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ABSTRACT: We derive spectral sum rules in the shear channel for conformal field theo-
ries at finite temperature in general d > 3 dimensions. The sum rules result from the
OPE of the stress tensor at high frequency as well as the hydrodynamic behaviour of the
theory at low frequencies. The sum rule states that a weighted integral of the spectral
density over frequencies is proportional to the energy density of the theory. We show
that the proportionality constant can be written in terms the Hofman-Maldacena vari-
ables to,t4 which determine the three point function of the stress tensor. For theories
which admit a two derivative gravity dual this proportionality constant is given by ﬁ%‘
We then use causality constraints and obtain bounds on the sum rule which are valid in
any conformal field theory. Finally we demonstrate that the high frequency behaviour
of the spectral function in the vector and the tensor channel are also determined by the
Hofman-Maldacena variables.
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1 Introduction

Sum rules for spectral densities in any quantum field theory provide important data of the
theory. The sum rule relates a weighted integral of the spectral density over frequencies to
one point functions of the theory. They result because of the analyticity of the correspond-
ing Greens function together with the short distance as well as the long distance behaviour



of the theory. Thus sum rules provide useful constraints on spectral densities. For instance
real time finite temperature retarded correlators are difficult to obtain from lattice calcu-
lations in QCD. However one point functions are considerably easier to obtain. This has
led to a systematic study of the sum rules which constrain the spectral densities of the
stress tensor in QCD [1-5]. Similarly there are sum rules studied in condensed matter like
the Ferrell-Golver-Tinkham sum rule which is satisfied by the current-current correlator in
a BCS superconductor [6, 7] or the sum rule for momentum distribution in angle resolved
photon emission [8].
Schematically the sum rules we will focus on have the structure
* dw . .
/ (w) o (One point functions),

—p
n
o W

p(w) = ImGRr(w), (1.1)

where Gr(w) is the retarded Green’s function at finite temperature and zero momentum.
As we have mentioned, sum rules are the result of the analytic properties of the Green’s
function in the upper half plane which in turn follows from causality. Although sum rules
primarily relate two point functions to one point functions, we will see that they contain
information about the three point functions also. This information will be contained in the
proportionality constant in (1.1).

In order to emphasise the usefulness of such rules, let us recall how such sum rules
are used to determine transport properties of quark gluon plasma from the lattice. Here
one postulates the form of the spectral density and then fits the parameters involved in
the postulated form of the spectral density from lattice data [9-13]. Since sum rules are
constraints satisfied by the spectral density, they restrict the class of the postulated form
for the spectral density. For example the simplest Lorentzian anstaz for the spectral density
o7 is disallowed using the shear sum rules in QCD [3].

All the above properties make sum rules an important object of interest in quantum
field theories. In this paper we will derive sum rules corresponding to the spectral density of
the retarded correlator of the T}, component of the stress tensor for an arbitrary conformal
field theories in d > 3 dimensions. This sum rule is usually referred to as the shear sum
rule. In the context of conformal field theories, sum rules can be used to find conditions
under which a certain conformal field theory admits a gravity dual. To illustrate this, we
use the shear sum rule to find a necessary condition under which given conformal field
theory admits a gravity dual. This condition is independent of the equality of central
charges @ = ¢ which is known in the literature. Sum rules together with causality can be
used to find constraints both for conformal field theories as well as putative gravity duals.
We will obtain these constraints in section 4 of this paper.

The investigation of sum rules in conformal field theories and its relation with holog-
raphy was first done in [3]. For A/ = 4 supersymmetric Yang-Mills theory at finite temper-
ature the shear sum rule is given by

[ ) - prole) = e (12)

T J oo W



where
p(w) = ImGr(w), (1.3)

is the spectral density corresponding to the retarded shear correlator defined in position
space by
Gr(t, &) = iB(t){[Tiy (£, 7). Ty (O))). (1.4)

The expectation value is taken in the theory held at finite temperature 7" and € in (1.2) is
the energy density in the theory. The authors proposed the relation (1.2) from field theory
arguments and then verified it using a holographic computation of the Greens function in
the AdS5 black hole background. The subsequent works mainly focused on the holographic
derivation of the sum rules. In [14] the shear sum rule was derived in holography by
considering a black hole in AdS;1; dimensions. Modifications to the holographic shear
sum rules in presence of chemical potential has been obtained in [15]. This was done
by considering charged blacks holes in gravitational duals of the M2, D3 and Mb5-brane
backgrounds. The sum rules were modified due to expectation values of operators in
addition to the stress tensor due to the presence of chemical potentials Similar phenomenon
was investigated for sum rules corresponding to current correlators and other holographic
models in [16-19]. More recently the general structure of the shear sum rule for a conformal
field theory in general dimensions was discussed in [20].

In this paper we derive the shear sum rule for an arbitrary conformal field theory in
d > 3 dimensions using the general properties of conformal field theories. We consider the
theory at finite temperature and at zero chemical potential. We assume that the theory
is such that at finite temperature, it is only the stress tensor that acquires a non-zero
expectation value. Our main result for the shear sum rule is stated as

L [® dpw)dw [ (=1+d)d (3—d)t (2+3d—d?)ty
/ _<2(1+d) +2(1+;)+(1+d)(1+d)2>P’

p(Z) = ImGR(w)v
GR(t7x) = i@(t)[Txy(t,:L'),Tmy(O)],

5p(w) = p(w) — p(w)r—o. (L5)

Here P refers to the pressure of the theory and ¢, t4 are the linearly independent parameters
introduced by Hofman and Maldacena [21]. They carry the information of the three point
function of the stress tensor and can be written in terms of the constants a,b, ¢ of [22].!
Note that pressure can be written in terms of the energy density € = (d — 1)P.

An immediate check on our sum rule is to apply it for theories which admit a two
derivative gravity dual. From (1.5) we see that for these theories the sum rules reduces to

lim 1/ 5,0(w)flw _ d(d — 1)P.
oo W — i€ 2(d+1)

e—0t T

(1.6)

!See equation (4.2) relating t2,ts and a, b, c.



This is because t5 = t4 = 0 for these theories. We verify this property by first explicitly
using the data of the 3 point functions of stress tensors evaluated in [23]. We then perform
another check by evaluating the Greens function directly in the AdSg,1 black hole following
the methods developed in [15]. Thus a necessary but not sufficient condition for a theory
to admit a 2 derivative gravity dual is that the shear sum rule given in (1.5) is satisfied.

Positivity of energy flux [21] or equivalently causality, constrains the parameters t, t4.
These constraints were obtained in d dimensions by [24, 25] and are stated in (4.2). Using
these constraints we obtain bounds on the shear sum rule for an arbitrary conformal field
theory in d dimensions. We also apply the sum rules for specific theories in d = 3,4, 6.
We see that for the M2-brane theory, ABJM theory, N' = 4 Yang-Mills and the M5-brane
theory, the coefficient involved in the sum rule is not renormalized as expected. For large N
Chern-Simons theory coupled to fundamental fermions we evaluate the coefficient involved
in the sum rule as a function of the t’ Hooft coupling. We see that the bounds for the sum
rule are saturated for the theory of free fermions and free bosons. As a simple application
of the sum rule on obtaining constraints on theories involving higher derivatives, we obtain
the bounds on the coefficient of Gauss-Bonnet gravity in arbitrary dimensions from the
sum rule.

Finally we study the high frequency behavior of the spectral density in the vector
and the scalar channels. That is we examine the spectral density corresponding to the
correlator (T3, Ty.) and (TyTy) respectively. We observe that the high frequency behavior
is determined by Hofman-Maldacena coeflicients corresponding to these channels.

The organization of the paper is as follows. In section 2 we present a general analysis
of the shear sum rule we are interested in. Then we demonstrate that the high frequency
behavior of the shear correlator is determined by the Hofman-Maldacena coefficient in the
scalar channel and finally determine the sum rule. In section 3 we perform a consistency
check on the sum rule using holography. We determine the sum rule using the evaluation
of the three point function of the stress tensor in AdS;41 and then compare it against the
direct evaluation of the sum rule from a black hole in AdSzy; and show agreement. In
section 4 we re-write the sum rule in the Hofman-Maldacena variables t9,t4 and obtain
bounds on the sum rule using causality. In section 5 we discuss applications of the sum
rule for well known theories in dimensions d = 3,4,6. In section 6 we study the high
frequency behavior of the retarded Greens function in the vector and the sound channel and
demonstrate that that it is determined by Hofman-Maldacena coefficients in the respective
channels. Section 7 contains the conclusions. Appendix A deals with the computation of
the Fourier transform of the OPE coefficients in the three channels. Appendix B lists some
integrals relevant for performing the Fourier transform. Finally appendix C reviews the
evaluation of the three point function of the stress tensor in Chern-Simons vector models
in the large N limit.

2 The shear sum rule in conformal field theories

In this section we present the derivation of the sum rule in the shear channel for conformal
field theories in dimensions d > 2. The derivation of spectral sum rules rely on the analytical



properties of the Greens function in the complex w plane. Consider a function G(w) which
is holomorphic in the upper half plane including the real axis. For the present, let us
assume that the function has the following convergence property in the upper half plane

lim Gw)~ ——\  m>0 (2.1)

Ww—100 |w|m’

Then using Cauchy’s theorem it can be shown that?

G(0) = lim /  dw p(w) (2.2)

0t J_oo T w— i€’

where p(w) = Im G(w). We will restrict our attention to the retarded correlator of the T,
component of the stress tensor in d > 2 dimensions.

Gr(t,z) = i (t)([Tay(t, ), Tay (0)]), (2.3)

where the expectation value is taken in the theory held at finite temperature 7. The
Fourier transform is defined by

Gr(w,p) = / Al G ¢, ). (2.4)
We will be interested in the sum rule for the spectral function at p = 0, defined as
p(w) = ImGR(w,0). (2.5)

Let us now examine if each of the assumptions involved in deriving the sum rule
is satisfied for the retarded correlator. The physical reason why the retarded correlator
is analytic in the upper half plane is causality. It is easy to see this from the inverse
Fourier transform

dw

Gr(t) = / ¢ “GRW). (2.6)

For ¢t < 0 and only when Gpr(w) is holomorphic, the contour can be closed in the upper
half plane resulting in Gr(t < 0) = 0 which is a requirement for the retarded correlator.
Now for conformal field theories the property (2.1) is not satisfied. As we will see below
the retarded correlator diverges as limy, oo Gr(w) ~ w?. However we can still define a
regularized Greens function 0Gr which satisfies the property (2.1) for which we can apply
Cauchy’s theorem and obtain

5GR(0) = lim / dw op(w) (2.7)

0+ T W — 1€

where dp(w) = Im(6Gr(w)). The precise definition of the regularization of course depends
on the details of the high frequency behaviour.

Thus the thing we need to do for the derivation of the sum rule is to examine the high
frequency behavior of the shear correlator in the upper half plane. For this we continue

2See [15]) for example.



G r(w) into the upper half plane using the following relation between the retarded correlator
and the Euclidean correlator which can be proved from the definition of these correlators®

Gr(i2mnT) = Gg(27nT). (2.8)

Here G is the Euclidean time ordered correlator and 27nT is the Matsubara frequency.
This relation provides a distinguished analytic continuation

GR(iw) = GE(w) (2.9)

We need the behavior of the retarded Greens function as w — oco. Consider the Euclidean
correlator in position space. For time intervals 0t < 3 = %, the operator product expansion
(OPE) of the stress tensor offer a good asymptotic expansion. Therefore for w > T', we
can replace the Fuclidean correlator by its OPE. This allows us to obtain the asymptotic
behaviour of the Gg(iw) as w — 0o. To conclude, the strategy is to write down the leading
terms of the Euclidean OPE of the stress tensor and then Fourier transform each of these
terms to frequency space to obtain the large w behavior. Such an analysis has been used
earlier in [3, 20, 27].

