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1

Introduction

Forward particle production observables in proton-proton (p+p) and proton-nucleus (p+A)

collisions at the Large Hadron Collider (LHC) offer unique opportunities to study the dy-

namics of QCD at small z, and in particular the non-linear regime of parton saturation [1].

Indeed, in high-energy hadronic collisions, forward particle production is sensitive only to

high-momentum partons inside one of the colliding hadrons, which therefore appears di-

lute. By contrast, for the other hadron or nucleus, it is mainly small-momentum partons,

whose density is large, that contribute to the scattering. Such processes, in which a large-x



projectile is used as a probe to investigate a small-x target, are sometimes called dilute-
dense collisions. Since the high-z part of the projectile wave function is well understood in
perturbative QCD, forward particle production is indeed ideal to investigate the small-z
part of target wave function. This is true both in p+p and p+A collisions, although using
a target nucleus does enhance the dilute-dense asymmetry of such collisions.

The separation between the linear and non-linear regimes of the target wave function
is characterized by a momentum scale Qs(x), called the saturation scale, which increases
as x decreases. Dilute-dense collisions can be described from first principles, provided
Qs > Aqcp. This condition is better realized with higher energies (as they open up the
phase space towards lower values of x), and with nuclear targets (since, roughly, Qs ~ AY 3.
Over the years, the Color Glass Condensate (CGC) effective theory [2] has emerged as the
best candidate to approximate QCD in the saturation regime, both in terms of practical
applicability and of phenomenological success [3]. In this paper, we focus on forward
dijet production in p+A and p+p collisions. We note that the CGC approach has been
very successful in describing forward di-hadron production at RHIC [4-6], in particular it
predicted the suppression of azimuthal correlations in d+Au collisions compared to p+p
collisions [7], which was observed later experimentally [8, 9].

With forward dijets at the LHC however, the full complexity of the CGC machinery
is not needed. Indeed, for the di-hadron process at RHIC energies, no particular ordering
of the momentum scales involved is assumed in CGC calculations, while, at the LHC, the
presence of particles with transverse momenta much larger than the saturation scale clearly
must imply some simplifications. On the flip side, there will be other complications since
further QCD dynamics, which is not part of the CGC framework but which is relevant at
large transverse momenta, must also be considered. There are three important momentum
scales in the forward dijet process: a typical transverse momentum of a hard jet, P;, whose
precise definition will be stated in the next section; the transverse momentum of the small-
x gluons involved in the hard scattering, k;; and the saturation scale of the small-z target,
Qs. Clearly, P, is always one of the hardest scales, and it is much bigger than @, which
is always one of the softest scales. Then, depending on where k; sits with respect to these
two, three different regimes can be defined.

A first regime, with Qs < k; ~ P;, corresponds to the domain of applicability of the
so-called high energy factorization (HEF) framework [10, 11], in which the description of
forward dijets involves an unintegrated gluon distribution for the small-z target, along
with off-shell hard matrix elements. That is explicitly shown in this work, starting form
CGC calculations. While such a factorization does not occur when non-linear saturation
effects are accounted for, we shall see that taking the Qs < kt ~ P, limit is tantamount to
restricting the interaction with the small-x target to a two-gluon exchange, therefore allows
to indeed write all the CGC correlators in terms of a single gluon distribution. Doing so,
the matrix elements of the HEF framework are exactly recovered.

A second regime, with k; ~ Qs < P;, is where the so-called transverse momentum
dependent (TMD) factorization [12] is valid. It involves on-shell matrix elements but
several unintegrated gluons distributions. In this regime, non-linear effects are present, and
in the large- N, limit, equivalence with CGC expressions was shown in [13]. In particular,



in that case the description of forward dijets involves only two independent unintegrated
gluons distributions, each of which can be determined in various other processes [14]. In
the present work we shall keep N, finite, implying, as we show below, that a total of six
independent unintegrated gluons distributions are needed.

Finally, the intermediate regime Q; < k; < FP;, which is naturally obtained from
the two others by taking the appropriate limits, corresponds to the collinear regime, with
on-shell matrix elements and the standard integrated gluon distribution.

Separately, the HEF and TMD approaches to dijet production have been extensively
studied in the literature [11, 15-18] and [12, 19-25], but little connection has been made
between them so far. The first result of this paper is to reveal that connection, in the context
of dilute-dense collisions, and to show that, in fact, they are both contained in the CGC
description. However, as already mentioned, using the CGC approach is unnecessarily
complicated and one should take advantage of the fact that P > Qs to simplify the
theoretical formulation. The second result of the paper is precisely to develop a new formula
for forward dijets in dilute-dense collisions that encompasses all three situations described
above, meaning that it is applicable regardless of the magnitude of k;. As explained
below, this is obtained by extending the TMD factorization framework, more precisely by
supplementing it with off-shell matrix elements.

Note that the derivation of our new unified formula is performed in two independent
ways: first using the standard Feynman diagram technique, and second by exploiting the
so-called helicity method that employs color-ordered amplitudes [26]. With this second
method, the gauge invariance of the results is explicit, and the method will also prove very
useful in the future, when processes with more particles in the final state are considered.
As is the case in the CGC framework, our new formulation contains all the relevant limits,
but it has the advantage that it is more amenable to phenomenological implementations
than CGC calculations. In addition, it is also better suited to be supplemented with further
QCD dynamics relevant at high P, such as Sudakov logarithms [27, 28] or coherence in
the QCD evolution of the gluon density [29-31]. These tasks are left for future work.

The plan of the paper is as follows. In section 2, we introduce kinematics and nota-
tions, and briefly present the HEF and TMD frameworks. In section 3, we show that the
HEF framework can be derived from CGC calculations, when the Qs < ki ~ P; limit is
considered; namely we explain how the various CGC correlators reduce to a single gluon
distribution in that limit, and show that the off-shell matrix elements of the HEF frame-
work are indeed emerging. Section 4 is devoted to the k; ~ Qs < P; limit, the derivation of
the TMD factorization formula for forward dijets given in [14] is recalled, and extended to
the case of finite N., implying six independent unintegrated gluons distributions instead of
two. The hard factors of the TMD framework are computed again in section 5, but keeping
the small-z gluon off-shell, which leads us to our new unified formula for forward dijets in
p+A collisions. In section 6, both the TMD factorization formula and the off-shell hard
factors are derived again, but using color-ordered amplitudes, instead of Feynman diagram
techniques. Finally, section 7 is devoted to conclusions and outlook.



Figure 1. Inclusive dijet production in p+A collision. The blob H represents hard scattering. The
solid lines coming out of H represent partons, which can be either quarks or gluons.

2 Forward dijets in p+A collisions

We shall discuss the process of inclusive dijet production in the forward region, in collisions
of dilute and dense systems

p(pp) + A(pa) — j1(p1) + j2(p2) + X . (2.1)

The process is shown schematically in figure 1. The four-momenta of the projectile and
the target are massless and purely longitudinal. In terms of the light cone variables,
v = (v9 £03)/V/2, they take the simple form

S S
po=1/301.000), pa= /50,000, (22)

where s is the squared center of mass energy of the p+A system.

The energy (or longitudinal momenta) fractions of the incoming parton (either a quark
or gluon) from the projectile, 21, and the gluon from the target, x5, can be expressed in
terms of the rapidities and transverse momenta of the produced jets as

+ ot
prtpy L n v
r1 == = —= (Ipue|e”" + |pacfe”?) , (2.3a)
Py Vs
PP L i | e
ro = ———= = —= (|pule™" + [patle (2.3b)
Py Vs ( ) 7
where p14, po; are transverse FEuclidean two-vectors. By looking at jets produced in the
forward direction, we effectively select those fractions to be 1 ~ 1 and zo < 1. Since the
target A is probed at low x2, the dominant contributions come from the subprocesses in

which the incoming parton on the target side is a gluon

q9 — qy, 99 — qq, 99 — g9 - (2.4)

In dilute-dense collisions, the large-x partons of the dilute projectile are described in terms
of the usual parton distribution functions of collinear factorization f,,, with a scale depen-
dence given by DGLAP evolution equations. By contrast, the small-x gluons of the dense



target nucleus are described by a transverse-momentum-dependent distribution, which
evolve towards small x according to non-linear equations. Moreover, the momentum k
of the incoming gluon from the target, besides the longitudinal component k£~ = xo m,
has in general a non-zero transverse component, k7, which leads to imbalance of transverse
momentum of the produced jets

k> = [p1e + pae® = [pul® + [poe|® + 2|p1el|pae cos Ag, (2.5)

with k% = —|k/%. Here, by kr we mean a four-vector, as opposed to ki = pit + pat,
which is a two-dimensional vector in the transverse plane. They are simply related by:
kr = (0, k,0). Using the notation defined above, the gluon’s four-momentum can be also
parametrized as

k= xopa+ k. (2.6)

The Mandelstam variables at the partonic level are defined as

. P?
B= 4=t = z(|1 ﬂ 3 (2.7a)
r_ 02 _k2__‘p2t|2 b
t=p2—p) =1 —k)"=-7"", (2.7b)
A N2 _k,z__|p1t|2
W= (p—p)"=2-k)7"=-"", (2.7¢)
with N
4\
=—1 —  and P =(1-2)p1— 2pa . (2.8)
pi +p5

They sum up to § +t + 4 = k2.

Note that we always neglect the transverse momentum of the high-z partons compared
with that of the low-z parton |k;|. This is justified in view of the asymmetry of the problem,
x1 ~ 1 and x5 < 1, which implies that gluons form the target have a much bigger average
transverse momentum (of the order of @)s) compared to that of the large = partons from
the projectile (which of the order of Agcp). And even when the transverse momentum
imbalance of the dijet system is of the same order as the jet transverse momenta themselves,
implying that both parton distributions are probed in their radiative tail, the small 9
(BFKL) evolution implies a 1/k; behavior on the target side, while DGLAP evolution
implies a 1/ th behavior on the projectile side.

To take into account small-z effects in dijet production, an approach that has been

broadly used in phenomenological studies involves the so-called high energy factorization
(HEF) formula [15]

do.pA—>dijetS+X 1 1
1+ 0. '
(2.9)

This formula makes use of the unintegrated gluon distribution F,,4 that is involved in

Z fflfa/p(xla MQ) |Mag*—>cd’2‘7"g/A(x27 kt)

a,c,d

dyr dyad?pred?pas ~ 1673 (T1728)2

the calculation of the deep inelastic structure functions. It is determined from fits to DIS



data, and then used in eq. (2.9), along with matrix elements that depend on the transverse
momentum imbalance (2.5). Even though the high energy factorization is not strictly valid
for dijet production, there exists a kinematic window, the dilute limit Qs < |p1¢|, |p2tl, |ktl,
in which it can be motivated from the CGC approach. We shall demonstrate this explicitly
for all channels in the next section.

