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1 Introduction

According to the braneworld idea, all Standard Model matter fields, except for gravity,

are confined to a brane that is localized inside a higher dimensional bulk spacetime. This

explains why our human experience is limited to only three spatial dimensions, even though

additional large (or even infinite) extra dimensions might exist. Since gravity has kinetic

support in the bulk, the presence of extra dimensions changes the way sources localized

on the brane gravitate. This modified gravitational sector is useful because it provides a

phenomenological window to infer the presence of extra dimensions and at the same time

it leads to a new perspective on longstanding gravitational puzzles. Importantly, these

aspects can be studied by using an effective field theory approach to braneworlds that

remains agnostic about the model’s high energy origin. In that context, co-dimension-two

braneworlds turned out to be particularly interesting for a variety of reasons:

• The cosmological constant (CC) problem: in 4D gravity the vacuum energy of Stan-

dard Model matter fields acts as a cosmological constant and thus destabilizes a

Minkowski vacuum (or de Sitter vacuum with phenomenologically small curvature

scale) unless some fine-tuning is imposed. This is the essence of the CC problem [1–

5]. Models with two infinite volume extra dimensions offer a built-in mechanism to

hide the vacuum energy of Standard Model particles from a brane observer. Rather

than producing a 4D de Sitter phase on the brane, vacuum energy deforms the bulk

into a cone leaving the brane curvature unaffected. From the perspective of a brane

observer, the vacuum energy is therefore decoupled. Unfortunately, it has not yet
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been possible to exploit this mechanism in a phenomenologically viable way. Specif-

ically, the brane induced gravity model (BIG) [6, 7], which is based on the DGP

mechanism [8] to restore a 4D gravity regime, was found to suffer from ghost insta-

blities in the relevant parameter regime [9–12]. In fact, the authors in [13] have argued

recently that the failure can be understood from a model independent perspective.

Their analysis uses a very general spectral decomposition of the gravitational propa-

gator. They have also highlighted a small handful of loopholes to their obstructions,

and it remains to be seen whether those can be realized within an extra dimensional

context. At the end of this work, we will speculate on this possibility in light of our

new results.

• The hierarchy problem: according to the ADD proposal [14, 15] models with large

(but finite) volume extra dimensions can offer a geometrical explanation for the weak-

ness of gravity, which becomes a consequence of the large extra space volume. Models

with two co-dimensions are particularly interesting as they are the most predictive:

if the bulk gravitational scale is of order of ∼ 10 TeV (or above), a ten mircron

(or smaller) sized extra dimension is required in order to realize the observed cou-

pling strength of the gravitational zero mode (unless there are substantial warping

effects). This implies both signatures of quantum gravity in collider experiments as

well as deviations from the Newtonian inverse square law in table top experiments.

The supersymmetric large extra dimensions (SLED) proposal [16] (see also [17]) is

a prominent example of such a 6D model and can be understood as the low energy

version of a particular supergravity theory.1

• Brane cosmology: 6D models provide a minimal playground to study cosmological

signatures of the braneworld paradigm. Note that this program has been realised in

five dimensions in the case of the Randall-Sundrum model [22, 23] (see also [24] for a

review on brane cosmology) but little work has been done in higher dimensions due to

a simple physical reason: in general, a brane with more than one co-dimension acts as

an antenna of gravitational waves if the brane undergoes cosmological evolution [11,

25].2 This in turn makes it difficult to describe the full time-dependent, coupled

system of bulk-brane equations consistently. However, it is this type of new dynamical

feature that might also lead to a rich phenomenology, both for finite and infinite

volume models.

Despite their phenomenological prospects, co-dimension-two braneworlds suffer from

a technical difficulty which is absent in one co-dimension: spacetime curvature diverges at

the position of an infinitely thin co-dimension-two brane. This can be understood as the

gravitational analogue of a charged string in electrodynamics for which the Coulomb field

diverges logarithmically. In the case of a pure tension brane this is a rather mild conical

1A later version of this model [18, 19] has also been claimed to address the CC problem. However, it was

shown recently that it cannot prevent a parameter tuning [20, 21], questioning its prospects as a solution

to the CC problem.
2Previous works typically neglect the brane back-reaction on the bulk geometry or work in an effective 4D

picture which fails at early times when the Hubble length might drop below the size of the extra space [24].
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singularity, which can be modelled in terms of a two-dimensional delta-function. However,

this is no longer possible for cosmological brane matter with FLRW symmetries [26]. This

problem is typically dealt with by blowing up the transverse brane directions. A partic-

ularly popular choice consists in replacing the string-like brane by a hollow cylinder (or

ring from a purely extra dimensional perspective).3 This is convenient because then the

brane becomes locally a co-dimension-one object, making Israel’s covariant matching tech-

niques [30] applicable. This type of brane model was first introduced in [31] to regularize

a flux-stabilized, compact (rugby ball shaped) 6D model but later also applied to models

with infinite volume extra dimensions [7, 12]. In a more generic context, it was used in [32]

to derive (renormalized) matching conditions of co-dimensions-two braneworlds. In order

to prevent the brane’s compact direction from collapsing, a massless scalar field is added to

its worldvolume theory. The scalar winds around the brane, thereby providing the angular

pressure needed to stabilize the cylinder’s radial direction. Building up on these result,

later work often used an angular pressure component of the brane energy-momentum ten-

sor to effectively implement this stabilisation mechanism, rather than resolving it in terms

of a worldvolume scalar field (see for example [11, 21, 33]).

This work is guided by the question as to whether it is possible to consistently embed

the hollow cylinder construction in a (classical) mircrophysical theory that resolves the

brane at high energies. In order to maintain a high level of generality, we study this setup

within a minimal extra dimensional framework, which should make it possible to extent

our construction to established finite (e.g. the rugby ball models [16, 21, 31]) and infinite

(e.g. the BIG model [7]) volume braneworld models, or to further study it in its minimal

form in accordance with the inflating “cigar” proposal in [25]. Specifically, we will use a

domain wall solution that is bent into a cylinder in order to model the brane sector. A

cylindrical collapse can then be avoided by localizing a condensate inside the wall (or brane

equivalently). These configurations are known as kinky vortons [34–36] and were studied

in two spatial dimensions as a proxy for closed loops of superconducting cosmic strings in

three dimensions (so-called vortons [37]). Due to the trapping of the condensate the brane

carries winding and charge, which both contribute towards its stability. In fact, for kinky

vortons it is known [34] that the charge is a vital ingredient to avoid non-axial instabilities,

whereby the potential trapping the condensate is not strong enough to hold on to it.

The important realization of section 2 is that the condensate’s Nöther charge leaves a

low energy fingerprint in the form of a non-vanishing angular momentum of the brane, and

hence cannot be characterized by an angular pressure (or winding) alone. Correspondingly,

the requirement of having a consistent microphysical description in terms of a kinky vorton

forces us to include angular momentum in our low energy description. This is an important

observation for two reasons: firstly, it introduces rotation as a new dynamical feature of 6D

braneworlds which to our knowledge has not been considered before, and secondly, it raises

the question as to whether alternative ultraviolet (UV) embeddings might lead to the same

conclusion, making it hence imperative to include rotation to the low energy description.

