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ABSTRACT: Axial charge imbalance is an essential ingredient in novel effects associated
with chiral anomaly such as chiral magnetic effects (CME). In a non-Abelian plasma with
chiral fermions, local axial charge can be generated a) by topological fluctuations which
would create domains with non-zero winding number b) by conventional non-topological
thermal fluctuations. We provide a holographic evaluations of medium’s response to dy-
namically generated axial charge density in hydrodynamic limit and examine if medium’s
response depends on the microscopic origins of axial charge imbalance. We show a local
domain with non-zero winding number would induce a non-dissipative axial current due to
chiral anomaly. We illustrate holographically that a local axial charge imbalance would be
damped out with the damping rate related to Chern-Simon diffusive constant. By comput-
ing chiral magnetic current in the presence of dynamically generated axial charge density,
we found that the ratio of CME current over the axial charge density is independent of the
origin of axial charge imbalance in low frequency and momentum limit. Finally, a stochas-
tic hydrodynamic equation of the axial charge is formulated by including both types of
fluctuations.
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1 Introduction

The parity-odd response of a medium with chiral fermions and its deep relationship to
topology and quantum anomalies have attracted significant interest. One such effect under
extensive study is the chiral magnetic effect (CME) [1-4] , which is the appearance of a
vector current along the direction of an external magnetic field in the presence of axial
charge imbalance (see refs. [5, 6] for a recent review). The CME has been demonstrated in
various theoretical frameworks, such as in hydrodynamics [7-13], kinetic theories [14-19],
perturbative theories [4, 20, 21], effective theories [22-26] and in the AdS/CFT correspon-
dence [27-32]. A closely related effect is the chiral vortical effects (CVE), which is the
appearance of a current along the direction of vortivity. CVE and its relation to mixed
anomalies has been studied in [33-37]. Interesting properties of chiral media have been
discussed in [38-40].

Those anomalous effects are not only theoretically well-motivated, but also phenomeno-
logically important. In a heavy ion collision, a very strong magnetic field, on the order

of eB ~ m2, is created from the incoming nuclei that are positively charged and move

T

at nearly the speed of light. Therefore, CME will convert axial charge fluctuations gen-
erated in heavy-ion collisions into (vector) charge-dependent correlation which could be



potentially detected by experimental observables. Recently, there have been significant
experimental efforts in searching for CME and other anomalous transport effects (see [41]
for a review) in heavy ion collision experiments [42-45].

One essential ingredient in those anomaly-related effects is the presence of axial charge
imbalance. For example, in terms of chiral charge imbalance parametrized by the axial
chemical potential 4, CME can be expressed as:

o2’

FME = CyupaeB, Ca

(1.1)

Previously, most studies were based on introducing axial charge asymmetry by hand, after
which the response of the medium to a magnetic field is investigated (see ref. [46, 47] for
exceptional cases). However, axial charge density n4(t, x) is a local and dynamical quantity
depending on space and time. The medium’s response to time-dependent, in-homogeneous
axial charge density and the connections of this response to anomaly have been rarely
studied before. One motivation of this paper is to fill this gap.

A distinctive feature of local axial charge density (in contrast to vector charge density)
is that there are microscopically two different mechanisms for local generation of axial
charge imbalance. The first one is by topological fluctuations of gluonic fields which would
create domains with non-zero winding number. The resulting topological charge will in
turn convert into axial charge density via anomaly relation:

2
. g v
i = —2q, q= 392 P TrG G oy (1.2)

where ¢ is topological charge density (Pontryagin density) and G, denotes field strength of
gluonic fields. Such topological fluctuations would in general create both global axial charge
and local axial charge imbalance. The second mechanism is through thermal fluctuations.
In the absence of topological fluctuations, while the whole system is a grand canonical
ensemble (of axial charge), each fluid cell of that system can be considered as a canonical
ensemble (of axial charge). Therefore axial charge inside a fluid cell still fluctuates due
to thermal fluctuations. For a non-Abelian plasma with chiral fermions, both mechanisms
would contribute to local axial charge density fluctuations. Would response of the medium
depend on the way that axial charge density is generated?

In this paper, we will consider a de-confined non-Abelian plasma with chiral fermions
at finite temperature. We will begin by studying the medium’s response to the interplay
between local axial charge density na(t,x) and ja(t,x), ¢(t,x) in long time and long
wavelength limit (i.e. in hydrodynamic regime). In particular, we will examine if the
relation among those one point functions depends on the microscopic origin of local axial
charge density. As a basis for this study, we will work in a top-down holographic model,
namely Sakai-Sugimoto model [48, 49]. The Sakai-Sugimoto model is considered to be
close to the large N, QCD with massless chiral quarks in quenched approximation. It has
been widely applied to study anomaly-related effects (e.g. [27, 50, 51]). To model gluonic
fluctuations and implement anomaly relation (1.2), we will consider the dynamics of C7
Ramond-Ramond field and its Wess-Zumino coupling to flavor sector. As we are working
in the long time, long wave length limit, the results presented in this paper are analytic.



We found axial current j4(¢, @) can be created by in-homogeneity of topological do-
mains. It is well known that in-homogeneity of axial charge densities leads to diffusion:
ja(t,x) = —DVny(t,x) where D is the conventional diffusive constant. However, if the
axial charge density results from a local topological domain which will be represented by
an effective field “0(¢,x)” in this paper, such topological domain will also induce an axial
charge density and non-dissipative axial current in addition to diffusive current:

r
ng = %H(t, x), I = kesVo. (1.3)

Here, I'cg and kcg is related to the behavior of retarded Green’s function G%](t,az) ~
([q(t,x),q(0,0)]) in hydrodynamic regime:
GH(w, k) = L —ihw — kesk?| (1.4)
2 T

and T denotes temperature. It is worthy noting that kcg term in (1.3) is opposite to the
direction of diffusive current and non-dissipative. One way to understand current (1.3) is
that a topological domain also carries kinetic energy which would be transfered to chiral
fermions via anomaly relation (1.2). In ref. [52] by us, we have derived (1.3) based on a
generic setting and presented a brief verification of (1.3) in the Sakai-Sugimoto model. We
provide more details on this calculation in section 3.1 and elucidate how axial current (1.3)
is generated from gravity side of the duality.

Our calculation in section 3.2 confirms that a local chiral charge imbalance n (¢, x)
will induced a non-zero ¢(t, ) and they are related by

na(t,x) .

1.5
2Tsph ( )

q(t,z) =
Tsph here can be interpreted as the axial charge damping time. Indeed, substituting (1.5)
into (1.2), one has: 8,J% = —na/Tpn. Egs. (1.5) hence implies that a non-zero axial
charge density will eventually be damped out by inducing a non-zero g. Furthermore, we
verify by holographic computations that 74y is related to Chern-Simon diffusive rate I'cg
and susceptibility y:

(1.6)

Previously, relation (1.6) has been derived based on the standard fluctuations-dissipation
argument [53] (see also section 5). Very recently, 7y, has also been computed numerically
in a bottom-up holographic model [54]. To best of our knowledge, current work is the first
direct verification of relation (1.6) in strong coupling regime.

