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1 Introduction

Hadronic contributions dominate the uncertainty in the Standard-Model prediction of the

anomalous magnetic moment of the muon a, = (9—2),/2, see e.g. [1, 2]. In view of the next

round of (g — 2),, experiments at FNAL and J-PARC aimed at reducing the experimental

error by a factor of 4, control over these hadronic effects has to be improved substantially

to make sure that experiment and Standard-Model prediction continue to compete at the

same accuracy.



The leading hadronic contribution, hadronic vacuum polarization (HVP), can be re-
lated directly to the total hadronic cross section in eTe™ scattering and, given a dedicated

et

e~ program, it is expected to allow for the required improvement, see e.g. [3]. In con-
trast, the subleading! hadronic light-by-light (HLbL) scattering contribution has so far
been evaluated within hadronic models and frameworks that partially incorporate rigor-
ous constraints from QCD [7-19]. In this context, a reliable estimate of the uncertainty
associated with HLbL scattering as well as future reductions thereof appear difficult. As
an alternative, model-independent approach to the problem, lattice QCD calculations have
been proposed [20], but it is yet premature to make predictions about when such calcu-
lations will become competitive (for the present status see [3, 21]). Accordingly, HLbL
scattering will soon dominate the theory error and thus become the roadblock in fully
exploiting the new (g — 2),, measurements.

Here, we propose to use dispersion theory to analyze HLbL scattering, similarly to
what is done for HVP. In this framework, the amplitude is characterized by its analytic
structure, i.e. poles and cuts, so that the relevant quantities are residues and imaginary
parts, and thus, by definition, on-shell form factors and scattering amplitudes. In this
way, a direct correspondence to experimentally accessible quantities can ultimately be
established. While the advantages are evident, such an approach has been long sought
after. However, due to the more complicated structure of HLbL scattering, it has not been
possible so far to write down a formula strictly analogous to that for HVP that includes all
possible hadronic intermediate states. In the present paper we make the first step in that
direction, based on the assumption that the most important contributions are due to the
single- and double-pion intermediate states. While the former has been analyzed in several
papers in a (to a large extent) model-independent way, this is not the case for the latter.
The main novelty of this paper is a master formula that explicitly relates the contribution
of two-pion intermediate states to a, to the partial waves for y*y* — 77. In particular,
within our framework the issues raised in [22-24] concerning the dressing of the pion loop
can be settled with input from experiment.

The outline of the paper is as follows: in section 2 we introduce our dispersive approach,
we illustrate it using the example of the pion pole, commenting on its definition within this
picture, and then collect the necessary notation concerning v*v* — 7 partial waves which
will later be needed for the analysis of 77 intermediate states. In section 3, we derive a set
of dispersion relations for HLbL scattering, leading to an expression for the 7w contribution
to ay in terms of v*v* — 77 partial waves. Finally, we offer our conclusions and an outlook
in section 4. Various details of the calculation are discussed in the appendices.

2 Dispersive framework for hadronic light-by-light scattering

2.1 Notation
We define the HLbL tensor IT**A7 ag

27 (q1, g2, q3) = i° / d'z / d'y / d'z e artyet=as) 0| T {j#(2)5" (y)§*(2)5°(0) }|0),
(2.1)

! At next-to-leading order also two-loop diagrams with HVP insertions appear [4]. Next-to-next-to-
leading-order hadronic contributions have been recently considered in [5, 6].
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where j#(z) =Y, Qigi(x)v"qi(x), i = u,d, s, is the electromagnetic current (Q); being the
charge of the quark in proton charge units) and the matrix element is to be evaluated in
pure QCD (i.e. for o = €?/(4m) = 0). In the calculation of a, we take the external photon
to couple with the fourth current, and denote its momentum by & = ¢1 + ¢2 + ¢3. In
addition, we need the above tensor in the kinematic configuration k? = 0. Contracted with
the appropriate polarization vectors this gives the matrix element of the leading-order (in
a) hadronic contribution to the reaction

Hy noan (8t u) = MY (g1, M) (g2, A2) = 7 (—a3, A3)v(k, A\s))
= €, (M, q1)en (A2s g2)ex (N3, —a3) € (Aas K)ITA (g1, g2, g3), (2.2)

with Mandelstam variables
s=(q+q)?* = (k—g3)?, t=(q+a3)* = (k—q2)?, u=(g2+q3)° = (k—q1)?, (2.3)
and s-channel scattering angle

2 2\ 2
S u+(q1 q2)q3

@—@m(t‘ s

with A(z,y, 2) = 22 + y? + 22 — 2(xy + z2 + y2) the Killén function. For the contribution
to a, we only need the derivative with respect to the external photon momentum £, since

zs = cosfs = >, A2 = A(s, 41, 03), (2.4)
by virtue of gauge invariance [25]

0
ro (g1, g2,k — @1 — @2) = _kp%HuVAp(QM @,k —q — q). (2.5)

The contribution to a, follows from

ay = lim Te{ (p+m)A* (1, p) (¢ +m)T, (0'p) }.

dlq [d'qe 1 AP +m)P-g+m” 8
r /, = 6/ / k7 11 VAO)H
p'r) =< | Gt | Gy RB3aE (7 +q)> = m?) (b — a2)2 —m?) " Ok "
(2.6)
with the projector [26]
2 ]{32 + 2m2

Ap / — m P I — 1P . 2.

(¥’ p) k2(4m2_k2){7 +m(k2_4m2)(p+p) } (2.7)

m denotes the mass of the muon, p and p’ = p — k the momenta of the incoming and
outgoing muon, respectively, and we have assumed that II,,, 5, is already manifestly gauge
invariant and crossing symmetric. The general relation (2.6) can be further simplified using
the identity

(p + m)fyﬂ (p’ + m) = (p + m) |:271n (p +p/)P + 2:;’10'PT]<;T:| (p/ + m) (28)

Explicit expressions will be given in (2.12) and (F.1).



2.2 Layout of the dispersive approach

In a dispersive approach one exploits the analytic properties of the matrix element of inter-
est and reconstructs it completely from information on its analytic singularities: residues
of poles, values along cuts, and subtraction constants (representing singularities at infin-
ity). Depending on the complexity of the singularity structure of a given amplitude such
a program can be carried out until the very end (as in the case of form factors), or lead
to integral equations amenable to numerical treatment. In the worst case the singular-
ity structure may be too complex to allow for an exact treatment. The HLbL amplitude
clearly belongs to the latter class, unfortunately: it has single poles, cuts in all channels
(and simultaneously in different channels), and in all photon momenta squared, as well as
anomalous thresholds [27-29].

On the basis of model calculations (see, e.g. [9]) of the HLbL contributions to a,, it
is clear that singularities having higher thresholds (like the cut due to KK intermediate
states) are less important. It appears therefore reasonable to reduce the complexity of the
problem by limiting ourselves to the lowest-lying intermediate states, pions,? and to allow
for at most two pions in intermediate states. In this approximation the HLbL tensor can
be broken down into the following contributions

m0-pol FsQED =
Mo = 105, 22 4 TPV 4 Mg + -, (2.9)

w0-pole } . FsQED
where H/w)\o refers to the pion pole, H,U,I/)\O'

dressed by the (appropriate power of) pion vector form factors FY (¢%) (FsQED), L0

to the amplitude in scalar QED with vertices

to the remaining 77 contribution, and the ellipsis to higher-mass poles and intermediate
states.

The reason for separating the FsQED contribution from the rest and its precise mean-

FsQED
H,Lw)\a

two-pion cuts in two of the channels (by crossing symmetry it contains three contributions

ing can be explained as follows: includes the contribution due to simultaneous
with simultaneous singularities in the (s,?), (s,u), and (¢,u) channels, respectively). One
first takes the two-pion cut in the s-channel, which gives the discontinuity as the product
of two v*v* — 7 amplitudes, and then selects the Born term (the pure pole term) in each
of the two amplitudes, as illustrated by the leftmost diagram in figure 1. The singularity
of this diagram is therefore given by four 77~ ~* vertices with on-shell pions — which
implies that these vertices are nothing but the full pion vector form factors. On the other
hand, the singularity structure of this contribution is identical to that of a Feynman box
diagram with four pion propagators: since the four vertices depend only on the momentum
squared of the external photons and on none of the internal momenta, this contribution
is given by the box-diagram multiplied by three pion vector form factors (since one of the
photons is on-shell). In sQED the box diagram in figure 1 is not gauge invariant on its
own, however. The photon-scalar-scalar vertex comes together with the seagull term (two-
photon-two-scalar vertex), with couplings strictly related to each other: in any amplitude

2We are well aware of the fact that the single poles due to 7, 1’, and other higher-mass states are
not negligible. They are, however, easily taken into account and can be just added to the contributions
considered here. For the sake of clarity, we limit the discussion to pions only.
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Figure 1. Scalar QED diagrams with photon-pion vertices dressed by the (appropriate power of)
pion vector form factors, in the following referred to as FsQED. Solid lines denote pions, wiggly
lines photons, and the dashed lines indicate the cutting of the pion propagators.

with two or more photons both vertices have to be taken into account to form a subset of
gauge-invariant diagrams. Therefore, in SQED the box diagram has to be accompanied by
a triangle and a bulb diagram in order to respect gauge invariance, as shown in figure 1.
We do the same here and define our gauge-invariant box diagram as the charged pion loop
calculated within sQED multiplied by the pion vector form factors.

