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1 Introduction

A host of observational data from galactic rotation curves to the cosmic microwave back-

ground (CMB) points towards an unknown form of matter comprising more than 85% of the

matter quota in our Universe [1, 2]. While this dark matter (DM) could be a single particle,

or a family of particles missing from the standard model of particle physics (SM), to date

no effects have been detected that require dark matter interact non-gravitationally with

the SM. Further, the traditional weakly interacting massive particle (WIMP) paradigm

is under ever-increasing pressure from the dearth of observational signatures in collider,

direct, and indirect detection experiments [3, 4].

A straightforward alternative to the WIMP scenario is that the dark matter is in a

‘hidden sector’ containing new particles and forces that may or may not interact non-

gravitationally with the standard model and its extensions. Hidden sector DM refers to a

class of models where the DM resides in an internally thermalized hidden sector, and has

a relic abundance that is determined by physics unrelated to its couplings to the visible

sector. When the hidden sector is out of equilibrium with the SM in the early universe,

a wide variety of possible cosmic histories for dark matter are newly possible, together

with avenues for discovery distinct from standard WIMP search strategies. Exotic thermal

evolution in a decoupled dark sector can lead to substantial changes in DM properties

relative to a traditional WIMP (e.g., [5–19]). Decoupled dark sectors can also induce early

departures from the standard radiation-dominated evolution of the universe [11, 20], or

admit substantial amounts of relic dark radiation without violating the stringent bounds

from Planck, ∆Neff < 0.36 at 95% confidence [2].

There is now strong evidence from observations of the fluctuations in the CMB that the

thermal era was preceded by an epoch of early accelerated expansion — inflation. Inflation

exponentially dilutes any pre-existing matter and radiation leaving the Universe cold and

empty. The population of otherwise decoupled sectors cannot therefore be put in ‘by hand’

as an initial condition. Instead it must be generated dynamically in the post-inflationary

evolution of the Universe. In the simplest scenarios, the accelerated expansion is driven

by a single fundamental scalar degree of freedom, whose weak couplings to matter reheat

the Universe via perturbative decays. One of the simplest mechanisms for populating

hidden sectors is to couple them to the inflaton so that they are populated at reheating

along with the visible sector. By arranging the couplings so that the hidden sector couples

differently to the inflaton than the SM, reheating can be asymmetric, whereby the SM and

the hidden sector are heated to different temperatures [21–24]. However, coupling both the

SM and a hidden sector to the inflaton in the UV necessarily results in inflaton-mediated

interactions between the two sectors. As demonstrated in reference [23], this irreducible

inflaton-mediated scattering can thermalize the two sectors under fairly generic conditions.

In this work, we extend the analysis of reference [23] to explore the effects of out-of-

equilibrium inflaton-mediated interactions on asymmetric reheating. Along the way, we

develop and implement methods to numerically solve the Boltzmann equations describing

the reheating of two otherwise-decoupled sectors from the perturbative decay of the infla-

ton. In particular, we develop accurate approximations (including the effects of quantum
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statistics) for the collision terms that describe the inflaton-mediated scattering between

thermalized gases of fermionic and bosonic particles. We take an effective field theory ap-

proach and consider combinations of trilinear scalar, Yukawa, and pseudo-scalar couplings

between fermions, bosons, and the inflaton. When inflaton couplings to matter become

sufficiently large, both non-perturbative effects such as preheating and collective effects in

the radiation baths such as Landau damping and thermal masses can provide important

corrections to the inflaton decay rate and hence the evolution of the temperature asymme-

try, particularly at very high radiation temperatures [25–27]. However, as we show here,

both inflaton decays and inflaton-mediated scattering furnish cosmological attractor solu-

tions during the perturbative phase of reheating, making the final temperature asymmetry

largely sensitive to the dynamics of the system at and below the perturbative reheat tem-

perature Trh. Thus the perturbative reheating process that we analyze in the present paper

will often serve as a good guide to the final temperature asymmetry despite the presence

of richer dynamics at early times.

This paper is organized as follows. In section 2, we review standard perturbative re-

heating and extend the well-known single-sector results to include the effects of quantum

statistics on the decay width of the inflaton. In section 3, we begin our study of reheating

into two sectors by considering the effects of quantum statistics on reheating into combi-

nations of otherwise-decoupled fermionic and bosonic sectors. In section 4, we reintroduce

the inflaton-mediated interactions between the two sectors (required by self-consistency)

and show how inter-sector scattering dominates over any features from quantum statistics

in most of the parameter space. We conclude in section 5. Appendix A elaborates on the

construction of cosmological attractor solutions, while appendix B demonstrates that the

novel behavior found for bosonic radiation baths in section 3 can indeed be realized during

perturbative reheating. In appendices C and D, we lay out the procedure for analytically

evaluating energy transfer rates between two relativistic particles at different temperatures

mediated by a massive scalar field.

We work in units where ~ = c = kB = 1, and denote by MPl = 2.435 × 1018 GeV the

reduced Planck mass.

2 Quantum statistics in single-sector reheating

In this section we revisit the perturbative reheating of a radiation bath. After reviewing

the classic treatment, we demonstrate that at temperatures T > Mφ/4, where Mφ is

the inflaton mass, quantum effects such as Bose enhancement and Pauli blocking can

significantly affect the evolution of the temperature of the radiation bath during reheating.

We show that the effects of quantum statistics disappear once T drops below Mφ/4, and

thus alter the outcome of reheating only when Trh &Mφ/4. While we refer to the decaying

particle as an inflaton and have post-inflationary reheating primarily in mind, our results

apply also to other “reheatons” such as curvatons or moduli (see also [28]).
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2.1 Perturbative reheating

A generic scenario of inflation [29–31] consists of one or more scalar fields φi slowly rolling

on a sufficiently flat potential, V (φi) (see, for example, [32] and references within). Inflation

ends when the slow-roll conditions are violated, and the fields φi roll quickly to the potential

minima and start oscillating. For this work, we assume that only one field φ is relevant

during the reheating process, and that its potential is analytic and can be expanded in a

Taylor series about its minimum. We further assume that only the leading quadratic term

in this Taylor series is needed.1 The time-averaged equation of state of a field oscillating in a

quadratic potential is that of a stationary massive particle, and thus the Universe undergoes

a period of matter domination while the inflaton energy density dominates [35]. During this

oscillating phase, the inflaton condensate starts to decay through its couplings to matter,

initiating reheating. If these couplings are large enough, the first stage of reheating can

proceed through a period of parametric resonance known as preheating [36, 37]. In the

preheating regime, particle production is non-perturbative and typically requires numerical

treatment (however, see [38]). As the amplitude of inflaton oscillations decreases, due to

both Hubble friction and inflaton decay, preheating ceases and particle production can be

treated perturbatively. Unless preheating is violent enough to drain an O(1) fraction of

energy out of the inflaton condensate, this final epoch of perturbative reheating typically

dominates the properties of the radiation bath produced by inflaton decays.

For this work, we thus consider perturbative reheating in a quadratic potential [39, 40].

We consider the generic case where all particle masses besides the inflaton mass are negli-

gible at the energies we consider, and therefore treat all matter species as radiation. We

further neglect inverse decays from radiation into inflaton quanta; this is a good approxi-

mation provided the number of species in the radiation bath is large, g∗ � 1. With these

approximations, the Boltzmann equations describing reheating read (see, for example, [41])

dρφ
dt

+ 3Hρφ = −Γρφ (2.1)

dρ

dt
+ 4Hρ = Γρφ, (2.2)

where the Hubble rate H is given by the Friedmann equation

H =
1√

3MPl

√
ρ+ ρφ . (2.3)

The inflaton width is denoted by Γ, and ρφ and ρ are the inflaton and radiation energy

densities, respectively. These equations are (approximately) valid from the end of inflation

at some scale factor a = aI , which we take as our initial point. The radiation sector

1We are explicitly ignoring anharmonic corrections to the inflaton potential that may be relevant during

reheating. These anharmonic terms can be important for non-perturbative effects during reheating, such

as the formation of oscillons, as recently reviewed in [33]. Conversely, the absence of a quadratic minima

generically leads to a radiation equation-of-state very quickly following inflation [34].
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is initially empty,2 ρ,I = 0, whereas the initial energy density of the inflaton is given in

terms of the mean-square value of the inflaton field just after the end of inflation, 〈φ2
I〉, as

ρφ,I = M2
φ〈φ2

I〉/2.

In figure 1, we plot the inflaton and radiation energy densities obtained by numerically

solving eqs. (2.1) and (2.2) with a constant inflaton decay width, Γ = Γ0. Initially, Γ� H

and therefore inflaton decays are inefficient. Thus the inflaton energy density during this

phase can be well approximated as diluting only through redshifting, ρφ ≈ ρφ,I(a/aI)
−3.

The evolution of the radiation sector, however, is dominated by the energy injection from

inflaton decays. Initially, the radiation energy density grows rapidly until the rate at

which energy is injected into the radiation bath by inflaton decays, governed by Γρφ,

matches the rate at which the radiation bath loses energy due to the expansion of the

universe, governed by 4Hρ. After this point, the evolution of the radiation sector follows

an attractor solution, which realizes a quasi-static equilibrium between energy injection

and dilution (see appendix A),

4Hρ =
4

4 + q
1−p

Γρφ, (2.4)

where

q(a) =
∂ ln(Γρφ/H)

∂ ln a
, and p(a) =

∂ ln(Γρφ/H)

∂ ln ρ
. (2.5)

We call the above evolution imposed on the radiation sector by inflaton decays the reheating

attractor curve. For a temperature-independent decay width, Γ = Γ0, the factors q and

p are readily determined to be constants, q = −3/2 and p = 0, yielding the relation

4Hρ = (8/5)Γ0ρφ. On this attractor solution the radiation bath evolves as [41]

ρ =

(
2

5
Γ0MPl

√
ρφ,I

)(
a

aI

)−3/2

, (2.6)

when a � aI . The attractor nature of this solution means that the evolution of the

energy density of the radiation bath during reheating is relatively insensitive to its initial

conditions. Radiation baths with energy density initially below the attractor solution rise

rapidly to meet the attractor. Meanwhile radiation densities initially above the attractor

curve redshift as ρ ∝ a−4 until they meet the attractor, as can occur in (e.g.) scenarios

where a modulus comes to dominate the post-reheating universe [28, 44, 45].

The attractor solution can also be obtained by solving the Boltzmann equations during

reheating. Well before reheating, the inflaton condensate dominates the energy budget of

the Universe; its comoving energy density is approximately constant and the Boltzmann

2This is generally a good approximation for models with tri-linear scalar couplings and Yukawa inter-

actions with fermions, as in these cases the daughter fields get a large mass during inflation, shutting off

inflaton decays. However, for a pseudo-scalar inflaton coupling to either fermions or gauge bosons, there can

be significant energy density already in the radiation sector as inflation ends (see, for example, [42, 43]).

However, as we demonstrate below, the specific initial conditions are largely irrelevant for the detailed

outcome of reheating.
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equation describing the radiation bath can be simplified to yield [41]

d

da

(
ρa4
)

=
√

3MPla
3√ρφ Γ0. (2.7)

Solving eq. (2.7) with the initial condition ρ(aI) = 0 also allows us to determine the

maximum energy density attained by the radiation sector [41],

ρmax = 0.24MPlΓ0
√
ρφ,I . (2.8)

2.2 Quantum statistics during single-sector reheating

The preceding discussion neglected the possible effects of quantum statistics during reheat-

ing. Typically, the inflaton decays at rest, producing pairs of particles at a fixed energy

Mφ/2. To quantify the possible effects of Pauli blocking or Bose enhancement of the in-

flaton decay, we need to specify the phase space distribution in the radiation sector. For

simplicity, we assume the radiation is in thermal equilibrium,

ρ =
π2g∗
30

T 4 ≡ αT 4, (2.9)

which amounts to assuming that the thermalization time scale for the radiation sector is

much faster than any other time scale in the problem. This is in some sense a conservative

assumption for the purpose of analyzing the scattering and reheating processes discussed

in this paper: a less equilibrated sector has a greater fraction of particles with energies

concentrated near Mφ/2, making both inflaton-mediated scattering and quantum statistics

more important. However, as we demonstrate below, the post-reheating properties of the

radiation baths are typically determined by the late-time behavior of the system, making

the detailed approach to thermal equilibrium within each radiation bath largely immaterial

for the final outcome of reheating. This separation of timescales generally makes prompt

thermalization a robust assumption.

For temperatures T . Mφ/4, a constant (zero-temperature) inflaton decay width is a

good approximation. At these temperatures, the phase space where particles are injected

by inflaton decays, E ∼Mφ/2, is sparsely populated due to the fast thermalization of the

injected particles, and thus the effects of Pauli blocking or Bose enhancement are negligible.

However, at higher temperatures, T & Mφ/4, the equilibrium thermal distributions have

significant support at E ∼ Mφ/2, and the inflaton decay rate can be significantly altered.

The partial decay width of a parent scalar to pairs of particles in equilibrium at finite

temperature is given by

Γ(T ) = Γ0
exp(

Mφ

2T )± 1

exp(
Mφ

2T )∓ 1
, (2.10)

where Γ0 is the zero temperature decay width, and the upper (lower) sign holds for bosons

(fermions) in the final state. At high temperatures, the decay width is enhanced (sup-

pressed) for bosons (fermions) due to Bose enhancement (Pauli blocking). We now consider

reheating to boson and fermionic radiation separately.
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Figure 1. Left panel: energy density as a function of scale factor during reheating for Γ0 =

10−14Mφ, ρφ,I = M2
PlM

2
φ, and Mφ = 2.4 × 105 GeV. Solid lines show the energy density of a

thermal radiation bath with different colors indicating different statistics: orange for Bose-Einstein

(BE), black for Maxwell-Boltzman (MB) and blue for Fermi-Dirac (FD). The energy density in

the inflaton field is shown by the purple dashed line. Right panel: same as the left panel, with

inflaton width given by Γ0 = 10−9Mφ. For these parameters the reheat temperature is larger than

the inflaton mass and hence different quantum statistics lead to different reheat temperatures.

Bosonic reheating. In the case of decays to bosons, for T � Mφ/4 the inflaton decay

width is approximately given by Γ ≈ 4TΓ0/Mφ. Using this decay width in eq. (2.4)

immediately yields a new quasi-static equilibrium solution for the radiation bath (q = −3/2

and p = 1/4), with power law evolution

T = Mφ

(
2
√

3

α

MPl

M4
φ

Γ0
√
ρφ,I

)1/3(
a

aI

)−1/2

. (2.11)

This reheating attractor curve can again be found analytically by solving the approxi-

mate Boltzmann equation describing the radiation bath during reheating, analogous to

the Maxwell-Boltzmann result. With initial condition ρ(aI) = 0, the full temperature

evolution is

T (a) = Mφ

(
2
√

3

α

MPl

M4
φ

Γ0
√
ρφ,I

[(
a

aI

)−3/2

−
(
a

aI

)−3])1/3

. (2.12)

The radiation bath attains its maximum temperature,

Tmax = 0.95Mφ

(
1

α

MPl

M4
φ

Γ0
√
ρφ,I

)1/3

, (2.13)

at a = 1.6aI . For bosons, the inflaton decay width decreases with temperature, making

energy injection into the radiation sector less efficient as the temperature decreases. This

results in the temperature dropping as T ∝ a−1/2, faster than the classical result T ∝ a−3/8

(eq. (2.6)).

Obtaining radiation temperatures high enough to realize this power law requires a

relatively large inflaton width. One might be concerned that such large couplings to matter

– 6 –
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place the inflaton in the regime where preheating dominates over perturbative reheating.

However, we demonstrate in appendix B that, for an inflaton with trilinear couplings

to scalars, there is indeed a region of parameter space where the novel Bose power law

T ∝ a−1/2 is realized during perturbative reheating.

Fermionic reheating. For an inflaton decaying to fermions at T �Mφ, the decay width

can be well approximated by Γ ≈ Γ0Mφ/(4T ), which gives q = −3/2 and p = −1/4. In

this regime, the radiation sector evolves as

T = Mφ

(
5
√

3

56α

MPl

M4
φ

Γ0
√
ρφ,I

)1/5(
a

aI

)−3/10

. (2.14)

The full solution to the Boltzmann equations with initial condition ρ(aI) = 0 is

T (a) = Mφ

(
5
√

3

56α

MPl

M4
φ

Γ0
√
ρφ,I

[(
a

aI

)−3/2

−
(
a

aI

)−5])1/5

. (2.15)

The maximum temperature attained by the radiation bath is

Tmax = 0.58Mφ

(
1

α

MPl

M4
φ

Γ0
√
ρφ,I

)1/5

, (2.16)

attained at a = 1.4aI .