As we find that the axial current in response to axial charge density depend on how
such axial charge imbalance is generated, it is natural to ask if chiral magnetic current (1.1)
also depends on the origin of axial charge imbalance. To be quantitative, we consider the
ratio between CME current and axial charge density in low frequency, small momentum
limit in the presence of constant magnetic field:

-CMFE w
;m(wk)] N e sl CIL0Y (1.7)

CyeB

~1
. =1
(Xayn) w,lkIEO [nA(w, k)



For a system with constant axial charge density na, the ratio ngE /(CeB) equals to
axial chemical potential 4 due to (1.1). However, if ny is space-time dependent, the
definition of axial chemical potential 114 is ambiguous. If one takes the ratio 57 /(CeB)
as the generalized definition of axial chemical potential, the ratio na(w,k)/pa(w, k) can
be interpreted as susceptibility. For this reason, we will call xgyn the “dynamical axial
susceptibility”.

We would like to emphasis that xgyn (1.7) is conceptually different from chiral mag-
netic conductivity [55] which is the proportionality coefficient of CME current to the time-
dependent magnetic field for a medium with homogeneous, time-independent axial chemical
potential. In (1.7) however, magnetic field is constant while n 4 is space-time dependent. It
is worthy noting that in realistic situations such as quark-gluon plasma (QGP) created in
heavy-ion collisions, xgyn would be a relevant measure of CME as in those situations, the
axial charge density is always generated dynamically. Previously, chiral magnetic conduc-
tivity has been calculated for plasma in equilibrium at both weak coupling limit [20, 21, 55]
and strong coupling [50, 56, 57] and for plasma out-of-equilibrium [58]. However, we are
not aware any existing literature discussing the “dynamic axial susceptibility” x4y, and its
universality.

We have computed xqyn With n4(w, k) generated by topological and thermal (non-
topological) fluctuations in Sakai-Sugimoto model. We found such ratio xqyn (1.7) is in-
dependent of the origin of axial charge imbalance and equals to static susceptibility .
Moreover, we derive a simple analytic expression (4.15) relating the (integration of) gravity
metric to xqyn Which applies to a large class of holographic model. From such expression,
we obtain a condition on the universality of xqyn.

Having established the fact that axial charge generate by both topological fluctuations
and thermal fluctuations would contribution to CME current, it is then important to
incorporate both fluctuations in the framework of stochastic hydrodynamics. Recently,
there are encouraging progress on applying anomalous hydrodynamics to simulate charge
seperation effects [59, 60] and chiral magnetic wave effects [61, 62] in heavy-ion collisions.
In those studies, axial charge density enters as the initial conditions while the fluctuations
of axial charge density during hydrodynamic evolution have been neglected. Motivated by
findings in this paper, we formulate a stochastic hydrodynamic equation of axial charge
density in section 5. Such hydrodynamic equation includes stochastic noise from both
topological fluctuations and thermal fluctuations. While it is a direct generalization of the
general framework [63-65], to our knowledge, stochastic equation (5.8) is new in literature.
We hope our theory would be applied to simulate phenomenology of anomalous transport
in the future.

The paper is organized as follows. We will begin with a brief review of pertinent in-
gredients of Sakai-Sugimoto model and realization of anomaly relation (1.2) in section 2.
Section 3 is devoted to studying medium’s response to axial charge density. The compu-
tation of xdyn (1.7) is presented in section 4. The stochastic hydrodynamic equation for

axial charge is formulated in section 5. We conclude in section 6.



2 Sakai-Sugimoto model and chiral anomaly

2.1 Set-up of the model and realization of anomaly

In this paper, we will work in Sakai-Sugimoto model [48, 49]. In this model, the de-confined
phase is given by D4 black-brane metric, which is a warped product of a 5d black hole and
St x §*[66, 67]. The D4 brane background is given by [66]:

U\ R\*? dU?
2 _ . 2 2 2 2002 4+ = 2.1
ds <R> (= f(U)dt* + dx” + dxj) + <U> <U d 4+f(U)> , (2.1)
27 Nee A Ur\?
FRR _ 200 o (2 3 = g NI =1- (=) . (22
(4) ‘/;1 ) € gS <R> bl R ﬂ—gS ClS7 f(U) < U ( )

Here x4 is the coordinates of S; and €4 is the volume form of the four sphere S;. In
addition, V4 = 872/3 is the volume of S; and gs, [ are string coupling and string length
respectively. The location of the horizon Ur is related to the inverse temperature:

4m R3? 1
gﬁ == (2.3)
Uy
The periodicity of x4 is given by
27
0T =2wRy = . 2.4
= (24)

The background (2.1) is stable for T > 1/(27R4) = Mgk /2w [67]. Finally, 't Hooft

coupling X is given by:

(271’)29515
2w Ry

To model gluonic fluctuations, we will consider the dynamics of C’7 Ramond-Ramond

A= Nc = QWNCgSlSMKK . (25)

form. The kinetic energy of C'7 are given by

(27ls)0

™

Srr = — / dC7 N (*dC7) . (2.6)
10

In Sakai-Sugimoto model, right and left handed quarks are introduced by Ny D8 branes
and Ny D8 branes [48, 49]. Right-handed (left-handed) U(1) gauge filed Ar (AL) lives on
D8 (D8) and is dual to right-handed (left-handed) current J% (JI') on the boundary. The
D8/ DS branes are separated along the x4 direction, with D8 branes located at x4 = 0 and
D8 branes located at 24 = mRy. In this work will consider N ¢ = 1 though generalization
to the case of multi-flavors is straightforward.

The action of bulk gauge field Ag 1, or its field strength Fp 1, is given by the summation
of Dirac-Born-Infeld (DBI) term

R,L 1 _ R,L
S =~ gy [ d've o\/—det (gain + (2ma) FI2E) (2.7)
S
and Wess-Zumino (WZ) term which couples Ag 1, to Ramond-Ramond form:
R,L
Sih =+ / $yCor1 Atre 2. (2.8)
9



We normalize the RR forms C' as in [48] and use hermitian worldvolume gauge field A. The
DBI action is identical for Ag and Ap. In WZ term, plus/minus sign is corresponding to
Ar/AL (ie. Ft\/FL ) respectively. Axial gauge field and vector gauge field are related
to right-handed and left-handed gauge field by:
A AR—AL’ yo AT A
2 2
The total action we will study then becomes:

(2.9)

S = Srr + Spp1 + Swz - (2.10)

It is instructive to show how axial anomaly relation (1.2) is realized in the current
holographic model. Following holographic dictionary, the axial current j/ is given by the
variation of holographic on-shell action Spo, With respect the boundary value of a, =
A,(U — o0) and ¢ is given by the variation of Sy, with respect to 6:

. O9Shol dShol

o olo o olo

jh = 2ol ) Oholo (2.11)
A day, 60

Here 6 is determined by the holonomy of C on the compactified z4 direction [68]:
0(t,) = lim [ day(CY). (2.12)

One may note that the normalization in (2.12) is consistent with the one found by consid-
ering action of multiple probe color branes.
C) is related to C7 and Ap , field [69]:

dCy = (2l,)% % dC7 — AR A (0(z4 — mRy)dzg) + A" A (6(24)day) - (2.13)
It is clear from (2.13) that C7 is invariant under axial gauge transformation:
OZAR =dN,  GpAL = —dA,  6AC) = —Ad(x4)drs — AS(x4 — TRy)dxy, (2.14)

where A is an arbitrary scalar function. At boundary and after integrating out x4 depen-
dence, the axial gauge transformation is reduced to

dnay(t,x) = 0,A(t, ), oAO(t,x) = —2A(t, ). (2.15)

Since the action (2.10) expressed in terms of C7 and field strength Fr/F}, are manifestly in-
variant under axial gauge transformation (2.14), Spolo would also be invariant under (2.15).
We therefore have that for an infinitesimal transformation JA:

5Sholo 5Sholo
= [ d*x | 200 OA(t
04 Sholo / x[da#(t,w)a“( t2) + 596 2)

= /d4x (7%t @) (0,0A(t, @) — 2q(t, ®)SA(t, )]

(—26A(t, z))

_ / d'z [8,4(t, ) + 2q(t, )] SA(t, @) = 0. (2.16)

The anomaly relation (1.2) then follows from the requirement that (2.16) holds for arbitrary
0A, This is the holographic realization of axial anomaly in the current model. Realization
of axial anomaly in general Dp/Dg brane can be found in [70].



