PUBLISHED FOR SISSA BY 4} SPRINGER

RECEIVED: July 9, 2014
ACCEPTED: August 10, 201/
PUBLISHED: September 12, 201/

A piece of cake: the ground-state energies in
~;-deformed N/ = 4 SYM theory at leading wrapping
order

Jan Fokken, Christoph Sieg and Matthias Wilhelm

Institut fiir Mathematik und Institut fir Physik, Humboldt- Universitdt zu Berlin,
IRIS Gebaude, Zum Grossen Windkanal 6, 12489 Berlin, Germany

E-mail: fokken@physik.hu-berlin.de, csieg@physik.hu-berlin.de,
mwilhelm@physik.hu-berlin.de

L—1l

ABSTRACT: In the non-supersymmetric y;-deformed N' = 4 SYM theory, the scaling dimen-
sions of the operators tr[Z”] composed of L scalar fields Z receive finite-size wrapping and
prewrapping corrections in the 't Hooft limit. In this paper, we calculate these scaling di-
mensions to leading wrapping order directly from Feynman diagrams. For L > 3, the result
is proportional to the maximally transcendental ‘cake’ integral. It matches with an earlier
result obtained from the integrability-based Liischer corrections, TBA and Y-system equa-
tions. At L = 2, where the integrability-based equations yield infinity, we find a finite ra-
tional result. This result is renormalization-scheme dependent due to the non-vanishing -
function of an induced quartic scalar double-trace coupling, on which we have reported ear-
lier. This explicitly shows that conformal invariance is broken — even in the 't Hooft limit.
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1 Introduction and summary

In this paper, we provide a field-theoretic test of integrability in the ~;-deformed N = 4
SYM theory (v;-deformation). This theory was proposed as the field-theory part of a
non-supersymmetric example of the AdS/CFT correspondence [1], which is obtained by
applying a three-parameter deformation to both sides of the original correspondence [2—4].
On the string theory side, three consecutive T-duality, shift, T-duality (TsT) transforma-
tions — each depending on one of the real parameters +;, i = 1,2,3 — are applied to
the S° factor of the AdSs x S® background. This breaks the SO(6) isometry group to its
U(1), x U(1),2 x U(1)4s Cartan subgroup. On the gauge-theory side, phase factors deform
the Yukawa-type (fermion-fermion-scalar) and F-term (four-scalar) couplings of the N' = 4
SYM theory with gauge group SU(N). They depend on the v; and the three Cartan charges
(¢', 4% ¢*). In the limit of equal deformation parameters v; = 7o = 73 = —mf3, a simple
(N = 1) supersymmetry is restored, and one obtains the setup of Lunin and Maldacena [5].
The gauge theory becomes the (real) S-deformation, which is a special case of the exactly
marginal deformations of N' =4 SYM theory classified by Leigh and Strassler [6]. Like the
undeformed N' = 4 SYM theory, also these deformations are most accessible in the 't Hooft
(planar) limit [7], where N — oo and the Yang-Mills coupling constant gy, — 0 such that
the 't Hooft coupling A = ¢g2,,N is kept fixed. In this limit, the string theory becomes free
and in the gauge theory non-planar vacuum diagrams are suppressed.’

!Non-planar non-vacuum diagrams may, however, become planar when connected to external states, and
thus may contribute in the 't Hooft limit [8]. They give rise to finite-size effects, which are the main subject
of this work.



The - and v;-deformation share certain important properties with their parent NV = 4
SYM theory. One of these is claimed to be integrability in the planar limit. In the
asymptotic regime, i.e. in the absence of finite-size effects, the dilatation operator can be
obtained directly from its undeformed counterpart via a relation? between planar single-
trace Feynman diagrams of elementary interactions: in the deformed theory such a diagram
is given by its undeformed counterpart multiplied by a phase factor which is determined
from the order and (¢', ¢?, ¢®)-charge of the external fields alone. This relation was used
in [10] to determine the one-loop dilatation operator of the deformed theories in terms of
the N/ = 4 SYM theory expression [11]. The obtained result, as well as the deformed gravity
background [1], is compatible [10, 12] with the integrability found in the original AdS/CFT
correspondence, see the review collection [13] and in particular chapter [14] therein. In the
integrability-based approach, the deformation can be incorporated by introducing twists
into the boundary conditions of the asymptotic Bethe ansatz [10].3

A simple test of the claimed integrability, also beyond the asymptotic regime, can be
performed by analyzing the spectrum of composite operators that are protected in the
N =4 SYM theory but acquire anomalous dimensions in the 3- and ~;-deformation. If, in
addition, such operators are determined uniquely by their global charges, operator mixing
cannot occur. Thus, the calculations become relatively simple but still yield highly non-
trivial results. In the S-deformation, the single-impurity operators of the SU(2) subsectors
are of this type. For generic lengths L > 2, they are given by

Opa=tr[(¢") 1], i,j=1,2,3, j#i, (1.1)

and they correspond to single-magnon states in the spin-chain picture. In the asymptotic
regime, their anomalous dimensions (energies in the spin-chain picture) are determined
by the dispersion relation of the twisted Bethe ansatz [10]. These findings can directly
be verified in the Feynman diagram approach, where the modifications that capture the
deformation [18] can easily be incorporated into the explicit three-loop calculation of [19]
and the all-loop argument of [20]. Beyond the asymptotic regime, finite-size corrections
have to be taken into account. For the operators (1.1) with L > 3, these are the wrapping
corrections,* which start at loop order K = L called critical wrapping order. By a direct
Feynman diagram calculation at this order, explicit results were obtained up to eleven
loops [22]. These results were successfully reproduced in [23] for # = % and in [15] and [16]
for generic 8, based on the Liischer corrections, Y-system and TBA equations, respectively.

There are, however, important properties of the deformations that are not rooted in the
undeformed A = 4 SYM theory; in particular, they affect the anomalous dimensions and
hence integrability, forcing us to discuss the L = 2 case of the operators (1.1) separately.

2This relation follows when a theorem formulated by Filk for spacetime non-commutative field theories
in [9] is adapted to the deformed theories, implementing the deformations via noncommutative Moyal-like
x-products [5].

