PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: May 5, 2016
ACCEPTED: July 24, 2016
PUBLISHED: August 3, 2016

Smooth non-extremal D1-D5-P solutions as charged
gravitational instantons

Bidisha Chakrabarty,” Jorge V. Rocha’ and Amitabh Virmani®
@ Institute of Physics,
Sachivalaya Marg, Bhubaneshwar, 751005 India

b Departament de Fisica Fonamental, Institut de Ciéncies del Cosmos (ICCUB),
Universitat de Barcelona, Marti i Franqués 1, E-08028 Barcelona, Spain

E-mail: bidisha@iopb.res.in, jvrocha@icc.ub.edu, virmani@iopb.res.in

ABSTRACT: We present an alternative and more direct construction of the non-super-
symmetric D1-D5-P supergravity solutions found by Jejjala, Madden, Ross and Titchener.
We show that these solutions — with all three charges and both rotations turned on —
can be viewed as a charged version of the Myers-Perry instanton. We present an inverse
scattering construction of the Myers-Perry instanton metric in Euclidean five-dimensional
gravity. The angular momentum bounds in this construction turn out to be precisely the
ones necessary for the smooth microstate geometries. We add charges on the Myers-Perry
instanton using appropriate SO(4, 4) hidden symmetry transformations. The full construc-
tion can be viewed as an extension and simplification of a previous work by Katsimpouri,
Kleinschmidt and Virmani.

KEYWORDS: Black Holes in String Theory, Black Holes, String Duality

ARX1v EPRINT: 1603.06799

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP08(2016)027


mailto:bidisha@iopb.res.in
mailto:jvrocha@icc.ub.edu
mailto:virmani@iopb.res.in
http://arxiv.org/abs/1603.06799
http://dx.doi.org/10.1007/JHEP08(2016)027

Contents

1 Introduction 1
2 JMaRT as charged Myers-Perry instanton 3

2.1 Myers-Perry instanton 3

2.2 Dimensional reduction to 3d and Weyl reflection )

2.3 Charging transformations and 6d fields 7
3 Conclusions 8
A Inverse scattering construction of the Myers-Perry instanton 9
B From 6d to 3d and back 13
C Construction of the C-field 17
D Rod structure of the Cvetic-Youm metric 19

1 Introduction

One of the key steps that advanced the study of three-charge supersymmetric black hole
microstates was the rewriting by Giusto and Mathur [1] of the first example of a smooth
geometry in the fibered form, thus making the connection with the classification of super-
symmetric solutions. This exercise led to the realisation that the four-dimensional base
space for such solutions had to be of the so-called “pseudo-hyper-Kéhler” form, which
paved the way for generalisations to the multi-center solutions [2, 3].

It is natural to hope that understanding the known non-extremal microstates [4-10]
from various possible perspectives will shed light on how to go about constructing more gen-
eral non-extremal microstates. Drawing movitation from properties of the supersymmetric
solutions, one such study was performed in reference [11] for the solutions found by Jejjala,
Madden, Ross, and Titchener (JMaRT) [4]. They found that upon dimensional reduction
from 6d to 5d, the 5d solution features locally non-supersymmetric orbifold singularities.
Upon further reduction to 4d, they found that the two singularities are connected by a
conical singularity. The presence of the conical singularity does not allow for an unam-
biguous association of brane charges to the two centers. This led the authors to conclude
that the picture of “half-BPS atoms” making up the multiple centers of supersymmetric
microstates does not extent to the non-supersymmetric ones in any easy way. One must
consider more general kinds of basic building blocks.



In this paper we add a new dimension to this discussion. We show that the JMaRT
solution can also be thought of as a charged version of Euclidean five-dimensional Myers-
Perry instanton trivially lifted to six dimensions by the addition of a flat timelike direction.
Gravitational instantons in four-dimensions have received much attention under the Eu-
clidean Gravity paradigm, though their higher-dimensional cousins are not so well explored.
For the cases where these objects have been explored, their classification is presented in
terms of turning points of various degenerating Killing vectors [12]; more precisely in terms
of the so-called rod structure [13-15]. Since for the non-supersymmetric microstates only
spacelike Killing vectors degenerate, it is natural to expect that non-supersymmetric mi-
crostates are closely related to gravitational instantons.

For the construction of the multi-center supersymmetric solutions this connection is
the key element [2, 3]. In these constructions the four-dimensional base space is taken
to be multi-center Gibbons-Hawking instanton. For non-extremal microstates such a link
has also been explored, though not yet in a fully systematic way. For example, the first
generalisation [5] of the JMaRT solution was constructed by adding appropriate charges to
the so-called Kerr-Taub-Bolt instanton. Similar ideas, in different guises, were also used in
references [7, 9, 16, 17]. More recently, these and a related circle of ideas have led to the
construction of the first example of non-extremal multi-bubble microstate geometries [10].

It had been anticipated that the JMaRT solution has a close connection to gravita-
tional instantons (see e.g. comments in [5, 17]), though it has never been made precise.
A connection was established in reference [18] where it was highlighted that the JMaRT
metric can be related to the Myers-Perry instanton metric via a simple analytic continua-
tion. In this paper we extend and simplify that construction. There are several differences:
we consider both angular momentum and all three charges, whereas reference [18] only
dealt with the case of two-charges and a single rotation. We work with the well developed
Belinski-Zakharov inverse scattering method [19-22], as opposed to the Breitenlohner-
Maison method [23-26] used in [18]. Moreover, for adding charges we do reductions over
the standard angular coordinates 1) and ¢ as opposed to linear combinations of these co-
ordinates as was done there. We use timelike reduction to go from 4d to 3d, as opposed
to [18] where the timelike reduction was used to go from 6d to 5d. These points considerably
simplify the calculations and make the full construction more accessible.

The rest of the paper is organised as follows. In section 2 we gather our main ideas
relegating all detailed calculations to the appendices. In section 2.1 we present the Myers-
Perry instanton metric. In section 2.2 we perform a specific SO(4,4) transformation — a
Weyl reflection — on the matrix of scalars for the Myers-Perry instanton. This Weyl reflec-
tion allows us to match the final solution rather directly to the JMaRT parameterisation
upon adding charges. In section 2.3 we perform the charging transformations on the Weyl
reflected Myers-Perry instanton matrix. The corresponding six-dimensional fields match
on to the over-rotating Cveti¢-Youm metric.