2.2 Fluctuations of bulk fields

We wish to study medium’s response to local axial charge imbalance. To model that process
in holography, we need to introduce sources on the boundary. Those sources will excite
bulk fields which in turn would generate one point functions such as axial current j/; and
g on the boundary. As we discussed in the introduction, local axial charge imbalance can
be generated by a gluonic configuration with non-zero winding number and by thermal
fluctuations. Correspondingly, we will create axial charge imbalance by putting a non-zero
(t,x) and by putting a non-zero axial gauge field a, (¢, ) on the boundary. In this work,
we will restrict ourselves to the longitudinal fluctuations, i.e., the source on the boundary
are 0(t,x),a;(t,x),a,(t, z) where x corresponds to the direction of non-vanishing current
and sources will only depend on t, . Consequently, non-zero bulk fields are A;, A, Ay, C7
and they would only depend on ¢, z, U.! For later convenience, we introduce a dimensionless
radial coordinate:

u=U/Ur. (2.17)

We will also rescale all other dimensionful quantities by

~ Ur 4r 47
T=\—=—T=KT K=—. 2.18
Vs = 3 : 3 (2.18)

where we have used (2.3).
We take following ansartz for C7:

C7 = B (t, z;u) de™ Ndoyg Aey = [By(t, z;u)dt + By (t, z;u)dz + By(t, z;u)du] Adoa Aey .

(2.19)
where do1s = dzy A drs. Here, M, N run over t,z,u. Adopting the convention
€ty wawsrafyba0s0,u = 1 With 0;(i = 1,2,3,4) being angular variables on S, we obtain the
explicit expressions for dC7 and *dC7:

dC7 = [Gig(t, z;u)dt A dax + Gue(t, x;u)du A dt + Gz (t, z;u)du A dx] A dora A eg, (2.20a)
xdC7 = —u " [G™(t, 25 u)dt + G (t, z;u)de + G (t, z;u)du] A day, (2.20b)

where Gy = Op By — On By is the field strength of B. Indices are raised/lowered by
metric (2.1), i.e.:

gu(w) = —u32f(u),  gee(w) =v??,  guu(u) =u 2 f(w)7, (2.21)

and f(u) = 1 —u~3. Action (2.10), after performing trivial integration of 4, can then be
written in a compact form:

1 1
S = / d*zdu (—4NC\/7—7FMNFMN — Z\ﬁ—gGMNGMN — KeLMNBLFMN> . (2.22)

'Note that C7 can also depend on z4. This can happen when we consider backreaction of D8 brane. We
will restric ourselves to lowest mode on S* with no z4 dependence in this work.



where Fyyn = Onv Ay — O Ap is the field strength of A. Three terms in (2.22) are corre-
sponding to Sppr, Srr, Swz respectively and the sign convention for Levi-Civita symbol
is €% = 1. In (2.22),

V—g=Cyut. V= C'Vu5/2 . (2.23)

The dimensionless parameter Cy, Cy can be expressed in terms of Mkk and 7" as

7297 K M3 2\T
C. = KK Ch=— 2.24
g aNsT2 T 2Tn K Mgk (2:24)
Varying (2.22) with respect to A and B, we obtain equation of motion for GMY FMN.
(v —gGMN) = Ke®MNFgyy (2.25a)
Ne (V=70 FMY) = Ke@MNG oy, . (2.25b)

2.3 The prescription for computing one point function

In this section, we will derive the explicit holographic prescription for computing one
point function ny, ja,q from definition (2.11). For this purpose, we need to first obtain
holographic on-shell action and then perform the variation with respect to the sources,
0,as,a;. It is therefore more natural to rewrite the holographic action in terms of A and
C field instead of C7. The reason is that 1 is directly related to the boundary source 6
as seen in eq. (2.12). From (2.13) and (2.19), we have explicitly:

V—gerunGMN = 2K [0, M +2A1)] . (2.26)

where M is the x4 component of C, integrated over the x4 circle:
M = /d:):40§4). (2.27)

The boundary value of M is 6. Note that GMY and (OyM + 2Ay) are invariant under
both flavor and C; gauge transformations (2.14). Using (2.26), (2.25b) can be written in
terms of M as

N (V—AFMNY = 2K%/—g' (0N M + 24" | (2.28)

where we have defined:
<_gttga:acguu)

—g' = Ner (2.29)
Moreover, the Bianchi identity of Gj;n reads
MNG Gyn =0, (2.30)
together with relation (2.26) gives
Oy [JTg' (24" + 8NM)} ~0. (2.31)



It is easy to see the action in terms of the M and Aj; fields, which would lead to equation
of motion (2.28) and (2.31) is

2
S = / d*zdu [ - ENCMFMNFMN - %@ (oM +2A¢g) (09M +2A9) |, (2.32)
as it is analyzed in [69, 70]. The action has the same form as eq. (9) in [71] from a bottom-
up model. However our action differs in the N, dependence of different terms in (2.32),
which is absent in [71].
In order to compute the one point functions of g,n4 and j4 we use the action (2.32)
instead of (2.22), since it is expressed in terms of the bulk fields which are directly related

to the sources of the boundary operators. To obtain the on-shell action, we do variation
of (2.32):

08 :/d4xdu{aM [Nc\/—fyFMN _ 2K2\/—79/(3NM+2AN)] SAN
+ K2\/=g/on (0N M +24N) 5 M}
+ [t [Ny s Ay — K2/~ (040 + 24050 (2.33)

The bulk term vanishes by eqgs. (2.28), (2.31), and the boundary term gives the on-shell
action. We therefore have from (2.11)

g(t, ) = lim [_wagf (UM (L, z: u) + 2AY(¢, 2 u))}

U—00

= lim [—KGtm(tax;u)]Ren’

Ren U—»00

(2.34)
and
na(t,z) = Ne im [V=AF"(t,z0)]q,, . jalt,2) = Ne im [V=yF™(t zu)]g, -
(2.35)
In (2.35), we have introduced a “bulk axial current” [72]:
Jh(u) = Ney/—yFH*(u) . (2.36)

As in general bulk current J%(u) and bulk field Gy, (u) might be divergent near the bound-
ary u — oo. we use the subscript “Ren” in (2.35) and (2.34) to denote the subtraction of
such divergences in (2.34). The correspondence: (2.35) and (2.34) has been used in ref. [52].
It is also interesting to note that from the u-component of the first equation in (2.25a):

Ny, [V=7F"] = 2K Gy, (2.37)

the anomaly relation (1.2) will be reproduced by taking u — oo limit on both side of (2.37)
using (2.35) and (2.34).