In the analytic treatment of the Boltzmann equations for reheating in the fermionic

and bosonic cases above, we have taken T (aI) = 0 as our initial condition. Strictly this

is inconsistent with the high temperature expansion used for the inflaton width. A more

complete analytic treatment would use the zero-temperature inflaton width to describe the

early evolution of the radiation bath until its temperature rises to Mφ before implementing

the high temperature expansion. However, such a procedure only alters the scale factor at

which the maximum temperature is attained and not its value. Moreover, since the max-

imum temperature is attained very quickly compared to other timescales in our problem,

the error due to this simplifying assumption is negligible. Perhaps the more consequential

assumption in this region is that we have taken the radiation bath to attain internal thermal

equilibrium nearly instantaneously. In the very early periods of reheating, the thermaliza-

tion rate is likely to be smaller than the very rapid rate at which the energy density of

the radiation bath grows. The simple solutions presented here for the decay width and

the initial evolution of the energy densities are thus probably incorrect for describing these

very early regions.

Once the temperature falls below the inflaton mass scale, the temperature dependence

of the inflaton decay width in eq. (2.10) becomes unimportant as inflaton decays now pop-

ulate sparsely occupied regions of phase space. Subsequently the radiation sector evolves

as T ∝ a−3/8.

Reheating completes when the inflaton decays become efficient, Γ ∼ H, and the inflaton

energy density decreases exponentially. During this epoch the Universe transitions from

the matter-dominated era of reheating to a radiation-dominated expansion, where the

– 7 –
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temperature of the radiation sector redshifts adiabatically as T ∝ a−1. If Γ ∼ H occurs

while T & Mφ/4, then the temperature of the radiation sector directly transitions to T ∝
a−1 without going through the classical T ∝ a−3/8 regime. In this scenario, the resulting

reheat temperature depends on the quantum statistics of the inflaton decay products.

Estimating the reheat temperature by setting H = Γ(T ) and taking H to be dominated

by the radiation bath, we find for Trh �Mφ

Trh =


4
√

3√
α

MPlΓ0

Mφ
boson( √

3

4
√
α
MPlΓ0Mφ

)1/3

fermion

, (2.17)

in contrast to the classical result

Trh =

(√
3√
α
MPlΓ0

)1/2

, (2.18)

which holds for Trh �Mφ. We summarize these different power law behaviors of the radia-

tion temperature in figure 1. In the left panel we show a case where the reheat temperature

Trh is below the inflaton mass. In this case, quantum statistics are unimportant for deter-

mining Trh, as all three scenarios converge onto the attractor solution governing classical

perturbative reheating, eq. (2.4). In the right panel of figure 1 we show a case where Trh is

above the inflaton mass. As the inflaton decay width gets significant corrections from quan-

tum statistics at these high temperatures, we observe the different reheat temperatures of

eq. (2.17) expected for different quantum statistics at fixed zero-temperature decay width.

In the above scenario we have assumed that all particles coupled to the inflaton have the

same quantum statistics (bosons or fermions). If the inflaton couples to both bosons and

fermions then the energy density of the radiation sector as a whole evolves depending on the

total inflaton decay width. In this scenario, the inflaton width is dominated by the Bose-

enhanced partial widths at very high temperatures, and hence the radiation sector evolves

according to the bosonic power law (T ∝ a−1/2). If the zero-temperature partial-width into

fermions is larger than that to bosons, Γfermion
0 > Γboson

0 , then (assuming Trh < Mφ/4) there

is a temperature, T∗, for which Γboson(T∗) = Γfermion(T∗), while Γboson(T ) < Γfermion(T ) for

T < T∗. For Mφ/4 < T < T∗, the radiation bath transitions to the power law T ∝ a−3/10

(characteristic of high-temperature fermionic reheating) before ultimately transitioning to

the classical T ∝ a−3/8 for T < Mφ/4.

Despite model-dependent uncertainties associated with the initial evolution of the radi-

ation baths, the attractor nature of these perturbative reheating solutions renders the later

temperature evolution, and the resulting reheat temperatures, insensitive to variations to

the initial conditions and early evolution provided that the attractor solution is obtained.

Reaching the attractor solution requires that 1) the energy density of the oscillating inflaton

dominates the Hubble rate for some time, during which inflaton decays become a cosmo-

logically important source for the radiation bath, and 2) that the thermalization timescale

– 8 –
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is short compared to the duration of inflaton domination. As we demonstrate in the re-

mainder of this paper, similarly general results can be obtained for the more complicated

scenarios that arise in two-sector reheating as well.

3 Two-sector reheating and quantum statistics

In section 2, we demonstrated how quantum statistics alter the temperature evolution

of the radiation sector prior to reheating. In this section we explore the extent to which

these quantum statistical effects can impact the final temperature asymmetry in two-sector

reheating. To isolate the effects of quantum statistics in the inflaton decay width on the

resulting temperature asymmetries, in this section we temporarily ignore inflaton-mediated

scattering. We begin by writing down the Boltzmann equations for two-sector reheating,

and then consider the case where the inflaton couples to fields with the same statistics in

both sectors and the case where the inflaton couples to fields with different statistics in

each sector.

3.1 Two-sector reheating

We restrict ourselves to the regime of perturbative reheating and neglect inflaton-mediated

scattering. For simplicity we continue to assume that the inflaton is only coupled to one

species of particle (boson or fermion) in each sector. Ignoring any inflaton quanta, the

Boltzmann equations in this limit read

dρφ
dt

+ 3Hρφ = −(Γa + Γb)ρφ,

dρa
dt

+ 4Hρa = Γaρφ,

dρb
dt

+ 4Hρb = Γbρφ. (3.1)

Here H is the Hubble rate, which is given by the Friedmann equation

H =
1√

3MPl

√
ρa + ρb + ρφ, (3.2)

and Γa,b are the (temperature-dependent) decay rates of φ to the respective sectors. The

subscript ‘a’ denotes the sector that attains the larger temperature at the end of reheat-

ing. Generically, this corresponds to the sector with the largest zero-temperature decay

width. However, as we demonstrate below, this is not the case when the inflaton couples

to bosons in one sector and fermions in the other and the resulting reheat temperature

is large, Trh & Mφ/4. ‘Reheat temperature’ in this context refers to the temperature

of the hotter sector when the universe transitions from matter to radiation domination.

We define the transition from matter domination to radiation domination at the point

where energy density in the radiation becomes equal to the energy density in the inflaton,

ρa(arh)+ ρb(arh) = ρφ(arh).

Although no scattering terms appear in eq. (3.1), the radiation baths are still coupled

gravitationally through the Friedmann equation, eq. (3.2). Prior to reheating, when the

Hubble rate is dominated by the inflaton, the two sectors are effectively decoupled and

evolve independently of each other. During this phase, the temperature evolution in both
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radiation sectors is determined by their respective reheating attractor curves, as discussed

in section 2. The reheat temperature is eventually determined by the hotter sector, and

following reheating both sectors evolve adiabatically.

For the numerical results in the rest of the paper we adopt a common reference set of

numerical values for the inflaton mass and initial energy density as well as the number of

degrees of freedom in each radiation bath,

αa =
π2g∗,a

30
= αb =

π2g∗,b
30

= 30, Mφ = 10−13MPl = 2.4× 105 GeV, (3.3)

ρφ,I =
1

2
M2
φ〈φ2

I〉 = M2
PlM

2
φ.

We assume for simplicity that αa and αb are constant over the range of temperatures we

consider. While in what follows we have fixed the value of Mφ, our results are broadly

independent of its precise value. As we demonstrate below, our results for the final tem-

perature asymmetry depend on Mφ only through Trh and the ratio Trh/Mφ. The specific

value of Mφ is generally only important insofar as smaller values of Mφ make it easier to

obtain larger Trh/Mφ.

When solving the Boltzmann equations numerically, we start the computation im-

mediately after the end of inflation with ρφ(aI) = ρφ,I . However, instead of assuming

the radiation sectors to be initially empty, we take them to be at their maximum tempera-

tures, Ta,b(aI) = Ta,b|max (given by eqs. (2.13), (2.16), and (2.8)), to improve computational

speed. Since the maximum temperatures are obtained very quickly around a ≈ 1.5aI , the

above approximation deviates only marginally from the exact result. Moreover, the attrac-

tor nature of the reheating process ensures that such small deviations in the early evolution

of the radiation baths leave their late time evolution entirely unaffected.

3.2 Temperature asymmetries for sectors with the same quantum statistics

We first consider the case where the inflaton couples to fields with the same statistics in both

sectors. Figure 2 shows the evolution of the temperatures of the two sectors as a function

of the scale factor when the inflaton is coupled to either bosons (left panels) or fermions

(right panels) in both sectors. The temperature evolution changes as the temperatures of

the sectors drop below Mφ/4 (indicated in the figure by asterisks), and quantum statistics

become unimportant. As the two sectors reach this critical temperature Mφ/4 at different

times, the temperature ratio

x = Tb/Ta (3.4)

changes during the period where quantum statistics are important in one sector but not the

other. This is displayed in the right panels of figure 2. Note that x increases in the case of

bosons (lower left panel) while it decreases for fermions (lower right panel). This is because

Bose enhancement causes the hotter sector to redshift more quickly, T ∝ a−1/2, compared to

the classical behavior T ∝ a−3/8 at T .Mφ/4. On the other hand, fermions redshift more

slowly due to Pauli blocking, T ∝ a−3/10. After reheating, both sectors evolve adiabatically

with T ∝ 1/a, and the temperature asymmetry between the two sectors is frozen in.

– 10 –
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Figure 2. Upper panels: radiation temperature as a function of scale factor for two-sector re-

heating without scattering, when the inflaton decays to particles with the same statistics in both

sectors. The upper left panel shows results for an inflaton coupled to bosons in both sectors with

Γ0,a = 10−14Mφ (red) and Γ0,b = 10−20Mφ (blue); the upper right panel shows the same for in-

flaton decays to fermions. Other parameters are specified in eq. (3.3). Reheating is indicated by

the vertical blue line at arh. Lower panels: temperature ratio of the two sectors, x = Tb/Ta, as

a function of the scale factor. In each panel, asterisks indicate Tb = Mφ/4 (left) and Ta = Mφ/4

(right), which is approximately where quantum statistics become unimportant in each sector. The

left panel corresponds to bosons in both sectors, while the right panel corresponds to fermions in

both sectors.

We define the final post-reheating temperature ratio as

xrh =
Tb(a

′)

Ta(a′)
, (3.5)

where a′ > arh is some value of the scale factor at which both radiation sectors are evolving

adiabatically, i.e. ρ ∝ a−4. In figure 3, we display the contours of xrh as a function of the

ratio of the zero-temperature decay widths into each sector,

w = Γ0,b/Γ0,a (3.6)

for inflaton decays to bosons (left) or fermions (right) in both sectors. When Trh �Mφ and

Trh � Mφ, the final temperature ratio depends only on the ratio of the zero-temperature

decay widths. In the intermediate region, Trh ∼Mφ, the contours tilt to the right (left) for

the boson (fermion) case, since here reheating occurs when Ta &Mφ/4 but Tb .Mφ/4.
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Figure 3. Contours of the post-reheating temperature ratio in the absence of inflaton-mediated

scattering xrh, as a function of Γ0,a and w = Γ0,b/Γ0,a for the case when inflaton is coupled to

bosons in both sectors (left) and when it is coupled to fermions in both sectors (right). Other

parameters are as specified in eq. (3.3). The yellow region corresponds to near-equal temperatures,

x ≥ 0.9, whereas the blue region corresponds to a final temperature ratio x ≤ 0.1. The white

dashed lines are contours of log10(Trh/Mφ).

In the next section, we show that these results, obtained in the absence of scatter-

ing, are a good guide to the temperature asymmetries obtained in the full theory in

the regime when Trh . Mφ (see figures 8 and 9, below). Above Trh & Mφ, however,

inflaton-mediated scattering between the two sectors is significant in determining the final

temperature asymmetries.

3.3 Temperature asymmetries for sectors with differing quantum statistics

Finally, we consider the case where the inflaton is coupled to fermions in one sector and

bosons in the other. For this scenario, we label the sector with bosons ‘a’, and the sector

with fermions ‘b’.

As in the cases discussed above, prior to reheating the two radiation baths evolve inde-

pendently. When T �Mφ the different quantum statistics results in different temperature

evolution in the two sectors. As the temperature drops below the inflaton mass scale,

T .Mφ/4, the inflaton decay width becomes, to an excellent approximation, temperature-

independent, and the temperature of both sectors evolves as T ∝ a−3/8. For reheating

at temperatures T . Mφ/4, the attractor nature of the temperature evolution in both

sectors ensures that, regardless of the earlier history of both sectors, the final tempera-

ture asymmetry is set by the ratio of the zero-temperature decay widths. However, when

Trh & Mφ/4, the differing temperature evolution in the two sectors is frozen into the

resulting temperature asymmetries, as we now discuss.

In the case where the zero-temperature decay width is the same to both sectors,

Γ0b = Γ0a, if reheating occurs after quantum statistics become unimportant, the two

sectors subsequently attain the same temperature. This is evident in the left panel of

figure 1. However, for reheating at Trh > Mφ/4, the details of the quantum statistics be-

come important. This is demonstrated in the left panel of figure 4, which shows how early

reheating can freeze in a temperature asymmetry due to quantum statistics in an otherwise

symmetric reheating scenario.
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Figure 4. Left panel: temperature of the radiation baths as a function of scale factor in the case

where the inflaton decays to bosons in one sector (orange line) and fermions in the other (blue line).

The inflaton decay widths are Γ0,a = Γ0,b = 10−9Mφ; other constants are specified in eq. (3.3).

Right panel: same as left panel, but with decay widths set at Γ0,a = 10−16 and Γ0,b = 10−14Mφ.

The dots on the curves denote the point T = Mφ/4, below which the effects from quantum statistics

become negligible.

If the zero-temperature partial width to fermions is larger than that to bosons,

Γ0b ≥ Γ0a, the bosonic sector could still initially be hotter (due to the Bose-enhanced larger

initial Tmax) than the fermionic sector, and then evolve to become cooler. An example of

this behavior is illustrated in the right panel of figure 4. In this case, the identity of the

‘hotter’ sector depends on the temperature at which reheating happens. In particular, for

Trh & Mφ/4, the fermionic sector can have a smaller temperature than the bosonic sector

even when the inflaton has a larger zero-temperature partial width into fermions.

In figure 5, we plot the post-reheating temperature ratio, xrh = min(Tb/Ta, Ta/Tb),

as a function of Γa and w = Γb/Γa. When reheating happens below the scale of the

inflaton mass, Trh � Mφ, the final temperature asymmetry is insensitive to the effects of

quantum statistics and the final contours depend only on the ratio of the widths, w. For

Trh & Mφ/4, on the other hand, xrh depends on both Γa and w due to the asymmetric

effects from quantum statistics. In the blue region on the left, bosons are the hotter sector,

while in the blue region on the right, fermions are the hotter sector. The transition between

these situations occurs in the yellow region. As in the cases above with identical statistics,

these no-scattering results provide an accurate guide to the final temperature asymmetries

for Trh .Mφ (see figure 12, below).

Unless there are additional non-adiabatic processes at late times, the final temperature

asymmetry between the sectors is determined by their temperatures at reheating. Since

the radiation temperatures are governed by the reheating attractor curve 4Hρ ∝ Γρφ, the

temperature asymmetry depends only on the ratio of decay widths at reheating. Hence,

if reheating happens at temperatures Trh . Mφ/4 the final temperature asymmetry is

determined by the ratio of the zero-temperature decay widths, x = (αaΓ0,b/αbΓ0,a)
1/4.

However, larger reheat temperatures probe the quantum statistics of the inflaton decay

products, which can leave imprints in enhanced or suppressed temperature asymmetries.
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Figure 5. Contours of final temperature ratio, xrh, for the case when inflaton is coupled to bosons

in one sector (sector a) and fermion in the other (sector b). The parameters are as specified in

eq. (3.3). White dashed lines show contours of log10(Trh/Mφ).

4 Two-sector reheating with inflaton-mediated interactions

We now incorporate inflaton-mediated scattering between the two sectors and study its

effect on the temperature evolution in both sectors and the final temperature asymmetry.

As we demonstrate in this section, inflaton-mediated energy transfer between sectors also

yields an attractor solution for the temperature of the colder radiation bath, which allows

us to make analytic predictions for the final temperature asymmetries in the regime where

inflaton-mediated scattering is important.

