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1 Introduction

A strong electric field through the electromagnetic interaction with virtual pairs of the
vacuum produces charged real pairs, known as the Schwimger mechanism, and polarizes
the vacuum and gives nonlinear quantum electrodynamics (QED) action [1]. A de Sitter
(dS) space is known to produce the Gibbons-Hawking radiation from the cosmological
horizon [2], around which one species of virtual pairs is emitted to an observer and the other
species falls behind the horizon, implying the dS radiation [3]. One interesting question is
then what effect the spacetime curvature has on the pair production from a uniform electric
field and conversely how the electric field affects the dS radiation. A more challenging task
will be to find the one-loop effective action both in the uniform electric field and in the
curved spacetimes. The exact one-loop effective action in a general electromagnetic field
or a general spacetime, however, has not been found yet in the sense of the Schwinger
action in the proper-time integral for a uniform electromagnetic field though the one-loop
effective action can be formally written in the heat kernel method [4]. Because the pair
production and the vacuum polarization are nonperturbative QED phenomena, the one-
loop effective action is essential in exploring the quantum structure of the vacuum as well
as the pair production.

The dS space is an interesting issue both in cosmology and black hole physics. Re-
markably, the Friedmann-Robertson-Walker equation for the dS space can be explained by
the first law of black hole thermodynamics [5]. The vacuum of the dS space is important
in understanding the early universe. The dS space in the global coordinates has an in-
triguing property of vanishing dS radiation in odd spacetime dimensions [6]. The stability
of odd-dimensional dS spaces and the instability of even-dimensional dS spaces may be
interpreted as the solitonic nature [7] or the Stokes phenomenon [8, 9]. QED might have
played some role in the early stage of the universe though the electromagnetic field in the



present universe is not strong enough to polarize the vacuum and to create pairs. The
radial motion of a scalar wave in the Nariai geometry of a rotating black hole in the dS
space is equivalent to a massive charge in a uniform electric field in the dSs space [10, 11].
The near-horizon geometry of an extremal rotating black hole or an extremal Reissner-
Nordstréom (RN) black hole has the topology AdSs x S? and the motion of a charged scalar
field is equivalent to that in the uniform electric field in the AdSs space [12]. Thus, the
Schwinger mechanism in AdSs may shed light on understanding the Hawking radiation
near the extremal rotating black hole and the pair production by the near extremal RN
black hole [13].

The dS spaces with the maximal spacetime symmetry allow explicit solutions of a
charged field in the uniform electric field and thereby lead to the exact pair-production
rate [14-22]. Similarly, the quantum states of a charged scalar in the uniform electric
field in AdSs gives the Breitenlohler-Freedman bound for the pair production, a condition
for violating the stability of AdS space [17, 23]. The dS radiation of a scalar field has
a Bose-Einstein distribution with the Gibbons-Hawking temperature while the Schwinger
formula for the pair production in the uniform electric field has a Boltzmann distribution,
regardless of the spin of particles. Furthermore, charged particles or virtual pairs in the
uniform electric field could accelerate for an infinite period and feel a thermal spectrum
with the Unruh temperature due to the Rindler horizon [24, 25]. The worldline instanton
path of a charge in the unform electric field undergoes a periodic motion in the proper
time and thus suggests the Unruh temperature to be associated with the non-relativistic
acceleration [26]. Can one then understand the spectrum of pairs produced by the uniform
electric field in the dS space as that of accelerating charges? Interestingly, the spectrum
felt by an accelerating observer in the dS space has the effective temperature, which is
the geometric mean with the exponent two of the Unruh temperature and the Gibbons-
Hawking temperature [27, 28]. The constant curvature black hole also has an effective
temperature for the Hawking radiation [29].

The purpose of this paper is two-fold. First, we propose the effective temperature
interpretation of the Schwinger pair production both in a uniform electric field and in
the dSy and AdSsy space. We then find the exact one-loop effective actions and discuss
physical implications to black holes and gravity. The Schwinger formula given by the
Boltzmann factor, the leading term of the exact pair-production rate, can be found from
the instanton action in the tunneling picture [30, 31]. The instanton action is determined
both by the scalar curvature of the dS or AdS space and by the acceleration of charge
by the electric field. We observe that the Schwinger formula may be interpreted by the
effective temperature analogous to that seen by an accelerating observer in the given space
except for a factor of two, which is intrinsic to the Schwinger mechanism in the Minkowski
spacetime. The exact pair-production rate from the Bogoliubov transformation of the
quantized charged field, however, has an additional temperature, which is also expressed
by the Gibbons-Hawking and the Unruh temperatures, and which becomes significant
only when the Gibbons-Hawking temperature or the scalar curvature is larger than the
Unruh temperature.

In order to find the exact one-loop effective action, we employ the in-out formalism
by Schwinger and DeWitt [4, 32], in which the one-loop action is the scattering matrix



between the in-vacuum and the out-vacuum, which in turn can be expressed by the Bogoli-
ubov coefficient. For that purpose, we find the Bogoliubov coefficient of a charged scalar
field in the uniform electric field and in dS, and AdSs, and then use the gamma-function
regularization method, which has recently been introduced to compute QED actions in
time-dependent or spatially localized electric fields [33, 34]. The Bogoliubov coefficient of
the charged field is given by a fraction of gamma functions and each gamma function has a
proper-time integral representation, leading to a renormalized complex action for the pair
production either by the electric field or by dSs. We investigate both the effect of curvature
on the Schwinger mechanism, which corresponds to the weak gravity limit, and the effect
of the Schwinger mechanism on the dS radiation, which corresponds to the weak field limit.
We find the power series expansion of the one-loop effective action in terms of the scalar
curvature and the Maxwell scalar in dSo and AdSs.

The organization of this paper is as follows. In section 2, we find the relativistic (WKB)
instanton actions for a charged scalar in a constant electric field in dSs and AdSs, and in-
terpret the Schwinger pair production in terms of an effective temperature analogous to the
accelerating observer in the given space. In section 3, we quantize the charged scalar field in
dS, and find the pair-production rate through the Bogoliubov transformation. We further
find a complex one-loop effective action in the in-out formalism, whose real part is the vac-
uum polarization, and whose imaginary part is the vacuum persistence. We show that the
one-loop effective action satisfies the consistence relation between the pair-production rate
and the vacuum persistence. We discuss the curvature effect on the Schwinger mechanism
and also the Schwinger effect on the dS radiation. In section 4, we quantize the charged
field in AdS», find the Bogoluibov coefficient from the tunneling boundary condition, and
compute the exact one-loop effective action. We discuss the Breitenlohler-Freedman bound
and the curvature effect on the Schwinger mechanism. Finally, we discuss the physical im-
plication of the result in section 5.