We would like to comment on the nature of current j4. Naively j4 obtained by a
functional derivative is by definition a consistent current with respect to flavor gauge. In
fact, it is also the covariant current. We can confirm this by noting that boundary source
entering the bulk field strength only through boundary values of E4 and G, which are



axial gauge invariant, therefore j4 is manifestly axial gauge invariant. The agreement
of consistent and covariant currents may appear odd: this is because the QCD anomaly
studied in this section is realized with an on-shell action that is manifestly axial gauge
invariant. Therefore, the current obtained from functional derivative is also invariant, as if
it were an ordinary current. In contrast, the QED anomaly is realized with an anomalous
on-shell action under axial gauge transform. In this case, we can not have a current which
is both conserved (consistent) and invariant (covariant), in the presence of external axial
field. As an example, we will see that the covariant current is not conserved in section. 4,
where we expand our study to include QED anomaly. Furthermore, because holography has
access to gauge invariant (with respect to SU(IV,) gauge) quantities only, j4 is also covariant
current with respect to SU(N,) gauge transform. We stress that the action (2.32) is very
different from what we would have obtained by a naive substitution of (2.26) into (2.22).
In particular, the kinetic term of M would have an opposite sign, which would lead to a
wrong sign for ¢, [48, 69, 70].

2.4 Computing one point function

We now ready to compute one point function. We will work in Fourier space: 0y — —iw,
Oy — ik. Then using (2.37) and Bianchi identity, one would express bulk current J%, J% as:

i = [ ST KO
JE (w0 k) = [Nc\/—i'y(iw)ng(u:;),ki:;f2K(ik)fG(u;w, k)} ' (2.38D)

Here we have introduced short-handed notations:
Ei(uyw, k) = —Fip(uyw, k), Gu;w, k) = —Gz(uyw, k) . (2.39)

Here and hereafter, we use prime to denote the derivative with respect to u.
From (2.38), we observe that we only need to solve equations for G(u;w, k), Fa(u;w, k)
to obtain one point function n4,j4,¢q. From (2.25), one finds:

I 1 w2f’ , (w2 _ k2f)

L 4K 2K wh |’
(]VC> [\/W] G [Hf (U.)2 _ ka):| EA? (2.40&)
5 w2f’ > ) (w2 . sz)
Ey+ ———=

S <2u T ) B2

@) Ao (7) Sreteple: ew

It is understood that the back-reaction of the flavor branes will induce 1/N, correction

G:

Es =

to the black-brane metric. Analysis shows that the correction to the metric could induce

,10,



terms ~ G/N, and ~ E4/N, to (2.40a) and terms ~ E4/N, and ~ G/N? to (2.40b). we
will seek solutions to the leading nontrivial order in power series of 1/N.:

1 1
G=GO0+ —GWw. Ba=EY+ BV + (2.41)
c C

To the leading nontrivial order, the solutions are not affected by the back-reaction. Ac-
cordingly, we will compute one point function such as ¢,n4,ja to first non-trivial order in
N.. From (2.25) and (2.41), we found that E(°) satisfies the homogeneous equation:

5 w? f! 0 (W? —K2f) o
EOrq (24 2L ) pr Rl 2.42
D (ot g ) B g B =0 )

while G(© satisfies in-homogeneous equation:

1 w2 f! (w? — K2f) 2K kwu f!
ow, (_1 (0)s 0 _ 0
6+ (3t ) O a6 = P 2

At order 1/N,., we further have:

(L) 5 w2 f! @y, (W =Kk )R> (1) 2Kkwf' 0)
E —+ —= | E —_— = 2.42
At <2u TrEomp ) B e B T e —ep @ 24

and a similar equation for G(V).
Behavior of G (u;w, k), Eg]) (u;w, k) and ES)(u;w, k) near boundary can be deter-
mined directly from (2.42):

GO (u;w, k) = ag(w, k)u?(1+---) + bo(w, k) (1 +---), (2.43a)
Eff)(u;w, k) = Eo(w, k) (14 ---) + Eio)(w, k) (u73/2 + - ) . (2.43b)
ES)(u;w,k‘) = Eg)(w, k) (u_3/2 + - ) , (2.43c¢)
where ... denote terms higher order in 1/u. In (2.43c) we have defined the solution to

in-homogeneous function (2.42c) E1(41) in such a way that ES)(U — 00) = 0. ay here is

related to a¢, az, 6 by

K
as = —— [(w* — k)0 + 2iwa; + 2ika,] . (2.44)
2C,

In deriving (2.44), we have used the relation:

u 9,6 = —% [F720, (DM + 24;) — 0, (9. M + 24,)] | (2.45)
g

which can be derived from (2.30) and (2.31). It is useful to note that Ey,as are invariant
under transformation (2.15).
As usual, we impose the infalling wave condition at the black hole horizon for (2.42):

lim GO (u;w, k), B (w0, k), BV (w0, k) — (u—1)7%/3 (2.46)

U—UFr
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Here uy = 1 denotes the location of horizon. Consequently, with given boundary value
az, Fy, (2.42) can be solved and bo(w,k),Ego)(w,k‘),E%l)(w,k‘) will be determined from
the resulting solutions. They are related to one point function ¢,n4,ja via (2.38) and
definition (2.35), (2.34). We therefore have

q(w, k) = Kby(w, k), (2.47a)
nalw k) = — i o [— 357 (ik) (NCE?)(w,k) + Eﬁ”@,k)) - 2K(z’w)b0(w,k)} , (2.47b)
jalw k) = — ! 5 [— 3(;” (i) (NE (w0 ) + B (w0, 1)) 2K(¢k>bo(w,k)} . (2.47¢)

3 Medium’s response to chiral charge imbalance

In section, we will solve (2.42). with two different boundary conditions and consider the
relation between j4, g and n 4. Physically, we would like to use those two different boundary
conditions to model two different mechanisms for the generation of axial charge imbalance.
In particular, we consider:

Case 1 axial charge imbalance is generated by a domain with non-zero winding
number. To model this situation, we set axial gauge field to be zero at boundary,
ie., a;,a; = 0 but turn on a non-zero #(w, k). Consequently, boundary condition
for (2.42) becomes:

ag(w, k) = ;ég [(oﬂ — k2)0(w, k)], Eo(w, k) =0. (3.1)

Case 2 axial charge imbalance is generated by non-topological fluctuations. To
model this situation, we instead set as = 0 and consider a non-zero axial electric field
on the boundary:

az(w, k) =0, Ey(w,k) #0. (3.2)

3.1 Medium’s response to axial charge imbalance generated by topological
fluctuations

In this section, we will study medium’s response to axial charge imbalance generated by
topological fluctuations. As we discussed previously, this amounts to solve (2.42) with
boundary condition (3.1) and (2.43c). As in this case, there is no source term for (2.42a),
EO)(u;w, k) = 0 trivially satisfies (2.42a) and consequently (2.42b) becomes an homoge-
neous equation:

o, (_L, P qopy @RS o)
G +<u+f(w2_k2f)>0 e =0, (3.3)

We will seek the in-falling solution for (3.3) in hydrodynamic regime w, k < 1. In this
regime, the solution can be obtained analytically by first solving (3.3) order by order in
power of w, k away from horizon and then determining integration constants by matching
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with in-falling wave boundary conditions near the hrozion. Away from the horizon, we can
drop the third term in (3.3) to obtain the following solution

gn(u) =1— <Z;’> Uu: ! <3C9f/1j;;2f) - 1_ 1) + log(u — 1)} . (3.4)

where we have defined

S I

s=—, (3.5)

to save notations. It is easy to check that behavior of (3.4) near the horizon u — 1 can be
matched to the infalling wave behavior in small w limit:

(—1)% =1 % log(u — 1) + Ow?) . (3.6)

It is also worthy mentioning that the integral over ' in (3.4) is convergent as we have
explicitly taken the log(u — 1) outside the integral.