Let us first use the OPE of the stress tensor in the Euclidean two point function. Using
the result of [22] we obtain

(Toy(s)Tay(0)) ~ CT%Z(S) + Avyayas(s)(Tap(0)) + - - - (2.10)

Here the OPE has been sandwiched between thermal states. s refers to the position in d
dimensions and Cr is a constant which determines the normalization of the 2 point function
of the stress tensor. By dimensional analysis, the tensor structure I,,,, is dimensionless,
while the flw,pg scales like 1/s%. From this scaling property it is easy to conclude that the
following integral scales as

- I (x) w
dlpetCp=2 ) = T o wllog(=), 2.11
[ dizetor sy ! log(%) (211)
where A is a cut off in the integration.* As we will soon see, we will not need the details
of this divergent term. Lets examine the second term

/ A 2™ A s (2)(Tug) = T ~ Ca"® (Tyg), (2.12)

where @ are O(1) coefficients. For the thermal vacuum, the one point functions (T,z)
can be written in terms of the energy density and the pressure. Thus these terms also
contributes in the w — oo limit We assume that there are no other operators of conformal
dimensions A < d which gain expectation value in the thermal vacuum. The rest of the
terms in the OPE (2.10) involve operators of dimensions A > d whose terms are suppressed
in the w — oo limit as O(1/w”~9).

3See for example [26] for a proof.
4We choose this branch cut to lie in the lower half w plane which ensures that the correlator is holomorphic
in the upper half plane.



Thus we need to regularize the retarded Greens function by subtracting Z and J
defined in (2.11) and (2.12). From examining Z, we see that it is identical to the Fourier
transform of the retarded Greens function at zero temperature.” Therefore we define the

regularized Greens function as
(SGR(LU) = GR(W)‘T — GR(w)|T:0 — j (2.13)

Now this definition ensures that when w — 700, the regularized Greens function behaves as

lim 6Gg(w) ~ O

W—100

wA—d)’ (2.14)

and we can apply Cauchy’s theorem to obtain the sum rule
® dw
lim / dw 0p) 560, (2.15)

=0t J_oo T w— i€
= Gr(0)|7 — Gr(0)|1=0 — J-

Now let us assume hydrodynamic behaviour of the theory at small wavelengths. This
implies that we can identify the zero frequency behaviour of the retarded Greens function

with pressure®

Gr(0)|r = P. (2.16)

Also we have the property
Gr(0)|r=0 =0, (2.17)

which arises from fact that zero temperature retarded Greens function vanish, since the
pressure vanishes at zero temperature in a conformal field theory. Combining (2.16)
and (2.17) we obtain the sum rule

lim /oo dwoplw) _p_ g (2.18)

e—=0t J_oo T W — 1€

where

dp(w) = ImGRr(w)|r — ImGRr(w)|r=0, (2.19)

= p(w)r — p(w)|T=0-
This is because J will turn out to be real and will not contribute to the spectral density.
It is important to note the origin of the 2 terms in the r.h.s. of the sum rule (2.18). The

first term is due to the long wave length hydrodynamic behavior of the theory, while the
2nd term is due to the short distance behavior of the theory and results from the OPE.

Note that though the OPE is in Euclidean space, we are examining the limit w — ioco of retarded greens

function using the relation (2.9).
SWe define (Ty,) = f%%zf , this along with the constitutive relation for the stress tensor from
hydrodynamics leads to Gr(0)|r = P. Note that in general, it is important to obtain the zero frequency

behaviour from hydrodynamics. Naive use of the analytical continuation from Euclidean Greens function
at zero frequency could miss delta function contributions at which occur at non-zero values of chemical
potentials. We thank Zohar Komargodski for raising this issue.



2.1 High frequency behavior and Hofman-Maldacena coefficient

In this section we will evaluate J for an arbitrary conformal field theory in d dimensions.
Lets recall its definition

T(w,p = ps) = / Qpd 4 (Tag), (2.20)

where we have also introduced momentum p = p, along the direction orthogonal to x,y
in the Fourier transform. In the end we will set p = 0, or equivalently expand the J at
w — oo and extract the constant term. The only components of the expectation value of
the stress tensor which are non-zero are given by

<Ttt> = €p, <T’zj> = P(;ija i,j =2 d (221)

The subscript in €g reminds us that that this is the energy density in the Euclidean theory
We have e = —e where € is the energy density in the Minkowski theory. Also recall that
from conformal invariance we have the relation

e=(d—1)P. (2.22)

Finally the tensor structure AWW(S) is given by [22]

N d—2 1
ApoasCr = (d n 2) (4a + 2b — C)Hclvﬂuupo(s) + g(da +b— c)HiBWpa(s)
- d(d T 2) (H,uvpaaﬂ(s) + Hpouuaﬁ(s))
2da+2b—c 2d—2)a—b—c_,
d(d — 2) aﬁ#VﬂU(s) d(d _ 2) aB,pra(S)
_2((d=2a-0)

d(d — 2) (QngpaaB(s))

((d - 2)(2a +b) — de)
d(d2 — 4)

+(Ch2 poap + D6 yas + 5p(,hf;m6))sd5d(s),

_l’_

(Hﬁupaaﬁ + Hﬁauyaﬁ)(s)

:Il+IQ+13+I4—|—I5+Iﬁ—|—I7—|—IS, (223)

where Cp, C' are functions of the parameters a, b, ¢ which determine the three point function
of the stress tensor in the conformal field theory and are given by

d
2

872 (d—2)(d+3)a—2b—(d+1)c

Cr = N <2 : (2.24)
_ (d-2)(2a+1b) —de _ 2rd

C= T dary 0 Ty

The detailed evaluation of the Fourier transform to obtain 7 is tedious and is provided
in appendix A.1l. For some intuition we will present the Fourier transform of the term Iy,



note that we only need the diagonal entries o = .

2da+2b—c 3 3 1 9 1
L(s) = == —CH H 00 = —0apd? | ———— 1,
4(8) d(d — 2) Bxy:cy( ) Baryxy( ) <a 8/3 d5 58 (t2 4 ’FQ)%
2da+2b—c 4
Iy(w,p) = WH aBayay (W, P)- (2.25)
Performing the Fourier transform we obtain
47rd/2 dw? — p? — w?
Z uzy:cy = d( 2 2 ) H?txyazy( ?p)' (226)

Including the coefficients obtained from the expectation value of the stress tensor we obtain

. C (ad+2b—¢) (47 (dw? —p* —w?)\
Iy(w,p) = d(d—2) ( dr (2—1) (1% + w?) (P —eg). (2.27)

At the end we need to take I,(w,0) as the contribution to J(w,0). Similarly we need to
perform the Fourier transform for each of the terms Iy, --- I7 in (2.23). Let us briefly indi-
cate the procedure involved in performing the Fourier transform. We first parametrize the
spatial directions in terms of polar co-ordinates and then perform the angular integrations.
We then perform the radial integration and finally the integration over time ¢. In each
of the integrals involved, we have verified that that interchange of the order of the time
and the radial integrations does not affect the results. The details of each of the Fourier
transform is given in the appendix A.1. Thus sum of all these terms are given by

7 (1 —d)(a(d(d+4) —4) +d(2b - ¢))
z:: 2(—a(d®+d—6)+2b+cd+c) (2.28)

Here we have used eg = —(d — 1)P to write all terms in terms of the pressure. At
this point we observe that the term in (2.28) is proportional to the Hofman-Maldacena
coefficient obtained by examining positivity of energy flux in the spin zero channel [21].7
More precisely for arbitrary dimensions d we obtain the relation

7
Z = 2(1 — d) Pary, (2.29)

where ar is defined in equation (2.16) of [28] and is given by

a(d(d+4) —4) +d(2b—¢)

2.30
(d®>+d—6)+2b+cd+c (2.30)

1
aro = Z

Note that [28]® were examining the kinematic regime of space like momenta, while we
are examining the situation at vanishing spatial momenta but non-zero frequency which

"We refer to the combination of the stress tensor OPE coefficients which occur in specifically in various
channels ‘Hofman-Maldacena coefficients’, though the OPE’s themselves where known earlier by [22].
8See [29] for earlier work in this direction.



is relevant for the sum rule. Here we are examining the expectation value of the stress
tensor in a thermal state while [28] looked at the expectation value in a single particle. It
is interesting that for both these situations we obtain the Hofman-Maldacena coefficient.
Finally note 2.23 is a contact term in position space responsible for ensuring the conformal
Ward identity [22]. Its Fourier transform is given by

A ((2a +b)(—2+d) — cd)P
1, = . 2.31
s@P) = o A d) a(—6rd ) (2:31)
Summing all the individual contributions in J we obtain
7= (1 —=d)P(a(d(d+4) —4) +d(2b— ¢)) ((2a+b)(—2+d) —cd)P
 2(—a(d®>+d—6)+2b+cd+c) —2b—c(l4+d)+a(—6+d+d?)’
(2.32)

We are now in a position to evaluate P — J and write down the sum rule of conformal field
theories in arbitrary dimensions

lim / T dworlw) s,

=0+ J_oo T w—1€

~ (2c+d(c+2bd—cd)+a(8+d(—6+d+d?))) P -
- 2(2b+ ¢ + cd) — 2a (—6 + d + d2) - (233)

Let us now discuss the important assumption used in arriving at the above sum
rule (2.33). As mentioned around equation (2.12) we have assumed that no other operator
of dimensions A < d gains expectation value in the thermal vaccum. This assumption
holds true for theories which admit a pure AdSg.; dual, for example N' = 4 Yang-Mills.
However if one turns on chemical potential for R-charges in such theories, other marginal
operators are turned and and the sum rule is corrected. Such corrections modify the r.h.s.
of the sum rule and have been derived holographically in [15] for the shear sum rule and [16]
for sum rules obeyed by current correlators. But, there are also situations in which relevant
operators can be turned on, for example for the quantum Ising model in 2+ 1 dimensions.’
In such situations one needs to subtract the expectation value of the corresponding opera-
tor multiplied by its OPE coeflicient in the integrand which occurs in the Lh.s. of the sum
rule [20].'° Such a situation was also encountered holographically in [16] for the case of M2
branes at finite R-charge. Thus these situations will necessitate the inclusion of additional
terms in the sum rule. However the term in the r.h.s. found in (2.33) will not be modified.
We would also like to emphasise though the general structure of the term in the r.h.s. can
be argued by scaling and the OPE, we have related the constant in front the pressure term
to the data of the conformal field theory.

