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ABSTRACT: The final state interaction contribution to DT decays is computed for the
K77t channel within a light-front relativistic three-body model for the final state in-
teraction. The rescattering process between the kaon and two pions in the decay channel is
considered. The off-shell decay amplitude is a solution of a four-dimensional Bethe-Salpeter
equation, which is decomposed in a Faddeev form. The projection onto the light-front of the
coupled set of integral equations is performed via a quasi-potential approach. The S-wave
K interaction is introduced in the resonant isospin 1/2 and the non-resonant isospin 3,/2
channels. The numerical solution of the light-front tridimensional inhomogeneous integral
equations for the Faddeev components of the decay amplitude is performed perturbatively.
The loop-expansion converges fast, and the three-loop contribution can be neglected in
respect to the two-loop results for the practical application. The dependence on the model
parameters in respect to the input amplitude at the partonic level is exploited and the
phase found in the experimental analysis, is fitted with an appropriate choice of the real
weights of the isospin components of the partonic amplitude. The data suggests a small
mixture of total isospin 5/2 to the dominant 3/2 one. The modulus of the unsymmetrized
decay amplitude, which presents a deep valley and a following increase for Km masses above
1.5GeV, is fairly reproduced. This suggests the assignment of the quantum numbers 0"
to the isospin 1/2 K*(1630) resonance.
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1 Introduction

Weak decays of heavy flavored hadrons provide unique opportunities to probe the interplay
of the electroweak theory and Quantum Chromodynamics (QCD). The weak part of these
decays involve short-distance transitions at the quark-level, whereas the hadron formation
is governed by the long-distance, low-energy strong interactions.

Due to the non-perturbative character of the strong interactions involved in heavy
flavor decays, the hadronization is not calculable from first principles. In the kaon sector,
chiral perturbation methods are applicable, given the small value of the s quark mass.
In the opposite extreme, the mass of the b quark is heavy enough to allow for reliable



calculations based on effective field theories. The charm quark is in between these two
cases, which makes the computation of decay rates a challenging task.

The study of the Charge-Parity (CP) violation [1, 2] is an important example where
the hadronic part of the decay amplitude needs to be quantitatively understood. CP)
violation is a phenomenon where manifestations of new physics are expected. In the Stan-
dard Model (SM), CP violation processes are related to the complex phase in Cabibbo-
Kobayashi-Maskawa matrix (CKM) [3, 4], which describes the mixture between different
generations of quarks. SM predicts very small CP violation effects in charm decays, in
spite of large uncertainties. This makes charm decays a very interesting place to search for
new sources of CP violation. New physics would introduce additional CP-violating phases,
but disentangling these from the SM CP violation require the control of the overwhelming
strong phases.

We emphasize the advantages of the experimental investigation of the three-body
charm meson decays. These decays are, in general, dominated by resonant intermedi-
ate states, with a small non-resonant component [5]. With three-body decays one can
search for local CP violation effects, but the description of the decay dynamics requires
the understanding of hadronic effects such as the three-body final state interactions and
the role of the S-wave component.

In this paper we address the issue of three-body final state interactions (FSI) in the
decay DT — K~nTxT,! with emphasis on the S-wave component of the K~ amplitude.
This channel is chosen for several reasons: it is abundant, being studied by different exper-
iments like E791 [6, 7], FOCUS [8, 9] and CLEO [10]; it has a dominant S-wave component
and a small non-resonant amplitude; it allows the continuously study of the Km S-wave
amplitude from threshold, at 633 MeV/c?, up to 1.7GeV/c?, covering the whole elastic
regime. With the D* — K~ 77" decay one can fill the gap of the existing data on K
scattering from the LASS experiment [11] (LASS data for the K7 scattering starts only at
825 MeV /c?).

The resonant structure of three-body decays are determined by the analysis of the
Dalitz plot [12]. In this two-dimensional diagram, the probability density of a pseudo-
scalar particle P, decaying into three pseudoscalar particles (di, da,ds), is given by

1
dF(P — d1d2d3) X W ‘M(Slg, 813)‘2 dSlg d813 (1.1)
P

where Mp is the mass of the parent particle. The phase-space density, M, 3 is constant, so
the structures reveal the decay dynamics, forming the resonances, which are also affected
by final state interactions. The goal of the Dalitz plot analysis is to determine the matrix
element M (s12, $13)-

The Dalitz plot analysis of the DT — K77 was performed by different experi-
ments, such as MARK IIT [13-16], NA14 [17, 18], E691 [19, 20], E687 [21, 22], E791 [6]
and FOCUS [8, 9], using different decay models. These decay models differ in the way the
S-wave is described: the sum of Breit-Wigners plus a constant nonresonant term, referred

LCharge conjugation is implicit throughout this paper.



to as the Isobar Model, the K-matrix formalism and a model independent partial wave
analysis (MIPWA), to which we give special attention.

The MIPWA technique, developed by E791 [23], is intended to extract, in a inde-
pendent way, the S-wave K7 amplitude of the D™ — K~7T7% decay. In the MIPWA,
the S-wave K amplitude is a generic function, Ag(s) = age’®(®), given by the fit of the
Dalitz plot. The P and D wave are determined according the Isobar Model. Although
the MIPWA is the most model-independent approach, the extraction of the phase is an
inclusive measurement, comprising different isospin amplitudes and FSI.

As a matter of fact, the comparison between the S-wave from scattering and from D
decays show important differences which need to be understood. In addition to an overall
shift of approximately 150 degrees, the two amplitudes have different shapes.

The S-wave K7 amplitude depends on the isospin and orbital angular momentum of
the system. There are two isospin states possible for this system, namely, I = 1/2 and
I = 3/2. In the case of the LASS experiment, it was shown that resonances and the
corresponding scattering amplitude poles are present only in the isospin 1/2 channel, as
verified in the analysis of the phase d;—; /2(mx~) [24]. It is expected that this phase would
be common to all processes having a K7 system, in the absence of rescattering involving
other particles in the final state. This should be valid to all angular momentum states,
according to the Watson theorem [25].

The S-wave phase-shift obtained from the DT — K~ 7Tt decay with the MIPWA
(FOCUS and ET791) differ from that obtained from K scattering (LASS). There is an
energy dependent discrepancy that cannot be cured by any combination of d;—;/, and
d7—3/2- Indeed, up to an overall shift of ~ 150° , such an energy dependence was reproduced
quite nicely below K{(1430) in a chiral three-body model of the Knm decay with S-wave
K interaction, in the resonant isospin 1/2 channel and computed up to two-loops [26].
We should mention that a previous attempt [27, 28] to describe the decay D — K- ntxt
considering only two-body FSI (no 3-body FSIs and factorization of the weak vertex) was
also quite successful phenomenologically below K (1430).

Our aim is to further explore theoretically the three-body final state interaction in
the DT — K~ 7nt7" decay. The motivation of our study is the possibility of three-body
rescattering in DT — K~ 77" decay for K7 interactions in both isospin channels, while
fitting the LASS data in the whole kinematical region of the experiment up to 1.89 GeV.
Our study is based in a relativistic model for the three-body final state interaction in
Dt — K~ ntn™ decay, starting with the three-meson Bethe-Salpeter equation [26, 29, 30].

In the model developed here, the decay amplitude is separated into a smooth term
and a three-body fully interacting contribution, which is factorized in the standard two-
meson resonant amplitude times a reduced complex amplitude for the bachelor meson, that
carries the effect of the three-body rescattering mechanism. The off-shell bachelor reduced
amplitude is a solution of an inhomogeneous Faddeev type integral equation, that has as
input the S-wave isospin 1/2 and 3/2 K~ 7 transition matrix. The theoretical contribution
of the present work is to use in the three-body rescattering equations the S-wave two-body
Km amplitude in both isospin states, 1/2 and 3/2, fitted up to 1.89 GeV. We neglect the
interaction between the identical charged pions.



The three-body model of the decay amplitude is recasted in a Bethe-Salpeter like equa-
tion, which is conveniently rewritten in terms of a Faddeev expansion. The contribution
of the final state interaction in the three-body decay of a heavy-meson in our model of the
S-wave K transition amplitude is encoded by a bachelor amplitude associated with each
Faddeev component of the full decay amplitude. The bachelor function modulates the K=
scattering amplitude in the final decay channel and in general carries a phase. The advan-
tage of using the Faddeev decomposition of the decay amplitude, is that (i) the integral
equation for the bachelor function has a connected kernel, and (ii) the kernel is written in
terms of the two-body scattering amplitude directly, instead of the potential. We use a
parametrization of the K scattering amplitude in I = 1/2 and 3/2, which is input to the
bachelor integral equations, and constitutes one source of the energy dependence seen in the
Dt — K—rntx™ S-wave phase shift, besides the phase of the K7 amplitude. Technically,
we perform the light-front projection of the equations [31-37], to simplify the numerical
computation of the observables by three-dimensional integrations. These techniques are
well exemplified in the reviews of applications of light-front field theory to nuclear and
hadron physics [38, 39]. In particular, we should mention the application of light-front
quantization to describe three-body systems, see e.g. [40-44].