3An alternative possibility consists in smearing the brane fields over a disc. A corresponding microscopic

model which uses a Nielsen-Olesen vortex [27] as its blueprint was discussed recently and applied to the

SLED proposal in [28, 29].
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While answering this UV-sensitive question goes beyond the scope of the present work,

we devote section 3 to a first discussion of the implications rotation has on the spacetime

geometry. This is done within a thin-wall approximation that makes explicit contact with

the established models based on a worldvolume description of the brane. We are able to

derive explicit solutions of the coupled gravitational system, including the bulk Einstein

and brane matching equations. We then find two types of solutions; those for which the

bulk geometry asymptotes to a cone (sub-critical) and those for which the bulk closes in

a second axis (super-critical). These solutions can serve as an anchor for more detailed

cosmological investigations of both finite and infinite volume scenarios. In particular, in

the non-rotating limit the super-critical branch of our braneworld model has recently been

shown to feature a new mechanism to realize an inflationary phase on the brane [25] and

thus holds greater phenomenological promise.

We will conclude our work in section 4 by discussing different directions of future

research, and possible implications for the fermion mass hieracrchy.

2 Kinky vortons

The idea behind a kinky vorton is to construct a domain wall (kink) in two spatial dimen-

sions, and then bend it into a circle. This, however, would be unstable, as the tension in the

kink would cause the radius of the ring to reduce, and the kink would eventually collapse

and decay into radiation. To prevent this from happening we may put a condensate on the

kink, and arrange it such that the condensate stabilizes the vorton at some radius, with

the condensate providing both Nöther charge and winding number to contribute towards

stability. We now discuss such a model, as described in [34, 36].

2.1 Microphysical description

The field responsible for the domain wall is taken to be a real scalar field Φ with the

standard symmetry-breaking potential, and we take the condensate field to be a complex

scalar Σ, again with the standard symmetry-breaking form. The two fields have a bi-

quadratic coupling leaving us with

L = −1

2
∂µΦ∂µΦ− ∂µΣ†∂µΣ− 1

4
λΦ

(
Φ2 − η2

Φ

)2
−1

4
λΣ

(
|Σ|2 − η2

Σ

)2 − β Φ2 |Σ|2 +
1

4
λΣ η

4
Σ. (2.1)

We shall take our model to live in d spacetime dimensions, and label the co-ordinates

such that the fields are independent of z, with x being the transverse co-ordinate, and the

current being in the y-direction. Later, when we come to the circular vorton, then the

radial co-ordinate r will play the role of x, and the azimuthal direction φ, along which the

current flows, will play the role of y, and we shall keep the notation z for those directions

along which the fields do not depend (see figure 1).

The constant term in the Lagrangian density is to ensure that V (Φ = ±ηΦ, Σ = 0) = 0.

The condensate is taken to be of the form

Σ = |Σ|(x) exp{iσ(t, y)} = |Σ|(x) exp{i[ωt+ ky]}, (2.2)
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Figure 1. A sketch of the orientation of the domain wall and the vorton, each with current j.

and we define the quantity χ, which is used to characterize vortons as electric (χ > 0),

chiral (χ = 0) or magnetic (χ < 0),

χ = ω2 − k2. (2.3)

The magnitude of the condensate field, |Σ|, is to vanish away from the kink, and take some

non-zero value on the kink. In order to achieve this we note that the effective potential for

the condensate in the core of the kink (Φ = 0) is given by

V (Φ = 0,Σ) =
1

4
λΣ

(
|Σ|2 − η2

Σ −
2χ

λΣ

)2

+ C, (2.4)

C = −1

4
λΣ(η2

Σ + 2χ/λΣ)2 +
1

4
λΦη

4
Φ (2.5)

and so for a non-zero Σ-condensate to form, we require

η2
Σ +

2χ

λΣ
> 0, (2.6)

and then the condensate has value |Σ|2 = η2
Σ + 2χ

λΣ
, which minimizes V .

In order to ensure the spontaneous breaking of the Z2 symmetry Φ→ −Φ, and hence

the formation of a kink, we impose that the global vacua are (Φ = ±ηΦ, Σ = 0), and

so require the condensate on the kink to have an energy penalty compared to the global

vacuum, V (Φ = 0, |Σ|2 = η2
Σ + 2χ

λΣ
) > V (Φ = ±ηΦ, Σ = 0) . This leads to

η4
Φ

λΦ

λΣ
>
(
η2

Σ + 2χ/λΣ

)2
. (2.7)
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Finally, we wish to ensure that no condensate forms when Φ = ±ηΦ, and so we note that

a positive quadratic term in

V (Φ = ±ηΦ, Σ) =

(
βη2

Φ −
1

2
λΣη

2
Σ − χ

)
|Σ|2 +

1

4
λΣ|Σ|4 + constant (2.8)

would prevent such a breaking of the U(1) symmetry by the presence of a condensate,

which necessitates

β >
λΣ

2

η2
Σ + 2χ/λΣ

η2
Φ

. (2.9)

At this point we make a parameter choice that will allow us to find analytic solutions, by

imposing that (2.7) and (2.9) are equivalent. This leads to

β =
1

2

√
λΦλΣ. (2.10)

The analytic solution in question is

Φ = ηΦ tanh(ax), (2.11a)

|Σ| =
b

cosh(ax)
, (2.11b)

a2 = βη2
Φ − (χ+ λΣη

2
Σ/2), (2.11c)

b2 =
2

λΣ
(2(χ+ λΣη

2
Σ/2)− βη2

Φ), (2.11d)

which further requires

λΣ = 4β, (2.12)

and then (2.10) gives λΦ = β. Having found the analytic solution for a kink with a

condensate, we need to ensure that the solution parameters a and b are real, leading to

2βη2
Σ + χ < βη2

Φ < 2(2βη2
Σ + χ). (2.13)

At this point we make another choice of parameters, which ensures a symmetric range in

possible values of χ

η2
Φ =

8

3
η2

Σ, (2.14)

leading to

−1 < 4χ̃ < 1, (2.15)

where we have introduced the dimensionless quantity

χ̃ =
χ

βη2
Φ

. (2.16)
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We also note that the scale for the thickness of the domain wall is given by

(thickness)−1 = a =
1

2

√
βη2

Φ

√
1− 4χ̃, (2.17)

and from now on we work in units where βη2
Φ = 1.4 We are now in a position to evaluate

some physical properties of the straight kink-vorton, so we start by defining the Nöther

current, jµ, and charge, Q,

jµ = − i
2

(
Σ†∂µΣ− ∂µΣ†Σ

)
, (2.18)

Q/Vz =

∫
dx dy j0 = ω

∫
dx dy |Σ|2, (2.19)

where Vz is the volume in the z directions.

The Hamiltonian for (2.1) is calculated in the standard way, and its spatial integral

gives the energy. Taking the analytic solution, and the specified choices of parameters,

allows us to derive the energy and charge of the straight domain wall as

E/(Ly Vz) = E/Ly =
8χ2 − 10χ+ 5 + 6 (1 + 4χ)(k2 + ω2)

6β
√

1− 4χ
, (2.20)

Q/(Ly Vz) = Q/Ly =
ω (1 + 4χ)

β
√

1− 4χ
, (2.21)

where Ly is the length of the domain wall in the y direction.

Having found the exact form of the straight kinky vortons, we now look to what

happens when we bend them into a circle. The idea is that while a condensate-free kink

is bound to collapse under its own tension, the presence of a condensate may stabilize the

collapse. The belief was that a closed loop with a condensate of definite winding number

N =
2π

λ
R = kR, (2.22)

without charge, would be enough to prevent collapse [38–41], but a more complete analysis

revealed that in fact the angular momentum of the loop, when charge is also present, was the

important factor [37, 42, 43].5 Even when both charge and winding number are present, one

must be careful about making statements of stability, as circular vortons may be unstable

against non-circular perturbations, in particular there may be pinch instabilities [34].