3The twisted Bethe ansatz can be derived from a twisted transfer matrix [15] corresponding to operational
twisted boundary conditions [16] or, alternatively, a twisted S-matrix [17].

4Their general properties were first analyzed in the Feynman diagram approach in [8] and then in the
context of AdS/CFT-integrability in [21].



While the A = 4 SYM theory is essentially the same if the gauge group SU(XNV) is replaced
by U(V), this is no longer the case after the theory is deformed. In the S-deformation with
gauge group U(N), quantum corrections induce the running of a quartic scalar double-trace
coupling, which breaks conformal invariance [24]. In the SU(N) theory, this coupling is at
its non-vanishing IR fix point value [25], such that this theory is conformal. As explained in
detail in our recent works [26, 27|, the role of this double-trace coupling in the SU(N) theory
can be understood in terms of the finite-size effect of prewrapping, which is caused by the
absence of the U(1) mode in the SU(V) theory. Although this double-trace coupling has a
prefactor of %, it can contribute at the leading (planar) order in the large- N expansion: the
underlying mechanism is the same as in the case of wrapping, but the contributions start
one loop order earlier, i.e. it can affect length-L operators already at K = L — 1 loops. For
the operators (1.1), this occurs only at L = 2. The anomalous dimension of Oy ; is vanishing
to all loop orders in the SU(N) theory [27],° while it is non-vanishing already at one loop in
the U(N) theory without tree-level double-trace coupling [24]. At one loop, the dilatation
operator and twisted asymptotic Bethe ansatz of [10] reproduce the latter result for Og ;.
In [27], we have incorporated the prewrapping effect into the one-loop dilatation operator
of [10], which then captures the complete one-loop spectrum of the [-deformation with
SU(N) gauge group. It is an open problem how to incorporate prewrapping in addition to
wrapping into the integrability-based approach of Liischer corrections, TBA and Y-system
equations. In fact, the present TBA result of [16] for the operators (1.1) is logarithmically
divergent when evaluated at L = 2.6

In the 7;-deformation with either gauge group SU(N) or U(N), a further type of
double-trace coupling occurs in the action [26]. It reads

2 3 .. .. o o
- QYWM Z(Q%m + 0Q% ;) trdidi tr[d'd"] (1.2)
i—1

where throughout this paper Einstein’s convention of implicit summation never applies.
In this expression, Q% ;i denotes the (undetermined) tree-level coupling which has to be
included in the action since one-loop corrections induce a counter-term contribution 5@?11
In combination with the self-energy counter term of the scalar fields, it generates the [5-

function
ﬂQ?ii = 44° (4 sin? v} sin® 7, + ( 713’”)2) + O(g%) , (1.3)
where g = % is the effective planar coupling constant and
n 1
Vi =F5 Vit £vit2) (1.4)

2

for i = 1,2,3 and cyclic identification i + 3 ~ ¢. The function 5@%@_ has no fix-points in
the perturbative regime of small g. Hence, this type of double-trace coupling is running,

5See [24] and [28] for explicit one- and two-loop calculations, respectively.

6Such a divergence was encountered earlier in the expressions for the ground-state energy of the TBA [29].
In [30], it was found that the divergent ground-state energy vanishes in the undeformed theory when a
regulating twist is introduced in the AdSs directions. This regularization extends to the ground state of
the supersymmetric deformations [31].



and conformal invariance is broken in the v;-deformation; see our paper [26] for a detailed
discussion in the context of the AdS/CFT correspondence. In analogy to the double-trace
coupling in the [-deformation, also the coupling (1.2) has a prefactor of % and enters
the planar spectrum of the theory via a finite-size effect one loop order earlier than the
critical wrapping order.” By a slight generalization of the notion, we also associate it with
prewrapping.

Operators even simpler than those in (1.1) allow for a test of the claimed integrability
in the v;-deformation. For generic lengths L > 2, these operators are given by

Or = tr[(¢)"] (1.5)

and they correspond to ground states in the spin-chain picture. They have the properties
mentioned above (1.1), i.e. they are protected in the N'=4 SYM theory and are uniquely
determined by their global charges. In contrast to the single-impurity operators Orp, 1,
they are even protected in the g-deformation. In the 7;-deformation, they do not receive
corrections from the twisted Bethe ansatz at the asymptotic level [33], but solely from
finite-size effects. For L > 3, their anomalous dimensions were determined in [33] in
the integrability-based approach as Liischer corrections and from the TBA and Y-system
equations up to next-to-leading wrapping order.® At L = 2, the equations of [33] diverge
in a similar fashion as those of the g-deformation mentioned above.

In this paper, we determine the planar anomalous dimensions of the operators (1.5)
at leading wrapping order directly from Feynman diagrams. For L > 3, the calculation
can be reduced to only four Feynman diagrams. They are proportional to the maximally
transcendental ‘cake’ integral of [35] and hence to the Riemann (-function ((2L — 3), such
that we find

Lyt Lv; (2L -3
Yo, = —64¢°F sin? % sin? ;’ ( 71 )((2L -3), (1.6)
where 'yii are defined in (1.4). Our result for 7o, matches the leading-order expression
obtained in [33] from integrability.” For L = 2, we obtain the following result for the planar

anomalous dimension:
Yo, = 4g°Q% .. — 32" sin® v sin? v — 2¢%0 5Q?ii . (1.7)

Already at one loop, it receives a contribution which is proportional to the tree-level cou-
pling Q% .. in (1.2) and entirely originates from prewrapping. For Q% .. = 0, the remaining
two-loop term can be traced back to wrapping diagrams only and a counter-term contribu-

tion involving §Q% .. of (1.2). Since Q¥ ., is running, the two-loop term of (1.7) depends on

"Hence, as already explained in our paper [26], even in the planar limit conformal invariance is broken by
the running of the double-trace coupling (1.2). In this paper, we demonstrate this at an explicit example.
In the later work [32], the running of the double-trace coupling (1.2) was confirmed. Note, however, that
the author of [32] nevertheless claims that the 7;-deformation is ‘conformally invariant in the planar limit’.