The work is organized as follows. In section 2, we present our fitting model for the
Knm I = 1/2 S-wave phase-shift up to about 1.89 GeV of the LASS data [11]. In the
following sections, the relativistic formalism to compute the contribution of three-body
final state interaction in heavy-meson decays is developed. In section 3, we present the
derivation of a covariant and four-dimensional Bethe-Salpeter equation for the three-body
decay with rescattering effects. In section 4, we present the light-front projection technique
and derive the three-dimensional equations for the bachelor amplitude. In section 5, the
isospin projection of the LF equations for the bachelor amplitudes derived in the preceding
section is performed. Also we discuss the approximation of neglecting the interaction
between the identical charged pions. The perturbative solution of the LF integral equations
are constructed in section 6 for the bachelor amplitude up to three-loops, namely, up to
terms in third order in the two-body transition matrix to check convergence. In section 7
the numerical results for the D™ — K~ 77" with three-body final state interaction and
K interactions in I = 1/2 and 3/2 states are presented. In section 8, we summarize the
main contributions of this work to both the experimental and theoretical analysis of the
Dt — K—nnt decay.

2 Km S-wave amplitude

The S-wave amplitudes of the K7 elastic scattering in the resonant I, = 1/2 and the
non-resonant one I, = 3/2 states are the inputs of our model of the 3 — 3 T-matrix,
which brings the final state interaction between the three mesons to the DT — K- ntrt
decay. As we already mentioned, the interaction of the identical pions is neglected. Here,
we just follow [29, 37] for the parametrization of the LASS data [11] in the S-wave resonant
Iy = 1/2 channel. In addition to the K{(1430), we use the resonances K;(1630) (in
Particle Data Group [45] there is no assignment of spin to K (1630)) and K;(1950)). The



lowest resonance and broad one Kj(800) comes with the effective range parameters. In
ref. [26], it was the result of the low energy chiral dynamics and unitarity, appearing
naturally as a pole in the S-channel.

The motivation to include the higher radial excitations of K comes from recent pro-
posal to interpret the scalar meson family (fp) as radial excitations of the ¢ meson as
proposed in refs. [46, 47]. This result was obtained by using a Dynamical AdS/QCD
model [48], where the backreaction between the dilaton field and a deformed anti-de Sitter
metric is taken into account. Using a different approach, in ref. [49] a systematics of radial
Regge trajectories for light scalars, which couples these resonances to the w7 channels was
also proposed. By analogy, if these analyses are extended to the strange sector it would
suggest a mass spectrum (M? x n) for the kappa family with a rough slope of ~ 0.6 GeV?,
and also the decay of these mesons in the K7 S-wave Ix, = 1/2 channel. The fitting of
the LASS data in this isospin channel is the main reason to use more resonances, namely,
K;(1630) and Kj(1950) besides K5(1430). Being conservative, these further resonances
can be considered at the moment as a practical way to fit the data in the whole kinematical
range up to 1.89 GeV.

The parametrization of our relativistic model of the S-wave Ix, = 1/2 scattering am-
plitude extends the one used in ref. [50], where we introduce also K(1630) and Kj(1950).
The relativistic scattering amplitude as a function of Mfﬁr is written in terms of the S-
matrix (S3/2) as:

s (Mpe,) = 4m M}f’r (S§2—1) (2.1)

where

kcotd +ik 1q M2— M2_+izT,
kcotd —ik s’ M2 — M3 —izD,

. ©.2)

and z, = k M?/(k, Mk, ), with the c. m. momentum of each meson of the K7 pair given by

2 2 . 21\2 1/2
k:[(MKWJFmW mK> —mfr] . (2.3)

2]\41('#

For each resonance, we associate the parameters M,, I, T, and k,. The momentum k&,
corresponds to eq. (2.3) at the resonance position. The inelasticity in K7 S-matrix comes
by allowing I, and T, distinct, such that —T', < T', < I',. The width of the resonance is T,
and in the case of I',, = I,., the parametrization corresponds to the standard unitary Breit-
Wigner one. The resonance parameters (M,, ', T;) in GeV for K;(1430), K}(1630) and
K;(1950) are (1.48,0.25,0.25), (1.67, 0.1,0.1) and (1.9, 0.2, 0.14), respectively [29, 37]. The
non-resonant component of the S-matrix is parameterized by the effective range expansion:

1 1
kcotd = = + =rg k> 2.4
co u + 2r0 ( )

with a = 1.6 GeV~! and 7y = 3.32GeV 1.



—
(V)

- — from I(k/87tMKn)‘EI n

| . from (k/87tMKn)‘E

o
o

3/2

magnitude
()
(@)
|

0.3
%6 0.8 1 I 1.2 1.4 1.6 1.8 2
L I I I ! I I I
2 200 —
Q L
8 L
o0 100 |-
T i
L O
N T
= _100:_ | | | ( ) |
0.6 0.8 1 1.2 1.4
Mth (GeV)

Figure 1. Magnitude (a) and phase (b) obtained from both, I = 1/2, and I = 3/2 K S-wave
amplitude, eq. (2.1) and eq. (2.5), respectively. Circles: LASS phase-shift data [11] for I, = 1/2.

The S-wave I = 3/2 Km amplitude is given by

MKﬂ'

T (M) = 4m p (832 1), (2.5)
where
kcotd +ik
3/2
Skn = kcotd —ik’ (2.6)

where the effective range expansion of kcotd comes from eq. (2.4), and parameters a =
—1.00GeV~! and 79 = —1.76 GeV~! from ref. [51]. The relative momentum of the K
pair is written in eq. (2.3).

The results from the three-resonance model eq. (2.2) are shown in figure 1 up to 2 GeV.
The I, = 1/2 S-wave phase-shift is compared to the LASS. We privileged the fit of the
phase-shift and the model parametrization from [29, 37] is able to reproduce the LASS
data for the phase reasonably well. The results of the parametrization for |S;/2 — 1]/2 as
shown in the upper panel of figure 1, reproduce the data up to about K*(1430).

On the other hand as shown in figure 2, the phase-shift analysis for the D™ — K~ zntx™
decay from E791 [6, 7] and FOCUS [8, 9] collaborations, considering the dominance of this
isospin channel in the final state interaction of this decay [26], suggest that the magnitude
from the model parametrization (2.1), with the structure shown in figure 1 may be possible.
The deep minimum observed in figure 2 around 1.53 GeV, is consistent with the zero of
|T1/2 (M12<7r) |, as clearly depicted in the figure. As we are going to show in detail by
calculations of three-body final state interactions in sections 6 and 7, this feature is kept.
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Figure 2. Magnitude of the Ix, = 1/2 S-wave amplitude as a function of the K7 mass. Solid
line: |72 (M%) | from eq. (2.1) with arbitrary normalization. The data come from the phase-shift
analysis of E791 (empty squares) [6, 7] and FOCUS collaboration (full inverted triangles) [8, 9].

To be complete both isospin 1/2 and 3/2 are shown in figure 1 for comparison, and
close to the minima of the magnitude of the Ix, = 1/2 amplitude, the 3/2 one becomes
important, just anticipating what would come from the D decay. The data for I, = 3/2
is not shown as the effective range parametrization is the fit of the phase-shifts of this
channel already presented in [51].

3 Dt - K ntnt decay with FSI

The collisions between the mesons in the final state of the DT — K~ 77T is represented
diagrammatically in figure 3. The rescattering series is summed up in the 3 — 3 transition
matrix, which composes the full decay amplitude as (see [26]):

dAqrdtq,
A(k7n kﬂ‘/) = D(kﬂa kﬂ'/) + / ﬁjﬂ(kwa kﬂ"; qr, qﬂ/)Sﬂ'(qﬂ')
X Sﬂ(QW’)SK(K — 4 — Qﬂ')D(Qﬂa Qﬂ’) ’ (31)

where the momentum of the pions are k,; and k.