For this analysis we follow [34] and consider the approximate solution of a large radius

vorton composed with the field profiles of the analytic solution. Taking the square of (2.21)

for a vorton of radius R (Ly = 2πR), and using ω2 = χ+ k2 we find that

16χ3 + 8

(
1 +

2N2

R2

)
χ2 +

(
1 +

8N2

R2
+

4β2Q2

4π2R2

)
χ+

(
N2 − β2Q2

4π2

)
1

R2
= 0 . (2.23)

In order to get a feel for how R varies with χ according to this equation we show some

examples in figure 2 for fixed winding number and charge.

4At this point we note that taking β = 1
2

corresponds to the case taken in [34].
5The collapse instability for vanishing charge can be seen from (2.20) by setting ω = 0 and using

χ = −k2 = −N2/R2.
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Figure 2. A plot showing how R varies with χ, for N = 200 (left), 150, βQ
2π , 100, and 50 (right) in

the case 2βQ = 1500, in units where βη2
Φ = 1.

We will be interested in the thin-wall limit, R� 1, which takes us to χ ∼ 0, as can be

seen from figure 2. In fact, (2.23) gives a thin-wall approximation to χ of

χtw '

(
βQ
2π

)2
−N2

1 +
4(βQ2π )

2
+8N2

R2

1

R2
. (2.24)

We now wish to find the energy-minimizing radius, so proceed to calculate the energy

by taking (2.21) and (2.20), which leads to6

E =
2π

β
√

1− 4χ

[
R

3

(
4χ2 − 5χ+

5

2

)
+

1

R

(
N2(1 + 4χ) +

(
βQ
2π

)2 1− 4χ

1 + 4χ

)]
. (2.25)

We now minimize this with respect to R, taking χ to be effectively independent of R in

the thin-wall limit, to find the minimum-energy vorton radius to be7

R2
0 = 3

(1 + 4χ)N2 + 1−4χ
1+4χ

(
βQ
2π

)2

4χ2 − 5χ+ 5/2
. (2.26)

The final quantity of interest is the angular momentum of the vorton, established in

6Even though we retain the general χ-dependence, it would be consistent to simplify the subsequent

discussion by setting χ = 0.
7Expanding (2.25) to leading order in χ and using (2.24) shows that this is consistent if we take

N2 +
(
βQ
2π

)2 � N2 −
(
βQ
2π

)2
. In particular, the thin-wall approximation breaks down for vanishing charge,

which will have consequences for the applicability of the EFT as will be discussed later.
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Minkowski spacetime as

J =

∫
dφ dr dz r T tφ

= 2πVz

∫
dr r 2ω k |Σ|2

= 2 kQVz. (2.27)

So we introduce the angular momentum per unit z-volume J = J/Vz, to find

J = 2
NQ
R

. (2.28)

We are now in a position to be able to calculate the energy-minimizing radius R and quan-

tity χ by specifying the winding number N and the charge Q. This follows by substituting

R0 from (2.26) into (2.23) and solving, numerically, for χ. This χ is then used in (2.26)

to find the radius R0. As this analysis for circular vortons uses the analytic solution for

straight kinks, then we only expect this approximation to hold for large radii. For exam-

ple, [34] have shown that for winding numbers greater than 10 and radii greater than 50 the

approximation and full field theory simulations are in agreement. Importantly, they also

found no solutions for a number of cases, such as Q = 500 (or N = 10). This highlights

that the microphysics plays an important role in the existence of these large-scale defects,

and so to construct a consistent braneworld model one must take this physics into account.

In particular, it was seen in [34] that if Q = 0 (or N = 0), then the vortons have zero

radius which, in the context of braneworlds constructed with these domain walls, would

rule out braneworlds that are “stabilized” by winding alone.

2.2 Thin wall description

We may now take the analytic solution for the vortons and come up with an effective action

in the thin-brane limit by integrating the field theory action transverse to the kink,

S =

∫
dx

∫
dt dyL, (2.29)

where by imposing the ansatz (2.11a)–(2.11b) along with Σ = |Σ| exp{iσ(t, y)} we may

perform the x-integration to yield

S =

∫
dt dy

[
−1

2
∂µσ̃∂

µσ̃ − λ(d−1)

]
, (2.30a)

σ̃2 =
2 (1 + 4χ)

β
√

1− 4χ
σ2, (2.30b)

λ(d−1) =
8χ2 − 10χ+ 5

6β
√

1− 4χ
, (2.30c)

so the kinky-wall looks like a thin wall with a canonical massless scalar, σ̃, living on it.8

8Given that σ ∼ σ + 2π we find that σ̃ ∼ σ̃ + 2π
√

2(1+4χ)

β
√

1−4χ
.
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The energy of a kink with a condensate is found by calculating the Hamiltonian from

the action, and yields

E = 2πRλ3 +
π Ñ2

R
+ πR ω̃2, (2.31)

where we have introduced the rescaled ω and N

ω̃2 =
2 (1 + 4χ)

β
√

1− 4χ
ω2, Ñ2 =

2 (1 + 4χ)

β
√

1− 4χ
N2, (2.32)

and find that the expression for energy matches the previous expression (2.20), as it should.

In the next section we will use the thin wall description to study the gravitational response

within a six dimensional braneworld model.

3 Kinky braneworlds

Here we employ the kinky vorton as a microscopic core model for a 4-brane, Σ4 = R3×S1,

with three infinite and one circular spatial dimension. In other words, we consider the case

for which the axial direction corresponds to a three dimensional manifold [with coordinates

z = (z1, z2, z3)] describing the spatial dimensions of our universe. Accordingly, the circular

vorton dimension plays the role of a compact brane dimension, see figure 1.

We are mainly interested in the gravitational response of the coupled vorton-gravity

system. As this is hard to solve analytically, we employ the effective theory introduced

via (2.30a) to describe the system in the thin brane limit. Correspondingly, the worldvolume

theory in its covariant form reads

Sbrane =

∫
d5x̃

√
− det (g̃)

[
−1

2
∂µ̃σ̃∂

µ̃σ̃ − λ5 +M4
6 ∆K

]
, (3.1)

where the last term is the Gibbons-Hawking-York boundary term, constructed out of the

extrinsic curvature K.

3.1 Bulk-brane system

We start with the exterior, r > R0, bulk metric,

ds2
ext = −u(r) [dt+ a(r) dϕ]2 + e2 k(r)/3dz2 + F 2 e2 k(r)dr2 + r2 u(r)−1dϕ2 , (3.2)

which adapts the ansatz used by [44] (and first introduced in [45]) to describe a rotating

cylinder to 6D.9 The constant F accounts for the presence of a conical deficit angle. The

corresponding vacuum field equations read

2F 2 e2k

u
Rtt ≡

1

r2

(
u a′
)2 − (u′

u

)2

+
1

r

u′

u
+
u′′

u
= 0 , (3.3a)

F 2 e2(k−u) (Rtϕ − aRtt) ≡ a′′ −
1

r
a′ + 2 a′

u′

u
= 0 , (3.3b)

Rrr − 3F 2 e4k/3Rzz ≡
1

2 r2

(
u a′
)2

+
1

r

(
2 k′ +

u′

u

)
+

2

3

(
k′2 − 3

4

(
u′

u

)2
)

= 0 .

