,8,11} (the label 5 appears
twice, as do fields with labels (5, s) in the Neveu-Schwarz sector (4.1)). This over-counts
the set of fields by a factor of two, as it does not take into account the symmetry of the Kac
labels (7, s) >~ (10 —r,12 —s). Furthermore, it also includes the Ramond sector (those with
s =4 or s = 8). the result is that we can label the Neveu-Schwarz diagonal fields in (4.1)
by (r,s) with r € {1,3,5,5,7,9} and s € {1,5,7,11} modulo (r,s) ~ (10 — r, 12 — s).

The full chiral algebra of SVIR3®? is, of course, larger than sVirig and so can be
described as an extension of the sVirjg by super-primary fields, i.e. as a super W-algebra.
From the character decomposition of the full chiral algebra sVirs ® sVirs,

(ch?1)? = chy’) + ch% + chi% + chiY, | (4.2)

we see that the chiral algebra contains three super-primary fields W®/2), W(7/2) " and y(10)
of weights hglg ) =3 /2, hllg) =7/2, and hg 1% = 10 respectively. Expresswns for these fields
are given in appendix A. Extending sVirjg by the field of weight 3/2 just recovers the
full sVirs x sVirs algebra. Extending sViryg by the field of weight 7/2 gives an algebra
SW(7/2) which has been considered before in [21-23]. Extending sVirjy by the field of
weight 10 gives a new algebra SW(10). We will return to these algebras when we consider

the boundary states in section 5.
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(rs) | (L) 3,5 (55 (5,5
p(lr,s) | 10)X0l X5l 10Xl I5XO0]
P(Ir,8) | 10X0l ~I55X151 —10X5| I15X0]

Table 3. Images of the highest weight states.

Finally, we note here that it is also possible to express a single copy of the SVIRj3
partition function in terms of characters of the ¢ = 7/5 algebra:

ZSVIR; = (Chiﬁz + (Ch3 )?

10 10 (4.3)
=chy +chys + h17+ch111—|—ch +ch +ch —|—ch311,

where we note again that ¢ is real. The reason is that one can embed the ¢ = 7/5
superconformal algebra into the two (holomorphic and anti-holomorphic) copies of the
¢ =T7/10 algebra in SVIR3.

4.1 Relating boundary conditions on SVIR3®? to defects in SVIR3

Central to the idea of the folding procedure is that a boundary condition in SVIR3®? is
equivalent to a defect in SVIR3. The folding condition is simple if the boundary is along
the real axis with the folded model living entirely in the upper half plane: for each field
#(2,%) in SVIR3, there are two copies ¢(® in the folded theory, with the a = 1 copy
being the original field, ¢ (z,2) = ¢(z,%) and the a = 2 copy being the folded field,
#?(z,2) = ¢(Z,2). When we consider boundary states and defect operators, it is more
usual for the boundary/defect to be on the unit circle, and we can define a map p from
states in SVIR3%®? to defects in SVIR3 as follows.

If the boundary lies on the unit circle with SVIR3%? defined on the exterior of the unit
circle, copy a = 1 corresponds to the superconformal algebra on the outside of the unit
circle and copy a = 2, the inside. If p(|B)) = D, then we can define

p(GLIBY) =G D,
p(GLIIBY) = G D, w
p(GZ|BY) = —i(-)FD(-1)f+F G, '

p(G2|BY) = i(-1)!FD(-1)F G,

The signs in (4.4) are determined by finding a family of Mo6bius maps which interpolate
the identity map preserving the real axis and a map which sends the real axis to the unit
circle, as explained in appendix D.

To complete the definition, we need the image of the highest weight states in SVIR 3%2
which are tensor products, |h1) ® |he). We can take the simplest choice, i.e. p(|h1) ®
|ho)) = |h1)hal|, but as we will see later, it will be helpful to define in addition the map
P (|h1) @ |ha)) = |h1)ha|(=1)F. These maps are summarised in table 3.

We can now identify the 24 known conformal defects in SVIR3 (8 topological and 16
factorised) with boundary conditions on SVIR3®2, and in particular the gluing conditions
satisfied by the boundary conditions.
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For a topological defect, we have two free signs given in equation (3.5). These imply
that the corresponding boundary state satisfies

GmD =nDG,, (GL +inG?,)||B) =0
_ = B (4.5)
GmD =1n'DG,, (G2, +in'GL,)|B) =0

For a factorising defect, we have again two free signs coming from the two gluing conditions
of the two boundary states, which imply for the corresponding defect

(G +inG_p)[| A, (B, 7| =0 R (GL, +inGL,)|B) =0 o
1A, (B, 7 (G — i1 G—1n) = 0 (G2, —in'G2,)|BY) =0

It is clear from equations (4.5) and (4.6) that we will not be able to find a way to express all
the gluing conditions that arise as gluing conditions on a single set of combinations G, +G2,
and Gl + G?,, and so, in the next section, we consider exactly how we can organise the

boundary states of SVIR3®? corresponding to the known defects into boundary states of
the algebra sViryg.

4.2 Relating the boundary conditions on SVIR3%? to boundary conditions for
SViI‘lO

To view SVIR3%®? as a model of the ¢ = 7/5 superconformal algebra sViryy we need to
define an embedding of sVirjg into the two copies of the ¢ = 7/10 algebra sVirs in SVIR3.
An embedding of sViryg into sVirg x sVirs is defined by four signs {«, 3,7,d}:

Laprys(Gm) = aGh, + BG2, , taprs(Gm) =Gy, + 0G2, . (4.7)

We will denote the combined map (p © tagys) by pagys-

We also need to define a map from the Ishibashi states with respect to sViryy to the
states in SVIR3®2. The Ishibashi states are determined by a highest weight states and a
gluing condition, and the highest weight condition depends on the choice of embedding, so
we need to take some care over this.

For the moment we restrict attention to the gluing condition. Suppose we have an
Ishibashi state |h, €)) of sVirjo satisfying

(G +i€G ) h,e) =0 . (4.8)
With the embedding ¢,3+5, this state satisfies
(aGl, + BG2, +ieyGL,, +iedG2,)|h,€) = 0. (4.9)

Hence a purely transmitting defect with gluing conditions {n,n’} corresponds to n = ade
and ' = e, that is a8yd = nn’ and a pure reflecting defects with gluing conditions
{n,n'} corresponds to n = aye and ' = —Bde, that is aBvyd = —nn’. Hence we find that
there are two equivalence classes of embeddings, given by af8vd = £1. An embedding with
afyd = 1 will correspond to transmitting defects with 71’ = 1 and reflecting defects with
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nn’ = —1, whereas an embedding with a3y = —1 will correspond to transmitting defects
with nn’ = —1 and reflecting defects with nn’ = 1.

The result is that we can expect two sets of boundary states with respect to two
different choices of embeddings sViryg, with one set giving half the defects of SVIR3 and
the other set giving the other half. The precise expressions for these boundary states in
terms of Ishibashi states will of course depend on the definitions of the highest weight states.
There are eight highest weight states with respect to sVirjg whose definitions depend on the
embedding, namely those with Kac labels (1,5), (1,7), (1,11), (3,1), (3,7), (3,11), (5,1),
and (5’,1). For example, the state |1,5) of weight (3/2,3/2) is given by

’[7 — —
tapys(|1,5)) = 1 1/;( aGl -3/2 5G2—3/2)(’YG1—3/2 - 5G2—3/2)|0> ) (4.10)
where ¢ = 7/10 and 7, 5 is a free sign, and the state |3, 1) of weight (7/10,7/10) is given by
in3,1
Lapys(]3,1)) = o (a Gl -1/2 — pG* 1/2)('7G 1/2 iG? 1/2) 3,5) (4.11)

where h = 1/10 and 73 is a free sign. We have a free sign 7, s for each of these eight such
states. Expanded expressions for these states and others can be found in appendix E.

Using these facts, it is possible to construct the boundary states corresponding to
all the known topological and factorising defects in SVIR3. We find that they can all be
written in terms of the states ||(a,b)ns)) and [|(a, b) 5g)) defined in [1] in (at least) two ways.
We illustrate this in the next two sections with the case of the identity defect in SVIRj3,
and the factorising defect ||[Ins){(Ins||, before summarising the results in section 4.4.

4.2.1 The identity defect in SVIR3

The identity defect in SVIRj3 takes the very simple form of a sum over an orthonormal
basis of Hsvirs:

1= [¥)Xl. (4.12)
¥

Expanding this out,

1 _ _
1= [0X0] + 5 2¢/3 (G_5/210%(0|G3/5 + G_5/5[0)(0|G3/2) +
1 1
Highigl + 175 (G-l igiglGua + GoaplgliglGua) +o (013)

This must arise from a combination of the Ishibashi states |(1,1),¢€)), |(1,5),€)), |(1,7),€),
[(1,11),€), [(3,1),€), [(3,5),€), |(3,7),€)), and |(3,11)e)). Since the Identity defect satis-
fies (3.5) with n =7 = 1, the gluing condition € and embedding tngs satisfy € = ad = B~
and afvé = 1.