Let us now briefly discuss the possible modifications of the sum rule for non conformal
field theories of which QCD is a relevant example. In the derivation of the sum rule, there
are two terms that contribute to the r.h.s. J and Gg(0)|r = P in (2.18). The coefficient of

9We thank William Witczak-Krempa for bringing this model to our attention and for correspondence
which brought out these points.
198ee equation (12) of [20].
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the expectation value of the stress energy tensor in 7 just depends on the OPE coefficients
of the theory at high energy. Therefore in a theory like QCD which is asymptotically
free and conformal at high energies, these coefficients can be evaluated perturbatively.
However the infrared term Gr(0)|r = P is much more difficult to obtain and rely on the
hydrodynamic behaviour of the theory. Further more in all our manipulations especially
in evaluating the one point function of the stress energy tensor we have used the relation
€ = (d—1)P which is true only in conformal field theories. Also note that these expectation
values depend on coupling and are evaluated at low energies of the theory. Thus taking
these inputs in one can evaluate sum rules for non-conformal field theories. QCD is an
example where such sum rules have been evaluated [3]. Here one can see in the analysis,!!
the coefficient 7 is evaluated perturbatively. However, there are other possible marginal
operators that can gain expectation values in the thermal vacuum eg. TrF?2. These in
principle depend on € — 3P and have not yet been carefully evaluated.'? Therefore in
conclusion, the term involving the high energy there point function 7 in the sum rule can
be obtained using a perturbative analysis, however there are usually other terms that are
sensitive to the non-conformal nature of the theory and one needs to analyse them carefully.

3 Check from holography

In this section we evaluate the §Gg(0), the r.h.s. of the sum rule in (2.33) in holography.
We do this in two different ways. First we use the values of the parameters a, b, ¢ obtained
by evaluating the three point function of stress tensor from AdSzy; in [23] and determine
0GRr(0). We then evaluate 6G(0) more directly by considering a black hole in AdSzq
and evaluating the retarded Green’s function. In both cases the answer reduces to

d
6GR(0) = ;

me. (3.1)

This provides a consistency check within holography of the sum rule in (2.33).

3.1 J0GR(0) using the 3-point function of stress tensor

The parameters a, b, ¢ which determine the three point function of stress tensor evaluated
in AdS4y1 are usually given in terms of A, B,C which are linearly related to a,b, ¢ [23, 30]

A B—-2A C
- = = . 2

The three parameters A, B and C in general AdS;,1 upto the overall Newton’s constant in

d + 1 dimensions are given by [23]'3
A = 3A4a1, B = A4(2a1 + as — 2a3)
C = Ay(2a4 + as). (3.3)

"See equation (37) of [3].
12The sum rule for the bulk channel in QCD has also been evaluated in [3]. Here too the high energy

contribution can be determined from a perturbative calculation.
13See equations (3.24), (3.26) of [23].
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where,

dr (d) 4d3

d:7d 2’ alz )
2md(d — 1) 3—3d

4(6+d(—4—6d+3d?)) 2(6 +d(—7+d(—6 +5d)))

as = — s a3 = — )
3(~1+d) 3(—1+4d)
1 1 3 1 1

a4—3< 1+—1—|—d+4d 3d>, a5—3<5+_1+d 5d>. (3.4)

Now using (3.3) we find the parameters determining the three point function of the stress
tensor are given by

d*n=T[d]
CA(=14d)¥
- d(14 (=3+d)d*) 7T (1 + d)
A(—1+d)3 ’

(1 -2(-14d)d)m T (d)
c = 1+ d)p . (3.5)

a =

Finally substituting these values into the coefficient 0G(0) of the sum rule given in (2.33)
we obtain
5Ca(0) = (2c+d(c+2bd —cd) +a(8+d(—6+d+d?))) P
22b+c+cd) —2a (=64 d + d?) ’
(—1+ d)dP
2(14+d) ’
de

= 55D (3.6)

Thus the relatively complicated rational expression in terms of a, b, ¢ reduces to a simple
expression which just depends on the dimension d.

3.2 0GR(0) from the AdS4+1 black hole

In this section we evaluate dGg(0) directly by studying the retarded Green’s function in
the AdSgy1 black hole background. This method was originally used for obtaining the
holographic sum rule in d = 4 dimensions in [3] and then further in [14-16] for other
dimensions and more general situations. We will follow the systematic approach developed
in [15]. The geometry dual to a conformal field theory in d dimensions at finite temperature
T is given by the Schwarzschild black hole in AdS4y1 at the Hawking temperature T. The
metric and the Hawking temperature is given by'4

dr?
2 _ 2 2 1,2 2 2
ds® = 20 +r*(=f(r)dt* + dzy - - - + dx;_q), (3.7)
r\ ¢ dr
F(r) ( r ) ’ Ay

14Gee for example in [31].
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r4 is the radius of the Horizon and for convenience we have set the radius of AdSy4; to
unity. The retarded shear correlator is obtained by consider the fluctuation dg,, of the
metric which is dual to the stress tensor Tj,. Let us define the fluctuation as

0y = r2p(r)e™T. (3.8)

This perturbation obeys the equation of motion of a massless scalar in the background,
which is given by

d2¢+ d—1 5’ dp — w?
r F /) dr

F = r2f(r). (3.10)

The retarded Greens function is obtained by imposing in going boundary conditions at
the horizon r; and obtaining the solution to ¢ at the boundary r — oo [32]. The Greens
function is given by

G?y,xy (wa T) = G(w7 T) + Gcounter (w, T) + Gcontact (T),

A —1 . Fri-ly

G(w,T) (3.11)

- ﬁ r—00
where k is the gravitational coupling constant. Geounter(w) are the counter terms which
are necessary to remove the log(r) divergences. These are independent of the temperature
and are identical to the counter terms one needs at 7' = 0. Hence they cancel on con-
sidering G r(w). Now the contact term in the Greens function arises from the frequency
independent term in the effective action and is given by

Gcontact (T) =P. (3.12)

Thus on considering dGr(0), both the counter term as well as the contact term cancel.
The counter terms cancel since they are temperature independent, while the contact term
cancels because at zero frequency we have G r(0,T) = P. The terms which contribute to
0GRr(0) arise from the temperature dependent terms which are finite in the high frequency
w — ioo limit of GR(0,T). This leads us to study the function G(w,T) as w — co. It is

convenient to introduce the variables
w AT
iN=—, y=2"% (3.13)
T4+ T

In these variables we are examining the limit A — oco. The equation for ¢ becomes,

d*¢ 1 ( yd) d¢ ¢
ik d—14+2) 22X - =0 3.14
dy*  f(y)y ) ay T T (3.14)
where,
d
fly)=1- % (3.15)
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Expanding the differential equation (3.14) as a a power series in A we obtain

d%¢ d—1 dyt ! do 2y
oY _ (- AU [ A (Rl AT =0. 3.16
dy? ( y T >dy ( T >¢ (3.16)

It is easy to see that the leading equation in A is the equation of the minimally coupled
scalar in pure AdSg41, the sub-leading terms in A account for the presence of the black
hole. Lets us solve for the function gr(w) perturbatively in % We define
/ o
_ YW _ g on (3.17)
oly) = A

Substituting the expansion for g in (3.16) and matching terms order by order in % we

obtain the following equations for the leading terms.

d—1

g()_gg_ 90_1207

d—1 _
g+ <2go — y)gl —dgoy® ! — 2% = 0. (3.18)
Note that that equation for the zeroth order term gg is identical to that obtained in the

pure AdS;41 background. The two solutions to gg, given by,

Yoo =7 Ka(y) Yoo =7 La(y)

(3.19)

Now the second solution corresponds to the solution of ¢ which diverges at the origin
y — oo. Therefore in the strict A — oo we must discard the second solution. In [15], it
has been shown in detail that the second solution does not contribute to the finite term

as A — oo. Thus we look for the expansion of the first solution, substituting this solution

into the second equation we obtain ggl)

m_ 1 /y 9y a1 ¢
- + gody™ VYK 4 (y) + ————,
91 yK%(y)Q 0 ( Y goay )y %(y) ng(y)Q

where the term containing the arbitrary constant C' is the homogeneous solution. We set

this constant to zero since the presence of C' makes ggl) grow exponentially at y — oo and

(

thus alters the boundary condition set by glo). Therefore we have

(3.20)

M - ; ’ —dy® d+1 2
9 = ng(y)Q/O (—dy Kg(y)K%(y)ﬂL% K%(y) ),
2
2 d+1 K%(y)Q : )

Here we have integrated each of the terms in the integrand by parts and then we use
relations for the derivatives of the Bessel functions. Now to obtain the retarded Greens
function we need the behavior of ¢(!) close to the boundary y — 0, which is given by

@y dld=1) 44 2+d) 441 d+3
lim g1 () = sita)? Tara-a? +O0(y™). (3:22)
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Now substituting the expansion (3.17) into the definition of the Greens function we obtain

oA rd Ay d(d—1) 1

,\h—{{.lo Gw,T) = 2—’:231_% <yd—19(() ) _ 2(d—|—1)> + O()\d>, (3.23)
where we have used the change of variables in (3.13) from 7 to y. Note that the leading
term is proportional to (A4 )¢ = (—iw)? and therefore independent of temperature. This
term will be present also in pure AdS;1 and therefore will cancel on considering dGg(w).
Thus the finite term in the high frequency limit in addition to the contact term that one
needs to subtract to regularize the Greens function is the second term in (3.23). As we
have argued before the contact term is independent of the frequency and will cancel since
GRr(0) = P. Using all these inputs we have

ré d(d—1
6GR(0) = 2/:22Ed+1§

We can now rewrite this expression in terms for the field theory variables using the relation

(3.24)

for pressure [31]

4
P=-——_ 2
2K2 (3.25)
This results in
d(d—1) d

5GR(0) (3.26)

T2d+1) " 2d+1)°
The above result for the holographic shear sum rule was first derived in [14]. The expression
for 6GRr(0) in (3.26) coincides with the evaluation of 0Gr(0) in the previous section given
in (3.6), which used the input from the three point function of the stress tensor evaluated
holographically. However the evaluation of dGgr(0) in this section did not rely on the
explicit expression given in given in (2.33) in terms of the parameters of the three point

function a, b, c and therefore provides a consistency check for the general sum rule derived
in (2.33).

4 Sum rule, Hofman-Maldacena variables, causality bounds

The sum rule in (2.33) is a ratio of a linear combination of the constants a,b,c which
determine the three point function. The variables t9,t4 which were used to characterize
the positive of energy flux [21] were also related to the ratios of linear combinations of the
constants a, b, c. In d dimensions, this relation is given by [25]

(d+1) ((d—2)(d+2)(d+ 1).A + 3d*B — 4d(2d + 1)C)

ty =2

d ((d—1)(d+2)A - 2B —4(d + 1)C) ’
o (d+1) ((d+2)(2d* — 3d — 3) A+ 2d*(d + 2)B — 4d(d + 1)(d + 2)C) i1
YT (d—1)(d+2)A—2B—4(d+ 1)C) ;@)

where A, B,C are linearly related to a, b, ¢ by (3.2). Thus we have
£y — 2(1+d)(—d(c — 3bd + 2cd) + a(—1+ d)(4 + d(8 + d)))
d(=2b—c(1+d)+a(—6+d+d?) ’
(1+d)(2+d) (d(c — 2bd + cd) + 3a (1 + d — 2d?))
d(=2b—c(1+d)+a(—6+d+d?))

ty = (4.2)
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We can use (4.2) and re-write 6Gr(0) in terms of 3, ¢4 which results in

(—l4+d)d  (3—dty (2+3d—d*)ty ) , (4.3)

3G R(0) = ( 2(0+d)  2(—1+d)  (—1+d)(1+d)?

In this form of the sum rule and from the result of the previous section, it is immediately
clear that for d > 3 theories which admit a holographic dual of Einstein gravity in AdSg11
lie at the origin in the to,t4, i.e. at to = t4 = 0. However as expected for d = 3, we have
only one condition t4 = 0. This reflects the fact that there are only 2 independent parity
even constants which determine the three point function of the stress tensor in d = 3 [22]
as opposed to 3 for d > 3. Therefore the fact that we obtained that the coefficient of ¢
vanishes in d = 3 is a consistency check on our derivation of the sum rule.