(3.3c)

9To make contact with [44] identify u = e2 ū.
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The first two equations coincide with the 4D ones, and they are solved by

u(r) =
1−B (|E| r)2A

A
√
|B| (|E| r)A−1

, (3.4a)

a(r) = − A

E [1−B (|E| r)2A]
+ C , (3.4b)

where A, B, C and E are integration constants. Eq. (3.3c) then implies

4 r k′
(
3 + r k′

)
= 3

(
A2 − 1

)
, (3.5)

which is different from its 4D counterpart and solved by

k±(r) =
1

2

(
−3±

√
3
√

2 +A2
)

log (D r) , (3.6)

where D is a constant. Only the branch k = k+ is continuously connected to the trivial

solution k = 0. Later we will see that this branch has to be chosen in order to describe the

geometry of a thin vorton configuration.10

The spacetime region inside the brane uses radial coordinate r̄, and is assumed to be

Minkowskian (in accordance with the findings in [44]), which in a non-rotating frame reads11

ds2
int = −dt2 + dz2 + dr̄2 + r̄2dϕ2 . (3.7)

Further, by introducing the brane coordinates x̃α̃ = (t, z, ϕ), we can parametrise the brane

induced metric as

ds̃2 = −dt2 + dz2 +R2
0 dϕ2 . (3.8)

Continuity of the metric across the brane then requires

a|r=R0 = 0 , u|r=R0 = 1 , k|r=R0 = 0 . (3.9)

which in turn implies

D = 1/R0 , (3.10a)

B =
1

4
(R0 |E|)−2(A+1)

[
A−

√
A2 + 4R2

0 E
2

]2

, (3.10b)

C =
A

E
[
1−B (R0|E|)2A

] . (3.10c)

The remaining integration constants are fixed in terms of the brane matter through Israel’s

junction conditions,

∆K µ̃
ν̃ − δµ̃ν̃ ∆K =

1

M4
6

[
T µ̃(σ̃)ν̃ − λ5 δ

µ̃
ν̃

]
. (3.11)

10In [46] it was shown that the above solution can be transformed to Kasner’s solution [47]. However,

the transformation becomes singular in the static limit (given by E → 0 as we will see later) and hence is

not suited to our needs.
11Note that we use the same coordinates t, ϕ and z in the interior and exterior, which can be achieved

by a constant re-scaling.
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Here we may think of the tension λ5 combining with the matter stress-tensor to provide the

total brane stress-tensor T µ̃ν̃(brane,tot) = T µ̃ν̃(σ̃) − λ5 g̃
µ̃ν̃ . We also introduced the discontinutiy

of the extrinsic curvature across the brane,

∆K µ̃
ν̃ := K µ̃

(int)ν̃

∣∣∣
r̄=R0

+K µ̃
(ext)ν̃

∣∣∣
r=R0

. (3.12)

We used the convention where the interior normal vector points outwards and the exte-

rior normal vector points inwards, explicitly nint = ∂r̄ and next = −K ek(r)∂r. Then the

Minkowskian geometry in the interior implies Kϕ
(int)ϕ = 1/R0 as the only non-vanishing

component. On the other hand, the exterior geometry (3.2) has the following non-zero

extrinsic curvature components (evaluated at the brane)

Kt
(ext)t = − 1

2F
u′|r=R0 =

−1 +
√
A2 + 4R2

0 E
2

2F R0
, (3.13a)

Kt
(ext)ϕ = − 1

2F
a′|r=R0 =

R0E

F
, (3.13b)

Kϕ
(ext)ϕ = − 1

2F R0

[
2−R0 u

′]
r=R0

=
−1−

√
A2 + 4R2

0 E
2

2F R0
, (3.13c)

Kϕ
(ext)t = − E

F R0
, (3.13d)

K1
(ext)1 = − 1

3F
k′|r=R0 =

3∓
√

3
√

2 +A2

6F R0
, (3.13e)

where the upper sign corresponds to the choice k = k+ and the lower one to k = k−. The

matter field is taken to have the following form

σ̃ = µ
3/2
0 (ω t+Nϕ) ≡ ω̃ t+ Ñ ϕ , (3.14)

where N is the winding number introduced before and µ0 a mass scale, which, according

to (2.30b), is fixed by the underlying vorton model,

µ3
0 =

2 (1 + 4χ)

β
√

1− 4χ
. (3.15)

The brane-induced stress tensor has the following non-zero components,

T t(σ) t = −µ
3
0

2

(
ω2 +

N2

R2
0

)
, T t(σ) ϕ = µ3

0 ωN , (3.16a)

Tϕ(σ) ϕ =
µ3

0

2

(
ω2 +

N2

R2
0

)
, Tϕ(σ) t = − µ

3
0

R2
0

ωN , (3.16b)

T z(σ) z =
µ3

0

2

(
ω2 − N2

R2
0

)
. (3.16c)

It is further convenient to introduce the dimensionless quantities

λ̄ =
2R0 λ5

M4
6

, ω̄2 =
R0 µ

3
0 ω

2

M4
6

, q̄2 =
µ3

0N
2

R0M4
6

, (3.17)
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where M6 is the gravitational scale in the bulk. We are now ready to evaluate the junction

conditions (3.11), yielding four independent equations,(
t

ϕ

)
:

ER0

F
= q̄ ω̄ , (3.18a)

6
(z
z

)
− 2

(
t

t

)
− 2

(
ϕ

ϕ

)
:

4

F
= 4 + 3

(
ω̄2 − q̄2

)
− λ̄ , (3.18b)(

t

t

)
−
(
ϕ

ϕ

)
:

√
A2 + 4R2

0 E
2

F
=
(
1− q̄2 − ω̄2

)
, (3.18c)(z

z

)
:

2
√

3
√

2 +A2

F
= ± 3

(
2 + ω̄2 − q̄2 − λ̄

)
, (3.18d)

where the “+” and “–” sign in the last equation correspond to k = k+ and k = k−,

respectively. We obtain

F =
ER0

q̄ ω̄
, (3.19a)

R0E =
4 q̄ ω̄

4− 3 q̄2 − λ̄+ 3 ω̄2
, (3.19b)

A2 = 16
q̄4 +

(
1− ω̄2

)2 − 2 q̄2
(
1 + ω̄2

)[
4− 3 q̄2 − λ̄+ 3 ω̄2

]2 , (3.19c)

where ω̄ and λ̄ have to be chosen such that A is real.

Since all geometry related integration constants have been fixed, the remaining equa-

tion in (3.18d) provides a constraint on the brane parameters as specified in (3.17). In par-

ticular, it determines the radius R0 once the winding number N , tension λ5 and frequency

ω have been fixed. After using the expressions in (3.19), the constraint (3.18d) reads

± σ1

√
17 q̄4 −

(
8− λ̄

)
λ̄− 6 λ̄ ω̄2 + 17 ω̄4 − q̄2

(
40− 6λ̄+ 34 ω̄2

)
+ 8 (3 + ω̄2)

−
√

6
(
2 + ω̄2 − λ̄− q̄2

)
= 0 , (3.20)

where σ1 = sgn
(
4 + 3 ω̄2 − 3 q̄2 − λ̄

)
. Again, the “+” and “–” sign corresponds to k = k+

and k = k−, respectively.

