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1 Introduction

Recently, quantum entanglement provides a powerful tool to study the properties of quan-

tum many-body systems in condensed matter physics [1-4], such as characterizing topolog-

ical ordered phases, and detecting the central charge of conformal field theories, etc. [1-7].

To characterize the quantum entanglement, there are various kinds of entanglement

measures. In the case when a system is prepared in a pure state |¥) and bipartitioned into



two subsystems A and B, two quantum entanglement measures which turn out to be very
useful are the so-called Renyi entropy and von Neumann entropy defined as follows

51(4”) =1 i - InTrp%, and SY = —Trpalnpa, (1.1)
where n is an integer, and pg = Trpp is the reduced density matrix of subsystem A,
with p = |¥)(¥|. The Renyi entropy and von Neumann entropy are related by S%¥ =
lim,, 1 SXZ). It is noted that when p corresponds to a pure state, one has the nice property
that Siln) = SJ(B”) and SXN = S}’;N . For a mixed state, it is found that the quantum
and classical correlations cannot be explicitly separated in these entanglement measures.
Now we consider two subsystems A; and A, which are embedded in a larger system, and
therefore p4,u4, may correspond to a mixed state. In this case, a useful quantity to study
the correlation between A; and As is the Renyi mutual information

1, =89+ 55 — 554, (12)

which is symmetric in A; and Ag by definition. Similar to the von Neumann entropy, by
taking the n — 1 limit, one can obtain the (von Neumann) mutual information

Laya, = lim 1§, . (1.3)

It is found that the mutual information will mix the quantum and classical information
together [8], and hence is not a good entanglement measure for mixed states.

Another quantity under extensive study, which is useful in characterizing the quantum
entanglement in mixed states, is the entanglement negativity [9, 10]. To be concrete,
for a reduced density matrix pa,a, which describes a mixed state in the Hilbert space
Ha, ® Ha,, a partial transposition of pa, 4, with respect to the degrees of freedom in
region A, is defined as

Ve 1% el e = (el oaualelel), (14)
where T; represents the partial transposition over Ao, |e£1)> and |e§-2)> are arbitrary bases
in Ha, and Ha,, respectively. Then the entanglement negativity is defined as

. (1.5)

T
Ea A, = Intr ‘pAzluAg

To calculate the entanglement negativity in a quantum filed theory, it is convenient to use
the replica trick as follows [11, 12]

Ne
Eaay = nligl In tr (pﬁzlwb) , (1.6)

where n, is an even integer.

Recently, the entanglement negativity has been extensively studied in conformal field
theories [11-13], quantum spin chain systems [14-20], coupled harmonic oscillators in one
and two dimensions [21-27], free fermion systems [28-32], topological ordered systems [33—
35], and holographic entanglement [36-38]. Furthermore, the entanglement negativity has



also been studied in the non-equilibrium case [39-42] as well as the finite temperature
case [39, 43, 44].

In this work, we focus on the topological entanglement negativity in a particular topo-
logical quantum field theory (TQFT)-the Chern-Simons theory [52, 53]. TQFTs are ex-
tensively used in condensed matter physics because of the emergence of topological phases
from many-body systems such as the fractional quantum Hall states [45-47], gapped quan-
tum spin liquids [48, 49], p, + ip, superconductors [50, 51] and so on. It is noted that the
entanglement negativity for a toric code model, an Abelian topological ordered system, has
been studied in previous works [33, 34]. Later, an edge theory approach was developed to
study the entanglement negativity (and other entanglement measures) in a Chern-Simons
theory. Due to the bulk-boundary correspondence in a Chern-Simons theory, we present
an alternative approach to study the entanglement negativity from bulk point of view. By
applying the replica trick and the surgery method [5, 52|, we compute the entanglement
negativity in a generic Chern-Simons theory.

The rest of the paper is organized as follows. In section 1.1, we introduce the path
integral representation of a partially transposed reduced density matrix, which is used to
define the entanglement negativity. In section 1.2, we introduce the basic ingredients of
Chern-Simons theory and the surgery method. Then by using the surgery method and
the replica trick, we calculate the entanglement negativity on various bi-/tri-partitioned
manifolds for a Chern-Simons theory in section 2, and study how the entanglement nega-
tivity depends on the presence of quasiparticles and the choice of ground states. Then we
conclude in section 3. We also include several appendices containing the calculation of the
entanglement negativity for a bipartitioned torus, which is helpful to understand the case
of a tripartite torus in the main text. To compare with the entanglement negativity, we
also calculate the mutual information for various cases in the appendices.

1.1 Path integral representation of partially transposed reduced density ma-
trix

In this section, we introduce the path integral representation of a partially transposed
Ne
reduced density matrix, i.e., piiUAg [see eq. (1.4)], as well as tr (pﬁiuh) [see eq. (1.6)].
The definition in this part applies to a generic quantum field theory.
The density matrix in a thermal state can be expressed as a path integral in the
imaginary time interval (0, 3) [7, 12]

p (oo Aes@] = 5755 {Fon@He ™ lws(a})

— [ Tt ne-= [T o16(2.0) — eo(@olo(z. 5) — ea(@). (1.7

with 8 — oo corresponding to the zero temperature limit. Here Sg is the Euclidean action
and Z = tre PH is the partition function. & represents the coordinate in the d-dimensional
space, and 7 is the imaginary time. The rows and columns of the density matrix are
represented by the values of fields ¢(Z, 7) at 7 = 0 and 3, respectively. Now we take partial



transposition corresponding to a subsystem B, then the partial transposed density matrix
may be expressed as

*[{enl@)} es(@)] = [ [Tiao@ nle = ] 66(2.0) - o(@)I6l6(2. 5) - 05(2)

Z,T Z¢B

x [ 616(&,0) — os(D)]3[6(F, B) — o (D). (1.8)

—

Suppose the system is tripartitioned into Ay, A and B, then the reduced density matrix
for pa—a,ua, can be obtained by tracing B, i.e.,

paruas [{0(@)}, {ps (@)} |7 € AU 49

-/ (H[dwo(f)dm(f)]ﬂwo(f)—%(@])p[{wo(f)},{wﬂ(f)}]- (19)

zeB

Then the partial transposed reduced density matrix pﬁu 4, over the subregion Az may be
expressed as

P, |{Po@), {05 (@)} € 41U Ao

( [dio(2)dio (@ )]5[900(5)—9%(9?)]) o2 o)} {ps(@}]. (110)

T n . . . T
Then, tr (p Affj Az) can be obtained by taking n copies of p A‘j@ 4,» and glue them appro-
priately as follows

tr (P, ) /H{ el @ de @) TT 6 |97 @) - o @)]

ZEB

< 15 [e?@ e @] T 6 [’ @ - @] o [{soé’”@)},{sog“)(f)}}},

FEA; ZeAs
(1.11)

with ¢ = 4 mod n. As a comparison, it should be noted that tr (pa,u4,)" has the expression

PAluAg /H{ dcpo (@)dp) ] 11 5[ ék)(f)}

ZeB

<[5 [e”@ — o @) o [ @) (o @) }

ZEA

(1.12)

. T n ..
Once we obtain tr <p Afé Ag) , we can calculate the entanglement negativity based on

eq. (1.6).