The source of the mesons in the final state is given by the partonic amplitude expressed
by the function D(ky, k), which is the first term of (3.1) and the gray blob in figure 3.
It corresponds to a smooth amplitude given by the direct partonic decay amplitude deter-
mined by short-distance physics.

The second term of (3.1) brings the long range physics, which is represented by the sum
of rescattering diagrams in the figure, has the 3 — 3 transition matrix T'(kr, kr/; ¢ry Gnr)
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Figure 3. D decay process into K7m in the three-body ladder approximation. The source term
(partonic amplitude) is represented by the gray blob. The fully off-shell K transition matrix is
represented by the black blob.

convoluted with the source term, including the off-shell mesonic Feynman propagators
Si(gi) = i(¢> — m? + i)~ , where the masses are m; (i = m, K,n’) and the self-energies
are disregarded. In the approximation considered in our work, the 3 — 3 transition matrix
sums the connected scattering series from ladder graphs. All possible 2 — 2 collision terms
are summed up in the K7 transition matrix, represented by the black blobs in figure 3. As
a matter of fact, in the model we develop the T-matrix operator acts on the isospin space of
the Krm system, while D(ky, ky/) is an amplitude in the isospin space of the K77 system.

3.1 Three-body Bethe-Salpeter approach

The final state interaction between the mesons in the three-body decay channel, are given
by the full three-body T-matrix. It is a solution of the Bethe-Salpeter (BS) equation,
which will be written in the Faddeev form. We consider spinless particles, disregard self-
energies and three-body irreducible diagrams. Under these assumptions, the interactions
between the mesons are assumed to be only due to two-body interactions. To be concise
the momentum dependences will be omitted in the discussion below.

The three-particle BS equation for the T-matrix can be written as

T=>Vi+> ViGoT, (3.2)

where the sum runs over the three two-body subsystems i = (7, k). Formally, the potential
in the four-dimensional equation is built by multiplying the two-body interaction V](,f) from
all two-particle irreducible diagrams in which particles 7 and k interact, and by the inverse

of the individual propagator of the spectator particle i, .S;

3
V=) Vi; Vi=Vous . (3.3)
=1

The propagator of particle ¢ is S; =1 [k? — m? + ze] _1, k; being its four-momentum. The
three-particle free Green’s function is

Go = SiS; S}, . (3.4)

Eq. (3.2) can now be rewritten in the Faddeev form. The transition matrix is decomposed
as T =T"'" 4+ T? + T2 with the components 7% =V; + V; Gy T.
The relativistic generalization of the connected Faddeev equations is

Ti =Ty + T;Go (Tj + Tk> , (3.5)



where the two-body T-matrices are solutions of

within the three-body system. The full 3 — 3 ladder scattering series is summed up
by solving the integral equations for the Faddeev decomposition of the scattering matrix.
Therefore, the three-body unitarity holds for the 3—3 transition matrix built from the
solution of the set of Faddeev equations (3.5) below the threshold of particle production
from two-body collisions, where the two-body amplitude is unitary.

The full decay amplitude, eq. (3.1), can be decomposed according to eq. (3.5) as

A=D+> D', (3.7)
where the Faddeev components of the decay vertex are
D'=T'GyD . (3.8)
They are solutions of the connected equations
D' = D; + T,Gy (DJ' + D’“) , (3.9)
with
D; =T; Gy D. (3.10)

The Faddeev equations for the decay vertex, egs. (3.9)—(3.10) are general once self-energies
and three-body irreducible diagrams are disregarded. In the following they will be partic-
ularized to allow a separable form of the three-body decay amplitude.

3.2 s-channel two-meson amplitude

The matrix elements of the two-particle transition matrix is assumed to depend only on
the Mandelstam s-variable and, within the three-body system, they read

Tk}, Ky by, ki) = (2 i) ST (ki) 6(K, — k) (3.11)

where a delta of four-momentum conservation has been factorized out. The S-wave scat-
tering amplitude 7;(s;) of particles ¢ and j, depends on the Mandelstam variable s; =
(kj + ki)?. The three-body unitarity in our formulation is maintained, once the amplitude
7(s) is unitary.

It is interesting to observe that in chiral theories (see e.g. refs. [52, 53]) the off-shell
parts of the two-body T-matrices are canceled by genuine three-body interactions. In
the momentum loops corresponding to the three-body rescattering process from chiral
Lagrangians, terms like p?> — m? from the off-shell two-meson T-matrices elements are
canceled by chiral three-body interactions, and therefore only on-shell T-matrices remains
in the computation of three-body physical amplitudes. The K7 T-matrix given by eq. (3.11)
has no off-shell momentum dependence, which is the basic assumption of our work.



Introducing eq. (3.11) in egs. (3.9)—(3.10), one gets that
D' (kj, ki) = 7i(s:)€' (ki) (3.12)

where

4 14 .
&' (ki) = & (ki) + / Wd(ki — 4i)S;(45)Sk(ar) <DJ<QI€7QZ') - Dk(%%’)) . (3.13)
and i

€i(ki) = / ey (@)K — k= 0)) D). (3.14)

with ¢, = K — k; — gj. One can simplify the form of eq. (3.13) by using the separation of
the momentum dependences given by eq. (3.12),

i i d4de4‘Jk j k
&' (ki) = &o(ki)+ W&h-%ﬁj(%)&(%) (Tj(sg‘)€ (q5) + (k)€ (Qk)) . (3.15)
and, integrating the ¢’s, the formula is simplified to

4

£ilks) = (k) + [ é;";;sxqj)skm ki — a0 (5,)€ (a))

4
+ [ GRS K — k= a)Suanset (@) - (316
The separable form of the two-body T-matrix allows to simplify the integral equation for
the Faddeev components of the vertex function, reducing it to a four-dimensional integral
equation in one momentum variable.

The full decay amplitude considering the final state interaction computed with
eq. (3.12) reduces to the expression

Ao(kiy kj) = D(kiskj) + > 7(50)6% (ka) (3.17)

where all the mesons in the three-body decay channel interact. The subindex in Ag just
denotes the s-wave two-meson scattering.

The complex function £(k;) in eq. (3.17) carries the three-body rescattering effect
by an amplitude and phase depending on the bachelor meson on-mass-shell momentum,
while 7(s;) takes into account two-meson resonances. In the particular case of the Dt —
K~ 7ntnT decay, and assuming that the identical pions do not interact, eq. (3.1) reduces
to eq. (3.17) under the assumption that the matrix elements of the K7 transition matrix
depend only on the Mandelstam s-variable.

3.3 Dt - K—ntxnt problem

The Knrm — Krm rescattering process is accounted by the D* decay amplitude expressed
by eq. (3.17), where the bachelor amplitudes (k) are solutions of the connected Faddeev-
like equations (3.16). Furthermore, we simplify the problem and disregard the interaction

~10 -
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Figure 4. Diagrammatic representation of the integral equation for the three-body function
7(M%,)¢(kr) (gray box). The driving term contains the partonic amplitude convoluted with
the two-body scattering amplitude (black).

between the equal charged pions. The effective S-wave interaction between the kaon and
pion is local on the fields with the Kr scattering amplitude 7;(M3%. ) parameterized to
reproduce the K S-wave phase-shift in the isospin 1/2 and 3/2 channels from the LASS
experiment [11], as presented in section 2.

The model assumptions for the DT — K~7"7T decay amplitude together with the
chosen K S-wave amplitude, reduces eq. (3.17) to

Ao(kr, knr) = D(kr, knr) + 7(Mpe ) (k) + T(MEer )€ (Kre) (3.18)

where the interaction between the identical pions is suppressed. The amplitude given in
eq. (3.18) is a sensible representation of the decay process, where the K7 resonant and
nonresonant scattering phases are shifted by the momentum dependent bachelor phase
from the three-body rescattering. The bachelor pion on-mass-shell momentum is given by

1
M3 +m2 - ME )\ ?
|kﬂ_’ = [( D +m7|— Krm ) _m2 ’ (319)

2Mp T

with an analogous expression for |k,/|. This implies that each rescattering term in eq. (3.18)
is a function only of M%_ or Mlzﬁr,.