3.2 Parameter space

As a first sanity check, we try to make contact with the Minkowski analysis. To that

end, we take the decoupling limit (M6 → ∞) of the above equation, corresponding to{
q̄2, ω̄2, λ̄

}
� 1. This implies σ1 = 1 and requires the “+” sign in (3.20). Later, we will

see that this choice leads to a conical geometry if we depart from the decoupling limit. At

first non-vanishing order, we find

q̄2 + ω̄2 − λ̄ ≈ 0 , (3.21)

which after restoring R0, using (3.17), becomes

N2

R2
0

+ ω2 − 2µ−3
0 λ5 ≈ 0 . (3.22)
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By using the definitions in (2.21), (2.30c) and (3.15), we can show that this is identical to

the expression in (2.26), constituting a nice consistency check of our calculations. Note that

the above equation also admits solutions for ω = 0 which correspond to R0 > 0. These

solutions are not supported by our kinky vorton model which implies a collapse in this

case. The mismatch occurs because the thin-wall approximation in (2.24), which we used

to derive the EFT, breaks down in that particular case. We still include this case in our

discussion here, because it allows us to make contact with well-studied conical geometries

in the literature.

In the next step, we go away from the decoupling limit and discuss the solutions

of (3.20) in greater generality.

Conical branch. Here we pick the “+” sign in (3.20), corresponding to k = k+ in (3.6).

This branch is of particular interest as it admits a consistent decoupling limit. We find two

solutions

q̄2
± =

1

11

[
8 + 3 λ̄+ 11 ω̄2 ± 4

√
4
(
1− λ̄

)2
+ 22 ω̄2

]
, (3.23)

and for these to be a solution to (3.20) we find

3 λ̄ < 3 + 2
√

6 |ω̄| for q̄2 = q̄2
− , (3.24a)

3 λ̄ > 3− 2
√

6 |ω̄| for q̄2 = q̄2
+ , (3.24b)

where we used σ1|q̄2=q̄2
±

= ∓1. In order to ensure a stationnary, real solution, we have to

make sure that both A2 and q̄2 are positive, which is not guaranteed by their respective

equations. For q̄2 = q̄2
− the positivity of A2 in (3.19c) gives an upper bound on λ̄, and the

positivity of q̄2
− in (3.23) gives a lower bound, leaving us with

8 + 3 ω̄2 − 4
√

2
√

2− ω̄2 + 2 ω̄4 < 5 λ̄ < 5− 2
√

3

√(
11− 4

√
6
)
|ω̄| , (3.25)

corresponding to the green (light) shaded region in figure 3(a). Note that the upper bound

in (3.24a) is weaker. For q2 = q̄2
+ we obtain a lower bound coming from the positivity of

A2 in (3.19c)

5 λ̄ > 5 + 2
√

3

√(
11− 4

√
6
)
|ω̄| , (3.26)

which again trumps the one in (3.24b) and gives rise to the blue (dark) shaded region in

figure 3(a).

The important message is that the k = k+ branch admits stationnary solutions with

(ω̄ 6= 0) that correspond to a constant brane radius R0, and therefore consistently gener-

alises the well-studied static solutions with ω̄ = 0. The non-shaded regions, on the other

hand, are incompatible with a stabilised radius, and we therefore expect them to lead to a

run-away behaviour. Moreover, these statements fully take into account the gravitational

back-reaction and are hence applicable to cases of sizeable 5D energy densities, correspond-

ing to
{
λ̄, q̄2, ω̄

}
= O(1), where curvature effects can no longer be neglected. Specifically,
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xx

oo

(q-, k+)
(q+, k+)

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.5

1.0

1.5

2.0

ω2

λ

(a) Conical branch (k = k+) with sub-critical

(q̄2 = q̄2
−) and super-critical (q̄2 = q̄2

+) sub-

branch. The dash-dotted line approximates the

dashed bound in the decoupling limit.

(q-, k-)
(q+, k-)

0.0 0.2 0.4 0.6 0.8 1.0

0

1

2

3

4

ω2

λ
(b) Alternative branch (k = k−) with sub-

critical (q̄2 = q̄2
+) and super-critical (q̄2 = q̄2

−)

sub-branch. It is incompatible with the decou-

pling limit in (3.21).

Figure 3. Parameter space of the thin brane model. Each pair (ω̄, λ̄) corresponds by virtue

of (3.20) to a particular value of q̄2 (and to a certain value of R0 once the winding number has been

fixed). The dotted and dashed lines depict the positivity bound on A2 and q̄2, respectively. Only

the shaded regions admit a stable solution.

without back-reaction we would have excluded the parameter regime below the dashed-

dotted line in figure 3(a) to ensure positivity of q̄2 based on (3.21), which indeed becomes

vastly inaccurate at high energies.

To obtain a better geometrical understanding of this branch, we consider the limit

ω̄ → 0. We will find that it is continuously connected to the conical geometry of a static

hollow cylinder with constant surface tension, which is characterised by a constant deficit

angle ∆. We will henceforth refer to it as the “conical branch” (also for ω̄ 6= 0). From (3.23)

and (3.24) we find that q̄2 = λ̄ for both q̄2 = q̄2
− and q̄2 = q̄2

+ [which also follows from the

decoupling limit in (3.21)]. We will refer to them as the “sub-critical” and “super-critical”

sub-branch as they correspond to the disjoint tension regimes 0 < λ̄ < 1 and λ̄ > 1,

respectively. Also note that this result is compatible with the decoupling limit in (3.21),

which singles out this branch as the physically relevant one when we want to describe the

geometry of a kinky vorton in the thin wall limit.

It is straightforward to check that the integration constants in (3.10) and (3.19) re-

duce to

D = 1/R0 , C = 0 , B = 1 ,

F =
(
1− λ̄

)−1
, E = 0 , A = −1 . (3.27)

Note that (3.19c) also admits the solution A = 1, which we dismiss as it would imply

– 15 –



J
H
E
P
0
7
(
2
0
1
8
)
1
8
3

C → ∞.12 We further derive u(r) = 1 and a(r) = k(r) = 0, leaving us indeed with a

conical geometry in the exterior,

ds2
ext = −dt2 + dz2 +

(
1− λ̄

)−2
dr2 + r2 dϕ2 , (3.28)

where the deficit angle is given by ∆ = 2π λ̄ (see section 3.3 for a more extensive discussion

of this geometry). Note that for F > 0 (sub-critical) the range of r is [R0,∞), whereas

for F < 0 (super-critical) it is (0, R0].13 In the latter case this implies the existence of a

second axis at r = 0. In summary, the conical branch corresponds to the choice k = k+,

where its sub-critical and super-critical sub-branch is described by the green (light) and

blue (dark) shaded region in figure 3(a), respectively.

Alternative branch. Here we briefly discuss the branch with k = k−. The solution

for q̄2 is still given by (3.23), only the regimes of validity of the respective sub-branches

have changed,

3 λ̄ < 3 + 2
√

6 |ω̄| for q̄2 = q̄2
+ , (3.29a)

3 λ̄ > 3− 2
√

6 |ω̄| for q̄2 = q̄2
− . (3.29b)

As before we demand positivity of A2 and q̄2, which for q̄2 = q̄2
− amounts to

8 + 3 ω̄2 + 4
√

2
√

2− ω̄2 + 2 ω̄4 > 5 λ̄ > 5 + 2
√

3

√(
11 + 4

√
6
)
|ω̄| , (3.30)

corresponding to the green (light) shaded region in figure 3(b). For q2 = q̄2
+ we obtain the

upper bound

5 λ̄ < 5− 2
√

3

√(
11 + 4

√
6
)
|ω̄| , (3.31)

giving rise to the blue (dark) shaded region in figure 3(b). Like the conical branch, the

solution simplifies considerably in the limit ω̄ → 0. Specifically, we obtain the following

non-vanishing integration constants: A = −5, q̄2 = (16−5λ̄)/11 as well as F = −11/(1−λ̄),

which in turn yields the bulk geometry

ds2
ext =

(
R0

r

)4

dt2 +

(
R0

r

)4

dz2 + F 2

(
R0

r

)12

dr2 + r2

(
R0

r

)−4

dϕ2 . (3.32)