8These results are formally the same as their counterparts in an orbifolded theory, which were obtained
earlier up to leading wrapping order in [34]. We thank Stijn van Tongeren for this comment.

9Note that one has to absorb a factor of 2 into g and a factor L into 'yii in order to match the definitions
of [33].



the chosen renormalization scheme. This scheme dependence is indicated by the parameter
o, and it is proportional to the S-function for Q¥ ., given in (1.3).19 In the dimensional
reduction (DR) scheme used in the main part of this paper we have ¢ = 0, while in the
modified dimensional reduction (DR) scheme we have o = —yg + In 4.

In [26], we have proposed the following test of the integrability-based approach,
which involves the L = 2 result (1.7). The first step is to find a finite and correct
integrability-based description for the L = 2 single-impurity operator (1.1) in the con-
formal S-deformation (with gauge group SU(N)). Such a description must exist if this
theory is integrable as claimed. The second step is to apply the resulting modified descrip-
tion to the L = 2 ground-state operator (1.5) in the ~;-deformation. If the corresponding
equations still yield an infinite result for the anomalous dimension, we can associate the
previously encountered divergence in the L = 2 states with the running of a contributing
double-trace coupling and hence the breakdown of conformal invariance. If the resulting
value is, however, finite, chances are high that it coincides with the expression (1.7) for a
particular choice of the tree-level coupling Q%i ;; and the scheme, i.e. the parameter p. In
particular, the two-loop contribution in (1.7) has the same functional dependence on the
deformation parameters ; as the one found in [33] from the integrability-based equations
in the following cases: Q¥%.. =0, or Q¥ sin? 'yf sin? v, , or o =0 and Q.. arbitrary.
The integrability-based description might then capture also the non-conformal theory in a
fixed scheme. Further tests of prewrapping-affected states sensitive to the non-conformality
would be required to check if this is indeed the case.'?

This paper is organized as follows. In section 2, we analyze the diagrams which de-
termine the planar anomalous dimensions of the composite operators (1.5) and formu-
late restrictive criteria for them to have a non-trivial deformation dependence. Since the
contributions from the deformation-independent diagrams can be reconstructed from the
deformation-dependent ones, this drastically reduces the calculational effort. Section 3
contains the main part of the calculation, which treats the L > 3 case and the L = 2
case in subsections 3.1 and 3.2, respectively. In appendix A, we present the action of the
~;-deformation as well as our notation and conventions. Some auxiliary identities for the
calculation in section 3 are derived in appendix B. We refer the reader to appendix C for
a short review of the renormalization theory of composite operators. In appendix D, we
discuss the renormalization-scheme dependence emerging at L = 2.

2 Deformation-dependence of diagrams

In this section, we analyze the diagrams which contribute to the renormalization of the
composite operators (1.5) at any loop order K. We identify a subclass of them which

107t is a well-known fact that in a conformal field theory the (anomalous) scaling dimensions of gauge-
invariant composite operators are observables and are hence renormalization-scheme independent. The
presence of g in the planar anomalous dimension (1.7) therefore explicitly shows that the ~;-deformation is
not conformally invariant in the planar limit — in contrast to the claim of [32].

"The DR and DR schemes are the supersymmetric analoga of the widely used minimal subtraction (MS)
scheme of [36] and the modified minimal subtraction (MS) scheme of [37], respectively.

12In [27], we have formulated necessary criteria for states to be affected by prewrapping in the (-
deformation. They can be straightforwardly generalized to the ~;-deformation.



contains all diagrams with a non-trivial deformation dependence. Only these diagrams
have to be evaluated explicitly. The contribution from the deformation-independent ones
can be reconstructed using the fact that the operators (1.5) are protected in the undeformed
theory as well as in the S-deformation.

As reviewed in appendix C, the renormalization constant Zp, of the composite opera-
tors Oy, is determined by the same diagrams that yield the UV divergence of the connected
Green function (Of (x)¢i(x1) ... i(z1))e (albeit occurring in different linear combinations).
Each diagram contributing to the connected Green function consists of the operator Of,
and a subdiagram of the elementary interactions, which contains all information on the
deformation dependence. If we remove Op, the resulting subdiagram is a direct product
of ¢ connected pieces, which we label by { = 1,...,c. In each piece, R¢ external fields
@' and R¢ external fields ¢; interact, where the R¢ obey the condition Zg Re = L. For
K < L — 2 loops, each such piece is a planar single-trace diagram with color structure
tr[(¢)Be(¢;) ). For K > L — 1, all fields of the operator can also interact in a single non-
planar piece (¢ =1 and Ry = L) such that the respective subdiagram has the double-trace
color structure tr[(¢?)%] tr[(¢:)"].

As mentioned in the introduction, a planar single-trace diagram of elementary inter-
actions in the 7;- and S-deformation is given by its counterpart in the undeformed parent
theory times a phase factor which is determined from the order and (¢!, ¢?, ¢3)-charge of
the external fields alone. This relation is based on the adaption of Filk’s theorem for
spacetime-noncommutative field theories [9], and in the formulation of [38] it reads

AR T ————— — Art1 AR T o —— — ARt
AR-1 D C AR42 ARr—1 D C ARy2
N r = B r P(A; % Ag s -+ x Agp) . (2.1)
Aq — E Asr Ax — — Azr

where the arbitrary planar elementary interactions between the external fields A,, n =
1,...,2R are depicted as gray-shaded regions. The operator ® extracts the phase factor of
its argument, which is determined by the non-commutative *-product defined in (A.2). Re-
lation (2.1) directly applies to each of the ¢ connected single-trace pieces of the subdiagram
of elementary interactions. In this case, A1,..., Ar become identical scalar fields ¢ and
ARi1, ..., Asg become the respective anti-scalar fields ¢;, where R € {Ry, ..., R.}. The -
products then reduce to ordinary products yielding ® = 1, and correspondingly each piece
individually and the subdiagram as a whole is deformation-independent. In the asymptotic
regime, i.e. for loop orders K < L — 2, these deformation-independent diagrams are the
only contributions to the renormalization constant Zp,. At least for K’ < L — 2 loops, the
composite operators (1.5) are thus protected as in the parent N' =4 SYM theory.