The resummation of the three-body scattering series results in an inhomogeneous in-
tegral equation for the function £(k) of the bachelor momentum,

dq
(2m)*

derived from eq. (3.16) and shown diagrammatically in figure 4. Note that for convenience,

£(k) = Go(k) + / 7 (K — 0)?) Sk — k — q) Sx(a)€(q). (3.20)

the diagrammatic representation of the integral equation for the product 7 (M?ﬁ,) &(kr)
is presented in the figure.
The driving term

4
éok) = / (j&sﬂ@smx k— q)D(k,q), (3.21)

carries the partonic decay amplitude to the rescattering process. The second term in the
r.h.s. of eq. (3.20) comes from three-body connected diagrams. For example, the lowest
order rescattering term is the connected amplitude given by the third diagram in figure 3.

Physically, the three-body rescattering in eq. (3.20) is built by mixing resonances of
the two possible K7 pairs, and it is a function of the momentum of the bachelor pion.
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Therefore, we can say that the decay amplitude has two contributions: one that is a smooth
function of the momentum of the pions, D(kr,ks), and another one, T (Mf(ﬂ,) E(kr),
that contains the result of the three-body rescattering, which modulates the Km scatte-
ring amplitude.

The K7 S-wave amplitude 7 is an isospin conserving operator acting on the isospin
states 1/2 and 3/2. The second and third terms in the r.h.s. of eq. (3.18) carry the full
effect of the final state interaction through the K scattering amplitude, considered an
operator in isospin space, T, times a spectator amplitude, £, that contains the three-body
rescattering contributions. The solution of eq. (3.20) built the rescattering series, and the
term 7(M% )E(kp) + (M2 )¢(kx) of the decay correspond to the sum of the second,
third and higher order diagrams depicted in figure 3. They represent the full hadronic
rescattering series of the K7m system, disregarding three-body irreducible diagrams.

3.4 Phase and amplitude separation

The S-wave decay amplitude for the D — K~ 7"t from eq. (3.18) can be written as a
Bose-symmetrized complex function with respect to the identical pions,

Ao = Ao (Mier, Miers) + Ao (M, M) - (3.22)

where Ay are complex functions of the two invariant masses squared, M?(ﬂ = (K — kp)?
and M%_, = (K — kr)?, which specify the decay kinematics.

For the D — K~ w7t S-wave amplitude in our model, the dependence on the K
subsystem mass of AO(MIQ(W,,M%(W) can be reduced to a complex function of only one
variable MIQ(W, as

Ag(M) = ap(M )™ Mier) = 2 (Kmn| D) + (Kemlr (M )le(he)),  (3:23)

where the bachelor pion on-mass-shell momentum is written as a function MIZ(N, as given
by eq. (3.19), and |K77) represents the state in isospin space.

4 FSI light-front dynamics in heavy meson decay

The projection onto the light-front (LF) of the four-dimensional field-theoretical heavy
meson three-particle decay amplitude with FSI, as expressed by eq. (3.1), reduces it to a
three-dimensional form. The coupled set of egs. (3.9) for the Faddeev components of the de-
cay amplitude are turned into three-dimensional forms, simplifying the numerical treatment
to solve them. We follow the LF projection technique of four-dimensional Bethe-Salpeter
like equations as developed in ref. [31] based on the quasi-potential approach (QPA). The
reduced amplitudes derived using the tools developed in a series of works [31-35] and
reviewed in [36], depends only three-dimensional variables, namely, the kinematical LF
momentum k = (k*, k), defined by kT = k* + k% and k; = {ks, ky}. The phase-space
integration is normalized according to dk*d?k, /2(27)3.
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4.1 QPA and decay amplitude

The potential in the four-dimensional equation for the three-boson BSE is given by eq. (3.3)
and in terms of the quasi-potential formulation, the BSE for the transition matrix eq. (3.2),
is substituted by

T =W +WGoT . (4.1)

The quasi-potential W and auxiliary Green’s function (C:’o) keep the dynamical content of
the original BSE, when W is the solution of

W=V + VAW, (4.2)

with Ag := Go — Go. The decay amplitude given by egs. (3.7) and (3.8), can be written in
terms of the full three-body T-matrix as

A=D+TGyD, (4.3)
and inserting the QP equation (4.1) in eq. (4.3), one has that
TGyD=WGyD+WGyTGyD . (4.4)

The QPA allows to perform a three-dimensional reduction of the four-dimensional
equation (4.3). In particular, the auxiliary Green’s function C?o can be conveniently chosen
to project the four-dimensional three-body equation (4.4) onto the light-front hypersurface
(see [31]), and formally it reads

éo = G0| gal |G0, (4.5)

where g = |Gp| is the free light-front resolvent, including phase-space factors. The “bar”
operation on the right or on the left of a four-dimensional matrix element corresponds to
the integration over k= = k® + k3, which eliminates the relative light-front time between
the particles. In our three-particle case, the elimination of the relative LF time requires an
integration over two independent momenta k£~, due to four-momentum conservation, and
we introduce the following operation

yA:::j/dk;dk;<k;k;p4
Al = / dky diy AlkTky ), (4.6)

with A being a matrix element of an operator that has matrix elements function of two
independent momenta after the center of mass motion is factorized.
Explicitly the free three-particle Green’s function is given by

o o —i S(ky — K7
kT ks |Golk— Ky = — e ]
RGO R = G R 0 — b k0T R
- /-
% 5(k2 kQ) ’ (47)

(ky — ko) (K= — ky — ky — (K — k1 — k2)on)
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where the hat means operator character and the on-minus-shell momentum k; = (Ei +

m?)/k*. The on-minus-shell momentum (K — k1 — ko);;, carries the mass of the third

particle ms. By performing the LF projection using eq. (4.6), the free LF Green’s function
comes as

iK™ — by — k)O(k{)0(k3)
ki ke (K — k™ = k3 ) (K™ — kg — kg — (K — k1 — k2)on)

lon

go(ky, ko) = (4.8)

In refs. [31, 36] the reader can follow the details of the formal manipulations within QPA
used to project onto the light-front the BSE. Two convenient operators were introduced
in ref. [35], which helps to make the notation more transparent, namely the so-called free
light-front reversed operators

o= Gol 5", Mo =gy " |Go, (4.9)

which can only be applied to the right and to left of a three-body four-dimensional quantity,
respectively. These operators also transform a tridimensional quantity to four dimensional
ones, when acting on the left and on the right of an amplitude dependent on the kinematical
light-front momenta, respectively. For example, with these operators, we have that the
auxiliary Green’s function (4.5) is simply written as

Go = Tl go . (4.10)

Our aim is to obtain the decay amplitude of the heavy meson in three mesons in the
final state, using the three-dimensional projection onto the LF of eq. (4.4). By applying
the projection operator Ilp in eq. (4.4), we get that

T Go D = TIoW Go D + oW Go T Go D , (4.11)
which translates to
Dip= ’G()TG()D = ’G()WG()D +wgoDrr, (4.12)

after the explicit form given in eq. (4.9) is used. The function Dyp depends only on
the independent kinematical LF momenta of the particles, and the key dynamical ingre-
dient is the effective LF potential w = |Gy W G| containing the interaction among the
three particles.

4.2 Effective LF interaction for three-particles

In order to calculate w, we decompose the QP eq. (4.2) in three terms, each given by
W, =V, +V; Ag W (4.13)

with W being the sum over the Faddeev components, i.e., W =" W;, and w = ), w; =
>_i |Go Wi Gol.

The integral equation for the Faddeev component of the quasi-potential is obtained
from the classical form by reintroducing W as a sum of three terms in eq. (4.13), giving

W, =V, + ViAo(VVZ’ + Wj + Wk) (4.14)
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which can be rewritten as (1 — V;Ag)W; = Vi + V;Ag(W; + W), and multiplying to the
right by (1 — V;Ag)~!, one has that

Wi = Wiay; + W2y Ao (W + W), (4.15)
where the two-body quasi-potential within the three-body system is
Wiy = Vi + VihoWay;, (4.16)

for particle ¢ acting as a spectator.

The solution of eq. (4.15) is obtained in a form of an expansion in powers of V; where
the series for the two-body quasi-potential, Wy); = V; + ViAoV; + ViAeV;AV; + - -+, is
used, and terms in V; collected. The result is

Wi =Vi+Vido(Vi+Vj + Vi) + Vido(Vi + V; + Vi) Ao(Vi+ V; + Vi) +.... (4.17)

The leading order (LO) and next-to-leading-order (NLO) terms, the first and second power
in the interaction Vj, are given by WZLO = V; and by WiNLO =Vi+ Vido(Vi +V; + Vi),
respectively. Therefore, the Faddeev components of LF effective potential in LO and NLO
are written in terms of the above expansion as

wi® = gy' |1GoViGol g5 (4.18)

1

w0 = whO 4 g5 |GoVilo (Vi + Vi + Vi) Gol g5 (4.19)

The effective interactions w; builds the dynamical equation for the decay amplitude Dy g,
eq. (4.12), and the leading order calculation corresponds to a truncation at the valence
states, which will be used in the next to build a model for the heavy meson decay. We
should note that the NLO interaction includes induced light-front three-body forces, namely
terms like go_1|Go Vil V; Go| go_l, and already pointed out in [54].