We have seen that evaluation of the sum rule in a 2 derivative theory of gravity reduces
to (3.26). This implies that that a necessary condition for any conformal field theory to
admit a Einstein gravity dual is that the shear sum rule must satisfy (3.26). It is interesting
to examine if this necessary condition on the sum rule for Einstein gravity dual, that is

5Ci(0) = ma (4.4)
is independent of the necessary constraint of the equality of the a = ¢ central charges for
d = 4.1 The equality of these central charges result in [21],.

a 9a — 2b — 10c
—_ = = 1_ 4.5
¢ 3(14a —2b — 5c¢) (45)
This implies that we have the relation
33a —4b — 5c = 0. (4.6)

We have assumed that 14a — 2b — 5¢ # 0. Now let us examine constraint given by the
condition (4.4) for d = 4. We obtain the linear relation

— 244a + 68b — 55¢ = 0. (4.7)

which is independent of (4.6).

Finally let us examine the implications of the positivity of energy flux [21]|constraints
on the sum rule. These constraints have been recently shown to be related to causality and
unitarity of the conformal field theory [28, 33, 34]. For conformal field theories in d > 3
dimensions, positivity of energy implies the following bounds on the parameters ¢, t4 [24]

1 2
1— ty — t >0 48
d—1° (d+1)d-1)*=" (48)
1 1
1-— to — t —t9 >
i—12 @rna-nHta=z?
1 2 d—2
1- to — ty + (ta +t4) > 0.

d—172 [d+nd-n"* " a-1
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Figure 1. The allowed domain for t; and ¢4 in d = 4 conformal field theories.

These bounds imply that conformal field theories which obey the positivity of energy/
causality constraints lie in the region bounded by 3 lines in the t5, ¢4 plane. For d = 4, this
region is shown as the shaded triangle in 1. Now given these inequalities in (4.8) we can
obtain bounds on the function G (0) given in (4.3). The possible extrema of 0Gr(0) will
lie on the 3 vertices. This leads us to the following bounds on the sum rule

%P < 5GR(0) < gp. (4.9)

Thus the sum rule for any conformal field theory in d > 3 obeying the Causality bounds is
constrained to lie between g and and gP.

For d = 3, ignoring the parity odd term in the three point function of the stress tensor
found by [35], it can be seen that the first inequality holds reduces to an equality [28].
Therefore we obtain

to=2— —. (4.10)

The remaining two inequalities reduce to
—4 <ty <4 (4.11)

This implies that the sum rule for parity even conformal field theories in d = 3 is constrained
to lie between
P
< 0GRr(0) < P. (4.12)

5 =
5 Applications
The parameters a,b and ¢ completely specifies the three point function of the stress tensor

in a conformal field theory. In this section we will evaluate G (0) using the expression
in (2.33) for well studied examples of conformal field theories in d = 3,4,6 dimensions.

15\We denote these central charges as @, ¢ to distinguish them from the constants a, c.
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All the theories that we consider here except that of Chern-Simons theory coupled to
fundamental fermions have gravitational duals and are supersymmetric. We will show that
for the supersymmetric theories considered here which admit a gravity dual, the coefficient
in 0GRr(0) evaluated at at weak coupling of these theories agrees precisely with that in
gravity. This strongly suggests that the sum rule is not renormalized for these theories.

51 d=3

Substituting for d = 3 in the sum rule (2.33) we find that it takes the form

P(—13a — 9b + 2¢)

0Gr(0) = 6a — 2(b + 2¢)

(5.1)

Free conformal field theories in d = 3 consist of n, real bosons and ny Dirac fermions. The
contribution of these fields to the constants a, b, ¢ are given by [22]

2Tn 9(8nys + Ins) 9(16n s + ns)
“ = 409673’ T 409673 0 ©T T 409678 (5:2)
A well studied example of a theory in d = 3 which admits AdSy as its gravity dual is that
of the M2-brane. While the theory of interacting multiple M2-branes is not known, the
field content of a single M2-brane is known to consist of 8 real scalars, and 8 Majorana
fermions which are equivalent to 4 Dirac fermions. The contribution of this field content

to a, b, c is given by

(5.3)

Evaluating the sum rule we obtain

5G(0) s = %. (5.4)
This value for the sum rule precisely agrees with that obtained in gravity for d = 3 given
in (3.26).

Another theory which admits AdSy as its gravity dual is the ABJM theory [36]. The
values of a,b,c for the interacting theory is not known. However at weak coupling, the
theory consists of 3 sets of 8 real scalars with N? internal components and 3 sets of 4 Dirac
fermions with N? internal components.' Thus the values of a, b, c for the ABJM theory
is 3?2 times that of the M2-brane given in (5.3). The sum rule (5.1) is given by the ratio
of these constants and remains the same as that of the M2-brane. Thus for the ABJM
theory, the sum rule at weak coupling agrees precisely with the result at strong coupling.

3P

0GR(0)|aBIM = VR (5.5)

$The U(N) x U(N) Chern-Simons field is not dynamical.
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Large N Chern-Simons vector theories. Recent work of [37-40] have shown that
the planar limit of U(/V) Chern-Simons theories at level k coupled to fermions or bosons
in the fundamental representation are solvable in the large N limit. Let us first restrict to
the case of the fermionic theory. Using the analysis of [41], it can be seen that the three
point function of the stress tensor of the interacting theory can be written as

<TTT>int fermion = Ts (f) <TTT> free boson 1 ny (f) <TTT>free fermion T V(f) <TTT> parity odd>

(5.6)
where
ns(f) = 2Ns1n0 sin® g, ng(f) = QNSHHIH cos? g, (5.7)
Sin2 (9 Nf
C(f) 0 ) 9 k

The f in the brackets refers to the fact that the theory consists of fundamental fermions
and a summary of the derivation of this result is given in appendix C. The parity odd term
does not play any role in the shear channel. Therefore we can treat the theory as a theory
of ns(f) free real scalars and ny(f) free real fermions and therfore "fT(f) complex fermions.

Evaluating the parameters a, b, ¢ using (5.2) we obtain

27N sin? (Q) sin(6)

_ 2
T T 204800 (58)
b 9N sin(#)(5 cos(f) — 13)

N 4096736 ’

9N sin(6)(7cos(f) +9)
‘T 1096730 ' (5.9)

Using these values in the sum rule (5.1) we obtain
1
0GR(0) = —ZP(COSQ —3). (5.10)

First note that the causality bounds for the sum rule given in (4.12) is satisfied as 6 is
dialled from 6 = 0,cosf = 1 the theory of free fermions to 6 = mw,cos = —1. At 6 = 7,
the theory of free bosons. Another interesting observation from this result for the sum rule
is that at cos@ = 0, the result for the sum rule agrees with that obtained from Einstein’s
theory in AdSs. The is because the theory at this point , effectively consists of ny free
complex fermions and ng real scalars with Z—; = 2. In fact it can be seen that for any theory

which satisfies Z—S =

2 the sum rule agrees with that in gravity. The M2-brane theory as
well as the ABJM theory and other related theory which admit a gravity dual satisfies the
condition ng/ny = 2. It will be interesting to study if there is any simplification for the

dual higher spin Vasiliev theory at 6 = 7.

52 d=14
In d = 4 The sum rule in (2.33) takes the following form for d = 4.

P(5¢ —16(2a + b))
14a — 2b—5¢

5GR(0) = (5.11)
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The values of a,b, c for a theory consisting of free ng real scalars, ny Dirac fermions and
n, vectors is given by

1 1
1
— _W(ns + 27(ny + 8ny)).

Consider the case of N' = 4 super Yang-Mills which consists of 6 real scalars, 4 Majorana
fermions which is equivalent to 2 Dirac fermions and 1 vector each in the adjoint represen-
tation of the gauge group SU(N.). Substituting these values for n,ny and n, in to (5.12)

we obtain
16 17 92
a:—ﬁ(Nf—l), b:—ﬁ(]\ff—l), c:—w(Nf—l). (5.13)
With these values the sum rule (5.11) reduces to
6P
dGR(0) = e (5.14)

which precisely agrees with the gravity result (3.26) for d = 4. This result that the sum rule
at weak coupling for N' = 4 Yang-Mills agrees with that in gravity was also observed by [3].

As another consistency check for the bounds on the sum rule we have obtained in (4.9)
let us examine the case of free SU(N) Yang-Mills in d = 4. The r.h.s. of the shear sum
rule was evaluated in [3] and was shown to be 2P which saturates the upper bound bound
ind=4.

53 d=6

In d = 6, the free conformal field theories consist of ns real scalars, ny Dirac fermions and
ng, rank 2-forms. In such a theory, the values of a, b, ¢ are given by

27(—250n, + n)

a = 12570 , (5.15)
o 18(125(6mn¢ 4+ ny) + 9Iny)
12579 ’
9 (125(96n; + 8ny) + 16n)
‘T 2507 '

The contribution of real scalars and Dirac fermions to the constants a, b, ¢ can be obtained
from [22], while the contribution of self dual tensors has been evaluated in [25]. The sum
rule in d = 6 takes the form,

B 2P(56a + 18b — 7c)
36a — 2b — Tc

6GRr(0) = (5.16)

The most studied theory in d = 6 is that of the M5 brane which admits a holographic

dual. While the theory of multiple M5-branes is not known, we can consider the theory of
a single Mb-brane whose field content consists of the (2,0) tensor multiplet which is made
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up of a single self dual tensor n; = 1/2, 2 Weyl fermions which is equivalent to a single
Dirac fermion and 5 real scalars. Using this field content we obtain

9592 7848 25488
- _ h= ——— =, 5.17
= T 10079 10009 ©7 T 10049 (5.17)

Substituting these values into the sum rule (5.16) we obtain

5G(0) = g. (5.18)

Again, the agrees with the result from gravity for d = 6 given in (3.26).

5.4 Gauss bonnet gravity

As a simple consistency check, we will now verify that the general bounds derived for the
sum rule in (4.9) is consistent with the existing bound on the coefficient of the coupling
of the Gauss-Bonnet term in AdSgy1 with d > 4. Bounds for the Gauss-Bonnet coupling
AgB were obtained in [25] using the causality bounds of Maldacena and Hofman given in
in (4.8). From the analysis of [25] we obtain

ty =0
_ ifden (@d-1)
A T T v [} 19

where,

1—+v1—-4X\gB

= 5.20
s o (5.20
Now causality bounds in (4.8) restrict the Gauss-Bonnet term to lie within
d+2)(d—2 d—2)(d—3)(d*—d
@dE9E-2) | (d-2(d- 3 -d+0) )

Ad+2)2 —7CB= A(d? —3d + 6)2

Let us verify that within this window of the Gauss-Bonnet coupling, the bound for the sum
rule in 4.9 is satisfied. Substituting the values of ¢y, ¢4 for Gauss-Bonnet gravity in (4.3)
we obtain

) [
5G(0) d(d—1) d< \/1—4>\GB> p

2(d+1) d—2) (5:22)

The bounds on the Gauss-Bonnet coupling in (5.21) imply that

(; + dil) P < 6Gap(0) < (;i - 2<dd_+11)> P (5.23)

It is easy to see that this is within the general bound derived for the sum rule in (4.9).
This result therefore serves as a minor consistency check on the coefficient of t5 in (4.3)
since t4 is vanishing in Gauss-Bonnet gravity.
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6 Retarded Greens function in other channels

In this section we study the high frequency behavior of the Greens function in the vector
and the sound channels. We will Fourier transform the OPE in these channels and obtain
the finite term. After factorizing the appropriate tensor structure in these channels we
show that the finite term in these channels contains the Hofman-Maldacena coefficients

1d(b(2 — 3d) + 2¢d — a(—8 + d(6 + d)))P

= 6.1
L= T (“(@bt+cted) +a(—6+d+d?)) (6.1)
W — 1 (4da +2b—c)(—2+d)d
27 T3 (-2 —c(l+d) +a(—6+d+d?)
6.1 The vector channel
The Greens function and its Fourier in this channel is defined by the correlator
GR;V(t7 33) = ia(t)<[T;Bt7 Ta:z]>7 (6.2)

Gy (w,ps) = / e =2 (1) ([T, Ths).