We begin by establishing our notation. Introducing the scattering terms in the Boltz-

mann equations, we have [23]

dρφ
dt

+ 3Hρφ = −(Γa + Γb)ρφ (4.1)

dρa
dt

+ 4Hρa = Γaρφ − CE (4.2)

dρb
dt

+ 4Hρb = Γbρφ + CE , (4.3)

where CE is the collision term describing the energy transfer from the hotter radiation sector

to the colder radiation sector via two-to-two scattering processes of the form 1+2 → 3+4,

CE =

∫
d3p1

2E1(2π)3

d3p2

2E2(2π)3

d3p3

2E3(2π)3

d3p4

2E4(2π)3
(2π)4δ4(p1 + p2 − p3 − p4)|M|2S(E1 + E2)

× [f1(p1)f2(p2)(1± f3(p3))(1± f4(p4))− f3(p3)f4(p4)(1± f1(p1))(1± f2(p2))]

≡ CfE − C
b
E . (4.4)

Here CfE and CbE are the collision terms for forward and backward reactions respectively,

|M|2 is the spin-summed scattering amplitude as determined by the particular inflaton-
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radiation interaction, and S is a symmetry factor accounting for possible identical particles

in the initial and/or final state. We retain the full dependence on quantum statistics

to accurately describe the energy transfer between two relativistic radiation baths [23],

which makes the evaluation of the collision term more challenging. In appendix C, we

analytically evaluate eq. (4.4) for s-channel processes between two relativistic species at

different temperatures for the specific interactions we analyze below. In appendix D, we

describe a novel procedure to reduce the integral in eq. (4.4) for a t-channel scattering

amplitude and verify explicitly that the energy transfer rate through t-channel processes

is always orders of magnitude smaller than the energy transfer via s-channel processes.

We next demonstrate that the inflaton-mediated energy transfer yields a cosmological

attractor solution for the colder radiation bath, using the model where the inflaton has tri-

linear couplings to scalar fields in both sectors as an illustrative example. We then analyze

in detail how the interplay between this scattering attractor solution and the reheating

attractor curve of the previous section determines the final temperature asymmetry. We

then extend this analysis to other forms of the inflaton couplings to matter. In particular,

we consider theories where the inflaton has: Yukawa couplings to fermions in both sectors;

axion-like couplings to gauge bosons in both sectors; and a mixed scenario with a trilinear

coupling to scalars in one sector and Yukawa coupling to fermions in the other.

The numerical analysis in the following sections uses the same parameter values spec-

ified in eq. (3.3). For the collision term, CE , we use the analytic approximations derived in

appendix C. For simplicity we continue to assume that the inflaton only couples to a single

species in each sector.

4.1 Scalar trilinear couplings

We begin by considering a theory where the inflaton is coupled to scalar fields in both

sectors, χa and χb, via trilinear couplings

Lint =
1

2
µaφχ

2
a +

1

2
µbφχ

2
b . (4.5)

This interaction results in zero-temperature decay widths given by

Γ0a,b =
1

32π

µ2
a,b

Mφ

√√√√1−
4m2

a,b

M2
φ

≈
µ2
a,b

32πMφ
, (4.6)

where ma,b denotes the mass of the fields χa,b, which we have assumed to be much smaller

than the inflaton mass, ma,b � Mφ. Our convention is that sector a is the hotter sector,

and accordingly we take µa ≥ µb in what follows.

4.1.1 The collision term

The s-channel amplitude for χaχa ↔ χbχb scattering mediated by inflaton exchange is

given by

|M(s)|2 =
µ2
aµ

2
b

(s−M2
φ)2 + (Γ0a + Γ0b)2

. (4.7)

In appendix C.1, we compute the collision term, CE , following from this amplitude.
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The collision term in general is a function of both Ta and Tb. However, for large

asymmetries Tb � Ta, the forward energy transfer term governing energy injection into

the colder sector dwarfs the backward energy transfer term. Moreover, in this regime we

can also ignore the final state Bose enhancement of CfE : while χb particles produced in the

forward reaction typically have energies of order ∼ Ta, for Tb � Ta those energy levels are

mostly unpopulated. In this simplified regime, the collision term thus depends only on Ta as

CE =
1

16π3
×



µ2
aµ

2
b

µ2
a + µ2

b

T 3
a

[
1.6 log

(
Ta
Mφ

)
+ 1.3

]
Ta &Mφ

µ2
aµ

2
b

µ2
a + µ2

b

M2
φ

Ta
4
K2

(
Mφ

Ta

)
Ta .Mφ

7.9

32π2

µ2
aµ

2
b

M4
φ

T 5
a ma,b � Ta �Mφ,

(4.8)

as derived in appendix C.1; see figure 14. For Ta & Mφ, the collision term is substan-

tially enhanced by the resonant exchange of inflaton particles. The divergence in the

Bose-Einstein distributions at E → 0 combined with the resonant peak in the scattering

amplitude results in a logarithmic dependence on Ta/Mφ for Ta �Mφ. As Ta drops below

the inflaton mass, the scattering goes off resonance and CE drops rapidly. Because the scat-

tering is dominated by the energetic tail of the phase space distribution, this fall-off of the

energy transfer rate can be accurately described assuming Maxwell-Boltzmann statistics,

thus yielding a Bessel function K2(Mφ/Ta) ∼ (Mφ/Ta)
3/2 exp(−Mφ/Ta). Note that, in the

resonant regime, the energy transfer rate depends more strongly on the smaller coupling µb
than the larger coupling µa, and in particular, when µb � µa, the rate is almost indepen-

dent of µa. Below the resonance, the energy transfer rate drops rapidly until it reaches the

low-temperature regime Ta �Mφ. In this regime, the inflaton can be integrated out of the

theory, leaving a constant scattering amplitude, |M(s)|2 ≈ µ2
aµ

2
b/M

4
φ. Thus we obtain the

CE ∝ T 5
a behavior in the last line of eq. (4.8). Finally, at temperatures low enough that one

or both of the scattering species becomes non-relativistic, the energy transfer rate becomes

Boltzmann-suppressed; we do not include this effect, as we find that generically the behavior

of CE below Ta < Mφ/4 is inconsequential to determining the final temperature asymmetry.

Finally, we stress that the expression for CE given in eq. (4.8) is a limiting version

that neglects its dependence on Tb. Dependence on Tb can enter in two ways: first, via the

backward energy transfer term, and second, from Bose enhancement of CfE . The backward

energy transfer term becomes important when Tb & 0.9Ta, and as the two sectors approach

equilibration the net energy transfer rate rapidly drops. The Bose enhancement of the

forward energy transfer term is more involved to model. This Bose enhancement largely

serves to increase CfE in the high and low temperature regimes in eq. (4.8) with increasing

Tb. The middle regime in eq. (4.8), however, is insensitive to the possible Bose enhancement

terms, as that regime is effectively described by Maxwell-Boltzmann statistics. As we show

below, this last property enables us to obtain analytic predictions of the final temperature

asymmetry without needing to keep track of the full behavior of the Bose enhancements.
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Figure 6. Left panel: example temperature evolution of radiation sectors during and after reheat-

ing via scalar trilinear couplings. The solid (dashed) lines denote the temperatures obtained from

numerically solving the Boltzmann equations including (neglecting) the inflaton-mediated scatter-

ings between the sectors. Reheating is denoted by the vertical blue line at arh. The figure has been

plotted for µa = 10−3Mφ, µb = 10−5.5Mφ, ma,b = 10−3Mφ with other parameters as specified in

eq. (3.3). Right panel: comparison of the collision term to the redshifting of both sectors as well as

inflaton decays for the same parameters as that in left panel. The black dot on the curve for the

collision term indicates Ta = Mφ/4, which approximately indicates the temperature below which

the s-channel energy transfer rate becomes exponentially suppressed.

4.1.2 The scattering attractor solution

Now we discuss the impact of the collision term on the temperature evolution of both

sectors, and derive the corresponding scattering attractor curve for the temperature of the

colder sector. We begin by considering scenarios where Trh � Mφ, where, as we demon-

strate, scattering becomes important post-reheating. One such parameter point is shown in

figure 6, which plots numerical solutions for the radiation temperatures obtained using the

collision term as given in eq. (C.26). To highlight the importance of scattering, we also show

the temperature evolution when the scattering has been turned off. In the right panel, we

show the evolution of the collision term, CE , in comparison to the combinations 4Hρa,b and

Γa,bρφ. We mark the point Ta = Mφ/4 around which CE begins to exhibit substantial Boltz-

mann suppression. As the scattering process affects the temperature evolution substantially

post-reheating in this example, we can cleanly separate the effects of scattering from the

contributions of reheating; in this discussion, reheating itself is only important insofar as

it provides initial conditions for the subsequent post-reheating evolution of Ta and Tb.

As figure 6 shows, Tb begins to deviate from the no-scattering solution as soon as the

fractional energy transfer rate into the colder sector becomes comparable to the Hubble

rate, ΓE,b = CE/ρb ∼ H. When this happens we say that inflaton-mediated scattering be-

comes effective. In contrast, when the fractional energy transfer rate out of the hotter sector

becomes comparable to the Hubble rate, ΓE,a = CE/ρa ∼ H, inflaton-mediated scattering

becomes efficient and the two sectors attain thermal equilibrium. In the scenario shown in

figure 6, inflaton-mediated scattering becomes effective but never efficient. The solution to

the Boltzmann equation for Tb when scattering becomes effective is approximated by the
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Figure 7. Left panel: evolution of post-reheating temperature ratios for several different initial

conditions. The solid blue line shows the evolution x = Tb/Ta from figure 6. The dot-dashed lines

(x1, x2 and x3) indicate the temperature ratio evolution after artificially varying the initial condition

for Tb (x1,i = 0, x2,i = 0.1 and x3,i = 0.5). The horizontal black dashed line corresponds to the

analytic estimation of the final temperature ratio derived in eq. (4.15). Right panel: the collision

terms (normalized by M4
φHa

−4) experienced by the colder sectors plotted on the left panel. The

solid light blue line represents the evolution of the collision term when the Tb-dependence of CE is

neglected. The vertical black line in both panels indicates the scale where Ta = Mφ/4.

quasi-static attractor solution (see appendix A)

ρb(Tb) =
1

4 + q
1−p

CE(Ta, Tb)

H(Ta)
, (4.9)

where

p(a) =
∂ ln(CE/H)

∂ ln ρb
, and q(a) =

∂ ln(CE/H)

∂ ln a
. (4.10)

We call this evolution of ρb the scattering attractor curve. In evaluating q(a), the scale

factor dependence in CE/H comes through Ta, which in the present scenario is evolving

adiabatically. For a given value of Ta, there is a single corresponding value of Tb that

satisfies eq. (4.9). In general, solving eq. (4.9) for Tb is non-trivial given the dependence of

CE on Tb through Bose enhancement. The attractor curve exists as long as 4+q/(1−p) > 0,

which translates to the condition that CE falls off more slowly with scale factor than Ha−4.

At temperatures below T ∼ Mφ/4 the collision term falls off exponentially (eq. (4.8)),

marking the end of the attractor evolution. Beyond that point, ρb evolves adiabatically as

seen in figure 6. Thus the scattering attractor curve yields a final temperature asymmetry

simply given by the asymmetry at Ta ≈Mφ/4.

To further highlight the attractor nature of the collision term, figure 7 shows the

post-reheating evolution of the temperature ratio, x = (αaρb/(αbρa))
1/4, for the parameter

point of figure 6, but now considering a range of (post-reheating) initial conditions for ρb
(or equivalently x). In the left panel, the solid blue line tracks the evolution of Tb/Ta
following from figure 6, where the initial conditions are determined self-consistently from

inflaton decays, xi = xrh = 0.02. The purple dot-dashed line shows the evolution when
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the initial temperature ratio is instead zero, x1,i = 0; again, initial densities below the

attractor solution rise rapidly to attain the attractor. The yellow dot-dashed line shows

the evolution with an initial temperature ratio x2,i = 0.1 > xrh; this solution still attains

the scattering attractor curve, eq. (4.9). The green dot-dashed line denotes evolution

with an initial temperature ratio, x3,i = 0.5, much above the final temperature ratio

determined by the scattering attractor solution. In this case Tb remains mostly unaffected

by inflaton-mediated interactions. Thus we see that the inflaton-mediated interactions

impose a minimum value for the final temperature ratio: any initial temperature ratio below

this minimum value is increased to that value by the scattering attractor solution while

initial temperature ratios above this minimum remain largely unaffected. This minimum

final temperature ratio is simply determined by the behavior of CE near Ta ∼Mφ/4, as we

elaborate below.

The right panel of figure 7 shows the ratio CE(Ta, x)/(Ha−4) for all scenarios. The

different behavior of the curves at early times shows the differing importance of Bose

enhancement on the final state in the different scenarios. All curves converge onto a single

common solution for Ta ∼ Mφ, when scattering is well described by Maxwell-Boltzmann

statistics. As Hρa evolves with scale factor as Ha−4, the value of a where CE/Ha−4 is

maximized3 coincides with the value of a where the scattering attractor solution for ρb ends.

To accurately determine the final temperature asymmetry predicted by the scattering

attractor-curve, we need to integrate the Boltzmann equations around the region where

Ta . Mφ. Assuming no Tb dependence in CE or H, the Boltzmann equation for ρb can be

directly integrated,

ρba
4 − (ρba

4)a=a1 =

∫ a

a1

a′3CE(Ta)

H
da′ = a4

1

∫ a/a1

1

z5
√

3MPlCE(Mφ/z)

α
1/2
a M2

φ

dz, (4.11)

where we have defined a1 as the scale factor at which Ta(a1) = Mφ, and z = a′/a1. We

evaluate CE by taking the limit x→ 0 around Ta ∼Mφ in eq. (C.26) to obtain

ρba
4 − (ρba

4)a=a1 = a4
1

(
2

π2
M2
φ

Γ0,aΓ0,b

Γ0,a + Γ0,b

√
3MPl

α
1/2
a

)

×
∫ a/a1

1
max

{
z2
(

1.3− 1.6 log(z)
)
,

1

4
z4K2(z)

}
dz

a/a1large−−−−−−→ 6.3a4
1

(
2

π2
M2
φ

Γ0,aΓ0,b

Γ0,a + Γ0,b

√
3MPl

α
1/2
a

)
. (4.12)

We determine the initial energy density of the colder sector, (ρba
4)a=a1 , by assuming that

the colder sector is already on the scattering attractor curve defined by evaluating eq. (4.9)

using CE = CE(Ta, 0). However, the Maxwell-Boltzmann behavior of the collision term in

this temperature range helps to ensure that the final result is insensitive to the specific

3The visible hiccup near the peak in CE(Ta, 0) is a feature of the imperfect fitting used in our analytic

approximation of CE , eq. (C.26).
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choice of x = 0. We find

ρb(a1) = 0.71

(
2

π2
M2
φ

Γ0,aΓ0,b

Γ0,a + Γ0,b

√
3MPl

α
1/2
a

)
. (4.13)

The final energy density of the colder sector is then given by

ρb(a) = 7.0
(a1

a

)4
(

2

π2
M2
φ

Γ0,aΓ0,b

Γ0,a + Γ0,b

√
3MPl

α
1/2
a

)
. (4.14)

The final temperature ratio between the two sectors predicted by inflaton-mediated scat-

tering is then

xsc ≡
(
αaρb
αbρa

)1/4

a>a1

= 1.25

(
1

M2
φ

Γ0,aΓ0,b

Γ0,a + Γ0,b

MPl√
αaαb

)1/4

, (4.15)

where we have used ρa(a) = αaM
4
φ(a1/a)4. This is the value that the temperature ra-

tios x, x1 and x2 asymptote to as shown by the horizontal black dashed line in figure 7.

Eq. (4.15) holds as long as xsc . 0.9. Once the temperature ratio approaches unity,

backward energy transfer and the contribution of ρb to the Hubble parameter become im-

portant, and the attractor solution no longer captures the full behavior of the system.

In these cases, where the two sectors approach thermalization, a more detailed numerical

study is required.