2 Effective temperature for Schwinger effect in dS; and AdS,
In a curved spacetime with the metric tensor g,,, a charged scalar field with the mass m
and the charge ¢ obeys the equation (units of c=h =kp = 1)
1
v—9
where D, = 0, —iqA, with A, = (—Ao, A;) and the field tensor is F},, = A, ,, — A,, in
the curved spacetime. In the planar coordinates of dSs, a constant electric field has the

D,.(V=99"D, )6 —m?6 =0, (2.1)

vector potential

ds? = —dt® + 2Htdx?,  Ay(t) = _ﬁ(th -1, (2.2)
while in AdSs space it has the Coulomb potential
2 2Kz 7,2 2 E ke
ds® = —e*" dt* +dz, Ap(t) = —E(e —1). (2.3)



The gauge potentials reduce to those in the Minkowski space in the limit of H = 0 or
K = 0. The scalar curvature and the Maxwell scalar are, respectively,

1 1
Ras = 2H?, Ragqs = —2K2%, F= ZF,WFW = —§E2. (2.4)
In dSs, the momentum mode ¢, = e /2, has the equation
@r(t) + Qi) er(t) =0, (2.5)
where the dot denotes the derivative with respect to time and
_ - E- E\? H?
Qi (t) = y2g + ke 2Ht 4 Q%ke_Ht, 7ig = (qH) +m? - o (2.6)

and k = k — qE/H is the shifted momentum. Note that 45 is the frequency of the charge

with the momentum £ near the future infinity or the cosmological horizon. In AdSs, the

—Kz/2

energy mode ¢, = e ( now has the equation

ol (z) + Q) (2) pu () =0, (2.7)

where the prime denotes the derivative with respect to space and

2 2
= o _ qF _ _ qF K
O () = yXas + @€ 2w 2?&16 e VRas = (K) - <m2 + 4> (2.8)

and @ = w — qF/K is the shifted energy. The charge with the energy w has the real

momentum “yaqs near the asymptotic boundary. The positive energy solution to eq. (2.5)

Sk (t)

may have the WKB form ¢ =€ and the positive flux solution to eq. (2.7) may have

iSw ()

another WKB form ¢, = e . Then, in the tunneling picture, the relativistic instanton

action in dSs is given by the phase-integral [30, 31], which from the formula 2.266 of ref. [35]

t*
¢ = - (nas  aE

where t. and t} are a pair of complex turning points in the complex time. Similarly, the

leads to

instanton action in AdSs is by

_ [ _ i (aes _E
Sw—/mc Qy(z)dr = z7r< i Kz)’ (2.10)

where x. and x} are another pair of complex turning points in the complex space. We have
used the translational- or time-symmetric argument in obtaining egs. (2.9) and (2.10).
Another complex method gives the pair-production rate by the contour integral as ImSy =
(1/2) § Qu(2)dz and ImS,, = —(1/2) § Qu,(2)dz [9, 22, 30, 36]. Then, the Schwinger formula
for pairs with the given momentum or energy is approximately given by

Ng = e 25, (2.11)



where the instanton action for dSs is

27 qF
— 9 TmS, = -7 _© 2.12
Sk mSy i (’Yds H) (2.12)
and for and AdSs is
o [ qE
S, =2ImS, = —| — — . 2.13
o K ( K 7Ads> (2.13)

The pair-production rate (2.11) is the leading Boltzmann factor of the exact formula in
sections 3 and 4 below.

In the pure dSy (E = 0), a species of particles with the mass m can be produced
provided that the Compton wavelength A\c = 1/2m is shorter than the Hubble radius
rgu = 1/H, and the dS radiation is determined by the Gibbons-Hawking temperature,
regardless of spacetime dimensions, as

_om H
NGH =€ TGH, TGH = ? (2.14)
™

The dS radiation (2.14) is the leading term of the exact Gibbons-Hawking radiation which
has the Bose-Einstein distribution, as shown section 3. On the other hand, in the (1+1)-
dimensional Minkowski space, the Schwinger pair-production rate may be given by the
Unruh temperature for the accelerating charge

_qE/m

Ng=e ?v, Ty
2

(2.15)

A subtle issue in interpreting the Schwinger effect via the Unruh temperature is that the
temperature measured by a detector is Ty [37, 38] and the worldline instanton path in
the Eucliean proper-time gives the periodicity 1/ [26] or that another Unruh tempera-
ture 27y for the reduced mass of the pair may give a correspondence between Schwinger
mechanism and the Unruh effect [39]. Still another interpretation is that the Schwinger
effect in the (143)-dimensional spacetime has the Boltzmann distribution for the trans-
verse energy with the Unruh temperature (2.15) together with a chemical potential [40] or
that a nonstandard gyromagnetic ratio of the charge may give the identical result from the
Unruh effect and the Schwinger effect [41]. The resolution of this Unruh temperature for
the Schwinger mechanism is not the main issue and goes the scope of this paper.

Under the influence of the electric field, the expansion of dSs space has the effect
of separating the charged pairs and thus reducing the mass by the effective mass m =
/m? — H?/4 for the pair production while the confining nature of AdSs has the effect of
binding the pair and increasing the mass by another effective mass m = /m? + K?/4.
The Schwinger pair production in the AdS, space has the Breitenlohlner-Freedman bound
qFE > Km. Now, a question is whether the Schwinger mechanism (2.11) may be interpreted
in terms of an effective temperature associated with the Unruh temperature (2.15) and
the Gibbons-Hawking temperature (2.14). A naive interpretation for dSe would be that
eq. (2.11) may have the form Ng = e~(e=m/Ten where € is the energy y4s of the charge
and p is the chemical potential ¢F/H on the horizon. A drawback of this interpretation,



however, is that it does not have an analog in AdSs because AdS, does not have a horizon
and the associated temperature.