As argued in the case of the shear channel, the high frequencybehavior of this Greens can be
obtained by studying the OPE of the stress tensors in these channels. In the appendix A.2
we have evaluated the Fourier transform of the OPE coefficient flxmmg(w, p2)(Top). The
result is given by

1 pw

AxTzz yPz) — — G sPz), 6.3
(w p ) (pg_i_wg) 2((") p ) ( )
where
Sdpg
GQ(w,pZ) = —5GR(0) + aT71w2 +p§ P. (6.4)

dGR(0) is the r.h.s. of the shear sum rule defined in (2.33) and ar ; is the Hofman-Maldacena
coeflicient in the vector channel defined as

_ 1b(2—3d) +2cd — a(-8+d(6 + d))
8 —(2b+c+cd)t+a(—6+d+d?)

ar,1 (6.5)
It is indeed interesting that both the r.h.s. of the shear sum rule as well as the 2nd Hofman-
Maldacena coefficient appears in the high frequencybehavior in this channel. Further more
note from (6.4), that starting from the term (%)2, the expansion of Ga(w,p,) is entirely
determined by the Hofman-Maldacena coefficient ar ;. Expressed in terms of ¢ and 4,
this takes the form:

4(d — 3)to 16t4 8 dp?

(@—-1) " ([d-1)d+1)2 (d+1) P (6.6)

For d = 3, we see that the expression is independent of ta.
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For theories with a gravity dual, this becomes

d—1 8 p? P
(d+1) d+1p2+w?)’

Ga(w,p.) = —d (2 (6.7)
which agrees with the supersymmetric examples we considered in section 5. For parity odd
Chern-Simons theory coupled to fundamental matter, we expect an additional contribution
from the parity-odd term in the three-point function of the stress tensor.

6.2 The sound channel

We now examine the sound channel in which the retarded Greens function and its Fourier
transform is defined by

Gris(t,x) = i8(t) (T, Tu]) (6.8)
Grsli.p) = [ e P-ig(0) (T, Tu)

The momentum is along any spatial direction. Again we can resort to the OPE to study the
high frequency behavior. In the appendix (A.3) we Fourier transform the OPE coefficient
corresponding to this channel and obtain

4
b 5 Galeo,p2) (6.9)

Atttta,@(vasza ) = W
z

The function G(w, p,) admits an expansion which is given by

Gs(w, ps) = <F1<°"Z>4+FQ<°:)2+F3+CLT,Q%)P. (6.10)

w

Here F1, Iy, F3 are ratios of linear functions of the constants a, b, c. They can be written in
the variables to,t4. However what is interesting is that again starting from the term (%)2
the entire expansion is determined by ar 2, the Hofman-Maldacena coefficient in the tensor
channel which is given by

1 (4a+2b — c)(—2 + d)d
S 32(—2b—c(14+d)+a(—6+d+d?)

ar2 = (6.11)
While the expressions for Fi, Fa, F3 in terms of a, b, c or to,t3 in arbitrary dimensions
are fairly lengthy, we can present them for theories in d = 3, d = 4 and d = 6 with a
gravitational dual. We note that, while ar 2 is independent of ¢35 for d = 3, some of the
remaining terms in the expression are not independent of to for d = 3.
For d = 3, we set to = 2 and t4 = 0, and obtain:

32 151 w? 64 115 w? 32rP P
G‘ = (Zr- 22 )P+ (or-22)2p =
3lasss (37r 18>p§ +<3” 12>pg +< 3 36)

SpEP
8(w? + p2)

(6.12)
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For d =4 and d = 6, we set to = t4 = 0, and obtain:

527\ wt 3401\ w? 131 16p*P

G‘ —(6n2 -2 py (1202 -2V py (6n2 - P R

3asa ( ™70 > ot T < T %0 )2t T\ T 60 ) T B 12
10 8552\ w 20 15046\ w? 10703 1598

Gy = (Bar BN py (B DU p (B0 p
d—6 3 63 ) pi 3 105 ) p? 3 315
48p% P
6.13
175(w? + p2) (6.13)

These results agree with the supersymmetric examples of section 5.

7 Conclusions

We have derived the shear sum rule obeyed by conformal field theories in dimensions d > 0.
Assuming analyticity in the frequency plane, the sum rule holds when there are no operators
of dimension A < d gain expectation value in the thermal vacuum. The r.h.s. of the sum
rule is determined by constants a, b, ¢ of the three point function of the stress tensor, these
can be written in terms of the Hofman-Maldacena variables to,t4. We showed that for
theories that admit a dual description in terms of Einstein gravity in AdSy, the r.h.s. of
the sum rule reduces to %6. We have also determined bounds on the sum rule using
the causality constraints on t9,t4. One interesting observation in the derivation of the sum
rule is that the high frequency expansion of the Greens function in the shear channel is
determined by the Hofman-Maldacena coefficient ar given in (2.30).

The shear sum rule given in (4.3) was cross checked by evaluating the retarded Greens
function by considering a minimally coupled scalar in AdSgy1. As one can see, this analysis
only tests the coefficient independent of ¢9,%4 in the sum rule. Note that the vanishing of
the coefficient of t3 for d = 3 in (4.3) is consistent with the fact that that there is only
2 independent parameters determining the three point function of stress tensor in d = 3.
Finally the fact that for Gauss-Bonnet gravity we have shown that the shear sum rule
lies within the general bounds predicted in (4.9) is also a minor consistency check on the
coefficient of ¢y since t4 is vanishing in Gauss-Bonnet gravity. However it will be useful to
directly check both the coefficient of t5 and ¢4 by evaluating the retarded Greens function
in higher derivative theories of gravity. We hope to report on this in the near future.

We have also studied the high frequency expansion of the retarded Greens function in
the vector and sound channels. We observed that again in these channels, the high fre-
quency expansion is determined by Hofman-Maldacena coefficients ar,1,ar 2 given in (6.1)
for the vector and sound channels respectively. It will be interesting to cast this observation
as sum rules in these channels and perform similar consistency checks using holography as
done in this paper for the shear channel. The observation of the appearance of Hofman-
Maldacena coefficients in the OPE of stress tensors have also been made in [28] in the
kinematic regime tuned to study deep inelastic scattering. Here the OPE is taken on an
one particle state of the theory. It will be interesting to relate this to the study done in
this paper where the OPE is taken in the thermal vacuum.
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Finally this work points out that interesting and useful constraints on the spectral
density can be obtained using conformal invariance and causality. It will be rewarding to
explore this direction further.
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A Fourier transform of the OPE

This appendix consists of 3 sub-sections each of which provides the details of the Fourier
transform of the tensor structure of the coefficient flwpmg of the OPE of the stress tensor
in d > 2 dimensions given in (2.23). Section A.1 deals with the Fourier transform in the
shear channel. Here the indices involved in the OPE of the two stress tensors are spatial
and orthogonal to each other, the OPE considered is (TyyT%y). Section A.2 evaluates the
Fourier transform in the vector channel where there is one spatial index common in the
stress tensor and one time direction in of the stress tensor. This OPE channel is given by
(TyiTy,). Finally in section A.3 we evaluate the Fourier transform in the sound channel
given by (TyTy). In all these channels, the momentum will be taken in the z direction
which is orthogonal to the x,y direction. However our results for the Fourier transform
can be easily extended to momenta in all directions, since we have performed the basic
integrals required in section B with momenta turned on in all directions.

A.1 The shear channel

Let us consider the OPE coefficient Axwyag. We will finally require only the coefficients
a = 3, since we take expectation values in the thermal vacuum. From [22], this tensor
structure is given by

. (d—2)
A,LLVPUC“,BCT = D) (4(1 + 2b — C)Héﬂm,pa

S Ra (2D TR e (5) - HE ps(5)

1
(s) + g(da +b— C)Hc%ﬁwpg(s)

d(d+2)
2da +2b—c 2(d—2)a—b—-c
+d(ji__2)H2/3MVpo(3) - ( d(d)— 2) éﬂwpa(s)
_2((d-2a-¢)

d(d — 2) (Hl?;VPUa/B(S) + H;J))Uuua,b’(s))
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+ Ca il)((j?ajj)) _— (Hﬁvwaﬁ - Hﬁ”“”aﬁ)(s)

Jr(ChZupaaﬁ + D((sﬂl’hiaaﬁ + 6P0hzuaﬁ))sd5d(8)’

=L+ b+ Is+ 14+ Is+ I+ I7 + Ig, (A1)

HYyo o (s) = (0uds — 260507 7y
s) = - =
aBryry a0p d aB (t2+$2+y2+22+x%+---+x3 4)% ,

1 SaS 1
H? = (8% + 02 B 25,
a,B:ryacy(S) (a:(; +ay)(t2 —i—fr’Q)d;Z (t2 +T2 dd B s

1 1
H3 — - 2y -
ey <a“aﬁ a? ) (12 +12)7"
H o (5) = ( (260008 — 2605 )02+ ( 20005y — 2005 )02 ) ———
afayzy\°) — azOfy = 10af |9y ayOBy = ;%8 | % T +r2)%7
1
3 _
Hyyvap(8) = (62a0y5 + 5ya5x,8)3x8yma
2 1
4 2 2
szmyaﬁ(S) = (25ya8y35 + 25xa8x85 - géalg(ay + 8&?)) m,
4
hS eyas = 20yabyp + 20200, — 850‘5’
. 82 (d—2)(d+3)a—2b—(d+1)c
T — )
r(%) d(d+2)
d
(d—2)(2a+b) — dc 272
A+ 2) =) (42

To Fourier transform these tensor structures, we will first Fourier transform the tensor
structures on which the derivatives act. For example for H!(s) defined in (A.2) we will
Fourier transform the expression in the curved brackets and then the action of the deriva-
tives is obtained by inserting the appropriate momenta. We consider each of the terms I;
with ¢ = 1---8 individually. For the moment, let us restrict our case for d > 3. This is
because we can find 2 directions x,y perpendicular to the momentum direction z. How-
ever the as we will discuss towards the end of this section we have verified that the final
expression for the sum rule for d = 3 is a natural extrapolation of the result for d > 3 to
d=3.

Fourier transform: I.

1(s) = o3 (020 = 140, (5){Tas 0),

d—2
Il(wap) = (4CL + 20— C)Hé,@my:cy(w7p)<TOé (0)7>
d+ 2
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Z UTYTY w D :pz) d

2,2
X/ddxeipziwt -y —"
B +a24+y2+22 42+ +a3_ )7

d/2 (3,2 _ 02 _ 2
_T Sd“’ o) (A.3)
dl' (§41) (p? + w?)