The simplest choice is a = 8 = v = § = € = 1. This still leaves the signs 7, s free.
Given the freedom to choose these signs, the boundary state ||Dr)) can be expressed as
sum over all the Ishibashi states in the NS sector with the 4+ gluing condition:

1=prr+(ID1)
D) = [(1,1), +) +|(1,5), +) + [(1,7),+) + [(1,11),+) (4.14)
+13,1),+) +13,5), +) +1(3,7), +) +1(3,11),+)) ,

- 21 —



where p acts as in table 3. Looking at the explicit expressions in appendix E, this fixes in
particular 715 =1, 731 = 1 and 737 = —1.
We could, by choosing the signs of n in a different fashion, instead have the equally

symmetric expression

1= p/++++(HD1>>) )
D) = [(1,1), +) = |(1,5), +)) + [(1,7), ) — [(1,11),+) (4.15)
+ 1B, 1), +) = 13,5),+) + 13, 7), +) — (3, 11), +))
where p’ acts as in table 3. Looking again at the explicit expressions in appendix E, this
implies the opposite choices,
ms=-1, n31=-1, n37=1. (4.16)

Note that in equations (4.14) and (4.15) we have suppressed all the information re-
garding the choices of signs for the descendent states |1,5) etc, and have only kept the
information regarding the choice of the signs for the maps of the highest weight states from
table 3.

4.2.2 The factorising defect ||[Ins){(Ins|| in SVIR3
We will take the boundary state [[Ins)) to be given in terms of the Ishibashi states in

SVIRj3 as )
nmm=<“”@fmﬁ»+f+“)\», (417)

10
which is one of the two possibilities shown in (3.21). This means the factorising defect
I Ins)(Ins|| is given as

umwwmwzczjﬂam+0H+(Q 0455+

+(Diﬁﬁwmﬂ(lj>|+w$+

Since this factorising defect satisfies (4.6) with n = n/ = 1, the gluing condition e and
embedding tqg+s satisfy € = ay = —35 and ay6 = —1.
The simplest choice, which we take from now on,isa =8 =~v=n=1,5 = —1. Given

(4.18)

the freedom to choose the signs 7, s, we can express this factorising defect in many ways,
but the one that we will use later is this:

N )Y Ins || = st~ nsIns))

5]36)WMLDA»+KL&A»+MLHA»+KLHL+M

| InsIns)) = (

+ <;>4 (15, 1),4) +1(5,5), +) + (5", 1), +) + [(5,5), +))

+(5+\/5

) D) + 16,54 4131 4 13,10, )
(4.19)
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Figure 4. The Dynkin diagrams of Dg and Eg showing the bi-colouration and the map 7.

where p acts as in table 3 and the signs 7 5,731 and 73 7 are again as in equation (4.16).
We cannot say whether the remaining signs are also fixed as for the identity defect as we
have not calculated them. Note that in equation (4.19) we have again suppressed all the
information regarding the choices of signs for the descendent states |1,5) etc, and have only
kept the information regarding the choice of the signs for the maps of the highest weight
states from table 3.

4.3 Boundary conditions in SVIR3%?

The boundary states are linear combinations of the Ishibashi states corresponding to diago-
nal (h = h) Neveu-Schwarz fields. As noted above, there are 24 of these, |(r, 5), £)), labelled
by (r,s) odd exponents of Dg and Fg modulo the Kac symmetry, and a gluing condition.

A set of boundary states for the GSO projection of SVIR3®? was proposed in [1]
although there are some difficulties with these, as explained in 7. The states in [1] have
both Neveu-Schwarz and Ramond contributions; here we only need components in the
Neveu-Schwarz sector.

The boundary conditions themselves are labelled by pairs of nodes on the Dynkin
diagrams of Dg and Fg, together with a choice of gluing condition. However, this again
over-counts the number of Neveu-Schwarz boundary states in two ways. Firstly, the nodes
on the FEg diagram that are related by the diagram symmetry, r: 1 +— 5 and r : 2+ 4 lead
to the same Neveu-Schwarz contribution. (We can think of this as replacing the Fg Dynkin
diagram by the F, diagram, with the nodes related by the Z, symmetry corresponding to
the short simple roots of Fy). This gives 24 pairs of nodes. Secondly, we can bi-colour the
Dynkin diagrams and split these 24 pairs into those with nodes of the same colour and
those with nodes of opposite colour, giving two sets of 12 pairs of nodes, combined with
the gluing condition.

With the bi-colouration as in figure 4, and making a choice for the representatives of
the nodes related by the Zs symmetry of the Eg diagram a — r(a), we take the nodes with
the same colouration to be

Ne ={(1,1),(3,1),(5,1),(6,1),(2,2),(4,2),(1,3),(3,3),(5,3),(6,3),(2,6), (4,6)} , (4.20)
and the nodes with opposite colouration to be

N, =1{(2,1),(4,1),(1,2),(3,2), (5,2), (6,2)(2,3), (4,3),(1,6), (3,6), (5,6),(6,6)} . (4.21)
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The key ingredient in the boundary states proposed in [1] are matrices \I’E?f)) ,
N (8 g(10)

1r ~1s
formed from eigenvectors ¢, (G) of the adjacency matrices of the Dynkin diagram of G and
modular S-matrices S{& for affine su(2) characters at level k. We give the vectors ¢! (G)
and a table of numerical values of \Ifgzs)) in appendix F for convenience. These matrices
have the property that under the Kac-symmetry

(a,b) E(llt’)bzr 12—s) (a,b) € N. , same colouration,
9~ ’ (4.23)
" _‘I’Eﬁébzr 12—s) (a,b) € N, , opposite colouration.

Following [1], we can define boundary states ||(a,b)ns)) using these matrices, but we
take a slightly different choice to [1],

a,b
lab)ash = > W [(r ), +) (4.24)
re{1,3,5,5',7,9}
se{1,7}

where in [1] the sum over s is s € {1,5}. The sums are over exactly the same represen-
tations, but the choice of different representatives results in expressions which differ by a
sign for s = 7 when the nodes are of opposite colour (eg the labels (1,7) and (9,5) denote
the same representation, but \Ifggg = —\I/Eég ).

Our choice of representatives was motivated by the fact the Eg su(2)19 WZW model
has an extended symmetry algebra consisting of the representations (1) @ (7) and so our
choice seems natural when considering fusion of the sVir;g model. We think it results in
more natural expression for the final boundary states.

One consequence is that (unlike the situation in [1]) our choice of representatives results

in sets of states which only differ by factors of v/2,

I(a, 6)xs) = V2 [I(a, D)ns)) » Il(a,3)ns) = V2 (e, 2)ns)) - (4.25)

These two different ways of expressing the same boundary state may seem redundant, but
it helps a great deal when it comes to providing consistent descriptions of all the possible
boundary states for SVIR3®2.

We also define states [[(a,b)5g)) in a slightly different way to [1], as

I(a,0)zg) = (=1)" ll(a, b)ns) - (4.26)

These differ from the states defined in [1] by an extra sign for each of the Ishibashi states
which corresponds to a fermionic highest weight state, that is for the states |r,s) with
(r,s) € {(1,5),(1,7),(3,1), (3,11),(5,5), (5',5)} which again simplifies the identification of
the known boundary states.
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afyd = -1, a=p=y=1, §=—1, map = py+4+- aByd =1, a=f=y=6=1, map = p/,, ;|
Defect Boundary states Defect Boundary states

s M{Ins | V21, D), [1(1,6)ns) s (IR V2 [[(1,6)ns) , 2 [1(1,1)ns)

[ Ins ) ensl V2(1(5,)ns), [1(6,6)ns) [ nsWerll [V211(5,6)ns) » 2[1(6,1)ns)
llons M(Ins | V26, )ns) ,  [1(6,6)ns) lens (IRl |V211(6,6)ns) » 2/(6,1)ns)
lens)ensl V2|3, Dns) s I1(3,6)ns) lensh{erll V2 I(3,6)ns) . 211(3, 1)ns)
V2(-1)F V2[(2,6)ns) , 2 [1(2, 1) ns)) IZRMIns || V2 11(16)5h s 2 [1(1,1) 5ol
V2(-1)F V2(2,6) 550, 2 11(2,1) 5o IR ensl [V211(5,6)5g) » 211(6,1) 55
V2(-1)F'D, V21(4,6)ns)) , 2 [1(4, 1) ns) lerM(Ins |l |V211(6,6)5g) » 211(6,1) 55
V2(-1)FD, V2[(4,6) 550 2 1(4, 1) zg ) lerNensll V2 11(3,6) 55 » 2113, 1) 55

(D MM Insll (=17 V2 (L D ggh s 11(1,6) ggh 1 V22, Dns),  [1(2,6)ns)
(DT s Weons | (DT (V2115 D ggh» 11(6,6) 55 D) V22 D)), 112.6) )
(D" lons HIns I (=D)" |V21(6, 1) 5g) . 11(6,6) o) D, V2[4 Dnsh,  [1(4,6)ns)
(=" lonsMensll (D" V213, Dzgh . 1(3,6)5e) (DD, V2 (4, ) 55)  [1(4,6) )

Table 4. Identifications of the boundary states corresponding to the known defects.