We present in detail the inverse scattering construction of the Myers-Perry instanton
metric in appendix A. Certain details on the construction of the SO(4,4) matrix and the
action of the Weyl reflection on three-dimensional scalars are provided in appendix B.
Details on the construction of the six-dimensional fields are provided in appendix C. A



discussion on the rod structure of the Cvetié-Youm metric is presented in appendix D. The
black hole and the fuzzball cases are analysed separately.
We end with a brief discussion in section 3.

2 JMaRT as charged Myers-Perry instanton

The JMaRT solutions presented in ref. [4] were originally obtained by starting with a
large family of metrics and determining special choices of parameters that rendered the
geometries smooth and horizonless. Specifically, the starting point was the general five-
dimensional non-extremal solutions, derived by Cveti¢ and Youm [27], carringy two angular
momenta and three independent U(1) charges, in addition to a mass parameter M. These
metrics are solutions to five-dimensional supergravity theory obtained from ten-dimensional
type IIB supergravity upon compactification on 7% x S'. While the compact 7% part of
the metric does not play a significant role in the JMaRT construction, the S' direction
is crucial for the smoothness analysis. Therefore, the metric and matter fields are most
conveniently considered as six-dimensional quantities. Our goal is to demonstrate that the
JMaRT solutions can be generated in an alternative and more direct way.

2.1 Myers-Perry instanton

The five-dimensional Myers-Perry instanton metric can be expressed as

M
ds%d = dy2 + > [dy + aysin® 6 do + as cos® dw]Q

by
+ (r* — a?) sin? 0 d¢? + (r? — a3) cos? 0 dy* + Zdr2 + X db?, (2.1)
where
2 _ 2.2 2 o2 2 at a3
Y =r*—ajcos” 0 —a;sin” 6, A=r <1_7“2>< —T2>—|—M. (2.2)

This is a vacuum solution of Euclidean gravity possessing three commuting Killing vector
fields, namely 0y, 04 and Oy, and is parametrised by the three numbers M, a; and as. We
obtain a Lorentzian metric by trivially lifting to six-dimensions through the addition of a
flat time direction,

dst, = — dt* + ds?,. (2.3)

The line element (2.1) can be easily obtained by the following analytic continuation on the
Myers-Perry metric as given in ref. [14]:

ay — —ial,

as — —iag, (2 4)
t — iy, ’
M — —M.



A standard Euclidean version of the Myers-Perry solution would not include the ana-
Iytic continuation on the mass parameter, M — —M." While this raises questions about
the regularity of such geometries, we are not concerned with the smoothness properties of
this metric per se. In section 2.3 below, we will add charges on top of this metric and it
is the smoothness properties of the final charged metric that we will be interested in. The
same approach was taken in other references, see e.g., [5, 7].

Inverse scattering construction. The 3-parameter family of solutions (2.1) can also
be constructively generated from five dimensional Euclidean Schwarzschild metric by ap-
plying the Belinski-Zakharov (BZ) inverse scattering method. This procedure is detailed in
appendix A and parallels the derivation of the 5D Myers-Perry metric from Schwarzschild
metric in Lorenztian gravity [22]. One of the key points that is borne out by this construc-
tion is that the parameters must obey

M < (a3 — ag)?. (2.5)

This bound arises in the JMaRT solutions as a condition ensuring that the smooth geome-
tries are horizonless [4].

As is well known for the Lorentzian Myers-Perry metric, the inverse scattering pro-
cedure is not unique. The same is true for the Euclidean metric. In appendix A we
describe one such way of generating the Euclidean solution. A brief summary is as fol-
lows. Let us recall that stationary axi-symmetric solutions of vacuum Einstein equations
in five-dimensions can be expressed in canonical coordinates in the form [14]

ds® = Gap(p, 2) da®daz® + e* P2 (dp?® + dz?), with det G = p?. (2.6)

Note that the determinant of the Killing matrix G, is positive, since we are working
in Euclidean gravity. In canonical coordinates the vacuum Einstein equations yield a
decoupled set of equations for the Killing metric G4;. These equations can be equivalently
formulated as a system of first order differential equations (the Lax pair) for the so-called
generating matrix. One ‘dresses’ the generating matrix of the seed solution appropriately
to obtain a new solution.

We follow the procedure of ref. [22]. We first remove a soliton and an anti-soliton with
‘trivial’ BZ vectors from the five dimensional Euclidean Schwarzschild metric, and then add
the same soliton and the anti-soliton with ‘nontrivial’ BZ vectors. Changing the coordinates
from canonical to more standard radial coordinates, and choosing convenient names for the
parameters added through the BZ vectors, we obtain the metric (2.1) together with the
bound (2.5). A step-by-step description of the procedure is presented in appendix A.

Shifted coordinates. For the ensuing discussion the following coordinates are more
useful to work with. These coordinates allow to match rather directly the charged version
of the Myers-Perry instanton to the over-rotating Cveti¢-Youm metric. The coordinate

!Nevertheless, with a slight abuse of language we will continue to call metric (2.1) — and its six-
dimensional uplift (2.3) — the Myers-Perry instanton.



transformation is

r?2 — r? +al+ a3 - M, (2.7)
0

0 — — —0.
2

Along with these coordinate shifts, we also interchange coordinates ¢ and v and names of
the rotation parameters a; and as:

¢ «— 1, (2.9)

al < ag. (2.10)

The resulting metric reads

M
d8(2;d = —dt® + dy2 + [dy + aq sin® 0 do + as cos® 6 dz/J] 2

b

M ~
+ (r* 4 a3 — M) sin® 0 dp* + (12 + a} — M) cos® 0 dip® + Xdﬂ +Xde*  (2.11)
where
> = r? 4 a?sin? 0 + a3 cos® 6 — M, (2.12)

A—r2<1+a%><l+a%>—M (2.13)
= = . .

2.2 Dimensional reduction to 3d and Weyl reflection

As our next step we will apply a solution generating technique based on three-dimensional
duality symmetries on the Myers-Perry instanton metric (2.11). Thus, we begin by dimen-
sionally reducing down to three dimensions.