Now, we advance a new thermal interpretation of the pair production in the uniform
electric field and in dSe and AdSs, which writes the the pair-production rate as

m

N =¢ Ter, (2.16)

where the effective temperature for dSs is

Tys = ”T(%H + T[% + T, (2.17)

K 2
Taas = Tu + | TE — <27T> ) (2.18)

The Breitenlohler-Freedman bound for the instability of AdSy becomes Ty > K/(27).
It is interesting to compare eqs. (2.17) and (2.18) with the effective temperature for an

and for AdSs is

accelerating observer in dSe and AdSs, which is given by [27, 28]

T = TIQJ + 8%, (2.19)
where R denotes the scalar curvature in dSs and AdSs. Therefore, the Schwinger mecha-
nism in dSo and AdSy may have the interpretation of the temperature for an accelerating
charge up to the factor of two, which is intrinsic to the Schwinger mechanism. In other
words, egs. (2.17) and (2.18) are the effective temperatures modified by the uniform elec-
tric field. In the following sections we explore the quantum field theory for the Schwinger
mechanism in dS; and AdSs and find the one-loop effective actions in the proper-time

integral.

3 One-loop effective action in dS,

We canonically quantize the complex field in terms of the annihilation operator for a particle
and the creation operator for an antiparticle as

2 dk ikx 7 - —ikx
d(t,x) = /27T [axl") (8)e®e 1 B¢l (£)eike]. (3.1)
Here, the positive frequency solution ¢,(€+) and the negative frequency solution ¢,(€_) of the
mode equation in dSg
Or + Hoy, + wi(t)pr, = 0, (3:2)
with

_ E 2
wi(t) = m? 4 ¢ 21 (k: + (iqef”) (3.3)

satisfy the Wronskian condition
M Wr (647 (8), 047 (1)) = i (3.4)

The Wronskian condition (3.4) comes from the quantization rule in curved spacetimes.



3.1 Bogoliubov transformation and exact pair-production rate

The out-vacuum is defined by the positive and the negative frequency solutions in the past
infinity (¢t = 00)

in/4emlpl/2 7 g\ 3/2
+ & e _
¢<()ut),k = \/ﬂ<2/5> e 22y, (2),
in/dgmlul/2 / g\ 3/2
_ e %e _
¢(()ut),k; = VR <2k> e Ht/2zMA,_M(z), (3.5)
where M), , is the Whittaker function and
ok _ 9Bk s
Z—QZHe , A= ZH2|I%]’ p=ir (3.6)

The in-vacuum is constructed by the positive and the negative frequency solutions in the
future infinity (t = —o0)

3/2
) (YW (~2),

ink — \/ﬁ ﬁ
N2 N2
O = ﬁ<%> e MWy u(2), (3.7)

where W) , is another Whittaker function and the Riemann sheet is chosen such that
—7m < arg(z) < 7 so that —z = e ™ z. The solutions in the conformal time may be
used [21]. In this paper, we consider the case of k > 0, but for k < 0, X is replaced by —\.
Using the connection formula 9.233-2 of ref. [35], we find the Bogoliubov coefficients

B = kO + Brolul (38)

g = i H  (5,+85)/4 ~imA Fl(l +2p) ’
2v4s Lz +u—2)

B = e/ H e(Su+SA)/4€fi7r(>\fufé)M_ (3.9)
27as L(z+p+2)

Here, the instanton actions are

where

Sy = —2imp = QWW—S, Sy =27 =21—

i (3.10)

The Bogoliubov relation |a|? — |8x|?> = 1 holds. The mean number of produced pairs is

—(Su=8)) 1 ¢—25u

(&
Nas = |Bk]* = =7

(3.11)

The pair-production rate (2.11) from the phase-integral method is the leading Boltzmann
factor of the exact one (3.11).



Figure 1. (color online). The Schwinger pair-production rate Ngs in dSs as a function of E and

R . o _ _ aE _ qE
H is plotted in the range of X = [0,3] and Y = [0,10], where X = Z13 o wy 7 and
Y =% = /(m/H)? —1/4 [left panel], and the relative ratio of the difference between Ngg and
the Boltzmann factor Ng = e~ (S«=5))  that is, 1 — NN—i for the range of X = [0,1] and ¥ = [0, 1]

[right panel].

The effective mass m = /m? — (H/2)? can be arbitrarily small when the Hubble ra-
dius is comparable to the Compton wavelength of the charge, and thus lowers the effective
critical strength Ec = m?/q and enhances the pair-production rate as shown in the left
panel of figure 1. As the Hubble radius increases, the pair-production rate decreases more
rapidly for a weak field than for a strong field, but in general the pair production increases
as the field gets stronger. As shown in the right panel of figure 1, the Boltzmann factor
for the pair production in section 2 is a good approximation to the exact formula regard-
less of the field strength except when the Hubble radius is comparable to the effective
Compton wavelength.

3.2 Effective action

In the in-out formalism based on the variational principle [4, 32], the one-loop effective
action per Hubble time and per unit length is given by

1 _ dk .
£l = zH/%ln(ak), (3.12)
which, up to trivial terms to be regulated away, leads to
(1) . dk 'Sﬂ 1 -Sﬂ .Sy,
=iH [ —|InT(1—di— ) —InT"( = —i=t+i=—=]|. 1
Lig =1 /27r[n ( i nl'{ 5 227r+227r (3.13)

We now employ the gamma-function regularization method in refs. [33, 34], which first
expresses the logarithm of the gamma function via the formula 8.341-3 of ref. [35] as

In(I'(2)) = /OOO % [6_ L ] (3.14)

1—¢e5



where the dots denote the subtraction of the terms to be regularized away through renor-
malization of the vacuum energy and coupling constants. We then applies the Cauchy’s
residue theorem § f(z)dz = £2mi )y (residue), which performs a contour integral of the
quarter-circle of infinite radius in the first or the fourth quadrant of the complex plane.
For a complex argument of the gamma function, we obtain the complex effective action,
which is the case of QED action in electric fields. Furthermore, from the Cauchy theorem
does follow the consistence relation between the imaginary part of the effective action and
the pair-production rate:

2ImL® = "In(joxl*) =) In(1 + |Bxf). (3.15)

Finally, we find the vacuum polarization (real part of the effective action) in the proper-
time integral

c) B [Tds] s, sgem (L2 S
S o Jy s sin(s/2) s 12

—eSus/ <:§Ejg)) - % + Z)} (3.16)