1.2 Chern-Simons theory and surgery

Here we mainly review the properties of Chern-Simons theory that will be used in our
study of the entanglement negativity. One may refer to the seminal paper [52] for details
of the Chern-Simons theory. The Chern-Simons theory action with a gauge group G on a
three-manifold M is given by

k 2
SCS—/tr<A/\dA—|—A/\A/\A>, (1.13)
47 M 3

where ‘tr’ is the trace over the fundamental representation of the gauge group G, A is
the G-connection on a genetic three-manifold M, and k is the coupling constant, which
is quantized. The Chern-Simons theory is a topological field theory in the sense that the
correlation functions do not depend on the metric of the manifold M. Since the action of
the Chern-Simons theory does not contain the metric, the partition function

Z(M) = / [DAJe?des(A) (1.14)

can define a topological invariant of the manifold M. Besides the partition function as
an invariant of three-manifolds, invariants of links and knots in three-manifolds can be
also defined in the Chern-Simons theory. Such a link or a knot in three-manifolds are the
“Wilson line”, that traces the holonomy of the gauge connection on an oriented closed
curve C in a given irreducible representation Rof G,

WE(A) = trRPeXp/A. (1.15)
C

We can compute the correlation functions of non-intersecting links/knots C;, i = 1,--- , N,
with a representation ]%Z to each C; on a three-manifold M,

N
1 > C C C; ;
Z(M,Ry,--- ,Ry) = (WRi : --WRZ) = /[DA] (H WRi) eSS, (1.16)
i=1
(When necessary, we denote the partition function as Z(M,[Ry,--- , RN]c,.. cx) where
[Ri,---,Rnle,,.. ¢y indicates the configuration of the links/knots of Wilson loops.) These

links/knots correlation functions can be seen as the partition functions of a Chern-Simons
theory on a three-manifold M in the presence of Wilson loops. As shown by Witten [52],
the the partition functions are exactly calculable by canonical quantization and the surgery.

The key ingredient of computing the partition function is canonical quantization of a
Chern-Simons theory on a three-manifold M with boundary given by a Riemann surface X..
This canonical quantization will produce a Hilbert space Hy, with an associated state |Wpy).
The dual Hilbert space H3, with an associated state (U] state can be obtained by reversing
the orientation of the ¥. The partition function of a Chern-Simons theory on a (closed)
three-manifold can be computed by performing the Heegaard splitting, which decomposes
the three-manifold as the connected sum of two three-manifolds M; and M5 with common
boundary 3. The original three-manifold M = M; | F My is obtained by gluing M; and



Ms through their boundary under the homeomorphism f : ¥ — Y. This homeomorphism
acting in the Hilbert space can be presented by an operator Uy : Hy — Hyx. Hence the
partition can be evaluated as

Z(M) = (Va|Uf W1, (1.17)

When the boundary is a sphere, i.e., ¥ = S2, the Hilbert space Hg2 is one dimensional.
When the boundary ¥ = T2, which can be seen as the boundary of a solid torus T = D x S*,
one can obtain a state in Hp2 by inserting a Wilson loop in the representation R; around
the non-contractible cycle in the solid torus,

Uy i) = R, (1.18)

The state without the Wilson loop is the vacuum state, denoted as |0).

The above results allow us to compute the partition function on three-manifolds in
the presence of Wilson loops. Let us start with S? x S', which can be seen as gluing two
solid tori T = D x S with boundaries identified. I.e., S? comes from gluing two discs
together along their boundary S!. The partition function of a Chern-Simons theory in this
three-manifold is

Z(S8% x SY) = (0]0) = 1. (1.19)

Performing the modular transformation S: 7 — —% on the second solid torus, where
7 is the modular parameter of the torus, and gluing it back, i.e., the non-contractible cycle
of the first solid torus is homologous to the contractible cycle of the second solid torus, we
get S3. We obtain the Chern-Simons partition function

Z(5%) = (0[510) = Soo, (1.20)

where S;; is the element of the modular S matrix. If there is a Wilson loop in the repre-
sentation R; in one solid torus, the Chern-Simons partition functions become

Z(S2 X Sl,RZ‘) = <O|RZ> = (5071‘,
Z(S3, R;) = (0S| R;) = So;. (1.21)
One can also consider a Wilson loop in the representation R; in a solid torus, which is
glued to another solid torus with a Wilson loop in the representation ]:Zj. The Chern-Simons
partition functions are
Z(S2 X Sl,RZ‘,Rj> = (RZ|EJ> = (52',]'.

Z(8°, Ri, Rj) = (Ri|S|R;) = Sij. (1.22)

Here we list two main properties of the above results:
1. The normalized vacuum expectation values of disjointed Wilson loops can be factor-

1zed, i.e.,

~ N

Z(M,Ry,--+ ,Ry)  y1 Z(Mi, Ry)
Zl(Sg) = Hi (1.23)

=1 Z( 3)



M+ Mo s® M1 M2

Figure 1. The surgery procedure to relate the partition function on a manifold M; U My with
the partition functions on M; and Mz. The shaded region in M3y contains Wilson loops with a
general links/knots configuration Cy ).

where the three-manifold M is the connected sum of N three-manifolds M; joined
along N — 1 two spheres S?. This result comes from the fact that the Hilbert space
for S? is one-dimensional.

2. If Wilson loops are linked or they are passing through the common boundary S?
between M; and Mj, the factorizability of the partition function is hold when the
Hilbert space for S? with a pair of charges in the dual representations R; and ﬁ, is
one-dimensional. We have

Z(M, [, By, R, Rilc) - Z(S3, R;) = Z(My, [y, Rilc,) - Z(My, [y, Rilc,), (1.24)

where B;(9) contains Wilson loops with a general links/knots configuration C ) in
the shaded region in the M) manifold shown in figure 1.