The six-dimensional truncation of IIB theory on T* that we work with is

1 1
£6:R6*61—5*6d‘1)/\d(1)—56\/§®*6F[3]/\F[3], (214)

where the field strength Fj3) = dCl comes from the Ramond-Ramond sector of the ten-
dimensional IIB theory. The six-dimensional metric (2.11) is viewed as a solution of the-
ory (2.14), specifically a solution with trivial dilaton ® and two-form field Cly).

Three-dimensional dualities. Upon dimensional reduction a large number of grav-
ity and supergravity theories become gravity coupled to form-fields and non-linear sigma
models. Such non-linear sigma models are maps from a lower-dimensional base space to a
target space. The target space is generally a coset G/K. The group G is the group of global
isometries of the target space. The group K is the isotropy subgroup of the target space
— a subgroup of G. The symmetry group G of a sigma model can be used to generate new
solutions of the higher-dimensional gravity theory by applying a group transformation to
a coset representative of a seed solution.

These techniques become particularly powerful when the reduction is performed down
to three dimensions. In three dimensions all higher dimensional form fields can be dualized



to scalars. As a result the symmetry groups become significantly enhanced, and one has at
ones disposal a rich solution generating technique. Further richness comes from changing
the details of the dimensional reduction. For example, by changing the order of the time-
like reduction within the whole sequence of reductions, one can change the denominator
subgroup.

These techniques have been presented at several places in the literature, see e.g., [28];
we will not review it here. We refer the reader to appendix B for some more details and
notation. The key quantity in this method to work with is a matrix M that encodes all
three-dimensional scalars. These are obtained by performing a sequence of Kaluza-Klein
reductions down to 3d, together with the dualisation of the one-forms that are left over.
The matrix M belongs to the coset G/K.

For the theory (2.14) the coset model is

SO(4, 4)
SO(2,2) x SO(2,2)’

(2.15)

where the embedding of the denominator subgroup in the numerator group depends on
the details of the dimensional reduction. The specific ordering of the Kaluza-Klein reduc-
tions we adopted was over ¥y, ¢, and t, respectively. Group transformations with elements
belonging to the denominator subgroup act as

M—=gt My, for g € S0(2,2) x SO(2,2). (2.16)

Thus, from the metric (2.11) we construct the SO(4,4) matrix M, roughly by exponentiat-
ing the various group generators — each generator being weighted by one of the 3d scalars
— and multiplying them all together. The group SO(4,4) has dimension 28. The Cartan
subalgebra is spanned by four generators, denoted Hy, with A = 0,...,3. The remaining
an> Epn) and ‘megative’ (Fy, Fy,, Fa) ele-
ments and the number of available 3d scalars (sixteen) matches the number of Cartan plus

24 generators are broken into ‘positive’ (Ej, E.

positive generators. More details are given in appendix B. We adopted the same basis for
the so(4,4) algebra as the one defined in refs. [29, 30].

Weyl reflection. On the resulting matrix M we act with the following group element
Gw = €Xp {%K%} exp [iqug] , (2.17)

as
My = gy Mg (2.18)

Here, we have defined K, = E;, — EqAﬁ, where the symbol ? denotes the generalised
transpose [see appendix B below eq. (B.15)]. Although complex numbers appear in defi-
nition (2.17), it can be checked by direct inspection that the resulting matrix is real and
indeed belongs to the denominator SO(2,2) x SO(2, 2) subgroup of the numerator SO(4, 4)
group. We follow the so0(4,4) Lie algebra conventions of [29, 30].

In the numerator SO(4,4), g, is a Weyl reflection. Of particular interest is the action

of this transformation on the Euclidean gravity truncation to which the metric (2.11)



belongs. As is discussed in detail in appendix B, its action changes the truncation from
Euclidean five-dimensional vacuum gravity to Lorentzian five-dimensional vacuum gravity.
The bound (2.5) on the parameters does not change. The resulting matrix M,, can be
thought of as describing ‘over-rotating’ Lorentzian Myers-Perry metric. This needs to be
contrasted with the inverse scattering construction of the Lorentzian Myers-Perry metric,
e.g., as presented in [22], where the bound (2.5) cannot be fulfilled with real pole positions
in the dressing transformations. A very similar transformation was used in [18]. However,
details are not identical.

Of course, one could have taken directly, as a starting point, the ‘over-rotating’ Myers-
Perry solution and then charge it up as we will do next. But by following this longer route
we emphasise that the JMaRT smooth solutions can be systematically constructed from
gravitational instantons.

2.3 Charging transformations and 6d fields

On the resulting matrix M,, we act with a charging transformation that adds three electric
charges. We choose names for the charging parameters so that the final answer conforms
to the JMaRT notation. The charging transformation is

ge = exp [0 Ky, ] exp [-01Kq,] exp [65 K, ] , (2.19)

acting as
Méina = gc_legc- (2'20)

We read scalars from the matrix Mgy, and build the metric, dilaton, and the C-field
in six-dimensions. We find an answer identical to the fields given in reference [4]. Certain
details on the construction of the six-dimensional fields are provided in appendix C. For
completeness, and for use in appendices, we write the final fields here. The six-dimensional
Einstein frame metric reads

dst; = — (dt* — dy®) +

M
f(s dy
\/H1H5 NG

2 2
W\ H < ; er +de2)
T +a1 r“+a

— cpdt)?

5) —
N 2
+ | \VH1Hs — (a5 — Lt — N)COSQ cos” Odv)
HiHs
-~ 7. _ -2
+ [/ Hi1 H —al H1+H5~ ~f)sm 0 sin 0d¢2
Hy Hs

2Mcos 9
[(a1c1c50), — a2s1858p)dt + (a2s155¢, — arcicssy)dy|dy
V H,H;
2Msm 9
——[(agcic50p — a151855p)dt + (a18155¢) — ascicssy)dylde, (2.21)
HyHs



where
H;=f+ Msinh®6;, f =1+ a}sin®6 + a3 cos? 6, (2.22)

and ¢; = cosh §;, s; = sinh §;. The six-dimensional two-form is given by

M M
Cy = — 1 gt A dy — 555 (r? + a3 + Ms?) cos® 0dyp A do (2.23)
Hy H;
M cos® 0
+ A [(azc185¢, — a1s1¢58p)dt + (a151¢5¢) — azc1sssp)dy] A di
1
M sin? 6
+ T [(a1c185¢, — agsicssy)dt + (azsicscy — aicisssy)dy| A do,
1

and finally the six-dimensional dilaton @, cf. (B.1), reads

2vae _ Hi (2.24)

& = —=—.
Hs

A discussion of the rod structure for this metric is presented in appendix D.