4.4 Identifying known defects

With the definitions (4.25) and (4.26) we can identify all the known defects in SVIRs.
These split into two sets, those with «a8+vd = 1 for which we need the highest-weight state
map p, supplemented by suitable choices of signs for the descendent states, and those with
afvé = —1 for which we need the map p, shown in table 4.

Note that these two sets are not defined at the same time as they use different em-
beddings; we cannot describe the defects 1 and ||Ins)){(Ins|| as supersymmetric boundary
conditions for SVIR3®? at the same time.

As an example, we show here the overlap of the boundary states v/2 ||(2,1)ns) =
1(2,6)ns) (representing the identity defect) with /2 [|(2, Dyg) = 1(2,6)5g) (represent-
ing the defect (—1)F+F), 2(|(1, Das) = v2 ||(1,6)ns) (representing I Ins)Y(IR]), and
2 (L)) = V2 1(1,6) 55)) (representing [[Ig)){(Ins]|), all of which have avyé = 1. We
have exactly the expected results:

((2,6)nsllg™11(2,6)ns) = (chi% + chi% + chi® + chi’,
+ch + chi% +ch +ch311)()

= (ch? (@) + (ch 5(d ))2, (4.27)
((2,6)nslla™11(2,6) ggh = 2(chiy + chyy + chyly + chzk)(q)
= 2(ch} (7))’ +2(Ch1,4(Q)) ; (4.28)
2 (((2,6)nsllg™ (1, D)ws) = 2(chyly + chys) (@)
= 2Ch1 4(\/>) (4.29)
2 (((Q:G)NSHQHH(LDN@» = Q(Chm +Ch +Ch27+0h211)( 7)
= 20h1,4(f) ) (4.30)
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where H = (Lo + Lo — 7/60), ¢ = exp(—4rL) and § = exp(—n/L). Note that the overlaps
of [[(2,6)ns)) with 2 [[(1,1)ns)) and 2 [|(1,1)5g)) are the same, 2(:h‘i4(\/§), thanks to two
different identities relating the characters of sVirjg and sVirs. This is a function of \/q
since geometrically it corresponds to a strip of width 2L, as shown in figure 5.

However, if we consider defects with different values of a8vyd we do not get sensible
results. The overlap of the boundary state in SVIR3®? corresponding to the identity defect
with the boundary state corresponding to the factorising defect ||Ins){(Ins|| will give the
partition function on the strip of width 2L and boundary conditions Iyg on both sides,
that is

Trsvir, (¢7 Dr [ Ins)(Insll) = ch? 1 (V) - (4.31)

But chil(\/a) = ¢ /01 4+ 3+ g+ ¢¥* + ¢3/2 + ...) cannot be expressed as a sum
of characters of the ¢ = 7/5 algebra, and so it is not possible for the two defects D; and
Il Ins)(Ins|| to be represented as boundary states for sVirjg at the same time. If we look
at table 4, we see that D corresponds to |[(2,6)ns)) defined with embedding ¢4 444 but
Il Ins)(Ins|| corresponds to ||(1,6)ns)) with embedding ¢4 44—, and so their overlap being
calculated as

((2,6)nslla™[1(1,6)ns) = V2ch? 4(+/7) (4.32)

has nothing to do with the required quantity.

4.5 Identifying new defects

Now that we have identified all the known defects, we can see that they all correspond
to the nodes 1 and 6 on the Fg diagram. If we instead use the nodes 2 and 3 on the Fjg
diagram, we find new defects which are neither topological nor factorising.

The transmission coefficient was defined in [24] in such a way that a topological defect
has T'= 1 and a factorising boundary condition has T' = 0, and thus it lets us quickly iden-
tify these amongst the boundary states. We can calculate the T (transmission) coefficient
and the defect entropy for these new defects using the expressions in appendix E. If the
defect obtained from a boundary state |¥)) of the following form,

W) = A[(1,1)¢e)) + B|(1,5)€e)) + ... , (4.33)
and the sign is 71 5 = —1, then the transmission coefficient is
1
T=3 [1 - eB/A] : (4.34)

whether the map is p14y or p/, .
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Figure 5. Different boundary conditions on SVIR3®? result in different geometrical set-ups
for SVIR3.

The g values are independent of the embedding and choice of signs 7 given by

jé% = 1+% sin (97) fora=1,2,3,4
9(ll(a, 1)NS/NS>>) s X . (4.35)
; Sﬁ):i 1+% for a = 5,6
9(l1(a:2) yg 550) = V2+ V3 g(ll(a 1) yg/5)) » (4.36)
(@ 3) xg/550) = 1+ V3) g(ll(a,1) g 55)) » (4.37)
(@, 6) xg/550) = V2 9(ll(a, 1) g 55)) - (4.38)

where the last two relations follow from (4.25).
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T g boundary states defined with 44— and map p
1 V2 1.414... 2012, s 211(2,1) ggh
L 288, 2|(4, Dws), 214, 1) )
0 | (58) * 05257 ... 11, 6)ns), [1(1,6) )
(258)" 08506 15.6)0x). 16.6)x5). 15.6)55). 11(6.6)55)
(2:24)" 13763 13,6)s) 13,6 55)
VL /243 1.9318... 1(2,3)ws)s 11(2,3) )
3.1258... 1(4,3)ns)), 1(4,3) 55)
33 1.4363... 21(1(1,2)ns), 2 1(1,2) 5o
3.7603. .. 21(3,2)ns), 211(3,2) 55
2.3240...|2 [|(5,2)ns ), 2 11(6,2)ns ), 2 11(5,2) 5g)) 2 11(6,2) 5g))
T g boundary states defined with 444+ and map '
1 1 1 1(2,6)ns)) 11(2,6) 55)
L5 1618... [1(4,6)ns), 11(4,6) 55)
0 (5—5ﬁ)12 0.7434 .. 2011, D) ns)s 211(1,1) )
(258)" 12030..|2 (5. Ds). 2116 ). 2 (5.1 g 21(6.1) 550
(10752\/5)”2 1.9465 ... 211(3, 1)ns)s 2 [1(3,1) )
Sl vz 2T 2112, 2)x), 211(2,2) o)
4.4205 ... 21(4,2)ns), 211(4,2) )
3—/3 1.0156. .. (L, 3)ns))s [1(1,3) 55
2.6589. .. 13, 3) s [1(3,3) 5
1.6433. .. 1(5,3)ns)), [1(6,3) 55

“new” defect.

Table 5. T' and g values for the SVIR3®2 boundary states.

Note that |¥)) and (
boundary states ||(a,b)

—1)F||¥) have the same value of g and 7. We find that the

NS/NS>>
large range of g values. We also list the g values for the known topological and factorising
defects in SVIR3 in the same table.

If the g value of a boundary state cannot be expressed as a sum of the g values of

only take four different values for T as in table 5, but a

known topological and factorising defects, then this boundary state must correspond to a

Again, these defects fall into two sets - those defined from the boundary state using
embedding ¢4 4 and map p, and those defined with embedding ¢, and map p. With
each set, the boundary states satisfy Cardy’s condition, that is, the overlaps of any two
boundary states corresponding to the same embedding p, or p, are non-negative integer
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combinations of characters of sVirjg. The overlaps of states corresponding to different
maps do not satisfy Cardy’s condition.
Further, the overlaps involving the known (topological and factorising) defects can be
expressed in terms of the characters of sVirs, but those involving the new defects can not.
As an example, we consider the overlaps of the boundary states v/2 [[(2,1)ns)) =
1(2,6)ns) (representing the identity defect) with /2 |(1,2)ns) = |(1,3)ns) and
V2 [(1, D)s)) = (1, 6)s) (representing [[Zns)(Ins ) with v2 [[(2,2)xs) = [1(2, 3)ns)-
We have

((2.6)nsllg™l1(2,6)ns) = (chily + chis + chi + by,
+ch +ch +ch37+ch311)()

= (C ) (Ch1 3( ))2 (4.39)
((2,6)nslla™1I(1,3 = (chy) "+ 2 chy + chyk + chy’g) (@) (4.40)
((1,6)nsllg™[I(1, 6 :( 11+C 15+ chy’ +Ch111)(>
~ (@) (wa)
{(1,6)nsllg™ = (chy + chyly + 2chy + chyk + chy’) () (4.42)
where H = (Lo + Lo — 7/60), ¢ = exp(—4wL) and ¢ = exp(—7/L).
Since hé}g) = % # hg + hg)s, for any (r,s), (r/,s’) in sVirg, the over-
lap ((2,6)ns|lg™||(1,3)ns) cannot be expressed as a sum of products of characters
chis(cj) chff,,s,((j). In addition, since h(lo) — s = —ais %(hggs) — 5o5) for any (r,s)

in sVirg, it cannot be expressed as a sum of characters Chis(\/g).