4.3 LF Faddeev equations for Dy g

The LF projected decay amplitude solution of eq. (4.12) is decomposed in a sum Dypp =
> Di r» Where the Faddeev components are

D p = |GoW;GoD + w; goDrr- (4.20)
The standard manipulation leads to
Dip= diLF,O +1igo (DJLF + DEF) ) (4.21)

where diLR0 = (1 — wigo) Y GoW;GoD and the reduced LF transition matrix t; is the
solution of ¢; = w; — w;got;. Assuming, that the partonic amplitude D is weakly dependent
in £k~ and the main dependence on £~ in the integrand comes from the free propagator
and W;, we can write that

dppo = (1 — wigo) "' |GoW;iGo|D = (1 — wigo) ' gowigo D = tigoD, (4.22)
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which will be exactly valid if D is constant, as in our numerical application. The LF
Faddeev equation for the component of the vertex simply becomes

Dip = tigoD + t; go (Dip + DEp) ; (4.23)

and in next the model for ¢; is considered.
The LF front model for the two-body scattering amplitude comes from eq. (3.11), using
the relation t; = I1yT;I1:

(K}, kglgotigolk;, ki) = (K}, k| |GoTiGol |k, ki) =
= (2m)* / dk/; dk); / dk; dk;, / dgq; daj; / dg;dg;” S; H(a:) 8¢} — @) (K} Ky, |Gold} d))
x 7i(si) (aj q; | Golk; ky)
= 20(K — E; — k. — k;) /dk;_dkj_dk;i Sj(k;-)Sk(K — k; — k)
X Ti((K = ki)?)Si(ki)Sj(kj) Sk (K — kj — ki) (4.24)

Performing the Cauchy integration in each variable k:;-_, k:]_ and k; , and given that
7i((K — k;)?) is analytical in the lower-half of the k; complex-plane, the result is

<E‘/j’7;c‘ti’5jaﬁkz> = 2(27[‘)3]{:%5(E; - Ez)TZ (Mfk) ) (4'25)

where Mfk = (K — kion)?. Owing to the separable form of the two-body amplitude, the
Faddeev component of the decay amplitude separates as

Lr(ky, k) =7 (M3) €(k,), (4.26)

as also happens for the four-dimensional case shown in eq. (3.12).
The integral equation for the reduced decay amplitude, £¢(k;) becomes

' (k) = &h(ky)+ (4.27)
- /Kﬁki+ da; /d2 - 7 (B~ gjon)*) €(g)
2021 J, (KT =k =g TR Tk, — g — (K — i — y)on + i€
b [ e (6 — g €10,
2(271—)3 0 q;r(K+_kj_qu) quK__k;on_(K_ki_qk);"_ql;on—’—ig’
where
€ilk) = 515 | e [ 4, ik
TRl Gk =) ) T R R = g — (K—hi—gg)on + i
(4.28)
Rewriting eqgs. (4.27) and (4.28) in terms of momentum fractions, one gets
. 1—y . 2 J 7
i dx 7 (M3 (x, x, .
20 3/ 1 /d%” ;( zkg qi))é(ﬂ L Gen),
@) Jo 21—z —y) M2 — M3(z, G5y, k1) +ie
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where M? = KFK,, y =k /KT, 2 = qj/K+ or x = ¢ /K™ in the first or second integral
in the right-hand side of the equation. The free three-body squared mass is

R k2 2 2 12 K = )2 2
M (z, 15y, k1) = UL RN +( L+ ) T (4.30)
Y x l—z—y
The argument of the two-body amplitude 7; (Ml%f(:v, q J_)) should be understood as
2 2
q| +ms
Mj(z,q1) = (1 - =) (M2 — ixj> — ¢ . (4.31)

The driven term in eq. (4.29) is rewritten as

. 1_y . e
3 7 1 dx D(%‘]J.ﬂ%h.)
E(y ki) = / /d?qL = o (4.32
ol ) 2(2m)3 Jo z(l—y—m) M? — M3(z,q1;y, k1) +ic ( )

The LF model for the three-body heavy meson decay modeled by eqgs. (4.26) and (4.29)
assumes the dominance of the valence state in the intermediate state propagations and the
s-channel description of the two-meson amplitude. To be complete, the LF counterpart of
the decay amplitude in eq. (3.17) is

Ag =D+ (sa)€(y, k1), (4.33)

where s, = (K — kaon)2 and the partonic function D is a function on the momentum
of the on-mass-shell particles in the decay channel. We concluded the general formalism
for the calculation of the heavy meson decay amplitude in three spinless mesons. For the
DT — K—ntn" process eq. (4.33) reduces to

Ao (ke kxr) = Dk, knr) + 7(Mper )6 (k) + 7(Mpe )€Ky ) (4.34)

where as we have assumed, also in the four-dimensional case, see eq. (3.18), the interaction
between the identical pions is suppressed. In order to keep the rotation invariance of the
calculation, the z—direction is chosen transverse to the decay plane in the rest frame of
the D* meson. This choice makes optimal use of the kinematical nature of the rotation
in the transverse plane, adopted as the plane where the momentum of each meson in the
final state are.

5 LF model for Dt — K—ntnt decay

The light-front model for the DT — K- 7t7n™ decay with FSI is given by the inho-
mogeneous integral equation for the bachelor meson amplitude (4.29), with the driven
term (4.32), and full decay amplitude written in eq. (4.34). Besides the partonic ampli-
tude, which defines the driven term for the bachelor amplitude, the two-meson scattering
amplitude is the input for the calculations. We disregard the 77 interaction in isospin 2
charged states, and consider only the neutral channels K7 states. The isospin states for
KFr* are Irc, = 1/2 and I, = 3/2, the parametrization of the S-waves amplitudes given
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in section 2. The dominant K7 amplitude is the resonant I, = 1/2 one below K(1430),
but above it the Ik, = 3/2 amplitude has a comparable contribution for the scattering [11].
Therefore, to explore the available phase-space for the D decay above K{j(1430), one has to
consider not only I, = 1/2 but also I, = 3/2. Indeed, below K;j(1430) the calculations
were previously performed in ref. [26]. The I, = 3/2 interaction was also included in the
D decay amplitude up to two-loops in ref. [55].

In this section, we present a isospin conserving light-front model, including interaction
in both K isospin states, and perform calculations up to three-loops, in order to check
the convergence of the results. The possible total isospin states (I7) are 5/2 and 3/2 with
I% = £3/2. The bachelor amplitude, solution of eq. (4.29), carries the total isospin index,
and the interacting pair isospin, namely §ZT In (y, k1), we keep for convenience, the isospin
projection. We restrict our calculations only to s-wave states and the bachelor amplitude
depends only on |E 1| = k1. The partonic decay amplitude has now to be projected on two
K isospin states, and total isospin, i.e.,

Iz 1%
IDy= 3" oy p U Ike 7Y+ Y aff e Ixw, 1) (5.1)

It Ikx I g

As a first approach, we will consider in this work the amplitude in eq. (5.1) as mo-
mentum independent, i.e., there is no dependence on k, or k! in aﬁ} In (aﬁ,lm) or
in |I7, Ixx,157) (|I1, Ika, I7)). It will be necessary to include an arbitrary normalization
constant in our calculations in order to fit our total amplitudes to the experimental ones.
A microscopic model for the partonic amplitude which is beyond the present calculations
is required to normalize the partonic amplitude. We named this constant as .

The projected LF inhomogeneous integral equations for the bachelor amplitudes Eﬁ Ir
built from eq. (4.29), are given by a set of isospin coupled systems, with the driven term

weighted by the partonic amplitude (5.1), and written as
IZ
6177:,[1{# (y7 kJ_) = <IT7 IK7T7 I’]Z“‘D> 50(:% kj_)"‘

. 1—y [ee]
7 1z d.%' dQJ_
— Rr

+ 92 Z I Ik I gt /0 z(l—y—ux) /0 (2m)3

Tgerr

IZ
X KIKW/ (yvkL;l‘)qL)é-[;:’]Kﬂ_, (x)ql)’ (52)

where the kernel carrying the isospin of the interacting pair is

gL TIKw’ (MIZ(N’(':U7QJ_))
Ml% B M&,Kﬂ'ﬂ'(‘,’r? q1,Y, kJ_) + 2'8‘

27
K (ke ) = / a6 (5.3)
0

It

The isospin recoupling coefficients in eq. (5.2) are Ry p. Lo = (Ir, Ixx, I3|I7, Ircnr, 17).