3 Conclusions

In this paper we have presented an alternative and more direct (inverse-scattering based)
construction of the over-rotating Cvetic-Youm metric. We have generalized — and at
the same time simplified — the construction of [18]. Certain further restrictions on the
parameters of the resulting 6d fields give rise to a discrete family of non-extremal smooth
bound states of the D1-D5-P system [4].

Another objective of this work was to emphasise the idea that the over-rotating Cvetic-
Youm metric can be viewed as a charged version of the Myers-Perry instanton metric.
Indeed, this picture is strongly suggested by the similarities between the rod structures of
the two metrics. Although the Cveti¢-Youm geometry is not a vacuum solution, from the
metric alone one can still define a rod structure and this was presented in appendix D.

More generally, one may hope that adding appropriate charges to gravitational instan-
tons might lead to a class of non-supersymmetric fuzzballs. It will be very exciting if this
circle of ideas can be pushed further to construct a class of multi-bubble non-extremal
fuzzball solutions. Given the remarkable success that the inverse scattering method has
had with black rings, we expect that progress should be possible on “three-center” non-
extremal solutions. This may be achieved by generalising the present study by taking a
(yet unknown) Euclidean black ring as the starting point for the charging transformation.
It will also be interesting to understand the recent construction of [10] from the point of
view pursued in this paper.
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A Inverse scattering construction of the Myers-Perry instanton

In the interest of providing a complete derivation of the JMaRT solutions, we present in
this appendix all the details necessary to generate the Myers-Perry instanton from the
Euclidean Schwarzschild solution using the Inverse Scattering Method (ISM). As is well
known, the procedure is not uniquely determined. Below we describe, step by step, one
such way of generating this solution. To set the context, and also to fix some notation, we
begin by offering a very concise account of the formalism.

Overview of the procedure. Recall that solutions of the vacuum Einstein equations
in D = 5 dimensions, R, = 0, that are both stationary and (doubly-)axially symmetric
(thus possessing D-3 commuting Killing vector fields) can always be expressed in canonical
coordinates in the form [14]

ds® = Gap(p, z) da®da® + P2 (dp? + d2?), with  det G = p2. (A.1)

In these coordinates the vacuum Einstein equations yield a decoupled elliptic PDE for the
Killing metric Gg. This can be equivalently formulated as a system of first order linear
equations (the Lax pair) for the so-called generating matrix, which depends on an additional
variable (the spectral parameter). A linear transformation on this generating matrix —
in standard terminology, one refers to it getting dressed — takes us to a new solution of
the same field equations. Under the assumption of a linear transformation that adds only
simple poles in the spectral parameter complex plane (i.e. a solitonic transformation) the
whole procedure reduces to a sequence of algebraic calculations [19-21]. The determination
of the conformal factor €** can be straightforwardly accomplished by a line integral once
the Killing matrix is found. Nevertheless, even this can be sidestepped since the conformal
factor of the new solution can be directly obtained from that of the seed solution via
another simple algebraic evaluation.

Details of the ISM construction. After this lightening review of the ISM, we now
move on to the construction of the 5D FEuclideanized Myers-Perry geometry, closely fol-
lowing Pomeransky’s derivation of 5D Lorentzian Myers-Perry [22]. This instanton can
be connected with the zero-charge JMaRT solution by later adding a flat timelike direc-
tion [18]. The construction proceeds as follows:

1. The starting point is the diagonal metric corresponding to 5D Euclidean Schwarzschild,
which is written in the form (A.1), with G = Gy and v = v (the “0” in the subscript

2Since we are working in the Euclidean section, the determinant of the Killing matriz G is positive.
For Lorentzian solutions we would have an extra minus sign on the far right hand side of (A.1).



(1, Qgp, Qu)

0, 1,0)

S

(0,0,1)

b4 bz

Figure 1. Rod diagram for the 5D Euclidean Myers-Perry geometry. The direction for each rod
is indicated above the corresponding segment. The rod diagram for the seed solution (Euclidean
Schwarzschild) is trivially obtained by setting both “angular velocities” Q, and €, to zero. The
points by and bs indicate turning points where regularity of the solution has to be checked explicitly.

refers to the seed solution),
mo P
(Gl = o {21y, 2 (A2)
w2 M1

The rod diagram for such a solution is displayed in figure 1 (4 and Q, must be set
to zero). The Killing sector is parametrized by coordinates (y, ¢, ) and the solitons
and anti-solitons are defined, respectively, by

wi= VP A=) —(z=b),  Ti= P+ -0 (=b). (A3)

They satisfy u;i; = —p°.

2. The conformal factor for this seed is algorithmically determined by following the
procedure described in ref. [31],

Q2o — 2 H2 (pap2 + p?)
(13 + p?) (15 + p?)

The multiplicative constant k can be fixed by requiring asymptotic flatness.

(A.4)

3. From the seed Killing matrix (A.2) we:?

(a) remove a soliton at z = by with trivial BZ vector m(()l) = (0,0,1), which amounts
to dividing Gyy by —p?/u;

(b) remove an anti-soliton at z = by with trivial BZ vector méQ) = (0,1,0), which
amounts to dividing Gy by —u3/p?;

(c¢) multiply the whole matrix by a factor —us/pu1, for convenience.

The Killing matrix thus obtained is

(Go)ab = diag {—1, 71, pa} - (A.5)

This will serve as the seed for the next solitonic transformation.

3This step is necessary in D > 4 to ensure that the final solution satisfies the constraint det G = p? in
eq. (A.1). Refer to e.g. refs. [32-34] for concise accounts of the details of the ISM procedure.