Finally, it is worth emphasizing that the scattering attractor curve discussed here

is dominated by the resonant behavior of the energy transfer rate, and depends on the

properties of the radiation baths at Ta ∼ Mφ. In the trilinear scalar model, a second

attractor phase appears at temperatures well below the resonance (Ta � Mφ). This is

evident from the late-time increase in CE/(Ha−4) in the right panel of figure 7, after the

resonant enhancement ends. This possibility of IR thermalization is a special feature of

the trilinear scalar model, where integrating out the inflaton introduces a renormalizeable

quartic interaction between the two sectors. In all other cases CE falls off much faster at

lower temperatures due to the higher (≥ 4) mass dimensions of the operators that couple

the inflaton to the radiation baths. Once Ta,b ∼ ma,b, CE becomes exponentially suppressed

and scattering is cut off. Thus, thermalization in the IR depends on the mass scales in

the matter sectors coupled to the inflaton, as well as the inflaton mass and Trh. Late-time

equilibration through scalar portal interactions is studied in detail in [23, 46, 47] and we

do not discuss it further here.

4.1.3 Final temperature ratios

Both reheating and scattering, considered independently, produce attractor solutions. In

most of parameter space, one attractor solution dominates over the other and thus is

primarily responsible for determining the final temperature asymmetry. As demonstrated

above in section 4.1.2, when Trh > Mφ, a good semi-analytic approximation to the final

temperature asymmetry is therefore

xf = max[xrh, xsc, 1]. (4.16)
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Figure 8. Left panel : contours of the final temperature ratio obtained numerically, xf,n = Tb/Ta,

shown in color, for the case when the inflaton is coupled to scalars in both sectors. The white dashed

lines show contours of log10(Trh/Mφ). Right panel : contours of relative fractional discrepancy,

|xf,a − xf,n|/xf,n, where xf,a is the analytic estimate of eq. (4.16) with eq. (4.15), in percent. The

white dashed contours depict xf,n and the red dashed line marks the region where Trh = Mφ.

Both xrh and xsc can be straightforwardly computed from the Lagrangian parameters

without any need to solve the full Boltzmann equations.

In the case Trh �Mφ/4, the reheating attractor solution dominates, as we now show.

As CE redshifts more slowly than Γbρφ during reheating, it suffices to show that CE/Γbρφ <
1 at Ta ≈Mφ/4 when CE is maximized. Using eq. (2.4) for ρφ at Ta = Mφ/4 and eq. (C.23)

for CE(Ta = Mφ/4) (at x = 0) we find

(
CE

Γ0bρφ

)
Ta=Mφ/4

≈
(

25π2αa
3× 215K2(4)

)1/4
Trh

Mφ
≈
(αa

10

)1/4 Trh

Mφ
. (4.17)

This ratio is small by assumption for SM-scale values of αa. Hence for low reheat tem-

peratures inflaton-mediated scattering is unimportant during reheating. After reheat-

ing, scattering cannot thermalize the two sectors as the resonant enhancement has al-

ready ended. Thus, for Trh � Mφ the final temperature asymmetry is simply given by

xrh = (αaΓ0b/αbΓ0a)
1/4. Although xsc, as defined in eq. (4.15) as the temperature ratio

obtained by the post-reheating scattering attractor curve, does not strictly pertain in this

case, one can check that its value is always less than xrh when Trh � Mφ/4. Thereby we

can extend eq. (4.16) to hold for Trh �Mφ/4 as well.

We are now ready to consider the full numerical solution to the Boltzmann equations,

eq. (4.1). The resulting numerical temperature asymmetry, xf,n, is shown in the left panel

of figure 8 as a function of the ratio of the zero-temperature widths w = Γ0,b/Γ0,a.

As expected, for low reheat temperatures the reheating attractor curve dominates the

evolution. The contours below Trh . Mφ show the same behavior as in the absence of

inflaton-mediated scattering; compare the left panel of figure 3. Inflaton-mediated scat-

tering becomes important roughly for Trh & Mφ, and dominates for Trh & 10Mφ. In this

high-temperature regime the contours are almost diagonal, reflecting the fact that xsc is

dominantly governed by the smaller decay width Γ0,b. In the right panel of figure 8 we
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compare our analytic estimate of eq. (4.16)4 with the result obtained from numerically

solving the Boltzmann equations. The analytic estimate agrees with the numerical results

within 20%. The discrepancies are greatest exactly where the scattering and reheating

attractor curves are no longer individually sufficient to capture the full behavior of the

system: when both scattering and inflaton decays are important for determining the fi-

nal asymmetry, around Trh ∼ fewMφ, and when the sectors are approaching (but not

obtaining) thermalization, xf ∼ 0.7− 0.8.

Finally, let us note the important point that our numerical results for xf,n are them-

selves based on analytic approximations to the collision term. Our analytic fits to the

collision term deviate from the exact numerical values by almost 50% near T ∼ Mφ (see

figure 14). As the final temperature ratio is predominantly determined by the behavior

of the collision term near T ∼ Mφ, this error is unfortunately not negligible for our final

results. However, this error is made less numerically consequential once we take the fourth

root to find the temperature (eq. (4.15)), inducing uncertainties of up to ∼ 15% in the

numerical temperature ratio plots at high Trh, figure 8.

4.2 Final temperature asymmetry for other theories

The two key properties of CE — the exponential suppression at Ta . Mφ/4 and the

weak dependence on Tb in this range — that allowed us to analytically determine the

final temperature asymmetry for the scalar trilinear case are generic features of resonant

s-channel interactions. Much of our analysis in the previous section can thus be applied

directly to other interaction structures. As we demonstrate, in models where the inflaton

has renormalizeable couplings to matter, scattering is only important for determining the

final temperature asymmetry when the endpoint of the scattering attractor curve occurs

post-reheating. However, scattering during reheating can also be important when the

inflaton is a pseudoscalar with dimension-five couplings to gauge fields in both sectors.

4.2.1 Yukawa couplings

We begin with a model where the inflaton has Yukawa couplings to fermions in both sectors,

Lint = yaφψ̄aψa + ybφψ̄bψb. (4.18)

This interaction results in zero-temperature inflaton decay widths given by

Γ0a,b =
y2
a,b

8π
Mφ

√√√√1−
4m2

a,b

M2
φ

≈
y2
a,b

8π
Mφ, (4.19)

where ma,b � Mφ denotes the mass of fields ψa,b. The s-channel spin-summed scattering

amplitude between the two species is

|M(s)|2 = 4y2
ay

2
b

(
1− 4m2

a

s

)(
1−

4m2
b

s

)
s2

(s−M2
φ)2 + (Γ0a + Γ0b)2

. (4.20)

4The temperature ratio xrh resulting from the reheating attractor curve used in eq. (4.16) is evaluated

by solving eq. (3.1) numerically.
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The total energy transfer collision term, CE , following from this amplitude is discussed in

appendix C.2 and shown in figure 15. Unlike the scalar case discussed in section 4.1, the

collision term is almost insensitive to the temperature of the colder sector unless the two

temperatures are very close and CbE becomes important. In the limit that the temperature

ratio between the two sectors is very small, x� 1, CE is approximately given by

CE =
1

4π3
×



3.0

2π2
y2
ay

2
bT

5
a Ta �Mφ

0.29
y2
ay

2
b

y2
a + y2

b

M2
φT

3
a Ta &Mφ

y2
ay

2
b

y2
a + y2

b

M4
φ

Ta
4
K2

(
Mφ

Ta

)
Ta .Mφ

1.4× 103

2π2
y2
ay

2
b

T 9
a

M4
φ

ma,b � Ta �Mφ.

(4.21)

At temperatures much larger than the inflaton mass, the inflaton mass can be neglected and

the scattering amplitude is approximately constant, |M(s)|2 ≈ y2
ay

2
b , yielding the CE ∝ T 5

behavior required from dimensional analysis. At temperatures closer to the inflaton mass,

the energy transfer rate is resonantly enhanced, yielding CE ∝ T 3 behavior. As the tem-

perature drops below the inflaton mass, the energy transfer rate is dominated by resonant

scattering in the Boltzmann-suppressed tails. Analogously to the scalar case, CE can be

well modeled in this region using Maxwell-Boltzmann statistics. In the low temperature

regime the scattering amplitude can be approximated as |M(s)|2 ≈ y2
ay

2
bs

2/M4
φ, yielding

the steep CE ∝ T 9 behavior. Note that, like the scalar trilinear case, the energy transfer

rate depends most strongly on the smaller coupling in the resonant regime.

We can again obtain an analytic expression for the final temperature asymmetry due to

inflaton-mediated scattering, as we did for scalars in section 4.1.2. Using CE from eq. (C.37)

and taking x→ 0, we obtain

xsc = 1.19

(
1

M2
φ

Γ0,aΓ0,b

Γ0,a + Γ0,b

MPl

αb
√
αa

)1/4

. (4.22)

The final temperature asymmetry can then be estimated using eq. (4.16), i.e., by comparing

the lower bounds from the scattering and reheating attractor solutions. In figure 9 we show

numerical final temperature ratios in the left panel and in the right panel compare our

analytic estimate to the numerical results. We again observe a transitional region around

Trh ∼ few ×Mφ where both reheating and scattering are important for determining the

final value of xf . Note that the analytic estimate from the scattering attractor curve has

better agreement with the numerical results in the region near thermalization, xf → 1,

than we saw for the scalar case; this is because the Fermi blocking of CfE that occurs here

is nowhere near as large an effect as the Bose enhancement we discussed in the previous

subsection.
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Figure 9. Left panel : contours of the final temperature ratio obtained numerically, xf,n = Tb/Ta,

shown in color, for an inflaton with Yukawa couplings to fermions in both sectors. The white dashed

lines show contours of log10(Trh/Mφ). Right panel : contours of relative fractional discrepancy,

|xf,a − xf,n|/xf,n, where xf,a is the analytic estimate of eq. (4.16) with eq. (4.22), in percent. The

white dashed contours depict xf,n and the red dashed line marks Trh = Mφ.

4.2.2 Axionic couplings to gauge bosons

We next consider a theory where a pseudo-scalar inflaton couples to gauge bosons in both

sectors,

Lint = − 1

4Λa
φFµνa F̃a,µν −

1

4Λb
φFµνb F̃b,µν . (4.23)

This interaction results in zero-temperature decay widths given by

Γ0a,b =
1

256π

M3
φ

Λ2
a,b

√√√√1−
4m2

a,b

M2
φ

≈
M3
φ

256πΛ2
a,b

, (4.24)

where ma,b �Mφ denotes the mass of the gauge fields, Aνa,b. The s-channel spin-summed

amplitude for AaAa ↔ AbAb scattering mediated by inflaton exchange is

|M(s)|2 =
4

128Λ2
aΛ

2
b

(
1− 4m2

a

M2
φ

)(
1−

4m2
b

M2
φ

)
s4

(s−M2
φ)2 + (Γ0a + Γ0b)2

. (4.25)

In appendix C, we derive the total energy transfer rate, CE for this amplitude; see figure 16.

When the temperature ratio between the two sectors is very small, x� 1, the temperature

dependence of CE is approximately given by

CE =
1

64π3
×



14.0

2π2

1

Λ2
aΛ

2
b

T 9
a Λa > Ta �Mφ

M4
φ

Λ2
a + Λ2

b

T 3
a

[
1.6 log

(
Ta
Mφ

)
+ 1.3

]
Ta &Mφ

M6
φ

Λ2
a + Λ2

b

Ta
4
K2

(
Mφ

Ta

)
Ta .Mφ

7.1× 104

2π2

1

Λ2
aΛ

2
b

T 13
a

M4
φ

ma,b � Ta �Mφ.

(4.26)
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The steep rise in the collision term (CE ∝ T 9
a ) at high temperatures is a consequence of

the high mass-dimension of the operators mediating the interaction. This behavior will be

modified when Ta & Λa and the effective field theory breaks down.

Repeating the calculation from section 4.1.2, using CE from eq. (C.47) with x → 0,

we obtain the asymptotic temperature asymmetry resulting from the scattering attractor

curve,

xsc = 1.49

(
1

M2
φ

Γ0,aΓ0,b

Γ0,a + Γ0,b

MPl

αb
√
αa

)1/4

. (4.27)

The final temperature asymmetry can then be estimated using eq. (4.16). In the left

panel of figure 10 we show the final temperature ratio determined by numerically solving

the Boltzmann equations. In this section, we take ρφ,I = 10−10M2
φM

2
Pl in order to keep

Tmax < Λa in all of our parameter space, thus ensuring that the effective field theory is

valid throughout the entire evolution of the system. Due to the attractor nature of the

Boltzmann equations describing reheating, larger values of ρφ,I do not change the final

value of x that one would compute for a given set of Lagrangian parameters. However,

changing ρφ,I does alter the maximum temperature attained (see eq. (2.13)), and therefore

if we require Tmax < Λa,Λb then we are restricted to parameters that satisfy

Γ0a

Mφ
<

(
α2
aM

6
φ

(256π)3M2
Plρφ,I

)1/5

. (4.28)

In the left panel of figure 10 the red dot-dashed lines indicate where Tmax = Λa for different

values of ρφ,I . Above those lines Tmax > Λa, and thus the early evolution of the system

probes the theory above the cutoff. In the right panel of figure 10 we compare our analytic

estimate to the numerical result.

In the top left corner of the right panel of figure 10, large discrepancies between the

analytic estimate and the numerical computation are becoming evident. In the same region

in the left panel, the contours of fixed temperature asymmetry are beginning to extend more

deeply into the region of small w than the previous examples. Both these features are the

consequence of early (i.e. pre-reheating) thermalization, enabled by the UV-dominated

energy transfer process (CE,UV ∝ T 9
a ) whose effects are not incorporated into the analytic

estimate in eq. (4.16). At sufficiently high temperatures, Ta, CE,UV dominates over the

energy dumped from the inflaton. This UV behavior can be seen in figure 11, which shows

the various contributions to the evolution of the energy density in eq. (4.1) as a function

of scale factor. Because CE,UV redshifts faster than Γ0a,bρφ, the energy injection due to

inflaton decays can exceed CE,UV before reheating terminates, CE,UV (Trh) < Γ0,b(Trh)ρφ.

When this occurs, (see, e.g. the left plot in figure 11), the temperature ratio at the end of

reheating is the same as the one obtained due to the reheating attractor. Thus, asymmetric

reheating overwhelms the collision term. However, when CE,UV (Trh) > Γ0,b(Trh)ρφ, the

temperature ratio at the end of reheating, xrh, is larger than the case without scattering,

i.e. the result obtained from the reheating attractor. This deviation would not be reflected

in the final temperature asymmetry if xsc is larger than this modified x
rh

(center plot in
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Figure 10. Left panel : contours of the final temperature ratio obtained numerically, xf,n = Tb/Ta,

shown in color, for an inflaton with axionic couplings to gauge bosons in both sectors. The white

dashed contours show log10(Trh/Mφ). The red dot-dashed lines mark the region where Ta,max = Λa
for initial inflaton densities ρφ,I = 10−8M2

PlM
2
φ, 10−4M2

PlM
2
φ and 100M2

PlM
2
φ. Right panel : contours

of relative fractional discrepancy, |xf,a−xf,n|/xf,n, where xf,a is the analytic estimate of eq. (4.16)

with eq. (4.27), in percent. The white dashed contours depict xf,n and the red dashed line indicates

where Trh = Mφ.
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Figure 11. Comparison of the collision term with the inflaton decay terms into the two sectors.

The plots are for parameters {Γ0a = 10−11, w = 10−8} (left), {Γ0a = 10−10.5, w = 10−8} (center)

and {Γ0a = 10−10, w = 10−4} (right). The vertical blue line denotes the point where reheating

occurs. In these plots 4Hρa,b serve as proxies for the temperatures of the two sectors. Since we

have taken αa = αb, the temperature ratio is simply x = (4Hρb/4Hρa)1/4.

figure 11). It is only when the modified xrh due to CE,UV (Trh) is larger than xsc (right

plot in figure 11), that the effects from CE,UV impact the final temperature ratio as we see

in the top left corner of figure 10. It is worth recalling that thermal effects beyond the

scope of this paper, in particular Landau damping and thermal blocking, can be important

for determining the duration and dynamics of reheating in the high-Trh regime where the

effects from CE,UV show up.
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4.2.3 Mixed Yukawa and trilinear couplings

Finally, we consider a theory in which inflaton has trilinear couplings to scalars in sector

a and Yukawa couplings to fermions in sector b,

Lint =
1

2
µaφχaχa + ybφψ̄bψb. (4.29)

This interaction results in zero-temperature partial widths given by

Γ0,a ≈
µ2
a

32πMφ
, and Γ0,b ≈

y2
b

8π
Mφ. (4.30)

The spin-summed s-channel scattering amplitude between the two sectors is

|M(s)|2 = 2µ2
ay

2
b

(
1−

4m2
b

s

)
s

(s−M2
φ)2 + (Γ0a + Γ0b)2

. (4.31)

Using this scattering amplitude we derive the total energy transfer rate, CE , given in

eq. (C.59); see figure 17. The collision term is almost insensitive to Tb except when Tb ≈
Ta. However, since the two sectors have different quantum statistics, the behavior of

the collision term changes depending on which sector is hotter. When there is a large

temperature asymmetry between the two sectors (Ta � Tb or Tb � Ta), analogous to the

cases considered above, the temperature dependence of CE is approximately

CE =
1

16π3
×



4µ2
ay

2
b

(µa/Mφ)2 + 4y2
b

T 3
a

[
1.6 log

(
Ta
Mφ

)
+ 1.1

]
Ta > Mφ, Tb � Ta

−0.30
4µ2

ay
2
b

(µa/Mφ)2 + 4y2
b

T 3
b Tb > Mφ, Tb � Ta

±
4µ2

ay
2
b

(µa/Mφ)2 + 4y2
b

M2
φ

Ta,b
4
K2

(
Mφ

Ta,b

)
Ta,b .Mφ, Tb,a � Ta,b

31

4π2
µ2
ay

2
b

T 7
a

M4
φ

ma,b � Ta �Mφ, Tb � Ta

− 21

4π2
µ2
ay

2
b

T 7
b

M4
φ

ma,b � Tb �Mφ, Ta � Tb,

(4.32)

where the minus signs appear when Tb > Ta, as consistent with our definition of the energy

transfer term in eq. (4.1).