A surgery procedure we will frequently use in this work is eq. (1.24). We relate the
partition function on a manifold M7 U Ms with the partition functions on M; and M, by
a factor Z(S3, R;) = Sp;. Notice that we do not consider any links/knots configuration of
Wilson loops in our following discussion. This indicates in our discussion, By () in eq. (1.24)
only contains unlinked /unknoted Wilson loops.

In addition, the modular S-matrix, which is unitary, is related with the quantum
dimension as follows
_ Su
S’

The unitarity condition for the S-matrix implies that

(Soo) ' = /Z ;|2 =: D. (1.26)

2 Topological entanglement negativity

do (1.25)

Based on the above discussion, we study the topological entanglement negativity between
two spatial subregions on various manifolds in this section. The entanglement negativity
is calculated in the following steps. (1) We consider tr( pﬁiu AQ)"e as the partition function
on a three-manifold M. (2) We use the surgery method to compute tr( pﬁi ua,)"e, and then
take n, — 1.

To avoid confusions, a spatial manifold is a two-manifold, which can be viewed as the
boundary of the three-dimensional spacetime manifold where the wave function is defined.



Figure 2. (a) Wave functional |¥). A Wilson line in representation R, threads through the AB
interface. Shading implies a three-ball. (b) paup = [¥)(¥|. (c) p’B 5, in which we take partial
transpose over B, i.e., we switch B with B’.

2.1 Bipartition of a sphere

In this part, for the pedagogical purpose, we consider the simplest case, in which the spatial
manifold is a two-sphere S?. We consider the general case where there is a quasiparticle
a (a) in the subsystem A (B), where a is the anti-quasiparticle of a, i.e., axa =1+ ---,
with I being the identity operator. A Wilson line in the representation R, connects the
quasiparticles @ and a at the two ends, as shown in figure 2(a). For the case without
quasiparticles, we can simply set @ = a = I at the end.

Figure 2(a) represents the wave functional |¥), which is defined on a three-ball. It
should be noted that the Wilson line in the representation R, is inside the solid ball.
For the density matrix p = |¥)(¥|, we simply need to consider one more 3-ball with two
conjugate punctures, which represents (¥|, as shown in figure 2(b). To study the topological
entanglement negativity between A and B, we need to consider the partially transposed
density matrix p’® (or p4). Pictorially, this can be operated by switching the submanifold
B and B’ as shown in figure 2(c). Similar graphic representations of p’? were also used in
the tensor network study of the entanglement negativity. [19, 20]

Next, to calculate the entanglement negativity between A and B, we will use the replica
trick [see eq. (1.6)]. tr (pTB)n can be calculated as follows. First, we make n copies of p'5,
with each copy represented in figure 2(c). Next, we glue the subregion A’ (B) in the i-th
copy with the subregion A (B’) in the (i+1)-th (mod n) copy, then we obtain tr (pTB)n. It
is emphasized that tr (pTB)n depends on whether n is odd or even. For odd n, i.e., n = n,,
the manifold after gluing is a S3. On the other hand, for even n, i.e., n = n., the manifold
after gluing are two independent S3. Therefore, tr (pTB)n after the normalization has the
following expressions

tr pTB fto VA Ss,Ra ~ —-n —-n
( T )no - ( ~ ) = Z(ngRa)l ¢ = (SOa)l °,
(trp’s) Z(83, Ry)me
tr (p?8)"  Z(S3, R,)? 5 9on n
( T, )ne = ( S ) = Z(SS7Ra)2 c = (SOa)2 “ (2.1)
(trp™B) Z(S3, Ry)ne



(a)

Figure 3. (a) Wave functional |¥). A Wilson line in representation R, threads through the
interface A; B and A, B, respectively. (b) A three-manifold which is topologically equivalent to (a).
(¢) paua, = trp|¥)(¥|, and (d) Pi?fmy in which we do partial transposition over A,, i.e., we
switch Ay with A5 in (c).

where we have considered the fact that tr (pTB ) =7 (53, ]%a) = Sgq. Then, according to
the definition in eq. (1.6), one can obtain the entanglement negativity as follows

tr (7)™

Eap = lim In 7= =1nSp, = Ind, —InD. (2.2)

net " (trpTs)
For the case without any quasiparticles on the sphere, one simply sets d, = d;y = 1, and

therefore
Eap=—InD. (2.3)

As a comparison, for odd n, one will obtain the trivial result, i.e., lim, _,; In W = 0.
It is noted that £4p in egs. (2.2) and (2.3) are the same as the topological entanglement
entropy. This is because for a general pure state, the entanglement negativity for a bipartite
system is equal to the 1/2 Renyi entropy, E4p = SS/Q) = Sg/m. It is known that for the
case in figure 2(a), one has 5’1(4”) = ng) =1Ind, — InD for arbitrary n.

Here we demonstrate the simplest case of computing the entanglement negativity by
the surgery method. As will be shown later, this basic operation provides a building block

for the study of more complicated cases.

2.2 Tripartition of a sphere

In this section, we study the entanglement negativity between A; and A, for a tripartite
spatial manifold S?, where the sphere is divided into A;, Ay and B. In particular, we are
mainly interested in two cases: (1) A; and Ay are adjacent, as shown in figure 3(a), and
(2) Ay and Ay are disjoint, as shown in figure 4(a).

2.2.1 Case of adjacent A; and A-

First we consider the case where A; and As are adjacent to each other, as shown in
figure 3(a). There is a Wilson line in representation R, which threads through both the



Aq Ay interface and the A1 B interface. Again, for the case without any quasiparticle on
the sphere, one can simply set R, = Ry at the end.

For convenience, we deform the three-dimensional spacetime manifold in figure 3(a),
without changing the topology, to two three-balls connected by a tube, as shown in fig-
ure 3(b). Then the reduced density matrix pa,u4, can be obtained by tracing over the B
part, as shown in figure 3(c). Based on p4,u4,, one can easily obtain pi’iﬁj 4, Dy switching
Ay and A}, as shown in figure 3(d). One can find that the operation of partial transposition
here is the same as that in figure 2.

Now we are ready to calculate tr(pi‘j@ A2)” as follows. We make n copies of pi?fj Ay
and glue the region A} (As) in the i-th copy with A; (A4%) in the (i + 1)-th (mod n) copy.
Similar with the case of a bipartitioned sphere, the result depends on whether n is odd or
even as follows.