We stress that the separation of this contribution from the rest is unambiguous as it is
based on its analytic properties, namely the presence of simultaneous cuts in two channels.
The request to have the two simultaneous cuts is equivalent to putting all pions in the
box diagram on-shell, but does not put constraints on the vertex with the photon, which
is allowed to have its full g>-dependence. The fact that the two pions in the vertex are
both on-shell, however, allows us to identify that vertex with the pion vector form factor:
multiplying the sQED contribution by three pion form factors, as shown in figure 1, is not
an approximation, but the exact and unambiguous representation of the contribution with
these analytic properties. How to technically separate this contribution from the others
with two-pion intermediate states and how they contribute to a, will be discussed in more
detail in section 3.4.

Since we only explicitly consider cuts from up to two-pion intermediate states, this
implies that the analytic structure of the remainder ﬁ/w Ao 10 (2.9) does not involve so-called
double-spectral regions, i.e. parts of the Mandelstam plane with simultaneous singularities
in two Mandelstam variables, and can therefore be expanded in partial waves, making a
dispersive treatment of this part feasible. In the rest of this section we first specify the
contribution of the pion pole to a,, and then set up the notation for the y** — 7 reaction.
Based on these conventions, we will derive dispersion relations for ﬁ,uu)\a in section 3.

2.3 Pion pole

The dominant contribution to HLbL scattering at low energy is given by the 7%-poles.
Their residues are determined by the on-shell, doubly-virtual pion transition form factor
Fn0npengs (¢2,¢3), which is defined as the current matrix element

i / d*z (0| T{ 5 ()7, (0) 7 (D)) = €uad®P’ Froenr (4 (p — 0)%). (2.10)



In these conventions, the 7-pole HLbL amplitude reads

2 2 2
0_hol .FO * *(ql,q2)f0 * *(q3,0) 5
HZV)?;G S — s _ M;r 17 Guuaﬁq(llqge)\a'yéqgk
0
2 2 2
+ .Fﬂ-O.Y*,Y* (ql y q3).7:ﬂ.0,y*,y* (q27 0)
t — M3,
s
+ fWO,Y*,y* (q%, q%)fﬂ—ofy*,y* (q%’ O)
u— M?,

€prap @S a5 €vorsdy

61/)\045(](21(]56“075(]?]65' (211)

Its contribution to a, can be derived from

o = g {5+ m) 7,97 (5 +-m) T},

Pp(,:_e6/ d*q / dlgp 1 7“(¢+%+m)7k(li’—‘lé+m)7y[ 0 ]kzo

@2m)* ) @2m)*aigs ((p+ 1) — m?) ((p — ¢2)* — m?) Do A

(2.12)

This formula holds true if the derivative has a well-defined limit for & — 0, a condition
fulfilled by the 7°-pole amplitude (2.11). It follows from (2.6) by averaging over the spatial
directions of k, see [30-32], whereupon the limit may be pulled inside the integral. The
final result can be expressed as [16]

70-
ay, POl = (2.13)

b d4(]1 d4(]2 1
/ (2m) / 2m)* ¢2g3s((p+ q1)? — m?) ((p — q2)? — m?)

Froyens (@15 43) Froyey+ (5, 0) Frponpns (8,G3) Fropens (a3,0)
X Ti(q1, q2;p)+ —- T T2(q1,92;p) ¢
{ S—Mzo ( ) qi — M,zo ( )
with
8 m2A1a
Tl(qhq%p):?){?p-qw-q2q1-q2+p-cnq§<q1-q2+qf—2p-q1>— T (2.14)
16 @ m2 12
T>(q1,q2; p) :3{p'Q1 (p‘QQ q1-q2 —P-q1 qg+(Q1'Q2)2>—§1 (3]3'(11 @ —p-q2 Q1'Q2)— [

Due to the ¢1 <> —g2 symmetry of the integrand, the ¢- and u-channel terms give the same
contribution.

We stress that in our dispersive framework the analytic structure of the HLbL tensor
has to be analyzed for the full four-point function, i.e. with k? = 0 but otherwise general
k. In this setting s and q% are independent variables and the pion-pole contribution to the
HLDbL tensor is unambiguously given by (2.11), which leads to the result in (2.13). Within
our formalism, the pion pole defined in this manner (2.13) is therefore unique.

In [18] it was pointed out that the pion-pole contribution as defined in (2.11) goes
faster to zero for large ¢ than what is required by perturbative QCD, thereby becoming
sub-dominant in that regime. As a cure to this problem, it was proposed in [18] to replace



the singly-virtual form factor by a constant, arguing that in this way one obtains an
expression which correctly interpolates between high and low ¢2. As stated in that paper,
the transition JFro.«q« (¢%,0) — const for large ¢? is generated by the exchange of heavier
pseudoscalar resonances, which we are explicitly neglecting here. We are well aware that
restoring the correct high-energy behavior has a non-negligible impact in the numerical
estimate of the HLbL contribution to a,. Therefore, enforcing additional short-distance
constraints onto our representation is indeed a direction for future improvements of the
formalism [33]. This statement pertains not only to the pion pole, but to a dispersive
approach in general: with a limited number of intermediate states explicitly taken into
account, the representation will be adequate at low and intermediate energies, while the
correct high-energy behavior has to be enforced in a second step.

We also observe that the leading and subleading logarithmic contributions to a, in
a chiral and 1/N¢ expansion discussed in [15, 17] are automatically reproduced in this
approach: the leading one by construction, and the subleading one provided the measured

0 — ete~ are used to constrain the off-shell dependence in

decays n — ptp~ and 7
]:Wo,y*,y* (q%, q%) .

We conclude with a brief comment about an alternative, model-dependent implementa-
tion of the pole amplitude in which the pion transition form factor is generalized to arbitrary
pion virtualities [1], e.g. Froy=1+(8, s,0) for the s-channel pole (the first argument referring
to the pion virtuality). When expanded around the pole mass, any offshell-dependence
from the form factors yields a polynomial contribution, as long as it does not entail more
complicated analytic structure (and thus intermediate states beyond our framework). In
the dispersive picture a polynomial arises if the dispersive integrals do not converge suffi-
ciently fast and have to be subtracted. Off-shell terms calculated in a given model can be
absorbed into this polynomial. Frequently, the coefficients of the subtraction polynomial
are free parameters in a dispersive approach, but for HLbL scattering constraints by gauge
invariance completely fix these parameters, as will be shown in sections 3.2 and 3.3.

2.4 Conventions for v*~* — 7w

In this section we collect notation and conventions for v*~* — 7. We take pion Compton
scattering

’Y*(QI,)\laH)Wa(pl) — 'Y*(QZy)Q:V)ﬂ'b(pZ)a (215)

with momenta, helicities, and Lorentz indices as indicated as well as isospin indices a, b as
the s-channel process and define Mandelstam variables according to®

s=(q+p)?}  t=(g—-@)?  u=(g—p)* (2.16)

The scattering angle in the crossed channel

Y (q1, A, )Y (—q2, A2, v) — T (—p1)70(p2) (2.17)

3To keep the notation as simple as possible we use the same symbols as before, the understanding being
that in this section s, t, etc. refer to v*7 — ™7 kinematics, but in the rest of the paper to HLbL scattering.



is given by

s—u
2 = , 2.18
! 4piqy ( )
with momenta
t N Vit \/E t 2 2
Pe=A\ly~ Mz = 5 9t 4t = 2 A2 = )‘(tv ql’qQ)' (2.19)

The objects of interest for HLbL scattering are the helicity amplitudes corresponding
to (2.17)

out (T(=p1)T(P2) 17" (41, M)V (=20 A2))in = 1€2(27m)0% (g1 + p1 — g2 — p2) Happ,e' M1 3207

