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1 Introduction

The role of conformal field theories as cornerstones for the exploration of more general
quantum field theories, which are connected to them via renormalization group flows, has
been appreciated since a long time ago. Higher spin gauge theories [1-7] have an even
longer history and have attracted considerable interest recently. It is quite natural to
combine the two symmetry principles and to study conformal higher spin theories [8].
A further symmetry which is compatible with conformal and higher spin symmetry is
supersymmetry. This leads to superconformal higher spin theories, first advocated in [9],
which are the main focus of this note. More specifically, we introduce off-shell NV = 1
superconformal higher spin multiplets in four dimensions and analyse in some detail the
problem of lifting such supermultiplets to curved backgrounds. Our main technical tool,
as far as the supersymmetry and supergravity aspects are concerned, is superspace and we
refer to [10] for a thorough introduction to this formalism.

We first study superconformal higher spin theories in flat superspace. In section 2 we
review superconformal transformations and the important notion of superconformal pri-
maries. In section 3 we construct off-shell superconformal higher spin multiplets: starting
from prepotentials and their transformation laws under higher spin gauge transformations



and under superconformal transformations, we construct field strengths and invariant ac-
tions. The two cases of half-integer and integer superspin as well as the superconformal
gravitino multiplet have to be treated separately. The component fields of these multiplets
are totally symmetric traceless tensor and tensor-spinor fields. More general fields will
be briefly discussed in the last part of section 3. In section 4 we couple the superconfor-
mal higher spin multiplets to conformal supergravity where the notion of superconformal
transformations is replaced by that of super-Weyl transformations. While super-Weyl in-
variance is easy to achieve, gauge invariance requires non-minimal couplings. We explicitly
discuss the gravitino multiplet, but defer the general case to the future. Section 5 con-
tains concluding comments, including the explicit expressions for conserved higher spin
current multiplets that correspond to the superconformal higher spin prepotentials. The
main body of the paper is accompanied by two technical appendices. Appendix A contains
those results concerning the Grimm-Wess-Zumino superspace geometry [11, 12], which are
important for understanding the supergravity part of this paper. Appendix B contains the
essential information about the super-Weyl transformations [13].

There are different ways to describe N/ = 1 conformal supergravity in superspace.’
The simplest option is to make use of the superspace geometry of [11, 12|, which underlies
the Wess-Zumino approach [14] to the old minimal formulation for N = 1 supergravity
developed independently in [15, 16]. Another option is to work with the U(1) super-
space proposed by Howe [17, 18]. Finally, one can make use of the so-called conformal
superspace [19]. The three superspace approaches to N' = 1 conformal supergravity are
equivalent, although each of them has certain advantages and disadvantages (see [19] for a
detailed discussion of the relationship between these formulations). In this paper we make
use of the oldest and simplest superspace setting [11, 12].

2 Superconformal transformations

In this section we briefly recall the structure of N' = 1 superconformal transformations in
Minkowski superspace M**, see [10] for more details. We denote by 24 = (z%,8%,64) the
Cartesian coordinates for M4!*, and use the notation Dy = (Oa, Do, D¥) for the superspace
covariant derivatives.

Let ¢ = ¢8Dp = €0, + P Dp + EBDB be a real supervector field on M*!4. Tt is called
conformal Killing if it obeys the equation

1
€+ 5 K"[]Myc, Da| + 051 Da =0, (2.1)

for some local Lorentz (K%[¢]) and super-Weyl (o[€]) parameters. The super-Weyl trans-
formation of the covariant derivatives is defined in (B.1). Choosing A = « and A = &
in (2.1) implies that the spinor components of ¢4 as well as the parameters K*[¢] and o]

See [8] for a nice review of N = 1 conformal supergravity and the complete list of references.



are expressed in terms of the vector components of £4:

ga:_éDdéda, D’ygazo’
K, [g] = D(a‘fﬂ) ) D"YKOA/B[{] =0,
olé] = %(Daéa +2D%,), Diol¢] = 0.

The vector components of £4 obey the equations
Dap=0 <= Dy, =0,
which imply
D2556~ =0 — DQ% =0,

as well as the ordinary conformal Killing equation

1

0ulp + e = 577(1178060 .
A useful corollary of (2.1) with A = « is
D,K*Ple] =5DPole] = D%l =0.
Another consequence of (2.1) is
0a0[&] = 0,6[(] = 0aDpol¢] =0 .
The most general conformal Killing supervector field proves to be
. . 1 , o , _ .
3¢ = a® + 5(0 +0)zi" + K% :L‘ia + a:f‘rBKﬁo‘ + xiﬁbﬁsxia

+4i g%~ — 4:Ud+617/39a )

1 . .
£ =" + <U— 2U>9a+95K5a++9'BbBB$f_a —iﬁﬁ'xf_a—f—QQQ a,

where we have introduced the complex four-vector

€ =g +geotd, =g,

(2.2a)
(2.2b)

(2.2¢)

(2.8a)

(2.8b)

(2.9)

along with the complex bosonic coordinates 24 = x% + i9o%0 of the chiral subspace of

M4, The constant bosonic parameters in (2.8) correspond to the spacetime translation

(a®), Lorentz transformation (Kz®, K¢ 4); special conformal transformation (b,z), and

combined scale and R-symmetry transformations (o = 7 — %icp). The constant fermionic

parameters in (2.8) correspond to the @-supersymmetry (¢%) and S-supersymmetry (74)

transformations. The constant parameters K,z and o are obtained from K,g[¢] and o[¢],

respectively, by setting z4 = 0.