For odd n, i.e., n = n,, the resulting manifold is two S® connected by n, tubes. Each
tube is contributed by the one that connects A} and A} in figure 3(d). Then, by using the
surgery procedure in figure 1, we cut all the tubes that connect the two S2, with each tube
contributing a factor Z(S3, Ra)_l. Therefore, one can obtain

= Z(S% Ro)* 7" = (S0a)* 2", (2.4)

TA Mo R
tr (PA1@A2> B 1 Z(S%, R,)?
(trpi?aA2>no Z(SgyR(l)nO Z(SgyR(l)no

For even n, i.e., n = n,, the resulting manifold is three S3 connected by n. tubes. The
extra S3 has the same origin as the case of a bipartitiond sphere in figure 2. Similar with
the n = n, case, by cutting each tube, one can obtain

TA2 e .
tr (pA1UA2> . 1 Z(S3,Ra)3

A = . U = Z(S3, Ry)3 T = (Spa)? 2. (2.5)
(trpA1UA2> Z(;S’B7 Ra)ne Z(S?)’ Ra)ne

Then the entanglement negativity between A; and Ay can be expressed as

tr (p72)"

Ea,4, = lim In 7 =InSy, =Ind, —InD, (2.6)

ne—1  (trps)
which is the same as eq. (2.2). In other words, for a tripartitioned S? as shown in figure 3,
the existence of region B does not affect the entanglement negativity between A; and
AQ, i.e.,

gAlAZ (B # (Z)) - 8A1A2 (B = (Z)) (27)

2.2.2 Case of disjoint A; and A,

Here, we consider the case that A; and As are disjoint, as shown in figure 4(a). We also
include a quasiparticle a (anti-quasiparticle a) in region As (A;). Therefore, a Wilson line
in representation Ra threads through both the Ay B interface and the AsB interface.

The three-manifold in figure 4(a) is equivalent to two three-balls connected by a tube,
as shown in figure 4(b). Based on this, one can obtain the reduced density matrix pa,uAa,,

~10 -
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(a) (b) (c) (d)

Figure 4. (a) Wave functional |¥). A Wilson line in representation R, threads through the
interface A1B and AsB. A; and As are disjoint. (b) A three-manifold which is topologically
equivalent to (a). (¢) pa,ua, = tre|¥)(¥|, and (d) Pﬁ?fmy in which we switch region Ay and A
in (c).

as shown in figure 4(c). To get the partially transposed reduced density matrix piﬁ% Ay
one simply needs to switch Ay with A}, as shown in figure 4(d).

We now calculate the entanglement negativity between A; and As. As before, we make
n copies of pi‘?a 4, in figure 4(d). Then we glue region A} (Az) in the i-th copy with the
region A; (A%) in the (i + 1)-th (mod n) copy. In this way, we obtain tr (pi?ﬁmz)n. It can
be found that the resulting manifold is two S connected by n tubes, which is independent
of whether n is even or odd. By considering the surgery procedure in figure 1, one can

cut all the tubes that connect the two S3, with each tube contributing a factor Z(S%, Ry).
Then one can obtain

Ta n
tr{£4,04 1 Z(S%, R,)? -
( T;U 2>n _ e . (S375a)n — Z(537Ra)272n _ (80a)272n’ (28)
(trpaizs,) Z(S%Ram Z(S% Ra)

for both n = n, and n = n.. Therefore, one can obtain the entanglement negativity
between A; and A as follows

L = 1n(Sp.)" = 0. (2.9)

ILe., there is no entanglement negativity between A; and A, in this case. It is noted that the
topological mutual information between A; and A for this case is also zero [see eq. (B.6)].
2.3 Two adjacent non-contractible regions on a torus with non-contractible B

Here, we focus on the spatial manifold of a torus, 72. For the simplest case of a bipartite
torus, one can refer to the appendix A, where the operation is straightforward and helpful
for understanding the more complicated cases.

- 11 -



(a) (b) (0) (d)

Figure 5. (a) Wave functional |¥). The toroidal space is divided into threes parts A;, As and B,
where we have a one-component A; A, interface. The red solid line represents a Wilson loop which
can fluctuate among different representations. (b) A three-manifold with three 3-balls joined by
three tubes appropriately, which is topologically equivalent to (a). (c) pa,ua, = trp|¥)(¥|, and
(d) pii‘@Aw in which we switch Ay with Af in (c).

We first consider two adjacent non-contractible regions A; and As on a torus with a
non-contractible region B, but with different number of components for the interface, as
shown in figure 5(a) and figure 6(a). In figure 5(a), the two adjacent regions A; and As
share a one-component A; Ay interface, and in figure 6(a), the two adjacent regions A; and
Ag share a two-component A1 A, interface. In the following, we will study the entanglement
negativity between A; and As for these two cases separately.

2.3.1 One-component interface

For the configuration in figure 5(a), it is equivalent to three 3-balls connected by three
tubes, as shown in figure 5(b). Then one can obtain the reduced density matrix pa,ua, by
tracing over the B part, as shown in figure 5(c). The partial transposition of the reduced
density matrix pa,ua, is fulfilled by switching Ay with A}, as shown in figure 5(d).

Generally, the Wilson loop can fluctuate among different representations. For simplic-
ity, we first consider the case in which the Wilson loop is in a definite representation R,.
To study tr(pﬁ?fJ A,)"s we make n copies of pi?fj 4, in figure 5(d). Then we glue region
A} (Az) in the i-th copy with A; (A}) in the (i + 1)-th (mod n) copy, based on which we
obtain tr( pi‘ia AQ)". The result after gluing depends on whether n is odd or even as follows:
for odd n, i.e., n = n,, the resulting manifold is three S3 connected by 3n, tubes. The
3n, tubes are contributed by the ones connecting A} — A}, A1 — Ay, Ay — A, A, — A
and B — B, respectively. The tube connecting B — B corresponds to the vertical tube in
figure 5(d). Then, by using the surgery procedure in figure 1, one can cut all the 3n,, tubes,
with each tube contributing a factor Z(S3, Ra) Then one can obtain

— Z(SS,Ra)Signo _ (8()&)3—37107

(2.10)
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where we have used the fact Z(S? x S1, Ra,ﬁa) = 1. On the other hand, for even n, i.e.,
n = ne, the resulting manifold is four S® connected by 3n. tubes, where the extra S? is
caused by the partial transposition. Similar with the case of n = n,, the 3n, tubes are
contributed by the ones connecting A} — A}, Ay — A1, Ay — Ay, Ay — Al and B — B,
respectively. By cutting all the 3n,. tubes with surgery, one can immediately obtain

t T'ay Te A
r pA1UA2 o 1 Z(Sg,Ra)4
3

Ne — ~ = ~ = Z(Sg>]%a)4_3ne = (Soa)4_3ne .
(trpﬁngQ) Z(S2 % S1, Ry, Ra)ne  Z(S3, Ra)3ne