-H)q)\g = EM(QL Al)ﬁl/(_q27 )‘Q)W'wj) (220)

parameterized in terms of the tensor WH” (¢ denotes the azimuthal angle). Its Lorentz
decomposition into gauge-invariant structures that separately fulfill the Ward identities

G Wi = ggWy =0 (2.21)
reads
5 .
W =Y Tj, A, (2.22)
=1
where
T;}y = —q1° 29w T @2uq1v,
Tiu =—4q - QZA#AI/ - (3 - u>2.g,uu + 2(3 - U) (A,uQIu + Q2;LA1/)a
T3, = q1 - @@t + GBI — By — G d2pdov,
Ty, = —2q1 - (a1 + 2634200 — (5 — W) GG + (5 — 1) q1uq10,
Ty, = —2q1 - @282 + 263810 — (3 = W) @30 + (s — w)g2ug00, (2.23)
and
A'u = P1p + D2p- (224)

To work out the explicit form of the helicity amplitudes, we choose momenta and
polarization vectors as follows*

qij‘ = (E(H’O?O?qt)? ql; = (_Eq270707qt>7
Pl = (—Ep,, —pisinby;, 0, —p; cos b;), ph = (Ep,, —ptsin by, 0, —p; cos b;),

1 . 1 )
eu(qh :l:) = :Fﬁ((L 17 :l:Za O)a EM(—QQ, :l:) = qzﬁ(ov 11 F, 0)7
1 1
6“((]1,0) = E(Qt7070>Eq1)7 6“(—61270) = g(_Qtaoaoa E!IQ)a
t 2 2 t— 2 2 7
By=Ho® g o lodte g g L (2.25)

“We choose the signs of the transversal helicities in accordance with the conventions in [34].



leaving the normalization & of the longitudinal polarization vectors general. In these
conventions, we find the following expressions for the helicity amplitudes®

1
Hip = Hoo = =3 (t—qt=a3) v+ (t—4M2) { (t—at~ ) (1—22) + 402} | A2 —afa3 Ao

+4prqiz ((I%Azx + q§A5>,
Hi =H | =—(t—4M2)(t — ¢ — ¢3) (1 — 27) Aa,

2 2
Hyo=-H o= % [_ (t— 4M$)\ﬂ(t + i — @3) /1 — 22 Ag + 2pi V24 /1 — Z§A5],
2 2
H0+ = —Ho_ = % |: — (t — 4M7%)\/;(t — q% + q%)zt 1-— Zt2A2 + 2ptqt\/ﬂ 1-— ZtZA4:| s
2 92
1
Hyo = — 12 {A1 —A(t —4AM2) 2} As + < (t — @ — a3) As + dpyquz (Ag + A5)}.
§162 2
(2.26)
We define the partial waves as
o)
Hyy(s,t) = Y (27 +1)Py(z) b4 (8),
J=0
Hy (s,t) = Y (2 + )dgg(2t)hy 4 (1),
J=2
Hoo(s,t) = Y (2] 4+ Ddio(2)hs1o(t),
J=2
Hoy (s, t) = Y (2J + Ddio(2)hso+ (1),
J=2
Hoo(s,t) = Y _(2J + 1) Ps(z)hs00(t), (2.27)
J=0

where P;(z) denotes Legendre polynomials and d’ ,(z) Wigner d-functions, e.g.

d3y(2) = \{16(1 —2%), d2(2) = — %zv 1— 22 (2.28)

Due to Bose symmetry and invariance of strong interactions under charge conjugation,
only even partial waves are allowed to contribute. S-waves only occur for the ++ and 00
projection, while all other helicity projections start at D-wave level. Explicit expressions
for the partial-wave projections of the Born terms, Ny, »,, are given in appendix A.

The helicity partial waves for v*4* — 77 as defined in (2.27) constitute the key input
for 7 intermediate states in the HLbL contribution to a,. They fulfill important con-
straints known as soft-photon zeros [35, 36], which will prove crucial for the construction of

5Bose symmetry in the pion system requires that the full amplitude remain invariant under p; > —ps.
Since T:fl, and T;Z’l, are odd under this transformation, the corresponding scalar functions need to be odd as
well, so that one factor in s — u can be separated without introducing kinematic singularities. Accordingly,
A4 and Ajs are eliminated, in practice, in favor of A, = As/(s —u) and Ay = As/(s —u).



dispersion relations in section 3.2. The soft-photon theorem states that in the limit q% — 0
the Born-term-subtracted helicity amplitudes vanish if t = ¢5 and vice versa. Its origin can
be inferred from the decomposition (2.26). For later use it will be convenient to express
these soft-photon zeros more explicitly on the level of partial waves, in the framework of
partial-wave dispersion relations (see [37, 38] for the on-shell case 7y — 77w and [36] for
a generalization to the singly-virtual process v*y — 7m). In particular, one can derive a
system of so-called Roy-Steiner equations

hyi(t) = Z Z/dtKyJ,tt)Ith, () +---,  i,j€{++,+—,40,04,00},
J’ even j=1 A2

(2.29)

where the ellipsis refers to integrals involving partial waves for v*m — ~*7 [33, 38]. The

precise form how the soft-photon zeros manifest themselves may be read off from the
diagonal kernel functions

K(%(% (t’ t/) = Kgg(tv t,) = - . = ’

th—t Ay
2 2 ' 2 2
1 t'—qi —q
KX (1) = K2, 1) = P4 _ L%
22( ) 22( ) p£2q/2 t—t )\32
K22(t ) — (t - q% - qz)Pt
2 (tt) = — ; 5
(t'—1) (t - ql Q2)pt
3 pig;
K33 (1) = Ky (t,) = | 5t (2.30)

(-t

The form of these kernel functions will be instrumental for the construction of dispersion
relations for HLbL scattering in section 3.2. Apart from the diagonal kernel functions (2.30)
there are also non-diagonal ones, e.g. for the S-waves

92 2.2
2 KRt = B (2.31)
)‘12 5152)‘12

The necessity of these additional kernel functions using the example of the 1-loop ampli-
tudes in Chiral Perturbation Theory (ChPT) is demonstrated in appendix B.

3 =« intermediate states

In this section we discuss a dispersive treatment of the I:IWAJ part of the HLbL tensor
defined in (2.9). Modifications due to the subtraction of the FsSQED loop, as well as the
symmetry factor for 7070 intermediate states, will be discussed in more detail in section 3.4.

The outline of the derivation is as follows: in section 3.1 we first analyze the unitarity
relation for w7 intermediate states. This leads to a set of Lorentz structures diagonal in
the space of helicity amplitudes that serves as a basis for the HLbL tensor. Dispersion
relations are then written down for the scalar coefficients of these Lorentz structures. The

~10 -
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Figure 2. Unitarity relation for 77 intermediate states in HLbL scattering. The blobs refer to the
full v*4* — 77 amplitude, otherwise conventions as in figure 1.

form of the diagonal kernel functions of these dispersion relations can be immediately read
off from y*v* — 77, as detailed in section 3.2. Apart from the diagonal kernels, there are
in general non-diagonal contributions, in analogy to (2.31). In section 3.3 we discuss the
origin of these terms and derive their explicit form for S-waves, before presenting our main
result in section 3.4.

3.1 Unitarity and decomposition of the HLbL amplitude

We start off from the unitarity relation for 77 intermediate states, as illustrated in figure 2.
The s-channel discontinuity of II**A? due to 77 intermediate states follows from

I mrH _1/ d3k‘1 / d3]€2 9% (*( ) *( )_> (k‘) (]{J )) (3 1)
mg ,uu)\a_2 (27T)32E1 (2’/‘[’)32E2 pv\Y 41, 1)y (g2, V T(R1)T (K2 .

x Wiy (7 (a3, \)y(—k,0) = m(—=ki)m(—k2)) (2m) 6% (k1 + k2 — 1 — q2)-
The phase-space integral in (3.1) may be rewritten in terms of loop integrals

Im 7™ T1#A7 (3.2)

1 d*l 1
= Im, / (2m)* (12 — M2) (I — %) — M2)
X Wi (v (q1, )7* (g2, v) = m()m(E = D) W3, (v (g3, )y (=k, 0) = (=17 (l - %)),

where ¥ = q1+¢2. This relation can be analyzed at a given order in a partial-wave expansion

for v*~* — 7w in terms of tensor integrals. Including partial waves up to D-waves, we find