Note that ((2,6)ns]l¢™|(1,3)ns) = ((1,6)ns]l¢™]|(2,3)ns)), which suggest that these
overlaps are related by the insertion of a topological defect in the doubled model labelled
by the Dynkin nodes (2,1).

Just for reference, we give the overlaps of the new boundary states with themselves
to show that they satisfy Cardy’s condition, but also cannot be expressed in terms of
characters of sVirs:

((1,3)nsllg™ (1, 3)ns) = (chi% + 2chi% + 3chi% + 3chi% + 2¢hi% + chi’,)(4) ,
((2,3)nsllg™ (2, 3)ns) = (chi% + 2chi% + 3chi’ + 3ch;% + 2chj% + chi’);
(ch + 2ch 5+ 3ch 5+ 3ch 7+ 2chi% + chz’ ) (d)
(4.43)

4.5.1 New factorising defects in SVIRg3

While the boundary state [(1,6)5) can be identified as the defect
(=) InsW(Ins||(—=1)F, this is not actually the product of two boundary states in
SVIR3. The state (—1)¥|/Ins) does not satisfy Cardy’s constraint - for example, its
overlap with ||Ing)) is not an integer combination of characters in the crossed channel:

(Insllg™ (D) [ Ins)) = V2chi 4(q) - (4.44)

~ 99 —



The defect (—1)||InsW(Ins||(—1)F does however satisfy the constraint - for example

((1,6)nslla™[1(1,6) 5 = (Inslla™ (1) s W Ins [ (1) " [ Ins)) = 2¢hi4(@)? -
(4.45)
Conversely, the factorising defect || Ir)}{(Ir|| does not arise in the tables 4, The resolu-
tion seems to be that these factorising defects are not fundamental and instead we have

1(1,6) 5 = (=11 Zns) (sl (-1)F
RN (IRI = 2(=1) 1 Ins) {Insll(=1)" = 21I(1,6) z5) - (4.46)

This illustrates the possibility that each known factorising and topological defect in SVIR3
gives rise to a superconformal boundary state in SVIR3®2, but the converse need not to
be true.

5 Boundary states in SVIR;%? and extended algebras

The boundary states we have discussed can be understood from the point of view of ex-
tended superconformal algebras. There are two relevant algebras, SW(3/2) and SW(10)
which is a subalgebra of ST (3/2).

5.1 The algebra SW(3/2)

The first case to consider is boundary states which preserve the whole algebra SW(3/2).
Since this is the same as sVirg ® sVirg, we expect to recover the known topological and
factorised defects. This algebra contains not only the superconformal generator, G(z), but
a fermionic primary field of weight 3/2, W(/2)(2) and its superpartner of weight 2, 7(z).
Details are given in appendix A.

As with the field G(z), we have a choice for the gluing conditions of the field we/2),
so that we can define gluing conditions (e, €') where the Ishibashi state |(h, h)e, €') satisfies

(G + i€G_)| (B R)e, €) =0, (WS i W2 |(h, h)e, ') = 0. (5.1)

The SVIR3%? model can be thought of as a model of SW(3/2) in two ways. With
the embedding af8vyd = 1, the partition function is diagonal in the four characters of
this algebra,

Z = xal? + xsl* + Ixsl* + [xs* - (5.2)
With the embedding a3vd = —1, the partition function is not diagonal, but is instead
|2

Z = |x1” + Ix3l* + x5X5 + X5 X5 - (5.3)

Either way, we would expect to have four Ishibashi states for each set of gluing conditions,
and hence four boundary states per gluing condition, but this is not quite the case. The
SW (3/2) algebra relations include

{Gma WT(L3/2)} = 2Tm+n (54)
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and so an Ishibashi state |(h, h)e, €) satisfies
(To — e€'To)|(h, h)e, ) = 0 . (5.5)

This means that for either embedding, there are only two choices of gluing conditions for
the representations with h = 10, so that rather than having 16 Ishibashi states, in fact we
only have 12 different Ishibashi states.

This means we will have 12 independent combinations of these Ishibashi states into
boundary states, which is exactly what we find. There are 12 mutually consistent boundary
states which preserve this algebra with a8y = 1 and 12 (different) consistent states with

afvé = —1 which correspond to the known topological and factorising boundary defects
of SVIRg
Since we can choose W®/2) and W3/2) so that
. 3/2 3/2)
11,5) = in s W) WO J0) (5.6)

then we have

(3/2) 3

3/é 11,5) = i sW" 3//2) 0) , (5.7)

and so the coefficients of |1,1))) and |1, 5)) are related by this gluing condition. As we can
read off table 8, \IJET )) E’lﬂl) for (a,b) equal to (2,6) and (4,6), and \Ilgl 5)) \Ilgl 1% for
(a,b) equal to (1,1), (3,1), (5,1) and (6,1).

~ —.

5.2 The algebra SW(10)

When we turn to the algebra SW(10) which has a superprimary field W of weight 10. Since

this algebra is invariant under W0 — — W10 we can again choose the gluing condition
WO ) = W) (5.8)

Since we can choose W10 and W19 g0 that

1031

1(1,11)) = WD oy | (5.9)

then we have
wi” [(1,11)) = m WU o) | (5.10)

(1,1))) and |(1,11))) are related by this gluing condition. As we
b)) = \IJE ; for boundaries (a,b) in Z, with b = 2 and b = 6,

can read off table 8, \Il(

(1,11
blzt ;I/El 1)1) (: ; \I/E‘f 11)% f(()rbga =1 aznd) b = 3. Likewise, the coefficients \IIE'II 15); :t\IlEa b%
g = T and Vg5 = 207,

There are now 8 different representations of SW (10) appearing in SVIR3%?, as each
representation of ST (3/2) splits into exactly two representations of SW(10). By the same
reasoning as for the algebra SW(3/2), 4 of these representations will allow all four choices
of gluing condition but 4 will only allow 2 choices, so that there are 24 different Ishibashi
states, leading to two sets of 24 mutually consistent boundary states. These are exactly
the full set of boundary states we have found. We can say that the boundary states we
have discussed in this paper are precisely those which preserve the algebra SW(10).
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6 Defects in TCIM from defects in SVIR;®?

We have found a set of non-topological, non-factorising defects in SVIR3 from the boundary
states |(a,2)Ns/NSY) and |(a,3)Ns/Ns) in SVIR3®2. We can now use these to construct
defects in TCIM by using the interface operators constructed in section 3.3: if ﬁgVIR3 is a
defect in SVIRg3, then Drorps defined by

Drcry =1 - Dsvir, - IT (6.1)
is a defect in TCIM. The T and g values of Dpcras are easy to find, they are just

T(Drcra) = T(Dsvir,) 5, 9(Drer) = 29(Dsvir,) - (6.2)

It is very unlikely that this defect in TCIM is fundamental - it is instead very likely that
it is the superposition of two (possibly identical) defects. This is exactly what happened
in the free fermion case, where the map from free fermion defects to Ising model defects
always resulted in the superposition of two [or more| defects of the same g value, as below,
and it is also true for the identifiable topological and factorising defects in SVIR3, eg

I-Dy-I' = Do+ Dy,
I-D,-I' = D110+ D35,
I-V2(=1)F - I' = 2Dy, (6.3)
I-V2(-1)"Dy - It = 2Dy
I |Ins){(Ins|- It = (|Bo) + |Bssa))) ((Bol + (Bsal)

When we come to the new defects in SVIR3, we cannot say for certain whether they

are fundamental or not, but given the results above it is very likely that they are not.

Looking at table 5, the simplest conformal non-topological defects we can construct come
from the boundary states ||(1,3)Ns/NS)) with g = 2.03.... Let us denote these by DT,

D =1-p(|(1,3)ns)) - 1", D™ =1-p(||(L,3)Ns)) - I'. (6.4)

From the fact that [[(1,3)Ns)) = (—1)F|(1,3)ns)), it follows that p(||(1,3)NS)) =
(=DFp(I(1,3)ns))(~1)" and so

1
D™ = (-1)'DH (-1’ = 5 D21 D" Dy . (6.5)
Using this relation, we have
_ 1 1
(D™ j0) = (0[P [0) , (OI D" |5} = = (01D Ig5) (6.6)

and from the explicit expressions for the boundary state coeflicients in table 8, we thus see
that D* are distinct, different operators.