From boundary condition (3.1), we then fix the normalization of G():
iKw

GOuwsw, k) = (55
g

) gn(u;w, k) . (3.7)

Expanding (3.7) near the boundary, we obtain

q(w, k) = 2Kbo(w, k) (Kz) {iw — k? lim [/u du' s “2] +OWH)}(w, k). (3.8)

) = 0 ) - ~ - - 5 ) . .
C'g u—00 | [, N 2

In (3.8), the subtraction is necessary to remove the divergence near the boundary. As the

ratio —q(w, k)/0(w, k) should be matched to the behavior of retarded Green’s function (1.4),

we identify I'cg, kcg in the present model:

Pos  2K?  2K?% ., 8AT°

_ _ _ . (3.9)
T Cy Cy 7297 M
K? u u? 1 /Tes\ = 314
— _2 — 1 d Yy _ = — —_— T_l = 310
nes (Cg)ugilo UUH wu 2} 2 ( T ) 24372 M2, (3.10)

where in the last step, we recover the units and used (2.24) and definition (2.18). The I'cg
in Sakai-Sugimoto model was computed previously in [73]? (see ref. [74] for Icg in other
holographic models).

To compute ny4, j4, one needs to solve in-homogenous equation (2.42c¢):

(L) 5 w2 f! 1, W —=Ek*fR® ) 2Kkwf' 0)
E —+ —= | E —F, =
a T <2u T o)t T e A T ki — i)
(3.11)
with GO (u; w, k) given by (3.7). At leading order in w, k, the solution reads
2ik K>
B (w0, k) = - < ;@ cg,) B, k)u32 (1+ O(w, k)) , (3.12)
gl

2Our results (3.9) has a different normalization from [73].
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which can be easily verified by substituting it into (2.42¢) and comparing results at leading
order in w, k. Now substituting (3.7) and (3.12) into (2.47), we have obtained the axial
charge density generated by 0,

na— (i{f) 0w, k) [1 + O, k)] = <FTCS> 0w, k). (3.13)

and j4 vanishes at this order. To obtain ja, we consider ¢,z components of (2.25b)
in the presence of G(O given by (3.7). We then obtain flow equations of bulk current
J4 (usw, k), J% (u;w, k) along radial direction u:

0y T4 = —2KGO) + (iky/=7g"¢"*) EV 0,75 = 2KG') + (iwy=7g"g"*) EY) . (3.14)

Now using the relation between Ggg) and GS&), Gz(g) which can be obtained from (2.25a) in
the absence of F,

; (0) : (0)
o) *’kaauGtz 0) _ zw@qu
Gut - o ka ’ Gux - w2 — k2f . (315)
we have from (3.7):
2iwK20 —iwK?0
OuJlh = — + (ikv=vg'g") B = Z222 21 4 O(w, k)] . 3.16a
2sz29 £ 2ik K20
Oy JE = 1 (iwy/—7g'tg") BV = — 1+ 0w, k)], (3.16b
By integrating over u, we therefore have:
na(w, k) = nf(w, k) + Ang(w, k), jalw, k) = il (w, k) + Aja(w, k). (3.17)

Here nfl, ji are values of bulk current J%(u;w, k), J%(u;w, k) at horizon u = uy. We
already know n4 ~ O(1) from (3.13) and

ee 1
Any = (—2iwK?0 U du’ } ~ O(w, k). 3.18
A= ) L= (w, k) (3.18)
Therefore we must have
2K?
nfl = <c> O(w, k) [1+ O(w, k)] . (3.19)
g
On the other hand,
1 2ik K20 i
Ajy = (—2ikK?0) [ ] <> lim [/ du'u’ — u2/2] . (3.20)
v Ren Cg U060 U
By comparing (3.20) with (3.10), we have
Aja = kes(ik)0(w, k) . (3.21)
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The current on the horizon jf can be determined by substituting (3.12) into (2.38) and
taking v — wy limit:

VA1) fO,EW (u; w, k) — 2K (ik) FGO (u; w, k)

= lim [J%(u;w, k)] = lim [

U—UH U—Ug w2 — k2f
. — ) _2K7
= lim. [,FVEA (u,w,k)] =5, (i#0). (3.22)

Here we have used a property of any function satisfying in-falling wave boundary condition,
say Zin(u) that
Jim (fOuZin) = —iw Jim Z (3.23)
Comparing (3.19) and (3.22), we found that on the horizon, j4 and nfl are related by
Fick’s law:

i = —Dvnll. (3.24)

To establish (3.24), we also used the value of diffusive constant D (3.30) in current model.

To sum up, in this subsection, we have studied axial current in response to axial
charge imbalance created by topological fluctuations. To represent a domain with non-
zero winding number, we first turn on a non-zero 6(w, k) and found that it will induce
a non-zero ¢ (3.8) and consequently a non-zero axial charge density na(w, k). The axial
charge density na(w, k) and 6(w, k) are related by (3.13). Furthermore, the induced axial
current can be divided into two part. The first part is due to the diffusion of n4 while
the second part is in the opposite direction to the diffusive current and is proportional
to kcs, which quantifies the kinetic energy carried by a topological domain. We verified
relation (1.3) as first proposed by us in ref. [52]. It is interesting to note that holographically,
the diffusive (dissipative) current coincides with the current on the horizon (3.24) while
the non-dissipative current (1.3) is given by the integration from horizon to the boundary
(cf. (3.20) and (3.21)).

3.2 Medium’s response to axial charge fluctuations generated by non-
topological fluctuations

We now consider medium’s response to axial charge imbalance generated by non-topological
fluctuations. Following our discussion in section 2.4 we will solve (2.42) with boundary
condition (3.1) and (2.43c). We first need to solve the homogeneous solution (2.42a).
Similarly to (3.7), the infalling wave solution to (2.42a) reads:

en(useo k) = 1 — (1‘;) Uuz ! (307\(;7;2” - L 1) + log(u — 1)] o (3.2)

Consequently from boundary condition (3.2), we have:

Eo(w, k‘)

0
B i ) = | 22

] en(u;w, k), (3.26)
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where cg(w, k) is defined by the value of ep,(u;w, k) at boundary:

29w
%%+ou)zy+§4§+omy

cp(w, k) =ep(u — oojw, k) =1+ iw [52/ du’
up

(3.27)
Plug (3.26) into (2.47), we obtain:
. Eo(w, k) EO(wa k)
k = NC — 3 k == NC . 2
ja(w, k) C, o k) na(w, k) sC, cpwF) (3.28)

The conductivity o, diffusive constant D and susceptibility x can be extracted from (3.28)
as follows. First of all, in the homogeneous limit s — 0 of (3.28), we will reproduce Ohm’s
law ja = 0 E4. Therefore:

2N AT?
2T My

On the other hand, egs. (3.28) must have a hydrodynamic pole corresponding to diffusive
mode at w = —iDk?. This implies that cg(w = —iDk? k) = 0 hence:

1
D= /‘d’ __/ du/ (W) ~5/% = T— = o7 (3.30)

In (3.29) and (3.30), we have used expression (3.28) and have recovered the units at the

o= N.C, = (3.29)

last step. Finally, using the Einstein relation o = xD, we obtain the expression for y

from (3.29) and (3.30):
. D 1 [ dd

X = — = — .
o N, g VY

This relation between y and the bulk integration over  /—< is in agreement with general

(3.31)

expression in ref. [72].
field Fy would generate a local axial density and axial current. It would also create a
non-zero ¢, which can be determined by solving (2.42b):

O 1 w? f! () (w? — k2f) o _  2Kkwuf’ (0)
G —|—< u+f(w2—k:2f)>G +7u3f G —C f(w2 ka)EA , (3.32)

with Ego) given by (3.26). At leading order in w, k, the in-homogeneous solution reads:

20 (u; w, k)] Ep(w, k)
CE

sK 9 ;
> [u (1+O(w,k)) + (1 — 57 @ k)

Dty (2
g

(3.33)

As one can check, the first term, i.e., sKu?/ Cy term is a special solution to in-homogeneous
equation (3.32) at leading order in w, k. g5 (u) (3.4), the solution to homogeneous equation,
is introduced to guarantee boundary condition (3.2). As a result, we have:

ot = () o] s = () [l e o

In the last step, we dropped the 1 in the bracket. This is justified in the diffusive regime

where k* ~ w. To find the response of ¢ to na, we first note that ¢ in (3.34) contains
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responses to both n 4 and axial electric field Ey. In fact, we can exclude the response to the
latter by considering n4 induced by a normalizable mode. This occurs when iws? = —3/2.
According to (3.27) and (3.28), it implies that n4 remains finite while both cp and Ej
vanish. Physically n4 in this case is induced by a diffusion wave. The response of ¢ to n4
is then given by

q 2K? 1 4K?
— = - = , (3.35)
na  NCyC, —iws?  3N.CyC,
where in the last step we used iws? = —3/2 and dropped higher order terms in w. We note

that (3.35) is precisely (1.5) as we advocated in the introduction.

We now show that the intuitive argument above could be established more rigourously
in real space. For this purpose, it is convenient to perform the Fourier transform over w
and directly consider na(t, k), ja(t, k) and ¢(¢, k). By definition and (3.28), we have:

ja(t k) /°° dw . /OO dw _; . [wEo(w, k)
= _ w k) = — T —wt | XU TR
N. | _9pt Al k) ==y | e DR

o0 dw iwt w s iot! )
= — . wt iw E . '
C’Y /_oo o’ wtiDk? /dte o(t', k). (3.36)

The above integral is nonvanishing for ¢ > ¢’ when we can pick up the diffusive pole in the
lower half plane. We then obtain

jA(tv k)

N = —C, DE*Io(t, k). (3.37)
Iy(k) here is defined by:
Io(k,t) = e "P¥'By(w = —iDk%, k) = / t dt'e PR B k). (3.38)
A similar computation gives:
"A](\?’ B) (i klo(t, k) (3.39)
q(t, k) = — <2CIZ2) (—iDk) Iy(t, k). (3.40)

In (3.40), we have neglected a contribution higher order in k.

We assume the external field Fy only exists in a finite time window. At sufficiently
late time t, we can regard j4 and ¢ as responses to n4. Comparing (3.36) and (3.39) and
return to real space, we obtain Fick’s law:

ja(t,x) = —DVna(t,z). (3.41)
Moreover, (3.39), (3.40) lead to the relation:

ot z) = ( ;lgg) (éi) nat, ) = <PTCS) <f) na(t, ) = (2’;) nat, ) = ”;‘fpf) ,
(3.42)

where we have used (3.9), (1.6).
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The results of this section can be summarized by the following response matrix, char-
acterizing the response of ¢, n4 and j4 to 6 and E4:

wl'cs I'cs 1w
q T T WwtiDk?) 4

Tcs ko
na | = T oTiDRZ <E0> : (3.43)
jA ik (ﬂcs - D%) STiDR

We keep only terms lowest order in small w and k limit. We further restrict ourselves to
the regime w ~ k for the case with source 6, and to diffusive regime k% ~ w for the case
with source Ey. The transport coefficients we presented are their first nonvanishing order
in N.: the responses of ng and js to E4 are at order O(N,), while the rest responses are
at order O(1).

Before closing this section, we would like to comment on the O(1) correction to the
responses of ny and ja to Ey above. This requires us to go beyond leading order in 1/N,
and compute ES) from (2.40b) with Ego) given by (3.26). Similar analysis shows that near
the boundary, ES) ~ut2 4 ... as u — oo, which would give divergent contributions to
na and ja. This is because the mixing of the bulk fields changes the dimension of the
operator. We note that the change of operator dimension occurs immediately with mixing
in bottom-up model in [71], while in our case it occurs from the subleading order in 1/N..
As we explained earlier that the solution this order in 1/N, is incomplete without including
back-reaction of the flavor branes. It is curious to see if including such backreaction would
remove the potential divergence. Although these higher order corrections do not affect the
results of our paper, we hope that we could revisit the puzzle in future.

4 Chiral Magnetic Effect and universality

In the previous section, we have considered two different situations where axial charge
imbalance is generated. we now want to study whether the CME current would depend
on the microscopic origin of axial charge density. In particular, we will compute the ratio
between CME current j‘(}ME and axial charge density n4 in low frequency and momentum
limit as defined in (1.7). If axial charge density is static and homogeneous and CME current

is universally given by (1.1), one would have:

Xdyn = X (4'1)

due to linearized equation of state ong = xdu4. However, it is not obvious if (4.1) would
still hold if n 4 is generated dynamically as considered in this paper. Of particular interest
is the case considered in section 3.1 that axial charge imbalance is created by topological
fluctuations.

To compute (1.7), we turn on a small background magnetic field F?); = ¢B, i.e. mag-
netic field is longitudinal to the direction of in-homogeneity as considered in the previous
section. Then in the presence of bulk axial field F/, FA and FA, FY, EY FY and FY
components of vector field strength will be excited due to Wess-Zumino term:

Swz = /C’g A trefr/2m _ /C’g A treFL/%, (4.2)
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with Fy = dC5 given in (2.1). The action for vector field consists of DBI term, which has
the same form as that of axial gauge field A and WZ term from (4.2):

1
Sy = —N, / dzdU [4,ﬁ—7F‘§”NFAV4N + Kpe®MN AqFY N | (4.3)
where OB
A€
K= |- . 4.4
B < 2N, > (44)

Here, we use subscript/superscript V' for vector gauge field strength FA‘Q ~ (below we will
also use subscript /superscript A for axial gauge field).
The variation of Sy gives the equation of motion:

v (V=AFP™N) = Kpe"MOF, . (4.5)

F A“/‘IQ will be taken from solutions obtained in previous solutions. To compute (1.7), it is
sufficient to work at linear order in eB. We therefore could neglect back-reaction due to
eB to the holographic background and solution E4 obtained in the previous section.