A second approach, valid in the regime where the transverse momentum imbalance
between the outgoing particles, eq. (2.5), is much smaller than their individual transverse
momenta, is the so-called transverse momentum dependent (TMD) factorization. This
limit, |p1r + pat| < |pitl, [p2t|, or |kt| < |P;|, corresponds to the situation of nearly back-
to-back dijets. Even though, in general, there exists no TMD factorization theorem for jet
production in hadron-hadron collisions, such a factorization can be established in the asym-
metric “dilute-dense” situation considered here, where only one of the colliding hadrons is
described by a transverse momentum dependent gluon distribution. Again, selecting dijet
systems produced in the forward direction implies z1 ~ 1 and z9 < 1, which in turn allows
us to make that assumption. The TMD factorization formula reads (so far, this has been
obtained in the large- N, approximation, but this restriction will be lifted in the present
work) [13]

dUpA—>dijets+X

a? 1
= 5 k 2.1
dylddezpltdQPQt (:1,‘15[323)2 (g:dxlfa/p(xla Z ag—>cd x27 t)]_ + 5cd 5 ( O)

where several unintegrated gluon distributions .7-"(52 with different operator definition are

)

ag—cd’
calculated in [13] as if the small-z2 gluon was on-shell (i.e. |k = 0). The k; dependence

involved and accompanied by different hard factors H @ Those hard factors were

survived only in the gluon distributions.

By restoring the k; dependence of the hard factors inside formula (2.10), we can make
the bridge between the HEF and TMD frameworks and obtain a unified formulation which
encompasses both the dilute and the nearly back-to-back limit. Note that we follow the
conventions used in earlier papers that dealt with these formalisms, such as ref. [15] and [13]
respectively. Therefore, contrary to the HEF matrix elements |M!2, the hard factors
HZJ) g Of the TMD factorization are defined without the g* factor. In addition, the defi-
nition of the gluon distribution also differ by a factor . The integrated gluon distribution
z2fy/4 is obtained from [dk? F,/4 in the HEF formalism, and from [ d?k (g) in the
TMD formalism.

Finally, let us point out that, in the frameworks described above, one emits radiation
in the transverse direction that one has no control over, as it is part of the small-z gluon
distributions and therefore is treated fully inclusively. To be more specific, at this level,
transverse momentum conservation is obtained either by several particles of average trans-
verse momentum @, or by a third hard jet, depending on the magnitude of |k;|. Due to
the small-x evolution, that radiation is ordered in rapidity, therefore it does not contribute
to the measured forward dijets systems.



3 High energy factorization derived from CGC: the |p1|, |p2t|, |kt| > Qs
limit

We shall demonstrate that the high-energy factorization formula for double-inclusive par-
ticle production, eq. (2.9), is identical to a result obtained from the CGC formalism in
the dilute target approximation. This is a limit where all the momenta involved in the
process are much larger than the saturation scale: |p1¢|, |pat|, || > Qs. Here, we show
explicitly the equivalence of the HEF and CGC formulas for the gg* — ¢g channel and only
provide the final results for the two other channels, as the derivations proceed identically
for all of them. We derive the CGC cross sections for the ¢¢* — gg and gg* — ¢g channels
in the dilute limit following a procedure developed in ref. [32] where only the gg* — gg
sub-process was considered.

The amplitude for quark-gluon production is schematically presented in figure 2 as
in ref. [7]. In the left diagram, the emission of the gluon from the quark happens before
the interaction with the target, and in the right diagram the emission occurs after the
quark has interacted with the target. There is a relative minus sign between the two cases
as explained in details in ref. [7]. Multigluon interactions of quarks and gluons with a
target, in the CGC formalism, enter as Wilson lines in the expression for the amplitude.
A quark propagator is represented as a fundamental Wilson line, while a gluon propagator
as an adjoint Wilson line. As a result, the cross section involves multipoint correlators of
Wilson lines. In particular, the amplitude from figure 2, after squaring, has four terms:
a correlator of four Wilson lines, S®, corresponding to interactions happening after the
emission of the gluon, both in the amplitude and the complex conjugate, then a correlator
of two Wilson lines, S@, representing the case when interactions with the target take
place before the radiation of the gluon in both amplitude and complex conjugate, and
two correlators of three Wilson lines, S®), for the interference terms. In all the cases the
splitting function is the same, and is given by the product of the quark wave functions:
qbé*ﬁ (p,p{,x — b’ )gbé 5 (p, p{,x —b). The total expression for the inclusive cross section in
CGC is then given by the following formula [7]:

do(pA — qgX)
dy1dyad?p1rd®pay

= a;Cr(1 - Z)pirxlfq/p(%, Mz) |M(P,plap2)|2 ) (3.1)

where the amplitude squared, |[M(p, p1, pg)]Q, has the form:

d’x d*x' d’b d’b’
2 _
|IM(p,p1,p2)|” = / (2m)2 (2m)2 (27)2 (27‘()26
x> dns(p.pf,x' = b)éhs(p,pf, x — b)

—ip1e- (xfx’)efipgt-(bfb/)

Aaf3
x {S‘géglgig[b’ x, b, x'; zo] — Sq(f’;i;[b, x, b+ 2(x" = b'); 9]
—Silb + 2(x = b), %, ;)
+557 b+ 2(x — b), b + 2(x' — b); xz]} ) (3.2)
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Figure 2. Amplitude for quark-gluon production in the CGC formalism. Left: the gluon is radiated
before the interaction with the target. Right: the gluon is radiated after the interaction with the
target. The two terms have a relative minus sign.

where qﬁg 5 are mixed-space quark wave functions and S are correlators of Wilson lines
explained in details below. Following the notation from figure 1 and eq. (2.8), we use the
fraction of the plus components of four-momenta, z, with p; being the four-momentum of
the outgoing gluon and ps, the four-momentum of the outgoing quark.

The fundamental, U(x), and adjoint, V' (x), Wilson lines are defined as path-ordered
exponentials of the gauge field (written here in the AT = 0 gauge):

U(x) = Pexp [ig/da:*Aa(:ﬁ,x)ta] and V(x)=Pexp [ig/dw*Aa(aﬁ,x)T“] ,
(3.3)
where t® and T® are the generators of the fundamental and adjoint representations of
SU(N) respectively. The traces of products of Wilson lines appearing in the cross section
are defined in the following way:

S (b, x,b/,x) = OplN <Tr (U(b)UT(b’)tdtC) [V(X)VT(X')rd> L (3.4)
S (b, x,2) = CFlN <Tr (UT(Z’)tCU(b)td) VCd(x)>m : (3.5)
5?(z,) = ]\1[ (1 (Vaui@)) . (3.6)

The CGC average is taken over the background filed evaluated at Y = In(1/z2). The
product of wave functions in the massless limit is:

872 u-u’
ZQSO‘ﬁ papl ,u d)oéﬁ(pap;rvu) = Tﬁ(l + (]‘ - 2)2) : (37)
2 bl TP

Introducing a change of variables, u = x — b and v = zx + (1 — z)b (and similar for the
primed coordinates), we get [7]:

2 i P, +
’M(p’pl’pQ)’ _/(271-)2 (27’1’ Z . 11 e /\Z%)QZ)QQ paplv ¢aﬂ(p7plvu)
@

2 2,/
x/dv dveikt'(v ){S()(bxb’ ") — S

99499 999

(b,x,v')

Qe se] 6



The conjugate momentum to u’ —u is P; = (1 — z)p1s — 2pat, and the one corresponding to
v/ — v is the total transverse momentum of the produced particles k; = p1; + p2:. In terms
of fundamental Wilson lines only:

1
- 2CFpN,

e

) (b,x,b,x) <Tr (U(b)UT(b')U(x')UT(x)) Tr (U(X)UT(X’)) (3.9)

—NiTr (U(b)UT(b'))> ,

C T2

and

ngj(b’ x,v') = QC;NC <Tr (U(b)UT(X)> Tr (U(X)UT(V/)) _ ]\l/chr (U(b)UT(V’)>>
(3.10)

In the dilute target limit we allow for only up to two gluon exchanges between the
Wilson line propagators and the nucleus. Accordingly, we expand the Wilson lines to
second order in the background field:

U(x) ~ 1—|—ig/dx+A_(x+,x)—g;/dx+dy+73 {A_(x+,x)A_(y+,x)}+O(A3). (3.11)

To this order, the expectation values of the four- and three-point correlators are simply

(

expressed in terms of the dipole operator ng—) (v,v’). The dilute target approximation

gives only a leading result in |v — v/|2Q? for the expectation value of S, (3—) (v,v’), which is

q
equivalent to taking the limit |k;| > @Qs. Similarly, when all the momenta involved in the
process are much larger than the saturation scale, the correlators entering the cross section

get the following expressions:

o NE — 1

4
Shata(bx. D) = 1= g NeT'y, (3 ) = g5 =T (b~ 1)
92Nc / / / /

-7 [Tay(x—b) + Ty (x'=b') = Ty (x'—b) — T, (x—b')] ; (3.12)

, 2N, 2N, 2
SO b,x,v) =1-L2T,,(b—x) = LT, (x = V) + 2 T,,(b— V') ; (3.13)

2 2 2N,
2
2) _ o NG — 1
S (v,v')=1—g N, Cpy(v—v'). (3.14)
In the above equations:

Fﬂcz (X - Y) = /dw—’— [%02 ($+, O) — Tz (x+7 I‘)] ’ (3'15)

where r = x—y and 7,, (z ", r) is related to the expectation value of the two-field correlator:

(A (@, x) A7 (", y)),, = 0%0(a" — y ) ey (2t x —y) . (3.16)



Using the expressions for the multi-point functions S, we get the following result for the
amplitude squared:

1 d?u d2u/ . /7 11'11/
2 _ 4 22 Y (o' —a) =7
= 4n?¢’N.(1+ (1 '
(M(p,p1sp2)|” = 4m7g"Ne(1 4 (1 = 2) )pf/(Qw)Z (2m)2© uf?[u’|?