Determining the final temperature asymmetry due to inflaton-mediated scattering as

in section 4.1.2, making use of CE from eq. (C.59) with x→ 0, we find

xsc =

(
1

M2
φ

Γ0,aΓ0,b

Γ0,a + Γ0,b

MPl

αcold
√
αhot

)1/4

×

{
1.24 Tb � Ta

1.19 Tb � Ta,
(4.33)

where αhot (αcold) denotes the value of α = π2g∗/30 corresponding to the hotter (colder)

sector. The final temperature asymmetry can then be estimated using eq. (4.16). In the

left panel of figure 12 we show numerical results for the final temperature ratio. In the

right panel of figure 12 we show the disagreement between our analytic estimate and the

numerical result as a percentage of the numerical result.
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Figure 12. Left panel : contours of the final temperature ratio obtained numerically, xf,n =

Tb/Ta, shown in color, for an inflaton coupled to scalars in sector a and fermions in sector b. The

white dashed lines show contours of log10(Trh/Mφ). Right panel : contours of relative fractional

discrepancy, |xf,a − xf,n|/xf,n, where xf,a is the analytic estimate of eq. (4.16) with eq. (4.33), in

percent. The white dashed contours depict xf,n and the red dashed line marks Trh = Mφ.

5 Summary and conclusion

Asymmetric reheating is a minimal way to populate dark sectors that are otherwise com-

pletely decoupled from the SM following inflation. In this work, we have performed the

first detailed analysis of perturbative asymmetric reheating. Specifically, by solving the

Boltzmann equations describing the perturbative decay of the inflaton into two otherwise

decoupled radiation sectors, we have studied in detail the resulting temperature asymme-

tries attained by the sectors. Scattering processes mediated by inflaton exchange couple

the two sectors in the UV, and our self-consistent treatment takes into account the as-

sociated collision terms that transfer energy between the radiation sectors. Furthermore,

we have carefully accounted for the effects of quantum statistics. At high temperatures

(compared to the relevant mass scale in the problem, the inflaton mass) these quantum-

statistical effects lead to important corrections in both the inflaton decay rate, as well as

the inflaton-mediated scattering processes that transfer energy between the sectors.

The system of Boltzmann equations describing the evolution of the energy densities

in the various sectors is a coupled set of three first-order non-linear differential equations,

and a general analytic solution is not available. However, in this work we have demon-

strated that the system can be accurately analyzed by making use of the attractor nature

of its solutions. Broadly, we have identified two classes of quasi-static attractor solutions

to which the energy density of the radiation bath evolves depending on the physical pro-

cess that is dominating the evolution. In a broad range of parameter space and to a good

approximation, at any given time the evolution is dominated by either 1) the energy injec-

tion from the decay of the inflaton, 2) the transfer of energy between the sectors through

inflaton-mediated scattering, or 3) the adiabatic expansion of the Universe. Case 1) leads

to a reheating attractor curve, case 2) yields a scattering attractor curve, while in case 3)

the radiation density simply redshifts as ρ ∝ a−4. As we have demonstrated, the utility

of these attractor solutions is that they allow for a very accurate semi-analytic determina-
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tion of the resulting temperature asymmetry between the sectors; the asymmetry is simply

determined by the process which dominates the evolution at the latest time.

Our results for the temperature asymmetries generated by asymmetric reheating are

surprisingly universal across various coupling structures and particle types. The key prop-

erty that determines the outcome of asymmetric reheating is the reheating temperature,

Trh relative to the inflaton mass-scale, Mφ, as follows:

• When Trh �Mφ/4, the temperature asymmetry is solely determined by perturbative

reheating process. More specifically, when Trh < Mφ/10, the final temperature ratio

is simply given by the ratio of the zero-temperature decay widths, x = Tb/Ta =

(αaΓ0b/αbΓ0a)
1/4. As the reheat temperature is increased (but still < Mφ) quantum-

statistical corrections to the inflaton decay width begin to significantly affect the

final temperature asymmetry. In this region asymmetric reheating can be achieved

by quantum statistical effects alone, with otherwise identical couplings.

• When Trh �Mφ/4, the final temperature asymmetry is determined solely by inflaton-

mediated scattering. Inflaton-mediated energy transfer between the sectors falls off

exponentially when the temperature of the hotter sector falls below Ta < Mφ/4 due

to the s-channel scattering process going off-resonance. If the radiation sectors have

not thermalized by this time, the colder sector is populated by a freeze-in like process

where its final density (or equivalently the temperature ratio x = Tb/Ta) is primarily

determined by the collision term and the Hubble rate at Ta = Mφ/4,

xsc ∼
( αaCE
Hαbρa

)1/4

Ta=Mφ/4
.

Because the collision term CE(Ta = Mφ/4) is largely insensitive to the inflaton cou-

pling to the hotter sector as well as (at Ta = Mφ/4) the quantum statistics of the

interacting particles, the final temperature ratio is determined solely by the coupling

strength of the colder sector irrespective of its particle identity.

In the region Trh ∼Mφ/4, both reheating and scattering are important in determining

the final temperature asymmetry. We find that the final temperature asymmetry, as a

function of Trh and the ratio of zero temperature partial widths w depends on the inflaton

mass only through Trh/Mφ. However, lower inflaton masses allow for the consistent real-

ization of higher values of T/Mφ prior to reheating, which can be particularly important

for models where the inflaton couples to the radiation baths through non-renormalizeable

interactions (as in the axionic coupling to gauge bosons considered here).

The primary goal of this paper was to analyze, in detail, the temperature evolution

of two otherwise-decoupled radiation sectors during and after asymmetric reheating, but

along the way we obtained a number of other novel results. We found novel power laws

describing the evolution of radiation baths during reheating at temperatures larger than

the inflaton mass scale, when quantum statistics are important. We developed methods

to derive closed form (approximate) analytic expressions for energy transfer rates between

two relativistic particles at different temperatures via s-channel interactions mediated by
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a massive scalar field. Finally, we derived reduced integral-expressions for energy-transfer

rate between two relativistic sectors at different temperatures via t-channel interactions.

The analytic estimates of the final temperature ratio developed here for two-sector

reheating can be straightforwardly extended to N -sector reheating scenarios [48]. In such

cosmologies, for each of the sub-dominant sectors, the dominant energy injection from

scattering is the collision term determined by the hottest sector. Provided the expansion

rate is dominated by a single component (either the inflaton, or a single dominant radiation

bath), to a very good approximation, the subdominant sectors are insensitive to each

others presence.

In this work, we limited our analysis to perturbative reheating, ignoring the effects from

1) incomplete internal thermalization in the sectors during early reheating, 2) thermal

modifications to the inflaton decays from collective effects, such as thermal blocking or

Landau damping, 3) back-scatterings into inflaton quanta and 4) preheating. As long

as these effects do not significantly alter the final reheating temperature obtained from

perturbative reheating, our results for the final temperature asymmetry remain robust.

Even in scenarios where such effects do significantly alter the reheat temperatures, the

scattering attractor curve provides a strict upper bound to the temperature asymmetry

between the sectors, x ≥ xsc (see eq. (4.16)), as long as reheating occurs before inflaton-

mediated scattering drops off resonance, Trh > Mφ/4. We leave the further study of

temperature asymmetries under these potentially disruptive effects to future work. Another

possible extension of this work is to study scenarios that include large asymmetries in the

number of degrees of freedom in the two sectors. In such a scenario, the sector with the

higher temperature could have a sub-dominant energy density, a possibility we explicitly

ignored in this work.
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A Cosmological attractor solutions

In this section we provide a general discussion of an important class of solutions to the

cosmic Boltzmann equations that exhibit extended periods of quasi-static evolution. Such

quasi-static equilibria can occur in any scenario where a quantity is fed by an external source

at a faster rate than it is diluted by cosmic expansion. These quasi-static equilibria are

attractor solutions in a sense that we make precise in this appendix. Our primary interest

here is in the energy density contained in a thermal radiation bath, where notable examples

of such attractor solutions include the T ∝ a−3/8 evolution of a radiation bath during

(classical, perturbative) reheating [41] and the T ∝ a−3/4 behavior of a radiation bath

fed by out-of-equilibrium renormalizeable scattering processes [49, 50]. Another important
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class of examples is realized by various models of freeze-in dark matter [51, 52], where the

relevant quantity is the number density of DM.

We begin with a representative Boltzmann equation for the energy density of a radia-

tion sector, given by

dρ

dt
+ 4Hρ = CE , (A.1)

where CE is the net energy input into the sector from an external source. We rewrite this

equation in the form

a
dρ

da
+ 4ρ =

CE
H
≡ F (ρ, a). (A.2)

By defining new variables as

λ(a) =
ρ(a)

F (ρ(a), a)
, p(a) =

∂ lnF

∂ ln ρ
, q(a) =

∂ lnF

∂ ln a
, (A.3)

we can further modify eq. (A.2) to yield

d lnλ

d ln a
= (1− p) 1

λ
− 4(1− p)− q. (A.4)

This equation dictates how the ratio of Hρ/CE evolves depending on the functional behavior

of F (ρ, a) = CE/H encoded in p, q. Now note that for p < 1 and q > −4(1− p),

λ =
1

4 + q
1−p

(A.5)

is a stable attractor solution for this equation, provided that p and q slowly vary with a

(∂ ln(p,q)
∂ ln a � 1). This solution is an attractor: radiation baths initially below this steady-

state solution rise up very rapidly to meet it, while radiation baths initially above it redshift

as ρ ∝ a−4 until the attractor solution is attained. Thus, the quasi-static behavior of ρ can

be found by simply solving the equation

ρ(a) =
1

4 + q
1−p

CE
H
. (A.6)

In cases of cosmological interest F very frequently has power law dependence on ρ and a,

thus making λ a fixed and readily computable constant (usually of O(1)). In such cases,

the relevant power law describing the temperature evolution can then be quickly obtained

by solving ρ ∝ C/H.

When q < −4(1 − p), there is no attractor solution (as λ is always positive) and λ

increases uncontrollably. This corresponds to the cases when CE is falling faster than the

redshifting of the energy density, and the evolution of the radiation bath is approximately

adiabatic. On the other hand, when p > 1, the attractor solution (when it exists) is not

stable. If CE ever came to dominate in this scenario then it would lead to an indefinite

explosive rise in ρ due to the positive feedback from CE . The subsequent solution can be

obtained by simply solving ρ̇ = CE .
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We can perform an analogous exercise for number density. The Boltzmann equation

we start with here is

dn

dt
+ 3Hn = C, (A.7)

and, defining

κ(a) =
n(a)

F (n, a)
, p(a) =

∂ lnF

∂ lnn
, q(a) =

∂ lnF

∂ ln a
, (A.8)

we may rewrite this equation as

d lnκ

d ln a
= (1− p) 1

κ
− 3(1− p)− q. (A.9)

Then the attractor solution is given by

κ =
1

3 + q
1−p

, (A.10)

or

n(a) =
1

3 + q
1−p

C
H
. (A.11)

Example: perturbative reheating of bosons at high temperatures. As an exam-

ple, we apply the above formalism to reheating a thermal bath of bosons at temperatures

T �Mφ. In this regime,

Γ(T ) = 4Γ0
T

Mφ
H =

1√
3MPl

√
ρφ,I(a/aI)

−3/2 (A.12)

The corresponding quantity F (ρ, a) is thus given by

F (ρ, a) =
Γρφ,Ia

−3

H
= 4
√

3MPl
1

α1/4
Γ0
ρ1/4

Mφ

√
ρφ,I(a/aI)

−3/2, (A.13)

where again α = π2g∗/30, giving p = 1/4 and q = −3/2 (eq. (A.3)). Eq. (A.6) then gives

ρ = 2
√

3
MPlΓ0

Mφ

( ρ
α

)1/4√
ρφ,I

(
a

aI

)−3/2

. (A.14)

Solving for the temperature evolution then yields T (a)=
(
2
√

3MPlΓ0
√
ρφ,I/(αMφ)

)1/3
(a/aI)

−1/2,

exactly the expected asymptotic behavior.

B Preheating and the Bose power law

In this appendix we demonstrate that it is possible to realize a radiation bath following

the Bose power law T ∝ a−1/2 of eq. (2.11) during perturbative reheating. We focus on a

theory with an inflaton, φ, coupled to a scalar field, χ, via the trilinear coupling

Lint =
1

2
µφχ2. (B.1)
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This model can experience broad resonance preheating for sufficiently large values of µ and

sufficiently large inflaton oscillations Φ =
√
〈φ2〉, in which case energy is effectively drained

from the inflaton condensate before perturbative reheating can occur. The condition that

no broad resonances are present in the theory is

µΦ < M2
φ. (B.2)

When this condition is satisfied, preheating is inefficient and perturbative reheating domi-

nates the properties of the radiation bath [36, 37, 53].

During perturbative reheating, for a given value of µ, the inflaton amplitude Φ uniquely

specifies the temperature of the matter sector. Using the reheating attractor solution

eq. (2.4) along with the quantum statistics correction to the inflaton decay width eq. (2.10),

we obtain for the radiation bath

αT 4 =
1

4− 3/2
1−p

× µ2

32π

eMφ2T + 1

e
Mφ
2T − 1

√3

2
ΦMPl, (B.3)

where

p =
1

2

e
Mφ
2T

(
Mφ

2T

)
e
Mφ
T − 1

. (B.4)

Eq. (B.3) can be solved to yield T as a function of Φ. At high and low temperatures, the

above relation simplifies to

T =


( √

3
16
√

2πα

µ2

Mφ
MPlΦ

)1/3
T �Mφ( √

3
80παµ

2MPlΦ
)1/4

T �Mφ.

(B.5)

Eq. (B.3) is valid as long as Γ(T ) < H, or

µ2

32Mφπ

eMφ2T + 1

e
Mφ
2T − 1

 <
MφΦ√
6MPl

. (B.6)

In figure 13 we show the resulting parameter space for perturbative reheating for three

different values of Mφ. We show the equalities corresponding to broad resonance preheating

(eq. (B.2)) and the end of perturbative reheating (eq. (B.6)) in red and blue respectively;

the yellow shaded region represents the region where perturbative reheating dominates the

evolution of the radiation bath. We further show contours of T , from eq. (B.3). Above

T = Mφ, the matter sector realizes the T ∝ a−1/2 power law. We thus observe that for all

three mass points, there is some region of parameter space where reheating is dominated

by perturbative processes and the radiation bath realizes the bosonic power law. Lower

inflaton masses enable the radiation bath to reach higher temperatures during perturbative

reheating.
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Figure 13. Reheating parameter space for Mφ = 1 GeV (left), Mφ = 2.4 × 105 GeV (center) and

Mφ = 1010 GeV (right). If the inflaton amplitude at the end on inflation is in the region above

the red line, then the universe undergoes by broad resonance preheating, eq. (B.2). If the inflaton

amplitude at the end of inflation is in the yellow shaded region, then the effects of preheating are sub-

dominant and the Universe undergoes perturbative reheating. Perturbative reheating ends on the

blue line, eq. (B.6). The dotted lines represent constant temperature contours during perturbative

reheating calculated using eq. (B.3), T = 10Mφ (magenta), T = Mφ (green) and T = 0.1Mφ (cyan).