A tensor superfield 7 (with its indices suppressed) is said to be superconformal primary

of weight (p, q) if its superconformal transformation law is

5T = (&4 3R¥1EM )T + (pole] +aolel) T

(2.10)



for some parameters p and ¢g. The dimension of 7 is (p + ¢), while (p — ¢) is proportional
to its R-symmetry charge. If 7 is superconformal primary and chiral, D47 = 0, then 7
cannot possess dotted indices, i.e. MaBT = 0, and it must hold that ¢ = 0. In the chiral
case, it suffices to say that 7T is superconformal primary of dimension p.

Given a real scalar £, which is superconformal primary of weight (1,1),

L =EL A+ (0]¢] +T[€]) £ = 0u(€°L) — Da(€7L) — DY (L) (2.11)

the functional
S = /d4xd29d2§£ (2.12)

is invariant under superconformal transformations. Given a chiral scalar L., which is
superconformal primary of dimension +3,

DsL. =0, 6eLo = ELc+ 30[€] Lo = 0a(§7Le) — Do (§°Le) (2.13)

the functional

S. = / d*zd®0 L. (2.14)

is invariant under superconformal transformations.

3 Off-shell superconformal multiplets in flat space

In this section we introduce off-shell superconformal higher spin multiplets. We first con-
sider the half-integer and integer superspin cases, and then give some generalisations of
the constructions proposed. Strictly speaking, the notion of superspin is defined only for
super-Poincaré multiplets. The rationale for our use of this name in the superconfor-
mal framework is that our superconformal multiplets will be described solely in terms of
the gauge prepotentials corresponding to the off-shell massless higher spin multiplets con-
structed in [20, 21]. Each of these massless multiplets also involves certain compensator
superfields, in addition to the gauge prepotential.

3.1 Half-integer superspin

Let s be a positive integer. In the superspin-(s + %) case, the conformal prepotential
Ha(s)d(s) = Hu,..a.61..6, 18 a real superfield, which is symmetric in its undotted indices
and, independently, in its dotted indices. The gauge transformation law of H(g)a(s) 18

5Ha1.,.aso'z1...o'zs = D(dlAal...asdg...ds) - D(alAaQ...as)o'cl...ds ) (31)

with unconstrained gauge parameter Aq(s)a(s—1)-

In the s = 1 case, the transformation law (3.1) corresponds to linearised conformal su-
pergravity [22]. The same transformation of H,g occurs in all off-shell models for linearised
N =1 supergravity, see [10] for a review. Such actions involve not only the gravitational
superfield [22-24] H,4, but also certain compensators. For s > 1, the gauge transformation
law (3.1) was introduced in [20] in the framework of the (two dually equivalent) off-shell



formulations for the massless superspin-(s 4+ 3) multiplet. The massless actions of [20]
involve not only the gauge prepotential H,)4(s) but also certain compensators (see [10]
for a pedagogical review).

The superconformal transformation law of H,()a(s) 18

1
S Ho(s)a(s) = <€ + 2Kbc[ﬂMbc> He(s)a(s) — 2(0[5] + 7[€]) Hus)a(s) - (3.2)

This transformation law is uniquely determined if one requires both the gauge superfield
H,(5)a(s) and the gauge parameter A (s)a(s—1) 0 (3.1) to be superconformal primary (see
also [25, 26]). It follows from (3.1) that the chiral symmetric spinor

1 _ . o
War.ans i1 = —1D26(a161 00, Dy, H (3.3)

Qst2.2511)B1Bs
is gauge invariant [20].2 Our crucial observation is that Wa(2s+1) is superconformal primary
of dimension 3/2. We conclude that the gauge-invariant action

Ss-i-% - /d4$d29 Wal-~~0¢2s+1walma25+l +/d4xd2§Wd1~~~d2s+1wdlmd2s+l (3'4)

is superconformal. In the s = 1 case, it coincides with the action for linearised conformal
supergravity [22]. One may check that

/d4$d29Wal"'a25+1wa1...a23+1 = /d4$d20Wdl‘..dzs-;-ly_vdlmd%Jrl . (35)

We briefly comment on the component structure of the superconformal theory (3.4).
The gauge parameter D(dlAal...asdQ...ds) in (3.1) may be represented as

Dy Na(s)an...c0) (0,0) = eiHO{ga(s)dl...ds + 106, Pa(s)n. o) + 107X 5 ()0 b (3.6)

+6?