v V'
ik (v—v) RN r o
| Gt [Fm(x b') + Ly (' = b) + Ly (x = V)

N2 -1
N2

[

+0y (v —X') — 2T, (x — X') — I, (b—1b)

N2 -1 1 1

We perform the integrals in the above expression by changing the variables from v and v/
to r and B. The integrals over the transverse distances of the type r = v—v’ are equivalent
to the Fourier transform of eq. (3.15) and give the unintegrated gluon distribution:

Foa (k) = — k2 / PrT, (r)e T = 12 / Aoty (@t R) - (3.18)

In our approximation, the correlators do not depend on the impact parameter B = (v +
v’)/2. The integrals over B factorize and give the transverse area of the target: [d°B = 9.
Finally, the rest two integrations reduce to:

; P
dueibn B _onj =t 3.19
/ [uf? PP (319)
In terms of the unintegrated gluon distribution, the amplitude squared then gets the form:

fxg (kt) 2 1

(M (p,p1,p2)]> = g*S|N, (14 (1—2)%)—

(27T)4 ]{ZZ p;r

[(N3—1) 1 (N?2-1)1 1

2

N - = 7 _l’_ -
2N? Pt2 2N2 p%t p%t
1 Pr-puy  Pr-pa pie-pa

— +
NZ P, t2p%t Ptgp%t p%tp%t

, (3.20)

We want to show that eq. (3.20) reproduces the HEF formula (2.9) with the appropriate
unintegrated parton distribution function and off-shell matrix elements. For this purpose,
we need to find a relation between the unintegrated gluon distribution used in the above
equation, fz,(k¢), and Fy,4(z2, ki), which appears in the HEF formula (2.9). This is easily
done by considering the deep inelastic scattering process, since F, /4 (w2, kt) is precisely the
unintegrated gluon distribution involved in the formulation of the v* + A — X total cross
section, and is therefore related to the ¢g dipole scattering amplitude in a straightforward
manner (see for instance [16, 33]):

?2]6 E /d2vd2v' e_ikt'(v_vl)V3,,v/ [1 )
™

Foralwa,ke) = — v (Vv (3.21)

~10 -



In the weak-field limit, using formula (3.14), this gives the relation

2
Fou(b) = —0° Ja@a k) (3.22)

Si(Ng—-1)""7
Then, the cross section for the gg production channel from eq. (3.1) can be written in a
more compact form

do(pA — qgX o? .
( ) = 7x1fq/p(x17NQ)Z(l_z)PQCI(Z)

dyrdyad?p1d?pe; 27
« |14 (1—2)%p3 B izZpQ% Fgra(wa, ki) (3.23)
Pt2 NZ Ptz pl% pQ%

where qu(z) is related to the quark-to-gluon splitting function and is given by:

. 1+ (1—-2)?

Pyy(2) (3.24)

z

It turns out that the above expression for the quark-gluon production cross section is
identical to the result in the HEF formalism, eq. (2.9), containing the off-shell amplitudes
’Mag*—>cd|2- The latter have been calculated in refs. [11, 34] and [35].

The equivalence of the CGC and HEF formulas in the dilute limit can be shown in a
similar way for the cross sections of the other two subprocesses, gg* — ¢q and gg* — gg.
The CGC results for the cross sections in this limit are:

do(pA — qqX) a?

S 2 ~
dy1dyad?pryd?pa; 4CF7T$1fg/p(:c1,u )2(1=2) Pyg(2)

" [_1 (1—2)2p1%+22p2%] Foalon k) g oo
N P? Pi; Pai
and [32]
do(pA — ggX) a?N, 9 .
=2 1-2)P,
Q1 dyad®pudPpo =Cp xlfg/p(xlnu )2(1—2) gg(Z)
1—2)%p 2 + 22p2 | Fyjalwa, k
y [1+( z) plt2+z th] 9/A2( 22 t)' (3.26)
By D1y Py
The expressions for qu(z) and Pyy(2) have the form:
- 9 9 - z 1—-=2
Py(z) =2+ (1—2)%, Pyy(z) = T + o +2(1—2). (3.27)

Again, egs. (3.25) and (3.26) are equivalent to the HEF formulas for the corresponding
cross sections [16].

Therefore, in principle, the HEF formalism should not be employed to include non-
linear effects, and one should stick to Balitsky-Fadin-Kuraev-Lipatov (BFKL) evolu-
tion [36-38], or Ciafaloni-Catani-Fiorani-Marchesini evolution [29-31], when evaluating the
gluon distribution. In this spirit, most studies are performed using a gluon density evolved

- 11 -



with an improved BFKL equation that includes some higher-order corrections [39], but
no non-linear effects. However, we note that the HEF framework could be used with the
Balitsky-Kovchegov (BK) equation [40, 41] in order to investigate the so-called geometric
scaling regime, where saturation effects are felt, even though Qs < k;. The full saturation
region, Qs ~ ky, is however, in principle, out of reach of formula (2.9). Along these lines,
an estimate of saturation effects was obtained in [42, 43|, using the BK equation extended
to include the same higher-order corrections as included in the linear case [39)].

4 TMD factorization for nearly back-to-back jets: the |pi|, |pat| > |kil,
Q. limit

In this section we discuss the special case of nearly back-to-back jets, |p1¢+pat| < [p1el, [patl,
where the differential cross section is given by formula (2.10). Several gluon distributions
fc(bg), with different operator definition, are involved here. Indeed, as explained in [12], a
generic unintegrated gluon distribution of the form
Fwo, ky) " dETAPE et ikt i (et i
ro) "2 [ GG R ot R (A [P (7,9 T O]14), ()

where F'~ are components of the gluon field strength tensor, must be also supple-
mented with gauge links, in order to render such a bi-local product of field operators
gauge invariant.

The gauge links are path-ordered exponentials, with the integration path being fixed
by the hard part of the process under consideration. Therefore, unintegrated gluon distri-
butions are process-dependent.

In the following, we shall encounter two gauge links Ut and ¢!, as well as the loop
UHl = yHy =1t = y=lgygH1t . These links are composed of Wilson lines, their simplest
expression is obtained in the AT = 0 gauge:

b
U = U(0, £00;0)U (£00,£6T;€)  with Ul(a,b;x) = Pexp [zg/ det A7 (xF, %)t

‘ (4.2)
but the expressions of the various gluon distributions given below are gauge-invariant.
From now on, F*~ (¢7,¢) is simply denoted as F(¢), and the hadronic matrix elements
(Al...|A) = (...). Note however that they are different from the CGC averages (---),
of the previous section. Indeed, the normalization of the hadronic state |A) is defined as
(A'A) = (2n)®2p} 8(p — P5) 6@ (par — P'y,), while the CGC averages are normalized

as (1),, = 1. As explained in [13], the two can be related by making the replacement
. (Al..| A

2 TAA)

This approach to dijet production in proton-nucleus collisions was analyzed in ref. [13].

The TMD factorization formula (2.10) was derived there in the large- N, limit, and shown to
be equivalent to CGC calculations (e.g. formulas (3.1) and (3.2) in the case of the ¢A — qg
channel), after taking the limit |p1¢|, [pa:| > |k¢|, Q5. In this section, we derive the TMD

factorization formula keeping N, finite. We obtain corrections to the hard factors H ézg) ed
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Figure 3. Diagrams for gg — ¢qg subprocess. The mirror diagrams of (3), (5) and (6) give identical
contributions.

previously derived, and we calculate new hard factors corresponding to gluon distributions
that were omitted before (as they were vanishing in the large-N. limit). The finite N,
extension prevents one to make a further simplification, called correlator factorization,
essential to relate the TMD factorization and the CGC formalism, but gives completeness
to the main result of this paper, i.e. the new factorization formula we propose below is
valid for finite N.. We also check explicitly the gauge invariance of these hard factors by
computing them in a gauge different from the one used in [13].

An important fact to note is that, as a consequence of the |ki| < |p1z|,|p2e| limit,
the k; dependence in (2.10) survives only in the gluon distributions, and the hard factors
are calculated as if the small-zo gluon was on-shell. That is, looking at the hard partonic
interaction represented by the blob H in figure 1, k* = —|k;|? is set to zero, and §+f+17 = 0.

4.1 The qg — qg channel

The complete set of independent cut diagrams contributing to this channel is shown in
figure 3 (mirror images of diagrams (3), (5) and (6) give identical expressions).

The cross section for a quark-gluon scattering involves only two different TMD gluon
distributions as given in ref. [12]:

[\V]

do_pA—>qu 2

= 2 OF#0) 13
> P d?kidyr1dys (x1225)? xlfq/P(xl’“ );}-qg q9—q9 (4.3)

with:

+d2¢ . _ )
F =9 / AL e i (2 [FOUTTF ©ui]) = 226G k) . (44)

9 (2m)%py
> . (4.5)

O
]:(2) — 2/ d§+d2£ eixszer—ikt{ <Tr Tr [u[ ]]
These are the same gluon distributions as in the large- N, limit [13], no additional ones are

C

F (&) Ut E (0) ut

99 (2m)3p,

present in this channel. The only difference in the expression (4.3) when we go to finite

~13 -



(1)

N, will appear in the hard factor Hq(;ng associated with ]:q; . That gluon distribution is
sometimes also denoted z2G?), and is called the dipole distribution, since it is the one that
enters the formulation of the inclusive and semi-inclusive DIS.

In the CGC approach, zoG? can be related to the ¢ dipole scattering amplitude,
and therefore linked to the gluon distribution used in the HEF formalism: F 4 (72, ki) =
9GP (2, k). That distribution is not sufficient however to compute the forward dijet
cross section when |k;| ~ Qs (i.e. the case considered in this section). For completeness,
we note that a detailed derivation of this relation between formula (3.21), involving a CGC
correlation function, and formula (4.4), involving matrix elements defining TMDs, can be
found in appendix A of [13].