The existence of this solution had to be expected as a second branch also exists in the

(rotationless) 4D case, typically referred to as “Melvin” or “Kasner” branch [48, 49]. How-

ever, the solution for q̄2 is obviously incompatible with the decoupling limit in (3.21), so it

cannot arise from the microscopic model considered here and hence will not be considered

any further.14

12The “positive A” branch might be interesting for non-vanishing values of ω̄ though. As we are primarily

interested in solutions with a continuous limit ω̄ → 0, we will not discuss it any further.
13This follows from the fact that the normal vector, n = −F ek(r) ∂r, which is assumed to point in the

adjacent space, switches its sign when F becomes negative. Therefore, to preserve its orientation r has to

decrease when moving away from the brane.
14In fact, for the 4D case it is known that this branch imposes a pathological equation of state on the

matter sector, which strongly questions its physical relevance [25].
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(a) Radial embedding diagram (Y = 0): rotation

leads to a widening of the cone close to the brane.

Far away a flat conical profile is approached.

5 10 15 20 25 30

X

R0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Δ
2π

(b) Deficit angle as “seen” by a local bulk ob-

server. Further away curvature decreases and a

constant deficit angle is approached.

Figure 4. Deformed cones for sub-critical tension, λ̄ = 0.35, and ω̄2 ∈
{0.01, 0.15, 0.3, 0.45, 0.6, 0.7} [from dark to light, corresponding to the dots in the green

(light) region of figure 3(a)]. The dashed curve represents the static case (ω̄ = 0). The brane “sits”

at X = 1.

3.3 Geometry of rotating braneworlds

In order to infer the geometric impact the parameter ω̄ has on the geometry, it is instructive

to construct an embedding diagram that visualises the extra space curvature. To that end,

we consider a generic extra-dimensional slice of the physical manifold (dt = dz = 0),

ds2
ext = F 2 e2 k(r) dr2 + v(r)2 dϕ2 , (3.33)

where we defined

v(r) =

√
r2

u(r)
− a2(r)u(r) . (3.34)

This metric can be described as a hypersurface in a three-dimensional Euclidian space which

is parametrised in terms of (r, ϕ) through the embedding functions [X(r, ϕ), Y (r, ϕ), Z(r)],

where X(r, ϕ) = cos (ϕ) v(r), Y (r, ϕ) = sin (ϕ) v(r) and Z(r) is determined by the bound-

ary value problem

Z ′(r) = ±
√
K2 e2 k(r) − [v′(r)]2 and Z(R0) = 0 . (3.35)
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(a) Sub-critical tension (λ̄ = 0.35). Without ro-

tation (ω̄2 = 0, left) the extra space is a flat cone.

With rotation (ω̄2 = 0.45, right) we observe a

slight widening of the cone and a build-up of cur-

vature close to the brane.

(b) Super-critical tension (λ̄ = 1.35): without ro-

tation (ω̄2 = 0, left) the extra space is an in-

verted cone that closes in a conical singularity.

With rotation (ω̄2 = 0.001, right) the extra space

is capped at r = 0.65 (“o”) before an excess

develops.

Figure 5. Embedding diagrams of the extra space geometry. The interior (green) is flat whereas

the exterior (blue or red) features a conical deficit and is curved for ω̄ 6= 0.

For ω̄ = 0 we can use the static geometry in (3.28). In that case it is easy to solve the

differential equation, yielding the embedding

[X(r, ϕ), Y (r, ϕ), Z(r)] =

r cos (ϕ) , r sin (ϕ) , ±

√
1−

(
1− λ̄

)2
|1− λ̄|

(r −R0)

 . (3.36)

As a further geometrical probe, we introduce the local deficit angle ∆(r) a 6D observer

would infer from two measurements of the bulk circumference at R and R + dR, where R

is the proper radius defined by dR =
√
grr dr,

∆(r)

2π
:= 1− dv(R)

dR
= 1− v′(r)

|F | ek(r)
. (3.37)

The second equality follows from (3.33). Evaluated at the brane, we obtain

∆(r)

2π
= 1∓

[
1− 1

8

(
ω̄2 + 7 q̄2

∓ + λ̄
)]

, (3.38)

where we used (3.34) and (3.13). In the static case (ω̄ = 0 ⇒ q̄2 = λ̄) this reduces

to ∆(r)/(2π) = 1 − |1 − λ̄|, which agrees with the well-known expression for a global

deficit angle.

Sub-critical tension. We first discuss the geometry of a sub-critical tension brane

(λ̄ < 1). In the static case (ω̄ = 0) the extra space is described by a (constant) conical

geometry with vanishing curvature. The corresponding embedding diagramm (for Y = 0)

and deficit angle are depicted as the dashed line in figure 4(a) and 4(b), respectively (see

also figure 5(a) for the full angular embedding). This is the higher dimensional gener-

alisation of the geometry of an infinitely long, straight cosmic string in 4D [50–52]. For

ω̄ 6= 0 we integrate (3.35) numerically and evaluate (3.37) to obtain the coloured lines in
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(a) Radial embedding diagram (Y = 0): rotation

leads to a wider inverted cone. To avoid an excess

angle, the extra space has to be capped by a sec-

ond (sub-critical) brane sitting to the right of the

dashed line.
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(b) The local deficit angle decreases away from

the brane until it turns eventually negative, cor-

responding to an excess angle.

Figure 6. Deformed inverted cones for super-critical tension, λ̄ = 1.35, and ω̄2 ∈{
10−5, 10−4, 10−3, 10−2, 10−1, 0.15

}
[from dark to light, corresponding to the dots in the blue

(dark) region in figure 3(a)]. The dashed curve represents the static case (ω̄ = 0). The brane “sits”

at X = 1.

figure 4(a) and 4(b), respectively. We see that the angular momentum of the brane leads to

a widening of the cone close to the brane. Contrary to the static case, the bulk spacetime

is no longer flat, it rather has non-vanishing spatial curvature which becomes strongest in

the near-brane region and falls off as r →∞. Accordingly, the bulk curves into a constant

cone far way from the brane. Figure 4(b) shows that the asymptotic deficit angle can lie

above (for large ω̄) or below (for small ω̄) the static value. Further, from the parameter

plot in figure 3(a) it follows that in order to realise a deficit angle that asymptotes to a

near-critical value (∆ . 2π) we either have to tune λ̄ . 1 and ω̄ � 1 (which is close to the

well-studied static case) or occupy the green (light) sliver around λ̄ ≈ 0.2 which admits

ω̄ . 1 (best approximated by the lightest blue line in figure 3(a)).

Another crucial observation is that the intrinsic brane geometry is flat for all consistent

parameter choices, which is obvious from the induced metric in (3.8). This implies that

the self-tuning (or degravitation) property, which makes 6D braneworld models interesting

with respect to the cosmological constant problem, is preserved for our (sub-critical) kinky

vorton model (see for example [11] and references therein).

Super-critical tension. In the super-critical case when λ̄ > 1 the circumference of the

extra space shrinks as we move away from the brane. In the static case, this leads to an

inverted cone with deficit angle ∆/(2π) = 2− λ̄, which closes in a second axis [53, 54] (at
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coordinate position r = 0), depicted by the dashed lines in figure 6 (see also figure 5(b) for

the full angular embedding). As this additional axis exhibits a conical singularity, it signals

the presence of second brane with fine-tuned tension λ̄∗ = 2 − λ̄. This brane can either

be infinitely thin, giving rise to the observed singularity, or again be described in terms

of an extended configuration, smoothing out the singularity. In the latter case the bulk

is “capped” at some non-vanishing value 0 < r2 < R0. In both cases the bulk spacetime

becomes compact.