1/2
}ilag _ 2(15)—1/4 ((3 "’22/5%(:/?)_ 1>> =2.031...,
1

(0| D y%> =—(0|D~ T0> = —2(15)"Y*"\/2v/3 -3 = —0.692... . (6.7)

(0| DY |0) = (0| D™ |0) = 2W

—~

)
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6.1 Comparisons with the results of Gang and Yamaguchi

We can now attempt to compare our results for non-topological, non-factorising defects
with those of Gang and Yamaguchi. The simplest such defects we have found are D*
defined in (6.4) with ¢ = 2.031... and T = (3 — v/3)/2. Looking at the list of proposed
defects in section 3.2 of [1] the only candidates to which we can hope to relate DF are those
from the boundary state |(1,3)) ,, which have the same value of T" and half the g-value.

From the definitions in equation (3.9) of [1], the states |(1,3)),, have equal and op-
posite components in the Ramond sector. Since our defects have no components in the
Ramond sector, we must consider the sum |(1,3)) 4, +[(1,3)),_ which has the same 7" and
g values as each of D+,

There are no precise definitions given in [1] on how to obtain a defect from a boundary
state, but we can see that |(1,3)) 4, +(1,3)) 4 has zero overlap with the states |(5,3,5)10)
and |(5,3,5)10) (in the notation of [1]) which are equivalent to (in our notation) |(5,5)) and
|(5",5)). This means that whatever map p is required to obtain a defect from a boundary

state in the formalism of [1], the corresponding defect has zero matrix elements between
(0] and |1/10)

O1p(10,3))4, + 10,304 ) 155) =0, (6.8)

and so cannot be equal to either DT or D~.

Gang and Yamaguchi do not give details on the precise map p required to obtain a
defect from a boundary state in their formalism. We can be sure that the method we use
cannot work, as this will result in defects which are not GSO projected, that is defects
which are not maps from the TCIM to the TCIM. To illustrate this, we consider the states
used in [1] in the representation

[Hig ® Hi’,g] [H oMY & MY & Hy 11] o (6.9)

The paper [1] uses coset representations, and each highest weight representation HT . =

7-[%8_7,712_5 of sViryg splits into two coset representations,

/H%,Ol = /H(3,1,1)10 @ H(3,371)10 ) /H%% = /H(3’1’5)10 ) H(3:3,5)10 s (6 10)
7'[:13,07 =H1,5)10 D H7,35)10 > H%?n =Hr1,1)0 @ H7,3,1)10 -

Only four of these coset representations appear in the boundary states of [1], with conformal
weights as follows

Representation| Weight
(3,351 | 1/5

(3,1,1)10 | 6/5 (6.11)
(7,3,5)10 6/5
(7,1,1)10 | 31/5
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In our terms, these can be identified with SVIR3%? descendants of the sViryg highest weight
states,

(3,3,5)10) = \(3,5)> ; (7,3,5)10) = I( ),

(6.12)
1(3,1,1)10) = 5G 12G_1213, 1)), [(7,1,1)10) =

3, 11))

7/ 57/5

where 7 and 7/ are undetermined signs. Further, given an embedding tqg4s, the states
1(3,7)) and [(3,1)) can be identified from appendix E as

(3,1)) = 2/5 ( Gl -1/2 © 5G2—1/2)(’YG'1—1/2 - 562—1/2) (3,5))
3, af - 7o
6.1) = BILL = 2214 £ 600620 (L0 = B2t 160062, ) )
(6.13)
This means that the state |(3,1,1)10) is
—nnsa
(3,1, )10) = W( Ly - L2 - 208G 0GR )
X (L = L2 = 296G, G2 ) (3,5)) . (6.14)

Putting these together with the results in appendix E, and the fact that the boundary state

1 _
(3,3,5)10)) = 1(3,5)) + %L—lL—l (3,5)) + ..., (6.15)
we can find the expansion up to level one of a defect given by a combination of boundary

states constructed from the four states (6.12):
W) = A!(3 3, 5)10>> +B[(3,1,)10)) + C|(7,3,5)10)) + DI(7,1, Do) , (6.16)

n < A Bnns Cns,z

o5 @B/ 1) ML - 1|1o><1o|+|10><10L1L1]

A Brms 1 Cns 7 1 = 1
* (2/5 T eman T s )[ ‘1’10><10’L1 L ’10><10‘L1]

. (Bymsa + 0773,7) 1
+iaf3 7725 1/2|10><10\G1/2L1— _1G_ 1/2|10><10\G1/2
- (Bmsz1+Cnsr) 1 _ 1 - -
+ ivd 7725 L, 71/2|10><10|G /2 G’1/2|E><E’G1/2Ll
2Bmmsy Chnsz - _
+04ﬁ75< 7725 7125 G71/2G71/2\1*0><E\G1/2G1/2 +... (6.17)

The expression (6.17) is only GSO projected if Bnns 1 + Cnsz7 = 0, otherwise it is not.
We can fix nn3 1 and 137 by comparing (6.17) with equation (3.20) of [1]. Equation (3.20)
says that the expression (6.17) should be purely transmitting for A = B =1,C = —1 and
purely reflecting for B = —1, A = C' = 1, from which we deduce that 731 =137 = 1. We
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can now decide if the defects arising from the boundary states of [1] are GSO projected
or not by looking at the ratio of the coefficients B and C of the states [(3,1,1)10)) and
|(7,3,5)10)). If this ratio is —1, the resulting defect can be GSO projected, if it is not —1
then it is not GSO projected:

B = —C, GSO projected B # —C, not GSO projected
|(27 6)>Ai ) ’(476)>Ai |(17 3)>Ai ’ |(37 3)>Ai ) ’(573)>Ai ’ |(67 3)>Ai (6'18)
(1,1))5,13,1))5,1(5,1))5,1(6,1)) 5 (2,2))5,1(4,2)) 5

Those which are GSO projected correspond to topological or factorising defects; none of
the “new” defects proposed in [1] lead to GSO projected defects in our formalism, and so

it is difficult for us to make a stronger comparison with the proposals of [1].

7 Conclusions

We have constructed GSO-projected defects in the tri-critical Ising model from defects
in the Neveu-Schwarz sector of the supersymmetric tri-critical Ising model using interface
operators. Our construction uses many elements from the paper of Gang and Yamaguchi [1]
but in the end the defects we propose are not the same as theirs. There is some doubt
over the complete validity of their approach as it leads to factorised defects outside the
normal classification, and using our methods would result in the new defects proposed in [1]
not being properly GSO projected, but we must stress that we have not shown that their
non-topological defects are incorrect, simply that they are not the same as ours.

As part of our construction, we found evidence for two non-commensurate sets of
boundary states in SVIR3®? corresponding to two inequivalent embeddings of ¢ = 7/5
algebra into two copies of ¢ = 7/10. We have identified half of these boundary states as
known objects, the remaining half are new and lead to non-topological and non-factorising
defects in the tri-critical Ising model We hope that these new defects will include the
conjectured ‘C’ defect in [10].

We think it should be possible to derive the boundary states we have proposed for
SVIR3%? using topological field theory methods, in the spirit of as well as compare our
method with the construction of fermionic models of Novak and Runkel [18] using topo-
logical field theory methods which incorporate spin structure.

The next steps would be to extend our approach of explicit construction of bound-
ary states and consideration of extended algebras to include the Ramond sector of the
supersymmetric tri-critical Ising model and obtain defects in the tri-critical Ising model
using GSO projection, rather than interface operators and compare these directly with the
results of [1].
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A The chiral algebra of SVIR;®?

The chiral algebra of SVIR3%? is, of course, generated by two copies of the superconformal
algebra, with superconformal fields G' and G?. It can also be viewed as generated by a
superconformal generator G(z) and three super-primary fields w2 wW(/2) and w0,
of weights 3/2, 7/2 and 10 respectively.

The choice of G is fixed by the two signs o and S,

G(2) = aGl(z) + BG*(2) . (A.1)
With this choice, the super-primary fields W®3/2) and W(7/2) can be defined by the states
|W3/2> = (aG1_3/2 - 5G2—3/2)|0> (A.2)

W72y = [Oé <L1_2G1—3/2 - iGl—m) + 3<L2_202—3/2 - iGQ—m)
71?7(5L1_2G2_3/2 + O‘L2—2G1—3/2)} 0)  (A3)

— the expression for [W!9) is too lengthy to give here, and is not unique due to null states
in the vacuum representation at ¢ = 7/10. The states |G) and [W(7/2)) are even under
interchanging G' < G2, and |W®/?)) and |W19) are odd.

Since G and W?3/2 generate the whole chiral algebra on their own, the fields W7/2 and
WO can be expressed in terms of G and W?/2, but they can also be considered as fields
in their own right.

The super-partner to W®/?) is T(z) defined by

T) = 3G VO2) = (L~ 2)0) , T()=T'() - T2() . (A4)

The representations of W®/2) are thus labelled by the eigenvalues h of Ly = L} + L3 and
hof To = L} — L(Z); in terms of the eigenvalues h' of L} we clearly have

h=h'+h*, h=h'—h2. (A.5)

Since there are two NS representations of sVirg, there are four NS representations of
SW(3/2) at ¢ = 7/5 which we label {1,3,5,5'} with highest weight eigenvalues and char-
acters as in table 6.