In the above, we have used the Schwinger substraction scheme, in which the first sub-
tracted term renormalizes the vacuum energy and the second one renormalizes the charge
in the large-field limit, though the charge renormalization involves a finite term [42] in 1+1
dimensions. In obtaining eq. (3.16) we have counted the number of states of longitudinal
momentum and have used the symmetric argument.
A few comments are in order. Firstly, summing all the principal values of simple poles
located on the positive imaginary axis, we obtain the imaginary part of the effective action
Imcly = 23;’;) [In(1 + e S5y —In(1 — e 2)]. (3.17)
The vacuum persistence is identical with that from the principal values of the effective
action (3.16). Furthermore, the vacuum persistence satisfies the consistency relation for
the scalar QED

E
2imLld = 2= (1 + Nas). (3.18)

Secondly, the first integral of eq. (3.16) corresponds to the scalar QED action while the sec-
ond integral corresponds to the spinor QED action in a constant electric field in Minkowski
spacetime [1]. It is the consequence between the vacuum persistence and the distribution
function of produced pairs: the Bose-Einstein distribution gives the vacuum persistence for
the spinor QED while the Fermi-Dirac distribution gives that for the scalar QED [43]. The
effective action for the pure dS space without the electric field is obtained by combining
both integrals while QED action in the Minkowski space (H = 0) is given by the first
integral because S, = co. Finally, a non-minimal coupling of the field {R¢*¢ can change
the effective mass by m = y/m? + (€ — 1/8)R. In this paper we consider only QED with
the minimal coupling with the abelian gauge for electromagnetic fields.




We now investigate the effect of the dS radiation on the Schwinger effect and, con-
versely, the effect of the Schwinger effect on the dS radiation, that is, the curvature effect
on the Schwinger mechanism and the Schwinger effect on the spacetime curvature. For
that purpose, we express the effective action in terms of the rescaled scalar curvature and
the Maxwell scalar

_ 1 _
R=-R= H?, F=—-2¢*F = (¢E)>. (3.19)
The effective action (3.16) has the power series expansion [35]

where B, are Bernoulli numbers, and S(-) = S, — Sy and S, are given by

S(_) =27 R @ — 27 7?/ s
=92 ﬁ
S, = 2r % + 55 (3.21)

The first term of (3.20) gives

F 4+ m*R

£ = o5 [ (\/er f) <4Rz)3/2]. (3.22)

In the limit of the zero-scalar curvature, the first term (3.22) reduces to the Schwinger
action in the two-dimensional Minkowski spacetime. It will be interesting to compare the
non-power expansion of the Maxwell scalar and scalar curvature in egs. (3.20) and (3.22)
with some perturbative power expansions of the one-loop effective action for the Einstein-
Maxwell theory [44, 45].

In the strong-field limit (v F > R), keeping the first two leading terms of eq. (3.21),
the effective action approximately takes the form

£l = aE [ ds__(m22m)s <e<m47€3/f3/2>s — 9~ (VF/R)s cos2(8/4)>

or Jo s
X(s,in(ls/2)_z_182>' (3.23)

Note that the first and the last factor is the one-loop effective action in the Minkowski
spacetime whereas the middle parenthesis is the leading curvature effect on the Schwinger
effect. In the limit of the zero-scalar curvature, the expansion reduces to the first term of
the Schwinger action in the two-dimensional Minkowski spacetime

w_ 7 B!

— 3.24
S 7 72070 mS (3.24)

~10 -



In the opposite case of the strong gravity limit (R >> VF ), the effective action is approxi-
mately given by

o _ 9k > dse—(m/H)se—(ﬁ/mﬁw)s(

- MR g
s — 2 0 S

cos(s/2)
(Sim ate) 6

In the extreme case of the zero field (F = 0), the number of states ¢F/(27) should be
replaced by H? per unit Hubble length and per unit Hubble time. Then, the one-loop
effective action takes the form of spinor QED action, where m?/(2¢E) is replaced by m/H
in the exponent and ¢F/(2m) by H? in the prefactor. This apparent spin-statistics may
be understood from the fact that the dS radiation, a Bose-Einstein distribution, has the
vacuum persistence for the spinor QED [43]
2
ImLly = —% In(1 — =™/ Tan), (3.26)
Because the vacuum persistence is determined by the poles of the one-effective action in
the proper-time integral, the effective action also should have the form for the opposite
spin-statistics, the last parenthesis in eq. (3.25).
Interestingly, the vacuum persistence (3.17) and the exact pair-production rate (3.11)
may be written in terms of the effective temperature in section 2 and an additional one

S, == (3.27)

where
_ T?
Tas = /T2 + T2y + Tu, Tus= ——H—. (3.28)
20/T3 + Ty

The effective temperature Tys has the interpretation of the accelerating charge in dSs
but Tys does not have any gravity analog. In the case of strong field, in which Tyg ~ 2T¢
and Tys ~ Téy/(2Tv), the exact pair-production rate (3.11) is dominated by the Schwinger
mechanism and the corrections are exponentially suppressed. In the opposite case of strong
gravity, in which Tyg ~ Ty and Tys ~ Tau/2, the Schwinger term and the correction terms
are comparable each other, which can be summed as the Bose-Einstein distribution of the
dS radiation.

4 One-loop effective action in AdS,

The universal covering space of AdS space obtained by unwrapping S' will be used to
quantize the quantum field so that there is no closed timelike curve in the metric (2.3).
The energy mode ¢ = e~ (x) of the charged scalar field satisfies the equation

2
e K79, (e70,) + e 257 <(.4_J — qI?er) — mQ} buw(z) = 0. (4.1)

- 11 -



The energy can take any value as in the Minkowski spacetime because the topology S' for
time coordinate is unwrapped. The quantum field will be considered for the pair production
so that the Breitenlohlner-Freedman bound for the instability holds. As for dSs, at the
asymptotic boundary x = oo, we find the solutions with the positive (outgoing) flux and
the negative (incoming) flux, respectively,

KANY2/ 1 \1/2
¢£}+)($) = (215)) <2’7AdS) Mn,ﬂ/(()a

o) (@) = (K)W< ! )1/2Mﬁ,y<<>, (4.2)

2iw 29Ads

where

5 _
K= z% = z$ ¢ = 22%6—“. (4.3)