At K > L—1 loops, also diagrams containing connected subdiagrams with double-trace
structure tr[(¢?)"] tr[(¢;)¥] can contribute. They are associated with finite-size effects, i.e
with the prewrapping and wrapping corrections at K > L — 1 and K > L loops, respec-
tively. These diagrams are not captured by relation (2.1). Moreover, their deformation-
dependence cannot be determined from the extension of relation (2.1) to multi-trace dia-
grams formulated in [27], since their individual trace factors carry net (¢!, ¢?, ¢3)-charge.



Subdiagrams associated with prewrapping contributions contain couplings or contri-
butions to the propagator that are of double-trace type. The prewrapping effect already
present in the S-deformation cannot affect the operators (1.5), as discussed in [27]. Hence,
the coupling (1.2) is the only source of prewrapping contributions to Zp, . According to the
criteria developed in [27], this coupling can only contribute if one of its trace factors carries
the same (q!, ¢?, ¢3)-charge as the operator Op. This restricts prewrapping contributions
to L = 2. Since the coupling (1.2) is deformation-dependent, so are these prewrapping
contributions.

Subdiagrams associated with wrapping contributions contain loops that wrap around
the L external fields ¢; thereby generating the double-trace structure. By imposing condi-
tions on the wrapping loops, the sum of all wrapping-type subdiagrams can be decomposed
into two classes one of which contains only deformation-independent diagrams. This de-
composition reads

The diagrams in the first class on the rhs. contain at least one wrapping loop that is purely
made out of matter-type fields, i.e. a closed path running around the wrapping loop can
be built only from matter-type propagators joining in any type of vertices. Such a path
is depicted as a solid cycle. Diagrams in the second class on the rhs. do not contain such
a closed loop, i.e. in all closed paths along the wrapping loops at least one gauge-field
propagator occurs. This is represented by the wiggly lines.

We can now prove that the diagrams of the second class are undeformed. Given such
a diagram, we remove all gauge-field propagators and replace the vertices at their ends

As in (2.2), the central solid lines in (2.3) stand for matter-type fields. Since the gauge-

according to

boson interactions are undeformed, the resulting diagram has the same dependence on
the deformation parameters as the original one. Furthermore, from the definition of the
second class it follows immediately that the above procedure cuts each closed path along
the wrapping loops at least once. The resulting diagram hence does no longer have a
wrapping loop; instead, it is a planar single-trace diagram (or a product thereof). Thus,
relation (2.1) can be applied to it (or each of its factors) showing that the diagram is
undeformed. All deformation-dependent wrapping diagrams must hence be contained in
the first class.



3 Finite-size corrections to the ground state energies

In the following, we determine the anomalous dimensions of the composite operators (1.5)
to leading wrapping order K = L from Feynman diagrams. Specializing the previous
discussion to K = L, the only diagrams which can be affected by the deformation are
wrapping diagrams with a single matter-type wrapping loop and all prewrapping diagrams,
i.e. diagrams in which the double-trace coupling (1.2) occurs. These diagrams have to be
evaluated explicitly. The contributions from all other (deformation-independent) diagrams
can be reconstructed from the condition that the operators (1.5) are protected in the
undeformed theory.

3.1 Generic case L > 3

At L > 3, prewrapping is absent and all deformation-dependent diagrams are of wrapping
type with a matter-type wrapping loop. Only four of these diagrams are non-vanishing.
Using the conventions in appendix A and the identities (B.1), (B.3) given in appendix B,
they evaluate to

— 4GP NT cos I Py

where scalar and fermionic fields are represented by solid and dashed lines, respectively.
The composite operator (1.5) is drawn as the central dot. All these diagrams depend on



the scalar ‘cake’ integral P;. Its diagrammatic representation and its UV divergence Py,
read [35]

PL — L—-1*%

1 12 /2L -3
; PrL=K(P) = <

AL L_1><<2L‘3)’ (32

where in D = 4 — 2¢ dimensions the operator K extracts all poles in €. The integral Py, is
free of subdivergences, and hence its overall UV divergence is given by a simple %—pole.

The diagrams F(L) and F(L) in (3.1) contain two particular configurations of the
Yukawa vertices. The scalar fields of any two adjacent vertices on the fermionic wrapping
loop always play a different role in the diagram: one is external while the other is contracted
with the composite operator. In all other possible diagrams with a fermionic wrapping
loop, the scalar fields of at least two adjacent Yukawa vertices are both either external or
contracted with the composite operator. Such diagrams vanish, as can be easily seen from
the following contractions of the corresponding coupling tensors

% I 4
~BC
A-—+——+~-<--{-->-_ B X Z picap; =0,
Cc=1

)

4 4
A-—<—}-->-_{_<__ 5 X CZ::lﬁiCAPiBC =0.

The negative sum of the poles of (3.1) yields the contribution of all deformation-

(3.3)

dependent diagrams to the renormalization constant Zp, . It is given by

020, et = —K[S(L) + S(L) + F(L) + F(L)]
1 (3.4)
= 4¢2L NL ( cos Ly~ + cos Ly;” — cos Ly cos Ly, — 2L+1) Pr .

Already at this point, the vanishing of the divergences for the operators (1.5) in the g-
deformation provides a non-trivial check: for v; = v = v3 = —7 3, which corresponds to
fy;r = —mf3, v, =0, the above expression has to be independent of 3, such that it cancels
with the remaining deformation-independent diagrams. This is indeed the case. Then, (3.4)
directly determines the contribution from the deformation-independent diagrams as

1
5ZOL,non-def = _5ZOL,def WiZO = _4932(f4NL <1 - 2L+1>PL . (3.5)

i

The renormalization constant Zp, to L-loop order then reads

of nL o2 D o Loy
20, =14 020, def + 020, non-det = 1 — 165N " sin ?l S 22 Pr . (3.6)

Inserting this expression into (C.12) and using the explicit result for Py, given in (3.2),
we obtain the anomalous dimension

Lt Lvy; (2L -3
o, = —64g*L sin? Z1i gin2 =i <

: L_l)g(zL—za), (3.7)



=

where we have absorbed powers of 47 into the effective planar coupling constant g =
It exactly matches the expression found from the integrability-based equations in [33].