~10 -



4. Now we add the (anti-)solitons that we removed previously but with nontrivial BZ
vectors. Namely, we:

(a) add a soliton at z = by with BZ vector mg(l) = (A1,0,C1);
(b) add an anti-soliton at z = by with BZ vector mg(Q) = (Az, B2,0).

At this stage we have obtained a new Killing matrix. Clearly, if we set A} = Ay =0
and C1 = By =1 (and rescale to revert step 3.(c)) this just undoes the previous step
and so we must retrieve the original solution. It is the presence of non vanishing coef-
ficients A; that mixes y (Euclidean time) and angular components. In the Lorentzian
picture this would correspond to turning on angular velocities.

5. Rescale again the Killing matrix (multiply it by —pu1/p2) to undo the scaling of step
3.(c). This yields a physical metric satisfying the constraint det G = p?. However,
the orientation of the rods is non standard: the solitonic transformation performed to
mix gy direction and angular components simultaneously rotated the directions of the
outermost rods. So an analysis of the rods’ orientation must be done at this point,
which we turn to next.

6. It is convenient to set by = —by = —a, with a > 0, without loss of generality.* A rod
structure analysis reveals that:

(a) the rightmost rod (rod 3: p =0, z > «a) has orientation (—43“3‘:2, 1, %);

(b) the leftmost rod (rod 1: p =0, z < —«) has orientation (—40(‘/5?1 ) %, 1>.

As a useful check, we confirm that a trivial solitonic transformation (A; = 0) does
not change the direction of the rods.

7. The linear transformation G — ATGA, with

1 —4A20105 —4A1B20¢
A= 0 B26’1 4A1A20{ y (AG)
0 4A1A20[ BQCl

brings us back to standard orientation (so that rod 1 and rod 3 are aligned with
directions (0,0,1) and (0, 1,0), respectively). In the process the finite middle rod 2
acquires direction (1,4, €y ), where

B Ao O, — Aq
~ (1 (4042 - B2)’ Y7 By(4aA2 - C2)°

Qy (A7)

We have thus generated the Euclidean Myers-Perry solution.

4The metric (A.1) with G and e?” depending on z only through the combinations y; is invariant under
simultaneous shifts of the z coordinate and the b; parameters.

- 11 -



Final metric in convenient coordinates. The solution as obtained above (but not
explicitly shown), written in canonical coordinates (p, z), is not particularly illuminating
and it is desirable to express it in a more compact form. One useful system is the choice
of prolate spherical coordinates (u,v), related with the canonical coordinates through

p=oay/(u?—1)(1—0v?), z=ouv, (A.8)

where v > 1 and —1 <o < 1.

Besides changing coordinates, it is also convenient to redefine the parameters. The
parameters characterising the solution are a, A;/Bsy, A3/Cy. The dependence of the solu-
tion only on the ratios A;/Bs and As/C} is a consequence of the invariance of the ISM
procedure under rescalings of the BZ vectors, m(()i) — )\im(()i), with A; # 0. Following
Pomeransky [22] we fix the normalisation

B3C? — 1602 AA3 =1, (A.9)

which simplifies intermediate steps of the calculation. Then we define

M = —4a (4adi — C}) (4043 — B3) , (A.10)
a1 = 40(14201, (A.ll)
as = 40[14132. (A12)

Note that «, a1, a2 and M are not all independent since they satisfy

M = a3 + a} — 24/4a2 + a?d3. (A.13)

The requirement that a should be real and positive, i.e., the location of rod endpoints are
as described above, implies
M < (a1 — a2)2. (A.14)

After applying all these transformations we obtain the Euclidean Myers-Perry solution
in prolate spherical coordinates. We present the final metric in a different set of coordinates,
(r,0), closely related to the coordinates used in the Cveti¢-Youm and JMaRT papers. They
are related with (u,v) through

2 2 2. .2\
o (v —1) (1 —0%) = %A sin?(26), auv = % <1 - %) cos(20), (A.15)

2 2
A:r2<1§g>< jg)+M. (A.16)

It is convenient to introduce the following combination:

where

¥ =72 —afcos? 0 — a3 sin? 4. (A.17)
In terms of these new coordinates the metric is expressed as
2 2, M .2 2 2
ds® = dy” + > [dy—i—alsln 0 do + as cos Hdw}

+ (r* — a?) sin® 0d¢* + (r* — a3) cos® O dyp® + %er + X db>. (A.18)
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This metric is to be compared with the five-dimensional spatial part of eq. (4.13) in ref. [18],
which corresponds to the singly spinning case. Indeed, that line element is recovered by
setting ag = 0, and redefining » — 7 (note that ¥ becomes equal to f in [18].)

B From 6d to 3d and back

In this appendix we present some details on 6d to 3d reduction. We follow conventions
of [30]. We focus on details complementary to what is already presented in that reference.

Notation. A well known truncation of IIB supergravity on T4 has 6D Lagrangian
1 1
Lo=Roxs 1 — 5 x0d Ad® — ¢V x5 Fig A Fg, (B.1)

where the field strength Fj3) = dC[ comes from the RR sector of the ten-dimensional IIB
theory. As discussed in appendix A of [30] upon dimensional reduction on a spacelike circle
the 6D theory reduces to the U(1)3 supergravity in 5D. The reduction ansatz for the metric
and the 3-form field strength are

2
dst = e_\/glp (dZG + A[11]> + e%dsg, (B.2)
with
(5d) _ 7~(5d) 2 1
F[S] = dC[z] — dA[l] A A[ll' (B.4)

After dualizing C’g’]d) to a vector A‘E’l] in 5D using the method of Lagrange multipliers, the

triality structure of U(1)? supergravity becomes manifest.
Now we have obtained two scalars in five-dimensions, namely ¥ and ®. We parame-
terise the U(1)? supergravity scalars as

Al :e\/g‘ll, h2:e*\/%“’*\@‘b, h3=e*\/%“\/g‘b, (B.5)

which manifestly satisfy h'h2h3 = 1. Further dimensional reduction along a spacelike
direction with the ansatz

. 2
ds? = f2 <d25 +A?1]) + f1ds?, (B.6)
Ay = Al (dZ5 + A?l]) , (B.7)

gives rise to the N = 2 STU model in 4D. The scalars x! and k! combine to form complex
scalars of the STU theory 2! = —x! +ifh! = 2! +iy’.