Va(s)anoie T 07061 F5.0()0m...000) + 92§(a1wa(s)a2...as)} ;
where Ho = 60?00, and all component gauge parameters are complex. The parameters
XB,a(s)a(s) and fg a(s)a(s—1) transform in the representation 2 ® (2s + 1) of SL(2,C) with
respect to their undotted indices. It follows from (3.1) and (3.6) that a Wess-Zumino gauge
may be chosen of the form

— — A _2
Hal...asdl...ds (97 9) = Hﬁeﬁh(ﬁal...as)(Bdl...QS) +0 0/817/}(/3061-..05)@1---545
—626°¢) + 020%ha,. .acin s s (3.7)

ai...os(Béy...ds)

2The chiral superfield (3.3) is the only gauge-invariant field strength which remains non-vanishing on-
shell in the supersymmetric higher spin theories introduced in [20]. In a model independent framework of
superfield representations, field strengths of the form (3.3) appeared in [27].



where the bosonic fields hy(s41)a(s4+1) and ha(s)a(s) are real. The residual gauge freedom is
generated by

B _ ; 1 L= . —
DiayMa(s)an...a0)(0:0) = eHO{ — 5 Sa)ards T Pa()ds wa0) ~W(a1Pas.aan.. b,
s . ,
+s+71969(a15(/37%1---%)@1---%717

1 82 . : . _
_5me(al9(@1877@12,..&5)7@2,,,@5” —2i 9(0610(6&1(@2,..(15)(542,.,@5)

s
s+1

925(021a(al;yﬁag...as)'yo'cg...ds) } ’ (38)

where the bosonic parameters (o (s)a(s) and Co(s—1)a(s—1) are real. The residual gauge trans-
formations are:

(5ho¢1...as+1d1...ds+1 = 8(a1(d1gaz...as+1)d2...ds+1)7 (393‘)
(5ha1...asd1,..ds = 6(a1(d1Ca2...as)d2...d5)7 (39b)
6¢al-~~as+ldl~-~ds = 8(04(dlpag...a5+1)d2...ds) . (39C)

These transformation laws correspond to conformal higher spin fields [8].
Reducing the actions (3.4) from superspace to components, for s = 1,2, ..., reproduces
the conformal higher spin actions introduced by Fradkin and Tseytlin [8].

3.2 Integer superspin

In the superspin-s case, the superconformal multiplet is described in terms of an uncon-
strained prepotential W, (5)4(s—1) = Yay..0561..4.; and its conjugate @a(s,l)d(s). The
prepotential is symmetric in its undotted indices and, independently, in its dotted indices.
For s > 1 the gauge freedom is

5\1’041..,045&1...023_1 = D(alﬁag...as)dl...dsfl + D(C’xlCaL..asdg...del) ) (310)

with unconstrained gauge parameters ]\a(s—l)d(s—l) and Cu(s)a(s—2) - The choice s =1 will
be considered in subsection 3.3.

As was shown in [21], the prepotential Vo (s)a(s—1) naturally originates within the so-
called longitudinal formulation for the massless superspin-s multiplet, which also makes
use of a real unconstrained compensator H,(s_1)g(s—1)- Lhe prepotential W, (4)4(5—1) enters
the action functional of [21] only via the longitudinal linear field strength Gy (ga(s) =
D4, Yo (s)as...cs), Which is manifestly invariant under the (-transformation (3.10). On the
other hand, in the non-superconformal case the gauge parameter A is not arbitrary but
instead has the form /_\a(sfl)d(sfl) = DﬁL(al.A.as,lﬁ)d(sfl)v with La(s)d(sfl) unconstrained.
This is not critical since one may always make Ay (s_1)4(s—1) unconstrained at the cost of
introducing an additional compensator (in complete analogy with the massless gravitino
case considered in [28] and reviewed in [10]). For the massless superspin-s multiplet, there
exists another off-shell formulation which was constructed in [21] and called transverse. It is



dual to the longitudinal one. It does not appear to be suitable to describe a superconformal
multiplet.
The superconformal transformation law of W s)4(s—1) is postulated to be

1 1
0eWa(s)a(s—1) = <€+2Kbc[§]Mbc> ‘I/a(s)oz(sq)—i(SU[§]+(S—1)5[§D‘I’a(s)o‘z(sq) . (311

It follows from (3.10) that the following chiral descendants of the prepotentials

1

Way..a0, = = D90, .. Oy, Do, ¥ (3.12a)

Osq1...025)B1...Bs—1

1 - . .
Zeycn = —ZD28(Q131...6QSBSD (3.12b)

T o
As+1 = agqo...a25)P1...0s

are gauge invariant.? As before, the crucial observation is that the field strengths Wa(2s)
and Z,(z,) are superconformal primaries of dimension 1 and 2, respectively. This allows us
to construct a superconformal and gauge-invariant action

S, =i / dtzd?gwer-onz, i / A*zd?0 Wy, . b, 201925 (3.13)
One checks that

/ dtzd?gWorzsz, o+ / 1220 W, . a,, 29092 =0 . (3.14)

We now comment on the component structure of (3.13). One may choose a Wess-
Zumino gauge of the form

n e n2
Vo asdn.dsr(0,0) = 9595¢(Ba1..Aas)(ﬂ'dl...dsfﬂ +0 963(5&1--.as)d1~-ds—1
_92éﬁha1...a.s(/BdL..dsfl) + 92@2?[)041...045&1...0'43_1 ’ (3'15)

where the bosonic fields b 5)4(5) and By(s41)a(s—1) are complex. In the Wess-Zumino gauge
chosen, the bosonic fields h,(5)4(s) and By(s41)a(s—1) and the fermionic fields ¥q(s11)a(s)
and ¥, (s)a(s—1) are defined modulo gauge freedom of the type (3.9).4