The solutions (4.2) satisfy the quantization condition for the tunneling boundary for QED
in static electric fields [34]

KW [0 (@), 60 ()] = i (4.4)

Similarly, at = —oo the other set of solutions with the positive (incoming) flux and the
negative (outgoing) flux satisfying the condition (4.4) are

200
O 1\ 1/2
— _ - ey —T 4
0@ = (55) Wonrsle™0) (45)
Using the connection formula 9.233-2 between the Whittaker functions [35]
ri-2v) i
MK/ — — ZTI'HWiK — Kz
3 (C) F(%—V—H)e 5 (e C)
D(L=20) s
1m(KtV—735 Wn _ , 46
F(% —v+ K',) € ’ (C) ( )

we find the Bogoliubov coefficient as the ratio of the coefficient for the outgoing flux solution
to the coefficient of the incoming flux solution, which is given by

L3 —v+k)

Qpy=———"—
“ L3 —v—k)

e . (4.7)

The one-loop effective action in the in-out formalism is obtained from the contour integrals
of quarter circles in the first and fourth quadrants as

W _ _9E [Tds _s.em s ssom| L 25 4
Laas = 2 Jo s ¢ cosh(S,s/2m) sin(s/2) s 12]’ (48)
where
S, = —omin = ordE s = _opiy — onJAdS, (4.9)
K?’ K
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Here, we have used the Schwinger subtraction scheme by subtracting the first term for the
vacuum energy renormalization and the second term for the finite charge renormalization.
The contour integrals give the vacuum persistence

14 e (58

The vacuum persistence can also be obtained from the principle values of the effective
action (4.8). The vacuum persistence is consistent with the number of produced pairs

o~ (Sx=8)) _ o~ (Sx+50)

Naas = lawl =1 = —— s rsy— (4.11)

Note that the near-horizon geometry of an extremal RN black hole is AdS, with a uniform
electric field and that the pair-production rate (4.11) is the same as the emission rate of
charged s-wave from the extremal RN black hole with the charge @), where the electric field
is £ = 1/Q and the curvature is 1/Q? [13]. The pair production in AdSs thus may shed
light on understanding the emission from RN black holes beyond the leading Schwinger
term [46].

The leading term Ng = e~ (S+=5) ig the Boltzmann factor for the Schwinger formula in
section 2. The binding nature of AdSy provides the effective mass m = m+/1 + (K /2m)?
and thus increases the critical strength Ec = m?/q. The ratio of 1/K to the effective Comp-
ton wavelength has the lower bound Y = 1/2, and the Breitenlohler-Freedman bound gives
a constraint X > 1/Y in figure 2. As shown in the left panel of figure 2 the pair production
drastically increases near Y = 1/2 as the field increases but gently increases otherwise. The
right panel of figure 2 shows that the Boltzmann factor is a good approximation except for
the region near Y = 1/2, where the curvature effect becomes important.

The one-loop effective action has a power series expansion in terms of the scalar cur-
vature and the Maxwell scalar

) T K;f)) (s )] i

n=2

where Bs, are the Bernoulli numbers, and SHF = S.FS, are given by the rescaled
quantities as
VF Foom2

S = 22 F2m\ 55+ (4.13)
The overall negative sign in eq. (4.8) comes from the tunneling boundary condition, which
occurs for the QED action in the Coulomb gauge [34]. The expansion (4.8) is still a non-
power expansion of the Maxwell scalar and the scalar curvature, and may have a power
series only in the limit of large field or curvature.

5 Conclusion

We have studied the Schwinger pair production by a uniform electric field in dSy and AdSs
and obtained the exact one-loop effective actions from the scattering matrix between the
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Figure 2. The Schwinger pair-production rate Naqs in AdSs as a function of F and K is plotted

in the range of X = [2,4] and Y = [3,5], where X = fﬁ—b; :m\/ﬁ and Y = 2 = ’aneri

[left panel], and the relative ratio of the difference between Boltzmann factor Ng = e~ (x=5») and

Nags, that is, N]Zis — 1 for the range of X = [2,2l] and Y = [}, &] [right panel].

in-vacuum and the out-vacuum in the in-out formalism. Furthermore, we have proposed
a thermal interpretation of the pair-production rate, whose temperature is the geometric
mean of the exponent two of the Gibbons-Hawking temperature and the Unruh temper-
ature for an accelerating charge in dSo and an analogous expression in AdSs. As far as
the electromagnetic interaction is concerned, the pairs of charged particle experience an
effective mass or mass gap, which decreases due to the separation of pairs in dSs, but
increases due to binding of pairs in AdSs.
In dSs the exact pair-production rate (3.11) has the form

e~Mas/Tas e—mas/Tas

Ngs = : (5.1)

1 — e—mas/Tas

where the effective mass is mqg = m\/ 1 —Rgs/(8m?) and the effective temperatures are

_ T2
TdS = \/TLQJ + T(%H + TU, TdS = et . (52)
20/TE + Ty

On the other hand, in AdSs the exact pair-production rate (4.11) can be analogously
written as

e—maas/Tads _ g—maas/Tads

Nags = (5.3)

1 + e—madas/Taas

where the effective mass is maqg = m\/ 1 — Raqs/(8m?) and the effective temperatures are

Rads
82

Rads =
Taas =Tu + T%+87, Taas = Tu — 4| Tg +

(5.4)
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In the limit of the zero-scalar curvature, the formulae (5.1) and (5.3) reduce to the
Schwinger formula with T" = 27y in the two-dimensional Minkowski space. Interestingly,
the leading Boltzmann factor for the pair-production rate respects the duality Ryqs < Rads
because T2y = Ras/(87%). However, the exact formulae do not respect this duality.

We have found the one-loop effective actions in the in-out formalism by Schwinger
and DeWitt, which expresses the quantum actions in terms of the Bogoliubov coeflicients
between the in-vacuum and the out-vacuum. The Bogoliubov coefficients in dSs and AdSs
are given by gamma functions and the gamma-function regularization method leads to one-
loop actions in the proper-time integral. Remarkably, the one-loop effective action in the
proper-time integral is entirely determined by the Maxwell scalar and the scalar curvature.
In the zero-curvature limit, the one-loop effective action reduces to the Schwinger effective
action in the Minkowski space while in the zero-field limit, the effective action action in
dSsy provides the one for pure dS space. The one-loop effective action in AdSs is found
when the Breitenlohler-Freedman bound is violated and allows the pair production by
the electric field. The pole structure of the one-loop effective actions correctly give the
vacuum persistence and the pair-production rate in both dSs and AdS;. We have studied
the curvature effect on the Schwinger mechanism and also the Schwinger effect on the
dS radiation.