The free squared mass of the K#m system is

k:f_qtmgr +qi+m72r +qﬁ_+kﬁ+2qﬂqcos€+m%{

M§ k)= 5.4
O,Krrﬂ-(x7QJ_7y7 J_) x ].—l’—y ) ( )
and the squared-mass of the virtual K7 system is
2 2
pl +mz
M (eups) = (1) (a1 - B ) gt (5.5
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The driving term is regularized by one subtraction, at the scale y, and one finite
subtraction constant A(u?), and is written as

. 1 27 oo
k) =)+ L [ [Ty [ e
§o(y, k1) (w°) + 2/0 2(1—2) /0 /0 (273
1

« - ! (5.6)
M?(ﬂ(yakl)_MOQ)Kﬂ—(xaqL)—i_iE MQ_M027K7T($7QJ_> ‘
where the free squared-mass of the virtual K7 system in the driven term is
2 2 2 2
qp tmz g tm
Mg ger(w,qL) = -+ +L K (5.7)
x 11—z
Performing the angular and radial integrations one gets that
Cel
1 dx Aq
ki) =Ap) + ~ In — 5.8
k) = M) + 1 [ gt (53)
where
A= (1 —a)(xMz (y, k1) —m2 +ize) — xmi, (5.9)
Ay = (1 — z)(zp® —m2) — zm% . (5.10)

The light-front D decay model with isospin dependence on the K7 pair will be explored
further in two situations: i) only K7 s-wave interaction in the resonant I = 1/2 state
(single-channel model); and i) K7 s-wave interaction in I = 1/2 and 3/2 (coupled-channel
model). In both cases we disregard the pion-pion interaction in I = 2 states.

5.1 Phase and amplitude separation
The full D — K- 7tn" S-wave decay amplitude from the solution of eq. (3.18) is sym-
metrized in respect to the identical pions as given in eq. (3.22), and written as

AO = Ao(MIQ(ﬂ_/) + Ao(MIZ{ﬂ_> (511)

as each amplitude depends only on the Mandelstam s-variable of each K7 subsystem.
In detail, each amplitude in eq. (5.11) has the bachelor amplitude and K7 scattering
amplitude, i.e.,

Ao(Mier) = Y (K wtat| Ip, Igcer, I7) (5.12)

Ip Iy 0, 1%

1 JE& . 2
X {2 (Ir, Ixcn, 17| D) + 71, (MEce)épn 1 (k) | = ao(M2_)e' o M)

where the projection onto the final K7 isospin state is performed. In the bachelor ampli-
tude the pion momentum is on-mass-shell and, due to the total momentum conservation,
its modulus is defined by eq. (3.19) as a function of M% .

It is worthwhile to discuss the present approximation, where we have neglected the
S-wave I = 2 interaction. The phase-shifts for this channel are comparable to the ones
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for the K7 S-wave I, = 3/2 state in the energy range available for the D decay (see e.g.
refs. [56-58]). In principle, the w7 interaction should have a contribution to the final state
interaction comparable to the one in the isospin 3/2 channel. In our model it would correct
the S-wave amplitude given in eq. (5.12) by adding the following new term,

1/221 ot 2
AAy(ME, ) = Zc_l//223§2 / dcos Ocp 71, =2(M2) §7 1 _o(kK),  (5.13)

where the Clebsh-Gordan coefficient is C 11//22 22 éC;Q = (K ntnt| I, Iny = 2,1%). The mass
of the w7 system and the momentum of the bachelor kaon kx are functions of MIQ(W, and
cos O, with O the angle between the K and 7’ momenta. The S-wave amplitude Ay is
obtained after the integration over the angle /. The factor 1/4 in (5.13) is composed by
a factor 1/2 that comes from the normalization of the angular integral, cf. eq. (5.12), times
a factor 1/2, which after symmetrization composes the contribution of the 77 interaction
in the full S-wave amplitude in (5.11). The effect of the S-wave 77 interaction in I = 2
state, due to the angular integration, smooths out and it is mainly overtaken by the fitting
of the partonic amplitude |D). Although the S-wave interactions for 77 I = 2 and K
I = 3/2 states are of the same order, the particular variables used in the definition of
Ap, emphasizing the final state interaction between the pion and kaon, disfavor a clear
signature of the non-resonant 7r interaction channel. In a refined version of the model this
I = 2 mw interaction should be addressed.

6 Perturbative solutions

The perturbative solution of the integral equations for the bachelor amplitudes (5.2) in the
different isospin channels, is found by iteration starting from the driving term. The terms
in the perturbative series are obtained by loop integrations. The bachelor amplitude found
from the driving term corresponds to a one-loop calculation. In ref. [26], a calculation up
to two-loops were performed. For the single-channel model, we calculate up to three-loops
to check the convergence of the perturbative series. For the coupled-channel, where the
total isospin states I = 3/2 can be formed either by coupling I, = 1/2 or Ix, = 3/2,
we also perform calculations up to three-loops. Also the I = 5/2 is considered, where the
only contribution from the K7 interaction happens in the isospin 3/2 states. Indeed such
contributions to the Kmm phase are marginal.

6.1 Interaction in Ix, = 1/2 state

Our aim in the single channel example is to solve numerically the light-front eq. (5.2) for
the bachelor amplitude when we consider only K7 interaction in the resonant isospin 1/2
states. In this case, eq. (5.2) reduces to

/1 1=y dx
53/21/2 yakl =N gO Y, koL _/0 (1—y—3:)

0o dq
/0 (2,;)_ K1/2(yvkl_ax QJ_)§3/2 1/2(ZC QJ_) (61)
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Figure 5. Real and imaginary parts of the I = 1/2 S-wave Km amplitude as a function of p,
for some z values in the unphysical mass region. The M3 value is related to p, and z through

eq. (5.5).

where the driving term is computed by considering only ozgg 1/2 in eq. (5.1) nonvanishing.

The perturbative solution of the integral equation (6.1) up to three-loops is given by

1 i [ dq 1=y
53//5,1/2(3/,/ﬂ):N\/M[fo(y,lﬁ)—3/0 (253/0 de Ky (y, k13 2,q1) &o(w, g0 )+

1 [ dq, 1=y
_9/0 (271')3/0 d-rKl/2(y7kJ_;x7qL)

o0 d/ 1—2
X/O (221:)3/0 da' Ky po(x,q1052",q) ) &o(2', ¢)) (6.2)

where K, 5(x,q1,y, k1) is defined by eq. (5.3).

For the numerical calculation of the bachelor amplitude up to three-loops in eq. (6.2),
we introduce a momentum cut-off, A = 2 GeV for numerical convenience, which is enough
to provide converged results. Note that the imaginary part of the s-wave K7 amplitude
from eqs. (2.1) and (2.2) in the unphysical region, as plotted in figure 5, goes fast enough to
zero for large momentum and shows that the momentum loop integrals in the perturbative
calculation in eq. (6.2) are finite. In the figure, we plot the real and imaginary parts of the
K7 amplitude as a function of z and p,, which are the arguments of the squared mass of
the interacting virtual K7 system given in eq. (5.5), and corresponds to = and ¢, in the
kernel of eq. (6.2), respectively.

The analytic continuation of the s-wave isospin 1/2 K7 scattering amplitude to the
unphysical region of the K amplitude, i.e., for MIQ(W < (mg + my)?, is chosen as the
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imaginary part of 7,5, with the effective range in eq. (2.4) turned off. For the isospin
3/2 case, also the effective range in eq. (2.5) is disregarded in the unphysical region in
order to avoid bound states poles in the S-matrix. Note that in the kernel of the integral
equations only the imaginary part of the K7 amplitude is used in the unphysical region,
which corresponds to a real scattering amplitude, as it should be.

In our calculations of eq. (6.2), we have considered finite values of € in the meson
propagators, we use 0.2 and 0.3 GeV, which induces absorption and mimics coupling to
other decay channels. The subtraction constant in the driving term is chosen for ;2 = 0 to
be A\(0) = 0.12 4 ¢0.06, which matches the driving term computed in ref. [26]. We remind
that © and A(0) come from the regularization and renormalization of eq. (5.6), where a
subtraction constant is introduced. The results are sensitive to the values chosen for this
subtraction constant. The same can be said about ¢ adding further uncertainties to the
computations. Therefore, besides the variation of ¢, we test the change in the subtraction
parameter, by keeping A(u?) fixed to A(0), while moving 2.