(2.11)

It is then straightforward to show that for a general state [¢)) = > ¥;|R;), i.c., the Wilson

loop is in a superposition of different representations R;, one has

tr pTA2 o 1210 S 3—3no
A1UA2 _Zj Wﬂ ( 0])
T4, o 2 fto
(trpA1UA2> (2] ’w.]| )

tr (pTA2 )ne 12ne S 4—3ne
A1UA2 _Zj [1h;*™ (So;)

T ~ (2.12)
(trpAﬂJAg) (Z] "lp]’ )
Then, one can obtain the entanglement negativity between A; and Ay as follows
tr (,OTA2 )ne
T A1UA2 N 12 . 12
Ea, Ay —nlelglllntrm =In ZW So —an\zb]] . (2.13)
rpAlLJAQ J J
By imposing the normalization condition > j 9> =1, £a,4, can be simplified as
Eany =In [ D 012805 | =In [ D |v;Pd; | —InD. (2.14)
J J

Several comments on the above result are in orders:

1. By comparing with eq. (A.5) for the case of a bipartitioned torus where B = 0), it
is found that €4, 4,(B # 0) # Ea,4,(B = (), which is different from the result for
a tripartitioned sphere in eq. (2.7). The reason is that for a torus geometry, as the
region B shrinks to (), the component of the A; A, interface changes from one to two.

2. It is found that £4,4, in eq. (2.14) can be used to distinguish an Abelian theory
from a non-Abelian theory. For an Abelian theory, we have d; = 1 for arbitrary
representations Rj, and therefore £4, 4, = — InD, which is independent of the choice
of ground states. On the other hand, for a non-Abelian theory, there exists at least
one representation ]%j so that d; > 1. Therefore, for a non-Abelian theory, £4, 4,
depends on the choice of ground states.
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(a)

Figure 6. (a) Wave functional |¥). The toroidal space is divided into threes parts A;, A2 and B,
where we have a two-component A; A, interface. The red solid line represents a Wilson loop which
can fluctuate among different representations. (b ) A three-manifold with four 3-balls joined by
four tubes appropriately, which is equivalent to the configuration in (a) in topology. (¢) pa,ua, =

trp|P) (¥, and (d) pi’:ﬁJAQ, in which we do partial transposition over A,, i.e., we switch Ay with
Al in (c).

2.3.2 Two-component interface

Next, we consider two adjacent non-contractible regions Ay and As on a spatial manifold
T2, with a two-component A;As interface, as shown in figure 6(a). The configuration in
figure 6(a) is equivalent to four 3-balls connected by four tubes in topology, as shown in
figure 6(b). Then it is straightforward to obtain the reduced density matrix pa,ua, by
tracing out the B part, as shown in figure 6(c). Next, for the partially transposed reduced

T .
density matrix p A?EJ A,» We simply need to switch Ay with Al as shown in figure 6(d).

As in the previous part, we first consider the simple case that the Wilson loop is in
- T

a definite representation R,. To calculate tr(p A?EJ AQ)”, we make n copies of pﬁ"lu 4, D
figure 6(d). Then by gluing the region A} (As) in the i-th copy with the region A;(A}) in

. . T . .
the (i 4+ 1)-th (mod n) copy, we can obtain tr(pA?fJAg)". As before, the resulting manifold
depends on whether n is odd or even, as follows. For odd n, i.e., n = n,, the resulting
manifold is four S3 connected by 4n, tubes. The 4n, tubes are contributed by the ones
connecting Ay — Ag, A} — A}, A1 — Ay, A, — A and B — B, respectively. By using the
surgery procedure in figure 1, we can cut all the 4n, tubes, with each tube contributing
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Z(53, R,). Therefore, one can obtain

T Mo «
tr (i) _ 1 SR g aetng _ (g, yiine
() 257 % 81, R e 205 Ry

(2.15)

On the other hand, for even n, i.e., n = n,, the resulting manifold is siz S? connected by 3n,
tubes, where the extra two S® is caused by the partial transposition. Similar with the case
of n = n,, the 4n, tubes are contributed by the ones connecting As — Ay, A} — A}, A1 — Ay,
A, — A} and B — B, respectively. With the surgery method, one can immediately obtain

TA Ne R
o (pA16A2) _ 1  Z(S% Ry,)° — Z(8%, Ra)S 1" = (Spa)® 4" |
(trpﬁj‘gAQ) ©Z(82 x SV, Ry, Ry)e  Z(S3, Ry)ne

(2.16)
It is then straightforward to show that for a general state [¢)) =3, ;| R;), one has
TA Mo _
tr (pA16A2> 3 e (Sop) T
TA2 No ~ 9 No 9
(trpAﬂJAz) (Z] ’/(/}.7‘ )
TA Ne _
u(pita) S (S
e ~ (2.17)
(trPAluAQ) (Z] W’J| )
Then, one can obtain the entanglement negativity between A; and As as follows
tr (pTA2 )ne
L A1UA; _ 202 2
Eara, = lim lntrW =In Z |1 °Sa; | — IDZ [5]°. (2.18)
I.pA1UAQ J J
By imposing the normalization condition 9> =1, £a, 4, can be simplified as
Eaay =10 | Y | P85; | =In | Y |3 | —2InD. (2.19)
J J

Compared with the case of one-component AjA; interface in the previous part [see
eq. (2.14)], here the power of Sp; is changed from 1 to 2, which is caused by changing the
number of components in Aj Ay interface. In addition, similar with the result in eq. (2.14),
€Ay 4, In eq. (2.19) can also be used to distinguish an Abelian theory from a non-Abelian
theory by studying its dependence on the choice of ground states.

2.4 Two adjacent non-contractible regions on a torus with contractible B

Here, we study the entanglement negativity between two adjacent non-contractible regions
Aj and Aj on a spatial manifold 72, with a contractible region B, as shown in figure 7(a).
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(a) (b) (@]

Figure 7. (a) Wave functional |¥). The toroidal space is divided into threes parts Ay, Ay and
B, where we have a two-component A; Ay interface and a contractible region B. The red solid line
represents a Wilson loop which can fluctuate among different representations. (b) A three-manifold
with four 3-balls joined by four tubes appropriately, which is equivalent to the configuration in (a)
in topology. The configuration in (b) can be further deformed into the configuration in (c), without
changing topology.