Im7T7T ]:[,LLI/)\O'
1 v
= b - 4M3){(h1(8; @3 @3 (5:63,0) + = Pa(z)hs (53 a7 3) i (5363, 0) ) A4
<h2(8 Q17q h 5543 70 + 5P2(Zs)h7(8 Q17q2)h3(3 q3> ))Ag’l;)\a
+h3(s;q3,q ;43,0 Ag‘;/\a—l—h(;( q2,0 A“VAC’)

ha s,ql, S5 q3 20 AW)‘U + h6( O)A’;?U>

+he (5501, a3) (75 (5363, 0 A+ his (5363, 0) A7)

(
i(s:03 )

5(s:43,0 1(5¢3,0)

A ik 04 04
(5503 i(5343,0)

(5503 3(5343,0)

(53 ai, 03)
(53 a1 43)
+hs(s; 41, q3)
(53 a1 43)
(53 a1 43)

+h7SQ1 a3 $;43,0
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with

3
hi(s;qt.q3) = ho4+(siat. 43), hs(s;qt,q3) =5 223\/5712,%(8;(1%,613),
2
3
ha(s;qt,q3) = —%ho,oo(s;q%qg), he(s:q3,43) =5 %\/ghgm(&qiq%),
4145 2q1 2
hs(s;q3,q3) = 5ho v+ (5541, 03), hi(siqi,q5) = —5553}12,00(8;(1%7615)7
142
5v6
ha(siqt,43) = == ~hai— (541, 63), (3.4)

indicating the photon virtualities in the argument of the partial waves, and Lorentz struc-
tures AZ Z’\J as summarized in appendix C. The discontinuities for ¢- and u-channel involve
the tensors A}’ t’”\a and A} Z)‘U, which follow from the s-channel analysis by means of cross-
ing symmetry (g2,v) <> (g3, A) and (g1,p¢) <> (g3, ), respectively. The fifteen Lorentz
structures which have emerged from the unitarity relation represent a key element for our
derivation of the dispersion relation for the HLbL tensor, as we are now going to explain.

In general, the HLbL tensor with one of the four photons on-shell contains 29 inde-
pendent scalar amplitudes. We have explicitly constructed 29 independent gauge-invariant
Lorentz tensors, but doing so in a way that makes crossing symmetry manifest, or even
easy to express, is more difficult. For our purposes we find it more convenient to use a
redundant basis, in which however crossing symmetry is evident. Therefore, we exploit
the crucial property of the A} Z)‘J that if we project the s-channel HLbL tensor on helicity
amplitudes, only a single function II{ = II;(s, ¢, u) contributes for each helicity amplitude,

and write
15
7 (s, tu) = 3 (AZ:)“’HZ-(S, t,u) + AL (E s, u) + AT (u, ¢, s)). (3.5)
i=1

We have checked that the 45 tensors in (3.5) form a complete, though redundant, basis.
In fact, already the 30 tensors A} Z’\a and A} A% alone saturate the number of linearly
independent structures, with just one redundant tensor. If we project the whole tensor
onto s-channel helicity amplitudes, besides the diagonal contribution from II?, we will
get contributions from all IT¢ and II¥ to each helicity amplitude. Explicitly, the first few
s-channel helicity amplitudes as defined in (2.2) read®

Hyy o (s,t,u) =Th(s, tu) + Hyg 14 (s,t,u),

2 2
Hoget (5. t,u) = — L2T0y (s, 8, u) + Hog oy (s, ),
§162
_ 4 .
H++7+— (87 t, U) - _ﬁd32(28)n3(87 t, ’LL) + H++7+— (37 t, U), (36)

5The bar over the helicity amplitudes ﬁA1>\z,>\3)\4 indicates that these are the projections of the ten-
sor [TH*7.
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and similarly for the remaining ones. The hat amplitudes defined by

15

fl}\1>\2,>\3>\4 (‘97 t, u) = Z (f)iq)\g,kgmni(t’ S, u) + f)i\lAg,A3>\4Hi(uv t, 5)) (3'7)
=1

with coefficients f* and fl obtained from the contraction of the polarization vectors with
Aﬁ " A7 and Aﬁ Z’\U, respectively, are responsible for the left-hand cut in the corresponding
helicity amplitude. The right-hand cut for s > 4M2 on the other hand is solely incorporated
in the IT{ amplitude. In this sense, the decomposition (3.5) leads to diagonal unitarity
relations for the helicity amplitudes, see appendix D.

The final step in the dispersive calculation of II**? concerns the construction of dis-
persion relations for the coefficient functions II;. In the next section, we determine the
diagonal kernel functions by comparison with v*v* — 7, while the issue of non-diagonal
kernels will be discussed in section 3.3.

3.2 Dispersion relations: diagonal kernel functions

The construction of dispersion relations for the II; functions becomes greatly simplified if
we consider that here we are only interested in the HLbL contribution to a,. This involves
the derivative of the HLbL tensor with respect to k evaluated at £k = 0. We therefore
construct dispersion relations only for this very special limit and omit from the start any
contribution to the HLbL tensor of O(k?). Since the Af' A7 scale as O(KY), any contribution
of O(k?) in TI; can be dropped right away. In particular, this concerns most of the D-wave
contributions due to the angular-momentum factor”
2 (s—a} )2

q3q4 = T 4s = O(k2)’ (3.8)

whereas for S-waves the expected overall O(k) scaling is restored by the soft-photon zero,
which requires a factor
s—q3=—2k g3+ O(k?). (3.9)

Not all D-wave contributions to a, vanish, however. As it follows from the decomposition of
the v*y* — 77 helicity amplitudes in (2.26), or, alternatively, the kernel function K25 (t,t')
in (2.30),% the threshold behavior for the +— system differs from (3.8), in the sense that
only a single factor in s — q% appears. Such D-waves do contribute to a, since after taking
the derivative with respect to k and the k£ — 0 limit they do not vanish. Ultimately, this
special threshold behavior is a consequence of gauge invariance, which dictates the general
decomposition in (2.26).

Considering all terms in (3.5) we find that the only diagonal kernels that contribute
in the end are those with ¢ € {1,2,3,6,9,12,14}. Moreover, for i € {1,2} only S-waves
are relevant, with the D-waves exhibiting the angular-momentum factor as in (3.8), while
the other non-vanishing terms, i € {3,6,9,12, 14}, start at D-wave level in the first place.

"We discuss the case of D-waves in the s-channel here, but the same argument applies to D-waves in all
other channels.
8In the present context, one should take g7 — ¢3, ¢ — 0, and t — s in these equations.
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Since even there the dependence on the scattering angle is completely hidden in A% VAT (or

0,8
its crossed versions), this implies that all II; effectively become single-variable functions,
which, by construction, only have a right-hand cut. Unitarity fixes the discontinuity of
these functions, see appendix D, on the right-hand cut and therefore the whole function,
up to a polynomial contribution. As we will show, however, this polynomial is completely
fixed by soft-photon constraints. We stress that the separation of right- and left-hand cut
— the property of the II; amplitudes to only have a right-hand cut — is possible only in
the absence of double-spectral regions, which holds true for m7 intermediate states after
separating the FsQED pion loop as discussed in section 2.2. This reduction to single-
variable dispersion relations can also be understood in the framework of 77 Roy equations,
where it occurs if one neglects the contribution to the discontinuities from non-leading
partial waves, as explained in appendix E. The original idea, which goes under the name
of reconstruction theorem, has been first formulated in [39].

Based on the discussion above, we construct a dispersive representation of the IIf
amplitudes which has the following properties

1. For each II{ we only take into account the discontinuity due to the lowest partial wave.
2. We fix the discontinuity to what unitarity prescribes.
3. The II{ amplitudes have the required soft-photon zeros.

4. The exact form of the soft-photon zeros follows from v*+v* — 7w by means of factor-
ization.

5. The number of subtractions is chosen according to what the implementation of the
soft-photon zeros naturally generates (which is sufficient to ensure convergence).