The exact results for the two hard factors read

1 1

HY, ., = 501~ mD2 + Dy + 2D5 + 2D , (4.6)
1 N,

HZ, .= D1+ -——Dy+2Dj, (4.7)

9g—q9 2 QCF

where D;s are the squared and interference diagrams corresponding to the qg — ¢g channel,
following the numbering of figure 3. Each term D; = C,,,h; represents the product of the
color factor, Cy,, and the hard coefficient, h;. What kind of diagrams enter the hard factors
Hc%)qu depends on the type of the gauge links appearing in each of them. As summarized
in table IV of ref. [12], the distribution ]—"é;) is present in diagrams (1), (2), (4), (5) and
(6), while the distribution .Fq(g) appears in diagrams (1), (2) and (3). The D; components
were computed in ref. [13] (table II) in an axial gauge with the axial vector, n, set to
n = p, for both the incoming and the outgoing gluon, where p is the four-momentum of the
incoming quark, as defined in figure 1. Formulated differently, the polarization vector of
each external gluon was chosen such that, besides with the momentum of the gluon, their
inner product with p vanishes. We recovered the same results for D;s in that gauge and
performed the same calculation in a different gauge with the axial vector set to n = p for
the incoming gluon and n = po for the outgoing gluon.! The results for the hard factors
HCS;)_WQ and Hég)_wg at finite N, are identical in both gauges and they read

(52 4 42) 1 (82 +42)

HY . 4.8
19749 S ON2  su (4.8)
a(a2 4 A2
2 _ S8 +a7)
HP, = T (4.9)

The hard factors and the TMDs entering the factorization formula (4.3) are all gauge
invariant. In principle, that leaves us some freedom and the factorization formula can be
rewritten with new hard factors and the corresponding new gluon distributions formed as
linear combinations of the the old ones.

!The choice of axial gauge vectors for external gluons corresponds to the choice of the reference mo-
mentum for their polarization vectors, see for example [26], and is arbitrary for gauge invariant quantities.
Thus, the independence on those gauge vectors can be used to confirm that the result is gauge invariant.
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Ky e Koy sea
40 — a0 _§2A+ @i [AQ §2—52} _@§(§QA+ 0?)
28230 NZ Ne 4
_ 1 (#+a2)? 1 2+ a?
99 — qq ON,  2ia T2CRNZ @2
40— g9 2N, (8% — ta)% (% + a?) 2N, (§2A— t)?
Cr £20252 Crp  tas?

Table 1. The “new” hard factors following from simplified effective TMD factorization of
egs. (4.13), (4.25) and (4.52) in the case with all partons being on shell.

For reasons that shall be discussed in detail in section 6, let us define the new hard
factors for the qg — gg subprocess

Ky = B gl ot K=, @0
and the corresponding new gluon TMDs
q)t(z?—mg - ‘Fé;) ’ (4.11)
(I)gi)ﬁqg = chl_l (‘fé;) + foq(ﬁ)) ) (4.12)
such that the factorization formula (4.3) now takes the form
A—qgX 2
dQJCijc;kt;gjldyg - (mlz;)z 21 fopp(1, 1°) [(Dg;LqQKéqug + ‘Pég)aquéﬁ)aqg - (413)

(1)

The explicit expressions for Kg4'qq and Kéggqg are given in table 1.

4.2 The gg — qq channel

The independent cut diagrams contributing to this channel are shown in figure 4.

In addition to the two gluon distributions, ]:g(;) and ]:9(3), used in ref. [13], the result
to all orders in N, involves a third distribution [12, 44], fég) (also sometimes denoted
22GWM and called the Weizsacker- Williams gluon distribution), and the differential cross
section reads

do.pA—>q(jX OéQ 3
— s (z)
2P,k dyrdys  (21225)2 21 fo/p(21, 1 Z 99—>qq7 (4.14)
with the three gluon TMDs defined as
+ 72 o Tr [41E
Fi = 2/ dETd°E ivapetikig |y F (€) T[] ]Z/{HTF(O)L{[H , (4.15)
99 (271') .
d¢ d2£ izom =t —ik £ L
(2) — 98 B8 jimopy £t —ike (O]t (O]
Fe 2/(%)3 > ginap N <Tr [F ©u ]Tr [F U ]> (4.16)

d§+d2€ zxg +_iky-
Foo =2 / e (T [F QU U] ) = 226D (@, k) . (417)
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Figure 4. Diagrams for gg — ¢ subprocess. The mirror diagrams of (3), (5) and (6) give identical
contributions.

The appropriate hard factors are constructed from the expressions corresponding to the
diagrams (1)-(6) depicted in figure 4, using the following formulas

Ne Ne

gy _=_°p Dy + Dy +2D5 + 2D 4.1
9994 ~ 90, 1+2CF 2+ Dy + 205+ 205, (4.18)
2

H2), - = —2N2Ds — Dy — 2Ds — 2Dg, (4.19)
(3) _ 1 1

Hog ogg = _Ng _ 1D1 - NZ_ 1D2 +2Ds3. (4.20)

Again, the components D; = C,, h; were computed in [13] (table III) and they were used
there to determine the hard factors H é;i)qq in the large N, limit. Here, we generalize
the results of [13] to the full, finite-N, case. The calculation can be most readily done
by exploiting crossing symmetry that relates the q¢g — qg and gg — ¢ channels. This
allows for identification of the diagrams between figures 3 and 4 and enables one to recycle
the D; expressions calculated in the previous subsection. For example, the expression
corresponding to the diagram (1) from figure 4, with the incoming and the outgoing legs
connected, is identical to the already computed expression for the diagram (4) from figure 3
(modulo a color averaging factor and swapping of the momenta p; <> p). Similarly for all

the other diagrams. That gives the following set of hard factors for the gg — ¢¢ subprocess:

72 ~2\2
(1) 1 (t* + u®)
Hosvan = 300 a1 (4.21)
2 ~2
(2) 1 "+
Hogoaa = 56— (4.22)
1 #2442
Y, = ey (4.23)

99—qq _4NECF i

Of the three hard factors, H, @)

99—qq» only two are independent. The third hard factor,

~16 —



(5)

Figure 5. Set of diagrams for the gg — gg subprocess involving only 3-gluon vertices. The mirror
diagrams of (3), (5) and (6) give identical contributions.

H ézgqq, can be expressed as’
@ __1 (g0 (2)
Hyggq = _Nig (Hgg—>qq +H g—>qq> : (4.24)

Therefore, the cross section for quark-antiquark production can be rewritten with only

(1)

two hard factors and two gluon distributions that are linear combinations of Fy,', Fgqy 2
(3).
and Fyq':

doPA7aI% o3 2y (o) D) 2 @)
PP Pkydyidys (xlx;s)2 1 fg/p (21, 1) [(I)gg%qéKggﬁqé+ (I)gg%qtiKggﬁqé} (4.25)
In the above, we defined the new gluon TMDs as
n 1 2 (1 3
Cogsqz = N2 _1 (Nc }—sgg) o }-sgg)> ’ (4.26)
C
@  _ 2 (2 3
q)gg—>q6 = —N; ‘Fégg) + }-sgg) ) (4.27)
and the hard factors Kég)ﬁqq as:
2
v _Ne—1,0 (2) 0)
Kgg%qt} - CN2 Hgg%qq and K, 9949 — N2H 9—49q (4.28)
C

The explicit expressions for the latter are given in table 1.

4.3 The gg — gg channel

Finally, the independent cut diagrams for the gg — gg channel are given in figures 5 and 6,
and the corresponding differential cross section for two-gluon production reads:

doPA—99X a? 6
=_— (0) Fr (o) 4.29
P Pd?kdyrdyz  (T1225)> 1 fg/p(@1s 1t ;“‘Egg 9999 * (4.29)

2The same relation holds of course already at the level of eqs. (4.18)—(4.20).
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(9)

Figure 6. Set of diagrams for the gg — gg subprocess involving 4-gluon vertex contributions. The
mirror diagrams of (8), (9) and (10) give identical contributions.

The }_g(;,z,g) distributions are the same as the ones introduced in the previous section in
egs. (4.15)—(4.17). The remaining three are [12]:

AR J— _ :
FO = 9 / e e (12 [P U] (4.30)
2
FO = o [ BEE vapier—ivee 1y [ () /Oy (0) 2O (4.31)
99 (2m)%p, ’ '
detde o Tr [U1] T[]
6) _ izop €t —ike-§ | m [+]T [+] (4.
FO =2 / i r [F ©UHF (0)u } N N (4.32)
The associated hard factors are constructed as:®
a0, —Iip !
G999 = 5 1+ §D2 4+ D4+ 2D5 4+ 2Dg , (433)
H ., = 2D3— Dy —2Ds — 2Dg, (4.34)
©) NE ) ) o) _ Ll 1
Hggl g9 = T g g9 T NeHggl g9 = NeHggl g = §D1 + §D2 +2Ds.  (4.35)

The calculation of the gg — gg subprocess requires inclusion of diagrams with four-
gluon vertex. Therefore, in general, the expressions D; in the above equations contain
contributions from both, the 3-gluon and 4-gluon vertex diagrams, the latter shown in
figure 6. The corresponding expressions were computed in [13], where they were used to
determine the hard factors in the large- N, limit. Below, we generalize the result of ref. [13]
to the case of finite-N, , with the help of the exact definitions given in eqgs. (4.33)—(4.35).

3Note that what is called Héngg in ref. [13] is now Hé?ng. Out of six hard factors, only Hé?%gg,
Hg)ﬁgg and Hg((;)%gg survive in the large- N, limit.
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e Ci

0 438 + 4885 + 17828 + 361383 4 248182 + 8{°5 + 4{° N,
5442 2CF

@) §0 + 218° 4 331251 + 601353 + 44#*82 + 161°5 + 446 N,
43 +1)2 205

3) 256 — 0785 + 19#28% + 481353 + 44%§% — 24¢°5 — 8t N,
254 (5 + 1) 4CF

) (8 + 2¢)2 N,
52 2CFr

) (8 +2t) (283 — 3182 — 2823 + 213) N,
253¢ 4CE

©) (8+2t) (8% — 7182 — 8125 — 243) N
253(5 +1) 4CF

Table 2. Expressions for the gg — gg subprocess corresponding to diagrams (1)-(6) of fig-
ure 5, hence containing only 3-gluon vertices, in gauge (4.39) with non-vanishing 4-gluon vertex
contributions.

The six hard factors read

N (2 +a2)(8 — fa)

1
HQ(Q)_K‘]!] - CF ’[L2£2§2 ; (436)
2N, (8% — t)?
2 _ c
Hfgg)—>gg T 0y aiez (4.37)
NZ N, (5% — #a)?
6 — 3 _ Ar2pg4 _ ar2gg(5 _ Ve
Hggg)%gg - _fHégL)gg = Nc Hggg)%gg = NC Hégl)gg = C’iFW (438)

To get further insight into the above results, we have performed an independent cal-
culation in a gauge with non-vanishing 4-gluon vertex contribution, with the axial vectors
defined as:

n =p for the gluon k, n =k for the gluon p, (4.39)
n = po for the gluon py n = p1 for the gluon po .
The contributions to D;s in this gauge, coming from diagrams with 3-gluon vertices only
and depicted in figure 5, are given in table 2.