For convenience, we deform the three-manifold in figure 7(a) into the three-manifold in
figure 7(b), where there are four S connected by four tubes, which can be further deformed
into the three-manifold in figure 7(c). Then it is straightforward to obtain the reduced
density matrix pa, 4, by tracing out the B part, as shown in figure 8(a). To obtain the
partially transposed reduced density matrix piﬁ% A,» We simply need to switch Ay with Al
in pa,ua,, as shown in figure 8(b).

As before, for simplicity, we first consider the case in which the Wilson loop is in
a definite representation R,. To obtain tr(pi’jfJ A,)"> we make n copies of pi?fj A, 10 fig-
ure 8(b). Then we glue the region A’ (Asz) in the i-th copy with the region A;(A}) in the
(1 + 1)-th (mod n) copy, and obtain tr(pi?aAQ)”. Since the configuration in figure 8(b) is
already very complicated, it is helpful for the readers to understand the gluing based on the
case of a bipartite torus [see figure 10(c)], considering that the limit B — ) in figure 7(a)
corresponds to a bipartitioned torus.

The gluing result depends on whether n is odd or even as follows. For odd n, i.e.,
n = n,, the resulting manifold is four S connected by 4n, tubes. One should be very
careful here. For convenience, we label the four rows of 3-balls in figure 8(d) as the first,
second, third and fourth rows of 3-balls from top to bottom. In the resulting manifold after
gluing, two S® are contributed by the 3-balls in the first and fourth rows in figure 8(d). It
is noted that there is no Wilson line threading through these two S, and therefore each of
them contributes Z(S®) after the surgery. The other two S® are contributed by the 3-balls
in the second and third rows. Since there are Wilson lines threading through these two S3,
each of them contributes Z (53, Ra) after the surgery.

For the 4n, tubes, 2n, tubes are contributed by the ones that connect the first (third)
and second (fourth) rows of 3-balls. There are no Wilson lines threading through these 2n,
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(a) (b)

Figure 8. (a) The reduced density matrix pa,ua,, which is obtained based on the wave functional
in figure 7(c). (b) The partially transposed reduced density matrix pi’jﬁj A,» Which is obtained by
switching As and A} in (a).

tubes. Therefore, after the surgery procedure in figure 1, each of these tubes contributes
Z(S3). The other 2n, tubes are contributed by the tubes that connect A; — A; (A} — A%)
in the second row, and the ones that connect A, — Al (Ay — Ag) in the third row. For these
2n, tubes, since there are Wilson lines threading through them, each tube contributes a
factor Z(S%, R,) after the surgery.

Based on the above analysis, one can obtain

T Mo .
tr (PA?fJAQ) _ 1 - Z(8%)* - Z(S% Ra)®
(trpzj‘gAQ)no Z(S? x S'; Ry, Ra)re Z(5%)20 - Z(53, Ry)?no
_ Z(S3)272n0 . Z(S?),Ra)Qano
= (S00)* 72" (Spa)? 1 . (2.20)

On the other hand, for even n, i.e., n = n., the resulting manifold is siz S® connected
by 4n. tubes. Compared with the case of n = n,, the extra two S% are introduced by
the partial transposition, which is similar to the case of a bipartite torus in figure 10.
In particular, for the extra two S2, there are Wilson lines threading through them, and
therefore each of them contributes Z(S3, Ra) after the surgery. Therefore, one can obtain

Ta Tie R
tr (PA16A2> B 1 Z(S3)?2 | Z(53, Ra)?
(trotea,)" 2052 x 8% Ro, e 2087 [ 2(8%, Ry
— 2(33)272716 . Z(537Ra)472ne
= (S00)® 2" (So;)* " (2.21)
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It is emphasized that the square term [- - - ]? in the first row arises from the fact that the two
sets of Wilson loops (red and green) in figure 8(b), after gluing 2n, copies, are independent
to each other. This square term is absent in eq. (2.20), because the two sets of Wilson
loops are glued to each other for n = n,.

It is straightforward to check that for a general state [¢)) =), ¥i|R;), one has

tr (pT 2 )no 12106 Sh. 2—2n,
A1UA — (S 2—2n0 Zj WJ| ( 0])
Ta, \70 — (900) : NG
(1052, (2 lwsP?)
Ta Te 2—n 2
tr (o) [, lsle (S ™ ]
Tay N7 — (So0)* 72" - N (2.22)
(tro'2.,) (25 lwsP?)
Then, one can obtain the entanglement negativity between A; and Ay as follows
tr (PiAaA )”e
. 1 2 2
Eara, = lim IHUW =2In Z |951S0; | — IHZ |45 (2.23)
rpAluAQ J J
By imposing the normalization condition }, 9> =1, £a, 4, can be simplified as
Eaa, =2 | Y [¥So; | =2 | Y |wyld; | —2InD. (2.24)
J J

The result is the same as eq. (A.5) for a bipartite torus, i.e., E4,4,(B # 0) = E4,4,(B = 0)
for the configuration in figure 7(a). For this case, the entanglement negativity between
A and A, depends on the choice of ground states for both Abelian and non-Abelian
Chern-Simons theories.

2.5 Two disjoint non-contractible regions on a torus

Finally, we demonstrate the vanishing entanglement negativity for two disjoint non-
contractible regions A; and A, on a spatial manifold 72, as shown in figure 9(a), in which
the regions A; and Ay are separated by non-contractible regions B. The configuration in
figure 9(a) is topologically equivalent to four 3-balls connected by four tubes appropriately,
as shown in figure 9(b). Then it is straightforward to obtain the reduced density matrix
PA,UA, by tracing out the B part, as shown in figure 9(c). The partially transposed reduced
density matrix pi?fj 4, in figure 9(d) is obtained by switching Az and A} in figure 9(c).
As before, we first consider the simple case that the Wilson loop is in a definite represen-
tation R,. By repeating the gluing and surgery procedures as before, it is straightforward
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(a)

Figure 9. (a) Wave functional |¥). The toroidal space is divided into threes parts A;, A2 and B,
where A; and A are disjoint. (b) The configuration in (a) is topologically equivalent to four 3-balls
joined by four tubes appropriately. (c) pa,ua, by tracing out part B. (d) Partially transposed
reduced density matrix PZAEU 4, Where the partial transposition is over degrees of freedom in As,
i.e., we switch As with A} in pa,ua, in (c).