3.2 Special case L = 2

At L = 2, there are also deformation-dependent contributions from prewrapping diagrams
in addition to those from wrapping diagrams. Since the prewrapping effect contributes
already at one loop, we split the renormalization constant of the operator (1.5) at L = 2
as

Zo, =1+025) + 825 + 0(49) , (3.8)

where the superscript in parenthesis denotes the loop order.
The only deformation-dependent one-loop diagram is a prewrapping diagram involving
the double-trace coupling (1.2) as subdiagram. It reads

er = _2931\4NQF2211 ) (39)

where the integral Iy is specified below. All other planar one-loop diagrams are indepen-
dent of the deformation according to the discussion in section 2. Their net contribution
vanishes since the composite operator is protected in the undeformed theory and in the
[B-deformation where QF“ 0. The one-loop contribution to the renormalization con-
stant (3.8) is therefore given by

5Z5) =202 NQE, KII] . (3.10)

The two-loop calculation requires the one-loop diagram (3.9), the remaining deforma-
tion-independent one-loop one-particle-irreducible (1PI) diagrams and their counter terms.
They occur as subdiagrams and hence we have to evaluate them explicitly keeping also finite
terms. The 1PI diagrams of operator renormalization and the self-energy correction of the
scalar fields respectively read

= gYMNII ) = gYMNaII )
(3.11)

_gYMNp ( (1—!—0{)[1—1—2(04—1)11) )
where « is the gauge-fixing parameter and p, is the external momentum. Since the com-

posite operators are gauge invariant, « has to drop out of the final result, and this serves
as a check of our calculation. The above expressions depend on the integrals I; and I7,

13Note that one has to absorb a factor of a factor of 2 into ¢ and a factor L into 'yii in order to match
the definitions of [33].

,10,



which are evaluated in terms of the G-functions [39, 40]

1 Da+B8-2)& -a)(-5)

G, B) = am? D@D —a—p) ’ (3.12)

(G, B) = Gla, 8—=1) + G(a—1,5))

4—D 2
" 1 1 4T
—G(1,1) = -+2-— 1 O
% ( ’ ) (471')2 <€ + YE + In p2 + (6)> ;
1

/ ptP
L = f E = Q(T%)GI(Z 1) = (47)2 +0(e) ,

where p, is the external momentum and g is the Euler-Mascheroni constant. The arrows

(3.13)

in the second diagram indicate that the respective momenta occur in a scalar product
in the numerator. The integrals contain a power of the ’t Hooft mass u, originating
from a rescaling of the Yang-Mills coupling constant in order to render it dimensionless in
D = 4 — 2¢ dimensions [36]. In the divergent integral I; the u-dependence starts in the
finite terms, while in the finite integral I] the p-dependence is postponed to the terms of
order O(e). Using these expansions, the counter terms for the diagrams (3.9) and (3.11)

read
(1) 2ii L (1) ) 1
N 5J02’def - 29 QF”E ’ - 5J(92,non—def =9 (1 + Oé)g )
o Qr (3.14)
1
——— = _p25§§1) 7 5((;) _ _92(1 + a)g ’

where we have split the contributions to the counter term for the composite operator into
deformation-dependent and deformation-independent ones.'*

At two loops, two types of deformation-dependent diagrams contribute. First, there
are the wrapping diagrams (3.1), which have to be evaluated at L = 2. Second, there are

i
Fii OF

diagrams which are deformation-dependent since they contain at least one coupling
one of the counter terms 5@% ii» 0J0, det- These prewrapping-generated contributions vanish
in the B-deformation and in the undeformed theory. Hence, the contribution from the
deformation-independent diagrams can be reconstructed from the one of the deformation-
dependent wrapping diagrams alone. Their sum is the contribution from all diagrams that
involve elementary single-trace couplings only. It is essentially given by setting L = 2
in (3.6). We only have to be careful when extracting the divergence Py of the respective
1

cake integral. This integral contains an IR divergence which alters the Z-poles coming from

the UV divergences. In order to avoid this IR divergence, we have to inject an external

M Note that the deformation-independent counter term of operator renormalization and the one of the self

energy are equal, §.J, () = 5<1), and hence their contributions cancel as expected when the expression

O2,non-de
for the operator renormalization constant (C.6) is expanded to one loop.
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momentum p, into the composite operator. The resulting integral Is and its pole-part

2(4—D) D
m
? & et )G(?’ 2’ )

1 1 1/5 47 p4?
K] = — 4+ (== 1
1 <4w>4<2s2+s<2 R ))

where the latter replaces Ps in (3.6). Accordingly, the two-loop contribution to Zp, from

K[I;] are given by

(3.15)

all diagrams which only involve single-trace couplings is given by

025 = —16g%, N2sin?~; sin? 77 K[I] . (3.16)

This expression contains a é—pole depending on In p?, which cannot be absorbed into a local
counter term for Oy. It originates from a non-subtracted subdivergence of the integral I
given in (3.15). Consistency requires that this subdivergence is subtracted by contributions
from other Feynman diagrams, such that the result only contains the overall UV-divergence
1 1 1
o =KR|L]=K[ls —K[L]]|=+——| — =— + — 3.17
2 = KRR = Kk - KA = oo (= g+ 5 ) (317)

where the operation R subtracts the subdivergence.!®

This shows that truncating the
action to only single-trace terms is inconsistent — even in the planar limit. Concretely, the
subdivergence in (3.16) can be traced back to the one-loop renormalization of the quartic
double-trace coupling (1.2). The counter term of this coupling was determined in [26], and

it reads
5Q?ii = 293MN(4SH12 ’Y¢+ sin” v+ ( %1”)2 —(1+a) ?ZZ)K[Il] . (3.18)

It occurs in one of the remaining diagrams whose deformation-dependence is associated
with the double-trace coupling Q%" ;- The respective 1PI two-loop diagrams read!®

- F
?V - Qr = _QQ?KMNQQZI%%I% ) Qr ~ 49:1(MN2( ?ii)QI% )
QrF __ 4 2 ii 2
\8/ = 29y N Qr i
(3.19)
ﬁ = —200, N?Q¥;i(2(3 — a)[a — (3 — 20)I7) ,
% = g NQia(~(1 + )L+ (0~ )2~ 7))

15A E%—pole persists, indicating that the contribution originated from a diagram with a one-loop
subdivergence.