As before, we define the bulk vector current

TU(t,@3u) = Ne/ =y P (8, 25u) (4.6)
One point functions ny (t, ), jy (¢, ) are similarly given by the boundary values of bulk
current:
ny(t,z) = lim JH(t, z;u), Jjv(t,z) = lim J5(t, x;u). (4.7)
U—00 U—00

As before, the vector current defined here is a covariant current. Similar to (2.36), it would
be convenient to express vector current in terms of Ey and E4 as

(ik) V= By (u) — (2iwKp)Ea(u)

Ji(u) = N, , 4.8
V(u) w2 — k:zf(u) ( a)
(—iw) V=3 B}y (u) = (2ikKp)f Balu)
T - N, , 4.8b
JV(U) w2 — k‘?f(u) ( 8 )
where we have introduced the short-handed notation for “bulk electric field”:
Ey(u;w, k) = —F) (u;w, k). (4.9)

We can easily verify using (4.8) that the covariant current is not conserved in the presence
of external axial field E4. The equation for Ey (u;w, k) reads

5 w2 f! (W? — k2 f)

Ey + <QU+M>E{,+U3FEV:

2Kp wkf’ 1 2Kwkf’
u5/2f

c, 2 ) Es+ N |G 2= k2f)] G} + 0 ((eB)?) . (4.10)

We will solve (4.10) with E4,G determined in the previous section. To concentrate on
vector current induced by axial charge imbalance, we will not turn on any source for vector
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field, i.e., imposing Ey (u — 00) = 0 on the boundary and use the standard in-falling wave
boundary condition on the horizon.

To compute the vector current, it is also convenient to write down “flow equation” for
bulk vector current by taking ¢,z components of (4.5) and using definition (4.6):

f/KjJAU (iwry/~7g"g™) By (u) = f/KjJAU[HO(w,k)], (4.11D)

On the R.H.S of (4.11b), we have used the fact that J€,’$ term is always dominated over
Ey term in small w, k limit due to additional gradients in front of Ey,. This is because

Ot (u) = J5(u) [14 O(w, k)] . (4.11a)

Ou iz (u) =

from (4.10) we observe that Ey is the same order as E4 and from (2.36), Ji{x is at least
the same order as F4.
Now integrating (4.11a) over u and using definition (4.7), we have:

ny(w, k) = Any(w, k) + nfl (w0, k), jy(w, k) = Ajy(w, k) + 5 (w, k) . (4.12)

Here nff and jiI are values of bulk current J{, (u;w, k) and J% (u;w, k) at horizon u = upg and

We now claim that CME current should be identified with Ajy, i.e.,

JOME = oK [/ d’JA(j/‘_i;k) . (4.14)

The physical motivation behind identification (4.14) is that generically in a holographic set-

}, Ajv(w, k) = 2K / du "W . (4.13)

up, the current on the horizon is dissipative (see also example below). On the other hand,
the CME current is non-dissipative. Therefore one should exclude the horizon current from
the total current when identifying CME current holographically.

We now consider the implication of (4.14). With (4.14) and (3.31), xdyn becomes:

Xdyn = wglgo {nA(w, k)/ [/UH du ’Jt(\uﬁ_u;k)} } : (4.15)

It is clear that if in small w, k limit, bulk axial current is constant, i.e.,
Th(usw, k) = na(w, k) [1+O(w, k)], (4.16)

it follows one can replace J% (u; w, k) with n4 in (4.15). Consequently, one will arrive at (4.1)
by noting (3.31). Therefore (4.16) can be interpreted as a condition for the validity of (4.1).
In both cases considered in section 3, the condition (4.16) is indeed satisfied, we therefor
have (4.1) for those cases.
For completeness, we will calculate total ji for both cases. For the first case (cf. sec-
tion 3.1), it is straightforward to check that j‘g ~ O(w, k)0, which is sub-leading compared

;CME , we therefore have:

jv<w,k>—J€ME<w,k>=(KB) <”)=0A( ’ )eB, (4.17)

X Ics 2Tgph

with jy
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where we have used (1.6). By comparing (4.17) with (1.1), it is tempting to make the
identification:

0
= _ 4.18
Ha =g (4.18)

In ref. [4], pa is identified with 9,0. Eq. (4.18) corresponds to replace 9; in 9,0 with the

inverse of characteristic time scale of sphaleron transition 1/74y.
The situation is different for the second case (cf. section 3.2). In this case, j{f is the

same order as jSME in small w, k limit. From (3.28) and (4.15), we have:
, ONKp\ [ Eo(w,k)\ AN.Kp [ kEo(w,k)
CME B 0w, B olw,
k) — _ . 4.19
e = (55 (Z05) -5 (e n )

On the other hand, to obtain ny, jy, we need to solve (4.10), at leading order in N, that

5 W2 f! (w? — K2f) 2K gwk f’
E// - S E/ 7E —
v <2u+w2—k2f) v EE Y T Gy Wf k)

E4, (4.20)

where E4 is given by (3.26). The leading order solution to (4.20) reads:

4KBE0(w, k)

By = —
v 3cp(w, k)Cy

w2 4 O(w, k)| 5. (4.21)
Again, (4.21) can be easily verified by direct substitution. Now substituting (4.21)
into (4.8), we have:

E(](W,k)

= —-2N.K
s e chE(w,k) ’

(4.22)

and jy vanishes at this order. Since Any ~ O(1), we thus have

Ep(w, k)

H N Y
ny (w, k) = ny(w, k) = QZNCKchE(w,k) .

(4.23)

j{/{ is obtained in the same way as jf{ in the previous section:
(k) = lim [ (5w, k)]

U—UFf
: (—iw)/=7fOuEv (u;w, k) — 2(ikKp) fEA(u;w, k)
= lim N,
U—UFT w2 — ]62_]('
= lim —N. [V=7Ev(u;w, k)] = _ANKp kEo(w, k) = —iDknil(w, k). (4.24)

u—ugy 3 weg(w, k)

Again we see that j{}[ can be interpreted as a diffusive current. As in this example, both
diffusive current j{f (4.24) and CME current (4.19) would contribute to the total vector
current in small w, k limit, to compute CME coefficient hence xqyn properly, it is crucial
to identify CME contribution, i.e., (4.14).

To close this section, we would like to comment that while in this paper, we are working
in a specific holographic model, the relation (4.12) still holds for holographic action for
bulk vector field of the form (4.3). Consequently, assuming the identification of CME
current (4.14), the condition (4.16) would warrant that xqyn = x. Moreover, the violation
of condition (4.16) would also break the relation (4.1).
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5 Stochastic hydrodynamic equations for axial charge density

We now formulate a hydrodynamic theory for axial charge density by including stochastic
noise from both topological fluctuations and thermal fluctuations. We will focus on the
dynamics of axial charge thus setting temperature and fluid velocity u* to be homogeneous
and time-independent. We could then work in the frame that the fluid is at rest: u* =
(1,0,0,0). To close anomaly:

Omalt,®) + V- jalt,x) = —2q(t, z). (5.1)

we want to express ¢ and j4 in terms of noise and ny4 (or its gradients). The constitute
relation, which relates axial current j4 to n4, is of the conventional form:

ja(t,e) = —=DVna(t,x) + £(t, @), (5.2)
where &(t, ) encodes axial charge generated by thermal fluctuations:
(&(t,xz)) =0, (&t )&t ) = 20T6;;5(t — )% (x — ). (5.3)

Here (...) denotes the average over noise and i, j = 1,2, 3 run over spatial coordinates. The
magnitude of £(¢, ) is given by the standard fluctuation-dissipation relation. Furthermore,
q(t,x) can be related to na(t,x) using (1.5):

= +&(t, ). (5.4)
& (t, ) is the noise due to topological fluctuations:

<§q(t’ :13)> = Ov <€q(t7 $)§q(t7 :12/)> = ché(t - t’)é?’(;z; - SB,) ) (5'5)

and we will assume that there is no cross correlation between two different types of fluctu-
ations:

(€t 2)&i(t, ') = 0. (5.6)

This completely specifies our stochastic anomalous hydrodynamic equations. The noise due
to topological fluctuations (5.5) have been considered previously in refs. [75]. On the other
hand, for a conserved current (such as vector jy ), the noise of the form (5.3) is standard.
Incorporating both fluctuations in (5.8) is new to the extent of our knowledge.