For a given value of µ, the theory may avoid preheating if the inflaton amplitude at

the end of inflation is below the red line in figure 13. As perturbative reheating occurs, the

inflaton amplitude decreases due to redshifting in an expanding universe. This redshifting

corresponds to traversing downward in the µ−Φ parameter space. The temperature of the

radiation bath decreases correspondingly along this trajectory. This downward trajectory

continues until we reach the blue line and reheating occurs.

C Collision terms for s-channel processes

In this section we derive the total energy transfer rate between two relativistic species at

different temperatures, mediated by a massive scalar field. We extend the analysis of refer-

ences [54] and [23] to determine the non-equilibrium energy transfer between two sectors at

different temperatures. Further, we develop a new procedure to evaluate the phase space

integral for a t-channel process in appendix D, and confirm explicitly that the contribution

from t-channel processes is always negligible compared to the s-channel process. Finally,

for some specific theories where the interactions between the two relativistic species is me-

diated by a massive scalar field, we find closed-form analytic approximations for the total

energy transfer rate.

We start by considering the forward energy transfer for the process

1 + 2 → 3 + 4,

where 1, 2, 3, and 4 represent the particles participating in the scattering process. The

forward collision term for this process is given by

CfE =

∫
d3p1

2E1(2π)3

d3p2

2E2(2π)3

d3p3

2E3(2π)3

d3p4

2E4(2π)3
(2π)4δ4(p1 + p2 − p3 − p4)|M|2S

× (E1 + E2)f1(U · p1)f2(U · p2)(1± f3(U · p3))(1± f4(U · p4)). (C.1)
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Here fi is the distribution function for the ith particle, U is the four-velocity of the frame in

which we are calculating the collision term, |M|2 is the spin-summed scattering amplitude

of the process, and S includes any identical particle factors.

This phase space integral simplifies in the center-of-mass (CM) frame, where U is

non-trivial. For simplicity we shift to the variables

p = p1 + p2, p′ = p3 + p4,

q = p1 − p2, q′ = p3 − p4. (C.2)

In terms of these variables, the Mandelstam variables are s = p2, t = (q − q′)2/4 and u =

(q+q′)2/4. In the CM frame, p = (
√
s, 0, 0, 0) and consequently U = 1√

s
(
√
|~p|2 + s, 0, 0, |~p|),

where |~p| is the spatial component of p in the frame U = (1, 0, 0, 0). Reference [54] shows

that the 12-dimensional phase-space integral of eq. (C.1) can be reduced to

CfE =
1

256(2π)8

∫
4π|~p|2d|~p|

∫
ds

4rr′

s
S

×
∫ [ ∫

|M|2(1± f3(U · p3))(1± f4(U · p4))dθ′dy′
]
f1(U · p1)f2(U · p2)dθdy, (C.3)

where r is the magnitude of ~q and y = cosφ, θ give the direction of ~q with respect to ~p,

while r′, y′, and θ′ denote the corresponding quantities for q′. The spatial and temporal

magnitudes of q and q′ are given by

r =
1√
s

√
(s− (m1 +m2)2)(s− (m1 −m2)2), q0 =

m2
1 −m2

2√
s

, (C.4)

r′ =
1√
s

√
(s− (m3 +m4)2)(s− (m3 −m4)2), q′0 =

m2
3 −m2

4√
s

. (C.5)

For scenarios where the scattering amplitude is a function only of s, eq. (C.3) further

simplifies to

CfE =
S

64(2π)5

∫ ∞
0

d|~p||~p|2
∫ ∞
s0

ds|M(s)|2 rr
′

s

[ ∫ 1

−1
(1± f3(U · p3))(1± f4(U · p4))dy′

]
×
[ ∫ 1

−1
f1(U · p1)f2(U · p2)dy

]
(C.6)

where s0 = max((m1 + m2)2, (m3 + m4)2). To evaluate these final integrals, we need

to specify the distribution functions. We take particles 1 and 2 to be of species a at

a temperature Ta and particles 3 and 4 of species b at temperature Tb. Inserting the
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corresponding equilibrium distribution functions, we obtain

CfE =
TaTbS

4(2π)5

∫ ∞
0

∫ ∞
s0

d|~p| ds |M(s)|2
exp

(√
|~p|2+s

Tb

)
[

exp

(√
|~p|2+s

Ta

)
−1

][
exp

(√
|~p|2+s

Tb

)
−1

]

×log

 exp
(√|~p|2+s+βa|~p|

2Ta

)
+ζa

exp
(√|~p|2+s

2Ta

)
+ζa exp

(βa|~p|
2Ta

)
 log

 exp
(√|~p|2+s+βb|~p|

2Tb

)
+ζb

exp
(√|~p|2+s

2Tb

)
+ζb exp

(βb|~p|
2Tb

)
 .

(C.7)

Here ζa,b = ±1 depending on whether the respective particles are fermions/bosons and

βa,b =

√
1−

4m2
a,b

s
. (C.8)

Next, we scale out the temperature of the hotter sector, Ta, by defining

s̃ =
s

T 2
a

, p̃ =
|~p|
Ta
, m̃a,b =

ma,b

Ta
, and x =

Tb
Ta
≤ 1. (C.9)

This isolates the temperature dependence in the integral, which becomes

CfE =
S

4(2π)5
xT 5

a

∫ ∞
0

∫ ∞
s0/T 2

a

dp̃ ds̃ |M(s̃)|2
exp( 1

x

√
p̃2+s̃)[

exp( 1
x

√
p̃2+s̃)−1

][
exp(

√
p̃2+s̃)−1

]

×log

 exp
(

1
2(
√
p̃2+s̃+βap̃)

)
+ζa

exp
(

1
2

√
p̃2+s̃

)
+ζa exp

(
1
2βap̃

)
 log

 exp
(

1
2x(
√
p̃2+s̃+βbp̃)

)
+ζb

exp
(

1
2x

√
p̃2+s̃

)
+ζb exp

(
1

2xβbp̃
)
 .

(C.10)

The temperature Ta enters the integrand only through M(T 2
a s̃) and m̃a,b.

The total collision term describing net energy transfer is

CE =S′xT 5
a

∫ ∞
0

∫ ∞
s0/T 2

a

dp̃ ds̃ |M(s̃)|2
exp( 1

x

√
p̃2+s̃)−exp(

√
p̃2+s̃)[

exp( 1
x

√
p̃2+s̃)−1

][
exp(

√
p̃2+s̃)−1

] (C.11)

×log

 exp
(

1
2(
√
p̃2+s̃+βap̃)

)
+ζa

exp
(

1
2

√
p̃2+s̃

)
+ζa exp

(
1
2βap̃

)
 log

 exp
(

1
2x(
√
p̃2+s̃+βbp̃)

)
+ζb

exp
(

1
2x

√
p̃2+s̃

)
+ζb exp

(
1

2xβbp̃
)


≡S′xT 5
a

∫ ∞
0

∫ ∞
s0/T 2

a

dp̃ ds̃ |M(s̃)|2D(s̃, p̃,x,m̃a,b), (C.12)

where S′ = S/(4(2π)5). GivenM, ζa and ζb, we can now numerically evaluate this integral

to obtain the total energy transfer.
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Even though we are interested in the regime where all external particles are relativistic,

m̃a,b � 1, we have explicitly retained m̃a,b 6= 0 in the integral. Retaining finite masses

can be important for regulating bosonic scattering amplitudes: for bosons (ζ = −1), the

integrand diverges as s̃, p̃ → 0 when m̃ = 0, reflecting the zero-momentum singularity in

the Bose-Einstein distribution. However, if |M(s̃)|2 is finite at s̃ → 0 then the divergence

vanishes after integration over s̃, p̃ and the collision term remains finite as m̃a,b → 0.5 In

our calculations below we can thus freely work in the limit m̃a,b → 0; however, in numerical

work we retain small finite external particle masses for ease of computation.

In the subsequent sections we present analytic estimates for the collision term given in

eq. (C.12) in various theories. We consider the full collision term, i.e., both forward and

backward contributions.

C.1 Trilinear scalar couplings

We consider two scalar species, χa and χb, interacting via

Lint =
1

2
µaφχ

2
a +

1

2
µbφχ

2
b . (C.13)

Here φ is a massive scalar (inflaton) mediator with mass Mφ. As both the coupled fields

are scalars (and hence bosons), we take ζa,b = −1 and S′ = 1/(16(2π)5).

The scattering amplitude for the s-channel process in this theory, for ma,b � Mφ, is

given by

|M(s̃)|2 =
µ2
aµ

2
b

(s−M2
φ)2 +

(
Γ0a + Γ0b

)2 , Γ0a,b =
µ2
a,b

32πMφ
. (C.14)

For µa,b �Mφ we can approximate the scattering amplitude as [23]

|M(s̃)|2 ≈ 32π2 wµ2
a

w + 1

1

T 2
a

δ(s̃− M̃2
φ) + Θ(M̃2

φ − s̃)
µ4
aw

M4
φ

, (C.15)

where w = Γ0b/Γ0a = µ2
b/µ

2
a. To analytically estimate the behavior of CE , we combine the

simplified form of the scattering amplitude given in eq. (C.15) along with approximations

M̃φ � 1 and M̃φ � 1 at high and low temperatures respectively.

High temperature limit, Ta � Mφ. In the high-temperature limit M̃φ → 0, the

contribution to the integral in eq. (C.12) from the Θ function term in eq. (C.15) is dwarfed

by the contribution from the Dirac delta term. Subsequently, in the high temperature limit

we can to good approximation retain only the Dirac delta portion, giving

Chigh-T = S′xT 5
a

∫ ∞
0

dp̃ 32π2 wµ2
a

w + 1

1

T 2
a

D(M̃2
φ, p̃, x, 0). (C.16)

5In the scattering collision term, the cancellation of the divergence depends on summing both forward

and backward processes; the forward scattering collision term alone retains a logarithmic dependence on

m̃. In general one expects thermal self-energies to regulate this behavior when Ta,b � ma,b; see also [47].
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To evaluate the above integral we separate it into two domains: p̃ < 0.1 and p̃ > 0.1. In

the latter region we approximate p̃� M̃φ to give∫ ∞
0.1

dp̃ D(M̃2
φ, p̃, x, 0)

∣∣∣∣
p̃�M̃φ

≈
∫ ∞

0.1
dp̃

exp(p̃/x)− exp(p̃)

[exp(p̃)− 1][exp(p̃/x)− 1]

[
log2

(
1/M̃2

φ

)
+ log

(
64p̃2 sinh(p̃/2) sinh(p̃/(2x))x

)
log
(
1/M̃2

φ

)
+ log

(
8p̃ sinh(p̃/2)

)
log
(

8p̃ sinh(p̃/(2x))x
)]

=
1

x

(
Y1(x) log2

( Ta
Mφ

)
+ Y2(x) log

( Ta
Mφ

)
+ Y3(x)

)
(C.17)

where

Y1(x) = 4x

∫ ∞
0.1

dp̃
exp(p̃/x)− exp(p̃)

[exp(p̃)− 1][exp(p̃/x)− 1]
= 9.01x+ 4x2 log(e0.1/x − 1)

x<0.1−−−→ ≈ 9.4x (C.18)

Y2(x) = 2x

∫ ∞
0.1

dp̃
exp(p̃/x)− exp(p̃)

[exp(p̃)− 1][exp(p̃/x)− 1]
log
(

64p̃2 sinh(p̃/2) sinh(p̃/(2x))x
)

x<0.1−−−→ ≈ 0.71x+ 1.6 + 4.7x log(x) (C.19)

Y3(x) = x

∫ ∞
0.1

dp̃
exp(p̃/x)− exp(p̃)

[exp(p̃)− 1][exp(p̃/x)− 1]
log
(

8p̃ sinh(p̃/2)
)

log
(

8p̃ sinh(p̃/(2x))x
)

x<0.1−−−→ ≈ 3.2x− 0.82x log(x) + 1.3. (C.20)

To evaluate the integral in the region p̃ < 0.1 we first consider the case where

Ta, Tb �Mφ, allowing us to approximate M̃φ � x � 1. Next, note that the integrand

D(M̃2
φ, p̃, x, 0, 0) is peaked near p̃ ∼ M̃φ. Near this peak we can use the approximation

p̃ � x. Assuming the contribution from the peak dominates the integral, we extend the

approximation p̃� x to the entire integration range p̃ ∈ (0, 0.1), yielding

∫ 0.1

0
dp̃ D(M̃2

φ, p̃, x, 0)

∣∣∣∣
p̃,M̃φ�x

≈
∫ 0.1

0
dp̃

(1− x)√
p̃2 + M̃2

φ

log2


√
p̃2 + M̃2

φ + p̃√
p̃2 + M̃2

φ − p̃


≈ 4

3
(1− x) log3

(
0.2

Ta
Mφ

)
. (C.21)

In the case Tb �Mφ � Ta the assumptions we used above no longer hold. One can instead

use the approximations p̃, M̃φ � 1 along with eM̃φ/x � 1 to simplify the integral and show

that its contribution is always dwarfed by the contribution from p̃ > 0.1. For brevity

we do not show the calculations here. Thus we can neglect contributions from p̃ < 0.1

in eq. (C.16) when Tb < Mφ.6 We find empirically that using eq. (C.21) for all Tb helps

improve the agreement between the analytic estimate and the full numerical calculation for

6In fact, even when M̃φ � x, the contributions from the p < 0.1 integral remains sub-dominant until

extremely large temperatures, Ta ≥ 105Mφ.
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Ta as low as Ta ∼Mφ. Thus we approximate the full collision term at high temperatures as

Chigh-T ≈ S′32π2 µ2
aw

w + 1
T 3
a

[
4

3
(1− x)x log3

(
0.2

Ta
Mφ

)
+ Y1(x) log2

( Ta
Mφ

)
+ Y2(x) log

( Ta
Mφ

)
+ Y3(x)

]
. (C.22)

From the asymptotic behavior at small x we see that Chigh-T is largely insensitive to Tb.

At extremely small x, the logarithmic term is dominant. However, at large temperatures

T & 102Mφ, as x increases to x ∼ 0.5, the higher powers of the logarithm take over and

enhance the collision term by roughly two orders of magnitude. This enhancement is due

to the Bose enhancement of the forward energy transfer. As x further increases towards

unity, the backward collision term starts catching up to forward collision term, eventually

completely cancelling it at x = 1.

In the left panel of figure 14, we compare our high temperature estimate with the

numerically evaluated collision term. The Bose-Einstein enhancement over the classical

Maxwell-Boltzmann result is clearly visible at high temperatures.

Intermediate temperatures, Ta ≤ Mφ. As M̃φ begins to exceed unity, the Dirac delta

contribution to the matrix element ensures that the integral of eq. (C.12) has support dom-

inantly at s̃ = M̃φ > 1. However, here the phase space distribution functions, contributing

through the factor D, are exponentially suppressed. This Boltzmann suppression causes

the collision term to fall sharply. In other words, in the intermediate temperature regime

the integral receives its dominant contribution from an energy scale much larger than ei-

ther temperature, which means that to excellent approximation the scattering here can be

described using classical statistics.

Using classical statistics, the overall integral over p̃ (eq. (C.16)) can be performed

exactly,

CMB = S′32π2M2
φ

µ2
aw

(w + 1)

Ta
4

(
K2

(Mφ

Ta

)
− xK2

(Mφ

xTa

))
, (C.23)

where K2 is the modified Bessel function of second kind. Again, we can see that at

small x the collision term becomes insensitive to variations in the colder sector. As the

temperatures fall further below the inflaton mass, the collision term becomes Boltzmann-

suppressed.

Low temperature limit, ma,b � T � Mφ. In the low-temperature regime, the

integral is dominated by off-shell inflaton scattering, described by the Heaviside term in

eq. (C.15). Thus at low temperatures we need to evaluate

Clow-T ≈ S′
xT 5

a

M4
φ

µ4
aw

∫ ∞
0

∫ M̃2
φ

0
dp̃ ds̃D(s̃, p̃, x, 0). (C.24)

As D is exponentially suppressed at large values of s̃, we can take the upper limit of the s̃

integral to infinity with negligible errors. Both the integrand and the limits of integration
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Figure 14. Left Panel: total energy transfer collision term C̄E = CE/M5
φ as a function of Ta/Mφ

at fixed temperature ratio x = Tb/Ta = 0.5. The black solid line corresponds to CE numerically

evaluated using eq. (C.12) with matrix element given in eq. (C.14), red dashed line corresponds

to Chigh-T (eq. (C.22)), purple dashed line corresponds to CMB (eq. (C.23)) and the blue dashed

line corresponds to Clow-T (eq. (C.25)). Right Panel: the ratio of the analytic approximation to CE
(eq. (C.26)) with the full numerical value as a function of Ta/Mφ for x = 0.99, 0.5, 0.001. Results

are shown for µa = 0.01Mφ, µb/µa = 0.5, and ma,b = 10−8Mφ.

thus become independent of temperature, giving

Clow-T ≈ S′
T 5
a

M4
φ

µ4
aw

[
x

∫ ∞
0

∫ ∞
0

dp̃ ds̃D(s̃, p̃, x, 0)

]
,

≡ S′ T
5
a

M4
φ

µ4
awf(x)

x<0.1−−−→ 7.9S′
T 5
a

M4
φ

µ4
aw. (C.25)

Again, as required, we find that the energy transfer function becomes insensitive to the

colder sector as x→ 0.