In order to add the 4-gluon vertex contribution and obtain a full result for the D;
coeflicients, let us consider a general 4-gluon amplitude, shown on the left hand side of
figure 7. A 3-gluon vertex brings a single SU(N) structure constant factor. Each ampli-
tude in figure 5 consists of two 3-gluon vertices and that results in three possible color
factor products

CS = fCLlCCL4fCG,2a3 , Ct = fa1a26f6(13(l4 , Cu = f(ll(lngCa4a2 , (4‘40)
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Figure 7. Color indices for the cut four-gluon squared matrix element.

for the amplitudes with a gluon exchange in the t-, s- and u-channels, respectively. Each
of the above amplitudes can now be written as

M9 = ¢; AY | (4.41)

7

where i is either ¢, s or u, ¢; is a color factor from eq. (4.40), and .A?g is a corresponding
kinematic expression. The 3g superscript means that only 3-gluon vertices are involved
in the given amplitude. Similarly, for the conjugate amplitudes, following the notation of
figure 7, we have

ES = fblcb4fcbzb3 , Et = fb1b20f0b3b4 , Eu = fblbgcfcb4b2 . (442)

That allows us to identify the color coefficients of the 3-gluon diagrams of figure 5 and
write them in a compact form

1) < ab, 2) © @b, () © b,

(4) ~ CsCs (5) <~ CsCt (6) & Csly (4‘43)

The (’)(a?) contributions from diagrams with 4-gluon vertex are depicted in figure 6,
where the first row shows the 4-gluon vertex amplitude squared, and the second row gives
the interference terms with the three types of M39 amplitudes from eq. (4.41). A 4-gluon
vertex amplitude contains all three color factor products of eq. (4.40) at once

M = ¢ Af9 + c A9 4, A9 (4.44)

Therefore, all the contributions from figure 6 can be represented in the basis of the color
factors defined in eq. (4.43). This allows us to distribute all the pieces of diagrams from
figure 6 over the six D; expressions, needed to calculate the hard factors (4.33)—(4.35),
according to their color factors. Hence, the full expressions are

=1 (h§ +2AMAY 4 Angfg) : (4.45)
= Gy (W) + 240045 + Al AL (4.46)
= Oy (RS + AJAL + AL A3+ ALY (4.47)
= Oy (n) + 24l A% + Al Al (4.48)
= 5 (n) + AP AL+ Afo A3 4 A4 (4.49)
= s (n) + Al AL + A9 A% 1 AL 30) (4.50)
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D;
W N (28* + 283 + 35%¢% + 83t° + 6*)
Cpé2t2
@ N (8% + 483 + 158282 + 163% + 614)
Cps2(3 +1)2
3 - N (8% + 83 + 75%12 + 12583 + 611)
20p8%H(5 + 1)
) Ne(3 + 2t)?
CF§2
) No(3 —20)(5 + f)(é + 2t)
QCF§2t
©) N5+ 25)(3§A+ 21)
2CF8%(8 + 1)

Table 3. Full expressions for the diagrams including three-gluon and four-gluon vertex contribu-
tions in the gauge (4.39).

The results for D;s in the gauge (4.39) are summarized in in table 3. Plugging those
expressions into the hard factor definitions (4.33)—(4.35) leads to the results identical to
egs. (4.36)—(4.38).

We have already seen that not all of the six hard factors that arise in the gg — gg
subprocess are independent. As shown in eq. (4.35), the expressions for H, ég)ﬁgg, H éé)ﬁgg,
Hég)ﬁgg and HéSng differ only by numerical factors. On top of that, when examining
further eqgs. (4.33), (4.34) and (4.35), we see that the hard factors Hg(;)%gg, Héﬁbgg and
H ggﬂgg are linearly dependent, that is

6 _ 1 2
Hggg)—>gg - H_‘S_‘]ng + Hggg)—>gg '

(4.51)

Hence, the cross section for two-gluon production from eq. (4.29) can be written in a much
simpler, factorized form, with only two hard factors and two gluon distributions

doPA—99X ag 9 ) 1) @) @
d? Pyd?kydyy dys - (z1298)2 21fo/p(21, 1) | Pgigg B gg g9 +®gy%ggKgg%gg} (4.52)

In this channel, the new gluon TMDs, ®,4_,44, are defined as the following linear combi-
(1) =(2) (6)

nations of Fyy', Fgg's. .., Fgg':
o0 _1(ro_ 2 0.1 w26, £ 453
9999 — 9 99_N7399+N7399+N7399+99 ’ (4.53)

2 1 1
2 2 3 4 5 6

q)ég)egg - }—g(g) o Nig}—g(g) + Fgfég) + Fgfég) + ‘Fg(g) ) (4.54)

and the new hard factors are:

1 1 2 2

K sgg = 2Hig) sy and K., = HE,,,. (4.55)
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The explicit expressions are given in table 1. We note, that the above simplification occurs
naturally when utilizing gauge invariance from the start, as we will show in section 6.

Finally, we point out that, in the large- N, limit, all the distributions that were intro-
duced in this section, ]-"é;) Fég), Fg(;), Fg(g), and ]-}gg), can be written in terms of G
and 2G®), and equivalence of formulas (4.13), (4.25) and (4.52) with CGC results is ob-
tained [13].

Let use conclude that this part of our work brings two improvements to the current
state of the art for the TMD factorization in forward dijet production. First of all, we have
obtained finite- N corrections to the hard factors of ref. [13]. More importantly, however,
we have eliminated the redundancy in the number of gluon distributions needed to write a

factorization formula for this process, which now takes the compact form

dO_pAHdijeterX 1

2
a2 Pud2kydyy dys = (x1x28 2 Z xlfa/P L1, M ZKag%cd ag—ed 1 1 0o
a,c,d =1

(4.56)

with only two gluon distributions and two hard factors required in each channel. Note
that, as we shall discuss now, the incoming, small-z gluon is kept on-shell. Eqs. (4.56) will
be further generalized to the case of the off-shell gluon in section 5.

4.4 The |k > Qs limit

Finally, let us consider the limit |k > Q5. This is the dilute limit considered in section 3,
with the extra requirement that |k;| < |P;|, needed for the validity of those formula. In that
limit, the transverse separation between the field operators in the definition of the gluon
distribution is restricted to values much smaller than the distance over which the Fourier
integrand varies, and the £ dependence of the gauge links can be neglected. As a result,

(4) 2)

they simplify, and all the F,4 distributions coincide, except ]—"ég which vanishes. In terms

of the <I>((l g_z g functions, all six distributions also reduce to that one gluon distribution,

which can therefore be identified with F /4 /7.
Then, for all channels, one can easily sum the surviving hard factors. In terms of
diagrams, we always obtain D1 + Do +2D3+ D4+ 2Ds5 + 2Dg, meaning that we recover the

collinear matrix elements. Indeed we have (noting that H, ég)*)gg + Hégl)gg + Hgngg =0):

22 4 52 22 4 ~2
1 2 . S + u CF S + u o 2
tgg)—ﬂlg + H(g)—>q9 K(gg)—ﬂzg + thg)ﬁqg - ) - FG s E|ngﬁqg| , (4.57)
02 ~2 02 a2
1) (3) (1) @) _ 1 t°+4a 1 t+u_172
Hgg—>qq +H 99—qq Kgg—>qq Kgg—>qq T 2N. {4 _2CF 32 —E‘Mgg—wq, , (4.58)
2N, (82 —ta)® 1
2 _ 2
Hs(vg)ﬁgg + HégLQQ Kég)ﬂgg + Kg(fg)ﬁgg - CF 327202 E|M99—>gg‘ . (4.59)

Therefore, we recover the HEF formula (2.9), except that, due to the |k;| < |P| limit, the
matrix elements are on-shell: the transverse momentum of the incoming gluon, k;, survives
only in Fy/4. In other words, we recover the standard high-| P limit:

dO.pAﬁ\dijeterX

1 2 d&agﬁcd
dy1dy2dPRARE ~ 2~ 1+ 60 —H2E Fopala k), 4.60
dydy2d PP dk? Z 1 fap(T1, 17) g/A(T2, Ky) (4.60)

d1+5cd dt

[}
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Figure 8. Four-parton amplitude with the incoming, small-x, off-shell gluon.

With d6ag—ed/dt = [Mag—ecal?/[167(v1725)?], and where Fg/a(w2, k) can be identified with
0/0k? 1y fgya(2, k?), the derivative of the integrated gluon distribution.

In the following section, we shall restore the k; dependence of the hard factors. This
will extend our formulas such that they recover the full HEF formula when the dilute limit
is considered. As a result, we will obtain a unified description, valid for generic forward
dijet system with [p1], [p2t| > Qs, without any additional requirement on the magnitude
of the transverse momentum imbalance k;.

5 Unified description of forward dijets in p+A collisions: TMD factor-
ization with off-shell hard factors

We shall now generalize the hard factors that enter the TMD factorization formula (2.10) to
the case with one of the incoming gluons being off the mass shell, as illustrated in figure 8.
As it has been already stated, the motivation to include the offshellness is to be able to
allow for configurations where the dijets are produced at any azimuthal angle (of course
before application of a jet algorithm that will suppress very small angles and hence render
the results finite).

As can be seen in figure 9 (as an example we chose only purely gluonic matrix element
but the same structure occurs for the other channels), the on-shell matrix element misses
substantial contributions when the jets are produced at small angles near A¢ = 0 and at
small rapidity differences AY = |y;1 — y2| ~ 0. In such configurations, the matrix element
develops a structure that is divergent and it is suppressed only by a jet algorithm, which has
to be applied in order to ensure two-jet configurations [16]. The matrix elements squared
we are after, i.e. g¢* — gg, 99 — q¢ and qg* — qg, can be extracted from the high energy
limit (or eikonal limit) of gg — qgg and qg — ¢qq and q¢¢' — q ¢’ g [35]. In this approach
the quark g is an auxiliary line to which the initial state off-shell gluon g* couples eikonally.