There are two interesting subalgebras of this chiral algebra - the super W-algebra
SW(7/2), where the superconformal algebra is extended by the single field W7/? of weight
7/2, and the super W-algebra SW(10), where the superconformal algebra is extended by
the single field W7/2 of weight 7/2.

These can be proven to be closed algebras without calculating the commutation rela-
tions explicitly.

In the first case, SW(7/2) consists of all fields in SVIR3®? which are invariant under
interchanging the fields G! and G2. SW(7/2) was considered as an abstract super W-
algebra in [21-23] where it was shown to be consistent for ¢ = 7/5.
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label| (h,h) character

5 (55 %) X5 = Ch5 1+ Ch55 = Chilch?,e}

Table 6. The NS representations of SW(3/2) at ¢ = 7/5.

label | A character
1 0 x1—ch11+ch01
1 % Xi = ch1 + ch
3 | & x3=chg’ +chi%,
3 % X3 = ch 5+ ch
5 1% 5= Ch%?l
5 % Xz = ché?5
5|2 X = chg)
5 % X5 = Ché%

Table 7. The NS representations of SW(10) at ¢ = 7/5.

In the second case, SW(10) is closed as the fusion rules of the superconformal algebra
at ¢ = 7/2 are [1,11] * [1,11] = [1,1], that is the field W9 is a simple current for the
superconformal algebra. There are eight representations of S (10) as each representation
of SW(3/2) is reducible into two representations of SW(10) with labels and characters as
in table 7. We give the value of h, the eigenvalue of Ly, only, the eigenvalue of W19 being
too hard to calculate.

B Conventions for the free-fermion and the Ising model

If a free fermion is single-valued on a path around the origin, then it has an expansion over
modes 1, with m € Z+1/2,

> a2 (B.1)

meZ+1/2

These modes form the Neveu-Schwarz free-fermion algebra,

{1/1m7 wn} = 5m+n,0 (B2)

which has a single unitary irreducible representation, H g with character

s (q) = Tra g (¢~ = ¢ VB T (1 + ™11 (B.3)

m=0
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We also define x 55 as the trace with the insertion of (-1)F

)

Xﬁé(q) _ TTHNS(QLO_C/24( —1/48 H _ m+1/2 (B4)

If a free fermion instead changes sign on a path around the origin, it has an expansion

z) = Z Yz Y2 (B.5)

meZ
These satisfy the Ramond free-fermion algebra {¢,,1¥n} = 0mino. This algebra has
two unitary irreducible highest weight representations, Hp, with highest weights |1/16)_

in modes Y., m € Z,

satisfying

o 11/16), = £—=[1/16), (B.6)

These have the same character
Xp(a) = Ty (g% = ¢!/ H (144" (B.7)

Note that there is an alternative and widely used convention which includes a factor of v/2
alternative

in the definition, xp = 2y g+ This alternative definition has the advantage of

making the modular S matrix in equation (B.10) symmetric, but the disadvantage that it

is not the trace of glo—¢/24

over a representation.
The three unitary irreducible highest weight representations of the Virasoro algebra
with ¢ = 1/2 have weights h € {0, 1/2, 1/16} and their characters are
W) = %(XNS + X5g) - xﬁ/)g 1(XNS Xig) > xf;)m =Xpg - (B.8)
These characters are related under modular transformation 7 — —1/7, that is ¢ =
exp(2miT) — ¢ = exp(—2mi/T), b

Xy /2 1/2 1/V/2 x5

Wb [ @=1 12 12 —yve| [ | @ (B.9)
XS)IG V2 -1/v2 0 XS)IG

Xns 1 0 0\ [Xus

Xeg | @= [0 0 V2| x| @ (B.10)
Xk 01/vV2 0 Xk

C Conventions for the super Virasoro minimal models

C.1 Characters

For the super Virasoro algebra with the central charge 0 < ¢ < 3/2, irreducible modules
are unitary at discrete points, and corresponding highest weight modules are labelled by
(¢, h), both of which are parametrised by the integers m, r, s as

c:;<1—"”§+2) (1)
( )
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with m = 2,3,4,..., and
(m+2)r—ms)?2—4 1

him) = — (11— (=1 C.2

728 8m(m + 2) + 32 ( (=1) ) (C2)

where 1 <r <m—1and 1 < s < m+ 1. As usual, due to the Kac table symmetry
hg’;) = hf:;l_)nmw_s, we need identification of the Kac labels (r, s) ~ (m—r,m+2—s). When

we denote the super Virasoro algebra by sVir,,, it is understood to take the irreducible
modules with (e, h) specified by (C.1) and (C.2). When r — s € 2Z, a representation is
in the Neveu-Schwarz sector, which corresponds to the modes G,, with n € Z 4 1/2, and
when r — s € 2Z + 1, a representation is in the Ramond sector, which corresponds to G,
with n € Z.

Since sVir is Zy graded by fermion parity of the generators (L,, are bosonic and G,
are fermionic), it is natural to consider Zs graded modules. We may introduce an oper-
ator (—1)F on a module and take a basis, in which the highest weight state \hg@) is an
eigenvector of (—1)f" with the eigenvalue £(r, s) = £1 and {(-1)¥",G,,} = 0.

For a highest weight module Hyg in the Neveu-Schwarz sector, which is generated
from |h£7,?)>, we define its character by

oo 00 1+ l,%
Chxs(q) = TI"HNS qLO*ﬁ — q72—‘4 Z <qh(2mn+r,s) - qh(Zmnfr,s)) H : _qql ,
n=-—00 =1

where h(r,s) = hm}) and the explicit formula on the right hand side is given in [25]. We
also define the following quantity associated to this module

~m e
Chr,s(q) = TI"HNS (_1)FqLO 24

) o0 1—1
c 1- 2
_ —-= _aymn [ h(2mn+rs)  ( q1\rs, h(2mn—rs) q
=e(r,5) q nE_oo( 1) (q (=1)"q )||1 g

where e(r, s) = + is the eigenvalue of (—1) on the highest weight vector. Note that when
g(r,s) = 1, the series expansion of (:Tlin;) always starts from ¢"~2i (1 —...).

Due to the zero modes, some care is needed when defining a character for a highest
module Hpr in the Ramond sector, which is generated from \h$’2>> When hg?) # c/24,
Ly eigensubspaces of Hp are two-dimensional in which we can take two basis vectors to
carry opposite fermion parity. On the other hand, Lg eigensubspaces are one-dimensional
when h,(f,?) = ¢/24, which happens for m € 2Z and (r,s) = (m/2,m/2+ 1) — we call this
representation the fixed point of a Kac table. We simply define the following function

= + l
z E - 1
cl r,s(Q) q 2 <qh(2mn r,5) qh(an 7«73)> H : + ql’
n=—o0 1 q

for r — s € 2Z + 1. The expansion of this function is of the form qh_i(l +...). We view
this as a “character” of Hg in the sense that

Tryp, q"07 2 = 2chy’(q)  when h # ¢/24
Tryp, ghomzi = chy’(q) when h = ¢/24.

We choose this normalisation so that it is easy to see if Cardy’s condition is satisfied or not.
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C.2 Modular transformations

When we denote a representation of sVir by its Kac label, we take the “bottom half” of
the Kac table. That is, we take the following sets of Kac labels

1<s<m+1 forr<

(r,s) € Ins when 7 + s € 27 and
1<s< for r =

1<s<m+1 forr<
(r,s) € Ir when r + s € 2Z + 1 and
1<s<Z4+1 forr=

SRS R RRE

Note that we take this convention only to make it clear that two distinct Kac labels corre-

spond to different representations, and there is no “physical” reason to do so. For example,

in the Dg—FEg theory, it may be more natural to take r € {1,3,5,5',7,9} and s € {1,7}.
We define the modular S-matrix elements as follows

chP(@ = > S([ff)’gi/) e (q) |
(T",s’)EINS

~ NS, _ NS,R

ChT‘,S (q) = Z S([r73)(7‘]/75/) Chv{%’,s’ (q) ?
(r',s')ELR

N RNS] NS

chfs(q) = Z S([T’s)(r]/’s,) ch, 4(q),

(T’,S’)EINS

which can be written explicitly as

GINS.NS] _ 4 . (T2 . [ TS182
(r1,s1)(r2,82) — St < ) St 2) 7
m(m + 2) m m =+

[NS,R] _ ri-s1 4/2G(ra,89) . (mrira\ . [ 78189
(r1,81)(r2,82) g(ri,s1) (—1)7 2 s ( ) Sin 5 )
m(m + 2) m m +

[R,NS] r2=sy 2V2 . (Trir2 . [ TS182
(r1,81)(ra,s2) 6(?"2, 82) (_1) 2 sin ( ) sin ,

A m(m + 2) m m+ 2

where
T oifr="ands=2+1

G(rys) =

1 otherwise

Note that chl?(g) is not quite a modular function but v/2chf(q) is. Therefore, the above
modular S matrix is non-symmetric but squares to 1. It is possible to make the S matrix
symmetric by introducing the modified Ramond character v/2chf*(¢) when 4 is not the fixed
point, but we do not do that in this paper.