Further dimensional reduction over a timelike direction gives an SO(4,4)/(SO(2,2) x
SO(2,2)) coset model. The ansatz for this reduction step is

ds? = —e?V (dt + w3)? 4+ e 2V ds3, (B.8)
Afly = A5 + (M dt + ws), (B.9)
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where ws and Afo} are 1-forms in 3D and A = 0,...,3. We dualise these vectors in 3D
to scalars using a similar Lagrange multiplier method as mentioned before. The duality
relations are

—dCy = e®(Im N)px x3 (AT 4 ¢Pdws) + (Re N)axdCE, (B.10)
and
—do = 2¢*V x3 dws — ¢MdCa + CadCh, (B.11)

where C~A and o are pseudo-scalars dual to Aé\ and ws respectively. The Re N and Im IV
are the real and imaginary parts of the period matrix N of the STU theory and they are
constructed out of the x’s and h!’s, respectively.

Therefore, in 3D we have a total of sixteen scalars

" ={U, 2" 2 M G, o), (B.12)

parameterising an SO(4,4)/(SO(2,2) x SO(2,2)) coset model. Further details on this set-
up can be found in appendix A of [30], where conventions for the so(4,4) Lie algebra are
also given. The resulting 3D Lagrangian is

1
Ly = Ryxy 1 — o Gapxs dig” A d®. (B.13)

The whole point of the cumbersome procedure described above was to reduce the theory
to such a sigma model.

If we perform the first dimensional reduction over a timelike direction and the following
reductions over spacelike directions we get a different SO(4,4)/(SO(2,2) x SO(2,2)) coset
model. One can take other combinations as well. Such reductions are used in different
contexts, see [18, 35].

The scalar coset space can be parameterised in the Iwasawa gauge by the coset element

v — e—UHO . H 6—%(logyI)HI . e_xIEI . e—CAEqA—éAEpA . 6_%UEO. (B14)
1=1,2,3
The matrix M is defined as

M=V, (B.15)

where 0% = /070" for all 0 € 50(4,4) and 7' =diag(—1,-1,1,1,—1,—1,1,1) is invariant
under the action of the maximal subgroup SO(2,2) x SO(2,2).

Scalars and some relations from matrix M. We define a matrix N that conveniently
encodes all one-forms in three dimensions, N' = M~'dM. Under group transformation
the matrix N transforms as A" — ¢~ 'Ng. From this matrix one can extract duals of one
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forms [36] as follows,

*3dws = N7y, (B.16)
*3dAS = N1, (B.17)
*3dAL = Ngi, (B.18)
*x3d A3 = N, (B.19)
*x3d A} = Na. (B.20)

Having obtained x3dws one can straightforwardly integrate to construct ws. This procedure
is emphasised in references [36, 37]° for STU supergravity. For minimal supergravity it was
noted in [38], though in that set-up it did not bring much technical advantage. For STU
theory this procedure indeed simplifies calculations.

The remaining three-dimensional scalars are determined directly from the matrix M.
There are many ways to extract scalars from the matrix M. Among others, we have found
the following equations useful [36]:

1

AU

e = , B.21
MasMyy — ./\/@4 ( )

¥ = eV (Ms1Mss — My Msg) (B.22)
(M= e (MsiMas — My May), (B.23)
¢? = e'V (MesMss — Mgz May) , (B.24)
¢ = eV (MzaMszy — MyaMsg), (B.25)
M3y
T = , B.26
P Mg (B.26)
T
yT;?, = Mg + €'V (MzgMar Mgz + Mz MzgMey — Mgt MygMesz — Mz My Mey),
ﬁ = Mis + e* (Mg MsaMug + MssMyg Mas — Mgt MssMag — MaaMsaMar),
1
@ = M1 + e4U(M33Mil + M44M§1 — 2M3 i M3y Muyy), (B.27)
= (B.25)
g B.28
LMz
2 2 2
Y3 r3 | Msy 4y (MaaMsy — M3z Myz)
== Moy — + + . B.29
Y2 27 yys | Mas ¢ Mss (B.29)

Details on Weyl reflection. The truncation to pure five-dimensional Lorentzian gravity
corresponds to taking the six-dimensional metric of the form

dsg = dy* + ds?, (B.30)
and setting ® = 0 and Fj3) = 0. In terms of the three-dimensional coset scalars, this
truncation corresponds to setting

=0, Y=y, (=0, (=0 (B.31)

SWe thank Geoffrey Compere for discussions on this point and for sharing some of his notes with us.

~15 —



Therefore, the ‘active’ fields are
Uu Yy, O, Coa CNO‘ (B32)
These five fields correspond to an SL(3, R) truncation of SO(4,4), generated by the elements

Hy, Hy+ Hy+ Hs, Ey, Epo, Ey,  Fy, Fpo, Fp. (B.33)

Under conjugation (2.17), this SL(3, R) gets mapped to another SL(3, R) generated by,

H,, Hy+ Hs+ Hs, Fpl, Epo, I E]p17 Fpo, F. (B.34)

This new SL(3, R) corresponds to ‘active’ fields
yl, Ua 607 517 551- (B35)

We would like to compare this to a truncation to Euclidean five-dimensional, a metric
that arises as

dsg = —dt* + ds?, (B.36)

and where the six-dimensional dilaton and the three-form field are set to zero. This Eu-

clidean gravity truncation corresponds to setting

L= 37U, (B.37)
2 = 3 = e, (B.38)
o= G =0, (B.39)
¢ =< = ¢ = ¢ =0, (B.40)
z? = 0, (B.41)
o = 0, (B.42)

which conforms to (B.35).

Three-dimensional seed scalars. For calculational simplicity we work with coordi-

nate s,
2 = cos#, (B.43)

instead of the polar angle . For writing equations in the main text we use 6.