The high energy factorization is a direct procedure where one uses the standard Feyn-
man rules for all vertices and color factors, and fixes the light-cone gauge for the on-shell glu-
ons, using a gauge vector given by the longitudinal component of the off-shell, initial-state
gluon’s momentum. In particular, if we apply the high energy factorization to the process
we are after, we set the gauge vector to n = pa, where p4 is the target four-momentum,
as defined in figure 1 and eq. (2.2). Furthermore, the prescription is to associate with
the off-shell gluon a longitudinal polarization vector, called nonsense polarization [1], of
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Figure 9. Matrix elements squared for gg — gg scattering with p;; = pyo = 4 GeV and ay = 0.2.
Left: the on-shell case. Right: the off-shell case. AY and A¢ are, respectively, the differences in
rapidity and azimuthal angle of the two outgoing gluons.

the form?

= — . 5.1
€ K| baAp (5.1)

As elaborated in ref. [10], longitudinally polarized gluons provide the dominant contribution
to the cross section in the high energy limit. In the square amplitude, this leads to the
polarization tensor of the form [10]

., —2x2
6263 = L2 2 PApPAvY, (52)
In the above, xo = k,p"/pa,p”, which follows directly from the definition in eq. (2.6).
The sum over polarizations of the on-shell gluons takes the standard form, with the gauge
vector given by pa

+
6261),\* = G — PApqv T quPAv : (53)
2 : 0
At q"PAp

where, depending on the channel, ¢ = p, p; or pa, cf. eq. (4.39).

Let us note that the procedure outlined above defines the hard process in a gauge
invariant manner only when a special choice for polarization vectors of the on-shell gluons
is taken. In an arbitrary gauge, for internal and external gluon lines, more sophisticated
methods have to be used, see e.g. [35, 45-48].

To present our results in a compact form, with direct relation to the on-shell formulas
from section 4, in addition to the standard Mandelstam variables given by eqgs. (2.7), which
now, however, sum up to § +¢+ @ = k:%, we introduce their barred versions, defined only

“The /2 factor in eq. (5.1) follows from a convention. It allows for use of the on-shell-like factor &

in averaging over polarization, while calculating matrix elements squared, even in the case of the off-shell
gluon, where the actual number of polarizations in the high energy limit is 1.
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with the longitudinal component of the off-shell gluon

| P2

5= (vopa+p)* = m + |kt|? = z1298, (5.4a)
t = (wapa —p1)* = =25, (5.4b)
U= (zopa — p2)* = —(1 - 2)3, (5.4c)
which are related via the equation
5+t+u=0. (5.5)

In the on-shell limit, k:% — 0, the variables defined above recover the standard Mandelstam
variables from eq. (2.7)

1‘ S — & :0’ 1 E—‘E:O’ 1 U — U :O 56
Aim (5 8) Am (¢ =1) Am (@ — @) (56)

As a consistency check, we have verified that, for all three subprocesses, the off-shell
amplitudes that shall be used to build the hard factors in the remaining part of this section
are identical to those first calculated in ref. [11].

From this point onwards, we shall discuss our results only in terms of the new K () hard
factors and the new factorization formulas from eqs. (4.13), (4.25) and (4.52). The results
for the old hard factors, H® in the off-shell case are given in appendix A for completeness.

5.1 The gqg* — gg channel

The off-shell hard factors for this channel are obtained using definitions given in eq. (4.10)
and then eqs. (4.6) and (4.7). The corresponding D; expressions are collected in appendix A
in table 8. The two hard factors read

32 4 72 s _ It
(1) e n T N 88 — tt
qu*—ﬂlg - 2{{5;,& uu + NC2 ’ (57)
Kk® _ _Crs (5% + u?) (5.8)
a9*=a9 — N, il ) )

In the limit |k;| — 0, simplification given by eq. (5.6) occurs and the above formulas
manifestly recover the on-shell results from table 1.

5.2 The gg* — q@ channel

The off-shell hard factors are obtained using definitions given in eq. (4.28) and then
egs. (4.18), (4.19) and (4.20). The corresponding D; expressions are collected in appendix A
in table 9. The two hard factors take the following compact form

2 —2
(1) _ 1 " +wu .
Kgg*_)qq == 2N6% [UJUJ—F'HJ] s (59)
1 2+u? .
K@ = YW laa+ 8 - 54 . (5.10)

99°799 — AN2Cp  séta
Again, following eq. (5.6), it is manifest that the above hard factors reduce to those given
in table 1, in the limit |k — 0.
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5.3 The gg* — gg channel

In the gauge chosen for our calculation, all the squared diagrams and interference terms that
involve a 4-gluon vertex are identically zero. The corresponding D;s are given in table 10 of
appendix A. Using the combinations from eqs. (4.33)—(4.35) and then the definition from
eq. (4.55) leads to the following set of the off-shell hard factors

2N, (52 — tu)? .
K = lua+tt], 5.11
N, (3% —tu)? .
K2 =S ~——— lua+tt — 53] . 5.12
99" —3g9 CF ttﬂ,&gé‘, |: :| ( )

The on-shell limit is again manifest, with the above equations reducing to those from table 1
as |k — 0.

6 Helicity method for TMD amplitudes
In the preceding sections, the hard factors accompanying the gluon densities .7-'(59 were
calculated from the squared diagrams presented in figures 3—6. This procedure has certain
drawbacks, especially when one would like to consider more complicated processes. For
multiparticle processes, the color decompositions and helicity method [26, 49] are now
considered as the most effective ways to deal with them. Moreover, it is not obvious how the
gauge invariance comes into play for the separate diagrams from figures 3—6 contributing to
the hard factors. In the color decomposition method, the so-called color ordered amplitudes
are gauge invariant from the start and one can use them directly to construct hard factors.
In view of the above, and to cross-check the results from section 5, we will give an
alternative procedure to obtain the factorization formulas with off-shell gluon. To this end,
we shall need TMD gluon densities corresponding to color decomposition of amplitudes

and the color-ordered amplitudes themselves.

6.1 Color decompositions

Let us recall some basic facts about the color decompositions. We refer to [26, 49] for more
details.

We first consider a gluon amplitude M%t+4N (61\1, e ,6?\;\7), where aq,...,ay are the
external, adjoint color quantum numbers, the e?" is a polarization vector for a gluon i
having momentum k; and helicity A; = . The fundamental color decomposition reads

AMO1--aN (8?1, o ’5?‘\[1\7) = Z Tr (t%1¢%2 ... t%N) M <1>\1,0'é\‘72 .. ,O'J)‘V"N> , (6.1)

cESN_1

where the sum is over a set Sy_; of all non-cyclic permutations of {1,..., N}. The coeffi-
cients of the expansion define color ordered — or dual — amplitudes. They possess several
useful properties. First of all, they are gauge invariant. Second, there are certain relations
between dual amplitudes. Indeed, the following adjoint color decomposition involves only
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(N — 2)! different amplitudes [50]

Mo (W) = 3 (B e, M0 o N
gESN_9
(6.2)
where (F%),. = fabe- B
Consider now an amplitude involving a quark anti-quark pair MP1%2--eN-1DN where
D;, D;j are the color and the anti-color of the quark and the anti-quark, respectively. The
color decomposition reads

D AN—
MD1a2maN71DN ()\1,62\2, e ,ENN_;’)\N) =
ao Ao A Aoy Aon_1 A
S0ttty gy M1 07T N L (6.3)
oESN_9

Now A; and Ay are helicities of the quark and the anti-quark. For amplitudes involving
more quark anti-quark pairs the decomposition is more complicated and we refer to [26]
for details.

It is important to note that the above color decompositions work also for the case when
one of the gluons is off-shell.

6.2 Gluon TMDs for color ordered amplitudes

Let us now find the gluon TMDs corresponding to the color ordered amplitudes squared,
as defined in the previous subsection. We constraint ourselves to the 2 — 2 processes case
considered in this paper.

Let us first consider the g (k4)g* (k1) — ¢ (k3) g (k2) process. For the purpose of
this and next subsections we have assigned a new set of momenta to the partons. This
assignment differs from the one used before but it is more convenient when dealing with
color ordered amplitudes. The correspondence is achieved by the following relations: ki <>
k, ko <> p1, k3 <> pa, k4 <> p. Moreover, for the off-shell momentum we adopt a notation

ki=n1+kp . (6.4)

The color decomposition of the four gluon amplitude reads

ajasasa A A A o * o\ s A
Mg;*i2g4 (n17522:5337544> = fa1a26fca3a4 Mgg*—>gg (1 , 272,373, 4 4)
M 1%,3% 22 g 6.5
+fa1a3cfca2a4 99*—gg ) ) ) ) ( . )

where ny is placed for the off-shell gluon instead of a polarization vector (in fact it plays a
similar role). As far as dual amplitudes are concerned, we indicate the off-shell gluon by
a star. In table 4. we calculate the gluon TMDs that correspond to the color structures
exposed in (6.5) (after squaring). They agree with the gluon TMDs calculated in [12] and
listed in rows 1 and 3 of table 8 of [12]. That table defines one more gluon TMD (the
row 2) which however is redundant. Clearly, the color decomposition (6.5) gives all the
necessary color structures and already incorporates the gauge invariance. In summary, the
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color-ordered amplitude squared gluon TMD
A2 A3 gAq) |2
[Magap (0,295 0%) O = (V27 278
]:(4) ]:(5) NQJ:(G)
| Mgg—gg (1*73)\372)\2a4)\4)|2 oo+ oy + Ne o)
* O\ A A * * QA A A
Magegq (17,202,303, 43) My (17,3%, 202, 4%) | @) N%(fo_é? —2Fyy
.F(4) ]:(5) N2]:(6)
;g*—>gg (1*7 2)\27 3>\37 4>\4) Mgg*—}gg (1*) 3>\37 2)\27 4)\4) + 99 + 99 + ¢ 99 )

Table 4. Gluon TMDs accompanying the color-ordered amplitudes for gg* — gg process. It has
been assumed that TMDs are real. The ]-'g(;) distributions are defined in egs. (4.15), (4.16), (4.17)
and in egs. (4.30), (4.31), (4.32).

color-ordered amplitude squared gluon TMD

|M99*—>tﬁ (2&’ 1, 47, 3/\3) |2 1) 1

99—qq — N2—1

N2rf) - 7Y
C(9A2 Aha 1% a)z) |2 ( )
|Mgg*—>qq (2 4,153 )|

A2 1% A A * A2 gAa 1* 3\
Myggrqz (272,17, 47, 3%) 99" —qq (2%, 4%,17,3%) 2) 2 7(2) (3)
99"~ (272,174, 3%) Mggeyqq (212, 47,17, 3%)

Table 5. Gluon TMDs accompanying the color-ordered amplitudes for gg* — ¢g process. It has
been assumed that correlators are real. The ]—"g(;) distributions are defined in egs. (4.15), (4.16)
and (4.17).

two gluon TMD listed in table 4 are the only relevant TMDs and correspond to the two
independent gauge invariant amplitudes squared and their interference.