Total collision term. To get a complete analytic estimate of CE over all temperature

ranges we combine the analytic estimates as

CE(Ta) = Clow-TΘ(Mφ − Ta) + Chigh-TΘ(Ta −Mφ) + CMBΘ(0.2Mφ − Ta)
+ max(CMB, Chigh-T)Θ(Mφ − Ta)Θ(Ta − 0.2Mφ), (C.26)

where Chigh-T, CMB and Clow-T are given in eq. (C.22), (C.23) and (C.25). The Heaviside

functions ensure that each function contributes only in its region of validity. This function

describes the collision term for all temperature ranges as long as the scattering particles

remain relativistic (Ta,b � ma,b).

In the left panel of figure 14, we compare the analytic approximations to the energy

transfer collision term derived in high-, low-, and intermediate temperature regions with the

exact numerical value. For illustrative purposes, each approximation is shown over a range

larger than that taken in eq. (C.26). Together these approximations accuratelly describe

the behavior of C in their respective regions. In the right panel of figure 14, we compare

the ratio of our analytic approximation, eq. (C.26), to the numerically evaluated collision
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term using the full matrix element of eq. (C.14). The largest deviation occurs during the

transition from Chigh-T to CMB between Mφ/4 < Ta < Mφ and is of the order ∼ 50%.

C.2 Yukawa couplings

We next consider two Dirac fermions, ψa and ψb, interacting with a scalar inflaton φ via

Lint = yaφψ̄aψa + ybφψ̄bψb. (C.27)

In this case we have ζa,b = 1 and S′ = 1/(4(2π)5).

The s-channel scattering amplitude in this theory, for ma,b �Mφ, is given by

|M(s)|2 = 4y2
ay

2
b

(
1− 4m2

a

s

)(
1−

4m2
b

s

)
s2

(s−M2
φ)2 +

(
Γ0a + Γ0b

)2 , (C.28)

where

Γ0a,b =
y2
a,bMφ

8π
. (C.29)

For small ya,b the scattering amplitude can be approximated as [23]

|M(s̃)|2 ≈ 8π2 4y2
aw

w + 1
M̃2
φδ(s̃− M̃2

φ) + Θ(M̃2
φ − s̃)

(
1− 4m̃2

a

s̃

)(
1−

4m̃2
b

s̃

)
4y4
aw

s̃2

M̃4
φ

+ Θ(s̃− M̃2
φ)4y4

aw, (C.30)

where w = Γ0,b/Γ0,a = y2
b/y

2
a.

To estimate CE analytically, we combine the simplified form of the scattering amplitude

given in eq. (C.30) along with the approximations M̃φ � 1 and M̃φ � 1 at high and low

temperatures respectively. Moreover, since for fermions the contribution of the distribution

functions to the integrand, D, is regular at s̃, p̃ = 0, the limit ma,b = 0 does not need any

special attention.

High temperature limit, Ta � Mφ. In the high temperature limit only the Dirac

delta term and the second Heaviside theta term in eq. (C.30) contribute to the integral.

The collision term then becomes

Chigh-T ≈ S′xT 5
a

[
8π2 4y2

aw

w + 1
M̃2
φ

∫ ∞
0

dp̃ D(M̃2
φ, p̃, x, 0) + 4y4

aw

∫ ∞
0

dp̃

∫ ∞
M̃2
φ

ds̃D(s̃, p̃, x, 0)

]
.

(C.31)

Note that as s̃→ 0 the integrand D(s̃, p̃, x, 0) asymptotes to a finite value over all p̃. Thus,

we can safely approximate M̃φ = 0 in the integrand, making the integrals independent of Ta,

Chigh-T = S′
[
8π2M2

φ

4y2
aw

w + 1
V1(x)T 3

a + 4y4
awV2(x)T 5

a

]
, (C.32)
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where,

V1(x) = x

∫ ∞
0

dp̃ D(0, p̃, x, 0)
x<0.1−−−→ 0.29 (C.33)

V2(x) = x

∫ ∞
0

dp̃

∫ ∞
0

ds̃D(s̃, p̃, x, 0)
x<0.1−−−→ 3.0 (C.34)

We can check that at small x we see that Chigh-T is in this limit insensitive to Tb, and

at x = 1 all these functions go to zero as backward energy transfer exactly balances the

forward energy transfer. The collision term at very high temperatures in this case is not

sensitive to the inflaton mass.

Intermediate regime, Ta ... Mφ. For Ta ∼ Mφ the Dirac delta part of the scattering

amplitude will dominate the collision term. As discussed in section C.1 above for scalars,

the collision term can be well approximated using Maxwell-Boltzmann statistics as the

temperature drops below the inflaton mass scale, Ta < Mφ. Thus, the collision term can

be simply written as

CMB = S′8π2M4
φ

4y2
aw

w + 1

Ta
4

(
K2

(Mφ

Ta

)
− xK2

(Mφ

xTa

))
, (C.35)

where K2 is the modified Bessel function of the second kind.

Low temperature regime, ma,b � T � Mφ. In the low temperature regime, the

integral is dominated by the Θ(M̃2
φ − s̃) term. Just as for scalars, we can to a good

approximation replace M̃φ →∞ in the limit of integration. This yields

Clow-T ≈ S′
4T 9

a

M4
φ

y4
aw

[
x

∫ ∞
0

∫ ∞
0

dp̃ ds̃ s̃2D(s̃, p̃, x, 0)

]
,

x<0.1−−−→ 1.4× 103S′y4
aw4

T 9
a

M4
φ

. (C.36)

Total collision term. We combine the analytic estimates derived above to approximate

the collision term for all temperatures as

CE = Clow-TΘ(Mφ−Ta)+CMBΘ(0.2Mφ−Ta)+min(CMB,Chigh-T)Θ(Mφ−Ta)Θ(Ta−0.2Mφ)

+Chigh-TΘ(Ta−Mφ). (C.37)

where Chigh-T, CMB, and Clow-T are as described in eq. (C.32), (C.35) and (C.36). Eq. (C.37)

predicts the collision term for all temperature ranges as long as the particles remain rela-

tivistic (Ta,b � ma,b).

In left panel of figure 15, we compare our analytic estimate of the energy transfer

collision term with the exact numerical value. Together these approximations accurately

model the behavior of CE in their respective regions. In the right panel of figure 15,

we compare the ratio of our analytic approximation, eq. (C.37), to the collision term

numerically evaluated (eq. (C.12)) with the scattering amplitude in eq. (C.28). The largest

deviation occurs during the transition from Chigh-T to CMB between Mφ/4 < Ta < Mφ and

is of the order ∼ 50%.
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Figure 15. Left Panel: energy transfer collision term CE/M5
φ as a function of Ta/Mφ for fixed

x = Tb/Ta = 0.5. The black solid line corresponds to CE numerically evaluated using eq. (C.12) and

scattering amplitude as given in eq. (C.28), the red dashed line corresponds to Chigh-T (eq. (C.32)),

the purple dashed line corresponds to CMB (eq. (C.35)) and the blue dashed line corresponds to

Clow-T (eq. (C.36)). Right Panel: ratio of the analytic approximation to the total collision term

as given in eq. (C.37) to the numerical value as a function of Ta/Mφ for fixed temperature ratios

Tb/Ta = x = 0.99, 0.5, 0.001. Results are shown for ya = 0.01, yb/ya = 0.5, and ma,b = 10−8Mφ.

C.3 Axionic couplings to gauge bosons

Next, we consider two (Abelian) gauge bosons interacting with a (pseudoscalar) inflaton

φ via

Lint = − 1

4Λa
φFµνa F̃a,µν −

1

4Λb
φFµνb F̃b,µν . (C.38)

In this case we have ζa,b = −1 and S′ = 1/(16(2π)5).

The s-channel scattering amplitude in this theory, for ma,b �Mφ, is given by

|M(s)|2 =
4

128Λ2
aΛ

2
b

s4

(s−M2
φ)2 +

(
Γ0a + Γ0b

)2 , (C.39)

where

Γ0a,b =
M3
φ

256πΛ2
a,b

. (C.40)

For Λa,b � 1, we approximate the scattering amplitude as [23]

|M(s̃)|2 ≈ 2π2

Λ2
a

4w

w + 1

M4
φ

T 2
a

δ(s̃− M̃2
φ) +

4wT 8
a

128Λ4
aM

4
φ

Θ(M̃2
φ − s̃)s̃4 +

4wT 4
a

128Λ4
a

Θ(s̃− M̃2
φ)s̃2,

(C.41)

where w = Γ0b/Γ0a = Λ2
a/Λ

2
b .

To estimate CE analytically, we combine the simplified scattering amplitude given in

eq. (C.41) along with high and low-temperature approximations in the limits M̃φ � 1 and

M̃φ � 1 respectively.
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High temperature limit, Ta � Mφ. At high temperatures both the Dirac delta

contribution and the Heaviside theta term ∝ s̃2 contribute importantly to the integral.

Subsequently we approximate the scattering amplitude as

Chigh-T =S′xT 5
a

[
2π2

Λ2
a

4w

w+1

M4
φ

T 2
a

∫ ∞
0

dp̃ D(M̃2
φ, p̃,x,0)+

4wT 4
a

128Λ4
a

∫ ∞
0
dp̃

∫ ∞
M̃2
φ

ds̃ s̃2D(s̃, p̃,x,0)

]
.

(C.42)

In the above equation we have already assumed m̃a,b = 0. The first integral on the r.h.s. is

exactly the same as that evaluated for scalars at high temperatures. In the second integral,

the integrand vanishes as s→ 0, allowing us to freely take M̃φ ≈ 0. This yields

Chigh-T =S′

[
2π2M4

φ

Λ2
a

4w

w+1
T 3
a

(
4

3
(1−x)x log3

( Ta
Mφ

)
+Y1(x) log2

( Ta
Mφ

)
+Y2(x) log

( Ta
Mφ

)
+Y3(x)

)
+

4w

Λ4
a

Z(x)T 9
a

]
, (C.43)

where

Z(x) =
x

128

∫ ∞
0

dp̃

∫ ∞
0

ds̃ s̃2D(s̃, p̃, x, 0)
x<0.1−−−→≈ 14. (C.44)

Here the Yi are defined in eq. (C.18), (C.19) and (C.20).

In the left panel of figure 16 we compare this high temperature estimate with the

numerically evaluated collision term.

Intermediate temperatures, Ta ≤ Mφ. In the intermediate regime near Ta ∼ Mφ,

integral can again be well approximated with Maxwell-Boltzmann distribution. Thus the

collision term can be simply written as

CMB = S′
2π2M6

φ

Λ2
a

4w

w + 1

Ta
4

(
K2

(Mφ

Ta

)
− xK2

(Mφ

xTa

))
, (C.45)

where K2 is the modified Bessel function of the second kind.

Low temperature limit ma,b � T � Mφ. In this regime, the Θ(M̃2
φ − s̃) term

dominates in eq. (C.12). We can again take M̃φ →∞ in the limit of integration. This yields

Clow-T ≈ S′T 13
a

4w

M4
φΛ4

a

[
x

128

∫ ∞
0

∫ ∞
0

dp̃ ds̃ s̃4D(s̃, p̃, x, 0)

]
,

x<0.1−−−→ 7.1× 104S′
4w

M4
φΛ4

a

T 13
a . (C.46)
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Figure 16. Left Panel: total energy transfer collision term CE/M5
φ as a function of Ta/Mφ

at fixed x = Tb/Ta = 0.5. The black solid line corresponds to CE numerically evaluated using

eq. (C.12) with scattering amplitude given by eq. (C.39), the red dashed line corresponds to Chigh-T

(eq. (C.43)), the purple dashed line corresponds to CMB (eq. (C.45)) and the blue dashed line

corresponds to Clow-T (eq. (C.46)). Right Panel: ratio of our analytic estimate as given in eq. (C.47)

to the numerically evaluated collision term as a function of Ta/Mφ for fixed temperature ratios

Tb/Ta = x = 0.99, 0.5, 0.001. Here we fix Λa = 100Mφ, 1/Λb

1/Λa
= 0.5 and ma,b = 10−8Mφ.

Total collision term. We combine the analytic estimates in the following manner,

CE = Clow-TΘ(Mφ − Ta) + max(CMB, Chigh-T)Θ(Mφ − Ta) + Chigh-TΘ(Ta −Mφ), (C.47)

where Chigh-T, CMB, and Clow-T are as described in eq. (C.43), (C.45) and (C.46). This

function describes the collision term for all temperature ranges as long as the scattering

particles remain relativistic (Ta,b � ma,b).

In the left panel of figure 16, we compare our analytic estimate derived in the three

regions with the numerical value. In the right panel of figure 16, we compare the ratio of our

analytic estimate, eq. (C.47), to the numerically evaluated collision term (eq. (C.12)) with

scattering amplitude given in eq. (C.39). The largest deviation occurs during transition

from Chigh-T to CMB between Mφ/4 < Ta < Mφ and is of the order ∼ 50%.

C.4 Mixed Yukawa and scalar trilinear couplings

In this case we consider a Dirac fermion ψ and a scalar field χ that interact with the

inflaton φ via

Lint =
1

2
µaφχaχa + ybφψ̄bψb. (C.48)

Note that sector a is not necessarily hotter in this scenario. For this theory ζa = −1,

ζb = +1, and S′ = 1/(8(2π)5).

The spin-summed s-channel scattering amplitude in this theory, for ma,b � Mφ, is

given by

|M(s)|2 = 2µ2
ay

2
a

(
1−

4m2
b

s

)
s

(s−M2
φ)2 + (Γ0a + Γ0b)2

, (C.49)
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where

Γ0a =
µ2
a

32πMφ
, Γ0b =

y2
bMφ

8π
. (C.50)

For y, µ� 1 we approximate the scattering amplitude as [23]

|M(s̃)|2 ≈ 16π2µ2
a

w

w + 1

1

T 2
a

δ(s̃− M̃2
φ) +

1

2

(
1−

4m2
b

s

)
Θ(M̃2

φ − s̃)
µ4
aw

M6
φ

T 2
a s̃, (C.51)

where w = Γ0b/Γ0a = 4y2
bM

2
φ/µ

2
a.

To estimate the behavior of CE analytically, we combine the simplified form of the

scattering amplitude given in eq. (C.51) along with the high- and low-temperature approx-

imations M̃φ � 1 and M̃φ � 1.

High temperature limit, T � Mφ. When the temperature of the hotter sector,

T = max(Ta, Tb), is larger than the inflaton mass, the Dirac-delta term of the scattering

amplitude dominates in the integral in eq. (C.12), giving

Chigh-T = S′xT 5
a

[
16π2µ2

a

w

w + 1

1

T 2
a

∫ ∞
0

dp̃ D(M̃2
φ, p̃, x, 0)

]
. (C.52)

As the scalars χa follow BE distribution, D(M̃2
φ, p̃, x, 0) has a pole as M̃2

φ → 0. We cannot

simply approximate M̃φ = 0, and we proceed analogously to the case of section C.1 and

split the integral as,

∫ ∞
0

dp̃ D(M̃2
φ, p̃, x, 0) =

∫ M̃φ

0
dp̃ D(M̃2

φ, p̃, x, 0)

∣∣∣∣
p̃,M̃φ�1

+

∫ ∞
M̃φ

dp̃ D(M̃2
φ, p̃, x, 0)

∣∣∣∣
p̃�M̃φ

.