We perform a Kaluza-Klein reduction over y, ¢, and t respectively. In three-dimensions
we use the convention €, = ++/4 det g3q. The non-zero scalars in three-dimensions for
the metric (2.11) are

r . 1 — 2%)?
V= Z(1 -7, @:—m@MLfﬁl, (B.44)
Y >
~ 1— 2 1— 2
Q:f@MLﬁil o= L) (B.45)
) S+ M

xr
n=z V1=, Y2 = Y3 = E\/l—%Q, (B.46)
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where

b
r

12+ a3(1 — 5% + ads? — M, (B.47)
(r? + a2)L + Ma2(1 — 52). (B.48)

Note that eq. (B.47) reproduces the relation (2.12) introduced earlier. The three-dimensional
base metric is

r N _
ds3 = Z(1 —3)dr? + Tds + As? (1 — 32)dy?, (B.49)

where A was introduced in (2.13).

Six-dimensional metric. Using scalars (B.44)—(B.46) we construct the matrix M. We
act on this matrix M with the Weyl reflection transformation (2.17) and then we perform
the charging transformation (2.20). From the resulting matrix M we read all scalars (those
obtained in 3d without resorting to dualisation of one-forms) and from the corresponding
matrix N the three-dimensional one-forms. These pieces allow us to construct the 6d
metric. We obtain the over-rotating Cveti¢-Youm metric (2.21). In these calculations we
have followed the conventions for dimensional reduction and group theory of [30]. We have
adapted minus signs in the charging transformation (2.20), so that the final answer is same
as the JMaRT notation.

A construction of the C-field is more tedious, which we describe next.

C Construction of the C-field

In principle all the information about the C-field is also contained in the three-dimensional
scalars. Though, in practice, extracting the C-field is tedious. We have proceeded in the
following manner.

Overview of the procedure. An expression for six-dimensional three form Fjz} in terms
of five-dimensional fields is [30],

6d _
FY = —(h%) 72 x5 d ATy + dAZ) A (dy + Afy). (C.1)

In order to compute F%Y we need (i) an explicit expression for the dilatonic scalar h3,

(3]
cf. (B.5), (it) five-dimensional metric to perform the hodge star, and (i) the three one-
forms in five-dimensions.

The dilatonic scalar h® can be obtained from values of the scalars y! from the final

B3 = <ﬁpﬁ1>3, (C.2)

matrix Mgna. We get

H3
where
Hy =712 +a2(1 — 5% + a2 + Ms?. (C.3)
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Five-dimensional metric. The following form of the five-dimensional metric is quite
useful [11] to perform the Hodge star operation,

ds? = —F2f(f — M)(dt + k)® + F~ds? ... (C.4)
It is obtained by dimensional reduction of the 6d dimensional metric (2.21) over the y-
direction. The four-dimensional base metric in (C.4) is
r? dsc?

d2
(r2 +a2)(r? + a3) — Mr? g

2 _
dsbase -

+ (f(f - M))_l{(f(f = M)+ f(a3 = ai)(1 = 5¢*) + Maj(1 - 5*))(1 = »*)d¢”
+ (F(f = M) + flai — a3)5¢" + Magse") <" dy)®
+ 2Maqas(1 — %2)%2d¢dw}. (C.5)

The one form k in (C.4) is

M5155spa1 ~ Mecicsep
f f—-M

and the functions F' and f are,

Msysssp, — Meicsey

Y

k= a2] (1 —s2)do + [ ay | »2dy, (C.6)

F = (H,HsH,)™ /3, (C.7)
f=r*4+a2(1— ) + a3 (C.8)
Five-dimensional one forms. All three one-forms in five-dimensions are required for

the construction of three-form field strength in six-dimensions. These one-forms (for I =
1,2,3), obtained using the matrices M and N/, are

Al = Al dy + Aldt + Ajdg, (C.9)
where
M M M
A% = _$7 A? =+ ];,1617 A? = - 5.5657 (ClO)
P 1 5
and
M _ 1— 2 M _ 2
Aé _ (a1cps18s a~28p6165)( »7”) Azlp _ (agcps1ss - a18pC1C5) 3¢ (C.11)
H), H,
M o 1— 2 M o 2
A2 _ (a18p6185 a~26p8105)( 4 ) Az/) __ (a28p6185 } a16p8105)% (0‘12)
H1 Hl
M . 1— 2 M o 2
43— (a1spsics a~20pcls5)( 7°) A?p _ (azspsics - a1¢pC185)3 ‘ (C.13)
H5 H5

Some of our signs are different from those of reference [11], but this is simply because some
of our conventions are different® and our calculations are organised differently.

6Note that we use the convention €rsp = ++/+det gsa, where 2 = cos 6.
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Final answer. Given these expressions it is straightforward, if somewhat tedious, to
implement (C.1). We find in six-dimensions F] 3] field has 12 independent components. The
first six, coming from the first term in (C.1), —(h3)72 x5 dA:E’l], are

Frots Frops Frig, Fogts Fogp, Foty,s (C.14)
and the next six coming from the second term, dA[21] A (dy + A[ll]), are
Frzt)yaFrtyaFrwyaF;t¢y7FMtyaFuwy- (0-15)

From the resulting F-field a C-field can be constructed by appropriate integrations.
An answer is

Cy = Cyy dtAdy+Ciy dtAdp+Chy dtAdY+Cyy dyndd+Cipy dpAdd+Clyy dyrdy,  (C.16)

where
M M
Chy =+ flcl, Cyp = +—=ssc5 (r* + a3 + Msi) »*,  (C.17)
H1 Hl
M M
Chyp = —1:71 (a2sscicy — aicss18p) 2, Cip = —ﬁ—l (a1s5c1cp — asessisy) (1 — %),
Cyp = — = (a1c5s1¢p — agssc1sp) 2, Oy = — = (azcss1¢p — arsscrsy) (1 — 362).
1 1

These expressions match the corresponding expressions in [4] upto an over-all minus sign
(which is convention dependent). In the main text, cf. (2.23), we have flipped the over-all
minus sign, and have employed the polar angle 6 instead of .

D Rod structure of the Cvetié-Youm metric

Our goal here is to understand the rod structures of the Cveti¢-Youm metric, in particular
the two cases (i) black hole and (i7) fuzzball.

We recall that solutions of the vacuum Einstein equations in d dimensions with d — 2
commuting Killing vector fields are classified according to their rod structure: the rods
correspond to line sources for a generalised Poisson equation that determines the Killing
metric (see appendix A). In coordinates adapted to the isometries the metric depends
explicitly only on two variables, the canonical coordinates (p, z), and the rods are located
at p = 0. They are physically interpreted as the set of spacetime points where some Killing
vector — the associated rod direction — degenerates. In particular if the rod is spacelike
and extends to z = Foo this indicates an axis of rotation. If the rod is finite and timelike
(spacelike) it signals an event horizon (Kaluza-Klein bubble). We refer to [13, 14] for
further details.