Now, let us turn to the g (k4) g* (k1) — G (k3)q (k2) process. The color decomposi-
tion reads

MD2010453

99*—qq ()\2, n1,524’ )\3> = (talt(l4)D253 Mgg*—>q§ (2)\2, 14«’4)\47 3/\3>

() 75, Mg g (2,494,1%,8%) L (6.6)

The gluon TMDs corresponding to the color structures appearing after squaring this equa-
tion are gathered in table 5. They correspond to rows 1 and 5 of table 7 in [12]. Again, we
have only two independent TMDs that are needed.
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color-ordered amplitude squared gluon TMD

Mygeqq (333, 17,202 4M) M2 (303,202 1%, 4M)
* A * 9o A A2 * A\ (p(l) — (1)
M ag (333, 1%,222 0y) Mygrsqq (313,272, 1%, 4%) ag—ag = Jag

|ng*—>qg (3’\3,2’\2; 1*74/\4) |2

* 2 2 1 2
[ Magrqq (31,17, 272, 4%)| Bl g = N (* ' foég))

Table 6. Gluon TMDs accompanying the color-ordered amplitudes for gg* — gg process. It has
been assumed that correlators are real. The }}g;) distributions are defined in eqgs. (4.4) and egs. (4.5).

For the process q (k4) g* (k1) — q (k3) g (k2), the color decomposition reads

DsaiasD. A A A A
M-S " ()‘3’”1’522’>‘4> = (t"'") p, 5, Mag*—ag (3 ?, 17,274 4)

(£ 5, Magerag (3,292,717, 4%) L (6.7)

For anti-quarks we need to exchange the indices 3 <+ 4. The TMDs corresponding to those
processes are given in table 6. In general, the TMDs for a sub-process with anti-quarks are
different than for quarks, but they turn out to be the same assuming that the correlators
are real. Again, we end up with only two independent TMDs.

6.3 Off-shell color-ordered helicity amplitudes

In section 5, we have calculated the off-shell hard factors in a specific axial gauge, with
pa chosen as the gauge vector, and using the high energy projector (5.1). As shown in
ref. [10], such a procedure yields results which are gauge invariant within a subclass of
axial gauges with the gauge vector n* = apl, + bp/y, where a and b are arbitrary complex
numbers. There are also methods to calculate gauge invariant off-shell amplitudes in any
gauge and choice of polarization vectors [34, 35, 47, 48]. In what follows, we shall use those
methods and specifically the results of [35, 48].

Consider first the gluon amplitudes. For the purpose of this section only we assume
all momenta to be outgoing. For the non-vanishing helicity configurations, in the helicity
basis, we have

*0\4

Mgg-9g (1*72773+74+) = 2¢° p1 (1*2><;;>24><41*> , (6.8)
*Q\4

Myegsgg (17,27,37,4%) = 29° py <1*2><;§>24><41*> ; (6.9)
* A\ 4

Mgeggg (17,27,37,47) = 29° p1 <1*2><é;>24><41*> , (6.10)
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where we adopted a shorthand notation for the spinor products (ij) = (k; — |k;j+) with
ki) = 5 (1 £ 75) u(k;), and where py is a, for our purposes irrelevant, phase factor (see
details e.g. in [48]). We also defined (1*i) = (n1i) with n; being the longitudinal component
of ki, cf. eq. (6.4). The other remaining helicity configurations can be obtained from
egs. (6.8)—(6.10) using CP invariance

Mgge g (1%,27,37,47) = M, (175,27,37,47) (6.11)
and so on. For the other color ordered amplitude, M g4« 44 (1%, 3,2, 4), we need to exchange
2 <> 3 in the denominators.

The above helicity amplitudes can be efficiently evaluated and squared numerically,
however for the purpose of this paper we shall need analytic expressions. To this end let
us introduce [ij] = (k; + |k;—), which, up to an unimportant phase, is a complex conjugate
of (ij). Moreover, we have the following relation

(i) [ji] = (ki + k;)* = 345 (6.12)

For the products involving n; we use the notation
(1*)[i1*] = (n1 + ki)* = 51+ (6.13)
With this, we get for the required amplitudes squared summed and averaged over helicities

<4 =4 =4
4 S1r9 T Si+3 + S1+4

—_— 2
Mg 1%,2,3,4)|" = 8¢+ 22 ~ 7113 © 6.14
[Magga =8 812823834541~ (6.14)
=4 =4 =4
Mg sgq (1%,3,2,4)[2 = gt 212 213 1 (6.15)
51%3532524541*
4 4 4
_ J— Sixg T S7xq + S7x
My 1%,2,3,4) M. . 1%,3,2,4) = — 8" PARNS b L S  — 6.16
99" —9gg ( ) 99*—gg ( ) g <1*2> <34>[1*3] [24}523541* ( )
=4 =4 =4
Mg (152,38, 4) Myge g (1%,3,2,4) = — 8¢t 12 T 51t i (6.17)

[1+2][34](1*3) (24) 823541+

where we have used overlines to indicate helicity summations. The last two interference
terms enter the cross section as a sum. Therefore, we may simplify it as

Mg g9 (17,2,3,4) M

(1*737274) +MZ (1*’27374) Mgg*ﬁgg (1*737274)

k
99*—gg 9*—4g9
(~4 + g =4 s s e <~
4 (87x0 + 8743 + 87+4) (8248143 — 82351+4 + 53451+2)

51+253451+3524 523541+

= —8¢ , (6.18)

where we have used
[172][34](173)(24) + (172)(34)[173][24] = (n1—[Pspap2lni—) + (n1—[papapslni—), (6.19)

and applied g;p; = 3;; —P;; a few times. The amplitudes for the on-shell limit are simply
obtained by dropping the star in 1* so that the spinor and the scalar products will be with
k1 instead of n;.
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Now let us turn to processes with quarks. We will give only amplitudes for
g (kg) g* (k1) — G (k3) q (k2) process, as all the other can be obtained by the crossing sym-
metry (taking care of the proper color flow when crossing). We have

Mg —sqz (37,1%,47,2%) = 2¢% py <21*<>2 <11*>4><2113>><32>, (6.20)
*\ 3 *
Mag—qz (37, 1%,47,27) = 2¢% py <21*<§<11*>4><<242>><32>. (6.21)

We note that the above formulas have never been published in the literature and are given
here for the first time.

Similar as before, the two remaining helicity configurations can be obtained thanks to
CP symmetry. For the color ordered amplitudes with 1 and 4 interchanged, we need to
make a replacement 1 < 4 in the denominators. The amplitudes squared and summed
over helicities read (the helicity averaging factor is included)

S1*3 (5%*2 + 5%*3)

_ , )
| Mg —sqq (3:1%,4,2)|" = 29" ————— (6.22)
51%4534523
3 32 22
Wi 8§1%2 (87+9 + ST+
[ Myge sz (3,4, 1%,2)° = 2¢* =2 2~( 2 T 3), (6.23)
51%4524523
g (3,1%,4,2 g (3,4,1%,2) = — 247 6.24
Magr—raa B 104 2) Mg 102 = =20 G g B s o
510l 32 32
N . J— . 5§1%981%3 (STxo + ST«
Mgz (3.17,4,2) Mggryqq (3,4,17,2) = — 2g (51 + 57-5) (6.25)

[21%][43](31%) (42) 23541+
The sum of the last two interference terms simplifies to

*
99" —qq (

Mg a7 (3,1%,4,2) M 3,4,1%,2) + M, 3,1%,4,2) Mgge—q7 (3,4,1%,2)

_2g 4 51*281*3(51*2 + 31*3)(82451*3 — 52351+4 + 53451+2 )

99" —qq (

(6.26)
51*253451 3524523541*

In order to obtain amplitudes for q (k4) g* (k1) — q (k3) g (k2) we can use the crossing
symmetry. Specifically, we can obtain }ﬂqg*_wg (3, 1*,2,4)| , }ng*—wg (3,2, 1*,4)!2 and
interference terms by making replacement 2 <+ 4 in eqs. (6.23), (6.22), (6.26) respectively.

6.4 Hard factors from color-ordered amplitudes

Having computed the color ordered amplitudes it is now straightforward to calculate the
hard factors K9, Let us note, that it is the K hard factors that appear naturally within
the color-ordered formalism, not the H® factors. It also comes naturally that there are
two hard factors and two TMDs per each channel, so the the factorization formulas can be
written in a unified form:

dO.pA—>dijets+X 1

2
s
2 2 = 2 Z ‘Tlf‘l/p(xl’ ZKag —)cd ag—)cd
d>Pd?kydyrdyz - (w1728) = — 14 deq

(6.27)

where a,c,d are the contributing partons. The explicit expressions for the generalized
gluon TMDs 30 .q are listed in tables 4-6. The hard factors K ¢ were already given in

ag—c
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1 1 2
0 N, (s*+ 1 +u?) (ui + ) N, (3*+1T +ut) (wi +tt — 33)
99°799 | Cp ttuass 2CF ttuuss
e 1 (@ + ) (wa + ) 1 (F+a®) (wa+ i - 35)
99799 | 2N, séta AN2Cp S8t
%0 u (32 + u2) S5 — 1t _@ 3 (32 + uz)
19" a9 2tts N2 i N.  ta

Table 7. The hard factors accompanying the gluon TMDs 3

ag—cd’

section 5 (we collect them in table 7 for convenience). In the context of this section, they
are obtained by multiplying the left column of tables 4-6 by the corresponding color factors
and combining the cells that belong to the same generalized TMD. More precisely, we have