[(d —1) (p* +w?) _pz]

Here to perform the Fourier transform we have used the integral of type 3 derived in
section B.6. Similarly the Fourier transform for the time component is given by

/2 (dw2 2o wz)
dU (§4+1) (p? +w?)

Htltxyry(va) = (A4)

Thus combining these expressions along with the expectation value of the stress tensor in
the thermal vacuum we obtain

(d —2)(4a + 2b — ¢) 7% (dw? — p* — w?)

hw.p) = d+2 dr (241) (p? + w?) (P =ce). (4.5)
Fourier transform: I.
IQ(S) = d(da +b— ) aﬁxymy( ><T04/3(0)> (AG)

IA?((‘J?ﬁ) - d(da+b ) oz,Bxy:cy(w 25)< Oc/B( )>
P 1 Sa$ 1
H2 — (2 _ 2 /dd —ip-r—iwt asg *5a
aﬂxymy(w7ﬁ) ( Pz py) xe (t2+r2)d;2 t2+,r—_»2 d B |

o [ 2792 ((d - 3) (§?) + (d — 1)w?)
Z Hnxyxry w 17) ( py) < T (%) (52 —|—UJ2)2

AT (E-1) (72 + )

(d — 1) (4n%/?) )

Here p'refers to all the spatial directions of the momentum, similarly 7 refers to the spatial
co-ordinate. The Fourier transform has been performed using (B.3) and (B.5) Now it is
clear that on taking the limit p,,p, — 0, the above expression vanishes.

Similarly it can be shown that
lim Htmyxy(w,ﬁ) =0. (A.8)
Px,Dy—
Therefore we obtain
I(w,p = p:) = 0. (A.9)
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Fourier transform: I3.

d(d—2)a— (d—2)b—2c

h(s) = MBI 2 ()T (0),
B, = 2SI e P s O,
2 y5) = 2 (5) = ( 7) e
H2,er Z i) =~ g, o (A10)

Using these inputs and the result for the Fourier transform we obtain

71,d/2 =Dy
Z xyxyu 7ﬁ) 1(2 )((f}ff ) ) (A.ll)

Thus taking the limit we obtain

Similarly we have
lim nyxytt(w,ﬁ) =0. (A.13)
Px,Py—

Therefore we conclude that the contribution of f3 vanishes.

Is(w,p=p.) = 0. (A.14)
Fourier transform 1,4.
2da +2b—c 4
I =—H
4(8) d(d — 2) Bmywy( )
. 2da + 2b—c¢
I4(w>p) = 7H3,3xyxy(w p)

d(d - 2)

Z ) A2 (d 2_p2 wz)
(w,p=p,) = .

(A.15)

Similarly we have

47Td/2 (d 2 _ p2 o WQ)
dr (4 — 1) (p? +w?)

Ht?;fxyxy(wap) (Alﬁ)

Therefore combining these tensor structures along with the expectation value of the stress
tensor we obtain

(2ad + 2b — ¢) 4?2 (dw? — p* — w?)
-0 -1

Ii(w,p=p:) = (P —ep). (A.17)
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Fourier transform: Is.

2(d=2)a—-b-c

_ 4
I5(S) - d(d — 2) Haﬁmymy(s) <Ta >7
A 2d—-2)a—b—c 4
IS(va) - - d(d — 2) Haﬁmyxy(va)<Ta > (A18)
Now the tensor structure Héﬂzymy is given by

4 2 2 2 2 1
Haﬁxyxy(S) == [(250@663/ - g(saﬁ ay + 25ay5/3y - gdaﬁ 096 m (Alg)

Due to the presence of the external derivatives 92, 85, the Fourier transform of this tensor
structure will have these derivatives replaced by pg,pg respectively. Thus in the limit

Pz, Py — 0, the Fourier transform vanishes and we obtain

H;lia:ymy(w7p = pz) = Héfxyxy(wﬂp - pz) =0. (Azo)

Therefore we conclude

~

Is(w,p=p,) = 0. (A.21)
Fourier transform: Ig.
2((d —2)a —c)
Is(s) = _W2H3ya@yaﬁ(s)<Ta )s
1
Hgya}yaﬁ(s) = (5wa5yﬁ + 63/045335)8908317@‘ (A22)
(t2 +1r2) 2
Again from the tensor structure of Hgyxyaﬁ, it is clear that its Fourier transform will be
proportional to p,p,. Therefore in the limit p,,p, — 0, it vanishes. Thus we have
Hgyryii(w?p - pZ) - Hgy:cytt(w7p - pz) =0. (A23)

This implies

~

Is(w,p =p,) = 0. (A.24)
Fourier transform: I-.
((d=2)(2a+0b) —dc) , . 4
I7(S) =2 d(d2 — 4) (Hryxyaﬁ)(s)<Ta >7
2 1
H: = ( 20y 20000205 — =005(02 +02) | ———=. (A2

mya:yaﬂ(s) < Y ayaﬁ + 0 85 d B(ay + 8:1:)) (t2 N 7‘2)% ( 5)
It is clear from the tensor structure of Hﬁyzy B’ that terms in the Fourier transform will

always be proportional to p, or p,. Therfore we have
Hiymﬂ'i(w?p = pZ) = Hiywytt(w’p = pz) =0. (A26)

This allows us to conclude that the contribution

A

I7(w,p =pz) = 0. (A.27)
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Fourier transform: Ig. The Fourier transform of the contact term Ig leads to a constant
in momentum. This is given by

( ) Ch5yzyo¢ﬂsd5d( )

4
h:vymyaﬁ 25ya5y6 + 25:1304536/3’ - *6(15- (A28)

d
Performing this Fourier transform and also including the expectation value of the stress
tensor we obtain

(d —2)(2a + b) — dc 872

Iy(w.p) = 2(d + 2) T[d/2]

(P — ep). (A.29)

Summing up the contributions. Let us first sum up the contributions I 1, f7, that
is all the terms excluding the contribution from the contact term Ig. This leads to

7
S Hwp=poy = DO D) 0@ E ) 2 2dOY =) -y

2(p? +w?)(—a(d>+d—6)+2b+cd+c)

Here we have replaced the Euclidean energy ep = —(d — 1)P. Now note that this can be
written as

7
R (p? — (d — 1)w?
;I w,p) = 2ar, PO P, (A.31)

where c7 is the Hofman-Maldacena coefficient in the scalar channel given in equation
(2.16) of [28].

Though our analysis here has been for d > 3, we can carry out the same steps for
d = 3, with momentum say in the y direction. Now the values of Fourier transforms
.fl, fg, f4, fg,, f7 are non-zero while fg, f6 vanish However on summing up their contributions
we obtain the result

7
17a 4+ 6b — 3¢
= —P. A.32
g 6a — 2(b+ 2¢) ( )

This is indeed the same result as that obtained by taking the p — 0 limit of the expression
n (A.30) with d = 3.
A.2 The vector channel

We now study the Fourier transform in the vector channel. We examine the various tensor
structures corresponding to the T,;T,, OPE with momentum along the p, directions. Such
a kinematic configuration is possible for all d > 3 dimensions.

Fourier transform: I;.

(d—2)(4a+2b—c)
(d+2)

1 _ 1 9 2tz
R e ) | e |

11(8) =

Hpot0-(5)(Tap (0)), (A.33)
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Using the result in (B.10) we obtain for the Fourier transform

d— 1) 27Td/2pzw (272 + w2 — 4p2)
mx:):zw = __’2+( w2+_'2> - . :
Z taz (W, D) < P T (W +17) P2+t PT 15 1]

(A.34)
Now taking the limit of all momenta to vanish except p, we obtain
2 (x4 2p,w (dw? — p? — w?))
Z nxtrz w P :p2) = - d 2 o2 . (A35)
dr (5 +1) (w? +p2)
Similarly for the time component we obtain
2 (7% 2p.w (dw? — p? — w?
Htltxta;z((")?p = pz) = ( - ( = )) . (A?)G)

dr (5 +1) (w2 +p2)°

Using these results and substituting the values of the expectation value of the stress tensor
we obtain

R (d—2)(4a + 2b— ¢) 2 (7¥?p.w (dw? — p?2 — w?))

L(w,p:) = FED) T (% T ) (=P +e€gr). (A.37)

Fourier transform: I.

IQ(S) d (dCL +b— ) aﬂxtxz(8)< (O)>

1 SaS 1
2 _ asfg
Hnes) = (0:0) (2 - 1aus). (A38)

We can use the result in (B.5) to carry out the Fourier transform. When all momenta
except p, is set to zero we obtain

2w 2p w p? — (=14 d)w?
Z zz;tt;vzwp:pz): d 5 (22( d) ) (A.39)
(P2 +w?)?I[1+ 4]

Similarly for the time component we obtain

2npaw (pE = (<1 4 d)w?)
(P2 +w?)’T 1+ 9]

thtxta:z(va = pZ) - (A40)

We can now substitute these expressions along with the expectation value of the stress
tensor to obtain the Fourier transform

(da+b—c) <Q7Td/2pw(p (—1+ dw

. B B 2) B
I(w,p=p.) = y 22 T 11 4] ) (P—ep). (A41)
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Fourier transform: I3.

d(d —2)a — (d —2)b—2c¢
d(d+2)

13(5) - = (HQta:zaB( )+H§zwtaﬁ(s))<Taﬂ(0)> (A42)

Now the tensor structures in I3 are given by

4
H,,. 5(s5) = <5mazaﬁ 4 6,50-00 + 6,500 + 6200505 — 5aﬁaxaz) .
d (t2 + T2)§
4
H2,105(s) = (%@85 + 5250400 + 0100005 + 0150400 — 5aﬁaxat> T (AA43)
d (12 +r2)2

We can use (B.8) to Fourier transfrom these tensor structures. However it is easy to see
that all of the terms which occur in the Fourier transform are proportional to momenta
orthogonal to p,. Therefore they all vanish when only p, is turned on which implies

Hzta:zoza(w7p = pz) = Hg%zxtaﬁ(va = pz) =0. (A44)

Therefore we obtain
I3(w,p=p:) =0. (A.45)

Fourier transform: I4.

2da + 2b — ¢

14(8) = ﬁHgﬁzt:pz( )<T045>7
1
3 = —_ e —
H /tha:z( ) - hact:vz <a 8/3 ddaﬂa > (t2 T 7‘2)% : (A46)
Now A2 is defined as 9
h oo = Oupdve + Opobup — a(5w5pa. (A.A4T7)

Therefore the component h3, . = 0, which leads to to conclude

xtrxz —

A

Iy(w,p,) = 0. (A.48)

Fourier transform: Is.

2(d—2)a—b—c

15(5) = = d(d — 2) H4,thxz( )(Tot5>7
4 _ _2 v
Haﬁxt:cz(s) = <<25ax5,3:c déaﬁ 0,04 (t2 N 7.2)(12;2 . (A49)

The Fourier transform can be done using the result in (B.7)

Lo 2 1
Z u:ctzz w pz = /ddxe—zwt—zpzz()azat —27
d (

t24+1r2) 2

= — (Trd/szw)
d(p2+w?)T [-1+4] (A.50)

~32 -



Similarly we have
872 p w
d(p2+w?)T [-1+ 4]

Using these results along with the expectation values of the stress tensor we obtain

—(2(d—2)a—b—2c) ( 8 (Wd/szw)

H?t:tta:z(wﬂpz) = (A51)

j5(w7pz) =

d(d—2) d(p? +w?)T [~1+ 4] ) (=P +e€p). (A52)

Fourier transform: Ig.