The above description of rod structures applies only in vacuum, a priori. Consequently,
there is no guarantee that the Cveti¢-Youm solution is amenable to such a treatment when
the charges 9,01 and d5 are non vanishing. However, we will now see that the rod structure
can also be defined for this class of metrics. Since for the JMaRT fuzzball, the y direction
shrinks to zero size in the interior of the spacetime, the analysis of the rod structure is
best done in six dimensions. Our starting point is the metric (2.21). For this discussion
the order of the Killing coordinates we use is (¢, ¢, ¥, y).
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Case 1: Black Holes. The Cveti¢-Youm metric describes black holes when M > (a; +

a2)2.

coordinates (u,v) and the canonical coordinates (p, z). In the present case the coordinate

To analyze the rod structure it is convenient to introduce the prolate spherical

transformation relating the radial coordinates (r,6) used in metric (2.21) to the prolate
spherical coordinates (u,v) is

1
r? = §(M+4ua—a%—a§), (D.1)
1
cos’f = 5(1 —0), (D.2)
where 1
“= Z\/M — (a1 + a2)>/M — (a1 — a2)?. (D.3)

We take a; > az > 0. Thus @ > 0. The canonical coordinates (p, z) are related to the
prolate coordinates as

v \/p2+<z+a>22+;k\/p2+(z—a)27 (D.4)

v = \/p2+(z+a)22_a\/p2+(z_a)2. (D5)

Note that egs. (D.1)-(D.2) and (D.3) above are the inverses of (A.15) and (A.13), respec-
tively, upon implementation of the shift transformation (2.7)—(2.8). This makes r?A —

r2A, cos(20) — — cos(20) and consequently (u,v) — (u, —v). This implies (p, z) — (p, —2)
according to egs. (A.8), which are just the inverses of egs. (D.4)—(D.5).

The first rod p = 0,z € (—o00, —a) corresponds to the degeneration of the v circle at
0 = m/2, i.e., its rod vector is (0,0,1,0). The second rod p = 0,z € (—a, a) corresponds
to the horizon with rod vector (1,8, Qy,2,). The Killing vector that degenerates at the

horizon is 9 9 9 9
= — 4+ Qp— +Qup— +Q,—. D.6
5 8t+ ¢a¢+ ¢a¢+ yay ( )
Explicit expressions for 4, 2y, and ), are (see also [39]),
1 al — as ai + az
Oy = +— — , D.7
¢ Y| VM= (a1 —a2)? /M — (a1 + az)? (D-7)
1 a1 — as ai + az
Qyp = —— + , D.8
v Y [\/M—(al—a2)2 \/M—(a1+a2)2 (D-8)
M | cicssp — 51850 C1C58p + $185Cp
Qy = —
v \/M — (a1 — az)? \/M — (a1 + az)?
where
v M C1C5Cpy — 81855p C1C5Cp + S185Sp (D.9)
VM — (a1 —a2)? /M — (a1 + az)?

The third rod p = 0,2z € (a, 00) corresponds to the degeneration of the ¢ circle at § = 0,
i.e., its rod vector is (0,1,0,0). The rod diagram is shown in figure 2.
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(1, Qg¢, Qu, Qy)

(0,1,0,0)

(0,0,1,0)

< € & ~

-a +a

Figure 2. Rod diagram for the Cveti¢-Youm black hole. The direction for each rod is indicated
above the corresponding segment.

Case 2: Fuzzballs. For the smooth solitonic fuzzball solutions we have (a; —az)? > M.
The end points of the rod on the z-axis are at £ where

,3:%\/<a1+a2>2—M\/(a1—a2)2—M. (D.l())

Note that § > 0. We introduce the prolate and the canonical coordinates exactly in the
same manner as in the black hole case. The radial coordinates (r,6) used in metric (2.21)
are related to the prolate spherical coordinates (u,v) via

r? = %(M—I—Zluﬁ—a%—ag), (D.11)
1
cos’f = 5(1 — ), (D.12)

and the canonical coordinates (p, z) are related to the prolate coordinates as

VPP B2+ VPRt (- B)?
= 25 ;
_ VP +GEHB VPP + (2= B)
26 '

As in the black hole case, the first rod z € (—oo0, —f) corresponds to the degeneration

of the v circle at § = 7/2, i.e., its rod vector is (0,0,1,0). The third rod z € (8, 00)
corresponds the degeneration of the ¢ circle at § = 0, i.e., its rod vector is (0,1,0,0). The

(D.13)

(D.14)

second rod p = 0,z € (=, ) corresponds to the degeneration of the y direction. The
determinant of the (4 x 4) Killing matrix over coordinates (¢, ¢,,y) vanishes at p = 0,
which in terms of the original radial coordinate translates into

:M+4B—a%—a%

— 2.
re=ri: 7

(D.15)

The fuzzball construction [4] further requires that the determinant of the (3 x 3) Killing
matrix over purely spatial directions (¢, v, y) vanishes at p = 0,z € (=, 3), i.e., at r = 4.
So, we consider t = const slice along with » = ;. The determinant of the (3 x 3) Killing
matrix vanishes for

2.2.2 2.2 2
S87S:S,, + cycec
M:a%—i—ag—alag( 5%~ 5p). (D.16)

51558pC1C5Cp
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(0,1,0,0)

(0,0,1,0)

0, Qp, Q. 1)
-B +8

Figure 3. Rod diagram for the JMaRT fuzzball. The direction for each rod is indicated above the
corresponding segment.

< € & ~

Substituting this value of M in (D.15) we get,

§185S
r? = —ajaz L (D.17)
C1C5Cp

The Killing vector that degenerates at the second rod p =0,z € (=4, ) is

0 0 0
= — 4+ Qu— +Qy— D.1
with
Oy = “pp Q= *rp (D.19)

a2C1C5¢) — A181858p a1c15¢y — 281858

The rod diagram is shown in figure 3.
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