As an application, we will consider equal time axial charge correlation function:

Con(t,x) = ([na(t,z) —na(0, )] [na(t,z) —na(0,x)]). (5.7)

We start with equation for n4 readily followed from the stochastic hydrodynamic equa-
tions (5.1):

[at _DV? 4 TS;}ll] nalt, ) = —VE(t, ) + 26,(t, @) . (5.8)

Under the initial condition n4(0,2) = 0, Cp,(t, ) characterize the magnitude of axial
charge fluctuations at time ¢ and location @ due to (both) fluctuations.
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To compute (5.7), we first Fourier transform (5.8) into k space (but keep ¢-dependence):
[at + DI + TS;;] na(t k) = [—ik - €(t, k)] + 26,(t, k). (5.9)
The solution of (5.9) under initial condition n4(0,x) = 0 reads:
na(t, k) = /O gt (DR ) [(—ik) - €(t, k) + 26,(t, k)] . (5.10)
We therefore have:
(na(t,k)nalt, k') / dt, / dtoe” (DR2 471 ) (t—t1)— (D471 ) (t—t2)

[k’kj <§Z(t17 )fj (th kI)) + 4<§Q(t1’ k)ﬁQ(t% kl))] : (5‘11)

Using (5.5) and (5.3) in Fourier space,

(&(t k) =0, (&i(t, k)E;(t,K)) = 20T6;;6(t — o3 (k+ E), (5.12a)
(&(t, k) =0, (&(t, k)&, (t, K')) = Tesd(t — o3 (k — k'), (5.12b)
and performing the average over noise, we have:
(na(t,k)na(t, k")) = 2 (0Tk* + 2Tcs) / t dty e 2(OF 700 ) (=10 53 (g 4 g (5.13)
0

Tk?* + 2T
_ Ow [1 e (Dk -‘r’l’sph) } 53(k + k/) _ XT [1 e (Dk +7’sph) } 53(]6 + k/) ]

sph

In the last step, we have used Einstein relation o = xD and (1.6). Now returning to real
space, we have:

(@) — — ¢ T -

(8w Dt)* 2¢ ¢ '

(5.14)

It is worthy noting that as we are in hydrodynamic regime, n 4 () here should be understood

as the coarse-grained axial charge density inside a fluid cell and @ is the spatial coordinates

labeling the corresponding fluid cell.

We now discuss the implication of (5.14). At very early time that Dt < L2, (therefore

t < Tsph) Where Leg is the size of a fluid cell, the Gaussian appearing in (5.14) essentially
becomes a delta function and we then have:

2

Cnn(t,m) ~ XT |:1 quh:| 53( ) 2XT

Tsph

to(x) = 4Tcgt 63 (x), (5.15)

where in the last step we have used (1.6). At this stage, there is no correlation among axial
charge in each fluid cell (cf. the delta function in (5.15)). Integrating (5.15) over volume
i d3x, we further recover relation between the fluctuation of axial charge and Chern-Simon
diffusive constant:

(QF) = 4TcsVt, (5.16)
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where V' is the volume of the system. While it has been widely used in literature to estimate

2

cell” In

the fluctuation of axial charge, (5.16) is no longer valid at the stage that Dt ~ L
this stage, the spatial dependence of axial charge fluctuations in (5.14) become important.
The diffusion generates additional spatial correlation among axial charge density. Finally,
in the long time limit ¢ > 71, the second term in (5.14) are suppressed exponentially and

axial charge fluctuations are given by:

Con(t — 00, 2) = (XT) 63(x) . (5.17)
and
Jlim (QF) — xTV, (5.18)

This is of course expected as in long time limit, the <Q§> should approach its thermal
equilibrium values (5.18).

Finally, we remark that to obtain (5.18), we have used the relation between Chern-
Simon diffusive constant I'cg and sphaleron damping rate 7pp (1.6). Therefore like Einstein
relation o = xD connecting conductivity o and diffusive constant D, the relation between
I'cg and 7pp is also fixed by the requirement based on thermodynamics (5.18). It is
reassuring that the relation (1.6) is also realized, as we discussed in section 3.2, in the
holographic model studied in this work.

6 Summary and outlook

We have analyzed the anomalous transport of a non-Abelian plasma in a de-confined phase
with dynamically generated axial charge using a top-down holographic model. In partic-
ular, we consider two separate cases in which the axial charge is generated due to a)
topological b) non-topological thermal fluctuations. When the axial charge is generated
by topological gluonic fluctuations, we show a non-dissipative current (1.3) is induced due
to chiral anomaly in section 3.1. We also illustrate holographically the damping of ax-
ial charge due to the interplay between flavor sector and gluonic sector. Furthermore,
we consider the ratio of the CME current to the axial charge density at small w and k
(cf. (1.7)). We interpret such ratio as (the inverse of) “dynamical axial susceptibility” Xdyn
(cf. the discussion below (1.7)). We found in the context of current holographic model,
dynamical susceptibility x4y, is independent of the microscopic origin of the axial charge
and coincide with the static susceptibility x. One phenomenological implications of our
work, in particular, section 4 is that axial charge generated by topological fluctuations
and non-topological thermal fluctuations would contribute to CME signature in heavy-ion
collisions. For this reason, we propose a stochastic hydrodynamic equation of the axial
charge where we incorporate noise both from both fluctuations in section 5. We found that
the magnitude of axial charge fluctuations depend on the time scale that such fluctuations
are measured (c.f (5.16), (5.18)) and as (5.14) indicates, the diffusive mode would induce
spatial correlations among axial charges.

There are several issues that can be further studied based on the above analysis. The
axial charge response to gluonic fluctuations can be studied when the flavor degrees of
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freedom back-react to the glue part of the theory. In this case, the coupling of the axial
current and the gluonic topological operator, ¢, is not suppressed.

In this work, we found in hydrodynamic limit, the “dynamical axial susceptibility”
Xdyn (1.7) is universal. It is both theoretically interesting and phenomenologically impor-
tant to extend the definition of xqyn and study its independence on finite w, k. In this case,
it is possible that the resulting x4yn would depend on the origin of axial charge imbalance.

In computing axial charge density correlation function Cy,, (5.7) from stochastic hydro-
dynamic equation formulated in section 5, we consider a system in the absence of magnetic
field. Once there is magnetic field, axial charge would also be transported by chiral mag-
netic wave [51]. Furthermore, a new diffusive model would emerge due to the interplay
between chiral magnetic wave and sphaleron damping [71, 76]. It is interesting to see how
those new modes would contribute to correlation among axial charge densities within the
framework of stochastic hydrodynamics.
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