In figure 6, we study the convergence of the loop expansion for the phase and amplitude
of the bachelor function up to three-loops. We choose p? = (0.4, —0.1,—1) GeV? with
e = 0.3GeV2. The values of |u| are chosen within the hadronic scale between ~ 0.3 to
1 GeV, spanning values of 2 above and below zero in order to verify the sensitivity of the
bachelor function. Irrespectively to the value of 2, the 2-loops solution is good enough and
can be used to compute the bachelor amplitude. However, the phase can be either positive
or negative, but it increases with M2 . For p? = —0.4GeV? and p? = —1 GeV?, the
phase difference between the threshold and the maximum for the mass of the K7 system,
the phase shows a quite large variation of about 60°. The modulus increases with M?{n for
all 12 values.

6.2 Interaction in Ix, = 1/2 and 3/2 states

The inclusion of the two possible isospin channels for the K7 interacting system, namely,
1/2 and 3/2, results in a coupled set of inhomogeneous integral equations from eq. (5.2)
for I = 3/2, which reads

&y, k) = Aw oy, ki)+

ZRZ; 1/2,1/2 1=y dz &0 qu 3
1/2, K ko /2
+ 2 /o z(l—y—x) /o (2m)3 (U B2 40) o ol 4L Y

7'R§Z 1/2,3/2 1=y dx > qu 3
— Kap(y, kv o :
+ 2(27T)3 /0 :1:(1 _ y_w) A (27_‘_)3 3/2(97 J_7m7QJ_)§3/2,3/2(x7qJ_)7 (6 3)

sy, k1) = By oy, ki)+

ZRgg 3/2,1/2 1=y dx > dqy 3
13/2, K ki /2
+ 9 /0 2(l—y—2) /0 (2m)3 12 (Y, k132, q1) &5 (T, 1)+

lR;ﬁ 3/2,3/2 1=y dx > dqy 3
— 2RI K ki; 02 . (6.4
+ 5 /0 2(1—y—x) /0 (2m)3 s2(Ys kL2, q0) 53/2,3/2(% q1). (64)
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For It = 5/2 eq. (5.2) is single channel and interaction only in Ix, =3/2 is possible. In
this case, the inhomogeneous equation for the bachelor amplitude is

&ln sy k1) = Cuw oy, ki)+

lR;ﬁ 3/2,3/2 1=y dx * dqy 3
3/2, K k- /2 6.5
+ 92 /0 .%'(1 — y—m) /0 (27T)3 3/2(3/, J_7$7QJ_)’£5/2,3/2($7QJ_)? ( )

where the weights A,,, By, and Cy, appearing in the driving terms are computed from the

initial distribution of isospin states from the partonic amplitude (5.1).
The weights in the driven terms of egs. (6.4) and (6.5) are computed from the overlap of
isospin state with the initial isospin distribution of the decay from the partonic amplitude,

Ay = (Ip =3/2, I, = 1/2, T4 = 3/2| D), (6.6)
By = (It = 3/2, I = 3/2,1% = 3/2| D),
Co = (Ir =5/2,Ixcx = 3/2, I = 3/2| D),

and, evaluating in details the isospin coefficients, one gets

_ 3/2 3/2 3/2 3/2

Ay = a3/2,1/2(1 + R3/2,1/2,1/2) + a3/2,3/2R3/2,1/2,3/27 (6.9)
_ .3/2 3/2 3/2 3/2

By, = 043/2,3/2(1 + R3/2,3/2,3/2) + a3/2,1/2R3/2,3/2,1/2a (6.10)
372 3/2

Cw = a5/2,3/2(1 + R5/2,3/2,3/2)- (6.11)

The coefficients o appearing above comes from the initial decay amplitude (5.1), and now

~ 93 -



we define them in terms of the parameters W; (i = 1,2,3), and the constant A/, such that

W
3/2 o 1 ~1/213/2 ~11/21/2
A3/91/2 = N 2 01/2 13/2 C1 -1/21/2 (6'12)
Wy
3/2 o 3/213/2 ~11/23/2
Q32372 = N 2 C1/2 13/2 Cl -1/21/2 (6-13)
3/2 o 3 ~3/215/2 ~11/23/2
Os5/93/2 = N 2 01/2 13/2 01 -1/21/2 (6'14)

which in the particular case of |[D) = N'|K~7"7") one has that W, = Wy = W3 = 1.
We allowed different values for W;, meaning the possibility that the partonic source term
|D) could be composed by different weights for the total isospin, constrained only by the
total charge.

To be complete, the respective Clebsch-Gordan and recoupling coefficients necessary for
all computations are Cll//2211§//22 =1, 711//2211//22 = \/%7 03;22119?//22 = _\/%7 o 711//2231//22 =
1/\/57 Cf//ffi//j = \/%a Rgg,um/z = —2/3, Rgg,uz,:s/z = \/5/37 R§§§,3/2,3/2 = 2/3,
Rgg,g/m/z =/5/3, and R2§§,3/2,3/2 =1.

In terms of Wy, Ws, and W3, the constants A,,, By, and C,, are written as

1
Auw = N[ (%1~ 2), (6.15)
By = N E)%(vv1 — W), (6.16)

Co =N (6.17)

Nk
which implies that if A, = B, only total isospin 5/2 contributes to the decay. This
happens, in particular, for the initial state of |D) = A/ |K~n"xt). Therefore, the initial
state should have be a mixture of states. Indeed, the fittings we will show suggest W7 # Wo
and W3 smaller than W; or Ws.

We compute up to three-loops the bachelor amplitude from the coupled equations
for It = 3/2, eq. (6.3), and for the single channel equation for Iy = 5/2, eq. (6.5),
with momentum cut-off of 2GeV. In figure 7, we show results for ¢ = 0.3GeV? and
p? = —0.1GeV?, with Wy = 1, Wy = 2 and W3 = 0.2. The convergence f;ilm regarding
the loop expansion is evident, and two-loop calculations are enough for our purposes.
The bachelor amplitudes, present a considerable change in the phase and modulus, both
increasing with M.

7 Results for the phase and amplitude in the Dt — K—ntnt decay

We will restrict our calculations up to two-loops as it was already shown in section 6 to be
enough to compute bachelor amplitudes. Results for two cases will be given, for the single
channel model with interaction restricted to I, = 1/2, and the case where I, = 1/2 and
3/2 interactions are present in the K7m system.
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Figure 7. Modulus and phase of di[m for e = 0.3GeV? and pu? = —0.1 GeV2. The parameters
in the the expansion of the initial state are W7 =1, Wy = 2 and W3 = 0.2.

7.1 Single-channel with I'x, = 1/2 interaction

The physical amplitude for the s-wave DT — K~ 7" n" decay is obtained by considering
only K7 scattering in isospin 1/2 states, with the bachelor amplitude calculated by collect-
ing the appropriate contributions up to two-loops in eq. (6.2). It is parametrized according
to eq. (5.12) and written as

Ao(M?ﬁ)Z\[[N +71/2(MK7T)§§f§1/2( )| - (7.1)

Notice that due to the structure of eq. (6.2), N' becomes an overall constant. The modulus
and phase of this amplitude is shown in figure 8 and compared to the experimental analysis
from E791 [6, 7] and FOCUS collaboration [8, 9]. The K isospin 1/2 s-wave amplitude
is fitted to the LASS data in section 2. To obtain the bachelor amplitude a small and
finite imaginary term (e = 0.2 GeV) was introduced in the three-meson propagator, it also
represents absorption to other decay channels, which is beyond the model. An arbitrary
experimental point was chosen in order to fix the constant A of eq. (7.1). Notice that
all curves cross each other at the same point in figure 8a. Even though, there is some
sensitivity to the subtraction scale p from the driving term, the change in this parameter
is not enough to fit the data (see ref. [26]).