In terms of su(2); modular S matrix elements

(k) _ 2 . Yk
5= /<;+28m<k+2>
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where i,j = 1,2,...,k+ 1, sVir S matrix elements can be written as
[NS,NS] 9
(r1,81)(ra2,s2) — 257%7"2 )Sgr;)z 5

NS,R .
£T1781)}(r2,52) = 5(7‘1,51) (—1) 11

e ren) = £(2052) (=1) 52 VOS[BS ()

(7‘1,81)(7‘2,82) T172 s182 °

V2G(ry, s9) 28(m—2) 5(m)

rir2 5182

C.3 Fermion parity assignment of NS highest weight vectors

In most cases, a choice of (r,s) for NS highest weight vectors is irrelevant. Usually,
NS highest weight vectors |r, s) are taken to be bosonic (i.e. G_; 9|, s) and G_3/5|0) are
fermionic). However, we take the following convention:

e For m odd,
r+s€4Z+ 2 — |r,s) bosonic i.e. (r,s) =1
r+s €47 — |r,s) fermionic i.e. e(r,s) = —1
(In particular, |1,3) = |2,2) with h = - is fermionic in m = 3.)
e For m = 10 with the Dg-Eg bulk partition function,

(r,s) =(1,5),(1,7),(3,1),(3,11),(5,5), (5,7),(7,1),(7,11),(9,5), (9,7) — fermionic

others — bosonic

NS NS

=C k
The first choice for m odd cases makes all the fusion coefficients (N = ~Ns)ij non-
negative. However, there is no obvious procedure to make all these coefficients non-negative

for m even cases. The second choice for m = 10 comes from two observations: modular
transformations of the bulk partition function and character identities between m = 3 and
m = 10.

e Consider the Dg-FEg bulk partition function,

_ 1

2
2 2

ZNs = }Ch%% + Ch%% + Ch%?? + Ch%?n + ’Chzlﬁ + Ch%?s + Ché?? + Chzls?u

Z (ZNS + Zﬁé) + ZR
+2[chl% + chlS |
Zr =2 |ch]% + % |* + 2 |chi + chi%|? + 4 [chlY

If we demand Z

g to have the same form as Zng, we need

e(1,1) =e(1,11) = —¢(1,5) = —e(1,
£(3,1) =e(3,11) = —2(3,5) = —&(3,
e(5,1) = —e(5,

to ensure modular S transformation %Z Ne € ZR.
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e From the Ns character identities between m = 3 and m = 10, if we want something
similar for NS characters, that is (again with ¢ real)

3 \2 ~10 ~10 ~10
(Chll) —Ch11+0h15+0h17+0h111

~3 \2 ~10 ~10  ~10
(Chm) = ch3 1 +chg 5+ chg 7+ chg gy
then they fix £(1,1) = 1, ¢(3,1) = —1, etc. Furthermore, if we take £(1,3) = —1
for m = 3,

~10 ~10
Ch11 Ch13—Ch51+Ch55

fixes £(5,1) = 1 and €(5,5) = —

The above arguments fix £(r, s) of the Ns representations with (7, s) appearing in the Dg-Eg
bulk partition function. For the other Ns representations, we simply pick e(r, s) = 1.

D The folding map relating boundaries and defects

We want to relate two copies of the superconformal algebra defined on the exterior of the
unit circle with one copy outside and one inside. We shall do this by considering a family
of Mé&bius maps w +— z(w), such that the image of the real axis changes smoothly from the
real axis to the unit circle. We can take such a map to be defined by
z—1i/R
=2%R|{——— ) . D.1
= <z—i/R+2iR) (D-1)
For R = oo, this is the identity map; for R = 1 this maps the real axis to the unit circle.
This map further has the property that the derivative at the origin is 1,
0z
ow |,

The map relating generators of the folded model, G2, and the unfolded model, G, is

=1. (D.2)

G*(w)|w=a = G(@)]w=a - (D.3)
We would like to relate the modes G2, and G,, in the expansions of the fields
3/2G2 ZGQ ’ 3/2G ZG Z—m (D4)

when R = 1. Under the map (D.l), the relation becomes
. . 3/2
(2iR — a)(2aR? + 2iR — a) 324~ ’
D.
((22’R 0@ —2ik-a) ° CO_ (DD

where the ‘+’ sign is chosen so that the map is correct at R = co. At R =1, we have

23/2G2(2)‘ 7

w=a w=a

g -1
Z"w:a P (DG)
and so,
a3?G?(a) = —ia=*?G(1/a), G% = —iG_,,, (D.7)

where the factor of —i comes from requiring the relation (D.5) continue smoothly to R = 1.

Likewise, we find
G2, = +iG_,, . (D.8)
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E Explicit expansions of boundary states

We give here the explicit expansions of some boundary states for SVIR3®? and their images
under the maps ¢ and p. These expressions are needed to fix the constants 7y 5, 13,1 etc
as well as to calculate the transmission coefficient 7. Throughout this section, we shall

use ¢ = 2c.
(1,1)) = |0) (E.1)
(1)) = 10) = 55726 0/2G a2 0) + 5 Lala [0) = 556 -572C a0
+ %L—3L—3 0) — C,(C,?)j:lz)LdG—s/QL—zG—g/z 0)
c’(c’+182;z;1—|—4 ) [L‘QG‘W o J; 12G‘7/ 2
E72G_3/2 s 12G 7/2] 0) + (E.2)

(|1, 1)) = [0) = ——=(aGL 3/2+ﬂG 3/2)(’7G 3/2+5G 3/2)|0>

4¢ /3
1 _ _
+ E(Ll_2 + L2,) (LY, + L2,) |0)

1€ ~ A
- —(aG£5/2 + 5G2,5/2)(’YG1,5/2 + 5G%5/2) 10)

1 - _
4—(L1 5+ L?3) (L5 + L% ) 0)
3ie 1 1 2

m(L o+ L2 2)(aG 35 + BGZ3)5)
x (LLy + L—z)('Yélf:s/z + 56%3/2) 10)
_ 81ie

4c(c+6)(214-8¢)

2(c+6
X [(Ll—Q + L2—2)(aG£3/2 + BG2,3/2) - (9)<0¢G17/2 + 5G27/2)]
2(c+6)

X |:(L1_2 + [:2_2)(7@1_3/2 + 562_3/2)_ (761—7/2 + 6G2—7/2):| |0>

+... (E.3)
p([(1,1)e))) = |0><0!.
 4¢/3

(@G _32G32[0)(0] + 00 G _32|0}0|Gisy
+iBYG_3ol0)0/Gsy2 + BIIONO| 2G|

+ % [L_aLo|0)0] + Loalo)0[L + Loa0)0|La + [0)0]LsLs)

ke [CWG—5/2G—5/2|0><0| + 100G _5/2|000]G3/2

4c
+iByG _52|0)0|G5 /2 + 55|0><0|G3/2G3/2}

43 —



1 _ _ _ _
+ o | L-3L-310)(0] + L—3]0}0|Ls + L—5/0X0|Z5 + |o><0|L3L3]

4
_ (E.4)
W,5) = 12) (E5)
(1,5)¢) = |§> ~ EGapGapl2) + 3Ll 1)+ (E.6)
(11,5)) = J 750Gl = BGLy) (1GLyy = 0G24.)10) (E.7)
o(|(1,5)e) = 1"7;; (aGl 3/ = BG239) (1G53 = 6G5)5)[0)
— A 2 V(LR L2)[0) . (E.8)

C

M, - _
plI(1.5)e)) = 52 [ayG 1/ ol0X0] + B310)0] G 2Giy 2

— 100G _32/0)01G 2 — 181G _3/|0)(0]Gi3 o] (E.9)
~ 2Ly L[0)0] — L2[0)X0|Ly — L-2[0)0|La + |0)0|LaLs | +

We now consider the sector corresponding to H; /19 ® H1/19. We give the results in terms
of a state of weight 2h, but of course in this particular case h = 1/10, the states are
identified as

20) = |5) =13,5)) , Phig)=1) =|(3,1) , [2h+1) =[2)=1B,7) . (B10)

and the constants are n = n3 1 and ' = 3 7.

[(2h)€) = [2h) — 4hG 12G 19 |2h) + hL Loy |2h) + (E.11)
u(|(2h)€)) = [2h) — 4h(ozG 12 + BG2 ) (VG o + 0G2 ) [2R)

+E(L1 + L2 )L + L2)) [2h) + ... (E.12)
p(|(2h)e)) = |h)h| - [ch 172G 1 /2lh)h| + iadG_y o RYRIG1 2

+iByG_1 ja|h)h|G1 /2 + B5|h><h|él/2G1/2}

+ f[ ,111|h><h|+L,1|h><h|L1+mh><h|L1+|h><h|fi1L1} +...