We now move on to the rotating case. We find that the (inverted) cone is generically

widened as we increase ω̄, cf. figure 6(a). Moreover, this effect gets more pronounced the

further we move away from the brane (the smaller X or r is), and is accompanied by

a build-up of spatial curvature. This resonates with the observation that the curves in

figure 6(b) become steeper as we approach the axis at X = 0. Eventually, it drops below

zero that way indicating the presence of an excess angle (rather than a deficit angle). This

point is marked by the (vertical) dashed lines in figure 6(a).15 However, as excess angles

generically require a negative brane tension, we dismiss this regime as unphysical (at least

it cannot be described in terms of the kinky vorton model proposed here). We therefore

require the bulk spacetime to be regularised before that point is reached, which again can

be achieved by including a second brane, cf. right plot in figure 5(b). Its stress-energy

has to be tuned such that it gives rise to the correct value of ∆(X) at its position. We

will provide an explicit example later in section 3.5. We also see from figure 6(b) that the

point where ∆(X) drops below zero moves further to the brane for larger values of ω̄. This

implies that there is a maximal ω̄ for which it is no longer possible to regularise the bulk in

terms of a physical, i.e. non-negative, brane tension. By demanding ∆(R0) > 0 we derive

from (3.37) the bound

6 λ̄ < −2 + 8 ω̄2 + 7
√

2
√

2− 7 ω̄2 + 2 ω̄4 , (3.39)

which is depicted as the grey curve in the blue (dark) region in figure 3(a). We thus find

that the extra space cone becomes shorter for larger values of ω̄ due to the necessity of

capping the space earlier.

In summary, super-critical solutions (λ̄ > 1) can be consistently generalised to ω̄ 6= 0

by introducing a second sub-critical brane which caps the extra space at a finite distance

away from the axis at X = 0. We further find that rotation leads to a widening and

shortening of the inverted cone.

3.4 Dragging of inertial frames

The main new physical feature we introduce in this paper is an angular momentum of the

brane, cf. eq. (2.28). Here we discuss how this property affects the relative angular motion

of different inertial bulk observers. We first discuss the sub-critical case for which the bulk

is infinite.

15Note that there is no embedding diagram of an excess geometry, which explains why the plot in

figure 6(a) cannot be extended beyond the dashed line.
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(a) Sub-critical case (static frame): the angular

momentum of the brane (proportional to ω̄) drags

along the bulk spacetime with diminishing effect

as we move further away.
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(b) Super-critical case (co-rotating frame): the

“dragging” of the exterior space increases for

larger angular momentum of the brane.

Figure 7. Radial profile of the rotation function Ω(r) with parameter values and color coding (ω̄

increasing from dark to light) as specified in figure 4 and figure 6, respectively. The dashed-dotted

lines correspond to the analytic result in the slowly rotating case.

We start with the coordinate transformation

ϕ̃ = ϕ+ Ω0 t, (3.40)

where Ω0 is constant. The metric (3.2) then reads

ds2
ext = −r2 v(r)−2 dt2 + e2 k(r)/3dz2 + F 2 e2 k(r)dr2 + v(r)2 [dϕ̃− Ω(r)dt]2 , (3.41)

where v(r) has been defined in (3.34). We also identified the r-dependent function

Ω(r) = Ω0 +
a(r)u(r)

v(r)2
. (3.42)

We further fix the constant Ω0 by demanding limr→∞ Ω(r) = 0, explicitly

Ω0 = − lim
r→∞

a(r)u(r)

v(r)2

= E

[
A−

√
A2 + 4R2

0 E
2
]2
− 4R2

0 E
2

(−A)
[
A−

√
A2 + 4R2

0 E
2
]2 , (3.43)

where the second line assumes the conical branch.

We will now argue that Ω(r) provides a sensible measure of the “rotation of spacetime”.

To that end, we consider a slowly rotating brane, corresponding to

R0E ≈
√
λ̄
(
1− λ̄

)−1
ω̄ � 1 . (3.44)
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At linear order in E we find A ≈ −1, B ≈ 1, C ≈ R2
0 E as well as Ω0 ≈ E due to (3.43).

Substituting these into eqs. (3.4) and (3.5) yields v(r) ≈ r and k(r) ≈ 0, which in turn

implies

ds2
ext ≈ − dt2 + dz2 + F 2dr2 + r2 [dϕ̃− Ω(r)dt]2 , (3.45)

where due to (3.42)

Ω(r) ≈ R2
0

r2
Ω0 ≈

R0

r2

√
λ̄
(
1− λ̄

)−1
ω̄ . (3.46)

We indeed find that Ω(r) vanishes in the limit r →∞, leading to a non-rotating and locally

flat Minkowski metric. The (t, ϕ̃)-frame hence corresponds to a static, inertial observer at

radial infinity (residing at constant ϕ̃) and thus sets the standard of no rotation. The

(t, ϕ)-frame, on the other hand, corresponds to an inertial observer at the brane (residing

at constant ϕ). Due to (3.40) [or (3.46)], it rotates with respect to the asymptotic observer

with angular velocity Ω0. The function Ω(r) generalizes this concept to intermediate ob-

servers at radius R0 ≤ r < ∞ and, in that particular sense, corresponds to the “rotation

of spacetime”.

Eq. (3.46) suggests that the rotation is enhanced when the brane tension approaches

the critical value λ̄ = 1. However, from the parameter plot in figure 3(a) it is clear that this

limit is only consistent if we sent ω̄ → 0 which counteracts the enhancement.16 On the other

hand, in the limit where the brane tension is sent to zero (λ→ 0), all gravitational effects

of the brane disappear, leading to an empty 6D Minkowski spacetime without rotation.

We now depart from the limit of slow rotation and evaluate the function Ω(r) for

different values of ω̄ in figure 7(a), assuming that it still provides a sensible measure of

rotation. We find a power law behavior Ω(X) ∝ X−α with 0 < α < 2, where the upper

limit is approached for a slowly rotating brane in accordance with (3.46) (dash-dotted line).

We also see that Ω becomes generically larger, when ω̄ is increased.17 This nicely resonates

with the observation that the angular momentum of the brane, as defined in the decoupling

limit in (2.28), is proportional to ω̄.

In the super-critical case (λ̄ > 0), the extra space is compact which prevents us from

introducing an inertial frame at radial infinity. We therefore use the super-critical brane as

the non-rotating reference point with respect to which inertial bulk observers are rotating

with angular velocity

Ω̃(r) = −a(r)u(r)

v(r)2
. (3.47)

Note the constant shift in comparison to (3.42). The function Ω̃(X) is depicted in figure 7(b)

for different values of ω̄. Starting with the hierarchically small value ω̄ = 10−5, we find

that increasing ω̄ leads to an increase in Ω̃(X) for all values of X, again in accordance with

16Due to the upper bound in (3.25), it is at best possible to achieve a constant Ω 6= 0 if the critical limit

is taken carefully.
17Close to the brane, non trivial curvature effects may affect this simple behavior, which is also visualised

in figure 4.
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its interpretation as the rotation of spacetime. All curves diverge towards X = 0. Note

however that spacetime has to be cut off before X = 0 is reached to avoid an excess angle

(for ω̄ = 0.15 the “excess point” is marked by the dashed line).