Acknowledgments

The authors would like to thank Kei-ichi Maeda and Robert Wald for helpful discus-
sions. S.P.K. would like to appreciate the warm hospitality at Kavli Institute of Theoret-
ical Physics, Chinese Academy of Sciences, during the KITPC Program “Quantum Grav-
ity, Black Holes and Strings,” where this paper was initiated and completed. The work
of R-G.C. was supported in part by the National Natural Science Foundation of China
(No.10821504, No.11035008, and No.11375247), the National Basic Research Program of
China under Grant No.2010CB833004, and by the Strategic Priority Research Program
“The Emergence of Cosmological Structures” of the Chinese Academy of Sciences, Grant
No. XDB09000000. The work of S.P.K. was supported in part by Basic Science Research
Program through the National Research Foundation of Korea (NRF) funded by the Min-
istry of Education (Grant No. NRF-2012R1A1B3002852).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] J.S. Schwinger, On gauge invariance and vacuum polarization, Phys. Rev. 82 (1951) 664
[INSPIRE].

[2] G.W. Gibbons and S.W. Hawking, Cosmological event horizons, thermodynamics and
particle creation, Phys. Rev. D 15 (1977) 2738 [INSPIRE].

~15 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1103/PhysRev.82.664
http://inspirehep.net/search?p=find+J+Phys.Rev.,82,664
http://dx.doi.org/10.1103/PhysRevD.15.2738
http://inspirehep.net/search?p=find+J+Phys.Rev.,D15,2738

[3]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

M.K. Parikh and F. Wilczek, Hawking radiation as tunneling, Phys. Rev. Lett. 85 (2000)
5042 [hep-th/9907001] [INSPIRE].

B. S. DeWitt, The global approach to quantum field theory, Oxford University Press, Oxford,
U.K. (2003).

R.-G. Cai and S.P. Kim, First law of thermodynamics and Friedmann equations of
Friedmann-Robertson- Walker universe, JHEP 02 (2005) 050 [hep-th/0501055] [INSPIRE].

R. Bousso, A. Maloney and A. Strominger, Conformal vacua and entropy in de Sitter space,
Phys. Rev. D 65 (2002) 104039 [hep-th/0112218] [INSPIRE].

A M. Polyakov, De Sitter space and eternity, Nucl. Phys. B 797 (2008) 199
[arXiv:0709.2899] [INSPIRE].

S.P. Kim, The stokes phenomenon and quantum tunneling for de Sitter radiation in
nonstationary coordinates, JHEP 09 (2010) 054 [arXiv:1006.4004] [NSPIRE].

S.P. Kim, Geometric origin of stokes phenomenon for de Sitter radiation, Phys. Rev. D 88
(2013) 044027 [arXiv:1307.0590] [INSPIRE].

D. Anninos and T. Hartman, Holography at an extremal de Sitter horizon, JHEP 03 (2010)
096 [arXiv:0910.4587] INSPIRE].

D. Anninos and T. Anous, A de Sitter hoedown, JHEP 08 (2010) 131 [arXiv:1002.1717]
[INSPIRE].

J.M. Bardeen and G.T. Horowitz, The extreme Kerr throat geometry: a vacuum analog of
AdSy x S%, Phys. Rev. D 60 (1999) 104030 [hep-th/9905099] [NSPIRE].

C.-M. Chen, S.P. Kim, I.-C. Lin, J.-R. Sun and M.-F. Wu, Spontaneous pair production in
Reissner-Nordstrom black holes, Phys. Rev. D 85 (2012) 124041 [arXiv:1202.3224]
[INSPIRE].

J. Garriga, Pair production by an electric field in (1 + 1)-dimensional de Sitter space, Phys.
Rev. D 49 (1994) 6343 [INnSPIRE].

V.M. Villalba, Creation of spin 1/2 particles by an electric field in de Sitter space, Phys. Rev.
D 52 (1995) 3742 [hep-th/9507021] [INSPIRE].

J.E.B. Mendy, Scalar and spin-1/2 particle creation in gravitational and constant electric
field backgrounds, J. Math. Phys. 44 (2003) 662 [INSPIRE].

S.P. Kim and D.N. Page, Schwinger pair production in dSs and AdSs, Phys. Rev. D 78
(2008) 103517 [arXiv:0803.2555] [INSPIRE].

F. Belgiorno, S.L. Cacciatori and F. Dalla Piazza, Quantum instability for charged scalar
particles on charged Nariai and ultracold black hole manifolds, Class. Quant. Grav. 27 (2010)
055011 [arXiv:0909.1454] [INSPIRE].

J. Garriga, S. Kanno, M. Sasaki, J. Soda and A. Vilenkin, Observer dependence of bubble
nucleation and Schwinger pair production, JCAP 12 (2012) 006 [arXiv:1208.1335]
[INSPIRE].

S. Haouat and R. Chekireb, Fzact fermion pair creation by an electric field in dS,
space-time, Phys. Rev. D 87 (2013) 088501 [arXiv:1207.4342] [INSPIRE].

M.B. Fréb et al., Schwinger effect in de Sitter space, JCAP 04 (2014) 009
[arXiv:1401.4137] [iNSPIRE].