Soft-photon zeros are also properties of the v*v* — 77 sub-amplitudes, where they manifest
themselves as a modification of the Cauchy kernel. The form of the kernel functions of
the dispersion relations for the II{ can be read off from the y*y* — 77 kernel functions
in (2.30) in the following way. After dropping the pion angular-momentum factors, these
kernel functions lead to modifications of the Cauchy kernel due to soft-photon zeros and

photon angular-momentum factors

f12(s,8")

s —s

;o Ka(s,s') = M, (3.10)

K12(8,8/) = o —s

for the initial- and final-state photon pair, respectively. The corresponding kernel in HLbL
scattering, which has exactly the same soft-photon behavior in each sub-amplitude, can be

easily obtained by factorization

Kiosa(s, s') = f12(875/)f34(3a5,). (3.11)

s’ —s
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These arguments uniquely lead to the following dispersive integrals for the II? amplitudes’

oo
2 / / 2 2
-0 5—q3 ds 1 s —qi — q; -0
=hey i (s) = / I 2 < s )Im iy 41 (5),

T 4M25—q3 s’ —s N
(3.12)
q1q2 _ 70 ()_sqgf ds’ 1 S/fq%fq% - ( )
5152 00,++ T s — q?% s’ — g )\/12 00,++
4M?2

21/6 S—q3 ) A12 7 ds’ s’ 1 s —q?—q? _
_WH?’ hi ()= b= s) /( - Xl 2 Imh2, ,_(s),
12

sT s'—q3) Ny \s'—s
AM2
8 (s—a3)(s—df — &) 7 Imh2_ , (s
—IIg _h2 = ds’ : ’
lle=hi_ 1 (s) = W ) 62— @) )
1 2q2 —02,. (s) = (5 —a5) Mz ?ds' V' Imhio ,_(s')
R . Ve AM2 (' = a3)Ma(s' = 5)’

4 2 § — @ e [, VSTmhE, (¢
4 qu —R2, , (s) = (s — q3) M1z /dsl 044 (5)

e ar o T @ )
2\[(11(12 (s—q%)m7 ds’ s’ ( 1 s —qi— q2> ) /
=2 _ - - |
(6] §1§ 0o.+—(8) =77 A (s'—q2)Njg \ ' —s N m higg 4 (s")

and accordingly for the crossed channels, with imaginary parts

mAS o (s) = 1o=0(s —4M2) S [hoos (s:6F )5 4 (5:.3.0) .
Imﬁ80,++(5) = % ( _4M73)5_h0 00(5’ 6]1#1%)’13 ++(8 Q370)},
Imﬁi+,+—(3) = 1%; (s —4M2) S h2 4+ (s Q1aQQ)h2+ (s: Q:??O)},
b}, (s) = 1o=b(s — 4M2) S o (5303 a3) P 4 — (53 63,0) |
Imhg(s) = 12=0(s —4M2) S |ho,ro(siqf,a3) b3 (s:43.0) .
Imhj, . (s)= 1%; (s —4M?2) S :h2,0+(8; 0, q3)hs 4 (s;63, 0)],
IRy, (5) = 12-0(s —40M2) S[hooo(siaf, )3 (s:63,0)]  (3.13)

The relations (3.13) without the bars on the left-hand side and the S|. . .] operators, defined
n (3.14), on the right-hand side simply express unitarity for partial-wave helicity ampli-
tudes. Since we have subtracted the FsQED contributions and are dealing with subtracted

9This representation neglects non-diagonal terms, which will be discussed in section 3.3.
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partial-wave helicity amplitudes, we have to correspondingly adapt the unitarity relations.
This is taken care of by the operator S|...], which either subtracts the FSQED contribution
for charged (c) pions, or restores the symmetry factor for neutral (n) pions

* *
S [hff)\pq (S; (J%v q%) (hff,,\3,\4 (3; qga 0)) } = h?f,,\l,\2 (S; Q%v q%) (h?],)\;;)u; (3; qg, 0))
- NJ,/\1/\2 (S; Q%a q%)NJ,)\;g)u; (5; qgv 0)7

1 %
ghr},mz(s?q%,q%)( r},xm(S;qg,O)) . (3.14)

S [hg,AlAg (3; Q%v q%) (h},\g,\4 (3; CI32,7 0)) }

The occurrence of two soft-photon zeros, both in the initial- and final-state photon pair,
implies that the convergence behavior of the dispersion relations in (3.12) benefits from
two parameter-free subtractions. Since, in addition, perturbative QCD in the factorization
framework of [40] predicts an asymptotic behavior O(1/s) of the helicity amplitudes for
large momentum transfer s, the dispersive integrals should, in principle, converge even
faster than in the case of HVP.1?

At this point, imposing soft-photon zeros on the II{ amplitudes might appear un-
justified, since it is the full Born-subtracted helicity amplitudes which have to obey this
property, and the relation among the two sets of quantities involves also the H:f’“ ampli-
tudes, see (3.6). Kinematics, however, implies that if the direct-channel amplitudes fulfill
soft-photon zeros, so do the crossed-channel amplitudes, as we will now demonstrate.

Consider for example the II} amplitudes. Soft-photon constraints for these lead to an
overall prefactor ¢ — q%. In addition, for q% — 0 all I} behave like ¢ — q%. Based on the
s-channel angle (2.4), these factors can be rewritten as

2
t— q% =2 2;]3 (Q% - Q% — S+ 2 \/)\712> everywhere,
2 5 — 45 2 2 2
t—g3=—— (8+q3—zs(s—q3)> for qf — 0. (3.15)

The first equation implies not only that the s-channel projection of the ¢-channel contri-

bution has a soft-photon zero at s = q%, but also that the amplitude vanishes at s = q% for

qg = 0. As the second equation covers the opposite case, kinematics alone already ensures

that soft-photon constraints are automatically respected by the crossed-channel integrals.
To summarize the key points: in the derivation of (3.12) we have

1. neglected from the start any contribution with more than two pions in intermediate
states in all possible channels,

2. separated the pion-pole and FsQED pion-loop contributions,

3. and provided a dispersive representation of the remainder in which only the lowest
partial-wave contribution to the discontinuity is kept.

107t should be stressed that the asymptotic behavior as predicted by [40] pertains to the full partial
waves, including the Born terms Njx,»,. However, even if Njx,, and the Born-subtracted amplitudes
hixixea — Njaa, might not exhibit the correct asymptotic behavior separately, the full amplitudes will,
provided that these constraints have been incorporated into the calculation of hjx,x, in the first place.
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We stress that the second approximation (point 3) is no approximation at all if what
we are interested in is just the HLbL contribution to a,, since contributions from higher
partial waves vanish due to angular-momentum factors (3.8). In particular, this implies
that even in the single-meson approximation for a, resonances with spin larger than 2
cannot contribute.

3.3 Non-diagonal kernel functions

While the diagonal kernel functions for the dispersion relations of the II; follow immediately
from v*y* — 7, there can be further non-diagonal contributions, analogous to (2.31).
To derive these terms one needs to start with a set of Lorentz structures constructed in
such a way that the scalar coefficient functions are free of kinematic singularities, e.g. for
v*v* — 77 these are the tensors given in (2.23). For the S-waves in HLbL scattering one
possible choice is

A7 = AW}‘JHS + A” YATTTS + crossed,
T
AP = (ka5 — k- q39™) (dhat — a1 - a2 9"),

TV

AL = (KM F — k- q39™) (1 - 2di'a5 + (a5 9™ — d3ai'al — aidbab). (3.16)
The next steps in the derivation are

1. Write down unsubtracted dispersion relations for f[f

2. Calculate the helicity projections of [lﬁf ';/\U and express IT? in terms of helicity ampli-
tudes.

3. Express AY 18'/\0 in terms of AY' :)‘U and infer the dispersion relations for II7.

This procedure leads to

2 0 / / 2 2
. s—q ds 1 §—¢?—q - 2618
IS = 3/ 2[( — 1 2>Imhg+’++(8/) N rImhge  (s)|

" 4M2 '=az L\s'—s Mo
(3.17)
o
2 / 12
q1q2 s—q;3 ds 1 s—q1 @ o 24 /
15 = - Imh Imh

§162 0 /3'—6192, KS’—S " >m 00,++(5 )+§1§2)\ ++++( s,

2

™

in agreement with the diagonal kernels given in (3.12). We stress that these non-diagonal
kernels do not contribute to imaginary parts in s: from the point of view of the analytic
structure of the amplitudes, they are polynomial contributions. In order to better illus-
trate the precise role of the non-diagonal kernels and explain why their presence is not
tantamount to a generic subtraction polynomial, it is instructive to invert the derivation
described above. If one starts from (3.17) and inverts the relation between the ﬁf and
the helicity amplitudes, one recovers the unsubtracted dispersion relations for the ﬁf we
started from. If one repeats the same derivation after removing the non-diagonal kernel
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functions from the dispersion relations (3.17) for the II?, one easily discovers that the dis-
persion relations so obtained for the ﬁf contain kinematic singularities. We conclude that
the presence of non-diagonal kernels in the dispersion relations for II{ is mandated by the
absence of kinematic singularities in ﬁf

The generalization of this derivation to D-waves requires the analog of (2.23) for the
full HLbL tensor. We derived such a basis along the lines described in [41-43], and will
provide a full version of the dispersive system including a complete treatment of D-waves
in a subsequent publication [33].