to check that

Ay o R
(o) L 2SN BT pga fyiine — (55,)10m)
T No A ~ 4n, - ) +la - a )
(o) Z(82 % S Ro Ro)ve Z(S% Ra)
Ao e ~
tr (PAlqu) _ 1 ‘ Z(S3, Ry)* _ Z(S3 P )4_4% _ (SOa)4(1_ne)'
(trpﬁ*l‘@AQ) © Z(82 x SY; Ry, Ry)e Z(S3, Ra)tne

(2.25)

The result is independent of whether 7 is odd or even. For a general state |1) = 3, 4| R;),
one can find that

o (T4 Y 2 4(1-n,(ne))
r pA1UA2 B ZZ ’1/}Z| n"(ne) (SO’L) o (2 26)
T no(ne) e [2) 70 (me) ’ ‘
(trpA?fJAQ) (22 1al?)
Then, one can obtain the entanglement negativity between A; and As as follows
TA2 Te
. tr (pA1UA2>
Eaiap, = lim In ————5- =0, (2.27)

ne—1 T
<trpA16A2>
i.e., there is no entanglement negativity between two disjoint non-contractible regions on

a torus.
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3 Concluding remarks

In this work, by using the surgery method and the replica trick, we compute the topolog-
ical entanglement negativity between two spatial regions for Chern-Simons field theories.
We study examples on various manifolds with different bipartitions or tripartitions. In
particular, we study how the entanglement negativity depends on the distributions of
quasiparticles and the choice of ground states. For two adjacent non-contractible regions
on a tripartitioned torus, the entanglement negativity is dependent (independent) on the
choice of ground states for non-Ablelian (Abelian) theories. Therefore, it provides a simple
way to distinguish Abelian and non-Abelian theories. Our method applies to arbitrary
oriented (2+41) dimensional manifolds with arbitrary ways of bipartions/tripartitions.

All the cases studied in this work agree with the results obtained by using a complimen-
tary approach, the edge theory approach, presented in ref. [35]. Here we would like to give
some remarks on comparing the method in this work and the edge theory approach: (1)
For the edge theory approach, it is unnecessary to know the (2+1) dimensional spacetime
manifold and gluing pictures, which are usually complicated. By expressing the (Ishibashi)
edge states at the entanglement cut, a straightforward calculation can be performed, which
is usually tedious. (2) On the other hand, for the surgery approach shown in this work,
the only complication is understanding the 3-manifold. However, this method is elegant,
in the sense that once the corresponding 3-manifold for the partially transposed reduced
density matrix is known, the results can be directly read off. Thus, these two methods are
complimentary and have their own merits.

Finally, we close by pointing out a future problem: It is interesting to generalize our
method(s) to higher dimensions, such as (3+1) dimensions. Most recently, the surgery of
(341)-dimensional manifolds (with particle and loop excitations) was discussed in ref. [54,
55]. One can study the entanglement entropy and negativity of (3+1)-dimensional TQFTs,
once the corresponding partition function can be evaluated.

A Topological entanglement negativity: bipartitioned torus

Here, we consider a bipartitioned torus, as shown in figure 10(a), which is topologically
equivalent to two 3-balls connected by two tubes as shown in figure 10(b). It is straightfor-
ward to obtain the partially transposed reduced density matrix pi% as shown in figure 10(c).

For the first step, we consider the simplest case, i.e., the Wilson loop is in a definite
representation R,. We follow the replica trick introduced in the main text: first, we make
n copies of pﬁBB as in figure 9(c). Then, we glue the region A’(B) in the i-th copy with
the region A(B’) in the (i + 1)-th (mod n) copy, based on which we obtain tr(szB)”. One
can find that the resulting manifold depends on whether n is odd or even. For odd n, i.e.,
n = n,, we obtain two S? connected by 2n, tubes. It should be noted that these tubes
are contributed by those connecting A — A, A" — A", B— B, and B’ — B’ in figure 10(c).
By considering the surgery procedure in figure 1, we cut all the 2n, tubes, with each tube
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(a) (b) (c)

Figure 10. (a) Wave functional |¥). The toroidal space is bipartitioned into A and B. (b) The
configuration in (a) can be deformed to two 3-balls joined by two tubes appropriately. (c) Partially
transposed reduced density matrix p:";ﬁ g, Where the partial transposition is fulfilled by switching
B and B'.

contributing Z(S®, R,). Then we can obtain

T Mo .
tr (pAﬁB) 1 Z(S3, R,)>

= - . T — Z(S37Ra)2f2no _ (SOa)Zizno,
(i)™ 205 x S, R Raye Z(S" B2

(A1)

where we have used the fact that trpgﬁB = Z(5%x St R,, ﬁa) = 1. On the other hand, for
even n, i.e., n = ne, the resulting manifold is composed of two independent manifolds, with
each manifold being two S connected by n. tubes. By using the same surgery procedure
as above, we can obtain

T e
tr (MﬁB) 1

<trp£63)ne Z(52 x S17Ra,ﬁa)ne

Z(53, Ry)?

- = Z(S%, Ra)* " = (Soa)" " .
2(5%, Ra)re (57 o) (St

(A.2)

It is then straightforward to show that for a general pure state [¢)) = >, V;|R;), i.e., the
Wilson loop is in a superposition of different representations, one has

i (p Ao ) " I 1 (Sj)? 2
(trpgﬁB)no (ZJ |¢j’2)no
tr (Pgﬁs) " [Zj ;" (501')2_"6] :

s Ne = 9 Ne N (A3)
(trpAuB> (Z] |51 )
Then one can obtain the entanglement negativity between A and B as follows
tr (pTB )Tle
, AUB 9
T ) Slwisy | -mY (A
PAUB J J
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(a) (b) () (d)

Figure 11. (a) Wave functional |¥). A Wilson line in representation R, threads through the
interface A1 B and A B, respectively. (b) pa = trp|¥)(¥|. (c) Wave functional |¥), which is
topologically equivalent to (a). (d) pa, = tra,us|¥)(¥|.

|2 =1, E4p can be simplified as

By imposing the normalization condition ) ; K%

Eap=2In [ > Jih[So; | =2In [ > Jihsld; | —2InD, (A.5)
J J

which is the same as the %—Renyi entropy 51(41/2) (Sg/Q)), as expected.

B Topological mutual information between two regions for various cases

Here, we make a comparison between the mutual information and the entanglement nega-
tivity between two regions A; and As for various cases.