~16 -


http://dx.doi.org/10.1103/PhysRevLett.85.5042
http://dx.doi.org/10.1103/PhysRevLett.85.5042
http://arxiv.org/abs/hep-th/9907001
http://inspirehep.net/search?p=find+EPRINT+hep-th/9907001
http://dx.doi.org/10.1088/1126-6708/2005/02/050
http://arxiv.org/abs/hep-th/0501055
http://inspirehep.net/search?p=find+EPRINT+hep-th/0501055
http://dx.doi.org/10.1103/PhysRevD.65.104039
http://arxiv.org/abs/hep-th/0112218
http://inspirehep.net/search?p=find+EPRINT+hep-th/0112218
http://dx.doi.org/10.1016/j.nuclphysb.2008.01.002
http://arxiv.org/abs/0709.2899
http://inspirehep.net/search?p=find+EPRINT+arXiv:0709.2899
http://dx.doi.org/10.1007/JHEP09(2010)054
http://arxiv.org/abs/1006.4004
http://inspirehep.net/search?p=find+EPRINT+arXiv:1006.4004
http://dx.doi.org/10.1103/PhysRevD.88.044027
http://dx.doi.org/10.1103/PhysRevD.88.044027
http://arxiv.org/abs/1307.0590
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.0590
http://dx.doi.org/10.1007/JHEP03(2010)096
http://dx.doi.org/10.1007/JHEP03(2010)096
http://arxiv.org/abs/0910.4587
http://inspirehep.net/search?p=find+EPRINT+arXiv:0910.4587
http://dx.doi.org/10.1007/JHEP08(2010)131
http://arxiv.org/abs/1002.1717
http://inspirehep.net/search?p=find+EPRINT+arXiv:1002.1717
http://dx.doi.org/10.1103/PhysRevD.60.104030
http://arxiv.org/abs/hep-th/9905099
http://inspirehep.net/search?p=find+EPRINT+hep-th/9905099
http://dx.doi.org/10.1103/PhysRevD.85.124041
http://arxiv.org/abs/1202.3224
http://inspirehep.net/search?p=find+EPRINT+arXiv:1202.3224
http://dx.doi.org/10.1103/PhysRevD.49.6343
http://dx.doi.org/10.1103/PhysRevD.49.6343
http://inspirehep.net/search?p=find+J+Phys.Rev.,D49,6343
http://dx.doi.org/10.1103/PhysRevD.52.3742
http://dx.doi.org/10.1103/PhysRevD.52.3742
http://arxiv.org/abs/hep-th/9507021
http://inspirehep.net/search?p=find+EPRINT+hep-th/9507021
http://dx.doi.org/10.1063/1.1500793
http://inspirehep.net/search?p=find+J+J.Math.Phys.,44,662
http://dx.doi.org/10.1103/PhysRevD.78.103517
http://dx.doi.org/10.1103/PhysRevD.78.103517
http://arxiv.org/abs/0803.2555
http://inspirehep.net/search?p=find+EPRINT+arXiv:0803.2555
http://dx.doi.org/10.1088/0264-9381/27/5/055011
http://dx.doi.org/10.1088/0264-9381/27/5/055011
http://arxiv.org/abs/0909.1454
http://inspirehep.net/search?p=find+EPRINT+arXiv:0909.1454
http://dx.doi.org/10.1088/1475-7516/2012/12/006
http://arxiv.org/abs/1208.1335
http://inspirehep.net/search?p=find+EPRINT+arXiv:1208.1335
http://dx.doi.org/10.1103/PhysRevD.87.088501
http://arxiv.org/abs/1207.4342
http://inspirehep.net/search?p=find+EPRINT+arXiv:1207.4342
http://dx.doi.org/10.1088/1475-7516/2014/04/009
http://arxiv.org/abs/1401.4137
http://inspirehep.net/search?p=find+EPRINT+arXiv:1401.4137

[22]

23]

[24]

[25]
[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

S.P. Kim, Geometric origin of pair production by electric field in de Sitter space, Grav.
Cosmol. 20 (2014) 193 [arXiv:1404.3787| [INSPIRE].

B. Pioline and J. Troost, Schwinger pair production in AdSs, JHEP 03 (2005) 043
[hep-th/0501169] [NSPIRE].

P.C.W. Davies, Scalar particle production in Schwarzschild and Rindler metrics, J. Phys. A
8 (1975) 609 [INSPIRE].

W.G. Unruh, Notes on black hole evaporation, Phys. Rev. D 14 (1976) 870 nSPIRE].

G.V. Dunne and C. Schubert, Worldline instantons and pair production in inhomogeneous
fields, Phys. Rev. D 72 (2005) 105004 [hep-th/0507174] [INSPIRE].

H. Narnhofer, I. Peter and W.E. Thirring, How hot is the de Sitter space?, Int. J. Mod.
Phys. B 10 (1996) 1507 [iINSPIRE].

S. Deser and O. Levin, Accelerated detectors and temperature in (Anti)-de Sitter spaces,
Class. Quant. Grav. 14 (1997) L163 [gr-qc/9706018] [INSPIRE].

R.-G. Cai and Y.S. Myung, Hawking temperature for constant curvature black bole and its
analogue in de Sitter space, Phys. Rev. D 83 (2011) 107502 [arXiv:1012.5709] INSPIRE].

S.P. Kim and D.N. Page, Improved approzimations for fermion pair production in
inhomogeneous electric fields, Phys. Rev. D 75 (2007) 045013 [hep-th/0701047] [INSPIRE].

C.K. Dumlu and G.V. Dunne, The stokes phenomenon and Schwinger vacuum pair
production in time-dependent laser pulses, Phys. Rev. Lett. 104 (2010) 250402
[arXiv:1004.2509] [INSPIRE].

B.S. DeWitt, Quantum field theory in curved space-time, Phys. Rept. 19 (1975) 295
[INSPIRE].

S.P. Kim, H.K. Lee and Y. Yoon, Effective action of scalar QED in electric field backgrounds,
Phys. Rev. D 78 (2008) 105013 [arXiv:0807.2696] [INSPIRE].

S.P. Kim, HK. Lee and Y. Yoon, Effective action of QED in electric field backgrounds II.
Spatially localized fields, Phys. Rev. D 82 (2010) 025015 [arXiv:0910.3363] [INSPIRE].

[.S. Gradshteyn and I.M. Ryzhik, Table of integrals, series, and products, Academic Press,
San Diego U.S.A. (1994).

S.P. Kim, New geometric transition as origin of particle production in time-dependent
backgrounds, Phys. Lett. B 725 (2013) 500 [arXiv:1306.5549] [INSPIRE].

R. Brout, R. Parentani and P. Spindel, Thermal properties of pairs produced by an electric
field: A Tunneling approach, Nucl. Phys. B 353 (1991) 209 [INSPIRE].

R. Brout, S. Massar, R. Parentani and P. Spindel, A primer for black hole quantum physics,
Phys. Rept. 260 (1995) 329 [arXiv:0710.4345] [INSPIRE].