4h
1
1
(12n43) ) = 4h<aG1 = BG2, ) (G 1y — 8GR ) [20) (B.14)

1
€n
_ W(Li1 — L% - 2a5(;1_1/2(;2_1/2)
w (LY, — L%, — 296G 1/2G 1/2) 12h) + (E.15)
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1 . = . =
o120+ 3 ) ) = 11 (1096 1126y alto] + 18510AIG oG

+ Q0G_ ol B)RIGy 2 + BYG 1 ol ANRIG o]

~ ) (L E B Ll Lyo+ LB Lo+ KA L
m :G71/2\h><h|(;1/21/1 — 1_?—1G,1/2|h>(h]@1/2}
T (LG ARG 3 = Gy alAIG oL
m :Gfl/zéfl/z\h><h\@1/zG1/2} ...
|(2h+1)€) = [2h+1) + ... (E.16)
lnne) = g (B = 22+ 56N G )
X <L1—1 — L+ ngl_l/zGQ_lm) |2h) + ... (E.17)
p((h+1)6)) = £ [ Ly KA~ La ALy — [+ AT
+ %Z&/Z‘fl) [G_l/glhxhlél/gm — L_1G_y 5| h)h|Gy /2}
+ %Z}ﬁl) [L_léfm\hxmam — @,1/2\h)<h|6_¥1/2f/1}
- ‘m [G71/2671/2‘h><h|él/2G1/2 +... (E.18)
F The matrices \IJEZ’:))

The matrices \I/Efg)) are given in terms of the eigenvectors of adjacency matrices of the

Dynkin diagrams of Dg and Fj in equation (4.22):
"(Deg) Y5 (E
plad) _ Ya(Ds) ¥ (Eo) (F.1)
N (8 (10)
1r ~1s

We repeat here for convenience the vectors ¢, (G) given in [1].
The eigenvectors of the Dg adjacency matrix ¢ (Dg) are given by

Y"(Dg) = V28E)  for a,r #5 wgi (Dg) = Sé? for a # 5
r 1 8 e 1 8
Iy (Dg) = ﬁsgg for r # 5 Vi (Do) = 5 (88 - ')

where a = 1,2,3,4,57,57 (a = 5% correspond to 5 and 6 nodes on the Dg Dynkin diagram),
r e &(Dg) = {1,3,5,5,7,9} (r = 5T above correspond to 5 and 5'), and SZ(?) is the su(2)g
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modular S matrix elements,

k) 2 . m)
S = k+2sm<k+2>

Explicitly, the entries in ¢} (Dg) are

a\r 1 3 5% (= 5) 5= (= 5) 7 9
1 —1+V5 1 §+ 1 1 1 1 §+L —1+v5
2v10 PRV V5 V5 25 T Vs 2v/10
1 i1 1 1 i1 1
P 5\/ - % 5\/1+ﬁ 0 0 TR I AT
3 1 /3 1 =145 _ 1 _ 1 —1+v5 1 /34 1
4 Wi+t —5/1- % 0 0 sWi-F 31+
+ (— _1 __1 1 1 __1 1
57 (=5) 715 /10 0 (=5+v5) 15 (5+5) 710 710
0| gk k6D B
The eigenvectors of the Eg adjacency matrix 97 (FEg) are given by
b\s|1 4 5 7 8 11
1 1
1 a 5 b b b a
2 b % a —a —% —b
a = L1./3=v3 p _ 1 /3+V3
2 6 2 6
3 |le 0 —-d -d 0 ¢ | where
c —L1./3+v8 4 _ 1 /3-V3
1 1 2 3 2 3
4 b —3 a —a 3 —b
1 1
5 a 3 b b —3 a
6 d 0 —c ¢ 0 —d

Putting these together, we can calculate the entries of W. Since it is helpful to have
an overview of the properties of ¥ when discussing the boundary states from the extended
algebra point of view, we include a table of the approximate numerical values in table 8.

G Character identities

Relations expressing products of NS characters of sVirg as sums of NS characters of sViryg:

Ch%?l + ch%% + Ch%?? + Ch%?ll = (Ch?,1)2 (G.1)
chy) + chys + chg + chg)y = (chiy)” (G.2)
chg’ + chy’s = chi, - chiy (G.3)
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(r,s)
1,1 15 (L7 (L1) (1) (3.5 (3.7 (3.11) (5,1 (5,5 (5.1) (5.5)
03717 0.3717 0.3717 0.3717 0.6015 0.6015 0.6015 0.6015 0.4729 0.4729 0.4729 0.4729
0.7182 —0.1924 —-0.1924 0.7182  1.162 —0.3114 —0.3114  1.162 0.9135 —0.2448 0.9135 —0.2448
1.016 —0.2721 —0.2721  1.016  1.643 —0.4403 —0.4403  1.643  1.292 —0.3462  1.292 —0.3462
0.5257 0.5257 0.5257 0.5257 0.8507 0.8507 0.8507 0.8507 0.6687 0.6687 0.6687 0.6687

RS

DD WN = O WN O WNFHO WN O WK - O W —o
PN INIE G AN AN SN NGNS NN NN N2 NI Nl

,1)]0.7071 —0.7071  0.7071 —0.7071 0.7071 —-0.7071 0.7071 —0.7071 0 0 0 0
, 1.366  0.3660 —0.3660 —1.366 ~ 1.366 0.3660 —0.3660 —1.366 0 0 0 0
, 1.932 0.5176 —0.5176 —-1.932  1.932 0.5176 —0.5176 —1.932 0 0 0 0

1.000 —1.000  1.000 —1.000 1.000 —1.000  1.000 —1.000 0 0 0 0

0.9732 09732 0.9732 0.9732 0.2298 0.2298 0.2298 0.2298 —0.4729 —0.4729 —0.4729 —0.4729
1.880 —0.5038 —0.5038  1.880 0.4438 —0.1189 —0.1189 0.4438 —0.9135 0.2448 —0.9135 0.2448
2.659 —0.7125 —0.7125  2.659 0.6277 —0.1682 —0.1682 0.6277 —1.292 0.3462 —1.292 0.3462
1376 1376  1.376 1376 0.3249 0.3249 0.3249 0.3249 —0.6687 —0.6687 —0.6687 —0.6687

1.144 -1.144 1.144 -1.144 —0.4370 0.4370 —0.4370 0.4370 0 0 0 0
, 2.210 0.5922 —0.5922 —2.210 —0.8443 —0.2262 0.2262 0.8443 0 0 0 0
, 3.126  0.8376 —0.8376 —3.126 —1.194 —0.3199 0.3199  1.194 0 0 0 0
1.618 —1.618 1.618 —1.618 —0.6180 0.6180 —0.6180 0.6180 0 0 0 0

0.6015 0.6015 0.6015 0.6015 —0.3717 —0.3717 —0.3717 —0.3717 —0.2923 —0.2923 0.7651 0.7651
1.162 —0.3114 —0.3114  1.162 —0.7182 0.1924 0.1924 —0.7182 —0.5646 0.1513  1.478 —0.3961
1.643 —0.4403 —0.4403 1.643 —-1.016 0.2721 0.2721 -1.016 —0.7984 0.2139  2.090 —0.5601

0.8507 0.8507 0.8507 0.8507 —0.5257 —0.5257 —0.5257 —0.5257 —0.4133 —0.4133  1.082  1.082

0.6015 0.6015 0.6015 0.6015 —0.3717 —0.3717 —0.3717 —0.3717 0.7651 0.7651 —0.2923 —0.2923
1.162 —0.3114 —0.3114  1.162 —0.7182 0.1924 0.1924 —0.7182  1.478 —0.3961 —0.5646 0.1513
1.643 —0.4403 —0.4403  1.643 —-1.016 0.2721 0.2721 -1.016  2.090 —0.5601 —0.7984 0.2139

0.8507 0.8507 0.8507 0.8507 —0.5257 —0.5257 —0.5257 —0.5257  1.082  1.082 —0.4133 —0.4133

e e e e e e e o e e e e N
O OO O O O OU O e e e e W W W NN e

Table 8. Numerical values of the boundary state coefficients \I/Eff:)) .

Relations expressing products of Ramond characters for sVirg as sums of Ramond
characters for sViryg:

chy’) + chi% = (ch},)? (G.4)
Ch}?4 + Ch%?S = (chi4)2 (G.5)
chi’ = ch}, - ch}, (G.6)

Relations expressing Ramond characters for sVirg at /g as sums of characters for
sViryg. Note that the same characters for sVirg can be expressed as sums of characters in
both the Ramond and NS sectors of sViryg.

chy’y + chyy = chiy(v/q) (G.7)
Ch%?l + Ch%% + Ch%% + Ch%?ll = Ch?,4(\/§) (G.8)
chyfy + chiy = chi,(v/q) (G.9)
chj% + chys + chy + ch}%; = ch? 5 (/q) (G.10)
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