3.4 Master formula

The relation between the HLbL tensor and its contribution to a, as given in (2.12) is not
valid for the D-wave contributions, which involve terms ambiguous in the limit £ — 0.
A formula valid also in the D-wave case could be derived by an expansion of the vertex
function in powers of k, but this is impractical since in this formulation the limit & — 0
and the loop integration in general do not commute. Therefore, we follow an approach
that relies on an angular average over the spatial directions of k, wherein the limit kK — 0
and the loop integrations may be interchanged, see appendix F.'' Performing the angular
average along these lines, we obtain

4T — / dlq / d'q I
a 2m)* ) @2m)tgta3s((p+ q1)? — m2) ((p — q2)? — m?)’
= 3 (Tl + 2Tlin) + 2Tl + 2Toulon + 2o liou,  (3.18)

i€{1,2,3,6,14}

with dispersive integrals I; s ,) given in appendix G and integration kernels T; (. in
appendix H. Throughout, we used the symmetry of the integrand under g; < —go to
map the t-channel contributions onto the u-channel and simplify the s-channel kernels.
Moreover, this symmetry transforms the amplitudes corresponding to h?m 4 and h% e
into each other, with the ¢-channel of one equaling the u-channel of the other, and makes
the s-channel contribution of h3 +,+— coincide with the one generated by h%ro, L

The use and interpretation of (3.18) requires some discussion. In particular, we return
to the separation of the FsQED term from the rest which we introduced in section 2.2.
To implement this separation correctly and avoid double counting, we must specify what
we mean by the partial waves of y*y* — 77~ which appear in (3.18) via the I; (5, (see
appendix G and (3.13)). We decompose the charged-pion partial waves into Born terms
Njax, (see appendix A) and a remainder h JA1), to obtain the decomposition (i = A1z,
J = A3\4)

hii(s;al,a3)h, (s103,0) = Nyi(siaf, a3) Nyj(s:63,0) + Nui(siaf, a3) by (5363, 0)
+hyi(sial, a3)Nyj(s:63,0) + hui(s;af, a3) by (s;63,0).
(3.19)

11p fact, this phenomenon is an artifact of the basis we are using. It is possible to reformulate the
dispersive system in such a way that no angular average is required [33].
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Figure 3. Classes of unitarity diagrams in HLbL scattering. The grey blobs denote (transition)
form factors and the blobs with vertical line a polynomial contribution in the crossed channel.

The first term has to be removed from all the I; ;) entering (3.18) since it is accounted
for by the FSQED charged pion loop, see (3.14). The second and third term correspond
to a triangle-type contribution (fourth diagram in figure 3), and the last term to a bulb
topology (last diagram in figure 3).'? Physically, the amplitudes h J 1A include for instance
7w rescattering effects, and thus allow for a model-independent treatment of degrees of
freedom corresponding to resonances coupling to the w7 channel, such as the o-resonance.

We now discuss in more detail the precise meaning of our initial statement that in our
dispersive approach we neglected multi-pion intermediate states. Consider the different
classes of unitarity diagrams that involve 77 intermediate states in the s-channel, as shown
in figure 3. Although, by definition, all these diagrams are w7 reducible in the s-channel,
they differ in the analytic structure in the crossed channel: sub-diagrams feature a pion
pole, multi-pion exchange, or polynomial contributions. Our dispersive representation
of the HLbL amplitude was derived in a partial-wave picture and therefore cannot, by
construction, have any crossed-channel cut. Box diagrams with multi-pion exchange involve
crossed-channel multi-pion cuts, representing intermediate states with more than two pions.
These unitarity diagrams are not neglected completely, but only included in a partial-wave
approximation. In this framework, the second diagram in figure 3 is partially covered by the
second and third term in (3.19), because the partial-wave projection of the left-hand side of
the diagram (which contains the multi-pion exchange) is contained in h 7,j- Analogously the
third and fifth diagram belong to the last term therein. Indeed, if the first term in (3.19)
is kept, the contribution from the dispersive integrals in (3.18) exactly corresponds to the
first term of the partial-wave expansion of the charged-pion loop calculated within sQED
multiplied by the appropriate power of the pion vector form factor.

The subtleties concerning Born terms are absent for neutral pions. However, since
we have assumed distinguishable particles in the derivation of the unitarity relation, their
contribution has to be accompanied by a symmetry factor of 1/2, see (3.14), so that the
explicit form of the v*v* — 7w amplitudes occurring in the imaginary part reads

3{ 37i(s;q%,qg)( f}’j(s;qg,O)) }+3[ f}ﬂ.(s;q%,q%)( ?,j(s;q§,0)) } (3.20)
* 1 *
:hf}’i(s;q%,qu f],j(3§qr%70)) +§h?7,i(33Q%»qg)< Ij,j(s?q?%vo))
— Nyi(s;ai,45) N (s: 63, 0),

12Tn sQED the occurrence of the seagull term mandated by gauge invariance implies that N; includes

certain non-pole pieces, which gives rise to triangle and bulb topologies. However, to ensure gauge invariance
at each step, these contributions should be kept within the FsQED part of the calculation.
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Figure 4. v*v* — mm physics in space-like (left) and time-like (right) kinematics.

adding the contributions from charged and neutral pions and subtracting the FsQED part.
Alternatively, (3.20) may be expressed in the isospin basis. Changing basis towards isospin

0 and 2 according to [38]
C
Ti\
Jyi

s[h(},i(s;qfaqg)( 3,j(5;q§,0))*} +S[ ‘},i(s;fﬁ,qg)( I},j(s;qg,O))*} (3.22)
- %h(},i(s; q%,q%) (h?f,j (8; a3, 0))* + %h%}i(s; @, qg) (h?],j (S; ¢, 0))*

~ Nyi(s:41.43)Nyj(s:63,0).

S-Sl

1
“52 (;) (3.21)

we find

As long as the virtualities remain below the two-pion threshold, Watson’s theorem [44]
implies that the phase of h{,

i
w7 partial wave. Since the Born terms IV, J,Z‘(S; q%, q%) are real, this proves that indeed the

(s; @, q%) is equal to 87 (s), the phase shift of the corresponding

final result for the imaginary part is a real quantity.

Experimentally, v*v* — 7 partial waves are accessible in the process eTe™ —
ete~mm, either in space-like or time-like configuration, see figure 4. Using similar manipula-
tions of the loop integrals as in the case of the pion pole [1, 16], only negative virtualities are
required for HLbL scattering. However, within the dispersive approach information from
all kinematic regions is highly welcome to provide additional experimental constraints and
potentially improve the accuracy, as dispersion theory is the ideal framework to reliably
perform the required analytic continuation. In this particular case, the construction of
dispersion relations for the doubly-virtual process v*y* — 77 in time-like kinematics is
complicated by the occurrence of anomalous thresholds [27, 28]. For a description of how
to account for those effects within our framework see [29].

In summary, we obtain a decomposition of the full HLbL contribution into

HLbL __ _«%-pole FsQED T
a, " =a, +a, +a;,”", (3.23)

with the pion pole (2.13), the FsQED charged pion loop,'? and the remaining effects from
7 intermediate states according to (3.18) with imaginary parts as given in (3.20) or (3.22)
in particle or isospin basis, respectively. a;;" covers unitarity diagrams both with triangle

13 An explicit representation is provided in appendix A. For the derivation of the sQED contribution we
refer to [12, 45, 46] and for a calculation of higher chiral orders to [22].
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and bulb topologies. As far as FSQED Born terms are concerned, this is exemplified by the
decomposition in (3.19). It should be stressed that both the pion loop and the Born-term

T

“w
factor for the 77~ ~* vertex. Due to the fact that only space-like kinematics are relevant

contribution to the triangle topologies in aT™ are entirely fixed by the pion vector form
for a,, the dispersive integrals also for triangle topologies are free of anomalous thresholds.
But even if they were not, the present formalism would still be useful: one would merely
have to extend the framework along the lines sketched in [29].

4 Conclusions and outlook

The main result of this paper is presented in (3.23) and (3.18): a master formula that gives
the contribution from 77 intermediate states in HLbL scattering to the anomalous magnetic
moment of the muon, expressed in terms of helicity partial waves for v*~v* — 7. Within the
general framework of dispersion theory, 77 intermediate states constitute the second most
important contribution after pseudoscalar pole terms, also included in (3.23). This result is
important progress towards a model-independent, data-driven analysis of HLbL scattering.
A first numerical evaluation of these contributions as they appear in (3.23) and (3.18) as
well as a generalization to a complete treatment of D-waves is in progress [33].