P. Castorina, D. Kharzeev and H. Satz, Thermal hadronization and Hawking- Unruh
radiation in QCD, Eur. Phys. J. C 52 (2007) 187 [arXiv:0704.1426] [INSPIRE].

W.-Y. Pauchy Hwang and S.P. Kim, Vacuum persistence and inversion of spin statistics in
strong QED, Phys. Rev. D 80 (2009) 065004 [arXiv:0906.3813] [INSPIRE].

L. Labun and J. Rafelski, Acceleration and vacuum temperature, Phys. Rev. D 86 (2012)
041701 [arXiv:1203.6148] [INSPIRE].

17 -


http://dx.doi.org/10.1134/S0202289314030104
http://dx.doi.org/10.1134/S0202289314030104
http://arxiv.org/abs/1404.3787
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.3787
http://dx.doi.org/10.1088/1126-6708/2005/03/043
http://arxiv.org/abs/hep-th/0501169
http://inspirehep.net/search?p=find+EPRINT+hep-th/0501169
http://dx.doi.org/10.1088/0305-4470/8/4/022
http://dx.doi.org/10.1088/0305-4470/8/4/022
http://inspirehep.net/search?p=find+J+J.Phys.,A8,609
http://dx.doi.org/10.1103/PhysRevD.14.870
http://inspirehep.net/search?p=find+J+Phys.Rev.,D14,870
http://dx.doi.org/10.1103/PhysRevD.72.105004
http://arxiv.org/abs/hep-th/0507174
http://inspirehep.net/search?p=find+EPRINT+hep-th/0507174
http://dx.doi.org/10.1142/S0217979296000611
http://dx.doi.org/10.1142/S0217979296000611
http://inspirehep.net/search?p=find+J+Int.J.Mod.Phys.,B10,1507
http://dx.doi.org/10.1088/0264-9381/14/9/003
http://arxiv.org/abs/gr-qc/9706018
http://inspirehep.net/search?p=find+EPRINT+gr-qc/9706018
http://dx.doi.org/10.1103/PhysRevD.83.107502
http://arxiv.org/abs/1012.5709
http://inspirehep.net/search?p=find+EPRINT+arXiv:1012.5709
http://dx.doi.org/10.1103/PhysRevD.75.045013
http://arxiv.org/abs/hep-th/0701047
http://inspirehep.net/search?p=find+EPRINT+hep-th/0701047
http://dx.doi.org/10.1103/PhysRevLett.104.250402
http://arxiv.org/abs/1004.2509
http://inspirehep.net/search?p=find+EPRINT+arXiv:1004.2509
http://dx.doi.org/10.1016/0370-1573(75)90051-4
http://inspirehep.net/search?p=find+J+Phys.Rept.,19,295
http://dx.doi.org/10.1103/PhysRevD.78.105013
http://arxiv.org/abs/0807.2696
http://inspirehep.net/search?p=find+EPRINT+arXiv:0807.2696
http://dx.doi.org/10.1103/PhysRevD.82.025015
http://arxiv.org/abs/0910.3363
http://inspirehep.net/search?p=find+EPRINT+arXiv:0910.3363
http://dx.doi.org/10.1016/j.physletb.2013.07.055
http://arxiv.org/abs/1306.5549
http://inspirehep.net/search?p=find+EPRINT+arXiv:1306.5549
http://dx.doi.org/10.1016/0550-3213(91)90508-U
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B353,209
http://dx.doi.org/10.1016/0370-1573(95)00008-5
http://arxiv.org/abs/0710.4345
http://inspirehep.net/search?p=find+EPRINT+arXiv:0710.4345
http://dx.doi.org/10.1140/epjc/s10052-007-0368-6
http://arxiv.org/abs/0704.1426
http://inspirehep.net/search?p=find+EPRINT+arXiv:0704.1426
http://dx.doi.org/10.1103/PhysRevD.80.065004
http://arxiv.org/abs/0906.3813
http://inspirehep.net/search?p=find+EPRINT+arXiv:0906.3813
http://dx.doi.org/10.1103/PhysRevD.86.041701
http://dx.doi.org/10.1103/PhysRevD.86.041701
http://arxiv.org/abs/1203.6148
http://inspirehep.net/search?p=find+EPRINT+arXiv:1203.6148

[42] S.K. Blau, M. Visser and A. Wipf, Analytical results for the effective action, Int. J. Mod.
Phys. A 6 (1991) 5409 [arXiv:0906.2851] [INSPIRE].

[43] C.R. Stephens, The Hawking effect in abelian gauge theories, Annals Phys. 193 (1989) 255
[INSPIRE].

[44] 1.G. Avramidi and G. Fucci, Low-energy effective action in non-perturbative electrodynamics
in curved spacetime, J. Math. Phys. 50 (2009) 102302 [arXiv:0902.1541] [INSPIRE].

[45] J.M. Davila and C. Schubert, Effective action for Einstein-Mazwell theory at order RF*,
Class. Quant. Grav. 27 (2010) 075007 [arXiv:0912.2384] INSPIRE].

[46] G.W. Gibbons, Vacuum polarization and the spontaneous loss of charge by black holes,
Commun. Math. Phys. 44 (1975) 245 INSPIRE].

~ 18 —


http://dx.doi.org/10.1142/S0217751X91002549
http://dx.doi.org/10.1142/S0217751X91002549
http://arxiv.org/abs/0906.2851
http://inspirehep.net/search?p=find+J+Int.J.Mod.Phys.,A6,5409
http://dx.doi.org/10.1016/0003-4916(89)90001-8
http://inspirehep.net/search?p=find+J+Ann.Phys.,193,255
http://dx.doi.org/10.1063/1.3239508
http://arxiv.org/abs/0902.1541
http://inspirehep.net/search?p=find+EPRINT+arXiv:0902.1541
http://dx.doi.org/10.1088/0264-9381/27/7/075007
http://arxiv.org/abs/0912.2384
http://inspirehep.net/search?p=find+EPRINT+arXiv:0912.2384
http://dx.doi.org/10.1007/BF01609829
http://inspirehep.net/search?p=find+J+Comm.Math.Phys.,44,245

	Introduction
	Effective temperature for Schwinger effect in dS(2) and AdS(2)
	One-loop effective action in dS(2)
	Bogoliubov transformation and exact pair-production rate
	Effective action

	One-loop effective action in AdS(2)
	Conclusion