2((d—2)a—c
IG(S) - _((d(d_)Q))(HStaczaﬁ( )+H§z:cta5(5)<Ta,3>’
1
Hg TZO (S) = h?cza axati_a
el P 2 42y P
1
ngzta,@(s) = h?ctaﬁafﬂazi' (A53)

(2 +12)7
From the definition of k% in (A.47) it is clear for that for a = 3, the above components of
h3 vanish. Thus we obtain

Is(w,p.) = 0. (A.54)

Fourier transform: I5.

17(5) = ((d — Z)((jgajf)) — dC) (H.;lta:za H;lza:taﬁ)(s) <TC¥5>' (A55)

The tensor structures involved in I; are given by

4 _ _2 1
H o ntap(s) = <5m8t85 + 06,8010 déag(azat)> TR 7«2)‘12;2’
2 1
Hﬁtmaﬁ( ) = <6ta8 0p + 015004 (5a5(8 8t)> — (A.56)
(t2+1r2)z

Now we can Fourier transform these tensors using the result (B.7)
Z (w 8(—1 4 d)r*?p.w
wtesi(WP2) = G AT B2 + )]’
8 ((—1 + d)r2p.u)
d(p? +w?) T [5(-2+d)]’

Hita:ztt (w,pz) = —

d—1 d/2
8 (7% “pyw
ZHj’czxtii(wap> = _d( 2 4 (2 T L _) K
i=1 pz w) [2( 2+ )]
87rd/2pzw

(A.57)

H? w,p) = :
xza:ttt( p) d(pg+w2)r[%(—2+dﬂ

Now using these results for the Fourier transforms as well as the expectation value of the
stress tensor we obtain

< (d—2)(2a+0b) —dc 8(—2 4 d)r¥?p,w
d(

frlwp) = =z =3 p§+w2)F[§(—2+d)]>(P_6E)' (4.58)
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Fourier transform: Ig. Finally the contribution from the contact term reduces to

T5(8) = CpyaapS30°(5),

ctrza
himzaﬁ = Otadz8 — §5aﬁhitm- (A.59)

Using the definition of h? in (A.47) we see that h,.... vanishes. Thus we obtain
Ig(w,pz) = 0 (A.60)

Summing up the contributions. Summing up all the contributions we obtain

8
A;m'mz(w7pz) = Zli(w7pz)a (A61)
=1

Y21
= —————Gow, ,
where
8dp?

Ga(w, pz) = —6GR(0) + o

(A.62)

dGR(0) is the r.h.s. of the sum rule defined in (2.33) and ar; is the Hofman-Maldacena
coeflicient in the vector channel defined as

_ 1b(2—3d) +2cd — a(-8+d(6 +d))
8 —(2b+c+cd)+a(—6+d+d?)

A.3 The sound channel

CLT71 (A63)

In this part of the appendix we perform the Fourier transform of the OPE coefficient in
the sound channel by the considering the T3/ T3 OPE. We examine all the structures which
occur in the coefficients Atttta5<Ta5> term by term and then sum them together. We choose
momentum to be along p,.

Fourier transform: I;.
(d—2)(4a+2b—c)
(d+2)

1
Hclyﬂtttt(s) = <aa86 - d6a562)

Ii(s) = Héﬁtttt(sxTa (0)),

2 1\° 1
2 -9 - 3 7;2 . (A64)
te 47 d (t2 +72) 2

We can use integrals of the type in (B.10) to obtain

! o B 472 [p? — (-1 + d)w?] [(—1+d)p? — 2(1 + d)p?w? + (—1+d)w?]
(A.65)
Similarly one finds
d—1
Htltttt(wapz> = - ZHilitttt(wapz)' (A.66)
i=1
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Using these results together with the expectation value of the stress tensor we obtain
- d—2
L(w,p,) = (d 2) (4a +2b —¢) (A.67)
4d/? [ g — (=14 d)w2] [( 1+ d)pz -2(1+ d)pzw (—1+ d)wﬂ
X
@ (p2 +w?)°T [4]

X(—P +€g).

Fourier transform: I.
Ix(s) = d(da +b—c) aﬁtttt( $){Tap(0)),

2 . B § 9 1 5a88 1
Hi g () = <<4 p 7 + d28 (t2+r2) 2,2 d5a,3 . (A.68)

Now using the result in (B.5) to perform the Fourier transform we obtain

s ) 16742 (p2 — (=1 + d)w?) (p? + (—1 + d)?w?)
ZHiitttt(W’p =p:) = B (2 2\2r [d . (A.69)
i=1 (P2 +w?)" T [5]
Similarly we obtain
d—
HtQttttt(w p=p:) = Z Gttt (W, D = p2). (A.70)

=1

Then substituting these Fourier transforms and taking the expectation value of the stress
tensor we obtain

A . (da+b—e) (16792 (p2 — (—1+ d)w?) (p? + (—1 + d)?w?)
I(w,p=p.) = d ( & (p2 + 2T 4] ) (P —¢g)
(A.71)
Fourier transform: I3.
h(s) = MO I g (5) Tap O, (A72)

4 4 1 t2 1
Htgtttaﬁ(s> = <25taata,8+25t,86taa—daaaﬂ—d5a582 + o 82> o r2) <t2 5 - d>'

Using the result for the Fourier transform in (B.5) we obtain

dz 87rd/2 (pg +w? — dw2) (pg + w? — 2dw? + d2w2)
w =
v ) PP ) |

Htttttt w,pz) = ZHttttzz w, Pz)- (A.73)
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Substituting these Fourier transforms and taking the expectation values of the stress tensor

we obtain
A (d(d—2)a— (d—2)b—2c)
T L) = —2 A.74
8 (742 (p? + w? — dw?) (p? + w? — 2dw? + d*w?))
X 5 p (P — EE).
a2 (p2+w?)’I 1+ 4]
Fourier transform: I4.
2da + 2b
13(s) = “ B H () Tas).
1
Hgﬁtttt(s) = h?ttt (aaaﬂ - d(saﬁaz) m- (A.75)
Using (B.3) for the Fourier transform we obtain
dz _8(—1+ d)r¥? (—p? + (1 + d)w?)
m w pZ - I
— it d? (p? +w?)T [—1 + %]
d—1
Hgﬁtttt(w’pZ) = - Z H?itttt(vaz)' (A.76)
i=1

Finally substituting the expectation values of the stress tensor we obtain

. (2da + 2b — c) <8(—1 +d)m? (—p2 + (-1 + d)w?)

L(w.p2) = =055 2 (p? +w?)T[-1+ 9] ) (P =ex). (ATT)

Fourier transform: I5.

2(d—2)a—b—

— 4
I5(s) = — d(d — 2) H ,Btttt( )<Ta67> (A.78)
1
H4,Btttt( ) = < aﬁttat - aﬁxta/\&f + = <6 aﬁ 506[382))(162—1—1"2)[152'
We can Fourier transform using (B.3) and we obtain
dz - 32(x % (p2 — (m1+ d)Pw?))
Hijpie(w,pz) = 5
— &3 (p2 +w?) T [-1 + 4]
d—1
Hgﬁtttt(vaz) = - ZH?itttt<vaz)' (A.79)
i=1

Using these results for the transforms along with the expectation values of the stress tensor

we obtain

. _ —Na—b—c ad/2 (2 _ (_ 3,,2
o) = —2d=2ab )(32 (2 — (=1 +d)*w?)

d(d—2) & (p2 +w?) T [—1+ 9] ) (=P +egp). (A.80)
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Fourier transform: Ig.

4((d —2)a — ¢)
Is(s) = —WHittag(sNTa ),
1 1
H10p(5) = Pijag <3t2 - d62> e (A.81)
r 2
The Fourier transform is done by using (B.S).
= .5 8(—1+d)r?/? (p2 = (—1 + d)w?)
ZHttttii(w7pZ) = - d2 2 2 -1 d )
i=1 (P +w?) [ +2]
d—1
Hgﬁtttt(w,pz) = _ZHztglfttii(w7pz)' (A.82)
i=1

Substituting the Fourier transform along with the expectation value of the stress tensor

we obtain
- B ((d—2)a—c) [8(—1 +d)7rd/2 (pg — (—1+d)w2)
Is(w,p.) = —4 ad—2) ( (2t )T [71 " %] (=P +e€gp). (A.83)

Fourier transform: I5.

RV ICEP 5T EY

(Hgtttaﬁ) (S)Taﬁ,

2 2
Hgttta,@(s) = <2h?ttaataﬁ + 2h?tt,38t8a - g(hgtmakaﬁ + h?t/\ﬂaAaa) - 85a6(2h?txta>\8t)
8 1 1
—— g | 07 — =07 ) ) ——. A.84
d B<t d ))(t2+r2)‘122 (4.84)
The Fourier transform is performed using (B.3)
d—1
ZH4 (w.ps) = _327Td/2 (p2 — (—1+d)3w?)
ttttii \Wy Pz 3/ 2 5 PRI
i=1 & (p2 +w?) T [-1+ 5]
d—1
Héttttt(wypz) = - ZHzltttii(w7pz)' (A.85)
i=1

Using the results for the Fourier transform along with the expectation value of the stress
tensor we obtain
Tr(w,ps) = o (4= 2)(2a +b) —de) (32092 (pf — (—1 4 d)*w?)
7\W, Pz d(d—2> a3 (pg_i_wQ)F [_1_’_%]

) (=P +e€p). (A.86)
Fourier transform: Ig. Finally we Fourier transform the contact term which is given by

Is(s) = (Ch?tttoz,é’ + D(thmﬁ))sdéd(s)(Ta ),
(d —2)(2a +b) — dc 8(—2b — c(1 4+ d) + a(—=2 + d)(3 + d))7%?