3
(1) 1 NeCr (1= . R R} 2
Kgg *—gg — (2N.Cr)2 2 (‘Mgg*—mg(l 727374)| + ‘Mgg*—xqg(l ?37274)‘ ) ;
(6.28)
3
2) 1 NeCp [+ . . .
Kgg *—g9 = (2N.Cp)? 4 (Mgg*—>gg<1 12,3, 4) Mg, (1 ,3,2,4)+c.c.> ,
(6.29)
for pure gluon channel, and
AR L N (im 3,1%,4,2)]* + | M 3,4,1%,2)°
99 —qq — (2NC') cYF ’ gg*—>q6(a ) )’ ‘|“ gg*—>lﬁ(7 Lo )‘ )
(6.30)

4K( ) 1 _CF
99*—=qq — (2N CF) 2

(Mg (3,17, 4,2) My g (3,4,1,2) + c.c. ), (6.31)

99" —4qq

for gg* — qq channel. For the q¢* — qg sub-process we need to use the crossing symmetry
as described in the preceding section. We have

m 1 2 (o . 2
P KD = 2CFNE{NCCF (= Mg (3.17,4.2)F)
Cp [ — . .
_7( Mg —sgq (3,15, 4,2) M g0z (3,4,1%,2) — c. c .
(6.32)
ag® 1 N [Myge—qq (3,4,1%,2) | (6.33)
9 Bggrmqg = 20F N2 FA 99*—qq \9> % L gess

In all the formulas above, the first color factor comes from color averaging. The minus
signs in front of the amplitudes in (6.32), (6.33) come from the crossing of a fermion line.
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Table 7 is easily recovered using the following relations of 5;; to the kinematic variables
from section 5

593 = 514 = 5, S34 = S12 =1, So4=3513=1, (6.34)

S1.4 =35, 2=t S1#3 = 1U. (6.35)

7 Conclusions and outlook

Dijet production is one of the key processes studied at the LHC. Requiring the two jets to
be produced in the forward direction creates an asymmetric situation, in which one of the
incoming hadrons is probed at large =, while the other is probed at a very small momentum
fraction. This kinematic regime poses various challenges, one of the biggest questions being
the existence of a theoretically-consistent and, at the same time, practically-manageable
factorization formula. The standard collinear factorization is not applicable in this case as
the dependence on the transverse momentum of the low-z gluon in the target, k;, cannot
be neglected.

In the limit where the jets’ transverse momenta |pi¢|,|pat| > |kt| ~ Qs, with the
latter being the saturation scale of the target, an effective transverse-momentum-dependent
factorization formula for forward dijet production has been derived in refs. [13, 14] and
it has been shown to be consistent with the CGC framework. On the other side, the
high energy factorization approach [10, 11] has been also successfully applied for studying
forward dijet production at the LHC. In this paper, we have examined the theoretical
status of the HEF approach in the context of forward dijet production at hadron colliders
and reconciled it with the TMD factorization by creating a unified framework valid in the
limit [p1¢], [p2t| > Qs with an arbitrary value of |k;|, as long as it is allowed by phase space
constraints. In particular, we have shown in section 3 that the HEF formula is indeed
justified in the kinematic window of [p1¢, [p2t| ~ |kt| > Qs, where it was explicitly derived
from CGC for all 2 — 2 channels. This limit corresponds to the dilute target approximation
hence no non-linear effects are expected.

The second major result of our work is an improvement of the effective TMD factor-
ization for forward dijet production, first derived in ref. [13], by taking into account in
section 4 all finite- N, corrections, as well as generalizing the factorization formula to the
case with an off-shell incoming gluon in sections 5 and 6. In addition, we were able to
simplify the TMD factorization formula by reducing the number of gluon distributions to
two independent TMDs for each channel. The main results of this part of our study are
summarized in eq. (6.27), which gives the new TMD factorization formula, as well as in
table 7, where we collect all the off-shell hard factors. The corresponding gluon distribu-
tions are given in tables 4, 5 and 6. The above results were obtained with two independent
techniques: a traditional Feynman diagram approach and helicity methods with color or-
dered amplitudes. The improved TMD factorization formula (6.27) encapsulates both the
result of ref. [13] and the HEF framework as its limiting cases.

The results obtained in this paper open several avenues for future research that we
plan to follow. First, a natural next steps will be to use eq. (6.27) for phenomenological
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studies. That shall require some input for the six gluon TMDs (z, kt), which may
of just two functions: G (z, ky) and £GP (z, k;), which in turn can be evaluated within
certain models, as in [5].

Another line of possible extension of our framework is to supplement it with high-
| P;| effects such as Sudakov logarithms or coherence in the evolution of the gluon density.
Essentially, this can be done by adding a u? dependence to the unintegrated gluon distri-
butions [29-31, 51-54]. The equations that combine such effects with the small-z evolu-
tion [55, 56] show a nontrivial interplay between the non-linearities and the u? dependence
and this may, in particular, weaken the saturation effects. At the linear level, the so-called
single step inclusion of the hard-scale effects (as demonstrated in [17]) helps in the descrip-
tion of forward-central dijet data, therefore this direction seems to be relevant in order to
provide complete predictions. Furthermore, first estimates of azimuthal decorrelations of
the forward-forward dijets in the HEF framework, with inclusion of hard scale effects and
non-linearities, show that they are of similar relevance for this process [33].

Last but not least, it remains to be proved that the large logarithms generated by
higher-order corrections can indeed be absorbed into evolution equations for the various
parton distributions (and jet fragmentation functions) involved, and potentially for addi-
tional soft factors [57]. This limitation however is not specific to our work, the same is true
at the level of the TMD and HEF regimes independently. In the former case, it is known
that TMD factorization generically does not apply for dijet production in hadron-hadron
collisions [22, 24]. It is nevertheless expected that, in dilute-dense collisions, initial state
interactions originating from a dilute hadron do not interfere with the intrinsic transverse
momentum and thus factorization may hold, although there is no formal proof of this
statement yet.

In addition, even though it was possible to write formula (4.56) in terms of just two
TMDs per channel, this simplification may not survive after small-x evolution is included,
as, in general, the non-linear equations mix the original ]-"é? functions. For instance, zG()
does not obey a closed equation and, contrary to what happens with zG®), the large-N,
limit does not help [58]. We note that any equivalent linear combination of the gluon
distributions, such as (2.10) and (4.56), is equally valid, and it may turn out that some
alternative choice allows one to write the evolution equations directly in terms of TMDs.
By contrast, it is also possible that the inclusion of small-z evolution can only be achieved
within the full complexity of the CGC, meaning that the Qs ~ |kt < |P;| limit, which
allows one to avoid the quadrupole operator in (3.10) and express the cross section in terms
of gluon distributions, may not help when small-z evolution is considered.

In the HEF regime, the issues are different. The Qs < |k¢| ~ |P;| limit makes things
simpler from the point of view of small-z evolution, since non-linear effects can be neglected.
However, the off-shellness of the hard process is not neglected and thus the standard power
counting of the twist expansion becomes useless. One must then resort to different methods,
such as those of ref. [59]. Any progress towards an all-order proof of either HEF or TMD
factorization for forward dijet production in dilute-dense collisions will naturally carry
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over to our improved TMD factorization formula (6.27) that combines both regimes. In
the meantime, our results represent a viable alternative to CGC calculations, equivalent to
them in the kinematic regime appropriate for dijets Qs < |P;| but more practical.
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A Off-shell expressions

In this appendix, we gather all expressions corresponding to the D; diagrams from figures 3—
6 in the case where one of the incoming gluons is off-shell. All calculations were preformed
in the axial gauge discussed at the beginning of section 5, with the axial vectors for the
on-shell gluons set according to eq. (4.39).

For completeness, we also give here the results for the “old” hard factors defined in
egs. (4.6), (4.7) (4.18), (4.19), (4.20), (4.33), (4.34) and (4.35), in the case with off-shell
incoming gluon.

Table 8 gives the D; expressions for the subprocesses gg* — qg. The two hard factors
in this channel read

9 _9 ~
(1) S +u| tt
Hqg*—>qg = — 2§£ﬂ u — @ s (Al)
(22 . =2
(2) s (s +u )

In the limit, |k;] — 0, simplification given by eq. (5.6) occurs and the above formulas
manifestly recover the on-shell results from egs. (4.8) and (4.9).

The corresponding D; results for the gg* — gG subprocess are given in table 9. The
three “old”, off-shell hard factors for this channel take the form

1 2 +a?

o N
Hgg*_>qq - E% [UU +tt} y (A?))
@ 1 e2+at o
Hgg**)qq— = E% [SS — it — UU] s (A4)
2 =2
(3) _ 1 t* +u
Hog 01 = ~4N20r af (A5)

Again, following eq. (5.6), it is manifest that the above hard factors reduce to egs. (4.21)—
(4.23) in the limit |k| — 0.
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Table 8. Expressions for the gg* — ¢gg subprocess with off-shell incoming gluon corresponding to
diagrams (1)-(6) of figure 3 in gauge described in section 5.

99" — qq D;
) 1 (5+ 1) (25u + s* + 2u?)
Ne  2t5(8+1+4q)

1 @ (250 + 5% + 2u?)
T Ne 205 (3+1+4)
3) 1 (2su+5"+20%) (5(3+1) +u(t-a))
N2Cp 8tas (8 + ¢+ )
1 25u+ 5%+ 2u?

) Cr 25(3+1+a)

) 1 (2s5u+5+20%) (5(5 1) —a(t+q))
Cr 85t5 (5 + 1+ 1)

©) 1 (2su+5+20°) (5(5+1) +a(t+a))
Cr 8505 (8 + 1 + 1)

Table 9. Expressions for the gg* — ¢g subprocess with off-shell incoming gluon corresponding to
diagrams (1)—(6) of figure 4 in gauge described in section 5.
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Table 10. Expressions for the gg* — gg subprocess with off-shell incoming gluon in gauge described
in section 5. The numbering (1)—(6) corresponds to the color structures as defined in eq. (4.43) and
each expression contains contributions from diagrams with both 3- and 4-gluon vertices.

Finally, the D; expressions for the subprocess gg* — gg are given in table 10 and the
six hard factors read

N, (8% —tu)? .
99°=99 = Cp  ftauss [t + ] (A.6)
N, (5% —tu)? -
H(zl - 7CA_7 85 —tt — uu 5 A7
2 22 _ 72
© _ Nege) e oz - Ne -t
Hyge g9 = _76 99" —gg = NeHggrgg = NeHgge g9 = Cr  fttag (A-8)

The on-shell limit is again manifest, with the above equations reducing to eqgs. (4.36), (4.37)
and (4.38) as |k:| — 0.
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