B.1 Tripartitioned sphere

B.1.1 Case of adjacent A; and A,

This case corresponds to the configuration in figure 3(a) [see also figure 11(a)]. First, we
calculate the entanglement entropy for A = A; U A,. Based on the configuration of p4 in
figure 11(b), it is straightforward to check that

tr(ph) = Z(S%, Ry) and  trpa = Z(S%, Ry). (B.1)
Therefore,

S = : i ~In (ttrr;’;%zl =10 Z(S3, Ry) = In Soa. (B.2)
Observing the topology in figure 11(a), it is straightforward to check that SX;) = 51")_

Next, to calculate the entanglement entropy for A;, we deform the configuration of |¥)
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into figure 11(c), based on which one can obtain p4, in figure 11(d). Then, one has

Z(83, Ry) - Z(53, Ry)

tr (PZ ) = : - n ) (B.3)
1 [2(53, Ra)}
and
st — 1 In r (PZI)
AT ™ (erpa,)”
— 1 In Z(53>Ra) 'Z(ngRa) (B.4)
1 ~ 2n
T [as k)
=2In S(]a.
Therefore, the mutual information between A; and As is given by
1§, =80 +50 st =2InSp, = 2Ind, — 2InD, (B.5)

which is independent of n.

B.1.2 Case of disjoint A; and A,

This case corresponds to the configuration in figure 4, and can be easily studied based on the
previous results. It can be found that Sj(fl) and SX;) have the same form as 51(4") in eq. (B.2).

In addition, since the total system stays in a pure state, then we have S,(aﬁ)u A, =9 (n), which
has the same expression as eq. (B.4). Then one has

Tia, =S4+ 85) = 544, =0 (B.6)

B.2 Two adjacent non-contractible regions on a torus with non-contractible
B

B.2.1 One-component interface

This case corresponds to the configuration in figure 5(a), and can be studied based on the
result in ref. [5]. For a general state |¥) =) Ya|Ry), it is found that

n n n 1 n —zZNn
S =S5 =S5 = Iy |ga|*di " — 2D,
and  Sa, = Sa, = Saua, = QZ [9a|? Ind, — Z [a]? I [1hg|* — 21n D. (B.7)

Then one can immediately obtain

—n

n 1 n j2—2n
4, = Y [f"d; "~ 2D,

and  Tay 4, =2 [tha|*Inda — Y [¢a*In[te|* — 2InD. (B.8)

~ 93 -



B.2.2 Two-component interface

This case corresponds to the configuration in figure 6(a). Silnl) and SX?U 4, can be obtained

from the previous part [see eq. (B.7)]. Now we need to calculate S4,, which can be obtained
based on figure 9 by replacing A; with As.

First, we consider the simple case that the Wilson line is in a definite representation
R,. Based on figure 9(c), one can check that

4
w (p1,) = Zzgfg (B.9)
Therefore, one has
tr (o} 1 7Z(83, R,)* .
o ((ppf)l = 2 x5 BT : Z((S3,’Ra))4n = (Soa)" ™", (B.10)
and
s= L Y (pﬁb)n — 410 Spa. (B.11)

T=n " tr(pa,)

Now we consider the general case |¥) =" Ya|Ra). Tt is straightforward to check that

r(ph,) Z rwaP” 7 Z |val > Sgy ",

and tr(pa,) Z |¢a|2 =1 (B.12)

Then one has

1 tr (p'%,) 1 _
g _ ] 2) _ 1 2n gd—dn
42 71 ntr(pAQ)” 1—-n H;W’d Oa >

and  Sa, =4 [Yal* InSoa — Y [val” In|tbal* (B.13)

Then one can immediately obtain the mutual information between A; and Ay as follows

1 —
Iz(‘\n1)7Az = 1—n lnz |¢a|2nd3 n _ 4InD,
a
and a4, =4 [al?Indy — 410D — 3 [a[2 In [u4 . (B.14)
a a

B.3 Two adjacent non-contractible regions on a torus with contractible B

This case corresponds to the configuration in figure 7(a). The entanglement entropy S4,u4,
has already been calculated in ref. [5], and has the following simple expression

SU 4, =2 Seg = —2InD. (B.15)
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(@) (b) (©)

Figure 12. (a) Wave functional |¥), which is represented by a tripartite toroidal manifold threaded
by a Wilson loop. (b) Deformation of |¥), without changing the topology. (c) pa, = trp (|¥)(¥]).

Now we need to calculate Sj(qnl) (or SX;)). As shown in figure 12, for convenience, we denote

the compliment part of Ay as A[ll = B. Shown in figure 12(b) is a deformation of |¥), based
on which we can obtain p4, in figure 12(c). Then it can be checked that

Z(8% Ra)® - Z(S%)' " Z(S% Ba)" _

2S5, Ro)on (8% Ra)*™" - Z($%)'™", (B.16)

or () =
where we have used eq. (1.23). Therefore, one has

tr(p%,) 1

= —Z(83, R Z(SH T = (S0a)? T (Sp0) . (B.17)
(troa)™  72(82 x SY, Ry, Ro)"

For the general case |U) = 3 14| Ry), it is straightforward to check that

o (Phy) _ Ya el Z(S%, Ra)* - Z(S%)'
(trpa,)" (Xq [al®)"

= Z ¥al* (Soa)? " (So0)' " . (B.18)

Then one has

n 1 " o
S,(Al) = 1 —-n lnz |/¢)a|2 (SO(L)2 2 + 111800,
and SAl - 22|"/)a|21n80a *Z|¢a|2lﬂf¢a|2+ln&)0. (Blg)
a a
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From figure 7(a), it is straightforward to observe that Sj(fl) = 1(47;). Then the mutual
information between A; and A, has the expression

2
1—n

2 n —zn
1§ 4, = =Y [l (S0a) ™" =

IDZ |¢a|2nd2—2n’
a
and T, 4, =2 [tha|*MSoa = Y [¢al* In [tha]”
a a
=43 [tha Inds — 2 [tha]*In [¢ha]* — 4In D. (B.20)
a a

B.4 Two disjoint non-contractible regions on a torus

This case corresponds to the configuration in figure 9(a). SX? and SX;) have the same

expression as those in eq. (B.7), and Sgnl)u A, 18 the same as that in eq. (B.13). Therefore,
it can be checked that

2
U Bl S 3 (5, ey’

I(n) — n _ ’

Ade T S P (Soe) T L= Y, [Pl

Ty, == [tal* Infeha*. (B.21)
a

It is noted that although I4, 4, is independent of the quantum dimension, IX? 4, With
n > 1 depends on the quantum dimension explicitly.
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