Although in principle the required helicity partial waves for v*4* — 77 can be mea-
sured, a dispersive treatment of v*v* — 77 in the framework of Roy-Steiner equations
allows for a combined analysis of all experimental constraints available for the relevant
pion-photon interactions [33, 38|, in particular from kinematic regions different from those
directly relevant for HLbL scattering. While heavier two-particle, scalar intermediate states
(such as KK) are amenable to the same treatment, it is more challenging to account for
multi-pion contributions at the same level of rigor that we have adhered to here. To es-
timate the impact of multi-pion intermediate states, possible ansidtze would be to try to
generalize the calculation of the FsQED pion loop to include resonances or to approximate
missing physical degrees of freedom in terms of resonance poles along the lines of [47].

The final goal of the approach laid out here is a calculation of HLbL scattering con-
sistent with the general principles of analyticity, unitarity, crossing symmetry, and gauge
invariance and backed by data as closely as possible. To this end, also the pseudoscalar
transition form factors should be subject to a similar analysis, see [48-51] for first steps
in this direction. Ultimately, this approach should allow for a more reliable estimate of
uncertainties in the HLbL contribution to the anomalous magnetic moment of the muon.
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A  FsQED Born terms and contribution to a,

In our conventions, the S- and D-wave projections of the Born terms for y*y* — 7m
read [33]

2.2 2_02)2 (g2 42
NJ,++(75;Q%,Q§):{QJ(%)< 2+ q1q2>+25J0 (ai=6:) —tlai+) }FT‘r/(q )EY (43),

ALy AL,
2 V6 tgi g 2 t(t—Q%_QQ)
L2 2 2 142 2
Noi—(t: 1, 2) —{ - tht< S0(w1)Qo(xe) + 45'3t) <M7r + N, ) + 7 A,

x FY (a?)FY (43),

t+ai—g5 45 /32 2
Nayo(t; q%’q%):_qéq%%\/; pt{l’?(l—$?>Q0(xt)+xt (xf—3>}F)r/(q%)F¥(qg)a

t—qi—q; &2 q
t—at+a5 @ |3 2p 2
N b2 g2 1 2 1\/> {x2 1— 22 )b <x2—>}FV 2 FY (42),
2,0+( a1 Q2) T ql q2 a Vi t( t)QO( t) e | o 3 W(Q1) w (Q2)
q19q
Noo(t; Qiq%):—”t{(tg — (4% — 43) >7QJ(37t) —8t5Jo} 7 (ad) F (45),
€1€2/\12 Dtqt
(A.1)
with ) )
l—qi — 45
Ty = ——=, A2
' Aprqr (4.2)
and the lowest Legendre functions of the second kind
1 / d 1 3
T . +z|_ .7 9
Qo(z) = 2/2_367 Qo(z+tie) = 108; T ¥Z§9(1—Z ), Qa(z) =P2(Z)Q0(Z)—§Z-
-1
(A.3)

FY(¢?) denotes the pion vector form factor and the kinematic quantities are defined as in
section 2.4.

However, for the reasons discussed in sections 2.2 and 3.4 the FsQED contribution
to a, cannot be analyzed within a partial-wave framework, but rather based on Feynman
integrals. We find the representation

oFSQED _ 268 [ d'q / d'qy Fr (67) FY (a3) FY (s)(Ls + 2Ly + 1 + Jo) (AA)
" 3r2 ) (2m)t ) 2m)t @@3s(p+aq)? —m2)((p— q2)2 —m?2)
where
1
2 1 —x)
0 s

/ (1-2)
x(l—x

I, = {qf(m2+p-cm) —p-a(p-a+a -Q2)}/d:cM2 gt

T 1

0

- 29 —



1 1—x
J = /dx / dy Afl(x, y){2(16$y —6x—6y+3)p-q1p-q2—4x(8x —5)(p- ql)2
0 0

+ 2p- ql[ z(bx+2y—3)q1- qg—(8:1:y+2y —6z— 6y—|—3)q2] 8m2x(yq1-q2+(1—x)q%)},

1 11—z
2
Jo = /daz / dyA_2(x,y){ﬂ;$y(1$y)>\12
0

0
+2(p-q1)? [56(96 +2y— Vg @ +yRe(z+y—1)+1— y)qg}
—pq p-qz[(9:2(4y—1)+x(1—2y)2+y(1—y))ql'qz+w(x+2y—1)q%+y(2x+y—1)q§}

+p- Q1|: [(1*221) (2z+yf1)q§*(290*1)(4x2+6x(y*1)+1*y)qf]qg

+ 2 |8(w=1)zy @1-ga+(1-20)*(2+ 2y~ 1)a} — (4(32 —2)y>+ (8y—1) (1 -2)) 3 ql-qz]},
and
Az, y) = MZ —ays —z(1 — 2 — y)gi —y(1 — 2 — y)g3. (A.6)
B 1-loop ChPT for ~v*~* — 7w

At 1-loop order the only non-vanishing partial-wave amplitudes are (for the on-shell case
see [52, 53])

ho4+(t: a3, 43)

ls — s 2 )1 1 t/2 o | taias
= t—qi — - 1+2( M '
487r2F7%( i) 9, srerz \e—n2( ) T\ Co(t. at,a3)

@ +¢2) - (2 -¢d) - Gdt+aé—a) -, o GE+E—d) -, 4
A el

ho,o0 (t; 41, 43)

6]1(12 ls—1s |1 1 t/2 2 (2 22 2 2
T 46 | 24n°F? {o} T 82N, {t - M};} {(t (a1 — ) )Co(t’ql"b)
+Mﬂw—%Hw%w@ﬂﬁ%ﬁ@—ﬁ+ﬁﬁ@@ﬂ, ®1)

where the upper/lower result refers to charged/neutral pions and the loop functions are
defined as

1
CO(tvq%aq%) = —/dilf

11—z

1
dy
M —toy —qlz(l —z—y) — qdy(l —x —y)

I

o

jdxlog [1—x 1—x)]é2] (B.2)
0

~ 93 -



with imaginary parts

RO AMD) gt g o /N

og .
V)‘liz t—Q%—Q%—Ut >\t12

Imt j(t) = 7T0't9(t — 4M72|—)7 Imt CO (ta Q%a q%) = -

(B.3)
In the limit ¢? — 0, (B.1) reproduces the leading term of the chiral expansion of the pion
polarizabilities
M, 2 My 1 2(l — 1)
: = — — . (B4
ho++(¢;0,0) 90 (o1 = B)t+O(t7), 2% 2o (1= B1) = 962 F2 { -1 (B4)

In practice, subtractions have to be introduced into the Roy-Steiner equations for y*v* —
w7 sketched in section 2.4 in order to suppress the high-energy tail of the integrals. The
ChPT result (B.1) as well as experimental information on pion polarizabilities provide
valuable constraints for this subtraction term. Moreover, the 1-loop chiral amplitudes
themselves can be used to illustrate the S-wave part of the Roy-Steiner system (2.30)

and (2.31). Inserting (B.1) into these equations, one finds the relations!

J
T
4M2
2,2 2 41 2 _ (g2 _ 22
::1+2<Aﬁ4—mﬁb)cbﬁgiq@—+t@1+qﬂ t@1 %) J(t)
)‘12 >\12
2 2 2
gi(t+a45 —q7) - 2t +q -
AU AR gy - DU Z) 5
12
J
m

/ 1 ' —q— @ /2 2 2 /.2 2
dt T 3 Imy ko (t'5 47, 43) + )\Tlmt hi(t's 45, a3)
12 12
4M2

— )37 {(t2 (¢F — &) >(70(t ai.q3) +atJ (1) —2(t+ai —q3) J (7)) —2(t— ql_FqQ)L;(qg)}7

where h; and he with imaginary parts

1 t, o 2 . 2 2
dt’{(t/_t - z;, q2>Imt h(t's a3, q3) + ilq%m ha (t'; ql,qg)} (B.5)
12 12

t(g? +a3) — (¢ — a3)°
Ay

Imt j(t),

targs
to (1507, 3) = 2( M2 + %2 ) o ot ) +

1 _
Imy ha (t; q, q%) N, [(t2 (q% - q§)2)1mt Colt, q, q%) + 4tIm, J(t)], (B.6)

correspond to hg 44 and hg oo, respectively. We checked numerically that the relations (B.5)
hold. In particular, we find that in general the contribution from the non-diagonal kernels
is non-negligible.