More specifically, the field By s41)a(s—1) belongs to a more general family of conformal
fields than those described by the gauge transformation laws (3.9). The point is that
one may consider conformal higher spin fields ¢, (n)a(n), Where m and n are integers such
that m > n > 0. Since m # n, the field ¢,(m)a(n) 1S complex. Postulating the gauge
transformation law

5¢Oél---0¢md1---dn = 8(a1(d1)‘a2...am)d2...dn) (3‘16)

and requiring both the field ¢ ()4 (n) and the gauge parameter Ay (;,—1)g(n—1) to be primary,
the dimension of ¢4 (n)a(n) is fixed to be equal to 2 — %(m +n). We can define two gauge-
invariant field strengths

Ca1...am+n = a(alﬂl cee a@nﬂn¢an+1...am+n)61...8n ) (3.17&)
Ca1'~~0‘m+n = a(alﬂl T 8am6m¢am+1-..am+n)31..ﬂm ’ (3'17b)

3The field strength (3.12a) was introduced in [21].
4The case s = 1 is not considered here. Its special feature is that B, is not a gauge field.



They are conformal primaries of dimension 2 — %(n —m) and 2 — %(m —n), respectively.

In terms of those we can write a gauge-invariant conformal action
S = im+"/d4x CoraminCy o Fec. (3.18)

3.3 Superconformal gravitino multiplet

In the s =1 case, the gauge transformation law (3.10) has to be replaced with
Wy = Do + (o s Dgga =0. (3.19)

This gauge transformation was given in ref. [28], which proposed the off-shell formulation for
the massless gravitino multiplet in terms of the gauge spinor prepotential ¥, in conjunction
with two compensators, an unconstrained real scalar and a chiral scalar.

The prepotential ¥,, is required to be superconformal primary of weight (—1,0), which
is a special case of (3.11). The superconformal primary superfields (3.12) for s = 1 are
obviously invariant under the gauge transformations (3.19).

3.4 Generalisations

Given two integers m > n > 0, we introduce a gauge prepotential @,(m)am) =
Do, amin..q, and its conjugate @a(n)d(m). The gauge transformation of @ () q(n) is Pos-
tulated to be

0Py .amir..on = Dia1 Nas...am)ar.an T DciCa...amés...cn) 1 (3.20)

with unconstrained gauge parameters /_\a(m—l)a(n) and Co(m)a(n—1)- The superconformal
transformation law of ®,(,)4(n) 18

1

1
e ®y(myi(n) = <§ + QKbC[ﬂMbc> Do (mya(n) — 5(7710[5] + 1 [€]) Pa(myan) - (3.21)

Given @, we can define two gauge-invariant chiral field strengths

1 _ . .
W, = —1D2a(alﬁl <00, "D

a1...0m4n+1

i (3.22a)

An+1 = apio. . Qmint1)B1...Pn?

(3.22b)

Q1...Qm4n+1

1_ . .
Z — _ZD28(041/31 .. aamﬁmD

) 5.
Am+1 = g 2. 0mtnt+1)P1---Bm

which are superconformal primaries of dimension %(3+n—m) and %(S—i—m—n), respectively.
Therefore, the following gauge-invariant action

S = i’m-‘r’n/d4xd26Wal..,aernleZalmam_’_n_Fl + c.c. (323)

is superconformal.

4 Off-shell superconformal multiplets in supergravity

We now turn to exploring whether the superconformal higher spin multiplets introduced
in the previous section may be consistently lifted to curved superspace backgrounds.



4.1 General considerations

Just as in the non-supersymmetric setting, where conformal invariance in Minkowski space
is replaced by Weyl invariance, in a curved background geometry, superconformal invariance
is replaced by super-Weyl invariance. In other words, super-Weyl invariance in curved
superspace implies superconformal invariance in Minkowski superspace.

A tensor superfield 7 (with its indices suppressed) is said to be super-Weyl primary
of weight (p, q) if its super-Weyl transformation law is

6T = (po+qo)T, (4.1)

for some parameters p and ¢. Similar to the rigid supersymmetric case (2.10), we will refer
to (p + q) as the dimension of 7. Given a covariantly chiral tensor superfield 7 defined
on a general supergravity background, D47 = 0, it may carry only undotted indices,
Ma BT = 0, as a consequence of (A.3b). If T is covariantly chiral and super-Weyl primary,
eq. (4.1), then ¢ = 0. An example is provided by the super-Weyl tensor Wz, with the
transformation law (B.2c). In appendix B we also collect the transformation properties of
various other geometric quantities under super-Weyl transformations.