In summary, we have argued (and explicitly shown for a slowly rotating brane) that

due to the angular momentum of the brane, inertial observers at different radial positions

are rotating with respect to each other. This effect, known as the dragging of inertial

frames in the context of rotating black holes, is controlled by the value of ω̄.

3.5 Second brane matching

We have seen that for a super-critical brane the extra space needs to be capped by in-

cluding a second sub-critical brane, otherwise a regime of (diverging) excess angle close to

the symmetry axis occurs. The crucial question is whether such a brane exists, i.e. can

be realized in terms of a physical matter theory. Our analysis allows us to answer this

question, at least if we again employ the thin vorton model to describe the second brane.

To be specific, for every point,
(
ω̄2, λ̄

)
, in the blue (dark) parameter regime in figure 3(a)

(corresponding to the super-critical brane) and a given radial position r∗ < R0, we can ask

whether there exists a dual point,
(
ω̄2
∗, λ̄∗

)
, in the green (light) region (corresponding to a

sub-critical brane that consistently caps the extra space at r = r∗).

We first note that for a given branch choice the bulk geometry is fully determined once

the parameters ω̄2 and λ̄ have been fixed. It is therefore enough to match two geometric

quantities in order to fix the matter content of the dual brane. Here we will employ the

deficit angle, ∆(r), and the rotational profile, Ω̃(r). The former is given by (3.37) and can

be (numerically) evaluated at r = r∗ for a given choice of ω̄2 and λ̄; on the other hand,

it is also related to the matter content on the second brane according to (3.38) subject to

the formal replacement
{
ω̄2, λ̄

}
→
{
ω̄2
∗, λ̄∗

}
.18 Applying the same reasoning to R2

0 Ω̃′(r)

as defined in (3.47), we obtain the two matching equations

1

8

(
ω̄2
∗ + 7 q̄2

∗ + λ̄∗
) !

=
∆(r∗)

2π
, (3.48a)

−8 q̄∗ ω̄∗

4− 3 q̄2
∗ − λ̄∗ + 3 ω̄2

∗

!
= R2

0 Ω̃′(r∗) , (3.48b)

where q̄2
∗(ω̄∗, λ̄∗) is determined by the “ — ” branch in (3.23), corresponding to a sub-

critical brane. Note that we used Ω̃′(r) [rather than Ω̃(r)] as this quantity does not depend

on the choice of the non-rotating reference frame. As a check of these relations we can

consider the static limit (ω̄ = 0), which implies ω̄∗ = 0 and the tuning-relation λ̄∗ =

2 − λ̄ in agreement with the literature [54]. The authors in ref. [25] investigated what

happens in cases where the brane tensions do not fulfil the above relation, and it was found

that stationary solutions exist for which the brane starts to expand in axial direction

with constant rate, corresponding to a 4D de Sitter phase on the brane. As our ansatz

in (3.2) is not general enough to accommodate an expanding brane, we remain short on a

definite statement about the rotating brane case. However, it is conceivable that there is a

18Note that eq. (3.38) is a coordinate independent statement and hence holds at any brane that is

consistently matched to the bulk geometry.
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continuously connected super-critical solution with ω̄ 6= 0 which shows the same inflating

behaviour.

Here we do not provide an exhaustive discussion of the matching and rather present a

proof of existence relying on a special choice of parameters. Specifically, we use

λ̄ = 1.35 , ω̄2 = 0.001 , (3.49)

corresponding to one of the super-critical solutions depicted in figure 6. We further con-

sider the two radii r∗/R0 ∈ {0.65, 0.8} at which we cap the extra space, marked by the

points “o” and “x” in figure 6(a) (see also the right plot in figure 5(b)). With this choice we

can calculate the right side of eqs. (3.48). We then use a numerical root finding algorithm

to determine the corresponding points in the
(
ω̄2
∗, λ̄∗

)
-plane, depicted by “x” and “o” in

figure 3(a). And indeed we find that both are within the green (light) shaded region, rep-

resenting consistent, stationary (non-inflating) configurations of the super-critical system.

Let us stress that those solutions are particularly interesting for model building purposes

as they correspond to compact extra dimensions, admitting a 4D gravity regime at low

energy scales.

4 Conclusions

In this paper we have examined a microphysical model that could lead (or be extended) to

established 6D braneworlds of finite [16, 25, 31] or infinite [6, 7] extra space volume, whereby

two extra dimensions are hidden by having the Universe live on a cylindrical brane. In the

existing construction, which used a thin-wall approach to the calculation, the brane had a

massless, periodic scalar field living inside its worldvolume, and the cylindrical brane was

prevented from collapsing by a winding of the worldvolume scalar. From the perspective

of the microscopic model used here, this thin-wall approach removes degrees of freedom,

which turns out to be crucial. Indeed, there are unstable modes in the microphysics that

break the rotational symmetry of the extra dimensions, questioning the UV stability of

this particular incarnation of braneworlds. However, using the same model it is possible

to fix the problem. Taking a lesson from the cosmology of topological defects known as

vortons [37, 42, 43], we learn that rotation of the ring-like object is crucial to prevent

its collapse. In the context of the underlying microphysics, or indeed the worldvolume

theory, this corresponds to having a current circulate around the loop, rather than simply

a winding number.

By using the analytic properties of a field theory model, spelled out in [34, 36], we have

taken parameters from the microscopic model where the flat-space ring solutions are known

to be stable (under axially symmetric perturbations), and placed them in a gravitational

setting, using a thin-wall approximation. The extra freedom of rotation gives a richer set

of braneworld solutions, where the rotating braneworld drags the ambient spacetime along

with it. We have explored a range of parameters and have found that in cases where the

deficit angle in the extra dimensions is less than 2π (sub-critical) we have infinite volume in

the extra dimensions, whilst for larger deficit angles (super-critical) the extra dimensions

are compact. The former set could be easily extended to the BIG model [7] by adding a
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four dimensional Einstein Hilbert term to the worldvolume theory in (3.1). In fact, this

would not change the vacuum configurations as they correspond to vanishing intrinsic brane

curvature. It would then be interesting whether the new freedom due to rotation helps to

avoid the ghost instabilities diagnosed within the same cylindrical brane setup in [11, 12].

Note that, according to the findings in [13], this would require a screening mechanism (for

example Vainshtein screening [55]) to kick in at small distance scales. On the other hand,

the latter set offers, due to its compactness, a different type of interesting phenomenology.

This could be further explored by generalizing from a Minkowski worldvolume geometry to

a cosmological setting, just as was done for the cigar shaped proposal in the non-rotating

case [25]. Regarding the stability of our rotating configurations, a final statement still

requires a study of non-axially symmetric perturbations. A similar fluctuation analysis

would also allow to infer the phenomenological implications of the presence of the scalar

degree of freedom σ̃, which so far has only been investigated in the non-rotating case

in [7, 12].

As a final speculation we would like to comment on the effect that rotation has on

fermions bound to the braneworld. In practise, the braneworld has non-zero thickness, and

the braneworld matter fields have wavefunctions that peak somewhere on the brane. The

precise location of the wavefunctions of the different fermions has important consequences

for the fermion mass hierarchy, and proton stability, as pointed out by [56, 57]. This is

due to the overlap between different wavefunctions being exponentially suppressed as their

centres move away from one another. In the context of our spinning cylindrical braneworld

it is natural to expect the heavier braneworld fermions to be pushed to a larger radius than

the lighter ones, and so could give a natural description of this mechanism. This would, of

course, require a full calculation to give concrete realisation.
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