16Ty the diagram involving the scalar self-energy in (3.11) as a subdiagram, one must keep the finite
contribution that is proportional to o — 1 and vanishes in Fermi-Feynman gauge. It contributes to the
L_pole of the two-loop diagram and is hence required for o to drop out of the final result.

5
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The 1PI one-loop diagrams involving one-loop counter terms read

1

“F = 4gYM 6( )QFuIl ) = _29\2(MN5QF1111 )

1 1
= _2gYMN6J((92) non- defQF al1 = g?{l\IN(;J((QQ),defll > (3-20)

Qr

1 1
o 2gYMN6J((92) defQF mIl ) = g?(MN(SJ((QQ) defOJ1 .
Qr Qr

The negative sum of the pole parts of the above diagrams is given by

62((’)22),dt,1PI = géMNQ (16 sin? '71'+ sin® v, KK[L]L]+ ZQ?”(O( +1- 2QFu) K R[I%]) )

(3.21)
where the contributions from terms in (3.18) depending on Q%Z 4 have combined with the
remaining diagrams such that the results depends on the overall divergence K R[I?] =
K[I? —2K[L]I;] = — K[[1]? of the product I?. Moreover, in contrast to the L > 3 case, we
have to consider also one-particle reducible (non-1PI) diagrams. They generate products
of one-loop counter terms which contribute to (52,7((922)7St in (3.8), as follows from the loop
expansion (C.7) of the renormalization constant. The only deformation-dependent non-1PI

diagrams involve the one-loop counter term 5Jé)12) qef» and they generate the contribution

50
52((92),dt non-1PI — \/\/ v )5J02) def - (3.22)

The complete two-loop contribution to the renormalization constant (3.8) is given by

2 _ (2) (2) (2)
0Zp, =020, & +0Z0, ap1p1 T 5202,dt non-1PT

4 a2 2 2 (3.23)
= — 9o N (16sin® 7" sin? 5" T + 4(Q¥ ;) KR[I7)) -

As discussed above, this result indeed contains the overall UV divergence Zo = KR[I]
given in (3.17).

The two-loop renormalization constant is given by inserting the one- and two-loop
corrections given respectively in (3.10) and (3.23) into (3.8). Taking the logarithm and
expanding it to second loop order, we obtain

InZo, = 625) + 625 - (5282)2 +0(g%)

9 4.2 1 1 i 2 L 6 (3:24)

=2g° Qsz +2¢" <851n v sy, <2s2 - 25) + (Q¥ i) Eg) +0(9°) -
The coefficient of the E%—pole in (3.24) is 1 times the S-function B, given in (1.3). This
guarantees that the anomalous dimension derived according to (C. 12) is finite in the limit
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e — 0. It reads

YO, = <€g§g - ﬁQi«’”(?Qau> In Zp, = 4¢°Q%,; — 32¢™ sin? v sin? v, (3.25)
Fig

in the dimensional reduction (DR) scheme which we used in the calculation.
The above result for y», depends on the chosen renormalization scheme, as discussed
in appendix D. At one loop, the coupling Q?“ transforms under a scheme change as
%7’:’1 = il i %BQiFiii, where the real parameter g labels the scheme and the S-function
BQ?“‘ is given in (1.3). In particular, ¢ = 0 in the DR scheme. In a different scheme, the
two-loop contribution in (3.25) acquires a contribution which is proportional to ¢ and to

6Q2-Fi“_. The result in the scheme p reads

16, = 49° Qi — 329" sin? 4] sin? 47 — 2970 B (3.26)
= 49°Qf i — 89" (4(1 + o) sin® 4 sin? 4 + 0(QF)?)
where in the second line we have inserted the explicit expression for /BQ%’H.
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A The action of ~v;-deformed N = 4 SYM theory

In this appendix, we present the 7;-deformation and our notation and conventions. For
further details, we refer to our publication [26].

The gauge-fixed action of the 7;-deformation with gauge group SU(NN) in Euclidean
space can be written as

5= [ ae (“ [ TP F = 5 (04,07 — (D 6) D, 6 + 1405 D )
+ gvm(pPADS s B + (P 8) path™ A dihB)
+ gvu(pi a8 + (p1)BAPS dinpe B) + 0P Dy, C}

+ (@ ntbidsdt o) + Gl 9,0 - GOl ulaa] alool) )

(A.1)
where we have adopted the conventions of [41], in particular the ones for raising, low-
ering and contractions of spinor indices. Note that in this action doubled spacetime in-
dices p,v € {0,1,2,3}, spinor indices «, & € {1,2} and flavor indices i, j, k,l € {1,2,3},
A,B € {1,2,3,4} are summed. This is the only exception to the rule that throughout
this paper Einstein’s summation convention never applies. The deformation parameters ~;
only enter the coupling tensors of the Yukawa-type scalar-fermion and F-term-type scalar
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couplings. Apart from the coupling (1.2), the above action can be obtained by replacing
the product of two fields by a non-commutative x-product in the component expansion of
the N/ = 4 SYM theory before the auxiliary fields are integrated out [26]. This generates in
particular the double-trace coupling with tensor Qﬂ The coupling (1.2) can be introduced
by redefining Q.