As reviewed in appendix A, the curved superspace geometry of [11, 12] does not possess
torsion tensors of dimensions 1/2. This means that the gauge transformation (3.1) is
uniquely extended to curved superspace as

5Ha1...asd1...ds = 25(0'11Aa1...aso'z2...ds) - D(alAag...as)dl...dS . (42)

It is compatible with the following super-Weyl transformation of the prepotential:
S _
50Ha(s)d(s) = —5(0' + U)Ha(s)d(s) . (43)
The chiral field strength (3.3) may uniquely be lifted to curved superspace as a covari-

antly chiral superfield of the general form

1 . .
Wa(23+l) = _Z(D2 _ 4R>{D(a151 e ,DOts/BS,DOts+1Has+2...ags+1),31...ﬁs + ... } , (44&)

DsWa(2s11) = 0, (4.4b)

with the super-Weyl transformation law

3
0o Wa(2s41) = §UWa(2s+1) - (4.5)

The ellipsis in (4.4a) stands for terms involving the super-Ricci tensor Gog and its co-
variant derivatives. Such terms can always be found. A systematic construction is to
start with conformal superspace [19], where G,s appears as a connection, and then to
implement the so-called de-gauging procedure in order to arrive at the ordinary curved
superspace geometry of [11, 12].5 Details of the construction will be given elsewhere, but

°In conformal superspace, the required primary chiral field strength Wa(2s+1) has a minimal form
Wa(2s+1) = ﬁWv(alﬁl "'V%ﬁs Va1 H where V4 = (Va, vad) denotes the cor-

Qgyo0ps41)B1-Bs?
responding covariant derivatives [19].



examples of the complete superfields for s = 1 and s = 2 are given below in (4.7) and (4.9),
respectively. Two observations, which are crucial for this construction, are that the descen-
dant A D(
D(alAag...as+2)B(s)

We may now consider a minimal extension of (3.4) to curved superspace given by

o +1Ha1...a5) Brofe is super-Weyl primary and obeys the constraint

a(s+1)B(s) "=

/d4xd298 WO&1-..a23+1Wa1...a2s+l +c.c., (46)

where £ is the chiral integration measure. It follows from (4.5) that this functional is super-
Weyl invariant. However, for non-vanishing background super-Weyl tensor, Wz, # 0, the
field strength W, (2,41) and, therefore, the action (4.6) are not gauge invariant. In general,
the gauge variation 6AW,(2441) is proportional to the background super-Weyl tensor W3-,
its conjugate Wa 3 and their covariant derivatives. The action (4.6) needs to be completed

to include non-minimal terms which contain Wog,, W, ;. and their covariant derivatives.

&by
An example will be given in section 4.3, where we discuss the gravitino supermultiplet.
Let us first discuss the simplest case of Wy (2541), s = 1, which is linearised conformal

supergravity. The linearised super-Weyl tensor is

1 - o
Wagy = —7(D* — 41%c){(2>(a7 + 1G(a”’)D5H7)A-Y} , (4.7)

modulo normalisation. It varies homogeneously under the super-Weyl transformation, in
accordance with (4.5). However, W, 3, is not invariant under the gauge transformation (4.2)
with s = 1. One may check that
6AWagy = 5(D% = 4R) [ (D Wi(ap) Ay) = Dia (Wish?) | - (4.8)

The important point is that each term in dpW,p, involves either the background super-
Weyl tensor or its covariant derivative. The variation vanishes if the background superspace
is conformally flat, Wy3, = 0. In this case the functional (4.6) is the required supercon-
formal gauge-invariant action. Here ‘superconformal’ means that the action is invariant
under arbitrary superconformal isometries of the background superspace.

As another example of W,(2511), we consider the case s = 2. The field strength W,s)
is uniquely determined to be

1 _ . . . . . . .
Wal...a5 = _Z(D2 - 4R){D(alﬁlpa2ﬂ2 + 31G(a151’Da2/82 - 2G(oqﬂ1 GQQBQ (4'9)
1 P51 B2 3. B B2
_1([2)(041’D ]GC‘@ ) + 51(73(&1 Gay ) D%Ha4a5)5152 ’

It is a tedious exercise to check that W, s) is super-Weyl primary.
In the case of anti-de Sitter superspace AdS*4 [29-31] specified by

Wasy =0, Gaa =0, R#0, (4.10)

%For instance, for s = 1 the variation da W, 3) is given in (4.8).
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the gauge-invariant chiral field strength W, o541) was found in [32]. Tt is

1 - . . ‘
Wa2st+1) = _Z(D _ 4R)D(a151 . DasﬁbDQSJrlHas+2...a25+1)ﬁ1...55 . (4.11)
The curved-superspace extension of the gauge transformation (3.10) is
5‘11041...(15641...(513_1 = D(alj_xag.,.as)dl...dsfl + ,D(dlgay..asdg..,cg,l) . (412)
It is compatible with the following super-Weyl transformation of the prepotential
1 _
0oV o(s)a(s—1) = —5(50’ + (5 = 1)7) ¥o(s)a(s—1) - (4.13)

4.2 Superconformal gravitino multiplet

Our next example is the superconformal gravitino multiplet. It is characterised by the
gauge freedom