MDuye to the high-energy behavior of the ChPT amplitudes a subtraction is required. The subsequent
relations follow e.g. from the charged channel when subtracting at ¢ = 0. Note that the dispersive integrals
in the formulation given here apply to the situation where the virtualities are sufficiently small that no
anomalous thresholds occur. If anomalous thresholds are present, the integration contour has to be deformed
as described in [29].
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C Lorentz structures for the HLbL tensor

The Lorentz structures that appear in the unitarity relation (3.3) are

8 A12
A;w)\a _ (k:)‘qg k. qs gx\o) (q,ul/ + g,uu)’
1,s (s _ qg)/\m 3 12 4
\ 8
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D Unitarity and helicity amplitudes

The imaginary parts of the helicity amplitudes that follow from II**?? by contraction with
the pertinent polarization vectors have to reproduce the imaginary parts as expected from
general arguments about helicity amplitudes [54]. In our conventions we find for momenta
and polarization vectors

Qil = (Elaouoaqu)7
ql; = (E270707 _QI2)7

( 3, 434 sin 957 07 —(34 COS 65))
= (E4, —gsasinbs,0, —gsy4 cos b)),

twt

(g1, %) = :F\}E(O, 1,44,0), (g5 4) = :F\lf(o cos b5, i, — sinby),
e (qo, %) = q:\}i(o, 1,Fi,0), e (k,+) = :Fﬁ(o,cos 0, £i, —sin b)),
(q1,0) = ;(qlg,0,0,El), e (—q3,0) = é(q34,E3 sin 65, 0, B3 cos 6;) ,
(12,0) = £~ 20,0, 1), (1)
where
and e g

=Y = = . D.3
q12 2\/§, 434 2\/5 ( )

Contracting these expressions with the Aj Z’\U from appendix C, we find the following
imaginary parts'®

Im{™ Hyy 4= % {ho 4+ (56, B3) ho++ (5103, 0) +5P2 (25) ho, 4+ (5: 65, 63 ) P+ (53 03 0)},

Im¢™ Hoo, 44 = 16 {ho 00(s; 41, 43) ho.++ (s: 43, 0) +5P2(zs)h2,oo(s;qf,q%)h2,++(s;q§,0)},
Im{" Hyy = ﬁ 5doo (25) ha,++ (8367, 43) ha, 4~ (s3.43,0),

Img™ H++,0+=—107S Bdj _1(2s)h2 4+ (5141, 43) hoo+ (5563, 0),

Im{™ Hyo 4= 16 = 5 dag (2s) ha, (5347, 45) ha, v+ (5: 63, 0),
Im§”H+_,+_:w—7T5d§2(zs)h2,+_(s;ql, @) ha,+—(s:63,0),

Im]™ H+—,o+:—1%s 5d3 i (2s)ha s (5147, 03) haoy (5103, 0),

16 — 5dio (%) b, 10 (s 1, 03) b2+ (5363, 0),

Im{™ Hyg4-= 5 3y (2s) ha, 4o (8541, 63 ) ha,4— (8343, 0),

15The additional sign for each occurrence of the amplitude ho originates from our convention in (2.27),
since di, = —dflﬁo.
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Im?H*”’”:_ﬁ 1_1(Zs)h2+0 $141.q )h20+(8 @, 0),

Im?”H0+,++:—1(g;5d2 0(2s)h20+ (8165, 63) ho+ (5363, 0),
ImgﬁH0+,+—:—12;5d2 2(2s)hao (5547, @) ha, v (5563,0),

Im{™ Hoy o4 = 12; 5d%, 1 (2s)h20+ (8165, %) hao+ (3 65,0),

Im{™ Hoo 4 — = 1%; 5dgy (2s) haoo (8541, 43) ha,+— (5543, 0),

Im7"™ Hoo 04 = —1%; 5 d%ﬁl (25)h2,00(s: 4%, 43) ha0+ (563, 0). (D.4)

Indeed, these expressions could have been written down immediately based on general
properties of helicity partial waves [54], and thus provide a powerful check on the calculation
of the AZ IS')‘U. Moreover, they provide the proof that the general decomposition of the HLbL
tensor in (3.5) leads to diagonal unitarity relations.

E Scalar Roy equations

Dispersion relations for single-variable functions can be constructed in close analogy to
7w Roy equations [55]. We illustrate this here for a scalar example, e.g. 77w scattering
without isospin. The starting point in the derivation is given by a twice-subtracted fixed-¢
dispersion relation for the scattering amplitude T'(s, t)

1 [ ds [ s u? ,
AM?2

The subtraction function C(t) can be determined by imposing st crossing symmetry in the
form T'(0,t) = T'(¢,0), leading to

1 7 as 2 2 2
T(s,t) = C(0) + - / 8/82{58 + +— }ImT(s',t)

'—s s —t s —u

7r
AM2
o0 2
1 [ ds | ¢ (4M2 —t)
— — Im7T(s",0) —ImT(s',t)]. E.2
+7r/8’2{s’—t+s’—4M7%+t}[m (s',0) = ImT(s', 1) (E-2)
4M2

Due to Bose symmetry only even partial waves are allowed in the absence of isospin, so
that restricting ourselves to the S-wave ty(s), (E.2) becomes

e o]

1 ds' [ s? t2 u? ,

T(s,t) = C(o)+; / 3’2{3'—3 + p— + 8,_U}Imt0(s)+(l > 2)
AM2

™

—T(s) + T(t) + T(w) + (I > 2), T(s):m+/%, (E.3)

4M2
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and the amplitude factorizes into single-variable functions 7'(s).!® For HLbL scattering
we encounter precisely the same situation that only the leading partial wave in a given
amplitude is relevant. Moreover, the analog of the parameter C'(0) is determined by soft-
photon constraints, whose precise form can be inferred from the kernel functions in (2.30).

F Angular average

The D-wave contributions involve terms such as k- ¢;/k - g3, whose limit for £ — 0 depends
on the direction in which k is taken to zero. Therefore, even though all A% A% geale as
O(1), the result for the derivative in the limit & — 0 is ambiguous. Such terms also appear
in v*y* — 7w, see (2.26), e.g. H44 involves a D-wave contribution without the expected
angular-momentum factor for the photon pair, so that the same phenomenon occurs for
gt — 033, 36]. A generalization of (2.12) valid also in this case may be derived by including
these terms in the average over the spatial directions of k

= o= T{ (p+m) 7] (p + ) e . 1)
fPT:_€7d4Q1/d4QQ 1 fy#(p—i—q/l—km) (p gh+m)y [/dQ(p’k)kaa 9

71_[ UAO 9
2m)4) 2m)* i a3s ((p+aq1)2—m?)((p—q2)2—m?2) I T P

where the angular average occurs with respect to the fixed axis defined by p. The tensor

decomposition

dQ(p, k) kFE 1, y L ptpY
|:/47r k‘2 :|k_0 = 52“ 5 E'LL :g/J - m2 ) (F2)

then reproduces (2.12), as the terms depending on p vanish in the trace.
Here, we need a generalization involving the following integrals

/ AQ(p, k) KRV
4 K2k -3y

2

m

=37 [Sp (zp? + 27 + 30 ) — (363 + D5 + T )]
42m4 “ 0 Lo\ U v, W

T3 SppYp §p(ppq3+ppq3+ppq3)

+& (q?{ st + dar’ + q?p“) — qiqs q%} :

/ dQ(p, k) kFE EMES
47 k2 (k‘ . Q3)2

m2

A
2m?
ez {55 (Zpp” + T p” 4+ St BT S+ )

<E,u1/2)\o + E/I,)\EVO’ + E'U‘UEV)\>

16 A similar decomposition has been used for a dispersive description of the processes ym — 7m [56-58]
and w, ¢ — 3w [59], where only odd partial waves are allowed. In the P-wave approximation one finds a
result completely analogous to (E.3). The extension to the F-wave is discussed in [59].
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where
p-q3
Z=p @) -mies, &= (F.4)
The result for the fourth-order tensor can most easily be obtained by means of
/dQ(p, k) kPEVEMES 0 /dQ(p, k) kFEVEA (F.5)
dr K2(k-q3)?  Ogss 4 K2k-qs '

A powerful check on the calculation is provided by gauge invariance, as the result after the
angular average still has to vanish when contracted with ¢}, ¢4, or (g1 + qg)’\.

G Dispersion integrals

The dispersive integrals in (3.18) read (including only diagonal kernels for D-waves)

o
1 ds’ 1 s —q?—q2 -
Ns = — - L2 ) Im A 2,438, 0 G.1
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for the imaginary parts. &; refers to the normalization of the longitudinal polarization
vectors (D.1), & denotes & with g2 — s, and S[.. ] is defined in (3.14).
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H Integral kernels

The integration kernels of the final loop integration in (3.18) may be expressed as
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