(C.53)

The integrand in the first term on r.h.s. vanishes for small p̃. Hence, for M̃φ � 1 the first

integral can be ignored. Expanding in p̃� M̃φ limit, the second integral yields

∫ ∞
0

dp̃ D(M̃2
φ, p̃,x,0)≈

∫ ∞
M̃φ

dp̃
exp(p̃/x)−exp(p̃)

[exp(p̃)−1][exp(p̃/x)−1]

[
log(8p̃sinh(p̃/2)) log(cosh(p̃/2/x))

+2log

(
1

M̃φ

)
log(cosh(p̃/2/x))

]
. (C.54)

As the integrand above diverges only logarithmically as p̃ → 0, the integral is insensitive

to its lower limit, which can be replaced with 0 with negligible error. The collision term at

high temperatures can then be simply written as

Chigh-T = S′16π2 µ2
aw

w + 1
T 3
a

(
W1(x) log

( Ta
Mφ

)
+W2(x)

)
, (C.55)
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where

W1(x) = 2x

∫ ∞
0

dp̃
exp(p̃/x)− exp(p̃)

[exp(p̃)− 1][exp(p̃/x)− 1]
log(cosh(p̃/2/x)) −→

{
1.6 x < 0.1

−0.48x2 x > 10

W2(x) = x

∫ ∞
0

dp̃
exp(p̃/x)− exp(p̃)

[exp(p̃)− 1][exp(p̃/x)− 1]
log(8p̃ sinh(p̃/2)) log(cosh(p̃/2/x))

−→

{
1.1 x < 0.1

−0.30x3 x > 10
(C.56)

Note that the high temperature collision term is approximately insensitive to the colder

sector in this case. The collision term’s logarithmic sensitivity on the inflaton mass depends

on whether or not the scalars are hotter than the fermions. However, in both the cases the

collision term is IR-sensitive due to the dependence on inflaton mass.

In left panels of figure 17 we compare our high temperature estimate with the numer-

ically evaluated collision term.

Intermediate temperatures, T ≤ Mφ. For temperatures near T ∼ Mφ the Dirac

delta part of the scattering amplitude dominates the behavior of collision term. As dis-

cussed above, in this region, the distribution functions are well approximated by Maxwell-

Boltzmann distributions as temperature drops below the inflaton mass scale, T < Mφ. The

collision term can therefore be simply computed as,

CMB = S′16π2 µ2
aw

(w + 1)

M2
φ

4

(
TaK2

(Mφ

Ta

)
− TbK2

(Mφ

Tb

))
, (C.57)

where K2 is the modified Bessel function of second kind. Again, we can see that at

small/large x the collision term becomes insensitive to variations in the colder sector.

Low temperature limit, mχ,ψ � T � Mφ. In the low-temperature regime, the con-

tribution from the Dirac delta part of the matrix element falls below the one from Θ(M̃2
φ−s̃)

term in the integral in eq. (C.12). Just like in scalar case, to a good approximation we can

replace M̃φ →∞ in the integral limit. This yields

Clow-T≈S′
T 7
a

M6
φ

µ4
aw

[
x

2

∫ ∞
0

∫ ∞
0

dp̃ ds̃ s̃D(s̃, p̃,x,0)

]
−→

31S′ µ
4
aw
M6
φ
T 7
a x< 0.1

−21S′ µ
4
aw
M6
φ
T 7
b x> 10.

(C.58)

Similar to our high temperature estimate, we find that the energy transfer function becomes

insensitive to the colder sector as x→ 0,∞.

Total collision term. To get an analytic estimate of CE over all temperature ranges we

combine the analytic estimates as

CE = Clow-TΘ(Mφ−T )+CMBΘ(0.2Mφ−T )+max(CMB,Chigh-T)Θ(Mφ−T )Θ(T−0.2Mφ)

+Chigh-TΘ(T−Mφ), (C.59)

– 47 –



J
H
E
P
0
8
(
2
0
1
9
)
1
5
1

10
-2

10
-1

10
0

10
1

10
-25

10
-20

10
-15

10
-10

10
-5

10
-2

10
0

10
2

0.4

0.6

0.8

1

1.2

1.4

1.6

10
-1

10
0

10
1

10
-25

10
-20

10
-15

10
-10

10
-5

10
-2

10
0

10
2

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

Figure 17. Left Panel: magnitude of total energy transfer collision term C̄E = abs(CE)/M5
φ as a

function of T = max(Ta, Tb) at fixed temperature ratio x = Tb/Ta = 0.5 (top left) and x = 2 (bottom

left). The collision term is always positive for the top left panel and always negative for the bottom

left. The black solid line corresponds to C numerically evaluated using eq. (C.12), the red dashed

line corresponds to Chigh-T (eq. (C.55)), the purple dashed line corresponds to CMB (eq. (C.57))

and the blue dashed line corresponds to Clow-T (eq. (C.58)). Right Panel: ratio of the analytic

approximation to CE (eq. (C.59)) to the full numerical value as a function of T = max(Ta, Tb) for

fixed temperature ratios Tb/Ta = x = 0.99, 0.5, 0.001 (top right) and x = 1.01, 1, 1000 (bottom

right). Results are shown for µa = 0.01Mφ, 2ybMφ/µa = 0.5, and ma,b = 10−8Mφ.

where T = max(Ta, Tb) and Chigh-T, CMB and Clow-T are as described in eq. (C.55), (C.57)

and (C.58).

In the left panels of figure 17, we compare our analytic estimate with the exact nu-

merical value. In the right panels of figure 17, we compare the ratio of our analytic fit,

eq. (C.59), with the numerical evaluation of the full expression (eq. (C.12)) with scattering

amplitude given in eq. (C.51). The largest deviation occurs during the transition from

Chigh-T to CMB between Mφ/4 < T < Mφ and is of the order ∼ 50%.

D Collision terms for t-channel processes

In this section we calculate the energy transfer rate between two relativistic thermal bath

via t-channel scatterings and explicitly demonstrate that its contribution will always be

dwarfed by the s-channel.
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For the 2→ 2 scattering process 1 + 2 → 3 + 4, where 1, 2, 3, and 4 represent the

particles participating in the scattering process, the forward collision term for a t-channel

process is given by

CfE =

∫ ∏
i

(
d4pi
(2π)3

δ(p2
i −m2

i )Θ(p0
i )

)
(2π)4δ4(p1 + p2 − p3 − p4)|M|2S (p0

1 − p0
3)

f1(U · p1)f2(U · p2)(1± f3(U · p3))(1± f4(U · p4)). (D.1)

Here fi is the momentum space distribution function for the ith particle, U is the 4-velocity

of the frame in which we are calculating the collision term, |M|2 is the spin summed

scattering amplitude of the process, S includes the identical particle factors of the process.

Unlike the s-channel calculation, we do not transform to the center of mass frame, keeping

U = (1, 0, 0, 0). To simplify the integral, we perform the following change of variables:

p = p1 − p3, p′ = p2 − p4, (D.2)

q = p1 + p3, q′ = p2 + p4. (D.3)

Correspondingly the Mandelstam variables will be given by s = (q + q′)2/4, t = p2 and

u = (q − q′)2/4. These substitutions also simplify the phase space element in eq. (D.1) to,

dI =
∏
i

(
d4pi
(2π)3

δ(p2
i−m2

i )Θ(p0
i )

)
(2π)4δ4(p1+p2−p3−p4)→

(2π)4

28

d4p

(2π)4

d4q

(2π)4
δ((p+q)2/4−m2

1)Θ(p0+q0)δ((p−q)2/4−m2
3)Θ(p0−q0)

× d4p′

(2π)4

d4q′

(2π)4
δ((p′+q′)2/4−m2

2)Θ(p′0+q′0)δ((p′−q′)2/4−m2
4)Θ(p′0−q′0)(2π)4δ4(p+p′).

(D.4)

Integrating out p′ and combining the conditions in the step functions we find

dI =
(2π)4

28

d4p

(2π)4

(
d4q

(2π)4
δ((p+ q)2/4−m2

1)δ((q − p)2/4−m2
3)Θ(q0 − |p0|)

)
×
(
d4q′

(2π)4
δ((p+ q′)2/4−m2

2)δ((q′ − p)2/4−m2
4)Θ(q′0 − |p0|)

)
≡ d4p

28
dI13 dI24. (D.5)

Here dI13 and dI24 are phase space elements identical up to the different masses of the

scattering particles. We first focus on simplifying the dI13 phase space element and then

swap the masses to get the result for dI24.

The delta functions in dI13 impose the conditions

q · p = m2
1 −m2

3 ≡ ∆13 (D.6)

p2 + q2 = 4
(m2

1 +m2
3)

2
≡ 4m2

13 (D.7)
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Taking the z-axis to be along the spatial component of p, the above equations can be

re-expressed as

q0 =
qz|~p|
p0

+
∆13

p0
, (D.8)

|~qxy|2 = p2

(
1− q2

z

(p0)2

)
− 4m2

13 +
∆2

13

(p0)2
+

2qz|~p|∆13

(p0)2
, (D.9)

where ~qxy is the component of ~q along x − y plane. Hence, the delta function in dI13

can be transformed to impose conditions on q0 and |~qxy|. The corresponding Jacobian for

transforming the Dirac delta conditions is

J = −|~qxy|
2

p0. (D.10)

Subsequently, using the Dirac delta conditions, we integrate over the |~qxy| and q0

to yield,

dI13 =− 2

p0
Θ

(
qz|~p|
p0

+
∆13

p0
−|p0|

)
Θ

(
p2

(
1− q2

z

(p0)2

)
−4m2

13+
∆2

13

(p0)2
+

2qz|~p|∆13

(p0)2

)
dθxy

dqz
(2π)4

≡− 2

p0
Q(qz,m1,m3,p)dθxy

dqz
(2π)4

(D.11)

where θxy denotes the angle between ~qxy and x axis.

The measure dI24 has the same form as dI13, except with the substitutions m1,3 → m2,4

and q → q′. Inserting these simplified phase-space elements back in eq. (D.1), using

eq. (D.5) and making use of the fact that the scattering amplitude only depends on t = p2,

we get

CfE =
16πS

28(2π)6

∫
dp0
( |~p|
p0

)2
d|~p||M(t)|2p0 (D.12)

×
[∫

Q(qz,m1,m3,p)f1(p0
1)(1±f3(p0

3))dqz

][∫
Q(q′z,m2,m4,p)f2(p0

2)(1±f4(p0
4))dq′z

]
≡ 16πS

28(2π)6

∫
|M(t)|2

( |~p|
p0

)2
p0 dp0 d|~p| F13(|~p|,p0) F24(|~p|,p0). (D.13)

In the first step above we have integrated over the phase space angles θxy and θ′xy. The

result in eq. (D.12) holds for any process whose scattering amplitude is only a function of t.

Eq. (D.12) can be further simplified if particles 1 and 3 are identical (henceforth,

particle a), and similarly particle 2 and 4 (particle b). With these assumptions, Fa,b = F13,24

simplifies to

Fa,b = Θ(−p2)

∫ ∞
−∞

Θ
(
p0(qz − βa,bp0)

)
fa,b

(
q0 + p0

2

)(
1± fa,b

(
q0 − p0

2

)) ∣∣∣∣
q0=qz |~p|/p0

dqz

(D.14)
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where βa,b =

√
1− 4m2

a,b

p2
. Furthermore, if particles a and b are thermally distributed with

temperatures Ta and Tb, respectively, the integral in Fa,b can be evaluated exactly to yield

Fa,b =−Θ(−p2)ζa,b2Ta,b
|p0|
|~p|

Θ(p0)+e|p
0|/Ta,bΘ(−p0)

e|p
0|/Ta,b−1

log

 exp(
βa,b|~p|+|p0|

2Ta,b
)+ζa,b

exp(
βa,b|~p|+|p0|

2Ta,b
)+ζa,be

|p0|/Ta,b

 ,
(D.15)

where ζa,b = ±1, depending on whether particle a, b is a fermion or boson respectively.

Substituting this result into the forward collision term and converting the integral over p0

to an integral over t using∫ ∞
0

dp0 =

∫ ∞
0

dp0

∫ ∞
−∞

δ(t− p2)dt =

∫ ∞
−∞

dt
Θ(|~p|2 + t)

2
√
|~p|2 + t

∣∣∣∣
p0=
√
|~p|2+t

, (D.16)

we find

CfE =
STaTbζaζb

24(2π)5

∫ ∞
0

d|~p|
∫ 0

−|~p|2
dt |M(t)|2 e

√
|~p|2+t/Tb − e

√
|~p|2+t/Ta

(e
√
|~p|2+t/Tb − 1)(e

√
|~p|2+t/Ta − 1)

× log


exp

(√
|~p|2 + t+ βa|~p|

2Ta

)
+ ζa

exp

(√
|~p|2 + t+ βa|~p|

2Ta

)
+ ζa exp

(√
|~p|2 + t

Ta

)


× log


exp

(√
|~p|2 + t+ βb|~p|

2Tb

)
+ ζb

exp

(√
|~p|2 + t+ βb|~p|

2Tb

)
+ ζb exp

(√
|~p|2 + t

Tb

)
 . (D.17)

In the case where sectors a and b have thermalized, i.e. Ta = Tb, the forward collision term

is identically zero, as expected from a t-channel process. The backward collision term has

the same form, except with an overall minus sign. The total collision term, CE = CfE −CbE ,

is therefore twice the forward rate. Finally, we make the integrand dimensionless by pulling

overall factors of T 5
a to give

CE =
S′T 5

axζaζb
2

∫ ∞
0

dp̃

∫ 0

−p̃2
dt̃ |M(t̃)|2 e

√
p̃2+t̃/x − e

√
p̃2+t̃

(e
√
p̃2+t̃/x − 1)(e

√
p̃2+t̃ − 1)

× log

(
e

1
2

(
√
p̃2+t̃+βap̃) + ζa

e
1
2

(
√
p̃2+t̃+βap̃) + ζae

√
p̃2+t̃

)
log

(
e

1
2x

(
√
p̃2+t̃+βbp̃) + ζb

e
1
2x

(
√
p̃2+t̃+βbp̃) + ζbe

1
x

√
p̃2+t̃

)
, (D.18)

where S′ = S/4/(2π)5, x = Tb/Ta and a tilde over a variable indicates that it has been

made dimensionless by dividing by the appropriate power of Ta.

D.1 Trilinear scalar couplings

In this section we evaluate the t-channel contribution to the collision term and compare it

with the s-channel rate for the theory in which the two sectors interact via

Lint =
1

2
µaφχ

2
a +

1

2
µbφχ

2
b . (D.19)
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Figure 18. Total collision term CE = CE/M5
φ as a function of Ta/Mφ at fixed x = Tb/Ta = 0.5,

for µa = 0.01Mφ, k = µb

µa
= 0.5, and ma,b = 10−8Mφ and S′ = 1. The blue line corresponds to the

numerical s-channel contribution to CE of eq. (C.12) with scattering amplitude given by eq. (C.14)

while the red line shows the numerical t-channel contribution to CE (eq. (D.18)) with scattering

amplitude as given in eq. (D.20).

The t-channel scattering amplitude for this theory is given by

|M(t)|2 =
µ2
aµ

2
b

(t−M2
φ)2

=
µ4
aw

M4
φ(t̃/M̃2

φ − 1)2
. (D.20)

In figure 18 we compare the resulting t-channel contribution to the collision term with the s-

channel contribution for this theory at fixed x = Tb/Ta. The s-channel contribution always

dominates over the t-channel contribution, both below the resonance as well as above.

At low temperatures, Ta � Mφ, we can approximate the scattering amplitude as a

constant just like we did for s-channel,

|M(t)|2 ≈ µ4
aw

M4
φ

. (D.21)

The temperature dependence in this region can then be isolated,

Clow-T = S′T 5
a

µ4
aw

M4
φ

x

2

∫ ∞
0

dp̃

∫ 0

−p̃2
dt̃

e
√
p̃2+t̃/x − e

√
p̃2+t̃

(e
√
p̃2+t̃/x − 1)(e

√
p̃2+t̃ − 1)

× log

(
e

1
2

(
√
p̃2+t̃+βap̃) − 1

e
1
2

(
√
p̃2+t̃+βap̃) − e

√
p̃2+t̃

)
log

(
e

1
2x

(
√
p̃2+t̃+βbp̃) − 1

e
1
2x

(
√
p̃2+t̃+βbp̃) − e

1
x

√
p̃2+t̃

)
,

≡ S′T 5
a

µ4
aw

M4
φ

ft(x). (D.22)
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The low temperature behavior derived above is similar to the one we had in s-channel

case, eq. (C.25). However, unlike f(x) in eq. (C.25), ft(x) decreases as x → 0, rather

than approaching a constant; this reflects the suppressed probability of finding an initial

scattering particle in the colder sector as the thermal abundance drops. We find the t-

channel rate to be suppressed by a factor of six relative to the s-channel rate even when

x → 1. In a similar manner one can also show that the t-channel contribution remains

subdominant for other theories considered in appendix C. Thus our neglect of the t-channel

contribution to CE is justified.
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