U, = Do + (o, ﬁBga =0, (4.14)
and the super-Weyl transformation

1
Og o = —50Va . (4.15)

The following covariantly chiral field strengths
1

Wag = = 1(D* = 4R)D(o V) , (4.162)
1 _ . . _
Zag = —3 (0"~ AR) (D" +iGa")Dp) (4.160)

are super-Weyl primary of dimension +1 and +2, respectively. These superfields are not
invariant under the gauge transformations (4.14). One finds the following non-vanishing
variations of W,g and Z,g:

OWap = QWQ/@WCW, (4.17a)
O Zap = %Waﬁw(f)? —4R)DA + %(T)? - 4R){ADVWQ57} . (4.17D)

Consider the action
Sam = i / dtxd?0 EWP 2,5 — 2i / d*zd®0d*0 EW 0, (D +iG 45) D, 7
+/d4xd20d29E(DOCW“BW)(@B\IJB)DV\TIB + c.c. (4.18)

Here £ and E denote the chiral measure and the full superspace measure, respectively. The
action Sqgwy is super-Weyl invariant,

5oScn =0 . (4.19)

The second and third terms on the right of (4.18) are fixed by requiring Sgy to be invariant
under the (-transformation (4.14),

0¢Sam =0 . (4.20)
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Finally, a lengthy calculation gives
daSam = 2 / d*zd?0d%0 E B®Y(W,DsA + ADsV,,) + c.c. (4.21)

Here B denotes the N = 1 supersymmetric extension of the Bach tensor,

B%; = iDga D, W 4+ (DsGla) WY + G D, W
= iD, ;D Wesy — ( DyGa WY Gasmwaﬁv, (4.22)

with the super-Weyl transformation

0o Bas = 2(0' + 6)Bocéc . (423)

One can rewrite B,g is a manifestly real form [10, 33]
Buos = —DbDbGad - W, ﬁ'Y’DﬁGA/d + Wd’g’yﬁﬁ'Gaﬁ, (424)
( (D°R)Ds + (D4 R)D )Gad — (DaG®)DaGy — 3RRGlag,
G &(D*R+D’R) + ZDm(@?fz ~D?R) . (4.25)

We recall that the super-Bach tensor may be introduced (see [10, 33] for the technical
details) as a functional derivative of the conformal supergravity action [34, 35],

Icsa = /d433 d’0 & VVO‘MVVOCB7 +c.c., (4.26)
with respect to the gravitational superfield, specifically
5 / d'xd?0 EWPNW 5., = / d*zd*0d*0 E AH*" B, (4.27)

with AHY the covariantised variation of the gravitational superfield defined in [36, 37].
The super-Bach tensor obeys the conservation equation

DBy =0 <= DYBag =0, (4.28)

which expresses the gauge invariance of the conformal supergravity action.
It follows from (4.20) and (4.21) that the action (4.18) is gauge invariant if the back-
ground super-Bach tensor is equal to zero,

Boa =0 . (4.29)
This holds, e.g., for all Einstein superspaces, which are characterised by

Goo =0 = R =const. (4.30)
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4.3 Linearised conformal supergravity

The condition (4.29) is also required to define an off-shell superconformal multiplet of
superspin 3/2 in curved superspace. The point is that (4.29) is the equation of motion for
conformal supergravity, since varying the action (4.26) with respect to the gravitational

superfield gives”

8Scsq =2 / d*zd%0d%0 E AH* B, . (4.31)

The gauge-invariant action for the superconformal superspin—% multiplet in curved back-
ground is obtained by linearising the conformal supergravity action (4.26) around its ar-
bitrary stationary point, Bas = 0. In accordance with [36, 37] (see also [10] for a review),
the linearised gauge transformation of the prepotential is given by (4.2) with s = 1. The
linearised conformal supergravity action is automatically invariant under the gauge and
super-Weyl transformations. Its explicit structure will be described elsewhere.

5 Concluding comments

In this paper we constructed the off-shell A/ = 1 superconformal higher spin multiplets in
four dimensions® and also sketched the general scheme of coupling such multiplets to con-
formal supergravity. Our work opens two new approaches to interacting conformal higher
spin theories. Firstly, every conformal higher spin field may be embedded into an off-shell
superconformal multiplet (the latter actually contains several bosonic and fermionic confor-
mal fields). Instead of trying to couple the original conformal field to gravity, we can look
for a consistent interaction of the superconformal multiplet with conformal supergravity.
Since the gravitational field belongs to the conformal supergravity multiplet (also known as
the Weyl multiplet), this will automatically lead to a consistent coupling of the component
conformal fields to gravity.

The second avenue to explore is a superfield extension of the effective action approach
to conformal higher spin fields advocated in [41-43]. One may start with a free massless
chiral scalar superfield ®, Dy® = 0, and couple it to an infinite tower of background
superconformal higher spin prepotentials H,(4)4(s) (source superfields) by the rule

S[‘I’, (i); H] = /d4l"d29d29_ {(I)(I)—FZ Ha(s)d(s)Ja(s)d(s)} , Ja(s)d(s) = Ja(s)d(s) . (5.1)
s=1

Here J,(s)a(s) denotes a composite primary superfield, which describes a conserved current
multiplet when @ is on-shell. Then it is natural to consider the generating functional for
correlation functions of these conserved higher spin supercurrents defined by

oTIH) — / DED SI0::H] (5.2)

"The two terms in the right-hand side of (4.26) differ by a total derivative related to the Pontryagin
invariant [10, 33].