C = 5 D= )
d(d+2) d2(2+d)I' [¢]
8 8 4 2
h?tttaﬁ = 80tadip — ghi)’mg — ﬁ(saﬁ 3 (2 — d)dag. (A.87)
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The Fourier transform is trivial to perform and keeping track of the tensor structures along
with the expectation value of the stress tensor we obtain

Is(w, ps) = 2;[6;]2 [41) (1 - d) +C (—8 + % - :ZS)] (P —ep) (A.88)

Summing up the contributions. We now sum up all the contributions in the sound

channel of the term Atttwﬁ(w,pz)(Tam in the OPE. We can write The sum can be orga-
nized as

8
Attttaﬂ(vaz)<Taﬂ> = ZfS(WapZ)v (A'89)
i=1

p4

_ z

- (p2 + w2)2G3(w7pZ)‘
z

The function G3(w,p;) admits an Laurent expansion in (22)? which is given by

4 2 2 )2
w w 64(5=)
Gg(w,pz) == (Fl <pz> +F2 <pz) +F3 + aTQlHPZ)Z)P' (AQO)

w

Here F1, Iy, F3 are ratios of linear functions of the constants a, b, c. They can be written in
the variables to, t4. However starting from the term (%Z)2 the entire expansion is determined
by ar 2, the Hofman-Maldacena coefficient in the tensor channel which is given by

1 (4da+2b—c)(—2+d)d
32(~20—c(1+d)+a(—6+d+d?)

argz = — (Agl)

B Integrals

In this section we will evaluate the generic integrals that at are required to obtain the
Fourier transform of the tensor structures that occur in the OPE coefficient flw,pmg.
The Fourier transforms are done with momentum turned on in arbitrary directions. To
perform the transform we first convert the integral to polar coordinates in the spatial d — 1
directions. After performing the angular integrals with integrate the radial direction and
the time direction. We have verified that the result is independent of the order of the

integrations.
Type 1.
2 1 d PR . 2 1
F.T |0 ————= | = [ d®zexp|—ip- 7 — iwt](—py) ————— (B.1)
(t2+r2) 2 (2 +r2) =

d . _d
= (—p?v) /drdtﬁrd_2F <2 — 1) e Hw (7“2 + t2)1 2
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Here [)Fl(; b, z) is the regularized hypergeometric function defined as

Fy( B.2
0Fi( kZ:OFbJrk; (B.2)

Now performing the radial and the time integrations we obtain

1 4 d/2
F.T (02— | = (P} = . (B.3)
(R [ )@ )
Similarly we have the Fourier transforms
1 4 d/2
Rz | = (P , (B4)
@4 (1)@
1 4d/?
Of——=| = (—w?) i CRIR
@) T 1)@ )
Note here and in the rest of this appendix p? = p2.
Type 2.
2 2
F.T ! —-| = /ddaz exp[—ip - T — iwt] <rd>,
(t* +1r?)2 (t24+12)2
d . _d
= /drdtﬁrdf <2 — 1> e 1w (r2 + t2) 2
d
- (d—-1 1 2m2~!
XOFI <77_ 2T2> < d >7
2 4 r($-1)
2092 ((d - 3)p? + (d — 1)w?) (B.5)
I T '
2 274/ (—? 4 p?)
F.T eyl ATV
(t? +1r?)2 I (3) (w? +p?)
Type 3.
x2q? 1
FT |——2 | = [ d%(8,,08, ) —ip - ¥ —iwt]| —————— B.6
(t2 n T2)d+2 / ( D2 py) exp[—ip - 7' — iw ]((tQ n T2)d+2> (B.6)
Z%Wd_l 9 d+1
= drdt(0,, 0 r w
oy ) ) el

~ d—1 1
x Kai1 (Jw|r) oF1 < — i 2T2> ;
2

72 (wh + (p*—p2—p2) (p*—p2—p2+2w?) — p} + 6p2p% — pj)
T (¢41) (w2 +p2)? '
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Type 4. In this section we are interested in finding the Fourier transform of the integrals
of the type 9,05 ———=

(2427
1 1
F. T dﬁtim = /ddxexp[—iﬁ-F—iwt](—pzw)“,
(2 +1r2)7 (2 +1r2) =
d—1
27 2 . 1—4
= (—paw) = / drdtr® e (r? +2) 72
r(g—1)
- d—1 1
o P
X ol1 (a 9 ’ 4p r > )
47rd/2
= (—pow . B.7
P )F(g—1)(w2+p2) D
Type 5. In this section we will evaluate integral of the type SZSB
t t
F.T xid = /ddaz(iapz)exp[—iﬁ~17—iwt] — |,
(2 +12)2 (2 +7r2)2
— o' / dr(idy,) / Nt e (s +t2)_d/ ?
- d—1 1
X oF} ;72 §4p27"2) )
_ A2 pyw (B.8)
= _ 5 . .
(P? + 12 + P2+ p2 +w?) T [4]
zt 47rd/2pzw
F.T 2 2 | (22 a2 402 4 w02) 2T (4] (B:9)
(2 4 r2) (P + P2 +p2 +p2 +w?) T [g]
Type 6.
o o ]/dd (—i02 8,.) expl—if - 7' — iwt] !
. —_— | = z(—1 _)exp[—ip - T —iwt] | —— |,
(2 +72)"F " (2 +72)%

d
1-3

= on'T / dr(—i02 9y, )dte "y~ (2 4 2)7

B 2w 2p.w (p2 — 4p? + wz)
(? +w?)’ T [1+ 4]

C Evaluating (TTT) in CS vector models

U(N) or O(N) Chern-Simons (CS) gauge fields coupled to matter in the fundamental
representation [37, 38] are a class of 3-dimensional conformal field theories that are exactly
solvable in the large N limit. Let us focus our attention on theories where the matter is a
single fundamental fermion or a single fundamental boson, which are the most well-studied.
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That these non-supersymmetric field theories are conformal follows from the fact that
the Chern-Simons level £ must be quantized to integer or half-integer values depending on
the theory, and therefore cannot run. This means that, although the 't Hooft coupling,
A= % is an effectively continuous parameter in the large N limit, it also cannot run. CS
theory coupled fundamental fermions contains no other adjustable classically relevant or
marginal couplings that can run (other than a mass term for the fermion, which can always
tuned to zero in perturbation theory) and is therefore conformal in perturbation theory.
CS theory coupled to fundamental bosons has the possibility of a classical ¢® coupling,
however, because this is a triple-trace interaction ((bT(b)?’ it must also be conformal to all
orders in A in the large N limit, as one can check in perturbation theory.

One can also couple CS fields to critical bosons, or “critical” fermions (i.e., the Gross-
Neveu model). We then find a bosonization duality where CS gauge theory at small A
coupled to non-critical fermions, is equivalent to CS theory at large A coupled to critical
bosons; and vice-versa for critical fermions, described in [39].

In the large N limit, the planar (I'TT') correlation function to all orders in A\ was shown
to be uniquely determined by the slightly-broken higher spin symmetry of the theory in [41].
In principle, it is also possible to directly calculate the planar correlator to all orders in A
by summing up the planar Feynman diagrams in lightcone gauge, following [39, 40], though
to our knowledge that calculation has not yet explicitly appeared in the literature.

C.1 Analysis based on slightly-broken higher spin symmetry

Let us briefly review how the calculation of [41] proceeds, for the case of CS theory coupled
to fundamental fermions.

We define “single-trace” operators in the theory to be those operators obtained by
contracting a single fundamental index with an anti-fundamental index. The single-trace
primary operators consist of a scalar jo ~ ¥, with scaling dimension 2, and an infinite
tower of twist-one operators, that take the schematic form js ~ 1y0* 11, one for each
spin s > 1. Following [41], we restrict our attention further to theories containing only
even spin currents, i.e., CS theory with O(N) gauge group. (Because of the many indices
involved it is convenient adopt the convention that all free indices are in a particular null
direction direction, so js = (j4)————_, in lightcone coordinates.)

We assume our two-point functions are normalized so (jsjs) ~ N, where N is a large
parameter proportional to N.

In the free theory, all the higher spin currents are conserved. In the interacting theory,
the divergence of the higher spin currents is restricted by conformal invariance and rep-
resentation theory. In particular, the divergence of jy, 0 - js = 0u(ja)"——— must take the
following form

. 9.
0-ja=m ((3—jo)j2 - 5jo3—j2> . (C.1)

where a1 ~ :\/ N can be thought of as defining a coupling constant.
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Inserting 0 - j4 into a three point function and integrating around each operator gives,
[ (0 gu(@)in (002 )

= <[Q4aj81 (xl)jSQ (mg)j53(x3)]> (C.Z)
= ([Qu, Js, (21)]ds (22) s (23)) + (Js1 (21)[Qa Jsy (¥2)]s3 (23))
+(Js1 (#1) s (22)[Qu, Jss (23)])-

where Q4 ~ [ d*zjy is the conserved charge associated with the (almost) conserved cur-
rent jg4.
The action of the almost conserved charge on j, is restricted conformal invariance to

be of the form,
s+3

[Qa,]s] = Z CS,S’as_Sl—i_Sjs’a (C.3)
=0

where the coefficients ¢, ¢ are a priori unknown constants. Inserting equation (C.3) into
the r.h.s. of equation (C.2) gives a sum of three point functions.

Conformal invariance also restricts the three-point function of the currents in three-
dimensions to be of the form:

(Js1 (21) sz (22) s (3))
= (sq,55,53 <j51 (wl)jsz ($2)j33 ($3)>free boson T /881,32,33 <j51 (wl)jsz ($2)j33 ($3)>free fermion

+ 751752,83 <j81 (ajl)jsz ($2)j53 (373)>parity odds
(C.4)

where the o, sy,555 Bs1,52,55 a0d Vs 50,55 are unknown coefficients that depend on \. Here
the subscript “free fermion” denotes the three point function in the theory of a single real
Majorana fermion, the subscript “free boson” denotes the three point function in the theory
of a single real boson, and “parity odd” denotes a parity-odd structure that is unique to
three dimensions [35], (and may not be exactly conserved). Two-point functions must be
of the form (js(x)js(0)) = anx%;, where n, are also unknown constants.

We thus have several unknown constants: ¢, ¢, Oty s5.53 Bs1,50,55 Vs1,82,83, and ng. We
can fix some of these unknown constants by choosing a convention for the normalization
of the currents. To determine the remaining unknown constants, [41] observes that we can
also write the Lh.s. of the first line of equation (C.2) as follows using equation (C.1):

<a : j4($)j51 (ml)jsz (xQ)j% (1‘3)) = a1<<8—50j2 - 3508—,@) Js1 (ml)jw ($2)j53 (x3)> (05)

Each term on the r.h.s. of this equation factorizes in the large N limit. For example, if
81 = 89 = s3 = 2, this equation becomes:

(0 - ja(z)j2(w1)j2(22)52(73))
9 _

=a <3— (o(@)j2(x1)j2(22)) (jo (%) o (x3)) — 5(]'0(95).72(331)1'2(372))3— <j2(33)j2($3)>> (C.6)

+ permutations of x1, x2, x3.
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Inserting equation (C.5) on the Lh.s. of (C.2), and using the known expressions for the
three-allowed forms for the conformally invariant three-point functions, we can obtain an
infinite number of equations (for each choice of spins, we get several equations, roughly one
for each choice of points x1, x2, x3, since the action of J; does not commute with conformal
transformations) relating the unknown constants listed above. When s; # 0,2 the r.h.s. of
equation (C.5) is zero to leading order in N, and no integral is required, so solving these
equations is relatively straightforward. When one of the spins is zero or 2, then one must
carefully regulate the integral over x.

These equations have a two-parameter family of solutions, which are denoted by A and
N in [41], and one can determine the coefficients of three point functions, in particular
(999 and (99 to all orders in X and leading order in 1/ N.

C.2 Summary of results

Using these results and translating the parameters A and N to N and k, with A = %, the
three point function of the stress tensor in U(NN) Chern-Simons theory coupled to funda-
mental Dirac fermions, in terms of A defined using dimensional reduction regularization so
that [As] <1 is:

<TTT>int fermion = ns(f) <TTT>free boson T nf(f) <TTT>free fermion + V(f) <TTT>parity odd>

(C.7)
with
na(f) = 2858 Gin2 (9/2) (C.8)
ne(f) = 2N# cos® (6/2), (C.9)
V(f) = Nsmeza. (C.10)

where 0 = 7.
In the U(N) theory coupled to fundamental bosons (non-critical), with 't Hooft cou-
pling A\ the three point function is:

<TTT>int boson = ns(b) <TTT>free boson T 1 f (b) <TTT> free fermion T ’Y(b) <TTT>parity odd>

(C.11)
with
in 6
ns(b) = 2N% cos® (0/2), (C.12)
in 6
np(b) = 2N sin® (0/2), (C.13)
-2 6
y(b) = Nsme . (C.14)
where 6 = 7.
The two point function of the stress tensor in both theories is
in 6
<TT> = 2NSln <TT>free boson - (015)

and <TT>free boson — <TT>free fermion -
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