The fit found in ref. [26] below Kj(1430) suggested that the partonic amplitude has
little overlap with the KF¥n®x® final state channel, i. e., the first term in the left-hand-
side of eq. (7.1) should vanish. Here, we also show in figure 9, results computed only
by considering Ag(M%. ) ~ Tl/Z(MKW)fgﬁ 1/2(kzr). As in the previous work [26], a better
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Figure 8. (a) Modulus and (b) phase of the DT — K~ 7tnt S-wave amplitude obtained from
eq. (7.1). Values for 2 in GeV?2: 0.4 (dotted line), —0.1 (dashed-line), and —1 (solid line). The
data come from the phase-shift analysis of E791 [6, 7] and FOCUS collaboration [8, 9].

fit to the experimental data below K;(1430) is found, compared to the results showed in
figure 8. However, note that a structure in the phase is seen in the model which incorporates
K3(1630) and K5(1950), as also verified in the LASS data. A better fit of the LASS data
above Kj(1430) seems necessary to find a better agreement with the valley in the modulus
and the structure in the phase, as well. The conclusion is somewhat independent on the
subtraction point, at least for those small values given in the figure.

In order to check the effect of the fitting to LASS data above Kj(1430), we remove from
the K s-wave amplitude the K5(1950) and K (1630) resonances, as shown in figure 10. For
this study, we fix the subtraction point at u?> = —0.1 GeV2. In the two sets of calculations,
we turned off: (i) K;(1950) (dotted line), (ii) and both Kj(1950) and K;(1630) (solid line).
In case (i), both the structure of the valley in the modulus and phase is somewhat kept,
and make distinct the results from ref. [26], while in case (ii) as happens for the reference
calculation, the valley and mainly the phase, loose part of their structure. We should note
that for calculation (ii), the parameters of 7,,, were not refitted to the LASS data, and
this can be observed by the shift in the valley position of the modulus. Essentially, we
restate that the on-shell K7 amplitude should be represented well in order to compute
the rescattering three-body effects. Also, a simple fitting of the low-energy K7 amplitude
without the detailed physics of chiral symmetry, which leads to the broad x* resonance, is
somewhat poor below 0.8 GeV, as the figure suggests.
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and ii) without K(1950) and Kj(1630).

Dotted-dashed line:

(a) Modulus and (b) phase of 71/2533);;1/2 for two cases: 1) without K (1950)

theoretical calculation from

P.C. Magalhaes, et al. of ref. [26]. Data from the phase-shift analysis of E791 [6, 7] and FOCUS

collaboration [8, 9].
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7.2 Coupled-channels with Ix, = 1/2 and 3/2 interactions

We calculated the bachelor amplitudes iterating the coupled equations (6.3)—(6.4) and the
single channel equation for total isospin 5/2, eq. (6.5), up to two-loops. In this case the
amplitude for the s-wave DT — K~nt7T decay is written as

Ay By,
AlME) = O | 52 4 s )€ )| + Co |5 4 s M)

Cy, .
+Cs [ + Toso(Mier)E5)m3/2 (ki )} = ap(Mer)e'®oMicr), (7.2)

where the constants A,,, B, and C,, are defined in egs. (6.6). The constants C; are given by

Cy = (K wtat|Ip =3/2,Ig. = 1/2,17 = 3/2), (7.3)
Co = (K ntat| Iy =3/2,Ixr = 3/2,17 = 3/2), (7.4)
Cy = (K wtat| I =5/2,Ig. = 3/2,17 = 3/2),

which comes from eq. (5.12). The driving terms of the integral equations for fif Iy S€e
egs. (6.3)—(6.5), and the functional form of the amplitude given in eq. (7.2), depend on only
two free parameters, namely, Wi — W5 and W3 (the constant N is determined by matching
a particular experimental point). Actually, if we set W3 = 0, there are no free parameters
anymore, since N (W7 — W3) became an overall constant in the amplitude.

The first striking result is that for W7 = W, and W3 nonzero, which is also the
case for |D) = N|K~w"x") (W; = 1) is shown in figure 11. Ouly total isospin 5/2 is
allowed and the K pair interacts in isospin 3/2 state. All the structure in the phase and
amplitude is washed out, as the figure shows, excluding that possibility as dominant for
the partonic amplitude.

The relevant partonic weight W; should be guided by the difference W; — W, which
means dominance of the total isospin 3/2 in the initial state. In figure 12, we present
results for W1 = 1 and Wy = W3 = 0, which corresponds to a partonic amplitude given by

|D) = a)n1 0 I = 3/2, Ign = 1/2,15 = 3/2) + o35 1 o [IT = 3/2, I = 1/2,17 = 3/2) .

(7.6)
In the figure, we present results for p? = 0.4,—0.1 and 1GeV? and ¢ = 0.2GeV2. A
reasonable account of the experimental phase and modulus is given by p? = —1 GeV? and

= —0.1GeV2. At low Mg, below 1GeV, the model does not describe the modulus,
where the different analysis of E791 and FOCUS present a large dispersion. The model
tends to underestimate the modulus in the low mass region. The bachelor amplitude
increases with My, (see e.g. figure 7), which leads model to underestimate the modulus of
the decay amplitude for low K7 masses. The characteristics valley and the follow-up height
is somewhat described by the model, with exception of the region close to the boundary
of the decay phase-space, where the data seems to indicates an increase of the amplitude
and the model presents a noticeable decrease.

We performed variations of the weight parameters and verified that a small mixture of
total isospin 5/2 improves the fittings. We have used W7 = 1, Wy = 0 and W5 = —0.3 to
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collaboration [8, 9].

obtain the results shown by the solid lines in figure 13 for y? = —1 GeV?2. Notice also that
the effect of the resonances in the fit of the K7 isospin 1/2 amplitude to the LASS data,
in the last model results, is similar to the single channel case we have already discussed.
The region close to the valley appearing in the modulus is sensitive mainly to our fit of the
LASS data in the neighborhood of K{(1630), while K§(1950) presents a smaller effect in
part due to the competition with the interaction in the I, = 3/2 state. The pronounced
minimum in the modulus of the decay amplitude, which appears in the D—decay phase-
shift data at 1.53 GeV, should be contrasted with the LASS phase-shift in figure 1, where
the deep in not well pronounced and placed at 1.65 GeV.

8 Summary and conclusions

We have investigated the three-body final state interaction effects in D+ decays focusing
in the K~n*7" channel.
to the decay, we used a relativistic three-body model for the final state interaction in a

In order to formulate the final state interaction contribution

heavy meson decay based on an approximation of the Bethe-Salpeter-Faddeev equations
proposed in ref. [26] and generalized to include different isospin channels of the interacting
pair. The numerical calculations were performed in three-dimensions, corresponding to
the projection of the Bethe-Salpeter like equations for the Faddeev components of decay
amplitude to the light-front. We generalized the quasi-potential approach applied to the
light-front projection of the Bethe-Salpeter equation to account for the three-body final
state interaction in heavy-meson decays. The calculations were performed with a truncated
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light-front equation to the valence states and rotational symmetry was kept under control.
The particular kinematics of the decay in three-mesons, allows to choose the transverse
plane as the decay plane. This particular rotation around the z-direction is of kinematical
nature and therefore preserved by the truncation of the Fock-space.

The K7 S-wave amplitude model is fitted to the LASS data for isospin 1/2, including
the resonances K{(1430), K;5(1630) and K;(1950). The isospin 3/2 amplitude is taken
from an effective range formula already presented in ref. [11]. We allowed the partonic
amplitude to have nonzero weight in the three possible isospin states with I equal to 3/2
and 5/2. A small contribution of I = 5/2 seems to improve the fit of the data of amplitude
and phase from E791 [6, 7] and FOCUS [8, 9] collaborations.

We showed that the loop-expansion to calculate three-body rescattering effects in the
Kmrm channel converges fast, and the solution of the integral equations for the bachelor
amplitudes by iteration at the three-loop level gives a contribution that can be neglected
in respect to the two-loop results. We explored the dependence on the model parameters
in respect to the partonic amplitude.

We found that the negative value of the phase seen in the data [6-9], can be obtained
by an appropriate choice of the real weights of the three isospin components of the partonic
amplitude, with a small mixture of total isospin 5/2. The feature of the modulus of the
unsymmetrized decay amplitude presenting a deep valley and a following increase, for K
masses above 1.5 GeV, is fairly reproduced, which indicates an assignment of 07 to the
isospin 1/2 K*(1630) [45] omitted from the PDG summary table. Below 1 GeV the model
underestimate the data for the modulus, as happens close to the end of the available
phase-space around 1.8 GeV.

Certainly, a better comprehension of the Km amplitude in the physical and unphysical
region, and in particular above K*(1430) can bring more realism to the description of the
three-body final state interaction in D decays. The challenge of applying the formalism to
B decays and CP violation [59] by extending ref. [60] to include three-body FSI, is let to
a future work.
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