®In three dimensions, the off-shell superconformal higher spin multiplets have recently been described
in [38, 39] and [40] for the A" =1 and N = 2 cases, respectively.
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Similar to the non-supersymmetric analysis of [44], one may show that the action (5.1),
properly deformed by terms nonlinear in H*(*)%(5) has an exact non-Abelian gauge sym-
metry (associated with the conformal higher-spin superalgebra shsc®(4|1) described in [9])
which reduces to (4.2) at lowest level in the superfields Hy(5)a(s), @ and ®. Here we restrict
our discussion to giving the explicit expressions for Jy(s)a(s)-

We turn to describing the structure of the conserved current multiplets J,(5)4(5)- In
order for the source term

1 _ .
sieta) / d*2d20d20 HO@5E) 1, s (5.3)

to be invariant under the superconformal transformations, the superfield J, ()4 (s) must be
1

superconformal primary of weight (1 + %, 1+ g) In order for Ss(if{rgg to be invariant under

the gauge transformations (3.1), Ja(s)a(s) must obey the conservation equations

Dﬁjﬁal~--as—ldl~~'ds =0, DﬁJaL..asBdL..ds—l =0. (54)
The s = 1 case corresponds to the superconformal version [22] of the Ferrara-Zumino

supercurrent [45]. Extension to the other cases s > 1 was given in [46] (building on [47]).
The authors of [46] also postulated the prepotential H(5)a(s) @s the source to generate the
Noether coupling (5.3), as well as the gauge transformation (3.1) as the transformation
of Hg(s)a(s) Which leaves (5.3) invariant. However, no higher spin extensions of linearised
conformal supergravity were given.

Consider a free on-shell massless chiral scalar @,

Dy® =0, D?*®=0. (5.5)
which is superconformal primary of dimension +1. By analogy with the construction

of [48], the conserved current multiplets J,(5)a(s), With s = 1,2,..., can be obtained as
unique composites of ® and ® of the form

sl s
Ja(s)ags) = (21)°7" Z(—l)k<k>
k=0
S _ —
X{ <k‘ n 1>8(a1(d1 e 8akdeak+l<I> de+laak+2dk+2 . aas)ds)é

(S _
+2i <k‘> 8(041(021 - 80%(5%(1) 8O¢k+1dk+1 ... 8045)0'45)(1)} , (56)

<si1>:0'

It is an instructive exercise to check that the conservation equations (5.4) are satisfied.

where one should keep in mind that

Choosing s = 1 in (5.6) gives the well-known supercurrent [45]

Jaag = Do ® Dd(i) + 21((13 Oadi) — Ona® (i) . (57)
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The higher spin supercurrent (5.6) may be compared with the 3D N = 2 result reported
in [49].

Similar to the bosonic superfield prepotentials H(s)4(5), one may define conserved
higher spin current supermultiplets associated with the fermionic superfield prepotentials
Vo (s)a(s—1)- Consider a source term of the form

S(s)

source

= /d4$d29d29 \I,a(s)d(s—l)Ja(s)d(s_l) + c.c. (5.8)

In order for Ss(ﬁ?m to be invariant under the superconformal transformations, Ja(s)d(s,l)

s 1
272

under the gauge transformations (3.10), the superfield Ja(s)a(s—1) With s > 1 must obey

must be superconformal primary of weight (14 + %) In order for SS(SEHCQ to be invariant

the conservation equations

D?Jsaycanriredon =0, DUy s =0 (5.9)
In the s =1 case, the conservation equations are [50]
D°Js=0, D?J,=0, (5.10)
as a consequence of (3.19).
Conserved current multiplets Ji(5)a(s—1), With s = 1,2,..., may be constructed from
two free massless chiral superfields ®, and ®_,
Ds®y =0, D?®.=0. (5.11)

One may check that the following composite

s—1
s s—1
Jagsas—n = (207" Y < k )
k=0
S
X{ <k i 1) 6(011(0'41 . 8akdeaS(I)+ 8%“0-%“ e 8as_1)ds_1)(1)_

S
_ <k> Diantits - Do 5 Dog i -~ O 11 Dery @ } (5.12)

obeys the conservation equations (5.9) for s > 1. One may also check that Jy(g)a(s—1) 18
antisymmetric with respect to the interchange ®; «+» ®_. Choosing s = 1 in (5.12) gives

the composite
<

Jo=®_ Dy @, (5.13)

which obeys the conservation equations (5.10). The superfield J, contains a conserved
fermionic current j aBf = jﬂ of that corresponds to the second supersymmetry current.’

9This conserved current may be chosen as Japp = {[D(g, DB}JQ) + %iG(BBJQ)H . Also associated
Jlo=0

with Jqo is the off-shell conserved current v, 55 = 055Ja — 220,57 such that 85[311&&3 =0 for any Jq.
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The conserved current multiplet (5.13) is obtained by reducing the N/ = 2 supercurrent of
a free massless hypermultiplet to N' = 1 superspace, see [50] for more details.