The *-products of two component fields A and B reads [10]

Ax B = es9ahas (A.2)

where the antisymmetric product of the two (g, ¢?, ¢*)-charge vectors q4 and qp is de-
fined as

0 =3 72
qaAgp=(qa)'Cap, C=|1 0 —-n|. (A.3)
-2 M 0
For the different fields, the components of the charge vectors are given by
B | s Wi Yo Yo |Au|ot ¢ &
1 1 1 1 1
g | +3 —5 —3 101 0 0
2 2 2 2 ’ (A4)
|-+ 43 -3 +2/0]0 1 0
|- -3 +3 +2/0]0 0 1

and for the anti-fields their signs are reversed.
We define the antisymmetric phase tensors I'yp and I’ ;; via

Dig = qQui Aya =7; 5 Tiiv1 = Qi AQgist =759, T = ap Aqger =7, £,

(A.5)
where cyclic identification ¢ + 3 ~ i is understood. In terms of these phase tensors, the
Yukawa-type coupling tensors in the action (A.1) are given by

Pi AB = L€4;AB ezl ; PP = (55108 — 0P o) eslan (A.6)

where we trust that the reader will not confuse the complex number ¢ with the index 1.
They obey the conjugation relations

(p")*F = (pipa)* = piaB (") ap = (574 = =P . (A7)

The coupling tensors of the quartic scalar interactions read
i _ 5isi o Lsisi @i _ —1(5"&' 5i69) i i T _aigl + QY (A8
1k = 00} © 20k Q= = 0k0p T010) Ry = 00 @ 10+ Qpy » (A8)

where Q;jlk is a tree-level coupling tensor with nontrivial components only fori =j =k =1
which have to vanish in the special case v; = v2 = 3.

The Feynman rules for the 7;-deformation can be found in appendix B of our work [26].
For the calculations in this paper, it is useful to alter the Feynman rules for the quartic
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scalar interactions: in [26] we have split these interactions into those originating from
the F-term and D-term couplings in the supersymmetric special cases. Here, we split the
interactions according to the two single-trace structures of four scalar fields in (A.1). In
this case, the entire F-term and parts of the D-term interactions contribute to the tensor
Qlk in (A.8), while szl is built from the remaining D-term interactions. Moreover, we have
kept the double-trace couplings with tensor structure Qijlk in a separate vertex.

B Tensor identities

In this appendix, we explicitly evaluate the combinations of the coupling tensors that
are encountered in the Feynman diagram analysis in section 3.1. Recall that Einstein’s
summation convention does not apply in the following expressions.

For the scalar diagrams, we need the expressions

3 3 3
~ it n s s L+ 1 o 1
E ( z;)L = g ( f})L +(QIHE = E e i +50 = 2e'% cos Ly + oL

i=1 =1 =1
J7 JF
5 ! ! ) ' (B.1)
AiG\L _ Aij AL _ —iLT} _ 9 a—ily] +
@ = QD+ (@ = S e 2 cos Lo+ oy
Jj=1 Jj=1 Jj=1
JF#i JFi

where we have first used (A.8) and then (A.5).
For the diagrams with a fermionic wrapping loop, we first evaluate the contractions of
two Yukawa-type coupling tensors. The resulting expressions read

4 4
(") pi) i = Z(pTZ)AC(Pz)CB = —03 Z(EACM)Q e'fac
=1 Cc=1
4 (B.2)
(ﬁTZ)(ﬁi)TAB — Z(pTz)AC(p )CB _ _ 2145% oilai _ (5’45’ zFl4
c=1

where we have used (A.6) and (A.7). With these results as well as (A.5), the required
traces are determined as

4
(")) = 3 (leac)?¢™40) " = 2(=1)" cos Lyt
Af:1 (B.3)
tr[((579)(p Z 5A4e —04i e’F”)L =2(~1)Fcos Ly;
A=1

C Renormalization of composite operators

In this appendix, we review how composite operators are incorporated into the theory and
how they are renormalized; see e.g. the textbooks [42, 43].

Composite operators such as O in (1.5) can be added to the action regularized in
D = 4 — 2¢ dimensions via a coupling to an external source Jo,. If O has scaling
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dimension A, the source Jp, has to have scaling dimension D — A. The resulting term in
the action then reads

5s@L— /dPxJ@b00Lp@%)— /dPxJ@LKh@w)+5J@LoL@A], (1)

where the explicit expression is given first in terms of the bare quantities and second in
terms of renormalized quantities and a respective counter term. The renormalized and

bare quantities are related via respective renormalization constants as
1
. _1 )
(rbl = Z¢z2¢6 ) JOL - ZJOL JOL,O I (02)

where Z,: and Z,, ~are given in terms of the counter terms 04 and dJo, as

[t

Zy=1+405, Zjo, =Z20,1p12,° ,  Zopapi=1+dJo, . (C.3)

The counter term i 18 I% times the sum of the divergences of the 1PI self-energy diagrams
for the field ¢* with momentum p,. The counter term 6Jp, is the negative sum of the
divergences of the 1PI diagrams involving one operator O .

Instead of renormalizing the sources, we can alternatively introduce a renormalization
constant that expresses the renormalized operators in terms of the bare ones Oy, as

OL(¢") = 20,0L,0(4) - (C.4)

We make contact with the source renormalization by demanding

J0,00L0(05) = Jo,OL(4") , (C.5)

which immediately yields
L
2

20, = 2jo, = 20,1712 4 (C.6)

Inserting the counter terms, the first two terms in the loop expansion of the above equation
are given by

o _ 0 Ly
P20, =00, = 5% - (C.7)
@ _ .2 Lo Lo, L+20 '
54%_w@—2%i—fw<w%— 0w )

where the superscript in parenthesis denotes the loop order of the respective contribution.
The products of one-loop counter terms in the two-loop contribution can be interpreted in
terms of non-1PI diagrams.

We consider Green functions that involve the operator O, as well as L anti-scalar fields
¢i. The bare connected Green function and its amputated counterpart are then given in
terms of the renormalized ones as

(Oro(@)dio(21) .. dio(ar))e = 25, 1p1 24 (OL(@)di(1) .. dilxL))e (©8)

(Oro(@)dio(21) .. dio(aL))a = 2o, 1p(OL(2)di(21) . .. Pi(2L))a -
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The UV divergence of the connected Green function and the renormalization constant Zp,
in (C.6) are determined by the same diagrams: these are the 1PI diagrams which renor-
malize the amputated Green function and the non-1PI diagrams which involve self-energy
corrections of the non-amputated propagators. While the above Green functions are gauge
dependent, the combination in (C.6) is, however, gauge invariant and thus independent of
the gauge-fixing parameter .