In the case of a free NV = 2 hypermultiplet described in terms of two N = 1 chiral
scalars @ and ®_, the action (5.1) should be replaced with

S[®y, ®y; H| = / d*zd?0d%0 {q>+ci>+ +O_ 0+ Y HOWMI) T

s=1

+§: [\I/a(s)d(—l) Ta(s)a(s—1) + C.c.} } . (5.14)
s=1

The current superfields Jy(5)a(s) and Jo(s)a(s—1) are N = 1 components of a conserved
N = 2 supermultiplet.

Acknowledgments

SMK is grateful to Arkady Tseytlin and Misha Vasiliev for useful conversations. ST ac-
knowledges hospitality of the School of Physics at the University of Western Australia in
November 2013 when this project was initiated. The work of SMK and ST is supported
in part by the Australian Research Council, project DP140103925. The work of RM is
supported in part by the Alexander von Humboldt Foundation and by the Science Com-
mittee of the Ministry of Science and Education of the Republic of Armenia under contract
15T-1C233.

A The Grimm-Wess-Zumino superspace geometry

In describing the Grimm-Wess-Zumino superspace geometry [11, 12], we follow the notation
and conventions of [10].!° In particular, the coordinates of N/ = 1 curved superspace
M** are denoted zM = (™, 0", gﬂ). The superspace geometry is described by covariant
derivatives of the form

Dy = (Dy, Do, DY) = E4+ Q4 . (A1)

Here F 4 denotes the inverse vielbein, K4 = F WM O, and €4 the Lorentz connection,

1 Do
QAI§QAbchc:QA'B’YMBW+QAB7MB;W (AQ)

"These conventions are similar to those of Wess and Bagger [51]. To convert the notation of [10] to that
of [51], one replaces R — 2R, Gaa — 2Gaa, and Wagy — 2Wagay. In addition, the vector derivative has to
be changed by the rule D, — D, + ieabchbMCd, where G, corresponds to [10]. Finally, the spinor Lorentz
generators (oap)a” and (5ab)d5 used in [10] have an extra minus sign as compared with [51], specifically
Oab — —i((fa&b — O'b[Ta) and &ab = —i(&a(}'b — 5’bUa).
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with My, = =My, & (Ms, = 75,]\4 = M ) the Lorentz generators. The covariant
derivatives obey the following anti- commutatlon relations:

{D,, Da} = —2iDas (A.3a)
{Da,Ds} = ~4RMys,  {Da, Dy} = 4RM, (A.3b)
[@d,pm} - —isdB(RD/#Gmx—(z‘ﬂGﬁé)M.~+2Wﬁ“ﬂ5M )—i(DBR)]\Z/dB, (A.3¢)
(Do D] = ieas (RD G 5D,~ (DIG )5 42,00, ) (D R) M. (A30)
[Dao'm Dﬁﬁ] = 50'4/3"/)046 + 5a6¢d5 s (A 36)
where
o 1 1 o
Yap = —1G (o D)y + 5(PR)Dp) + 5(D(aGp)") Dy + Wap Dy

1 1

+1(( — 8R)R)Mags + (D(aWp)"°) M,s — 5P DIGy’)M.s,  (A3M)

. 1, -~ 1. L
Vg = —iG D5 — 5(D@aR)Dy) — 5 (DG ) Dy = WD
1 _ _ o 1
+Z((D2—8R)R)Md5—(D(dWB)’Y‘S)M%-Jr S(DED G )My . (A3g)

The torsion tensors R, G, = G, and Wapy = Wiagy) satisfy the Bianchi identities

DR =0,  DgWap, =0, (A.4a)
D'Goy = DR, (A.4b)
D Wagy = 1D Gy - (A.4c)

A supergravity gauge transformation is defined to act on the covariant derivatives and
any tensor superfield U (with its indices suppressed) by the rule

0kDa = [K,Dal, oxU = KU, (A.5a)
where the gauge parameter [ has the explicit form
1 I _
K=¢Dg + §Kbchc = &BDp + KM 5+ KWSMw =K (A.5D)
and describes a general coordinate transformation generated by the supervector field £ =

¢BEpR as well as a local Lorentz transformation generated by the antisymmetric tensor K°°.

B Super-Weyl transformations

The algebra of covariant derivatives (A.3) preserves its functional form under super-Weyl
transformations [13]

1
06Do = (5' - 20> Dy + (DBO') Mozﬁ ) (Bla)
_ 1\ - s
0sDg = <O’ — 20) Dg + (D'BU)MdB , (B.1b)
h .
5Dac = 5( +7)Daa + ;(D 5)Do + ~ (D 7)Dq
+(D%40) Mag + (DaP5) M, 5, (B.1c)
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where ¢ is an arbitrary covariantly chiral scalar superfield, D40 = 0. The torsion tensors
in (A.3) transform as follows:

1 _
SoR = 20R + Z(D2 —4R)7, (B.2a)
1
06Gas = 5(0' + 6)Gocd + iDad(U - 6') ) (B2b)
(50Wa57 = ;UWag,Y . (B.2¢)

The local transformations (A.5) and (B.1) constitute the gauge freedom of conformal su-
pergravity.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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