The renormalization constants and renormalized Green functions on the rhs. of (C.8)
depend on the renormalization scale given by the 't Hooft mass p. This scale is introduced
in a relation for the bare Yang-Mills coupling constant gya,o = pgym. It guarantees that

f

dimensionless in D = 4 — 2¢ dimensions. The bare Green functlons have to be independent

gyn and hence the effective planar coupling constant g = ¥2, as well as Q},; of (1.2), are
of pu. This condition leads to renormalization group equations (RGEs) for the renormalized
Green functions. They are given by

0 0 0 0 -
(ke + B0 + B e T+ 058 0, % Do ) Ou@)(o) i) =0, (C)
where the upper and lower sign holds for the connected and amputated Green function,
respectively, and the renormalization group functions are defined as

dQF i do d M
2

dg
/BQ%'L” =4 — ,Uz ) 6 = H@ ) YO = _M@ anOL ) ’Y(ﬁ’ =

d
Bg Hd,u ) dM it fo
(C.10)
Since gyn and hence also g is not renormalized in the theories we consider in this paper, 3,
can be determined exactly. Using that the bare coupling gg is independent of u and that

it obeys the relation gy = ©®g, one obtains

dgo 0 0 e
= —_— == .11
0=ng, ( Hon TP, pg = p(eg+ 5y (C.11)
which yields 3, = —eg. Inserting this result into the definition of the anomalous dimension
n (C.10), one finds
— SQ—B“L InZ (C.12)

The above result must be finite in the limit ¢ — 0, which has to be taken at the end. If
BQ,-FZ-”_ vanishes in the limit ¢ — 0, In Zp, must not contain higher poles in . If ,BQZ-FI-M
does not vanish, however, In Zp, has to contain also higher-order poles in ¢ such that
cancellations of all poles occur among both terms in (C.12).

D Renormalization-scheme dependence

In this appendix, we discuss the renormalization-scheme dependence of the anomalous
dimension yp, given in (3.25).

A renormalization scheme defines a prescription for the regularization of the UV di-
vergences and their absorption into the counter terms. In particular, it specifies which
finite contributions are absorbed into the counter terms together with the UV divergences
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and are hence subtracted from the regularized expressions. In the dimensional reduction
(DR) scheme [44], only the poles in € of the theory regularized in D = 4 — 2¢ dimen-
sions are absorbed into the counter terms, like in the famous minimal subtraction (MS)
scheme [36]. In a modified dimensional reduction (DR) scheme, the finite combination
0 = —gE + In 4~ is also absorbed, in analogy to the widely used modified minimal subtrac-
tion (MS) scheme [37].17 Both, the DR and the DR scheme, are members of a family of
schemes labeled by a free parameter . Two schemes of this family are related via a change
of the 't Hooft mass y, which induces a change of the renormalized fields and coupling con-
stants. In particular, the theory in the scheme g at 't Hooft mass y is obtained by applying
the subtractions of the DR scheme (o = 0) at 't Hooft mass (1, and then introducing p
via the relation p, = pe” 3.

Q” of the ;-

The effective planar coupling constant g, and the running coupling Q;
deformation in the scheme p can be expressed as expansions of those in the DR scheme.

From the relation pgg, = u®g, the coupling g, is obtained as

9o = e%QQ . (D.1)

This relation holds to all orders in planar perturbation theory, since g is not renormalized.
The one-loop renormalization of the running coupling Q% ;i was determined in the DR
scheme in [26]. Replacing the coupling g by g, in the respective counter terms yields the
renormalization in the scheme p. Then reexpressing the result in terms of the couplings g
and Qi%“ and neglecting terms which vanish in the limit ¢ — 0 yields the relation'®

4%
IQ:Z = QFzz - 55@;}” + 0(94) : (D.2)

The anomalous dimension yp, given in (3.25) depends on the renormalization scheme
because of the finite redefinition of the coupling Q" in (D.2). In the DR scheme, yo, is
determined from the logarithm of the renormalization constant (3.24). The latter can be
rewritten in terms of the individual one- and two-loop contributions 7( ) — 4ngF i

“Yé)Q) —32g* sin? v;" sin? 4, taken from (3.25) and the S-function Bqi,, given in (1.3) as

(n 1 @

In Zp, = ?702 252 BQF + 1270, +0(°) - (D.3)
In the scheme o, the result for In Z¢ is obtained by inserting the couplings g, and Q%ZZZ of
this new scheme into the above expression. Expressing the result in terms of the couplings
in the DR scheme via (D.1) and (D.2), one finds that the difference of the logarithms in
the two schemes is finite and given by

0 (1
InZ§ —InZp, = ﬂgg +0(gY) . (D.4)

17See [45, 46] for a complete definition in the context of QCD, including also a description for handling
5 in D = 4 — 2¢ dimensions.

8The one-loop SB-function /BQiFiM given in (1.3) itself is scheme independent, since the replacement only
generates terms that vanish in the limit € — 0 when no prefactor with poles in ¢ is present.
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Using this result to determine the anomalous dimension in the scheme p via (C.12),
one obtains

7(%2 N (ggaag a BQ?zz aQa”> o Z(%Q 0. 2929'3Q%n' t 0(96) ’ (D.5)
Fii

where the term which is added to the anomalous dimension of the DR scheme originates
from the partial derivative of the one-loop term in (D.4) with respect to Qi%“ Since this
derivative is multiplied by the one-loop S-function ﬁQ?n’ the resulting term is a two-loop
contribution. Accordingly, it was possible to discard higher-loop contributions to (D.4),
since they contribute to the anomalous dimension only beyond two loops. The individual
one- and two-loop contributions to the anomalous dimension in the two schemes are hence

related as'?
1 1 2 2
o =48 42D =8 29%0 Bgis . - (D.6)
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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